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MAXIMAL INEQUALITIES AND RIESZ TRANSFORM ESTIMATES
ON L SPACES FOR SCHRODINGER OPERATORS WITH
NONNEGATIVE POTENTIALS

PASCAL AUSCHER AND BESMA BEN ALI

ABSTRACT. We show various L estimates for Schrodinger operators —A+V on R"
and their square roots. We assume reverse Holder estimates on the potential, and
improve some results of Shen [ Our main tools are improved Fefferman-Phong
inequalities and reverse Holder estimates for weak solutions of —A + V' and their

gradients.
CONTENTS

|. Introduction and main result 1
D, An improved Fefferman-Phong inequality] 4
B.  Definitions of the Schrodinger operator| 6
1. An L' maximal inequality| 7
6. LP maximal inequalitied 10
Complex interpolatiorn) 11

7. Reverse Riesz transformd 13
B.  Estimates for weak solutiong 21
D.  Riesz transformg 25
.1. A reduction| 25
.2.  Proof of Proposition 9.2 26
.3. Proof of Proposition 9.3 26
10. LP Domains of H and H'/9 27
11. Some facts about A., weightd 27
Referencey 28

1. INTRODUCTION AND MAIN RESULTS

Let n > 1 and V be a locally integrable nonnegative function on R", not identically
zero. Tt is well-known that the following L' maximal inequality holds for u € C§°(R"),
real-valued,

(1.1) [Aully +[[Vully < 3[| = Au+ Vul];.

Here, || ||, denotes the norm in LP(R™). In fact, one has |Vull; < || — Au+ Vul);.
This follows either from work of Kato [KZ], or from work of Gallouét and Morel

in semi-linear equations [GM]. Nevertheless, we shall give a simple account of this.
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2 PASCAL AUSCHER AND BESMA BEN ALI

This allows to define —A +V as an operator on L'(R") with domain D;(A)NDy (V).
This was known before ([V]]) as we note that a similar inequality on —A + V' + X for
some A > 0 with constant depending also on \ suffices. In this work we are interested
in the possibility of having “homogeneous” inequalities (A = 0) or, equivalently, on
inequalities for —A 4+ V + X for A > 0 with constant independent of \.

We turn to the LP theory for 1 < p < oco. Assume that V' € L? (R™). Then it is
known that —A + V a priori defined on C§°(R") is essentially m-accretive in LP(R™)
([K1, K2, Bd]) and the domain of the m-accretive extension contains D,(A)ND,(V) =
W2P(R™) N LP(R™, V?) as a dense subspace. There are conditions to insure equality
in [O], M, Dal], Big|. But this is still not enough to assert the validity of the L version
of (L.1), namely the a priori inequality for u € C§°(R™).

(1.2) [Aully + [[Vully S [ = Au+ Vaull,.

Here, ~ is the equivalence in the sense of norms and < the comparison of two norms.
A remark is that, by standard Calderén-Zygmund theory, one can replace ||Aul|, by
the equivalent quantity | V?ul|, as 1 < p < oo.

A natural question is which condition on V insures ([.J). An answer is the following.

Theorem 1.1. Let 1 < q < oo. IfV € B, then for some € > 0 depending only on V,
(L2) holds for 1 <p < q+e.

Here, B,, 1 < q¢ < o0, is the class of the reverse Holder weights: w € B, if

w e L] (R™), w > 0 almost everywhere and there exists a constant C' such that for

all cube @ of R,

(1.3) <|%|/qu(3;) d:c)l/q < %'/Qw(x) da.

If ¢ = oo, then the left hand side is the essential supremum on (). The smallest C'
is called the B, constant of w. Examples of B, weights are the power weights |z|™“
for —oco < a < n/q and positive polynomials for ¢ = co. Note that B, C B, if p < ¢
and w € B, implies w € B, for some ¢ > 0 depending on the B, constant of w (see
G).

Our result extends the one of Shen obtained under the restriction that n/2 < ¢
and n > 3 [BhI]. Prior to Shen’s work, this was proved for positive polynomials when
p=2in [N] and then when 1 < p < oo in [Guill, [Gui2, Z0].!

A second family of inequalities concerns the square root (see below for definition).
We recall at this point the identity

IVl + 1VV2ull3 = |(=A + V) 2ull3,  ue CF(R).

The a priori inequalities

(1.4) IVulli00 + IV ull100 S (=2 + V)V Puly
and
(1.5) IVull, + [V 2ull, S (A + V)2l

when 1 < p < 2 hold for u € C§°(R™). Here, || ||5,00 is the “norm” in the Lorentz space
LP>°(R™). Actually, the first inequality is attributed to Ouhabaz (unpublished) and

LAfter this work was completed, we learned of a new recent proof using representations via Lie
groups in [@], which also covers all positive fractional powers.
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the second one follows by interpolation. The proof of ([[.4) uses the fact that the heat
kernel of —A + V' is controlled pointwise by the one of —A and a theorem in [DM{].
See [DOY]] where the needed estimates are proved and where a similar argument
is done for Riesz transforms on manifolds. See also [Si{] for a different proof using
finite speed of propagation for the wave equation.

We are interested in pushing the range of p in ([[.J) beyond 2 and also in studying
the converse inequalities, that is a priori validity for smooth u of

(1.6) (=D + V) Ul 00 S ([Vulls + [V 0l
and of
(1.7) (=D + V) 2ull, S Vull, + [Vl

Note that ([[.3) for p implies ([[.7]) for the conjugate exponent p’. Hence, ([[.7) already
holds in the range p > 2. The statement summarizing our results is the following.

Theorem 1.2. (1) Let V € B, for some q¢ > 1. Then ([L.J) holds for 1 < p <
2(q+¢).
(2) If V € Aso = Uy=1B,, then (LG) and (L.7) for 1 < p <2 hold.
(3) Let V € By for some ¢ > 1 and g > n/2. Then |Vull, < [[(=A + V)Y2u],

~Y

holds for 1 <p < q*+eifqg<mn, and for 1 <p < oo if ¢ > n.

Here, ¢* = gn/(n — q) is the Sobolev exponent of ¢ if ¢ < n. Note that ¢* > 2¢
exactly when ¢ > n/2, hence item 3 improves over item 1 for the gradient part. We
note that Shen proved item 3 when n > 3 and item 1 when ¢ > n/2 and n > 3 [Sh]].
We shall fully prove this theorem, even item 3 with an argument of a different nature
that is interesting in its own right.

Note that one can also prove inequalities similar to ([.3) for fractional powers (—A+
V)=%, 0 < s < 1, with range 1 < p < (¢ + €)/s. We shall not pursue this here.

Our results are satisfactory for reverse Holder potentials as they make a bridge with
the known results for L], nonnegative potentials. Let us list some other consequences
to illustrate this.

Corollary 1.3. Letn >1,1 <p <oo and V € B,. Then the m-accretive extension
on LP(R™) of —A 4+ 'V defined on C§*(R™) has domain equal to D,(A) N D,(V). In
particular, forp = 2, —A+V defined on H*(R™)NL*(R"™, V?) is self-adjoint in L*(R™).

This applies to power weights c|z|~® although this particular application is known
by other methods [d].

Corollary 1.4. Let n > 1. Assume V € A and 1 < p < 2 or V. € B, and
2 < p < oo, then (—A + V)2 has LP-domain equal to D,((—A)Y?) N D,(V1/?) =
WiP(R") N LP(R™, VP/2).

Further easy consequences are the following estimates. Set p = sup(2p,p*) for
1 < p<oowith p* =0 if p > n.
Corollary 1.5. Assume that V € B, for some ¢ > 1. Then for ¢ > 0 depending only
onV,
(1) VI2H=YV2 s bounded on LP(R™) for (2(q+¢)) < p < 2(q +¢).
(2) VY2H=1div is bounded on LP(R™) for (+¢) <p < 2(q+¢).
(3) VH VY2 is bounded on LP(R™) for (2(q+¢)) <p < ¢ +¢.
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(4) VH ' div is bounded on LP(R™) for ((+ &) < p < ¢+ ¢.

Again, this result extends the ones of Shen in [Fhi] obtained with the restriction
q > n/2 and n > 3. He also proved bounds for V/2VH~!, which we can recover
by our methods under the same hypotheses (and for n > 1 instead of n > 3). We
therefore do not include such results.

We mention without proof that our results admit local versions, replacing V' € B,
by V' € B, o Which is defined by the same conditions on cubes with sides less than
1. Then we get the corresponding results and estimates for H + 1 instead of H. The
results on operator domains are valid under local assumptions.

Our arguments are based on local estimates and this is fortunate because there is
no auxiliary global weight as in [Bhl]]. Our main tools are

1) An improved Fefferman-Phong inequality for A., potentials.

2) Criteria for proving L? boundedness of operators in absence of kernels.

3) Mean value inequalities for nonnegative subharmonic functions against A, weights.

4) Complex interpolation, together with L” boundedness of imaginary powers of
—A+Viforl<p< .

5) A Calderén-Zygmund decomposition adapted to level sets of the maximal func-
tion of [V f| + |[VY/2f].

6) Reverse Holder inequalities involving Vu and V''/2u for weak solutions of —Aw +

Vu=0.

The latter estimates are of independent interest and we give a rather complete
picture. This is more than necessary for applications to the inequality ([.5)).

2. AN IMPROVED FEFFERMAN-PHONG INEQUALITY

Usual Fefferman-Phong inequalities take the form

[ mapluiaar< ¢ [ V@) + wl)ue) da

for u € C3°(R™) where m is a positive weight function depending on the potential w.
If w € B, and ¢ > n/2, there is such a function m [ShI]. If ¢ < n/2, it is not clear
how to define m in function of w. Nevertheless, local inequalities on cubes @) still
hold and depend on the scaling defined by the quantity R? avg w (The notation avg v
means ﬁ Jzv).

Lemma 2.1. Let w € Ay, and 1 < p < co. Then there are constants C' > 0 and

B € (0,1) depending only on the Ay constant of w, p and n such that for all cubes @
(with sidelength R) and u € C*(R™), one has

Cmg(RP
v 2 SREERGED [
Q Q

where mg(z) = x for x <1 and mg(z) = 2P for x > 1.

This lemma with § = 0 is already in [Sh]]] when p = 2. The improvement occurs
when RPavgow > 1 and is crucial for us in Section . Such an improvement has
also applications to criteria for compactness of resolvents for magnetic Schrodinger
operators (personal communication of B. Helffer).
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Proof: We begin as in Fefferman-Phong argument (see [Fel] and also [ShI]]) we have

/|Vu|p_Rn+p//|u — u(y)|? dedy
/w\u\p— R"// x)|P dzdy.

(2.8) /Q Vul? + wluf’ > ave [min(CR ™, w)] /Q u(y)|? dy.

and

Hence,

Now, we use that w € A. There exists € > 0, independent of @, such that £ = {x €
Q; w(z) > eavgw} satisfies |E| > £|Q|. Hence

avg [min(CR™P, w)] > %min(C’Rp,aan w).

This proves the desired inequality when RP avgqw < 1.

Assume now that RP avgw > 1. Subdivide @) in a dyadic manner and stop the first
time that R(Q)")P avgr w < 1. One obtains a collection {@Q;} of strict dyadic subcubes
of @ which are maximal for the property R} avg, w < 1. Furthermore, since w(x) dx

is a doubling measure and as the ancestor @ of @Q); satisfies (2R;)? avg w > 1, there

exists A > 0 such that R} avg, w > A. The last observation is that the @; form a
disjoint covering of ) up to a set of null measure. Indeed, for almost all x € @,
avg w converges to w(x), and therefore R(Q')* avg w to 0, whenever @' describes the
sequence of dyadic subcubes of @) that contain z and R(Q’) tends to 0. Hence,

/ Tl + wlulp = 3 / Yl + wlul?
Q i JQi
> €'Y min(R 7, avg, w) [ Jul
i Qi
>AC’ZR p/ |u|?

>AC"m1n< ) R p/|u|p
R\?

7 from below. Let 1 < o < oo be such that w € A,,.
Then, for any cube ) and measurable subset E of (), we have

avy w @)al
(en) (i)

Applying this to F = @Q); and (), we obtain,

p D . n(a—1)
LA Rp e Q. 0 > pr avg w Yo U) > o avg w el .
R; R} avg, w avg w avg w R

This yields min; (£)” > C(RP avqw)? with 3 =

It remains to estimate min; (

—rnt—py and the lemma is proved.
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Remark 2.2. If w € B, for ¢ > n/p (as in [BLh] with p = 2), then R/R; is also
bounded by C(RP avgw)P~"/9, that is R/ R; is logarithmically comparable to RP avgw.
No such thing is true if ¢ < n/p. For example, if w(z) = |z|~* with p < a < n (hence
w € B, for ¢ < n/a < n/p) then it is easy to show that max R/R; can be unbounded.
Furthermore, for all x then RP avg ryw tends to 0 as R — +oo, which is not the
case when 0 < o < p. The case a = p is different in the sense that RP avg(, gy w tends
to a non zero constant as R — +o00.

3. DEFINITIONS OF THE SCHRODINGER OPERATOR

Recall that V' is a nonnegative locally integrable function on R™. The definition of
the Schrodinger operator associated to —A 4V is via the quadratic form method. Let

V={feL’R"); Vf & VY2f e L*R")}).
Equipped with the norm

1 = (IFIB+ IV A2+ V25 12)

it is a Hilbert space and it is known that C§°(R") is dense in V ([DaZ]). The sesquilin-
ear form

Q(u,v):/ Vu-Vou+Vuv

on V x V is bounded below and non-negative and, therefore, there exists a unique
positive self-adjoint operator H such that

(Hu,v) = Q(u,v) YueD(H)Vvel.

An important feature is the pointwise domination of the resolvent by that of the
Laplacian (see [Dad]). This allows to define (H +¢)~' on L? for 1 < p < oo and & > 0
and for any f e LP, f >0

0<(H+e) ' f<(-A+e)'f

Since D(H ) is dense in V), there is a natural extension H of H as a bounded operator
from V to V' (not identified with V). Further, for any & > 0, H + ¢ is invertible but
this ceases at ¢ = 0 so it is useful to introduce an “homogeneous” version of H as
follows: Let V be the closure of C°(R™) under the semi-norm

Il = (IVFI2 + VY2 F)2) 2

By (29), there is a continuous inclusion V C L} _(R") if V is not identically 0, which
is assumed from now on, hence, this is a norm. The form @ is the inner product on V
associated to this norm so that V is a Hilbert space. But if we choose not to identify 1%
and its dual, then there is a unique bounded and invertible operator H: V — V' such
that for all u,v € V, (Hu,v) = Q(u,v). Here, { , ) is the duality (sesquilinear) form
between V' and V. Note that since C5°(R") is densely contained in V, this coincides
with the usual duality between distributions and test functions when v € C§°(R™).
By abuse, we do not distinguish the two notations, which we write as an integral when
the integrand is integrable.
In concrete terms, if f € V' there exists a unique u € V such that

(3.9) Vu-Vo+Vuv = (f,v) YveCTR").

R
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In particular, —Awu 4+ Vu = f holds in the sense of distributions. There is a classical
approximation procedure to obtain u for nice f.

Lemma 3.1. Assume that f € V' NL*R"). Fore >0, letu. = (H+¢)"'f € D(H).
Then (u.) is a bounded sequence in V which converges strongly to H='f.

Proof. By definition,

/ Vu€~Vﬁ+(V—|—5)u€6:/ fuv YoeV
n Rn
and in particular
[ vup s aapr= [ fw
R™ R™

The boundedness of (u.) in V follows readily using that | Jan F| < || fllplluelly, and
fev.

Let us see first the weak convergence. Let u € V be a weak limit of a subsequence
(te;). One can take limits in the first equation when v € Cg°(R") and we see that
u satisfies (B-9). By uniqueness, v = H~'f and (u.) converges weakly to u. Since
f eV, we have

/ Vul + Viu? = (f.u).
RTL

Weak convergence implies

/ (Vul? + Vi]ul* < liminf/ |Vue| + Vl|ue* < lim sup/ Vue)? + V]u|?

glimsup/ \Vu€|2+(V+5)|u€|2:limsup/ [z = (f,u).
R™ Rn

Thus |luc|ly, — [Ju|l;, and together with weak convergence, this yields strong conver-
gence.

Remark 3.2. The continuity of the inclusion V C L2 (R™) has two further conse-

loc
quences: first, we have that Lzomp(R"), the space of compactly supported L? functions

on R", is continuously contained in V' N L*(R™). Second, (u.) has a subsequence
converging to u almost everywhere.

We continue with square roots. As H is self-adjoint, it has a unique square root
H'2 which is self-adjoint with domain V and for all u € C(R"™), ||HY?ulj? =
V|2 + ||VY2u))3. This allows us to extend H'/? from V into L?. If S denotes this
extension, then we have S*S = H where S*: L? — V' is the adjoint of S.

Our results are all about H or alternately about H + ¢ with a uniform control of
constants with respect to € > 0. By abuse, we write H for H and H'/? for its extension
S or its adjoint S*. The context will make clear which object is the right one.

4. AN L' MAXIMAL INEQUALITY

The following result is essentially a consequence of a result of Gallouét and Morel
[GM] in the semi-linear setting or can be seen from [K3J]. We present a simple proof
in this situation. We assume that V' is not identically 0
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Lemma 4.1. Let f € L2 (R"), f >0 andu= H'f. Thenu>0,

comp
/ Vu< [ f,
n RTL

/ |Aul <2 [ f.
n R’VL

Furthermore, u € I/Vlicl (R™) and for any measurable set E with bounded measure,

[ v <coier [ g
E R

and for all compact set K in R,

/ lu| < C(K,n,V) f.
K R"

Remark 4.2. In fact, more is true. If n = 1, the estimate on v’ tells us that u' is
bounded. If n > 2, then u € I/Vll’q(R") for1<q< 5.

oc

Proof. For N > ¢ > 0, set V. y = inf(V +¢,N). Let f € L%, (R"), f > 0 and
set u=H'f,u.=(H+e)'f and u.y = H;}Vf where H, y is associated to the
potential V. x. By Lemma B.1 we know that u € L}, .(R™) (with norm controlled by
|| fllo which is not enough). We remark that by comparison theorems w, u., u. y > 0.
Further, V. y < V+¢ implies u. < u. y and V' < V +¢ implies (u.).>0 is non increasing
with u, < u. In addition, it follows from the remark after Lemma that u. converges
almost everywhere to u as ¢ — 0. Indeed, a subsequence already converges almost
everywhere to u, hence the family itself by monotonicity. As a consequence, (u.)
converges to u in L}, (R™) by the monotone convergence theorem.

Let us see the estimate for Vu. Since ¢ < V. xy < N, the operator Hg}v has an
integral kernel bounded by the one of (—=A + ¢)~!, which implies that it extends to
a bounded operator on LP(R") for 1 < p < co. As V. y is bounded, V&NH;}V is a
bounded operator on L'(R") and also AH_ ~ by difference. As u. y € L'(R") and

Au, y € L'(R"), an easy argument via the Fourier transform implies that fRn Aue n =

0, and so
/ Venuen = [ [
n R’VL

Next, we have 0 < V_ yu. < V. nuen, so Vnu. is integrable and by monotone
convergence as N — oo, (V + ¢)u, is integrable and

/ (V+e)u:. < f.
n RTL

[ves [ weouns] s

and monotone convergence as ¢ — ( yields

/ Vu < f
n Rn

Finally, we have
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We turn to the term with Au. As (u.) converges to u in L}, (R"), Au is the limit
of Au, in D'(R"). If h € C§°(R™), then

—/ Aueh:/ Vue-Vh:/ fh—/ Vugh—/ cugh.
R™ R™ R R™ Rn

As h has compact support, the last integral converges to 0, hence —Auwu is equal to
f—=Vu e D(R") and its L' control follows.

We turn to the gradient estimate. As u. € L'(R") and Au. € L'(R"), it can be
shown (see [BB{, Appendix]) that if E is a measurable subset of R" with bounded

measure and 1 < ¢ < L,
n—1

_(n—=1)q
[ 1Vl < Cln gl BT s
E

hence

_(n=1)q
(4.10) /ww%xwmwwn|mﬁ
E

Next, recall that if @ is a cube, by (B.§) we have,

avg [min(CR™, V)] / Ue < / [Vue| 4+ Ve
Q Q
hence

(4.11) L%SQQMWWM

It follows easily from these two estimates and Poincaré inequality that u. € W,24(R")

for 1 < ¢ < -%; and is bounded in that space. Thus, for any 1 < ¢ < %5, u €

WLI(R™) by taking weak limits. The estimate (fI0) passes to the liminf and by

Holder becomes true for ¢ = 1. The estimate ([.11)) also passes to the limit by
convergence in Lj, (R™). This finishes the proof.

Let B={ue€ L} (R"); Au € L'(R"),Vu € L'(R")} equipped with the topology
defined by the semi-norms for L} (R"), ||Au||; and ||Vu||;. We have obtained

loc
Theorem 4.3. The operator H=' a priori defined on Lzomp(]R") extends to a bounded

operator from L*(R") into B. Denoting again H~* this extension, VH ™! is a positivity-
preserving contraction on L'(R™) and 1AH™! a contraction on L'(R™).

Proposition 4.4. Let f € L'(R"). There is uniqueness of solutions for the equation
—Au + Vu = f in the class L'(R") N B. In particular, if u € C(R™) and f =
—Au+ Vu, thenu=H71f.

Proof. Since —Au + Vu = 0, then for ¢ > 0 we have —Au + Vu + cu = eu. As
u € L'(R™), we can write |u| < (—A + )7 '(e|lu]) = (—e7'A + 1)7|u|. Taking limits
as € — 0 proves that u = 0.

Remark 4.5. We have obtained existence in B and uniqueness in B N L*(R™). Fol-

lowing [GM], one can show uniqueness in a larger space if n > 3 and under some
conditions on V if n < 2. We do not need such refinements here.

Corollary 4.6. Equation ([LLT) holds.
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Proof. If u € C°(R") and f = —Au+ Vu, then Vu=VH ' f and Au=AH~f by
the proposition above. Applying Theorem proves that ||Vull; < || — Au + Vul;
and ||Aull; < 2| — Au+ Vul|;.

5. L? MAXIMAL INEQUALITIES

The main sledge hammer is the following criterion for L” boundedness ([AMI]). A
slightly weaker version appears in Shen [ShI].

Theorem 5.1. Let 1 < pg < qo < 00. Suppose that T is a bounded sublinear operator
on LP°(R™). Assume that there exist constants ag > oy > 1, C' > 0 such that

1 1
(5.12) (wvo 1117 < € { (a0 )% + (17D .
for all cube Q, x € Q and all f € L, (R") with support in R™ \ ay Q, where S is

a positive operator. Let pg < p < qo. If S is bounded on LP(R™), then, there is a
constant C' such that

17 flly < ClIF
forall f € L%, (R™).

comp

Note that in this statement, f can be valued in a Banach space and |f| denotes its
norm. Also the space L, (R™) can be replaced by C§°(R™).

comp

Fix an open set . By a weak solution of —Au+Vu = 0 in €, we mean u € L} (Q)

loc

with V124, Vu € L2 ,(Q) and the equation holds in the distribution sense on €.

loc

Remark that by Poincaré’s inequality if u is a weak solution, then u € L? (Q). A

loc

subharmonic function on  is a function v € L},.(Q) such that Av > 0 in D'(Q). Tt

loc

should be observed that if w is a weak solution in 2 of —Awu 4+ Vu = 0 then
(5.13) Aluf* = 2V |ul* + 2|Vul?

and in particular, |u|? is a nonnegative subharmonic function in Q.

The main technical lemma is interesting on its own right. It states that a form
of the mean value inequality for subharmonic functions still holds if the Lebesgue
measure is replaced by a weighted measure of Muckenhoupt type. More precisely,

Lemma 5.2. Assume w € Ay and [ is a nonnegative subharmonic function in Q, Q
is a cube in R™ with 2QQ C 2, 1 < pu <2 and 0 < s < oo. Then for some C depending
on the Ay, constant of w, s, p (and independent of f and Q) and almost all x € Q,

we have
C . 1/s
10 (g L)

Here w(E) = [, w. As A, weights have the doubling property we have av,qow ~
avgw and the inequality above rewrites (the notation sup meaning essential supre-
mum)

(5.14) (avqw) (sgp f?) < Cavyo(wf?).
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Proof. This is a consequence of a result of S. Buckley [Bu]. We give the proof for the
convenience of the reader. Since w € A, there is t < oo such that w € A;. Hence
for any nonnegative measurable function g, we have

1 1/t t »
w(pQ) /uQ wgt) = C(avuq (wgt))l/ (av.qw) 1/t

But subharmonicity of f in €2 implies for almost all z € @ and all 0 < r < c©

(5.15) (@) < Crp (avug 1)

(See [FY. It can also be obtained from classical facts on weak reverse Holder weights
MN]). Applying this with r = s/t yields

flz) < C(avug fS/t)t/S < C(aVﬂQ(wfs)>1/s(avﬂQ w)_l/s.

Corollary 5.3. Let w € B, for some 1 <r < oo and let 0 < s < oco. Then there
is C' > 0 depending only on the B, constant of w, s, j such that for any cube Q)
and any nonnegative subharmonic function f in a neighborhood of 2Q) we have for all
l<pu<?2

aVMQg§C<

(avg(wf*)")" < C avig(wf).
Proof. We have
(aVQ(wfs)r)l/r < (avg wr)l/r sup f* < C (avqw) sup f* < C avo(wf®).
Q Q

The second inequality uses the B, condition on w and the last inequality is (5.14).

Let us come back to the Schrodinger operator.

Theorem 5.4. Let V € B, for some 1 < ¢ < co. Then there is r > q (or r = oo if
q = o0) such that VH™' and AH™', defined on L*(R") from Theorem [[.3, extend to
bounded operators on LP(R™) for 1 <p <.

Proof. By difference, it suffices to prove the theorem for VH !, We know that this is
a bounded operator on L'(R™). Let r > ¢ be given by self-improvement of the reverse
Holder inequalities of V. Fix a cube @ and let f € L*(R™) with compact support
contained in R\ 4Q. Then u = H~'f is well-defined in V and is a weak solution of
—Au + Vu = 0 in 4Q. Since |u]? is subharmonic, the above corollary applies with
w="V, f=|u?and s =1/2. Tt yields ([-1q) with T=VH ! py=1,q =7, S =0,
a; = 2 and ay = 4. Hence, T is bounded on LP(R™) for 1 < p < r by Theorem [.1].

Proof of Theorem [.1. Let u € C{°(R") and f = —Au + Vu. We know that
uw = H~'f by Proposition 4. Now, using the hypothesis V' € B,, we have bounded
extensions on LP(R") of VH ! and AH ! for 1 < p < g+ ¢ for some € > 0 depending
on V. We conclude that [|[Vull, + ||Aull, < f]l,-

6. COMPLEX INTERPOLATION

We shall use complex interpolation to obtain item 1 of Theorem [, relying on the
following result due to Hebisch [H].
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Proposition 6.1. Let V' be a nonnegative locally integrable function on R™. Then for
ally € R, HY has a bounded extension on LP(R™), 1 < p < oo, and for fized p its
operator norm does not exceed C(0, p)e’! for all 5 > 0.

Here, H" is defined as a bounded operator on L?(R"™) by functional calculus. For
V' =0, this is standard result for the singular integral operator (—A)%. Actually, the
operator norm can be improved but we do not need sharp estimates.

Lemma 6.2. The space D = R(H) N L'(R") N L>®(R") is dense in LP(R™) for 1 <
p < 00.

Proof. It suffices to show that R(H)N L' (R™) N L>*(R") is dense in L'(R") N L>®(R")
for the LP(R™) norm. Let f € L'(R™) N L*(R"). Since f € L*{R"), for ¢ > 0,
fe=H(H+¢e)'f € R(H). Also f. = f —e(H +¢)"'f. Thus f. € L*(R"™) N L>=(R")
as |(H+¢e)7' f] < (—A+e¢)7!|f] and the kernel of (—A+¢)~! is integrable. It remains
to see that f. converges to f in LP(R™). But again |f — f.| < e(—=A+¢)7!|f| and the
latter expression is easily seen to converge to 0 in LP as ¢ tends to 0.

We now prove the boundedness of VH /2 and VY/2H~1/2 on LP(R") for 1 < p <
2(q + €), which is half of item 3 of Theorem [[.9. Let f € D, g € C°(R"). We define
forze S={z+iyeC;0<z <1,y e R},

A(z) = ((ZA)H™[,9)
We shall use the Stein interpolation theorem for families of operators (see [FW]).

Observe that for all z € S, (=A)?g € L* with |[(=A)%g|l2 < Cllglla= (the Sobolev
space of order 2). Since f € R(H), f = Hf with M = || f|l2 + || H f||2 < co. Hence,

1= fllo = [ fllz < [|H |22l H =l < C(0)e™¥ M.

Thus |A(2)| < Cse’™IM]||g|| 2. It follows that A satisfies the admissible growth con-
dition. It is not difficult to establish continuity on S and analyticity on Int S of A.
Then, for z =1y and 1 < p < oo, we have

[ Aiy)| < HH 1 (=2)"glly < C6, ) [ fllpll gl
Andfor z=14+dyand 1 <p < q+e,
(AL +iy)| < JAH T H Y F(=2) gl < [AHpmC0, )™ [ f1lpllg -
Thus, for z =1/2 and 1 < p < 2(q + ¢), we obtain

[AQ/2)l < CP) b llglly-

We conclude by a density argument that (—A)Y2H~1/2 is bounded on LP(R") for
l<p<2qg+e).

Similarly, for f € D, g € C§°(R"), we define for z € S={z+iy e C;0 < x <1}
and fixed N > 0,

B(z) = (ViH*f,q),
with Vy = inf(V, N). Then,
|B(2)] < C(6,4)e™ M(llgllz + [Vagll2),

hence B has the admissible growth condition. It is also clearly continuous on S and
analytic on Int S. Then, for z =1y and 1 < p < c.

By < [1H I,V glly < C@,p)e™ | fllpllgl-
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And for z=1+dyand 1 <p < q+e,
(AL +iy)| < [VeH T H IV glly < IVHE p0C 0, 0)e™ | fllnllg]l-

where we used that [|[VyH |,, < [[VH Y|,p as 0 < Vy < V almost everywhere.
Thus, for z =1/2 and 1 < p < 2(q + ¢€), we obtain

1B(1/2)] < C@)fpllgly-

We conclude by a density argument that V]\l/ *H~/2 is bounded on LP (R") forl <p<
2(q + €) with a bound that is uniform with respect to N. By monotone convergence,
this yields the LP(R") boundedness of V/2H~'/2 in the same range.

To finish the proof, fix 1 < p < 2(¢ +¢). Let u € C§°(R™). The only thing to
establish is | Vull, + ||VY2u|, < C(p)|HY?ull,. Since u € V, f = HY?u is well-

defined. We assume that f € LP(R"), otherwise there is nothing to prove. Then, by
Calderén-Zygmund theory and the above,

IVull, + [VY2ull, < COI(=A)ZH2 fll, + [VVEH2F], < C0)l|
and the proof is finished.

Remark 6.3. We remark that this interpolation argument gives also a proof of the
LP boundedness of VH™' and VY/2H=Y2 for 1 < p < 2 for all non zero V€ L} (R").

loc
7. REVERSE RIESZ TRANSFORMS

This section is concerned with the proof of Theorem [, item 2. We first want to
show that there exists C' > 0 depending only on the A, constant of V' such that for
all @ > 0 and f € C§°(R™) then

(7.16) o e R B2 1) > ) < C [ 9414V

First, it is not too hard to show that if ¢ < V < N for some N > ¢ > 0 then this
inequality holds with C' depending on ¢, N (in fact, the next argument gives this also).
Let C be the best constant in this inequality with V' replaced by V. y = min(V +¢, N).
We want to show that C; is bounded independently of € and N. Assume it is the
case, then for e, N > 0, all @ > 0 and f € C§°(R")

C
o R (- + Vo) @) > a)l < & [ 191+ VL

C
< [19f1+ 0+ 2

Now, it is easy to show that (—A+ V. y)'/2 f converges in L? to (H +£)"/2 f hence up
to extraction of a subsequence, the above inequality passes to the limit as N — 4-oc0.
Then, as f € C°(R*) C V = D(HY?), (H +¢)Y2f converges to H/2f in L?>(R") by
functional calculus as ¢ tends to 0 and we obtain (7.14) with C' = C}.

Remark that if V' € A, then for all N > ¢ > 0, V. y is also in A, with constants
that are uniform with respect to € and N. So as long as we only use the A, infor-
mation, we are safe. Therefore, we assume that ¢ < V < N but we do not use this
information quantitatively.

We also define C), as the best constant C' such that for 1 <p < 2 and f € C3°(R")

12 £l < CollIV Fllp + 1V F1)-
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By extension, we can take f to be in the closure of C3°(R™) for the norm defined by
the right hand side. Since V' is bounded below and above, this is the usual Sobolev
space W1P(R").

We know that Cy = 1. We shall prove that for some numbers C, M under control,
we have

(7.17) C,<CC;+M=C+ M.

This will require the use of a specific Calderén-Zygmund decomposition on f adapted
to level sets of |V f] + V2| f].
The Marcinkiewicz interpolation theorem would give us

(7.18) c, <oy

provided it applies. But it is not known whether the spaces defined by the seminorms
IV Flla+ VY2 £l 1 < g < 2, interpolate by the real method. If we use the assumption
e <V < N, then we may interpolate but the constants would depend on &, N.
Instead, we prove ([.1§) by adapting Marcinkiewicz theorem argument using again
our Calderén-Zygmund decomposition.

Lemma 7.1. Letn > 1,1 <p <2,V € Ay and f € C(R"), hence |V [, +
|[VY2f|l, < oo. Let a > 0. Then, one can find a collection of cubes (Q;), functions g
and b; such that

(7.19) F=g+> b

and the following properties hold:

(7.20) IVgll2 + IV 2glla < Ca' P21Vl + (VY2 £11)72,

(7.21) supp b; € Q; and / |V, |P + R, P|biP < Ca?|Ql,
Qi

(7.22) SlQl<car [ VP

(2

(7.23) Y 19, <N,

where N depends only on dimension and C' on dimension, p and the A constant
of V. Here, R; denotes the sidelength of Q); and gradients are taken in the sense of
distributions in R™.

We remark that the decomposition is on f while the control is on |V f|P + |[V1/2f[P.
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Proof. Let Q be the open set {z € R™; M(|Vf|P + |[VY2f|P)(z) > aP} where M is
the uncentered maximal operator over cubes of R™. If ) is empty, then set g = f and
b; = 0. Otherwise, the maximal theorem gives us

Q) < Ca / VP (V2.
Rn

Let (Q;) be a Whitney decomposition of 2 by dyadic cubes: (2 is the disjoint union
of the @);’s, the cubes 2@Q); are contained in €2 and have the bounded overlap property,
but the cubes 4Q; intersect F' = R™\ Q. As usual, AQ is the cube co-centered with Q
with sidelength A times that of ). Hence ([(:23) and ([:23)) are satisfied by the cubes
20);. We remark that since V € A, we have VP2 € A, when 1 < p < 2 (see Section
[1)). Hence we have by Lemma P.1|

| Ve v = Cuintavag, VLB [P

We declare Q; of type 1 if avag, VP/2 > R;? and of type 2 if avyg, VP/2 < R;P.
Let us now define the functions b;. Let (X;) be a partition of unity on  associated

to the covering (Q;) so that for each i, X; is a C'! function supported in 2Q; with
[il[oo + Rill VAi[loo < c(n). Set

- f, if Q); is of type 1,
’ (f —avyg, [)A;, if Q; is of type 2.

If Q); is of type 2, then it is a direct consequence of the LP-Poincaré inequality that

/ Vb4 R < © / VP,
2Q;

2Qi
As f4Q, IV fIP < a?|4Q;| we get the desired inequality in ([7-2]]).
If Q; is of type 1,

/ R < / R7|fP < C / VP (V2.
2Q; 2Q; 2Q;

As the same integral but on 4Q); is controlled by o”|4Q;| we get f2Qi R PP <
CaP|Q;|. Since Vb; = X,V f + fVA; we obtain the same bound for f2Qi |Vb;|P.

Set g = f — > b; where the sum is over both types of cubes and is locally finite by
([:23). Tt is clear that g = fon F = R"\ Q and g = Y2 (avyg, f) X; on 2, where
>~ 7 means that we are summing over cubes of type j. Let us prove ([.19).

First, by the differentiation theorem, V'/2|f| < o almost everywhere on F. Next,
since V€ A, and p < 2 implies V?? € By, (see Section [) and avag, V <
C(avag, VP/?)/P. Hence

2
[ ViR <307 [ Viang 57 <032 ((avao, V72 avag, 1) Q.
Q 2Q;
Now, by construction of the type 2 cubes and the LP version of Fefferman-Phong
inequality,
VP +|V2fIP) < Car.

%In fact, the factor 2 should be some ¢ = c(n) > 1 explicitely given in [@] We use this convention
to avoid too many irrelevant constants.

(aVQQi Vp/2)| avaQ; f|p <C aV2Q¢<
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Hence,
/ Vgt <Y 2 a? Q] < Ca? / VAP VI fP.
Q Rn

Combining the estimates on F' and €, we obtain the desired bound for [, V/|g|*.
We finish the proof by estimating [|Vg|lo and ||Vg||,. First, it is easy to see that
the inequality [|b5]|) < Ca?R}|Q;] together with the fact that Whitney cubes have
sidelength comparable to their distance to the boundary, imply that > b; converges
in the sense of distributions in R™ (not just in €2, which is a trivial fact!), hence
Vg=Vf—> Vb. It follows from the L? estimates on Vb; and the bounded overlap

property that
b

therefore the same estimate holds for || Vgl|,. Next, a computation of the sum ) Vb;
leads us to

, S CUV L+ VY2 £11,),

Vg=1p(Vf)+ > * (avag, f) Vi

By definition of F' and the differentiation theorem, |Vg| is bounded by « almost
everywhere on F. It remains to control ||ha|le where hy = "2 (avag, f) VA Set
hy = > 1 (avag, f) VAX,. By already seen arguments for type 1 cubes, |avag, f| <
CaR;. Hence, [h| < C> ! 159,00 < CNa and it suffices to show that h = hy + ho
is bounded by Ca. To see this, observe that ) . Xj(z) = 1 on Q and 0 on F. Since
it is a locally finite sum we have Y, VX;(x) = 0 for z € Q. Fix € Q. Let Q; be
the Whitney cube containing x and let I, be the set of indices ¢ such that x € 2Q);.
We know that I, < N. Also for i € I, we have that C™'R; < R; < CR; (see [B1)).
Therefore, we may write

[h(@)] = | > _(avag, [ — avag, /IVXi(2)| < CY | Javag, f — avag, fIR;".
i€ly i€ly
But 2@Q); and 2Q); are contained in C'Q); for some C' > 4 independent of j. Hence, the
Poincaré inequality and the definition of @); yields

| avaq, [ — avaq, f| < ORj(aveq, [VfIP)Y? < CR;a.
We have finished the proof.

Proof of item 3 in Theorem [[.3. First, we prove ([.17). Let f € C5°(R"). We use
the following resolution of H'/?:

HY?2f = c/ He "Hfqt
0
where ¢ = 2771/2 is forgotten from now on. It suffices to obtain the result for the
truncated integrals faR ... with bounds independent of £, R, and then to let £ | 0 and
R T oo. For the truncated integrals, all the calculations are justified. We thus consider
that H'/? is one of the truncated integrals but we still write the limits as 0 and +oo
to simplify the exposition.
Apply the Calderén-Zygmund decomposition of Lemma [(.]] with p = 1 to f at
height  and write f =g+ >, b;.
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Concerning g, we have

C
{eernimgen> 5 < % [1ege < S [rvaevior <€ 1o
where we used (.20).

The argument to estimate H'/2b; will use the Gaussian upper bounds of the kernels
of e7*# which are valid for all potentials V' > 0. Let r; = 2% if 28 < R; < 281 (R; is
the sidelength of @;) and set T} = [ He PH dt and U; = [ He *H dt. 1t is enough
to estimate '

\{:cER”|ZTb )| > a/3}]
and

\{xeR"\ZUb )| > a/3}].
First,

A<|U,;4Q;] +

)

ZTibi(fb’)

>a
3

and by ([.22), | U; 4Qy| < Qf IVf| + [V,

For the other term, we have

{xeR"\UALQZ, ZTb H_ /
with h; = 1g,)c|Tib;|. To estimate the L? norm, we dualize against u € L*(R") with
[ul[2 = 1:
[ m =334,
i i =2
where

Ay = / Tibil[ul, Cj(Qs) = 2 Q; \ 27Q;.
C;(Qq)

Using the well-known Gaussian upper bounds for the kernels of tHe *# ¢t > 0, and

r; ~ R;, we obtain

C 4:4j7‘i2
|He™ b”LQ(C(Q))—t%LQ Z bl

where v = 2. By (.21)), ||bs][1 < caR;|Q;], hence, by Minkowski integral inequality,

for some appropriate positive constants C, c,

r; i
1Tl ey < / I He b e dt
0
< CO&6_64j|Qi|1/2.

Now remark that for any y € Q; and any j > 2,

1/2 1/2
( / |u|2> < ( / |u|2) < (2"0HVQi)Y2 (M (Jul?) () .
C5(Qi) 271Qi
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Applying Holder inequality, one obtains
Ayj < CazPe ¥ |Qi] (M (Ju) () ™.
Averaging over (); yields
Ay < Cazo e [ (M) dy.

Summing over 7 > 2 and ¢, we have

/|u|2h <ca/Z1QZ M(|u?)(y))"* dy.

Using finite overlap ([.23) of the cubes @Q); and Kolmogorov’s inequality, one obtains
J > < O'Na U Qi Pl

Hence

by (.23) and (7.23).

It remains to handling the term B. Using functional calculus for H one can compute
U; as r; "(r2H) with 1 the holomorphic function on the sector | arg z | < 5 given by

P(z) = /100 e 22 dt.

It is easy to show that |¢(z2)| < |Z|1/26_CIZ|, uniformly on subsectors |arg z | < p < 3
Let ¢ =2ifn=1and ¢ = 1" = 25 for n > 2. By Poincaré-Sobolev inequality,
bi € L7 and

ZTibi(x)

C
> %H <CluQi < —p/Wfl + V2
(6

~(n=1)

| Vb, < CaR; "

1/2
| < (zw)
q keZ
q

Indeed, by duality, this is equivalent to the Littlewood-Paley inequality

1/2
<Z|¢(4’“H)ﬁl2> S 1Bl

keZ

1
[billq < cR,
We invoke the estimate

(7.24)

> w(ArH

kEZ

q

For ¢ = 2, this is a simple estimate using Borel functional calculus on L? since H is
self-adjoint. For g # 2, this is a consequence of the Gaussian estimates for the kernels
of e7* ¢ > 0 (this was first proved in [KDMJ{] using the vector-valued version of the
work in [DMd]. See [Aud] for a more general argument in this spirit or [LeM] for an
abstract proof relying on functional calculus).

To apply ([.24), observe that the definitions of r; and U; yield

ZUb => Y(A*H

keZ
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with ,
— &
- Y b

i,r;=2k

Using the bounded overlap property ([.23), one has that

(Zgﬁ)m q < C/Z bil*.

kEZ

|bi]*
Hence, by (7.22)
a C
R": b; — i< <= 2f.
{rem|Sune|> G| seX i< T [1onemes

We turn to the proof of ([.1§). Fix 1 < p < 2and f € C§°(R"™). Choose 0 < § < 1s0
that 1 < pd. Let a > 0 and apply the Calderén-Zygmund decomposition of Lemma [7]]
to f with exponent pd and threshold o. We may do this since ||V ]|+ V2 f]|,5 < 00.
Of course we do not want to use its value in a quantitative way. We obtain that

[ =ga+ by with by =), b;.

Using R; ~ 1y,

o Z‘QJ

Write
1251 =92 [ ar o € R HYf(@)] > 20) da
0
< p2p/ oYz e R™ |H go(2)] > a}| da
0
+p2p/ oP Yz € R |HY?b,(2)| > a}| da
0
<I+1II
with »
0 a? I !
and

00 1/2
I = Cp2p/ o1 Vbl +a||v Phalls g, I, + 11,
0
where I, and 11, denote the gradient term in I and /T respectively. To estimate these
integrals, we need to come back to the construction of g, and b,.

Set T'f = (|Vf[PP+|V1/2f|P9)1/P Write F,, as the complement of Q, = { M (T f?°) >
a”®}. Then recall that Vg, = 15, (Vf) + 1, h where |h| < Ca and |V f| < a on F,.
Thus I, splits into Iy + I, according to this decomposition. The treatment of I, is
done using the definition of F,,, Fubini’s theorem and p < 2 as follows:

sz / v,
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where we used
V2= VAP VPP < VP (T < |[VFP (M) »

almost everywhere. For Iy, we use the bound of A to obtain

I, < C’p2p/ a? Q| da
0

:CQP/(M(Tfp5))‘1‘
<c / VP4 Vg

by the strong type (3, ) of the maximal operator.
Next, we turn to the term /1,. We have Vb, = 1q (Vf) — 1q,h so that 1], <
(11, +I 9) and Iy is already Controlled For 11, we have by using Holder’s inequality

and the strong type (3 5 6) of the maximal operator

Iy — Cﬁ/\w\ (M(T )

<25 (o) ) (/ (M<Tfp5))(’;£>p/)””'

<c [1vip .

It remains to look at I, and I],. Recall that g, = f on F, and g, = h, on €, and
we have proved [ V|he|? < Ca?|Q,|. Hence, I, splits as [vl + 5. First,

C’p2 /|V1/2f|2 fpé))
Cp2 = v

with the similar argument as for /,,. Next,
I, < Cp2P /OO a? Q| da
0
_ CQP/ (M(T 7))
<c [1vip .

Now, by = f — go = f — ho on Q, and b, =0 on F,. Hence, II, < Il,; + I,5 and
2 p=1
I, = CL / VYRR (M(Tf?)) 7

Cp2 ( / |V1/2f|p) ( / (M(Tfpé))“"_“”')l/pl

<c / VP VR,

This concludes the proof of item 3 of Theorem [[.2.
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8. ESTIMATES FOR WEAK SOLUTIONS

In this section, ) denotes a cube, R its radius, and u a weak solution of —Au+Vu =
0 in a neighborhood of 2Q). Recall that under the assumption V' > 0, we have the
mean value inequality

(8.25) sgp lul < C(r,n, p)(av,ug |u|r)1/r
for any 0 < r < oo and 1 < p < 2. And we have also shown a mean value inequality
against arbitrary A, weights.

We state some further estimates that are interesting in their own right assuming
V € A,. By splitting real and imaginary parts, we may suppose u real-valued.
All constants are independent of ) and u but they may depend on V' through the
constants in the A, condition or the B, condition when assumed.

Lemma 8.1. Foralll < pu <y <2 and k> 0, there is a constant C' such that
C 2
(1+ R2avg V)* (aVM’Q |ul )

avuQ |U|2 <

and

C
aVuQ(|vu|2 + Vlu?) < (1+ RZavq V)

Lemma 8.2. Forall1 < pu <2 and k > 0, there is a constant C' such that

c 2
(1 + R? avg V)k (aVMQ(V|u| ))

- (aVM/Q(|Vu|2 + V|u|2))

(Ravg V)? avg |ul* <

Lemma 8.3. Forall1 < u <2, k>0 and sup(n,2) < p < oo, there is a constant C
such that o
p 2/p
(1+ R?2avg V)k (avyq [Vul?)™".
Lemma 8.4. Assume V € B, and set § = inf(¢*,2q). For all1 < <2 and k > 0

there is a constant C such that

7\ 1/d c
(avg [Vul?) ™ < (14 R%*avqV)
Lemma 8.5. Assume V € B,. Foralll < u <2, ifn/2 < q < n then there is a
constant C' such that

(Ravg V)? avg |ul* <

1/2
= (avuo(|Vul? + V]uf?) 2.

q*)l/q* < C(aVuQ |Vu\2)1/2,

and if ¢ > n then there is a constant C' such that
sup [Vu| < C (av,ug |Vu|2)1/2.
Q

(avg |Vu

Lemma 8.6. Assume V € B,. Foralll < p <2 andk >0, ifn/2 < g <n then
there is a constant C' such that

q* 1/q* C
(ave IVul™) ™ < B Rravg vye (5D )

and if ¢ > n then there is a constant C' such that

¢ (sup \u\)
R+ R avg V)

sup [ V] <
Q
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Lemma 8.7. Assume V € B, with ¢ > 1 and ¢ > n/2. Forall1 < <2 and k>0
there is a constant C' such that

C
(14 R?avgV)k (
Lemma 8.8. In Lemma B, the constant C' can be replaced by C(1 + R*avg V)~F
for any k > 0.

(Ravg V)? avg |ul* < av,o |Vul?).

Let us postpone the proofs and make some remarks concerning these inequalities.

Remark 8.9. 1) Lemma 8.3 is a weak reverse Holder inequality for the gradient of
weak solutions. It improves over Lemma in the fact that the right hand side does
not have terms involving V |u|? but this is under the assumption q¢ > n/2. Using
self-improvement of weak reverse Holder inequalities (see [[N, Theorem 2]), we may
replace the exponent 2 in the right hand sides by any 0 < p < 2.

2) We do not know if Lemma [8.4 holds for g < n/2.

3) In Lemma [8, note that ¢ = ¢* < 2q when q < n/2 and it would be natural the
estimate holds for the larger exponent 2q.

4) Lemma is a Poincaré type inequality for weak solutions. As supg |u| can be

compared to (aVQ |u|2)1/2, we see that it is a converse to the Caccioppoli inequality in
the regime R*avgV > 1.

5) Except for Lemma 8.1 and[8.q which are closely related to Lemma 4.6 and Remark
4.9 in [Sh])], these lemmata appear to be new.

Proof of Lemma B.1]. There is nothing to prove if R?avgV < 1 and we assume
R%?avgV > 1. The well-known Caccioppoli type argument yields for 1 < p < p/ < 2

C
(8.26) /|Vu|2+V|u|2§—/ |u)?.
R? J,
pQ He

The improved Fefferman-Phong inequality of LemmaP.]] and the fact that the averages
of V on u@ with 1 < p < 2 are all uniformly comparable tell us for some 5 > 0,

1 C
L / IVl + V]uf
R? 40 (R? avg V)8 4O

The desired estimates follow readily by iterating these two inequalities.

Proof of Lemma B.3. Using Lemma B.]with £ > 1 and 1 < y/ < p and then Lemma
F.9, we have,

CavgV av,q |ul? - Cavyq V sup,q |ul? < Cav,o(Vul?)
(1+R?avg V)1 = (14 R?avg V)1 = (14 R2avg V)1

(Ravg V) avg |ul® <

Proof of Lemma B.3. Of course, if av,q|VulP = oo there is nothing to prove.
Assume, therefore, that av,q|Vul? < co. Let 1 < v < p and 1 be a smooth non-
negative function, bounded by 1, equal to 1 on () with support on pu@) and whose
gradient is bounded by C//R and Laplacian by C'/R%. Integrating the equation —Awu+
Vu = 0 against un?, we find

C 1/2 1/2
Jiwue e vipy =2 [ vu-Sgun < G( [ ) fr)
n



L? ESTIMATES FOR SCHRODINGER OPERATORS 23
hence
X < C (R2 avg V)1/2|MQ|1/2 Y1/2 Zl/2

where we have set X = (R%avq V) [ V]ul*n?, Y = (av,g \Vu|p)2/p and Z = avo V [ |ul*n?.
By Morrey’s embedding theorem, w is Hélder continuous with exponent o« =1 —n/p
and for all z,y € u@,

u(z) — u(y)| < c('x;y‘) R (av,q [Vul?)? = C(Lj_%m) RYV2,

We pick y € Q such that |u(y)| = infg |u|. Then
Z=awqV [ luPy? < 2avoV)ing lul? [ 7+ 2ava V) [ u(o) - uy)oP(e) do

SQ(aVQ(V|u|2))/772+C(aVQ V)RZY/(|x;%y|> n*(v) dx
< C(avg(V|u?))|Q| + C(avg V)R*Y |uQ)|

IN

C [ VIuPa? + Claxg VIRY Q.

where, in the penultimate inequality, we used the support condition on n and 0 < n <
1, and in the last, n = 1 on ). Using the previous inequalities, we obtain

X < OluQ*Y? (CX + C(R? av V) uQ|Y) "
which, by 2ab < e7ta? + €b? for all a,b > 0 and ¢ > 0, implies
X <C(l+RavgV)?|uQlY.
Next, let 1 < v/ < v. Using n =1 on v(), Lemma p.3 and Lemma g1,

/V|u|2772 2/ VIuP > Caveg V /Q [uf2 > Clavg V(1 + R avg V)k/Q\u\Q,
v@ v/

hence

X > C(Ravo V)2(1 + R2avg V)k/ 2
Q
The upper and lower bounds for X yield the lemma.

Proof of Lemma B.4. First note that if ¢ < n2—f2 then ¢ < 2 and the conclusion
(useless for us) follows by a mere Holder inequality. Henceforth, we assume ¢ > NQ—J_‘Z
Also, by Lemma B}, it suffices to obtain the estimate with £k = 0. Let us assume
i = 2 for simplicity of the argument. Let v be the harmonic function on 2¢) with

v=wuon Jd(2Q) and set w = u — v on 2Q). Since w = 0 on J(2Q)), we have

1/2 1/2
(avag [Vw|?) " < (avag [Vul?) /.

By elliptic estimates for harmonic functions, we have for all 2 < p < oo, and in
particular for p = g,

avo |[VuP) 7P < Claveg |Vol?)* < 2C(av, |Vul? vz,
Q Q Q
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Let 1 < p < 2 and n be a smooth non-negative function, bounded by 1, equal to
1 on @ with support contained in u@) and whose gradient is bounded by C'/R and
Laplacian by C/R?. As Aw = Au = Vu on 2Q, we have

A(wn) = Vun+2Vw - Vn+wAn on R™.
Hence, if n > 2 by Green’s representation for the Laplace equation
V(wn)(z) = [ VT(z—y)[(Vun)(y)+2Vw(y)-Vn(y) +w(y)An(y)] dy = [+I11+111
RTL

where T is the fundamental solution of A so that |VI'(z)| < C|z[*™™. Since § < ¢*,
we have

(avg \Vw\q)l/q < (avg \Vw\q*)l/q*

so that it suffices to bound the latter integral. Using support conditions on 7, we
obtain the pointwise bounds for z € @,

IT < Cavyg |Vw| < C(aVQQ |Vw|2)1/2 < C’(anQ |Vu|2)1/2
and
1/2

C
I11 < T V20 lw| < C(avag |Vw|2)1/2 < C(avag [Vul?)

where we used Poincaré inequality for w on 2Q) as w = 0 on the boundary. By the
L7 — L7 boundedness of the Riesz potential

) 1/q* 1/q 1/q
(L) <e( [ wvar) <c( [ wr) sl
n Rn nQ nQ

Normalizing by taking averages and using the B, condition on V' yields
(8.27) (avg Iq*)l/q* < CR av,g Vsup |ul.
KR

Now, if p1 < p’ < 2, subharmonicity of |u|? and Lemma [5.3 yield

Rav,oVsup|ul < CR avyqV (aVu’Q |U|2)1/2
e

which by Lemma B3 is bounded by C'( aV2Q<V|'U/|2>)1/ ? Gathering the estimates ob-
tained for Vv and Vw, the lemma is proved when n > 2.
When n = 1, we have

@wﬂ@z—/ Van + 20'if + wn’

and we obtain readily for xz € @,

mwmg@ﬂvamgw+c@wmwﬁW.
1%

The rest of the proof is as before.
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Proof of Lemma B.5. Assume n/2 < ¢ < n. The previous lemma shows that
avg |Vul? < oo forall 1 < p/ < p. As ¢ = 2q > n, Lemma B.3 applies and using it
with k£ = 0 instead of Lemma .3 in the previous argument, we obtain,

q*)l/q* < C(avyg |Vu|2q)1/2q.
As the similar estimate holds for v in place of w, we obtain
(av [Vul”) " < C(avug [Vul*) ™.

Note that this inequality holds not just for @ but for all cubes @’ with 2Q’ contained
in the open set where u is a weak solution. As ¢* > 2¢, this set of inequalities
self-improves with 2¢ replaced by any 0 < p < 2¢ (see [[N]) and, in particular,

Q*)l/q* < C’(aVMQ |Vu|2)1/2.
If ¢ > n and n > 2, then we may as well consider ¢ > n. Then (B.27) becomes

(avg |Vw

(avg |Vu

sup < CR av,g V sup |u|
Q nQ

so that the pointwise bound for Vu follows by Lemma B.J. If n = 1, we already
obtained a pointwise bound for Vu and again Lemma B.3 applies.

Proof of Lemma B.6. It suffices to incorporate the Caccioppoli inequality (8.26) in
the inequalities of Lemma B.6.

Proof of Lemma B.7. It suffices to combine Lemma B.J and Lemma B.5.

Proof of Lemma [B.8. It suffices to see the case R*avgV > 1. Then, combine
Lemma [B.0, the mean value inequality (8.29) with r = 2 and Lemma 1.

9. RIESZ TRANSFORMS

This section is concerned with the proof of Theorem [, item 3. We present an
argument inspired by [BhZ] which also gives us a second proof of part of item 1%,

9.1. A reduction. We know that it suffices to establish the boundedness of VH~1/2
and of V2 ~1/2 on LP for the appropriate ranges of p. As already observed, the case
1 < p <2 is already taken care of with no assumption on V. We henceforth assume
p>2and V € A,.

By duality, we know that H~'/2div and H~'/?V'/? are bounded on L?. Thus, if
VH~1/? is also bounded on L?, we obtain that VH ! div and VH ~'V'/? are bounded
on LP.

Reciprocally, if VH~!div and VH V2 are bounded on LP, then their adjoints
are bounded on L¥'. Thus, if F € C°(R", C"),

|H~2div F||y = |[HY*H ' div F|),/
< C(IVH div F|ly + [V H " div Fl|y) < C||F |,

where the first inequality follows from item 2 of Theorem [[.J. Hence, by duality,
V H~Y2 is bounded on L*.
The same treatment can be done on V/2H /2. We have obtained

3n this section, L? denotes either LP(R",C) or L?(R",C").
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Lemma 9.1. IfV € Ay and p > 2, the LP boundedness of VH /% is equivalent to
that of VH ' div and VH V2 and the L boundedness of V/?H~1/? is equivalent
to that of VV2H='V2 and VV/2H~"div.

It suffices therefore to establish part of Corollary [[.J namely,

Proposition 9.2. Assume that V € B, for some ¢ > 1. Then for 2 < p < 2(q+ ¢),
for some € > 0 depending only on V, f € C§°(R",C) and F € C3°(R™,C"),

IVHV Y fll, < Gyl fll [VV2H div Fl, < G[IF]l,

Proposition 9.3. Assume that V € B, for some ¢ > 1. Then for2 <p < q* +¢ for
some € > 0 depending only on V, f € C(R",C) and F € Cg°(R",C"),

||VH_1V1/2f||p < Cp||f||p> ||VH—1 diVFHp < Cp”FHp'

The interest of such a reduction is that this allows us to use properties of weak
solutions of H.

Note that Proposition is void if ¢ < nQ—J:‘Q as ¢* < 2. Note also that ¢* < 2¢q
exactly when ¢ < n/2. In this case, this statement yields a smaller range than the

interpolation method in Section [j.

9.2. Proof of Proposition P.2. Fix a cube @ and and let f € C§°(R") supported
away from 4Q. Then u = H'V1/2f is well defined on R™ with ||[V/2ul|s + || Vulls <
| ||z by construction of H and

/VugoJrVu-Vgo:/ V2§

for all ¢ € L? with ||[V¥2pl|y +||V¢||2 < co. In particular, the support condition on f
implies that u is a weak solution of —Au + Vu = 0 in 4Q), hence |u|? is subharmonic
on 4Q). Let r such that V € B, and note that V¥/2 € By, (see section [[1]). By Lemma
B9 with w = V2 f = |u|? and s = 1/2, we have

\ 1/2r
(avo(VY2[u])?)* < C avuo(VV2[ul).

Thus, (B.12) holds with T = V/2H-1V/2 ¢y = 2r, py = 2 and S = 0. By Theorem
B0, VY2H-'V'/2 is bounded on LP for 2 < p < 2r.

The argument is the same for V/2H =1 div. This finishes the proof.

9.3. Proof of Proposition 0.3 We assume ¢ > nZ—fQ, that is ¢* > 2. otherwise there
is nothing to prove. We consider first the operator VH 1V1/2,

Assume ¢ < n/2. Fix a cube @ and and let f € C§°(R") supported away from
4Q. Let uw = H 'WY2f. As before, the support condition on f implies that u
is a weak solution of —Au + Vu = 0 in 4Q. Thanks to Lemma B.4, (5.13) holds
with T = VH VY2, ¢y = ¢* and S = VY/2H-'V1/2. As S is bounded on L9 by
Proposition P.3 and 2 < ¢* < 2¢, Theorem [.1 implies that VH V2 is bounded on
LP for 2 < p < ¢*. Finally, by the self-improvement of reverse Holder estimates we
can replace ¢ by a slightly larger value and, therefore, L” boundedness for p < ¢* + ¢
holds.

Assume next that n/2 < ¢ < n. in this case, ¢* > 2¢. Again, we may as well assume
q > n/2. Then, Lemma B.g yields, this time, (5.12) with T = VH~'V1/2 ¢y = ¢* and
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S = 0. Hence, Theorem .1 implies that VH ~'V'/2 is bounded on LP for 2 < p < ¢*.
Again, by self-improvment of the B, condition, it holds for p < ¢* + €.

Finally, if ¢ > n, then, Lemma B.j yields (5.12) for any 2 < ¢y < oo with T =
VH-'V'2 and S = 0. Hence, Theorem [B.1 implies that VH V2 is bounded on L?
for 2 < p < o0.

The argument is the same for VH ! div and this finishes the proof.

10. LP? DOMAINS OF H AND H'/?2

Proof of Corollary [.3. It is known that —A + V defined on C§°(R™) is essen-
tially m-accretive on LP(R™) if V' € LP (R"). The domain of its extension is {u €

LP(R™); —Au+Vu € LP(R™)} with norm |ul, + || — Au+ Vu||,. By (L.J) this norm
is equivalent to ||ul|, + ||Aull, + [|Vul, on C5°(R™) when V' € B,. The result follows.

Proof of Corollary [4. Let EP(R") = D,(V)ND,(V/2) = WLP(R")NLP(R™, VP/?).

Let us begin with the following lemma.
Lemma 10.1. If1 < p < oo and VP2 € L}, (R"), then C°(R") is dense in EP(R™).

Indeed, for p = 2 this is a well-known fact as C5°(R") is a core of the form domain
of —A + V. The proof of this fact (see, for instance, [Dad, pp. 157-158]) adapts to
any p with 1 < p < oo.

We also remark that under the assumption V' € L} ., —A + V has a bounded
holomorphic functional calculus on LP(R™) for 1 < p < oo ([DR]), and in particular,

[(=A+V +1)Y2ul, ~ [|[(=A + V)Y2u||, + ||Ju]|, for all u € C§2(R™). Thus, it suffices
to find the domain of (—=A + V + 1)1/2,

Now, assume V € A and 1 <p <2orV € B,); and 2 < p < co. We have shown
that ||(—A+V)Y2ul|, ~ [|Vull, + |VY2ul|, for u € C3°(R™). Thus, using this and the
lemma, (—A + V 4 1)'/2 has a bounded extension from E?(R") to LP(R") and this
extension is invertible. This proves the result.

Remark 10.2. It is not hard to show that the LP-domain (1 < p < 00) of (—A+V)!/?
coincides with the domain of the square root of (minus) the infinitesimal generator of
the semigroup (e )~ seen as an analytic and Cy-semigroup on LP.

11. SOME FACTS ABOUT A., WEIGHTS

That V € A, implies V* € By, for 0 < s < 1 was first observed implicitely in
[BT]. We give a direct proof for convenience.

Proposition 11.1. Let V' be a nonnegative measurable function. Then the followings
are equivalent:

(1) VeAs.
(2) Foralls € (0,1), V* € Byys.
(3) There exists s € (0,1), V* € Byys.

Proof. If V* € By, for some s € (0, 1), then by the self-improvement property of the
B, class, V® € B.,i/, for some € > 0. Hence, V € B, which implies V' € A..
Thus, (2) implies (3) implies (1).
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Assume V € A, and s € (0,1). Since A, weights satisfy a reverse Holder inequal-
ity, there is r > 1 such that V € B,. Hence, for A > 1 and any cube @), the set
Eg={r€Q;V*(x)> Aavg V*} satisfies

fEQV |EQ| i
C| — .
LV = <|@|)

Since |Eg| < A7'Q], we obtain fEQ V<CcATY fQ V.
Choose A such that CA~Y/" < 1/2. We have

1
/V:/ v+/ Vg(AanVS)1/5|Q|+—/V
Q Q\Eq Eq 2 Jq

which yields

[Aus]
[ADMc]

[AMI]

[BBC]
[Bu
[CD]
[Dal]
[Da2]
[Da3]
[DMc]

[DOY]

avg V < 2(Aavg VE)Ve.
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