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1 Introduction

Classical harmonic analysis on R™ has now been extended to other spaces. For
instance Harish-Chandra has considered the case of semi-simple Lie groups.
Then he was followed by Helgason, who studied the Riemannian symmetric
spaces of noncompact type, which are Riemannian spaces of negative curvature.
In particular, Harish-Chandra introduced and studied the spherical functions,
which play the role of the exponentials in these spaces. A more general setting,
in the flat case, has appeared two or three decades ago, with the theory of Dunkl
operators. It gives a vast generalization of the exponential functions, and of the
Fourier transform on R™. But it gives also a generalization of the harmonic
analysis on tangent spaces of symmetric spaces. The natural counterpart of the
Dunkl theory in the negatively curved setting is the theory of Heckman and
Opdam. This theory has known a deep evolution with the discovery of the
Cherednik operators [ﬂ], the analogues of the Dunkl operators in the flat case.
Heckman and Opdam [[L], [[F], [[4] have developed their theory in the last
two decades. They have first introduced a new family of functions F) on R",
which like in the Dunkl theory are associated to root systems and a parameter,
the multiplicity function. They can be defined essentially as eigenfunctions of
certain differential operators. When the multiplicity function, takes particular
values, then these operators coincide with the radial part of the G-invariant
differential operators on the symmetric spaces of noncompact type G/K. Thus
the restrictions to a Cartan subspace a of the spherical functions are particular
functions F). In this way the theory of Heckman and Opdam is also a gener-
alization of the harmonic analysis on the symmetric spaces G/K. However all
the techniques used by Harish-Chandra can not always be transposed (at least
not trivially) in this new theory, because there are not anymore underlying Lie
groups. The main tools used in the harmonic analysis on the symmetric spaces
are in the one part an integral formula of the spherical functions, and in an-
other part a development in series of these spherical functions. Heckman and
Opdam have shown that their functions F\ have a development in series of the
type Harish-Chandra, but there is not (at least not yet) an integral formula, for
general root systems. However this gap has been compensated by two main dis-
coveries. First the discovery of the differential-difference operators by Cherednik
[E], and then the discovery by Opdam of a new type of functions, the functions
G @], for which the calculus and estimates can be more easily performed.
These functions are eigenfunctions of the Cherednik operators. However until
recently the only asymptotic result was essentially the fact that the functions
F\ and G were bounded . Delorme has obtained a much better estimate,
even in the more complicated case of a negative multiplicity [E], but it requires
involved materials and techniques.

In this paper we give sharp estimates of the functions F), G and their deriva-
tives, in an elementary way. Our method is only based on the study of the
system of differential and difference equations satisfied by the functions G},
improving by the way what had already done De Jeu [[L1J] and Opdam [@]
for bounding their functions. We also give a global estimate of the particular
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functions Fy and Gg. It generalizes some results in the noncompact symmetric
spaces [EI], [ Then we deduce from these estimates and from a general method
of Anker [f]| the inversion formula on the Schwartz space. Finally we solve the
Heat equation and we give some estimates of the heat kernel.

Acknowledgments: This work is part of my PhD. It is a great pleasure to
thank my advisors Jean-Philippe Anker and Philippe Bougerol for their help
and advices.

2 Preliminaries

Let a be a Euclidean vector space of dimension n, equipped with an inner
product (+,-). Let h = a Qg C be the complexification of a. The notation R
and & denote the real and imaginary part respectively, of an element in b or
possibly in C. Let R C a be an integral root system. We choose a subset of
positive roots RT. We denote by Rar the set of positive indivisible roots, by II
the set of simple roots, and by Q the positive lattice generated by RT. Let

oV = ﬁa be the coroot associated to a root o and let

ro(z) =2 — (0¥, 2)a,

be the corresponding orthogonal reflection. We denote by W the Weyl group
associated to R, i.e. the group generated by the r,’s. If C is a subset of a, we call
symmetric of C' any image of C' under the action of W. Let & : R — [0, +00)
be a multiplicity function, which by definition is W-invariant. In the sequel we
may actually forget about the roots a with k, = 0 and restrict ourself to the
root, subsystem where k is strictly positive.

Let

ap ={z |Va e RT, (a,z) > 0},

be the positive Weyl chamber. We denote by ay its closure, and by da; its
boundary. Let also a,cs be the subset of regular elements in a, i.e. those elements
which belong to no hyperplane {a = 0}. For I a subset of RT, let

''={zcal|Vael, (a,z) =0}

be the face associated to I. Let R; be the set of positive roots which are
orthogonal to a’, and let W be the subgroup of W generated by the 7, with
(VRS R[.

For € € a, let T¢ be the Dunkl-Cherednik operator. It is defined, for f € C'(a),
and € dreg, by

Tef(x) = cf (@) + D kot M){f(> f(raz)} = (p.€) (@),

a€ER*

where

p:% Z koo

a€R*
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The Dunkl-Cherednik operators form a commutative family of differential-difference
operators (see [f or [[4]). The Heckman-Opdam Laplacian £ is defined by

L=y,
=1

where {1, ..., &, } is any orthonormal basis of a (£ is independent of the chosen
basis). Here is an explicit expression (see the appendix), which holds for f €
C?(a) and @ € yeg:

i@ = M@+ Y keeoth Do) 4 pPr@) ()

a€ER*

) Y % ST

: 1.2 (a,x)
acr+ Asinh” ==

Let A € h. We denote by F) the unique analytic W-invariant function on a,
which satisfies the differential equations

p(Te)Fy = p(A)F) for all W-invariant polynomials p

and which is normalized by F3(0) = 1 (in particular LF\ = (A, \)Fy). We
denote by G the unique analytic function on a, which satisfies the differential
and difference equations

TeGr = (N E)Gy forall § € a, (2)
and which is normalized by G»(0) = 1.

The c-function.
We define the function c as follows (see [[L] or [[L]):

where ¢ is a positive constant chosen in such a way that ¢(—p) = 1, and kg =0
if § ¢ R. Observe that if

w(A) = H A\ aY),
aERJ

then the function
b(A) := w(A)c(N),

is analytic in a neighborhood of 0.

Remark 2.1 For the reader’s convenience, let us point out a conventional
difference between our setting and symmetric spaces. There 3 denotes the root
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system and m : ¥ — N* the multiplicity function. Everything fits together if
we set R = 2X and koo, = %ma. Notice in particular that p is defined in the
same way in both settings:

3 Estimates

3.1 Positivity and first estimates

Let us begin with the following positivity result.

Lemma 3.1 Assume that A € a. Then the functions F\ and G are real and
strictly positive.

Proof of lemma: Since

Fy(z) = |W| Z Gr(w-z), z €a, (3)
weW
it is enough to prove the lemma for G. First of all, the function G is real
valued, since G, and G, satisfy the same equations (E), and hence are equal.
Assume next that G vanishes. Let x be a zero of G of minimal norm r = |z|.
Consider first the case where z is a regular point, and take a vector ¢ in the
same chamber as x. As G, is positive for |z| < r, we have

8§G)\(SC) <0
Writing down (f), we get
0:Gr(x) = Y ka - (a 73 (GaA(rax) — Ga(2)) + (p+ A, §)Ga(2)- (4)
aeRt
Since for all roots «,
0.8
1—e(enz) =77

we deduce that 0:Gx(x) = 0, and that G (rox) = 0 for every o € R. Hence G
and VG, vanish at the point x and furthermore at each conjugate of z under
W. Differentiating (E), we see that every second order partial derivative of G
vanishes on the W-orbit of . And similarly for all higher order derivatives.
Since G is analytic, we deduce that G, = 0. This contradicts the fact that
GA(0) =1

Consider next the case where z is singular and let I = {a € RT | (o, ) = 0}.
The equations (f) become now

eCGr(x) = 72% aGA() (5)
+ Y ka "y (Galraz) = Ga@)) + (p + A, )G (2).

aERTNT
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We may argue as before, taking ¢ € al in the same face as x. Notice that the
first sum vanishes in the right hand side of @), and that

85(7"&(?,\)(1) = &«agGA (7’,1:6).

with r,¢ in the same face as rox. Eventually we obtain that all partial deriva-
tives of G\ along directions belonging to a’ vanish at z. Again since Gy is
analytic, it must vanish on a’, which contradicts G5(0) = 1. This concludes the
proof of the lemma. |

The next proposition is fundamental in order to have uniform estimates in the
parameter A € b.

Proposition 3.1 (a) For all A € b,
|GAl < Gg(ny-
(b) For all A\ € a and for all x € a
Ga(z) < Go(z)emaxw(wra),

Proof of the proposition: For the first inequality, we study the behavior of
the ratio Qy = ~22—. We must show that |Qx]?> < 1. We will in fact prove that

Gr(xn)
for all £ € areg,

M(E7) = max [Qa(rug)l

is a decreasing function of » > 0. Since M(£,0) = 1 for all £, the result
will follow. First of all observe that the function M is continuous and right
differentiable in the second variable 7. Then, using (B, we get

o _ G Tal
Dl (@) = 3 %(%{Q,\@)Q,\(mx)} - |Qx(x)|2)%,

a€RT

for all £ and all x regular. Hence if z is a regular element such that
Q@) = max |Qx (we) .
and if £ is a positive multiple of x, we have

9|Qx* () < 0.
This means that oM
— <0
(e <0,
where we consider right derivatives. So for every ¢ regular, and every r > 0,

oM
W(iﬂ’) <0.

In order to conclude, we need the following elementary lemma, whose proof is
left to the reader.
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Lemma 3.2 Let f : Rt — R be a continuous and right derivable function. We
denote by f} the right derivative of f. If for all x € R, fi(z) <0, then f is
decreasing.

According to this lemma, we have M (£,r) < M(£,0) =1, for all £ € aes and
all » > 0. By continuity, this inequality remains true if ¢ is singular. This
concludes the proof of the first inequality.

The second one is proved similarly, using the ratio

G (1‘)67 max,, (WA, z)

Ry(z) == Go@)
Specifically, if x is regular and £ € a, then
o ka(aag) GO(TG('T)
OcRa(x) = > T o—(aa) Balrar) = R)\(x))m

aeRt
£ (08 — max(w),€)Bx (a),

where we consider again right derivatives. So if x is such that
Ry(z) = max Ry (wx)
and £ is a positive multiple of x, then
O:Rx(z) <0.

Therefore
N(&r) := max Ry (rw - €)

is a decreasing function in r > 0, for all £ € a,e,. We conclude as for the first
inequality. |

By averaging over the Weyl group, we deduce the following inequalities from
Proposition @

Corollary 3.1 1. Forall A € b,

[EN| < Fryny-

2. For all X € a and for allxz € a

F)\(l‘) < Fo(x)emaxwgw(wk,z).

3.2 Local Harnack principles and sharp global estimates

In this subsection we first establish two Harnack principles for G and F\ when
A € a, and next deduce sharp global estimates of these functions F)\ and of the
function Gg. Before stating the results we introduce some new notation. Let I
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be a subset of RT, and let d < d’ be two strictly positive constants. We denote
by VI(d,d’) the following subset of a:

VIid,d):={zca|VaeR:, |(a,2) <dand Vo ¢ Ry, |(o,z)| > d'}.

Let € VI(d,d'), with I non empty. Let p’(z) denote its orthogonal projection
on al. Let u € al be such that for every o ¢ Ry, (o, u)sgn((a, x)) > |a|. Define
now the vectors &;(x), and 71 (z) as follows:

_pl@) -
p!(z) — =]

plx)—a
p! () — x|

&1 () +u, and n1(x) = u.
We will sometime just write them & and n; for simplify the notation. Notice

that everything was done in order that
Va & Ry, (a,&(2))(a,2) > 0 and (a,n1(x)) (o, 2) < 0. (6)
Naturally we have also
Vo€ R, (@, &1(2)(a, 2) = (o, m(2)) (e, 2) <0. (7)

We denote by p; and ¢q; the projections of z on a’ along the directions &;
and 7n; respectively (we suppose that d’ is sufficiently large in order that these
projections still lie in the same chamber than x). Then we denote by p? and ¢*
the orthogonal projections of p; and ¢; respectively on V?(d, d). We define also
the vectors &2 and 79 (like before we forget the dependence in z in the notation)
by

0 _
& = |£®_§1| +u, and 1y =

qm—(h

—U.
14" — a1

Eventually let po and ¢z be the projections on V? (d,d) of p1 and ¢y respectively
along the directions &; and 72 (here again we suppose that d’ is sufficiently large
in order that these projections lie in the same chamber than x). We summarize
these definitions in the following figure

VP(d,d)
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We can now state the lemma

Lemma 3.3 (Local Harnack principle 1) Let A € a, and let d and d’ be
chosen as above. There exist two constants C > 0 and ¢ > 0 such that for all
reVid,d),

ax Gi(wz) <C Hel%/IVl G (wpz(x)),

and
>
Join Ga(wz) 2 ¢ max Gx(wgx(2))-
Proof of the lemma: We begin by the first inequality. Let x € V. First
remark that |z — p1(z)| and |« — g1 (x)| are bounded by a constant, say h, which
depends only on d. We introduce the function M) defined on a by:
My (z) = max Gx(wz).

weWr

Let y be such that Gx(y) = M (y). We have

9o Crl) = Y ko (G () - Gr)
a€Ry
(o, &1) B

+ D ke i (Galray) — Galy)
a€ERTNR1

+ (pP+A&)GA(Y)

> - > ka%@(y)ﬂﬁ%&)@(y)-

aERTR;

The lower bound is deduced from our choice of y and from the properties of
& (ﬁ) and (E) Now when o € Rt ~\ Ry, the ratio 1_(?% is bounded by
a constant which depends only on d’. Thus we can find a constant K, which

depends only on d’ and A such that for all y € VI(d,d'),
Oe, MA(y) > —K M (y).

Here like in the proof of Proposition @, we consider the right derivatives. Still
by Lemma @, we get,

M(z) < " M (p1(2)). (8)
Now we introduce the function N, defined on a by

N, = min G .
A(@) = min Gi(wz)
Observe already that Ny and My are equal on a’, and in particular in p; ().
Moreover, by the same technique as above, we can find a strictly positive con-
stant K’ such that

Na(p1(2)) < """ Na(pa()).
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Together with (E) this proves the first inequality of the lemma. The second
one can be proved exactly in the same way, by using this time the intermediate
point ¢ (). |

We could deduce from this lemma a local Harnack principle for Fy too. We
will instead give a simple expression of the gradient of F), which implies such a
principle. Moreover this expression will be needed in the proof of Theorem @

Lemma 3.4 (Local Harnack principle 2) For all x € ay and for all X € a,
1
VF\(z) = T Z w(p— \) Ga(wz). 9)
weWw

In particular,
IVEx(2)] < (Ip] + [A) Fx ().

Proof of the lemma: By differentiating (E) we get as above

1
OeFx(x) = Wi > OueGi(wa),

weW

for all £ € a. Now we use the equations (E), which gives

OeFx(x) = ﬁz Z kalf()éA{GA(rawz)—GA(wz)}

e—(a,wr)
weW aeR+

+ ﬁ > (p+ A\ wé)Ga(wa)

weWw
- ow;V GZW ko (0 WO ——rmg + T ommg 1O (w2)

+ ﬁ w;V(p + A, wé)Ga(wz)

_ ﬁ 3" (A - powd)Gi(wa).

weWw

This proves the first claim of the lemma. The second one is an easy consequence,
using again () and the positivity of G. |

We can now deduce a sharp global estimate of F which extends the result
of Anker [ﬂ] to any multiplicities & > 0. Recently Sawyer [@] has obtained the
same result for root systems of type A, using explicit formulas.

Theorem 3.1 Ina,

Fy(z) < e~ (P H (14 (o, ).

CVERSr
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Proof of the theorem: We resume the proof in [|I], that we sketch. The
local Harnack principle for Fyy (which was deduced in [[I] from Harish-Chandra’s
integral formula) allows us to move the estimate away from the walls in a.
There we expand Fy, using the Harish-Chandra series

B = ¥ 5 con, e

weW qEQ+

that we multiply by 7(A) in order to remove the singularity of the c-function at
the origin. Then we differentiate with respect to 71'(6%)| A=0, in order to recover
Fp, up to a positive constant. As a result we obtain a converging series

Fy(z) = ) Fyx)e 7re),
qeQT
with polynomial coefficients Fj, and leading term
Foe=(P®) ~ const.r(x)e™ (P,
|

Remark 3.1 We may estimate in a similar way the function F)\ when A is
real. The result reads as follows: for any A € ax,

Fy(z) < [T  a+(az)err
a€RY (e, N)=0

on a;.
Let us turn to the function Gy. For z € a, we denote by ™ its unique symmetric
in a;.
Theorem 3.2 In a,

Go)=  [I (4 (@), (10)

aERﬁ\(a,x)ZO

Proof of the theorem: Let us first show that G has a series expansion in
each chamber, like it was done by Opdam in the negative chamber a_ [@] We
resume his proof. He first obtained that there exists a polynomial p such that
for all z € ayeg,

( J] O\ aY) = ka = 2kaa)Ga(x) = p(\, Te) Fa ().
CVERSr

By expanding F\ and 7" = T in each chamber, we find developments of the
function Gy:

Ga(x)= D clw™w'y) Gif,’;u/e(w“—wp—q,z)

w'eW gewQt
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wo,w

for allz € way. Moreover Opdam has proved that G\ "is equal to |W|d1 wrm(A),
where wg denotes the longest element in W. Now we apply the same technique
as in Theorem @ First we multiply these developments by (), and then we
differentiate with respect to ﬁ(a%)| a=0. We get developments of the function
G in each chamber:

Go(a) = 3 GU(a)ewrto) (11)

qeEWQT

for all z € wa,, where the Gy’ are real polynomials. Moreover according to
the above mentioned result of Opdam, we see that Gi° is a strictly positive
constant. Recall some basic notation. The length /(w) of an element of W is
defined by

l(w) =|R§ NwRy |.

Recall that II denotes the set of simple roots in Rt. Each ¢ € QT writes
4 = Y genMa, with n, € N. We denote by |gq| := > na the length of
q. For ¢ € QTF, we write ¢’ < ¢, if ¢ — ¢ € QT. Naturally we have similar
definitions on w@™, where we denote by |q|, the length of any ¢ € wQ™ and
we write ¢’ <., ¢, if ¢ € wQT and ¢ — ¢’ € wQT. Consider the polynomials

Tw(z) = H (aV,7) and F,(x) = H (1 + (av,x)).

a€R$NwRY a€RINwRY

We need the following lemma, which will be used throughout the proof of The-

orem @

Lemma 3.5 Let w e W.

1. Ifa e UNwR™T, then mp ow(raz) = (TZ“V(?), for all x € ayeg.

2. If a € R NwRY, then 7y w(rax) < T (2) . for all x € way.

_TMwlT)
1+(aV,z

3. Ifae RgﬁwRa‘, then there exists a constant C > 0, such that 7, ., (raz) <
Ciw(@)(1 + (¥, 2)IR'N, for all z € wa,..

Proof of the lemma: Let us prove the first claim. Since o € II, r, maps
R¢ ~ {a} onto itself, hence Ry NrowRy onto (Ry NwRy) ~ {a}. The first
claim follows.

Let us prove the second claim. We define therefore an injective map ¢ from
R NrawRy into (R NwRY) ~ {a}, such that r,3 <,, i(B) for all 8. The
second claim will follow. Let 8 € Rar N rawRar . IfreB e Rar , then we set
i(B) = rof. Otherwise, we have (a, 3) > 0. Hence 7,8 <, 3. But r,3 € wR{,
and therefore r,3 >, 0. Thus 3 € Rg N wRS‘ and we set i($) = 8. The map ¢
defined this way has all required properties.

Let us prove the third claim. We define this time an injective map ¢ from I C
RE NrowRy into Ry NwRY such that, if 3 € I, then 7,3 <, i(8) +|(a", B)|a,
and otherwise 7,8 <, [(a¥,)|a. The third claim will follow. Assume that
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B e RS NrowRy. If ro € Ry, then we set i(3) = ro3. Otherwise («,3) <O0.
Next, either 8 € wR{, in which case ro 3 <., B+]|(a, B)|a, and we set i(58) = S.
Or § € wRy in which case ro3 <, |(¥, 3)|a. The map 7 defined this way has
all required properties. ]

By expanding Gy in ([f) according to ([LT]) we get

VGY(z) = G¥(a)g+ Y kaGrt(raz)a (12)
a€RTNWRT

Z ka Z {G:Z(u;—ja) (Tal') - G1(1¢]17ja) ((E)}a,

acwRt JEN*

+

for all w € W, all ¢ € wQ™, and all z € way.

Step 1: Let us first establish the estimate
|Gy (z)| < C7y(x) Ywe W, Ve war.

It is obvious for w = wp. Let us prove it by induction on I(wg) — {(w). For
¢ =0, () amounts to

Gy (x) = > kale, )G (rax).

aeRTNWRT

Using the induction hypothesis and Lemma @, we get

ang)(z) < C Z ka(aag)ﬁraw(raz)
a€RTNwRt
(a,§)
< I St - VA
=C Z Ko 1+ (aV,x) (@)
a€ERTNwRt
= C@gﬁ'w(l')

for all z € way and ¢ € way, in particular for £ € RTz. Since G¥(0) < C
provided C' is large enough, we obtain the upper estimate

Gy (z) < Cry(z) Vo € way.
The same argument yields the lower estimate
Gy (z) > —Cry(x) Vo € way.

Step 2: Let us next establish the following estimate: There exist a constant C' >
0 and h € ay, such that for every w € W, ¢ € wQ" and z € C}' := wh + way,

GY ()] < Clthw 7, (2)(1 + g(x)) R, (13)

The case ¢ = 0 was considered in step 1. Let ¢ € QT ~ {0} and w € W. Assume
that ([[) holds for all (¢/,w’) € w'Q* x W such that |¢’|, < |g|w or such that
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|¢'|w = |q|w and [(w') < I(w). Using ([[J), the induction hypothesis and Lemma
, we get

O | Clil 7, (14 *' = G| (@) = (4,9 [[RTIC1 7 (149 17 = Gy | (@), (19)

for all ¢ € way and all x € wh4wa,, provided C' > 0 is large enough. Using now
(@) at the point wh we can also assume, by taking again larger C if necessary,
that

G (wh) < Clalw,

for all ¢ € wQ™T. Let now u € wh + way be such that (1 + (q,u)) = |R*|.
Equation ([[4) implies that
[l 71+ )™ = Gy () 2 0, (15)
for all z in the segment [wh,u]. For x = wh + t(u — wh) with ¢t > 1, we have
[RY]
(1+(g,2))

Thus ([LF) holds also for # = wh + t(u — wh) with ¢ > 1. This proves the upper
estimate

By [Clqlwﬁw(uq)lnicﬂ () > (¢, u) [C‘q‘Wﬁw(1+q)|R+LGZJ\/O (z).

w w IRt
Gy (x) < Ol (2)(1 + (@) R,
in C}’. The same argument gives the lower estimate
w w Rt
Gy (x) 2 =Clil 7, () (1 + q(x)) * 7.

Step 3: Let us now find a lower bound for Gf. We prove by induction on
I(wp) — l(w) that there exist a constant ¢ > 0 and h € a4, such that

Gy (x) > emy(x)

for all z € C}*. We suppose that it is true for w’ such that I(w’) > [ and we
consider w of length [. By the induction hypothesis there exists some h € a; and
¢ > 0 such that, Gg*"(rax) > cmp w(rex), forallz € C}” and alla € RTNwR™T.
Let now ¢’ > 0 be another constant. Assume that for some z¢ € C}",

(GG — 'mw](z0) < (G — T (wh) — 1,

and suppose that zg is such element of minimal norm in C}*. Let (a*)acwr be
the dual basis of wIl, i.e. for @ and 8 in wIl, (a*,8) = 0if @ # B and = 1
otherwise. Let oy € wll be such that (ag,zo — h) = maxge,n(B,xo — h). It
implies that, for small € > 0 at least, zo — eag € C}’. Hence

Do |GE — 'mw](20) < 0.
On the other hand we know that for z € way,

2¢ my(x)

182 (8, z)

VIGY — dmu)(x) = Y BlksGy " (rpx) —

BERFTNWR+

I (16)

Now we need the following elementary lemma.
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Lemma 3.6 Let a € wIl. Assume that there exists B € Ry NwR™T, such that
a <y B. Then there exists v € IINwWR™T, such that a <, 7.

Proof of the lemma: Let g = Zven n~y be the decomposition of § in II.

Since 8 € wRy, there exists v € IINwR{ such that n., > 0. We see moreover
that 4 := ZveHmeJ n,y € wRT, and that 3 <,, ¥, which concludes the proof
of the lemma. |

Suppose now that there does not exist v € II N wR*' such that oy <, 7.
Then by Lemma @, no other 3 € RT NwR™* satisfies ag <o, 3. Thus from
equation (E) we get that for all y in the segment between z¢ — eaf and o,
Ouz |GY — ¢'my](y) = 0, which contradicts the initial hypothesis on 9. We con-
clude that there exists v € Il N wR™ such that ag <., 7. Again from (E) we
get

, Tw(Zo)

(o, zo)’

where ¢; and co are positive constants. But with the first point of Lemma

@ we have 7, ., (ryTo) = %

(v, 20) < |V|w(ag, zo). Thus if ¢’ is sufficiently small we get

/
Ouz Gy — c'mw](z0) > c1emp (T4 20) — C20
Moreover by our choice of agp, we have

Oaz [GY — (o) > 0

o
and a contradiction. The induction hypothesis for w follows.

Putting now the third steps together, we get the desired estimate of Gy away
from the walls. With Lemma @, this concludes the proof of the theorem. MW

The preceding theorem has for us a very important consequence. Let E be the
Euler operator. It is defined for f regular, and x € a, by Ef(x) = (z, Vf(x)).
The following theorem generalizes the analogue result of ] in the setting of
symmetric spaces. Our proof is in a certain sense more elementary than in [H],
because we do not make use of the descent technique of Harish-Chandra.

The first claim of the theorem will be needed in the estimate of the heat semi-
group (Proposition @) It will also be used in the study of the asymptotic
convergence of the Fy-processes (see [[f). It will allow us in [[9] to generalize
some results of Anker, Bougerol, and Jeulin for all £ > 0. The second claim

is just a technical result needed in the proof of the estimate of the heat kernel
(see Theorem [.2).

Theorem 3.3 1. There exists a constant K > 0 such that for any x € ay,

0 < Eflog(e” Fp)](x) < K.
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2. We have the two following estimates
1

1+ minaGR* (Oé, :C) ,

1
. (log (e Fi
§+ V14 (a,x) (log(e"Fo)) () = 1+ minger+(a, @)

Proof of the theorem: With the formula (ff) and (), we get for any x € aT,

Ellog(e” Fo)](z) = [Rg | + O(

Go(wz)
Fo(z)

Ellog(e" y))@) = o 3 [(p.2) = (po10w)] (1)

weWw

1. Formula (@) proves already the first inequality. For the second inequality
we show by induction on the length I(w) of w € W that for all x € ay,

(p,z) — (pywr) < K'l(w) max |(a,wz)l, (18)
aERarﬂwR*

where K' = Max, o+ (p,a") is a constant. Suppose that the induction
hypothesis is true for all w of length less or equal to [. Let v € W be
of length [ + 1. Let o € IINWR™, and let w = rqv. We have [(w) = .
Moreover since « € I, 7, maps Ry NwR, onto (R NvRy )\ {a}. But
for all x € a,

(P,:T) - (p,?}l’) = (pa ‘T) - (pa wx) - (O"’U‘T)(paav)'

Thus (@) follows for v by using the induction hypothesis. Now with
Theorems and @, the first claim is proved.

2. These estimates result also from Formula (@) and the global estimates
(Theorems B.] and B.2) of Gy and Fy. The fact that [R{| is the limit of
Ellog(e? Fy)](z) when (o, z) — oo for all o can be seen exactly like in [J]
by expanding the functions F) in series. This finishes the proof of the
theorem. |

3.3 Estimates of the derivatives

In this subsection we estimate the derivatives of the hypergeometric function
G (z), first in = alone and next jointly in (A, z).

Proposition 3.2 Let p be a polynomial of degree N. Then there exists a con-
stant C such that, for any A\ € h and for any x € a,

0
Ip(57)GA(@)] < C(L+ A)Y Fo(z)em o),

Proof of the proposition: According to Proposition , we know that this
estimate holds with no derivative.
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Step 1 : Estimate away from walls

By induction, Formula (E) allows us to express on a,eg derivatives of G\ in terms
of lower order derivatives and to estimate them away from walls. More precisely
we obtain this way the desired estimate when x stays at distance > 5 +| 3 from
walls.

Step 2 : Estimate on faces

Assume that z lies in a face al (of minimal dimension), then ([]) becomes (f),

which writes also

S ke (Gren) - Gae) (19)

aAERT\Ry
+ (p+ANEGA(2),

94,.(6)GA(T)

where

«£+2Z

OzERI

Notice that the linear map A, : @ — a is one-to-one, since the expression

(Aw1(6),8) =167 +2 ) |2a5

OzERI

is strictly positive for all nonzero £. By induction, (@) yields the following
estimate: for every € > 0, there exists a constant C' > 0 such that, for all multi-
indices x, for all A € h and for = € al such that minger+ g, |(, )| > 1:/\‘,

I(aﬁ)”Gx(ﬂﬂ)l < [RNCTI (L 4 (A Fp (a)emexmew (iA2), (20)
X

Step 3 : Estimate near the faces

If x is near a face al, we use (@) and the Taylor development of G in the
orthogonal projection of  on al. More precisely let € > 0 be such that Ce < 1,
where C' is the constant appearing in (B(). Then there exists a constant C’ > 0
such that, for all multi-indices &, for all A € h and for x € a at distance < = 3

from al, such that minger+ x, |(o, )| > .

Ly @a@)] < C/(1+ A Faemswewumse), @)

Step 4 : Conclusion
Now we first use the step 3 near the origin. We get ¢g > 0 and CO > 0, such
that (1) holds (with Cy in place of C') for z € a at distance < 5ty from the
origin. Then we use the step 3 near the faces of dimension 1. We get €; and C
such that @ holds for x € a at distance < from any face of dimension
1, and at distance >

1+|)\\

I +| N from the origin. And like this we get successively,
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for each d € N, constants ¢4 > 0 and Cj associated to the faces of dimension d.
Eventually we conclude with the first step. |

We can now derive the fundamental estimate:

Theorem 3.4 Let p and q be polynomials of degree M and N. Then there
exists a constant C' such that, for oll A € b and for all x € a,

3 2 M N max,, R(wA,z)
()G @)] < O+ [al)M (1 + I\)Y Fol)e .

Proof of the Theorem: The proof is standard. Theorem @ is deduced from
Proposition @ using Cauchy’s formula. More precisely, one integrates G (x)
in the variable A over n-tori with radii comparable to #Irl |

Remark 3.2 This estimate holds true for F too.

4 Hypergeometric Fourier transform and Schwartz
spaces

We first recall the definitions of the hypergeometric Fourier transform and of
its inverse, according to Cherednik [ﬂ] Let 1 be the measure on a given by

du(z) = [ |2$inh(%,x)|2ka da.

a€R*

:=4(z)

The hypergeometric Fourier transform H is defined for nice functions f on a by

H()() = / J(@)G(~z)du(z), VA € b, (22)

Let v be the asymmetric Plancherel measure on ia defined by

D((\ oY)+ ko +
11

dv(\) =¢ T(Ona") T

A,

aeRt

where ¢ is a normalizing constant. The inverse transform 7 is given for nice
functions h by

I(h)(z) = / WG (2)dv(A), Ve € a. (23)

ia

In the case k = 0, H and Z reduce to the classical Euclidean Fourier transform

F(H) = / f(@)e O da
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and its inverse
FUR)(z) = (27)" / B(A)e) dx.
ia
We shall consider the following function spaces. The classical Schwartz space
on ia is denoted by S(ia). Its topology is defined by the semi-norms

v (h) = sup (1 )Y p(GRROV

where p is any polynomial and N € N. As usual C2°(a) denotes the space of
C*° functions on a with compact support and C£°(a) the subspace of functions
with support in a given compact subset I". Let us denote by C(a) the space of
C*° functions on a, such that for all polynomials p and all N € N,

sup(1-+[al) Fole) ! p( ) f(@)] < +oc,

It is the Schwartz space on a associated to the measure p. Its topology is defined
by the semi-norms

o () = sup(1 + ) Fo(a) () /(2.

rea

Notice that according to Proposition Ell, we may replace Fy(z) by e=(Pa™) i
the definition of C(a) and its topology. Let us recall that x* is the only point
in the orbit W - 2 which lies in ay.

Lemma 4.1 1. C(a) is a Fréchet space.
2. C(a) is a dense subspace of C(a).

Proof of the lemma: These facts are standard. The second one is proved for
example in [H], more precisely in Appendix A by M. Tinfou. ]

Eventually, the Paley-Wiener space PW (f) consists of all entire functions h
on h which satisfy the following growth condition:

3R >0, VN e N, sup(1 + [A)Ne FI®Np()) < co.
Aeh

Given a W-invariant convex compact subset I' in a, PWr(h) denotes the sub-
space of PW () defined by the specific condition

VN e N, sup(1+|A)Ne 7ERIL(N) < oo,
Aeh

Here y(A\) = sup,er (A, ) is the gauge associated to the polar of T'.
The mapping properties of the hypergeometric Fourier transform were investi-
gated by Opdam ] and revisited by Cherednik @ Here are two main results
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(i) Paley-Wiener theorem: H and Z are (up to positive constants) inverse
isomorphisms between C2°(a) and PW (b).

(ii) Plancherel type formula:
/ f(2)g(~2)dpu() = const - / HEOH(\)dv(N).

Opdam ] proved eventually a more precise Paley-Wiener theorem: H and 7
map CR°(a) and PWr(h) into each other (and hence are inverse maps, up to a
positive constant), where I' is the convex hull of any W-orbit W -z in a. The
proof works as well for the polar sets

IF={zeal(AT,2") <1}

where A is any regular element in a. We shall need this version of the Paley-
Wiener theorem with positive multiples of p.

We are now able to resume Anker’s approach [ in order to analyze the hyper-
geometric Fourier transform in the Schwartz class. The following type of result
was already obtained by Delorme [E], following Harish-Chandra’s strategy. On
one hand, Delorme considers only W-invariant functions but, on the other hand,
he deals with the more difficult case where k < 0.

Theorem 4.1 The hypergeometric Fourier transform H and its inverse T are
topological isomorphisms between C(a) and S(ia).

Sketch of the proof: The proof is divided in two parts which correspond to
the following two lemmas. The first one is elementary.

Lemma 4.2 The hypergeometric Fourier transform H maps C(a) continuously
into S(ia).

Lemma 4.3 The inverse transform I : PW (ia) — C°(a) is continuous for the
topology inherited from S(ia) and C(a) respectively.

Proof of the lemma: Let h € PW and f = Z(h). Given a semi-norm o = o, n
on C(a), we must find a semi-norm 7 on S(ia) such that

op.n(f) < 7(h).

We denote by g the image of A by the inverse Euclidean Fourier transform
F~1. According to the Paley-Wiener theorems for the hypergeometric and
the Euclidean Fourier transforms, we have the following support conservation
property: supp(f) is contained in I, = {x € a | (p,zT) < r} if and only if
supp(g) C I'y. Let w; € C*(a) such that w; = 0 inside I';_1, w; = 1 outside
I';, and w; is uniformly bounded in j € N*, as well as each derivative. Set
g; = wjg, hj = F(g;) and f; = Z(h;). Here is a crucial observation: we have
g; = g outside I';, hence f; = f outside I';, by the above support property. Let
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us estimate f = f; on I';11 \I';. First of all, using Proposition @, there exist
N’ € N and C > 0 such that

_ 0 .

sup (1 + |z[)" Fo(x) 1|P(a—)fj($)| < G, (hy).
CEGFj+1\Fj gy

Next, by the Euclidean Fourier analysis

N’

i (hy) < C Y sup(la] + 1) Vg ().

=0 rea

Observe that g; and its derivatives vanish in I';_;. Hence

N/
Nrw(hy) <CY - sup (lo] + D)V Vg(a).

=0 rca~l'j 1

Again, by Euclidean Fourier analysis,

N’

Zsup(|x| + DN lg(2)] < Crnpns1 v (B).

=0 rea

In summary, there exist N € N and C > 0 such that, for every j7 € N*,
_ 0
sup (14 [V Fo(2) ~Hp(5 ) f(2)] < Cvgnsr, v (R).
zelj1\T; X

The remaining estimate of f in I'; is elementary. ]

In the W-invariant setting, the hypergeometric Fourier transform and its in-
verse write

H(HO) = / f(2)F(—2)dp(x)

and
T = [ BB @) ()
where
, B L((A, @) + ko + $ka )D(=(A, aY) + ko + 3k2)
dv'(\) = const- aeﬂm F{0 ) + Lhs T (L) + 3kg) dx

= const-c(A)"te(=A\)"! dA

is the symmetric Plancherel measure or Harish-Chandra measure (see [ﬁ]) We
denote by C(a)" and S(ia)" the spaces of W-invariant functions of C(a) and
S(ia) respectively, which we identify also with their restriction to ay. From
Theorem EI we get,

Corollary 4.1 These transforms are topological isomorphisms between C(a)"
and S(ia)V.

We recover this way the main result of [ in the easy case k > 0.
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5 The heat kernel

5.1 Solution to the Cauchy problem

In this section we solve the heat equation (with Cauchy data) for the Heckman-
Opdam Laplacian. We follow essentially the presentation of Rosler L9 section
4, and refer to this article for some proofs, which are identical in our setting.
We denote by D the modified Laplacian defined by

1
D=—-(L—|p]).
(£~ |of?)
The heat operator H is defined by
H=0,-D

on C*1(ax R). We consider the standard Cauchy problem: Given a continuous
bounded function f on a, find u € C%!(a x (0,4+00)) N C%(a x [0, +00)), such
that

{ Hu=0 onax(0,+00) (24)

Definition 5.1 The heat kernel p:(xz,y) is defined for z,y € a and t > 0 by

pe(z,y) Z/ e~ 2N Gy ()G (—y)dv (V). (25)

The heat semigroup (Py,t > 0) is defined for f € C(a) andt >0 by

oo Lep@ ) fW)duly) ift>0
Fifle) = { f(z) ift =0.

Using the hypergeometric Fourier transform and its inverse, we can express the
heat semigroup as follows

Pof = T(A s e~ 594 £)(\)

and deduce its basic properties which are summarized in the following theorem
(the analogue of Theorem 4.7 in [L7]).

Theorem 5.1 1. (P;,t > 0) is a strongly continuous semigroup on C(a).
2. Let f € C(a). Then u(z,t) = P, f(x) solves the Cauchy problem (B4).

As in the Dunkl setting, we show next that (P:,t > 0) can be extended to a
strongly continuous semigroup on Cy(a) (the space of continuous functions f :
a — C which vanish at infinity, equipped with the norm |f|o = sup,cq |f()]).
Consider D as a densely defined linear operator on Cy(a) with domain C(a).

Proposition 5.1 1. The operator (D,C(a)) has a closure, which generates
a Feller semigroup (T(t),t > 0) on Cy(a).
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2. T(t) coincides with Py on C(a).
Proof of the Proposition:

1. In order to apply the Hille-Yosida Theorem (see [E] Theorem 2.2 p.165)
we need to check the following two properties:

(a) Let f € C(a). Assume that zo is a global maximum of f. Then
Df(xo) <0 (this is the positive maximum principle).

(b) (I —D)(C(a)) is dense in Cp(a) for some u > 0.

(a) follows from the explicit expression ([]) of £. For (b) we prove with
Theorem {.1] that (uI — D) maps C(a) onto itself for every p > 0. In fact
if f € C(a), then

2 2
P + A

H((pI = D)f)(A) = (n 5 R, Aeia
2. The equality T'(t)f = P.f results from the uniqueness of solution to (@)

within the class of all differentiable functions on [0,00) with values in

Co(a) (see [E]) [

Corollary 5.1 The heat kernel p;(x,y) is positive on a x a X (0,00), symmetric
in (z,y), and satisfies the following properties:

1. For all x,y € a, for allt >0 and all w € W, pi(wzx, wy) = p(z,y).
2. For allt >0 and z € a, p(z,-) € C(a).
3. Let f € Cy(a). Then

u(e,t) = Pf(2) { ) @)duts) >0

is still a solution to the Cauchy problem @)

4. For allt >0 and all x € a, fapt(z,y)du(y) =1.

Proof of the corollary: The positivity property results from the last propo-
sition, which implies that P;f > 0 for any f € C(a) with f > 0. Thus (see [L7])
pe(z,y) > 0for all ¢t > 0 and z,y € a, by continuity of p;(x,-). The invariance of
ps under the Weyl group results from the invariance of D when R¥ is replaced
by wR™, for any w € W. The symmetry of p; results in the same way from its
invariance by —Id, and from Formula (@) The second and third assumptions
are classical and result from basic properties of the G (see [[7). The last
assumption results from the point 3 and the fact that T'(¢)1 = 1 (because D is
conservative, see [ p.166). |
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The W-invariant heat kernel p}" is defined for all #,y € a and ¢ > 0 by

Wy = Y mawy) = Y polws,v'y)

weWw |W| w,w' eW

= / e~ 2 (NP By (2) By (—y)dv/ ().
ia

The W-invariant semigroup (PV,t > 0) is defined for f € C(ay), € a; and
t >0, by
PRI = [ )i @duty). it >0,
ay

and PV f(z) = f(z). We have naturally the analogue of Theorem f.]. The
generator of (PV ¢ > 0) is equal on C(a)" to the differential part D of D. The
analogue of Proposition @ for D, is a consequence of Corollary and the
following lemma. The second claim of this lemma will be used in [L9]

Lemma 5.1 The space C(a)V is dense in Co(ay). Moreover if f € C°(ay),
there exists a sequence (uj); € C(ay)™W which converges uniformly to f, and
which satisfies: there exists a positive constant C' > 0, independent of j, such
that |[Vuj(x)| < C for all * € a3, and if d(z,0ay) > L, then |Au;(z)| < C,

37
whereas if d(z,day) < %, then |Au+(m)| <C.

Proof of the lemma: The density result is a consequence of the Stone-
Weierstrass theorem. However here we need more information, so we need the
usual technique of regularization by convolution with an approximate of unity.
Let f € C°(ay). We can extend it to a by W-symmetry, and we get a function
f which is symmetric, and Lipschitz. Let v be an approximate of unity, which is
a W-symmetric C'*° function, with compact support in the unit ball, and with
integral equal to one. Then we consider the sequence of functions (u;); defined
by u;(x) := fa f(z —y)j"u(jy)dy for x € a. It is classical to see that u; is C*°
and converges uniformly to f . It is also immediate that u; is W-symmetric. To
see that it has the required properties, observe that f is derivable (in the sense
of distributions) with a bounded derivative near the walls, and it is C*° away
from the walls. |

We set hi(z) = p:(0,2) = ﬁpfv(o,x) for x € ay, and ¢ > 0. We have the

formula:
he(z) = / e~ 5P By (2)d (M), (26)
a

We will now prove that the heat kernel is in fact strictly positive. As usually
we will prove this fact by using a strong minimum principle. The result may be
found in [E], but stated in a slightly different way. Thus we include a proof.
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Lemma 5.2 (Strong minimum principle) Let to € R. Let u € C*!(a x
(to, +00)) N C(a X [tg, +00)). Assume that Hu > 0 on a X (tp, +00), u > 0 on
a x [to, +00), and u(0,t) > 0, for all t > tg. Then u >0 on a X (ty, +00).

Proof of the lemma: Consider the ellipsoid
E |z +q(t—to)? < 0.

Assume that u > 0 on F, and that u(x,,t.) = 0 for some (z.,t.) € OF, with
tx > to. By hypothesis (z., t.) can not be the north pole. Moreover by reducing
E if necessary, we can always suppose that it is the only point in £ N {t > ¢o}
where u vanishes. We shall perturb u in a small ball

B |r— 2.+ (t—t.)? <€
with 0 < € < min(3|z.], 3(t* — t)?). Consider the auxiliary function

w(z,t) = "0 — el +(t=t0)*}

Let us compute and estimate
Huw(z,t) = 2r{2r|x|2 —1+7(t—ty) — Z ko (o, ) coth(%,x)}

aeRt
«  e—rllzPHy(t=t0)?}

This expression can be made strictly positive on B, by choosing r > 0 sufficiently
large. The function v = u + €'w

e is strictly positive on B\ E, since w > 0 outside of E,
e is equal to v on BN OF, since w vanishes on 0F,

e can be made strictly positive on B N E by choosing € > 0 sufficiently
small.

Thus the minimum v, < 0 of v on B is achieved at an inner point. There
Ow =0, Vo = 0, and Av > 0. Hence Hv < 0. But on the other side
Hv = Hu+ ¢Hw > 0, and we have a contradiction. [ |

We can deduce from this lemma the
Corollary 5.2 The heat kernel pi(x,y) is strictly positive on a x a X (0,+00).

Proof of the corollary: First we apply the preceding lemma for the function
u(z,t) = he(x). We have simply to prove that h(0) is strictly positive for all
t > 0. This comes from Formula (Rf). Moreover since the preceding lemma
may be applied for any ty > 0, we get that p;(x,0) > 0 for any ¢ > 0 and z € a.
Suppose now that p;(z,y) = 0 for some z,y € a — {0} and ¢ > 0. We have

pie) = [ oyl s n)duce).

But as p is positive and continuous, this implies that py (z, O)p% (0,y) =0, and
we get a contradiction. |
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Remark 5.1 Since the space C(a) is dense in all the LP(a, ) spaces, for p €
[1,00), the Hille-Yosida theorem (cf [ff]) assures that D is closable on LP(a, )
and generates a heat semigroup (7®)(t),t > 0), which is strongly continuous.
Moreover, still by an argument of uniqueness in the Cauchy problem, we see
that T() coincides with the preceding operator P on C (a). And by continuity
we see that T'P) is just the natural extension of P on LP(a, u). It is equal for
feLP(a,p), z€a, andt >0, to

T0/(0)f(@) = Pif(2) = | pia ) (o)
a
Obviously the same discussion apply in the radial situation (with D and PV in
place of D and P respectively).

5.2 Estimates and asymptotic of the heat kernel

In this subsection we establish a sharp global estimate of hy (Theorem [.9)
and an asymptotic of pr(z,v/Ty) when T — oo (Proposition @) Let v :=
za@h ke, and like usually for z € a, we denote by =™ its symmetric in ay.
A problem in order to get global estimate of p; is that it is not a convolution
operator. Thus p:(-,-) can not be simply expressed in terms of the function
hi(+). Therefore the next Theorem is only a partial result. A better one could
be obtain if we had a global estimate of the Dunkl kernel.

Theorem 5.2 The following global estimate holds, for all t > 0 and x € a:

he(e) = 7775 & T (U4 as@))(1 4+t + [(o @) )re et
046723
«  emlPE—(pat) -1z
Proof of the theorem: Thanks to Theorem E, and the known expression of
the heat kernel associated to the Dunkl Laplacian L], we can use exactly the
same proof as in [E] In this proof it was made use of the heat kernel in balls
of radius R > 0 with boundary conditions. This may be avoided by using weak
parabolic minimum (or maximum) principles for unbounded domains, which
hold also because the heat kernel vanishes at infinity. ]

Our next result gives an equivalent of pr(z,v/Ty) when T tends to oo. This
result will be needed in [E] for the proof of the convergence of the normalized
Fy-process. However since the proof is easier in the W-invariant case, we begin
by the analogue result for p¥ (z,/Ty). Then we will simply explain what has
to be modified in the non invariant setting.

Proposition 5.2 There exists a constant K > 0, such that for any x € ay and
any y € a4,

y|?

z lo|?
o (o, Ty) ~ K4 78R8~ 4T By () Ry (VTy),
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when T — +o0.

Proof of the proposition: We resume the ”analysis away from walls” carried
out in [[f]. It consists in expanding F) in the heat kernel expression

pY (z,VTy) Z/ e~ 2 PP By (o) By (VTy)dv' () (27)

a

using the Harish-Chandra series [L1]
F\(y) = Z c(w)e(WA=py) Z Ty (wA)e™ @Y,

weWw qeQt

Recall that this expression holds for y € a;. Now we replace Fy(v/Ty) by its
development in series in the integral (@) The properties of the coefficients ¢,
allow us to invert the integral term and the series (see [] for more details).
Therefore we get

P (x,VTy) = Z Eq(x,y)e_%T_(erq’ﬁy) (28)
q€EQT

where (using the W-invariance of v/ in A), for z,y € a,
Ey(a,y) = K / e~ FPHONTD By () (AT, (Nd/ (V).
ia

Here K is a constant whose value may change in the sequel. We denote by b’
the function defined by

c(M)
b’(A dv'(\) = dA.
M)
It is holomorphic in zero. Observe now that
1 2 2
ﬁ(?%)(f%w :ﬂ(—/\)efgl)“ .

This formula comes from the fact that there are no skew symmetric polynomial
of strictly lower degree than |R{|. Thus the function Ey may be rewritten into

Eole,y) = K / e E (L Dy OVT) iy ()b () YA,
ia T a/\

Then we make the change of variables v = %, and we get

lv?

Bolw,y)e™ FT-0VT) o KRy(—a)e FI0P VT p B Ty

X / e lvl® Fvﬁy( z>b'*1(” — .
ia FO(_‘T) \/T
The preceding integral has a finite limit, independent of x and y, when 7" tends
to infinity. Thus using the known asymptotic of Fy (Theorem @), we conclude
that the first term of the series in (R§) has the desired asymptotic. A similar
study would show that the leading terms are negligible. This concludes the
proof of the proposition. |
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Proposition 5.3 There exists a constant K > 0, such that for any x € a, and
any Y € Apeg, if WY € ay, then

ly|? n lo|?
pr(z, VTy) ~ Ke_TT_i_lRJ‘e_TTGO(wx)FO(\/Ty),
when T — +o0.

Proof of the proposition: The proof is analogue as for the preceding proposi-
tion. First we have pr(z, vVTy) = pr(wz, wv/Ty). Then in the integral expres-
sion of pr(wz, wvTy) , we replace Gx(—wv/Ty) by its development in series.
Since —wy € a_, we already know the dominant coefficients of the development.
Indeed they were computed by Opdam in [@] they are all null except one which
is equal up to a constant to w(A). But w(A)dr(\) behaves like dv/(\) in zero,
i.e. like |m(\)|[2. Thus we can follow the rest of the proof of the preceding
proposition, and we get the result. |

5.3 The Poisson equation for D

Our sharp estimates of Theorem @ allows us to prove the

Proposition 5.4 Let f € L*(a,p). Then the function Gf : x fooo P, f(x)dt
is finite p-a.e. If moreover F(f) € Ll(ia,v), then Gf is bounded, belongs to
C?(a), and satisfies the Poisson equation DGf = —f.

Proof of the proposition: Let f € L!(a, ). For all 2, and all € > 0, we have

Gf@) = | / ilol® / / S GO, 2)G(— A y)dv(N) £ () du(y)d]|

1
|/ Ptf(:c)dt|+C|f|1/ = $lol? |/ Pt
0

where C' is a constant. But since for any ¢t > 0, P, is a contraction on L', we
have therefore |P;f]y < |f]1. Thus |f01 P, fdtly <|fl1 < co. And then p-a.e.,
| fol P, fdt| < co. Finally we get that u a.e. Gf < co. This proves the first claim
of the proposition. Now let f € L(a, i), be such that F(f) € L'(ia,v). Then
we have

IN

. % o= HIAR+0®) gy g,
Gf@)| < /mﬂf)w / dtdv (M)
FOY

< 2] DRy pE

This shows that G f is bounded. Moreover using a theorem of derivation under
the integral, and our precise estimate of the derivatives of the functions G, we
see that Gf € C?%(a) and satisfies DGf = —f. This finishes the proof of the
proposition. |
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6 Appendix: computation of the Heckman-Opdam
laplacian

First we give another expression of the Cherednik operator:

Tef(x) = Ocf(x)+ Y %(a,g)coth@{ﬂx)—f(ra.:r)}

a€ERT
ko
- Z E(O‘ag)f(roz-x)'
a€RT

Now we compute

S o com BT (@)~ T o)

aERT 2
ko, (v, )

= Z ) coth 5 {0af(x) = Oaf(ra.x)}

a€ERT
+ ) B%;ﬁ %(a, 3) coth (a’;g) coth (ﬁ;) {f(x) = fro.x)}

kfy (8',)
A () —_—— Targr

_ Z Ko 4]% (e, B) coth (a’;j) coth (8, r;x) {flroa.z) — f(?g/ax)}

a,\’;GR*
_ ) B;ﬁ kafﬁ (o, B) coth m’—296)]"(773”%)

kok ,

o % s @D f(rgra.a
= Z I%a coth @Tx){&lf(x) — Ouf(ra.x)}

a€ERT
n [;2 Faks .\ 8) coth (O";) coth (6’2”7) {f() = f(rara.z)}

a,feERT
_ Z %(a,ﬁ) coth @{f(rg.x) — f(rara.x)}.

a,BERT

Thanks to the following lemma, we can remove the hyperbolic cotangent in the
second sum.

Lemma 6.1 Let R be an integral root system (non necessarily reduced). Then

3 koks (e, B){coth (O";) coth ’2:”) —1}=0

a,BERY,rgorq=17
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for all non trivial rotation T.

Proof of the lemma: Applying the Euclidean Laplacian to the Weyl denom-

inator formula o o
H {fe5 —e "7 )= E : e(w-p,x)
aceR+ weW

we get the identity

B, x)

—1}=0
2 }

Z (e, 8){coth (a’;j) coth (

a,BERT,a#p

which holds for all reduced root system. Now by restricting to the different root
systems of rank 2, we see that this relation is equivalent to the lemma.

e Ay x Aq: trivial.

L] A2:

Q2 a1 + o

The lemma reduces to the identity

Oél+Oég

k2 (5] [6%) a1 a1 + Qo [6%)
—{— coth — coth — h —coth ———= h — coth —1}=0.
5 {—cot 5 cot 5 + cot 5 cot 5 + cot 5 cot }=0
(] B2 = Cz:

a9 a1 + a2 2@1 —+ o

The lemma reduces to the identity

201 + an
2

2
a1t —l—cothal—;a2 coth al;a2 -2} =0.

k1ka{ — coth % coth % 4+ coth % coth

+ coth % coth

[ ] BCQ:
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20&1 + 2@2

(6] a1 + a9 2@1 + g

N

(5] 2(11

The lemma reduces to the following identities of type By = Cy

2
kike{ — coth % coth % + coth % coth w
2
+ coth % coth 2292 o 21102 g 201 F 02 2} =0
2
2koks{ — coth M coth 22 4 coth 2L coth o tar
2 2 2 2
2
+ coth % coth 2292 o 21102 g 201 T 02 2} =0.
* Ga: 3aq + 209

oy a1 +az| 201 +ax 3o + ap
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The lemma reduces to the following identities, the last ones being of type Az

3kik 3
; 2 { — coth % coth % + coth % coth w
3 2
+ coth % coth 2 T + coth 2 ; 92 coth 24 ; a2
2 3 2 3 2
+ coth = 92 ot 2022 + coth 22 e NNl Bt 4} =0
2 2 2 2
k2 9
?1 — coth % coth & ; a2 + coth % coth 221 92 ;_ a2
2
+ cothal—;cmcoth a1+a2—1}:0
3k2 3 3 2
—2{ — coth 92 oth 22t @2 + coth 22 coth 24 + 20z
2 2 2 2
2
+ coth Sai +az coth o+ 205 1} =0.
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Eventually we get the expression of the Heckman-Opdam Laplacian:

Lf(x)

> TE f(x)
j=1

Tof(2)=Taf(ra.x)

n

Z o, §){Te; f(x) — Te,; f(ra-x)}

Z 0e,Te, f(2) + > Ko

a€ER+ Jj=1
Z Z ,&)Te, f(ra.x)
a€RT
Taf("‘a-m)
—sinh ™2 Liﬂ)

ar+ Y2 S )20 com? B 1w) — f(rp.0))
BeR+ j=1
1812

O f(z)+0sf(rp.x)

L @ > (8610, f (@) = Ory e, f(ra.)}

BERT j=1

> S 6,6)n, ¢, F s )

[3673+ Jj=1

—0gf(rg.x)

ko (o, )
) Tzoth 5100 (%) = Oaf(ra-)}

a€RT

5 (0, B){F (@) = Flrpra.a)}
(o 2)
2

{frg.x) — f(rgra.z)}

B
A —(a.f) /—/H Tal gl

D flrax) — fFrm )}
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