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SUP-INF INEQUALITY ON MANIFOLD OF DIMENSION 3

SAMY SKANDER BAHOURA

ABSTRACT. We give an estimate of typaip x inf on Riemannian manifold of Dimension 3 for
prescribed curvature equation.

INTRODUCTION AND RESULTS.

We are on Riemannian manifo{d/, g) of dimension 3 not necessary compact. In this paper
we denoteh = —V7(V;) the geometric laplacian.

The scalar curvature equation is:

8AuU+ Ryu = Vu ' u>0. (E)
WhereR, is the scalar curvature andis a function (prescribed scalar curvature).

We consider three positive real numlagbA and we suppos¥ lipschitzian:
0<a<V(r)<b<+ooand [[VV||penn < A (@)

The equatior(E) was studied lot of whedl/ = Q C R™ or M = S,, see for example, [B],
[CL1], [L1]. In this case we have sup X inf inequality.

The corresponding equation in two dimensions on opef sH#tR?, is:

Au=Ve", (E")
The equation(E’) was studed lot of and we can find very important result aboutiaip
estimates in [BM], [BLS], [CL2], [L2], and [S].
In the casd/ = 1 and M compact, the equatiof¥) is Yamabe equation. It was studed lot

of, T.Aubin and R.Schoen have proved the existence of swiuti this cas, see for example [Au]
and [L-P].

When M is a compact Riemannian manifold, it exist some compactresagdt for equation
(E) see [L-Zh]. Li and Zhu [L-Zh], proved that the energy is boaddnd if we suppos&/ not
diffeormorfic to the three sphere, the solutions are unifpimounded. To have this result they
use the positive mass theorem.

Now, if we supposel/ Riemannian manifold (not necessarily compact) &nhe: 1, Li and
Zhang [L-Z] proved that the produsgtip x inf is bounded.

Here, we give an equality of typeip x inf for the equatior{ E') with general condition§C).
We have:

Theorem. For all compact set K of M and all positive numbers a,b,A, it exists a positive
constant ¢, which depends only on, K,a,b,A,M,g such that:

1/3 M <
(SI;(p u)? x 111(14fu <e,
for all u solution of (E) with conditions (C).

Note that in our work, we have not assumption on energy or daryncondition if we suppose
the manifoldM with boundary.

Next, in the proof of the previous theorem, we can replacetiadar curvature by any smooth
function f, but here we do the proof witR, the scalar curvature.
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Proof of the theorem.

Part I: The metric and the laplacian in polar coordinates.

Let (M, g) a Riemannian manifold. We notg ;; the local expression of the metrcin the
exponential map centred in
We are concerning by the polar coordinates expression ahtitdc. By using Gauss lemma,
we can write:
g=ds*=dt* + gfj (r,0)d0"de? = dt* + r2§fj(r, 0)do'de’ = g, ;;dx"da?
in a polar chart with origin:”, |0, eo[xU*, with (U*,+) a chart ofS,,_;. We can write the
element volume:

dVy ="~ /|gk|drdd" ...do" " = \/[det(gy j)]dat .. . dz"™

3

then,

AV, = "~/ [det(gs.ij)] [exp, (r0)]a* (0)drdo" . ..do" ",

where,o* is such thatdog, , = o*(0)d6" ...do"~!. (Riemannian volume element of the la
sphere in the chafU*, ) ).

Then,
VI15¥ = o (0)y/[det(g.i5)],
Clearly, we have the following proposition:
Proposition 1: Let zq € M, there exist; > 0 and if we reducé’*, we have:

|87.§fj(x,r, 0)] + |8,09m§fj($,r,9)| < Cr, ¥V x € Blxg,e) V7 e(0,e], VU
and,

|8T|§k|(:r,r,9)| + 8T89m|§k|(:r,r,9) <Cr, V€ B(xg,e1)Vre|0,e], Ve U*.
Remark:

dr[log +/|g*|] is a local function of), and the restriction of the global function on the sphere
Sn—1, Or[log \/det(gs,i;)]- We will note, J(z,r,0) = \/det(gs.ij)-
Let's write the laplacian if0, ¢;] x U*,

n —

—-A :arr+

1 N 1 oigi [ -1
Or 4 0r[log \/|g*]]0r + Tiaei (96 o |9%(0g )

VA

T
We have,

—1 1
B8, + 9, log J(z,7,0)0, +
r 2/

~A =0+ 90:(5”""\/15*190:).
We write the laplacian ( radial and angular decomposition),

n —

1
—A = arr + Tar + 8T[1Og J(IL', r, 9)]8T - AST(I))
whereAg (,) is the laplacian on the sphefig(x).

We setLg(z,r)(...) = r?Ag, (»)(...)[exp,(r0)], clearly, this operator is a laplacian 8p_;
for particular metric. We write,

Lo(z,m) = Ay, .,

)
—1

and,



-1 1
A =0, + ”Tar + 0, [T (@,1.0)0, — —Lo(a,r).
If, u is function onM, then,a(r,0) = uoexp,(rf) is the corresponding function in polar
coordinates centred in. We have,
o oon—1_ _ _ 1 _
—Au = 0ppu + Taru + 0. [J(x, 1, 6)]0.u — T—2L9(:E, T)a.

Part II: "Blow-up” and "Moving-plane” methods

The "blow-up” technic

Let, (u;); @ sequence of functions v such that,

Au; + Rgui = ‘/;uﬁ, u; >0, (E/)
We argue by contradiction and we suppose ¢hat/3 x inf is not bounded.
We assume that:

V ¢, R > 0 3 uc, g solution of(E’) such that:

R[ sup UC,R]l/S X inf Uc,R > ¢, (H)
B(xzo,R) M

Proposition 2:

There exist a sequence of poiriig);, y; — xo and two sequences of positive real number

U;0 €XP,,.
(11)i, (L;)iy l; — 0, L; — +00, such that if we consider;(y) = ﬂ, we have:

ui(yi)

0<w(y) < B <2Y2 B — 1.

1

1/2
72) , uniformly on every compact set of R3.
1+ [yl

) =

1 [ui(a)]V/® x inf u; — +o0

Proof:
We use the hypothesig7), we can take two sequenc8s > 0, R; — 0 andc; — +o0o, such
that,

Ri[ sup ]1/3Ui x inf u; > ¢; — 400,
B(xo,R;) M

Let,x; € B(zo, Ri), suchthatupp,, g,y wi = wi(z;) ands;(x) = [Ri—d(x, ;)] ?ui(x), x €
B(,CEZ', Rz) Then,ZEi — Z0-

We have,

Bloi R )Si(ff) = si(yi) > si(2:) = Ri*ui(wi) > /e — +00.

Set:

uioexp,, (z/[ui(y:)]?) .

li = Ri — d(yi, i), Ui(y) = ujoexp,,(y), vi(z) =

u;i(yi)
Clearly,y; — xq. We obtain:
l; [Sz(yz)]2 c 1/2
L= —lui(y))® = > 5 =6 = too.
(Ci)l/Q C1/2 CZ}/Q
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If |2| < Li, theny = exp,, [2/[ui(y:)]?] € B(ys,dil;) with &; = ORE

andd(y,y:) <

R; — d(y:, z;), thus,d(y, z;) < R; and,s;(y) < s;(y;), we can write,

wi ()[R — dy, yi)]"? < wily) (1),
But, d(y, yz) < 5111, R, > ; andRi — d(y, yz) >R, — 5111 > 1 — 5111 = 11(1 — 51>, we obtain,

B u;(y) Li v bz
0 <wi(z) = ui(y:) : [11(1—51‘)] =2

1 1/2
6-> , Clearlys; — 1.

— Uz

We set3; = <1
The functionv; is solution of:

—g"*lexp,, (1)]0jkvi — Ok [gj’“\/w [expy, (¥)]9jvi + in = Vivi®,

By elleptic estimates and Ascoli, Ladyzenskaya theoréms; converge uniformely on each
compact to the function solution onR? of,

Av =V (zo)v®, v(0) =1, 0<v <1< 21/2,
Without loss of generality, we can suppdéér,) = 3.

By using maximum principle, we hawe > 0 onR3, the result of Caffarelli-Gidas-Spruck (

see [C-G-S]) givep(y) — ( L

1/2

m) . We have the same propreties fgrin the previous
Yy

paper [B2].

Polar coordinates and "moving-plane” method

Let,

w;(t,0) = 61/2@1-(6’5,9) = et/2uioexpyi (€'9), et a(yi,t,0) = log J(y;, €', 0).
Lemmal:
The functionw; is solution of:

—dpw; — Byadyw; — Lo(ys, e') + cw; = Viw?,

with,
1\? 1
c= C(yia t? 9) = (5) + iata - )\tha
Proof:
We write:

2
1 2 1
dyw; = €320, + 9 Wi Opw; = ™/? [arv-ui + _tarui] " (5) w;.
e

1
Ora = €', log J(y;, €', 0), 0yad;w; = ebt/2 [0r log JO,4;] + iatawi.
the lemma is proved.
dsby .
Now we haved,a = - bi(yi,t,0) = J(yi e, 0) >0,
1

We can write,

1 _
7ﬁatt(\/ blwz) — Lg(yi, et)wi + [C(t) 4+ bl 1/2b2(lf7 9)]101 = ‘/Z-’wiN_l,
1

4



1 1

_ _ 2
Where,bg(t,e) - att(\/a) - 2—\/Eattb1 - W(&bl) .
Let,

’lI)i = \/Ewl
Lemma 2:

The functionw; is solution of:

—Outi + Ag, . (@) + 2V(i0;). Vg log(v/b1) + (¢ + by /?by — ea)i; =

1 2
=Vi(—) @2,
<b1) i

wherec, = [—=A4, ., (Vb1) +|Volog(v/b1)[?].
Proof:
We have:
1 2
—OpW; — \/aAg Lo wi (e b)w; =V <b_) w3,
Yire So 1
But,

Ay, o (Vbiw) = \/aAgyi,et,§2 w; — 2Vgw;. Vo/bi + willg, o (Vor),

o2

and,
Vo(vbiw;) = w;Ver/bi + /b1 Vows,
we deduce,
\/EAgyiwetYSQ wi =By, (@) +2V(:).Vo log(\/b1) — coths,
with co = | (vb1) + |V log(v/b1)|?]. The lemmais proved.

—A

The "moving-plane” method:

Let¢; areal number, and suppa&e< ¢, we sett = 2¢; — t andas (¢, 0) = w; (£, 6).

We have,

() +2V g (@05). Vg log (/b1 )@s +[e(t6)+by V2 (8, )ba (1) —c5 it =

2
1 N
=V (;) (@)
1

By using the same arguments than in [B], we have:

7att1D§i+Ag e

viret gy

Proposition 3:
We have:

Forall g8 > 0, there existg > 0 such than:

1
2) —e'/? <wi(\i+1,0) < cget’?, V< B, VOES,.
cp
We set,



Zi=~0u(-) + Aq, ., () +2V(.). Vg log(v/b1) + (¢ + b7 %by — ¢2)(...)
Remark: In the opertolZ;, by using the proposition 3, the coeficient bfl/ng — ¢ Vverify:

¢+ 5;1/252 —c >k >0, pour t << 0,
it is fundamental if we want to apply Hopf maximum principle.

Goal:

Like in [B], we have elliptic second order operator, here &;, the goal is to use the "moving-
plane” method to have a contradiction. For this, we must have

Zi(@5 —w;) <0, if @F —w; <0,
We wrrite:

Zi(05 — ;) = (A, -A

133
y-;yﬂt’ So

+2(V916t5i - Ve,et)(wfi)'vgﬁetﬁi 1Og( V b%) + 2V et (wzgi)'vgyeﬁi [10g( V b%) — log \/a]+

+2V i (V, e — Voer)log /by — [(c+ b/ %by — e2)& — (c+ by %by — c)]f +

1\’ 1)\?2
+V <b?> (@)~ V; (b—) @y, (kxl)
1 1

Clearly, we have:

Lemma 3 .
L. . 2t
bi(y;,t,0) =1— ngcczyi(H,G)e +...,

Ry(e'0) = Ry(yi)+ < VRy(y;)|0 > €' + ...
According to proposition 1 and lemma 3,

Propostion 4 :

Zi(a — ;) < Vil () = @7] + 2(0f [V - Vil+

& L. £ L. L. L. &
Ol | [|9i | + V() 5+ (5% + Ry (30) 0| +C¥ ~e¥],

+ | Ricciy,
Proof:
We use proposition 1, we have:

a(yi,t,0) = log J(yi, e',0) =1logby, |0sb1 (t)| 4 |Oseb1 (t)| + [Opsalt)] < Ce*,
and,

|09, b1| + 10a,,0,b1] + Or.0,01] + |0r.0,,0,b1] < Ce™,
then,

|04b1 (£5) — Oyby ()] < O]t — 2
Locally,

, sur | —oo,logey] X Sg,V @ € B(xo,€1)

1 -0l ~
B, = Holio) = =gl (L OVl D130
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Thus, in[0, e;] x U*, we have,
1 _plgi ~ 1 _plgi ~ e
———0p (5" "\ /151055 )] — ——09:(§" "' \/17%109s )] (")

Ai:[m Vi

then,Ai =B, +D; with,

~oloi i ~9lgI &
By =[5 (" ,0) = "7 (",0)] Ourgs i (1.0),
and,

D; = [m% 7% (e, 0)/15¥ (", )] - W%z 3”7 (", 0)/ |ak|<et,9>]] Do 05 (1,0),

we deduce,
A; < Cyle?t — A [|Wourf | + V3]

If we takeC' = max{C;,1 < i < ¢} and if w use(x % 1), we obtain proposition 4.
We have,

—2\? —2
c(yi, t,0) = (n 5 ) + n 5 ata—i-Rgth, (o)

1 1
— Oby —
2\/Ett1 4

W(atbl)Q, (a2)
= [, e, (V) + Vo loVEDPL ()

ba(t,0) = 9 (v/b1)

Then,

1
Ore(yi t,0) = 5 0pa + 267 Ry(e'0) + € < VRy(e'0)[0 >,
by proposition 1,

|6t62| + |(’)tb1| + |(’)tb2| + |6tC| < K1€2t,

()13 i i
[wi(y:)] 2>< MYt andA > 2 >

Now, we consider the functiom; (¢, 0) = w;(¢,6) —

Fort <t; = —(2/3)logu,(y;), we have:
/3 « minps u;
) 2

ui(y:)]

w;(t,0) = e |bi(t, G)e_t/Quioexpyi (e'h) — [

- [ui(yi)]l/g X minps u; 50
- 2 )
[ui(yi)]l/g X minps u;
2

We use proposition 3 and the same arguments than in [B], warobt

We set,u; =

Lemma 4.
There existy < 0 such that fop, < v :

w?(t,@) - wz(tae) S 07 v (tve) € [Matl] X 827
We set,\; = —2logu;(y;), then,

Lemma 5:

w;( A, 0) — wi (N +4,0) > 0.
7



Proof of lemma 5;

Clearly:
Wi (Ni, 0) — Wi (N +4,0) = Wi ( N, 0) — i (N +4,0) + pi(e* — 1),
we deduce lemma 6 from proposition 3.
Let, & = sup{p < \; + 2,5 (,0) — w;(t,0) <0, V (t,0) € [&, 1] x Sa}.
The real; exists (see [B]), if we uséx x x2), we have:
@5 (t,0) + Vo' (£, 0)] + [V3is5 (1,6)] < C(R), ¥ (t,6) €] — o0, log R x Sy,

We can write:

Zi(w§ — ) = Zi@ — ) — paZie — )

3

_ i 1 3 _ i i
fZi(e%55 — th) =[1- 1= 58,5(1 - Rgth +b; 1/2b2 - 02](62’55 — th) < cl(ets - et),

with ¢; > 0, car|dial + [0¢b1| + |Oseb1| + |Or,0,01| + |Or0,,0,b1] < C'e* < 1, for ¢ very
small.

We use proposition 4, to obtain ojg;, ¢;] x Sa,
Zi(w§ — ;) < o Vi )? — f] + [V = Vil (w')? + [pies — C'(R))(e" — ') <0,
Like in [B], after using Hopf maximum principle, we have,

sup [ (t;, 0) — w;(ts,0)] = 0.

0€S2
We have:
ﬁ)fl (fi, 91) - u?i(ti, 91) =0, Vi.
We deduce,
/3 < ;
[wy:)] 2 % 111(1} u; < e, V.
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