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Abstract. This paper is concerned with the asymptotic behavior of sums of the form U"(f); =
ZEZ?"'] f(Xia, — X@-1)a,), where X is a 1-dimensional semimartingale and f a suitable test
function, typically f(xz) = |z|", as A,, — 0. We prove a variety of “laws of large numbers”, that
is convergence in probability of U™(f):, sometimes after normalization. We also exhibit in many
cases the rate of convergence, as well as associated central limit theorems.

AMS classification : 60F17, 60G48
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1 Introduction

In many practical situations one observes a process X at finitely many times, and from
these observations one wants to infer various properties of the process. For example, in
finance the price of an asset is observed at discrete times and one aims to determine the
volatility or the integrated volatility, or perhaps the presence of jumps and some properties
about their sizes. In statistics one wants to determine the parameters on which the law of
the process depends, or one may want to perform some non-parametric inference on the
model.

There are indeed two very different situations. One is when the observations occur
at time 0,A,2A,---,nA for a fixed time lag A, whereas n is large: then any kind of
inference necessitates some “ergodic” properties of the basic process. Another situation
is what is called high frequency observations, where the time lag A is small, which in the
asymptotic setting means that we let A = A,, depend on the number n of observations
and go to 0 as n — oo. This second situation is the one we are interested in here.

A first, well known, example of how discrete observations of X allow to approximate
some basic characteristics of the process is the convergence of the “realized” (or approx-
imate) quadratic variation towards the “true” one. More generally one may look at the
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realized r-th power variation at stage n, that is the (observable) process

[t/An]

{XH"= Z | Xin, — X—na,l"™ (1.1)
=1

When 7 = 2 the processes {X }?™ converge (as A, — 0) to [X, X], the quadratic variation
of X, as soon as X is a semimartingale, and even in some more general situations. When
r > 2 then {X};" converges to > ., |AX,|" (where AX is the size of the jump of X at
time s) for any semimartingale, also an old result due to Lépingle in [[(]. When r € (0,2)

then {X};"" blows up in general, but A%fr/ 2{X 1" converges to the continuous part of
[X, X]; : this does not hold in general, though, but under some (weak) assumptions on X.
So this allows in principle to “separate” the jumps of X from its continuous part.

Again for practical applications, having the convergence of { X }"™" (possibly after nor-
malization) is not enough, we need rates and, if possible, an associated central limit
theorem. This describes the main aim of this paper: find conditions for the above con-
vergence, and for associated CLTs when they exist. We do that for the processes {X}"",
and more generally for the following processes, for suitable test functions f and cut-off
exponent w > 0 and level a > 0:

V()= Z,[Zf”] f(Xin, — X—1)a,)s
V() = S8 p(Xia, = Xao1yan)/VBR), (1.2)
V(e a), = S (Xia, - Xi-1)a0) L Xian ~ X 1yan] <aAF)

The convergence of these processes and the associated CLT's hold or not, depending on the
properties of f of course, and especially on its behavior near 0, but also on the properties
of the basic semimartingale X. Note that we always assume that A, — 0.

The reader may find motivations and practical uses of realized power variations in
finance in Andersen, Bollersley and Diebold [B] or Barndorff-Nielsen and Shephard [B] and
references therein, for continuous processes. The later authors have also introduced and
thoroughly used the “bi-power variations” where the summands in ([L.I) are products of
powers of two successive increments of X instead of one, and probably what follows can also
be done for bi- or multi-power variations as well. The case where X is discontinuous has
been studied by Mancini [[L1]], [12] (using processes similar to V""(w, a)) and Woerner [14],
03] (for the power and bi-power variations) and recently by Barndorff-Nielsen, Shephard
and Winkel [ff], and in those papers special cases of the forthcoming results may be found.

In [§] we have considered the same problems than here when X is a Lévy processes,
with almost complete answers. In the semimartingale case the picture shown below is
neither as good nor as complete as in the Lévy case. The proofs are mostly quite different
(except for Theorem P.9), hence this paper is essentially independent of [§ although the
basic ideas are the same. On the other hand, some of the results here heavily rely upon
the paper [{] in which similar problems have been solved when X is continuous.

Let us also mention that only the 1-dimensional case is considered here, although it
covers the case where X is one of the components of a multidimensional semimartingale.



Some results obviously hold as well when X is multidimensional (those concerned with
V'(f) in particular), others do not: if f is singular at 0, the description of the singularity
in the multidimensional case is clearly much more sophisticated than in dimension 1.

The main notation, assumptions and results are gathered in Section . All (unfortu-
nately rather tedious) proofs are in the subsequent sections.

2 Notation, assumptions, results

2.1 Some general notation.

Let us first introduce a number of notation to be used throughout. With any process Y
we associate its increments A?'Y and the ”discretized process” as follows

[t/An]
AYY =Yia, = Yi-na,; v = Yau/an = Yo+ > A}Y. (2.1)
i—1

As soon as Y is cadlag (= right continuous with left limits), we have Y (%) vy (w-
wise convergence for the Skorokhod topology). If a process Y belongs to the set V of
all processes of locally of finite variation, we denote by v(Y); = fot |dYs| its “ variation
process”.

Next we give a series of notational conventions for the convergence of a sequence (Y")
of (cadlag) processes; below, «a,, is a sequence of positive, possibly random, numbers :

oY 2V or Y =Y, (or, converges u.c.p.) , if supy<, [V — Y| L, 0forall t > 0;

oV R Y o Y Sep; Y;, if the convergence takes place in probability, for the Skorokhod
topology;

o Y™ I Y or Y =5 Y, (or, converges v.p.) if v(Y —Y), L, 0for all t > 0;

L— L—
o Y —(s>) Y or Y, —(s>) Y; if there is stable convergence in law, see below;

u.c.p.

o Y =opy(ay) or " = opy(ay,) if Y"/a,, — 0;
o V" = Opy(ay) or Y{" = Opy(ay) if the sequences (supy<; |Y"/an|)n>1 are tight;

e an array ((]') of variables is asymptotically negligible, (AN) for short, if ZEZ?”] ¢ R0,

When each Y is defined on (2, F,P), recall (see e.g. [f]) that Y™ 26y means

that Y is a cadlag process defined on an extension of (2, F,P), and that E(Zg(Y")) —
E(Zg(Y)) for all bounded F-measurable variable Z and all bounded continuous function
g on the space of all cadlag functions, endowed with the Skorokhod topology.

Throughout, the following functions h, for r € (0,00) and 1, for n € (0, 00] and ¢, for
s € [0,2] will often occur : we first fix a C°° function 9 having 1q,j<1}y < ¥(z) < 1fjz1<ay,



and then set
hr(x) = ’x‘r7
_ J (x/n) if n<oo
Un(@) =\ if 7= oo, (2.2)
{ IAz]" if 0<r<oo

o@D =\ gy (@) i r=0.

Next, we introduce several classes of functions on R. We denote by £ the set of all
Borel functions with at most polynomial growth, and for r € (0, 00) we denote by &, and
&l and & the following sets of functions :

E ¢ all fe&with f(z)=|z|" on a neighborhood of 0
g oall fe& with f(z)~|z|” asz — 0

&' . all flocally bounded with f(z) = O(|z|") asx — 0
g . all flocally bounded with f(z) = o(|x|") as x — 0.

(2.3)

We write £°, £, £" and £™ for the sets of bounded functions belonging to &, &., &”
and £ respectively. We have ¢, € £2N C°, where as usual CP denotes the set of p times
continuously differentiable functions, resp. continuous, for p > 1, resp. p = 0.

Below, K is a constant which changes from line to line and may depend on X and its
characteristics, and we write K, if we want to emphasize its dependency on some parameter
p. We write U for a generic N'(0, 1) variable, and m,. = E(JU[") is its rth absolute moment.
We also denote by ps the normal law N(0,s?), and write ps(f) = [ f(x)ps(dz).

2.2 The assumptions.

We start with a semimartingale X on a stochastic basis (2, F, (F;)i>0,P). We fix a
truncation function k£ (bounded with compact support, with x(z) = x on a neighborhood
of 0): this function is a priori arbitrary and usually k(z) = xl{z|<1}, but in this paper
we suppose that it is continuous : this simplifies some of the assumptions below. We call
(B,C,v) its predictable characteristics : v is the compensator of the jump measure u of
X, and C = (X¢ X¢), where X¢ is the continuous martingale part of X, and B depends
on the choice of k. With «/(z) = x — k(z), we then have

X=Xo+B+X+rx(p—v)+r*p. (2.4)
Here and below we use standard notation for stochastic integrals and characteristics, see
for example [ff] for all unexplained notation.

We are interested in the associated processes V"(f) and V'(f) in ([L.9) (written as
V™ (f; X) and V'™(f; X) if we want to emphasize the dependency upon X). For simplicity
we write P} and E? for the conditional probability and expectation w.r.t. F;a,. We also
introduce some related notation, where f is a small enough function (e.g. bounded) :

HP(f) =By (FATX)),  KP(f) = EL (F(ATX/VAW), (2.5)
[t/An] t/An

[ ]
H'(f)e:= > HN, K= D> K. (2.6)
=1 =1



Our first key result needs no special assumption, but stating it requires some additional
notation: first, C% denotes the set of all functions on R which are v(w; R, x dz)-a.e.
continuous, for P—almost all w. Next, we set

I={r>0:¢, 1y < oo Vt>0}. (2.7)

This is an interval of the form [, 00) or (a, 00), for some « € [0,2]. We have 2 € I always,
and we have X — X¢ € V if and only if 1 € I, and X has a.s. finitely many jumps on each
finite time interval if and only if 0 € I. Set

X' =X - X~ X,
_ (2.8)
lel = B=B-k*v, X/=>_.,A0X,.
Soif 1 € I we have X’ = B+ X", and B is the “genuine” drift. In this case B € V.
The other results need various assumptions, which we presently describe.
Hypothesis (H) : The characteristics (B, C,v) of X have the form
t t
B; = / bsds, C, = / csds, v(dt,dz) = dt Fy(dx). (2.9)
0 0

Moreover the processes (by) and (Fi(¢2)) are locally bounded predictable (where Fi(f) =
[ f(z)F;(dz)), and the process (¢;) is cadlag adapted. O

Clearly (H) implies the quasi-left-continuity of X. Under (H), we write
o = e (2.10)

As is well known, the form (R.9) of the characteristics of X is equivalent to the fact
that X can be written as

t t
X =Xo+ / bsds + / osdWs + K(8) * (u — v)¢ + £/ (6) * s (2.11)
0 0

where

1) o is given by (B.10) and ¢ is a ”predictable” map from Q2 x Ry x R on R, connected
with F; by the fact that Fy(w,dz) is the image of the Lebesgue measure on R by the map
x— 0(w,t,z).

2) W and p are a Wiener process and a Poisson random measure on R x R on the filtered

space (Q, F, (F¢)i>0,P) and the predictable compensator of wis v(ds,dx) = ds ® dx (we
may have to enlarge a bit the original space in order to accommodate the pair (W, u)).

Hypothesis (K) : (H) holds and in (R.11)) the coefficient & satisfies |6(w,t,z)| < ()
for all ¢ < Tj(w), where 7y, are (deterministic) functions on R with [ ¢2 0 y4(z) dz < oo,
and (T}) is a sequence of stopping times increasing to +oo. a



In the next hypothesis we assume that the space also supports a second Wiener process
W’ independent of W. Note that the particular form of x in (R.11]) or in (R.13) below
is actually irrelevant, it could be a Poisson random measure on R4 x E for any space E
and with a compensator of the form dt ® F(dz), provided the measure F is infinite and
without atom; or, we could have two different Poisson random measure in (R.11)) and in

2.12).

Hypothesis (L-s) : (H) holds and the process o in the formula (R.11) has the form

t t t
o = oo + / bsds + / osdWs + / ol dW! + k(8) % (u — 1) + K (0) * Ky (2.12)
0 0 0 - B

and

a) the process (by) is optional and locally bounded;

b) the processes (b;), (0¢), (0}) are adapted left-continuous with right limits and locally
bounded;

¢) the functions §(w, t, ) and g(%, t,x) are predictable, left-continuous with right limits
in t, and |§(w,t,z)| < yk(x) and [§(w,t,z)| < Fx(z) for all ¢ < Ty(w), where g, 7y are
(deterministic) functions on R with [ ¢s07%(z) dz < oo (with 0° = 0) and [ ¢ooFk () dz <

oo, and (7}) is a sequence of stopping times increasing to +o00. a

In (L-s) we implicitly assume s € [0,2]. Note that if s < s’ < 2, then (L-s') = (L-s)
= (K) = (H), and (L-s) implies that s € I. It is worthwhile to emphasize that (L-0)
implies that X has locally finitely many jumps, and also that when X is continuous then
all hypotheses (L-s) for s € [0, 2] are identical.

Finally we have an assumption of a different nature :
Hypothesis (H’) : We have (H) and the processes (¢;) and (¢;—) do not vanish. 0

Remark 2.1 These assumptions, and especially (L-s), may appear complicated to check.
However, if X is one of the components of the solution of an SDE of the form dX; =
f(X;_)dZ;, where Z is a multidimensional Lévy process and f is a C? function with linear
growth and locally bounded second derivative, then (L-2) is automatically satisfied. The
same holds for solutions of SDEs driven by W and p. 0

2.3 The laws of large numbers.

First, we have a result valid with no assumption at all on X (recall the notation ([L.9),

(B and (29)) :

Theorem 2.2 (i) The processes V"'(f) converge in probability in the Skorokhod sense to
a suitable limit V() in the following cases:

(a) With V(f) = f x u, when
[a-1] f € &' N COV,



[a-2] f € E'NCO ifr € IN(1,2) and C =0,
[a-8] f € E'NC% if 1 €1 and C =0,
[a-4] f € E'NC% ifr € IN(0,1] and C =B =0.
(b) With V(f) = fxu+C, when f € &N CO.
(c) With V(f) = fxp+v(B), when f € E,NC*"" and C =0 and 1 € I.
(i) Moreover in (a) and (c) above we also have V™(f) — V(f)™ 2 0.

When f = h, the case (b) (r = 2) is well known (convergence of the realized quadratic
variation), and (a) for r > 2 may be found in [[[(] for general semimartingales, and (c)
(r =1) is also well known because V'(f) is then the variation process of X.

The next LLNs are obtained after centering or normalization. For the first one we
need to introduce the process

S(fyin) = (fbn) * (= v) + (F(1 = tby) % ps, (2.13)

which is well defined for 1 € (0, 0] as soon as f2 € £” for some r € I, and also for 1 = oo
if further f is bounded (it is then a locally square-integrable martingale).

Theorem 2.3 Assume that X is quasi-left-continuous. Let f € E' N C% for some r €

(1,2). Then V"(f) — (fi/},]) L E(f.1y) if n < oo, and also if n = oo when f is
bounded.

Theorem 2.4 Assume (H). Then:

(i) A V™ () =5 fo Pon (9)du if g is a continuous function, in € when X is continu-
ous, and with g( )/x? — 0 as ]w\ — 00 otherwise.

(i1) Arlfr/QV"(f) =% m, ch/Qdu if f €& andr € (0,2).
(iii) V"™ (w, o) ““5 Cy for all w € (0,3) and a > 0.

Remark 2.5 Theorem P.3 is an LLN because the convergence holds in probability, but
it can also be viewed as a CLT since the limiting process is a (local) martingale as soon
as f is bounded and n = cc. 0

Remark 2.6 Theorem P.3 overlaps with (i) of Theorem P.9, but in the overlapping cases
the two are of course consistent. When Theorem@ applies and Theorem fails, there
is t > 0 such that both sequences (V"(f);) and (H" (fy);) are not tight.

When 7 € (1,2) and f € E:NC*, Theorems .3 and B-4-(ii) also overlap: an equivalent

way of writing the later is Al r/2 (V™ (f) —Fn(f)) == 0 (see the proofs below), so
Theorem .3 in this case is the CLT associated with the LLN of Theorem R.4-(ii) in a
sense, or perhaps rather as a ”second order” LLN because the convergence takes place in
probability. a



Remark 2.7 The reader will note the - different - assumptions in the last two theorems.
Theorem P.d probably fails if X is not quasi-left continuous. Theorem P.4 just makes
no sense if (H) fails (or rather, if the second equality in (B.9) fails), and the quasi-left
continuity is by no means enough for it. a

2.4 The central limit theorems.

The various CLTs below involve stable convergence in law, for which we need some in-
gredients. Consider an auxiliary space (€, ', ') supporting a d-dimensional Brownian

motion W = (W”);<;<4, two sequences (U,) and (U}) of N'(0, 1) variables, and a sequence
(k) of variables uniformly distributed on (0, 1), all of these being mutually independent.
Then put

Q=0xQ, F=FoF, P=PaP. (2.14)

and extend the variables X;, by, ... defined on Q and W, Uy,,... defined on Q' to the product
Q in the obvious way, without changing the notation. We write E for the expectation
wrt. P. Finally, denote by (7,),>1 an enumeration of the jump times of X which are
stopping times, and let (ﬁt) be the smallest (right-continuous) filtration of F containing
the filtration (F;) and w.r.t. which W is adapted and such that U, and U/ and &, are
ﬁTn—measurable for all n.

Obviously, W is an (ﬁt)—Brownian motion under P, as well as W, and W’ under (L-2),
whereas p is still a Poisson measure with compensator v for this bigger filtration. The
dimension d of W is the number of processes for which we want to have a joint CLT in
Theorem below, in the other theorems we have d = 1 and we then write W =W.

The limiting processes we obtain below are of the form Y = (Y7);<;j<4 with Y;j =

Zi:l fg g3k dWZ for suitable (F;)-adapted d x d-dimensional cadlag processes (6;), or the
sum of Y; plus a process of the form

Z(g) = Y 9(AXr) (@ U, o1, +/T—rp U, UTP>, (2.15)

p: Tp<t

for some function g € €. As we will check in Lemma below, this formula defines
a semimartingale on the extended space, whose conditional law w.r.t. F depends on the
processes X and ¢ (or o) but not on the particular choice of the stopping times T,,.
Moreover, again conditionally on F, the two processes Y and Z(g) are independent and
are martingales with variance-covariance given by

EQV/YF|F) = [(0.05)" du

~ (2.16)

E(Z(9)7 | F) = Clgh == X, 1,0 9(AX1,)* (e, + 5 Acr,),
where 6* is the transpose and Acr, is the jump of the process (¢;) at time T),. Moreover,
conditionally on F, Y is even a Gaussian martingale, and Z(g) also as soon as the processes
X and ¢ have no common jumps. This will also be checked later.



Now we state a variety of CLTs, related with some of the LLNs given above, although
the picture is far from being complete. As said before, Theorem .3 is already a CLT in a
sense, and we start with a result extending this theorem to the case r = 1. The other CLT's
are related to Theorem P.4 and with a special case of Theorem R.2-(a), with unfortunately
some unwanted restrictions. We complement these CLTs with some “tightness” results, in
view of applications. Finally we will end up with a multidimensional CLT which contains
the previous results and is complicated to state, but which probably is the most useful
result for practical applications, at least for those we have in mind.

Theorem 2.8 Assume (H). Let f € E{NC%" andn < oo, orn = oo if f is bounded. Then
L—(s __
V" (f)—H (fl/)n) ( E(f,wn)t—i—\/mg—m% fotau dW, (note that mo—m? = 1-2/7).

Theorem 2.9 Assume (L-s), and let g be an even C¢ function on R.
(U ﬁ <A vm t - fo Pau ) fo \/Pau Pau( ))2 qu if s <1;
(i) AV'™(g t_fo Pou(9)du = 0py(An~ 5/2 ) otherwise.

When X is continuous, we have (i) under (L-2), as soon as g is C' and even and ¢’ € £.

Theorem 2.10 Assume (L-s) and (H’), and let f € &, for some r € (0,1].

(1) \/—(Al T/QV”(f)t—mr Ot Z/2> gLy /Moy — m? 01502/2 dW, if either s < 2

and r <1, 07’3<S<1(md1 V33783+ <r<l1;

(2—s)(1+r)(2—7)

(i) A}L_T/QV"(f) — my fo il = opy (A st 6) for all e > 0, otherwise.
When X is continuous, we have (i) under (L-2) and (H’) when r € (0,1], and also under
(L-2) only when r > 1.

Theorem 2.11 Assume (L-s), and let w € (0,3) and o > 0. Then

(i) F(V”"(w a)y—Cy) —> gy \/_fo cy AWy if s < 4521 (hence w > 1 and s < 1);

(ii)) V" (w,a); — Cy = Opu(A(2 il “) otherwise.
Theorem 2.12 Let f be a C' function on R.

(i) Under (K), and if f is C* on a neighborhood of 0, with f(0) = f'(0) = 0 and
f"() = oll]) as x — 0, then A= (V*(1) = V(D) =5 Z(f) (with V() = fxp)

(i1) Under (L-2) and if f € & we have \/1AT V™(f)e — V(f)g")) £
V2 [ ey AW, (with V(f) = C + f % p).

Z(f)e +

Remark 2.13 We do not have stable convergence in law of the processes \/LAT (V™(f)—
V(f):) in the last theorem, and not even mere convergence in law, because of some pecu-
liarity of the Skorokhod topology. However these processes converge finite-dimensionally
stably in law to the limits described above. a



Remark 2.14 The limiting process in (ii) of Theorem looks pretty much like the
limiting process obtained in [ for the error term in the Euler approximation of the
solution of SDEs driven by Lévy processes. This is of course not just by chance ! O

Remark 2.15 Suppose that f = h,. We have a CLT for V"(f) in the following cases :

e if 7 < 1, in Theorem P.9 (subject to some - perhaps unnecessary - restrictions on the
value of s for which (L-s) holds), after normalization and centering;

e if = 1, in Theorem P.§, after centering;
e if 1 <r <2, in Theorem R.3, after centering;
e if r =2 or r > 3, in Theorem PR.13, after normalization and centering.

When 2 < r < 3, there is no CLT, at least with the natural centering of the associated
LLN, although a CLT with a more adequate centering might exist: see [§] for a more
thorough description of this fact when X is a Lévy process. O

Finally, we give the announced multidimensional CLT, in which we consider compo-
nents as in Theorems R.9, R.10, .11 and .13 Below we have a d-dimensional process
and the index set {1,...,d} for the components is partitioned into five (possibly empty)
subsets J;. We consider the process Y" = (Y”’j )1<j<d having the following components :

' ¢
ojcJi = Y =AV"(fj) —/0 po.(fj)du, where f; is CZ and even;

ojct = y;"vj _ A}L—T(J)/QV"(fj)t — M) /t UZ(j)/Qdu, where f; € Er(j)
for some r(j) € (0,1) in general ?)r r(j) € (0,00) if X is continuous;
ojcJs = Y =V"(wj, a;)— Ct,
where ; € [1/4,1/2) and «; > 0; we then put r(j) = 2;
ojcJy = Y™ =V"f)-V(f;)™, where fjis C', and C? on a neighbor-
hood of 0 with f;(0) = f}(0) = 0 and f}(z) =o(|z]) as x — 0;
ojcJs = Y™ =V"(f)- V(fj)("), where f; € £ N Cl; we then put r(j) = 2.
Theorem 2.16 With the previous setting, we assume (H’) if Jo # 0, and (L-s) for some
s € [0,2] satisfying
J1#£0 = s<1,
Jo#0 = eitherOSsﬁ% 0r§<s<1and 1_7%%<infjehr(j),

J3?£@ = S<infj€J34%;.
Then —— Y™ L_—(S) Y, where
VAR ’
t pik ik . .
> ke nusugsuds Jo O AWy, if jeJiUJUJs
Vi =4 Z(fih if je (2.17)
t njk ok . .
Z(fjl)t + ZkeJlnguJ3UJ5 fo O aw,, if j€Js,

10



and where 0 = (ejk)j7k€Jluj2uJ4 is an (Fy)-adapted cadlag process whose square 00* is the
symmetric matriz characterized by

pUt(fjfk) - pUt(fj)pUt(fk)’ ja ke J1
007" = 3 (Magynry — Maymagey)ey P Gk e U U (2.18)
pOt(hr(j)fk‘) _pOt(hr(j))pat(fk)a JE€ S UJ3UJ5, ke Jp.

When X is continuous, the same holds under (L-2) and (H’) as soon as the f;’s for j € Ji
are C* and even with fi € & and r(j) € (0,00) for j € Ja, and one can relax (H’) if
r(j) > 1 for all j € Jo.

(It is easy to check that the right side of (P.1§) is a positive symmetric matrix indexed
by J; U Js U J3 U Js, so it has a “square-root” 6;).

3 Theorems and

3.1 Proof of Theorem 2.2.

The idea of the proof is the same as in [E], but the details are slightly more involved, so
we give a complete proof.

Step 1. If f satisfies any one of the conditions in (i) the process f x v is in V, hence

V(f) = f*p as well. In view of the convergence V()™ =5 V(f) it is clear that (ii)
implies (i-a) and (i-c). Below, we use the notation

ZM(f) = V(f) = V(™. (3.1)

Step 2: Here we prove (i) and (ii) when f € C%" vanishes on a neighborhood of 0, say
[—2¢, 2¢], hence V(f) = f x p. For any fixed € > 0 we set :

e 51,59,--+ are the successive jump times of X with |AX;| > ¢, )
o R, =AXg,,
i X(E)t = Xt - ($1{|m|>€}) * Uy = Xt - Zp: Sp<t RP’ (3 2)

e R' = A7X(e) ontheset {(i —1)A, <Sp <iA,},
e O, (T,e) is the set of all w such that each interval [0,7] N ((i — 1)A,, iA,,]
contains at most one Sy(w), and that |A? X (¢)(w)| < 2¢ for all i < T/A,,.

All these depend on ¢ of course, and §2,,(T,¢) —  as n — oo.

Recalling f(z) = 0 when |z| < 2e, we see that on the set §2,,(T,¢) and for all t < T,

o 2= D IF(By+ By — f(Ry))], (3-3)

p: Sp<An[t/An]

Since f € C% there is a null set NV such that, if w ¢ N, then f is continuous at each point
Rp(w), whereas R)'(w) — 0, so v(Z"(f))r — 0 when w ¢ N. Hence (ii) is obvious (we
even have almost sure convergence).

11



Step 3: Here we prove (ii) in case (c), so we assume 1 € D and C' = 0. As said before,
X €Vand v(X — Xg) = V(h1) (recall (R.)), and it is well known that V" (h;); converges
pointwise to V(hy);. Then Z"(h1); — 0 and, since Z™(hy) is a nonpositive decreasing
process, we in fact have v(Z"(hy)); — 0 for all ¢.

Now let f € & NC%. We have |(f — hy)y,| < eyhi, where £, — 0 as 7 — 0. We have

o(Z2"(f)) < (L+ep)o(Z2"(h) + (2 ((f = h)(1 = ¢y))) + pV ().

The first two terms on the right go to 0 a.s. by the above and Step 2, and V(h;) is
finite-valued and &, — 0, hence the result.

Step 4: Here we prove the remaining claims (ii-a) and (i-b), assuming that
2" (hptpy) 55 0 (3.4)
in the relevant cases: that is either r = 2 (hence V' (hotoy) = C'+ (hathy)*p), or r € IN(1,2)
and C =0,o0r 7€ IN(0,1) and C = B =0 (so V(haty) = (hat)y) * 1 in these two cases).
Assume f € &' N C%. Then |fi,| < eyhat)y, with e, — 0 as  — 0, and thus

v(Z2"(f) < u(Z(f(L =) + e4(1 2" (hatoy)| + 2V (hathy))-

The first term on the right goes to 0 a.s. by Step 2, so (B.4) and ¢, — 0 and V (hat)y); < 00
give (ii) in case [a-1]. When f € £/"NC% and 1 € T and C = 0, the same argument with
h1 instead of hy works (use Step 3), and we have (ii) in case [a-3].

When f € £/'NC% with r < 2, we have | fi),| < Kh,1, for all n small enough, hence

v(Z"(f)) <o(Z"(f(L =) + K[Z"(fribn)]| + 2K (friby) * -

The first two terms on the right go to 0 in probability by Step 2 and (B.4), and the third
term goes to 0 as 7 — 0 because r € I. So we have (ii) in cases [a-2] and [a-4].

Finally let f € E,NC%, so |(f — ha2)¥y| < eyhathy, with e, — 0 as n — 0, and thus
1Z"(N] < o(Z"(F=4y))) + (1 + &) 2" (hatpoy)| + ey + V(ha),

and we conclude (i-b) as above.

Step 5: We are left to prove (B.4). In other words, it is enough to prove that if f is C?
outside 0, with compact support and f(x) = |z|" around 0, and when either » = 2, or
l<r<2and C=0,0or 0 <7 <1and C =B =0, then we have Z"(f) =% 0. Set

g(x,y) = flx+y) — f(@) = fly) — k(@) f'(y), kx,y)=flz+y)—flz)-fly)

with the convention f/(0) = 0 if » < 1 (otherwise, f’(0) is the derivative of f at 0, of
course). Recall that V(f) = fxpu whenr <2and V(f) =C + fxpifr =2.

Define the process Y™ by Y" = X; — X(;_1)a, for t € [(i — 1)A,,iA,]. 1td’s formula
when r = 2 and its extension as given in Theorem 3.1 of [[] when r < 2 give us

/4] /4]
ZMfe= Y (J(YGK,) = AIV(H)) = D (A} + M),
=1 i=1
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where (recall that C = X¢ =0 when r < 2 here, so f” does not occur below in that case)

\

Jitn s, (PB4 (5 f/(Y) — 1)dCy)
A = —i—f(l ha, Jro(@ Y )v(ds,dx) i 1<r <2

fz 1AnfR (z, Y2 )v(ds,dzx) if 0<r<1, (3.5)
MP = (248, FOE)AXE + [(20) 8, Jo k@ Y ) (i — v)(ds, de).

In other words, Z™(f) = A(n)™ + M(n)™, where

A = { JE(F B, + (X /(YD) = 1)dCy) + gla, Y kv i 1 <7 <2

(3.6)
E(z,Y™) x 1y it 0<r<1,

M) = [ J02 XS + b V)« (u= 0

In particular M(n) is a locally square-integrable martingale, whose predictable bracket
(M(n), M(n)) is such that A’'(n) — (M(n), M(n)) is non-decreasing (see Theorem I11.1.33
of [[]), where

An)=fFf Y™ eC+k(z,Y")? xv, (3.7)
Step 6: At this stage, it remains to prove that A(n) —= 0 and M(n) =% 0, and for the
last property Lenglart domination property (Lemma 1.3.30 of [f]) it is enough to prove
Al(n) =20.

Suppose first that 1 < r < 2, so the function f is C,} and f’ is Holder with index r — 1,
and f(0) = f'(0) = 0, hence |k(z,y)| < C¢1(x) and |g(x,y)| < C¢,(x), and obviously f'(y)
and k(z,y) and g(z,y) all go to 0 as y — 0 Moreover if r = 2 we also have %f”(y) —-1—-0
as well. By the assumption that r € I we have ¢, xv; < 0o, and a fortiori ¢2 x v < oo, for
all t > 0. Since V" — 0 as n — oo, we deduce from the dominated convergence theorem
and also from the property C' = 0 when r < 2 that sup,«, |A(n)s| and sup,<, A'(n)s both
go to 0 pointwise, and the result is proved. - -

Second, assume that r < 1. Then |k(z,y)| < C¢é,(z), and again k(z,y) — 0 as y — 0.
Then we conclude as above. O

3.2 Some consequences.

Now we derive some “technical” consequences of this basic result.

Lemma 3.1 Suppose that the pair (X, f) satisfies one of the conditions of Theorem [2.3-
(i), and also that f is bounded. Then we have:

(i) H'(f) = Opu(1).

(i) If X is quasi-left continuous, H (f) ““5 H(f), where H(f) is the (continuous)
predictable compensator of V(f), that is H(f) = f v in case (a), and H(f) = C + f xv
in case (b), and H(f) = v(B) + f *v in case (c).
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Our conditions imply that |f|* p is finite with bounded jumps, sof * v is well defined.
We cannot hope for (ii) to be true if X is not quasi-left continuous. In general, H (f);
goes to H(f); for any ¢ which is not a fixed time of discontinuity of X, but the convergence
is for the weak o(IL',IL.>°) topology on L!: so it is not likely to be really useful !

Proof. First we observe that if f satisfies the assumptions of case (a) of Theorem P.J,
then the functions f, f~ and |f]| satisfy the same; when f satisfies the assumptions of
cases (b) or (c), then fT and |f| satisfy the same, whereas f~ € £'NC%". So it is enough
to prove the result when f > 0.

Under our assumptions, the increasing processes V(f), H(f), v(B), C and ¢o x v are
locally bounded. So there is a sequence T}, of stopping times increasing to infinity, such
that we have identically

V(f)r, + H(f)1, +v(B)1, + C1, + 2 % vp,+ < K. (3.8)
Set H™P(f), = S8 HMP(h) and H™(f) = EP , (f(ATXT)). We have

E <SUP ’Fn(f)s - Fn,p(f)s‘ 1{Tp>t}>

s<t
[t/An]
<SE| Y LnsenanBl (F(AFX) - f(ATXT)))
i=1
[t/An]
SKE| D Yps-nan Pla(Ty <ida) | < KP(T, <),
=1

where the second inequality above follows from 0 < f < K. Hence we readily deduce the
following implications from the fact that P(7, <t) — 0 as p — oo for all ¢:

H"(f)y = Opu(1), Vp = H"(f): = Opu(l), } 59)
Fmp(f)t - H(f)t/\Tp7 Vp = Fn(f)t =% H(f)r -

Therefore for (i) (resp. (ii)) it is enough to prove the first (resp. second) left side property
in (B.9). Equivalently, it is enough to prove the results when X is such that (B.§) holds
for Th = 0o. So we proceed to proving (i) and (ii) under this additional assumption.

(i) Set Sy 4 = inf(t : V*(f); > q), hence

n

E(H"(f)s.,) =E(V"(f)s.,) < ¢+ K1
Now, V"(f): RN V(f): < oo for all ¢, hence
lim sup P(S,,<t)=0. (3.10)
q—00 n

Combining these two properties gives the tightness of each sequence (H' (f)¢)n.
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(ii) Recall the following property, known as the “approximated Laplacians” property,
holds because V (f) is quasi-left continuous, see e.g. [LJ)):

[t/An]
H'(f)e= Y Er(ATV() =5 H(f), (3.11)
=1

(in [[3] the convergence is for each ¢, but it is also u.c.p. because both sides are increasing
in ¢, and H(f) is continuous).

Now we prove the result in cases (a) and (c) of Theorem R.3. By (ii) of this theorem
we know that v(V"™(f) — V(f)™), L, 0 for all t. By hypothesis V(fleo < K, so if
Sh.q 1s like in (i), we have E(v(V"(f) — V(f)(n))t/\sn,q) — 0, and a fortiori E(v(H " (f) —

F’n(f))t/\sw) — 0. Since (B.I() holds, we deduce the result from (B.17).

Finally we prove the result in case (b). Using the notation of Step 5 of the proof of
Theorem P.9, we have
=11
H(f) = APH (f) + Ei_1 (A7).
Then in view of (B.I1)) it is enough to have E(v(A(n)o) — 0 (recall (B, here r = 2). But

since v(B)so, Coo, and ¢ * Voo are bounded, this is proved exactly as A(n) == 0 in Step
6 of the proof of Theorem 2.3. a

Lemma 3.2 Assume C =0, and let s € IN[0,2]. Let f € E™ for some r > 0. Then

OPU(AZ/SA) if r<s, s>1
H'(f) = Opu(A5Y) ifr<l, s<l1 (3.12)
Opu(1) if m>s\/1.

Proof. There is a function f, € £2 N CY such that |f| < f,. Since [H " (f)| < H (f,) it is
enough to prove the result for f,. Set s’ = s\/ 1, which is in I N[1,2].

When r > ' we have f, € EY'NC%ifr > 2, and f, € E&NCYif r =2, and f, € E//,NC°
ifl<r<2 and f. € ENCYif r =1, and r € I always, so f, is always in one of the
cases of Theorem R.2, and the result follows from Lemma B.1.

When r < ', Holder inequality yields for all € > 0:

A}L—r/s’ﬁn(fr)t < tl—r/s’ <F"((frwe))5//7’)t) /s + A}L_T/Slﬁn(fr(l - ¢6))t-

Since f,(1—1.) € EY*NCY, by Lemma B.1] again the last term above goes to 0 in probability
for any e > 0 because 7 < s. Since (fn1).)*/" € E% N C° we deduce as above, from Lemma
B.1 again, that the first term on the right goes to /5 (frap)¥ " x vy if 8 > 1 and to

/e ((frlz)e)sl/r * Vg + ’U(E)t) if ' = 1. Now, (fr1:)*/" 1y — 0 as e — 0 because s’ € I.
Then we obtain the first and second properties in (B.19). 0
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3.3 Proof of Theorem 2.3.

Let f € &/ N C% with r € (1,2). Let n € (0,00), or n = oo when f is bounded: in all
cases the process X(f, 1) is well defined.

Sk.p.

For any ¢ > 0 we have f — fi. € EF' N C%, so V(f — fib.) =2 (f — f1b)  u by
Theorem -3 and H' (f1b, — fib:) “=% (f(1by —e)) % v by Lemma B-J. Therefore, as soon

Sk.p.

as e <1, V(1 =) — H (f(1 —be)iby) == S(f(1 — ), y). Moreover it is obvious
that X(f(1 — v:),¢,) = B(f,v¢,) as ¢ — 0. Hence in order to prove the result it is
enough to show that if M™(e) = V™*(fip.) — H (f1.), then we have

t>0, p>0 = lim limsup P(sup|M"(e)| > p) = 0. (3.13)
e—0 n s<t

Now the process M"(¢g) is a locally bounded martingale w.r.t. the filtration (F}' =
FAnjt/An))t>0, and its predictable quadratic variation is

[t/An]

Ce)e = (HP'(fve)*) — (HP (fv2)?) < H'((fve))e.

i=1

Observe that (fi.)? € Y N C%%, whereas 2r > 2. Then H' ((fv.)?) “2 (fv.)? x v by
Lemma B.1], hence

t>0,p>0 = lin% limsup P(C"(e): > p) = 0. (3.14)
e—

n

By Lenglart inequality it is well known that (B.14) implies (B.13), and we are done.

4 Theorem 2.9

4.1 Technical consequences of (H).

The assumption (H) is ”local”, in the sense that it does not require any integrability
assumptions (in w) on the characteristics. However having “locally bounded” replaced by
“bounded”, for example, simplifies a lot of technical problems. This is why we introduce
“global” and apparently much stronger conditions:

Hypothesis (SH): We have (H), and the processes (b;), (¢;) and (Fi(¢2)) are bounded
(by a — non-random — constant), and the jumps of X are also bounded by a constant. O

Next, we introduce a number of notation, for which we assume (H) and heavily use o,

as in (P-10). Recall X’ = X — X — X*:

n i
Xi" = \/lA_n f(iq)An (05 = 0(i-1)a,) dWs
Bl =005, ATW/VAL, X =X+ e ATX (4.1)

Y
Pi = Pog—iyan,
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In particular, A?X = x! + . It is obvious that (SH) implies for all ¢ > 0:

2
B (18719 < Koy B (X9 < K, B (JARXY]7) < K,AY
KqA,ll/\(q/Q) in general
K,AY if X is continuous (4.2)

E” (Ix??) < { KqA;(l—q/m* in general
11— 7 -~

K, if X is continuous

B (A7 XI|) <

Lemma 4.1 Under (SH) we have

[t/An]
A, Z (p2(x)) =% 0. (4.3)
Proof. For any ¢ € (0,1] we write X’ = N(g) + M(e) + B(e), where

N(e) = (#lqjap>ey) x 1, M(e) = (@lyjz<ey) * (= v),  B(e) = B = (k&) Ljz>e}) %V

We also set
1 1Ay
W) = 3 B ( [ ¢z<x>Ft<dx>>,
n (i—-1)An {\x\ﬁy}

which is increasing in y with 7/'(y) < K by (SH). Then
P1(ATN(e) #£0) < Ke?A,,  ER G ((ATM()?) < Anyf'(e),  |APB(e)| < KAze™

(use Tchebycheff inequality for the first and last estimates). We also have

1 1Ay
P = A= A i1 (/( oA (0w — 0(i—1)a,)? du) :

The following is obvious:
$2(X7) < Liann(eyzoy + 317 + 385 (JAT M (e)] + BAL AT B(e) ),

Then if we take e = ¢, = A%L/ * we deduce from the previous estimates that

EP | (p2(x) < KN/ Ap + Ky 4+ Ky (ep). (4.4)
Now, observe that
[t/An] ¢
i=1 T1SEn

(SH) implies that for each (w,u) the middle parenthesis in the right side above goes to
0, while staying bounded by a constant, so by Lebesgue’s theorem the left side goes to 0.
Plugging this into ({.4) immediately gives ([.J). O
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Lemma 4.2 Under (SH) we have for all f € & and all p > 0:
[t/An]
lim lim lmsup P| S Eg_l(( Flbe — 1, m))Q(AgX)) >p| =0 (45)
n —1

e—0 A—oo

Proof. We have |f(z)| < K|z| for |z| <1, so as soon as AVA,, <¢e/2 < 1/4 we have (by
singling out the two cases |z| < |y| and |z| > |y]|):

|f(We =Vaya )@ +y) < Klo[laya, pcpp<ss + Klylaya, p<iyi<se
< Klz|(Yse = Yaya, 2) (@) + Kly[(Yse = daya, 2)v)-
Hence it is enough to prove ([.3) for f = hy, and separately for X¢ and for X’. First, by
(E2) we have
KA,

AT XP (e — 450 (ATX) < B (AT X Pl e ayam) < g
and (L) for hy is then obvious for X¢. Second, we have

[t/AR] [t/AR]

> EL (187X (e = waya,H(AIX) < > EL (2w (a7x7).

Lemma @ applied to X = X’ (note that f1). is bounded) yields that the right side above
converges u.c.p. to (g ) x v, and the later goes to 0 as e — 0: this shows ([L.J) for X'. O

Lemma 4.3 Under (H) we have A, ZWA”] pi(g) =5 fo po.(9)ds if g € € is continuous.

(The continuity of g is much too strong for this, but the above result is enough for us).

Proof. The process o is cadlag, hence the function s — ps(g) = E(g(osU)) is also cadlag
by Lebesgue’s theorem. The result is then obvious by Riemann approximation of the
integral. a

Lemma 4.4 (i) Under (H) any even function g in €& we have

im1 (AfN g(67)) = 0 (4.6)
for N =W and for all N in the set N of all continuous bounded martingales which are
orthogonal to W .

(ii) Assume (SH), and let g € £ be continuous. If further ¢ > 0, and g(z)/|x|[*/9 — 0
as |x| — oo when X is not continuous, then

[t/An]

A 3 EL 1 (|oarxv/an) - g3
In particular, provided g(x)/x? — 0 as |x| — oo whenever X is not continuous, then

AT (g) % /Oposaq)ds. (4.8)

q) e ), (4.7)
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Proof. (i) When N = W, we have A?Ng(3}') = h(0(-1)a,, A} W) for a function h(z,y)
which is odd and with polynomial growth in y when g is even, so obviously ({.6) holds.
When N € N, ([.6)) is proved in Proposition 4.1 of [f.

(ii) Since EI ,(g(B8")) = p"(g), (E) readily follows from (f7q) for ¢ = 1 and from
Lemma [£.3. As for (.7), it amounts to the AN property of the array (¢/") defined as

follows:
G = AGER (1G9, = g(ATX/VA) — g(8))

We first prove this result when g(z)/|z|?/¢ — 0 at infinity. Set G 4(¢) = sup(|g(z+y) —
9@+ lal < A, |y] < &) and Ha = supjyps 4 lg(@)|/Jol?'0 and Ly = supcs lg(a)]. We
have G4(e) — 0ase — Oforall A, and H4 — 0as A — oo, and L4 < oo for all A, and also
lg(z +y)| < Lp+ K,Hg(|z|*/7 4 |y|*>/9) for all B > 0. Then, since A?X//A, = 8 + X7,
and with the notation W = A?W/+/A,,, we obtain for € € (0,1], A, B > 0, and if [o] <T*:

671 < K (Gae) + Hp (I + [TW ) + Lo (Lgwpis amy + 27 6214(0)) ) -
and thus by using ({.9),
(" < KA, (Ga(e)! + Hp + LEP(IU| > A/T) + LEe Bl (d2(x]))) -
Therefore if we use (f.3) we get

[t/ An] [t/An]
Z " < Kt (Ga(e)?+ Hfy + LEP(U| > A/T)) + KLEAe? D EX 4 (¢2(x)))
=1

2 Kt(Gale) + Hy + LEP(U| > A/T)).

Then we take B such that Hp is small, then A such that LgP(|U| > A/T') is small, than
e such that G4(e) is small, and we deduce that the array (¢/") is AN.

Finally when X is continuous and g is of polynomial growth, we have H4 = oo, but
since now X7 = x;* we can use the estimate |g(z)| < K (1 + |z|P) for some p > 0 to get

€71 < K (Gale) + (14 1P+ W2P) (Lgwpsamy +27 1))
hence by Holder and ({.9) we deduce
1
"< KA, (GA<e>q + (B(U| > A/D)Y2 + B(UPLgupsamy) + 2 (B (X" 2))”2) .

Then we may conclude as above, using Lemma 7.8 of [[l] instead of ({.4). 0

4.2 Proof of Theorem 2.4.

This theorem is a consequence of the following two lemmas: the first one proves the result
under the stronger assumptions (SH), the second one is a standard localization procedure
giving the results under (H).
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Lemma 4.5 Theorem [2.] holds under the assumption (SH).

Proof. (i) If g € £ is continuous, the process

[t/An]

9 =280 Y (9081 = 02 (9)):
=1

is a square-integrable martingale w.r.t. the filtration (F;" = fAn[t/An])tEO, and its pre-
dictable bracket is A2 >°7] [t/ ] <p§‘(gz) - p?(g)2> < KtA,. Hence V"(g) “=5 0 and we
deduce from Lemma [.3 that

[t/An] t

A, Z == | pulg)du (4.9)

If further g(x)/2* — 0 as |x| — oo, or if X is continuous, we can apply (7)) with ¢ = 1
to deduce via Lenglart’s inequality that

[t/An]

A, Z( (ATX/\/A,) — ) wer .

Combining this with ({.9) gives (i).

(ii) We have A;T/QV"(hr) =V"(h,). If f €&, for all € > 0 we also have |f — h,| <
ehgr + Ke(1 — 1. )hy, for some constants p > 2 and K. > 0, hence

ALTPVNS) = AV ()] < AV () + ATV < )hy). (410)

On the one hand (1 — ¥:)h, € £ N CY, so Theorem R.4 and r < 2 yield A}L_T/QV"((l -
Ye)hy) % 0. On the other hand A, V'(h,) % m, fg /% du by (i). Since € > 0 is
arbitrarily small, we deduce (ii) from (§.10).

(iii) For any 0 < ¢ < A < oo we have 24v/A,, < A7 < ¢ for all n large enough, and
if this holds we have

AV (hotpa) < V™ (w0, ) < V"™ (hat)e). (4.11)

Since haot)4 is bounded continuous, (i) implies that the left side above converges u.c.p. to
V'(A), = fot Po,(h2104) du, which in turn increases (u.c.p. again) to Cy as A — oo. The
right side of (JE11)) has jumps smaller than 4e?, and since hgtp. € & N CP it converges
in probability for the Skrokhod topology to C + (hat)) * i by Theorem P.3-(b), whereas
C + (h2t)e) * v decreases u.c.p. to C' as € — 0. Then (iii) is obvious. 0

Lemma 4.6 If Theorem holds under the assumption (SH), it also holds under the
assumption (H).
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Proof. (H) implies the existence of a sequence of stopping times T, increasing to co and
such that the three processes (bt), (¢;) and (Fi(¢2)) are bounded by a constant K, for all
t < T, and also such that |[AX| < p for all s < T}, (note that we usually cannot find T,
as above, such that |[AXr,| < p). Then the process

X(p)e = Xo+ Bipm, + Xipg, +ax (u=v)ipT, + (K (2)1{a1<p)) * e p T,

(compare with (R.4)) satisfies (R.9) with b(p); = bily<r,y and c(p)y = cly<r,) and
F(p)i(dz) = 14/<py - Fi(dr)l<r,), and also [AX(p)| < p by construction: hence X (p)
satisfies (SH).

By hypothesis, for each p the processes A, V(X (p);g) in (i) converge u.c.p. to

fg Po(p). (9)du = fot/\T” Poy(9)du. Since we have V'™(X (p;g) = V'™(X;g): for t < T,
whereas T), T oo, we readily deduce the result for (i). For (ii) and (iii) it is proved in the
same way. a

5 Proofs for the CLTSs

5.1 Technical consequences of (K), (L-s) and (H’).

Exactly as for Assumption (H) which was strengthened into (SH) for technical reasons,
we need to strengthen (K), (L-s) and (H’) as follows :

Hypothesis (SK): We have (K) and (SH), and the functions v, = v do not depend on
k and are bounded. O

Hypothesis (SL-s): We have (L-s) and the processes (b;), (¢t), (b), (o¢), (0}) are
bounded, and the functions v, = «v and 75 = 7 do not depend on k and are bounded. O

Hypothesis (SH’): We have (H) and the process (¢;) is bounded away from 0. O

Now we proceed to derive some consequences of these assumptions, except that the
first result, used for Theorem P.§, needs (SH) only.

Lemma 5.1 Assume (SH). If f € & we have for all p > 0:

[t/An]

lin(l) limsup P Z E? , <‘f(A?X)1/)€(A?X) — VA, B
e n i=1

2> >p| =0. (5.1)

Proof. Suppose first that f = hy. Observe that for any A > 0,

FARX)p(A7X) — VB, B

3
<3 rAed),
N
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where, with the notation g4 = fi 4,
((A,5,1) = 1f<A’;X><w6<A’:X> — Yaym) (AT X)|

Cin(A7€72) = AnX/\/_ gA Bn
('(A,e,3) = = VA 87| (1= va(B)).

Then it is enough to show that

[t/An]
lim lim limsup P Z Er ((CM(Ae, ) >p| =0 (5.2)

e—0 A—oo

for all p > 0 and j = 1,2,3. Now, (5.9) for j = 1 is exactly (f.§), and (p.3) for j = 2
follows from (.7) applied to g4 (which is bounded continuous) and ¢ = 2, and (5.9) for
j = 3 immediately follows from ([£.2).

Finally when f € &7, in order to get the result it suffices to prove that the array

) = ([ - myap)

v(arx))’)

is AN, for each ¢ > 0. We have |(f — h1)Ye| < n-¢1 with . — 0 as € — 0, hence

[t/An]

E ZC" <2 Hy (¢2),

and the result follows from Lemma B.1. 0

Note that under (K), resp. (SL-2), Equations (R.11) and (R.12) take the form

t t
X = Xo+ / b.ds + / s dWs + 0 % (1 — v)y, (5.3)
0 0

¢ t t _
oy =09+ / b.ds + / osdWs + / oldW! 4+ 6% (u— v)y, (5.4)
0 0 0 o

where b, = by + [ £'(6(¢,z)) dz and b= by + J K/ (8(t,z)) dz are bounded.

The key result is that, under appropriate assumptions, the convergence in ([.§) holds
with a rate 1/v/A,. This has been shown in [[]] when X is continuous, i.e. § = 0, but in
general we need some estimate on the increments of the process 0 x (1 — v). However we
start with a result proved in Section 8-2 of [[l], for which the process § plays no role:

Lemma 5.2 Assume (SL-2) and let either g be differentiable with ¢’ € €, or g € € and
(SH') hold. Then k= (S8 Ap(g) = J3 po.(f)ds) =% 0.
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Now we fix a sequence g, in (0,1), going to 0 and to be chosen later, and we put
E, ={x :v(x) > e,}. Recall that t — d(w,t,x) is left continuous with right limits, and
we denote by 4 (w,t,z) the right limit at time ¢. Then we set

1) = o f(’f; A, Jpe 8(v,2) (1 = v)(dv, dx)
Ci"Q = \/Ef HAn fEn‘SJr (i — DA, x)v(dv, dx)

)=
)

3) = rfzmnfEn 0,2) = 84 (i — 1) A, 2)) (o, d) )
)=

f(z ha, Jg, 0(v, z)p(dv, dz),

We denote by F{" the o-field generated by F(;_1)a, and the variables (W, : 0 < u <iA,,).

Lemma 5.3 Assume (SL-s). The function vs(y) = f{wzv(ﬂc)<y} v(z)*dx is bounded in-
creasing and goes to 0 as y — 0, and we have for r € (0,1] and a > 0:

E (¢M'(1)? | FI") < Ke2*y4(en), (5.6)
CH2)] + ¢ 3)] < KA, eV, (5.7)
E (ICM4)]" | F) < KA 26 (5707 (5.8)
E (1) \a | F") < Kadge*. (5.9)

Proof. Obviously [("(2)] + [¢7*(3)] < 3VA, fEn v(z)dz, hence Tchebycheff’s inequality
yields (5.7). Next, conditionally on F;”, the measure p restricted to ((i — 1)Ap,00) X R
is still a Poisson measure with intensity measure v, because p and W are independent.

Hence
and (p.q) follows.

Finally [("(4)| < Z := \/E fZA" A, fEn x)p(dv, dx), and Z is independent of F;"
and is a compound Poisson variable. More spemﬁcally, if nn = [ 1g, (z)dz, then Z is the
sum of N i.i.d. variables Y; with E(f( f B, x)/vAp)dz and N is mdependent

of the Y;’s and Poisson Wlth parameter nnA . We deduce first that

iAn
E(GML)? | ") = ALE </( DA du/c §(u, x)*dx

B(|Z7|") < E(Z Yil") = BN B(YiP) = AL [ (e,
and second that
E(1Z7| \ @) < aP(N > 1) < Ay,

Since [(z)*dz < oo, we deduce (b.§) and (B.9) from Tchebychef’s inequality again. O
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Lemma 5.4 Under (SL-s) we have

[t/An]

VA, Z (I B)R) = opule, V). (5.10)

Proof. By a repeated application of Cauchy-Schwarz, the expected value of the left side
of (b.10), say an(t), satisfies

[t/An]

an(t)2 < tE Z E |<z )

[t/An] iAn 2
<K Z: A (/(i_mn dv/nlé(v,x) —5+((i—1)An,w))lx>

gtE(/tdv 16(0, ) — 0s (An[v/A], ]dx/ 16(0, 2) — 04 (An[v/Ar], )\Q_Sdm>

< (s (/dv/n 0,2) — 04 (Anfo/A], )]dx)

where 1,,(s) = [ B, (2y(z))?>~*dz. Now, on the one hand the expectation in the last term
above goes to 0 because of the properties of ¢ and of (SL-s), by an application of Lebesgue’s
theorem. On the other hand we have 7,(s) < K is s < 1, and when s > 1 we have
nn(s) < Ke2~2% by Tchebycheff’s inequality, and the result follows. O

We are now ready to improve on ([L§) by giving a rate, at least in some special
situations. That is, we give estimates on the processes

Un(g) = A (g)i — /0 Po(g) du (5.11)

in three different situations :
e Case (i): g is C2,
e Case (ii): gn = ho 'l/}aA:—;v—l/Q for some a > 0 and some w € (0,1/2),
e Case (iii): g = h, for some r € (0,1),

and also when g is C' with ¢’ € £, when X is continuous. We also need to introduce the
following functions 75 on [0, 1], where s € [0, 2]:

(2—=s)(1+7r)(2— 7")‘

s(T) = 5.12
s(r) 4+42s(1—r) (5:12)
Lemma 5.5 Assume (SL-s). Then
1 n u.c.p. 1 n u.c.p.
U'(g) == 0, or U"(gn) — 0 (5.13)
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in the following cases:

(a) X is continuous and either g is C' with ¢ € £ and g is even, or g = h, for
r € (0,1] if further (SH’) holds;

(b) in case (i) if s <1;

(c) in case (ii) if 0<s<4Z (hence w > 1 and s <1);

(d) in case (iii) if further (SH’) holds, and provided either s < 2 and 0 <r <1, or
%<s<1 andl_ivggi;&”ﬁ<r<l,
Otherwise, we have for all € > 0:
( oPu(A1 8/2) in case (1) if s>1
oPu(A(2 S)w) in case (ii) if s> 421
U™(gn)s = Opu(VA) if gn=h1, (SH’) holds and s <1 (5.14)

oPu(AZS(T)fe) if gn = hy and (SH’) holds and
and either 0 <r <1<s, or %<s<1 and
0<r§1_7“325i;85“’ and r<1.

In the last case of (5.14) we have 0 < ns(r) < 1/2. Comparing with (5.14) of [f], the
case (b) above and the first estimate in (5.14) are just as good, except for the regularity
conditions on g; but we suspect that the last two estimates in (p.14) are not optimal:
when X is a Lévy process we have U"(h,.); = opy(v/A,) as soon as s < 1 and r < 1. The
same comment will also apply to Lemma [p.§ below. Recall that when X is continuous the
assumptions (SL-s) for s € [0,2] are all equivalent.

Proof. Throughout, we assume (SL-s). Since (a) is in [[f], we only consider (b), (c), (d)
and (p.14), with g, = g in cases (i) and (ii), and we set U} = U"(g,); and a,, = aAT /2
The proof goes through several steps.
a) First, we state some obvious properties of our functions gy, :
9z +y) — g(=)] < K(lyl A1) } - -
in case (i), 5.15
e+ 1) — 9(z) — '@l < K (ol Av?) W (>19)
l9n (2 + 1) = gn(@)| < Kan(lyl A am) } : .
in case (ii), 5.16
9n+9) — gn(2) — gl (2)y] < Ky G5 (516)

‘gn(x + y) - gn(x)’ < K‘y’r
z#0 = g, (o) < K| in case (ii), (5.17)

o<l <8 = log@+y) —g.@)] < Klaly]
b) Recall (f.1)) and set 3" = B +x" — ("*(4). Using the previous estimates, we readily
deduce from Lemma p.J that (recall the notation (5.5))
Opu(e,®) in case (i)
> ={ Opu(a2e;?) in case (ii) (5.18)
Opu(An T2t ) in case (iii)

[t/An)]

>

gn (B + X1') — gn(B")
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¢) Now we state some results of [fI], see in particular Lemma 7.7 : put @” =1+|8"t
and Z' = 14 |5|? for some ¢ > 0. Then under (SH’), for any 6 € (1,2) and [ € (0, 1) the
variables x7 — Z?Zl ¢'(j) (in which the jumps of X play no role) are of the form & + &7,

a decomposition which depends on 6 and [ and which satisfies

S BIEn  (zn |Br |Er10) = Opu(AYPTY)

5.19
Sl Blgr (zn Bl €)= opu (A7), o1

and also for all odd functions k in & :

"L (R(B1)E?) = 0. (5.20)

Furthermore a look at the proof of the afore-mentioned lemma shows that when [ = 0
these hold also without (SH’) and for § = 2, and that (again without (SH’))

[t/An]

ZE (I€71*) = Opu(1). (5.21)

In cases (i) we set # =2 and [ = 0 and Z] = 1. In case (ii) we set § =2 and [ =0
and Z' =1+ |B7|. In case (iii) we fix § € (1,r + 1) (to be chosen later), and set | =6 —r
which is in [0,1), and ZP = 1+ |77~ L.

Now we set £ = £'+30_ (1(j), so that 3" = B +EP+&/". Since EP 4 (20 |Br[)) < K
when [ is as above, and since Z;* and @” are F,"-measurable, we deduce from (p.6), (5.7)
and (p.19) that (with [ = 0 in cases (i,ii), and [ as above, under (SH’), in case (iii)):

[t/An]
> Bz BT = Opy (AF2 e 070 o A2 (e,)02) . (5.22)

If k € £ is odd and since (J'(2) is F(;_1)a,,-measurable, we clearly have E}' | (¢'(8")¢'(4)) =
0 for j = 2, whereas this also holds for j = 1 because, as in the proof of Lemma .3, we

have E(¢"(1) | F/™) = 0. Furthermore we have |EI" | (k(8")("(3))| < K, /E* (I¢*(3)]?)

by Cauchy-Schwarz, and because E? ;(k(8")?) < K by (.3). Combining these facts with
(b.20)) and (p.10), we obtain

[t/An]

D

i=1

EP ((k(BREM)| = opu(A;12e, %), (5.23)

3 n n

d) Now, to evaluate g,(3") — gn(5"), we partly reproduce a proof in [, with some
relevant changes. We first treat case (iii), which is the most difficult. Set A} = {|£'"—|—£Zn| >
|6 /2}. By a Taylor expansion, we have g(3/") — g(8") = g (5")5’" + Z] 1 07(4), where

o (1) = (9(B") —g(BiNLan,  07(2) = =g (B)(B" — B)1ar,
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0F(3) =g/ (BNEN. 01 (4) = (g (B") — g (BB = BN apes
where 3/ is a random variable which is between 3! and 3.

If we apply (F-17) and single out the two cases €| > \EZ”\ and [€"] < \EZ”\, upon
observing that in the first case for instance we have [£/"| > |8"|/4 if we are on A?, we get

OFI < KIE" &) Lay
< KIE B+ KGN 180 < Kz B (1€ +18m1°)
(recall @ > r). In a similar way,

07+ 17 @) < KIE 18I+ KIE® 18rr =0 < Kz 1Be) (1Er + 181°) -

Finally, by singling out the cases || > ]g"\ and €/ < \EZ”\ once more,
—2 (g Fny2

|5zn(4)| < mer (5zm + 5zn) 1{\5~§n+@\§|5?\/2}
< KIg2 (18 1871+ I 180 < Kz (B (1€ + IEn)) -

Put these three estimates together to get

la(3") = 9(81) - 9/ (B1IE"

< Kzp 1B (18 +18m° ). (5.24)
In case (i) things are easier. Indeed, (f.15) implies:

l9(8) = 9(81) = g BNE| < K(E" + &1 NG+ + KIE

K (€M + 1€m%). (5.25)

IN

In case (ii), we use the fact that |¢/,(z)| < K|x|) and (f.16) to get :

< K|+ &P+ K|8rey|
K (&7 + 16" + 21 (5.26)

9 (B") = gn(B7) = g (BEL"

A

Moreover in all cases g, is even, hence ¢, is odd. Therefore (F.19), (p.21)), (F-29) and
(b.23), together with either (5.24) or (5.29), imply that in all cases (recall # = 2 in cases
(i) and (ii)):

[t/An

]
An 0 B (9n(8) — gn(80)]
1=1
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d) The previous estimate plus Lemma [.9 and (p.1§) yield

Opu(Bnen V7 4 Apers + €275, (en))

+opu(VAL 87:(8_1)+) in case (i)
Opu(Bnen™ ™7 + Auader® + 275 (en))

+opu(VAL €;(Sil)+) in case (ii)
OPU(AZ/QEEH(S_1)+ b AL )t IO TN

+opu(VAL 87:(8_1)+) in case (iii).

So it remains to choose appropriately 6 € [1,1+ ) in case (iii) and the sequence &, in all
three cases.

In case (i) with s < 1 take e, = /A, to obtain Y” = op,(v/A,). In case (i) with
s > 1 take ¢, = Av/A,, for some A > 1, to obtain for some K not depending on A:

U7 _ [ K (VB 4+ AT 4 A2 (AVA,) +opu(1) i s=1
ALs/2 7 | K (A8 + B (AVAY)) if s> 1.

Up =

Since v5(AvA,) — 0 for any A and since K is arbitrarily large, we readily deduce that
UP = opu(An~*"%), and we have the result.

Next, in case (i) we take ¢, = AAY for some A > 1, to obtain for some K not
depending on A:

|Utn| < KA;?@fs) (Afs + A27873(AAZ)) T+ opy <A7(s—1)+A%L/27w(sfl)+> :

and we conclude as in case (i).

Finally consider case (iii). When s < r we choose 6 arbitrarily in (1,1 + r) and

En = A}L/e(%s), and the result in (c) is obvious. When r < s, for any given 0 € (1,1 +r)

:A227r)/((27s)9+2(377’))

we choose &, . After a simple (although a bit tedious) computation

we deduce
U = Opy <A;1L(9,r,s)) + opy (AZ (0,r,s)> :
with (0,7, s) = % and a'(0,r,s) = 3 if s < 1and a/(0,7,s) = %

if s > 1. Observe that a/(6,7,s) > a(f,r,s) is s > 1 and 0 < 2, and that a is increasing in 6.
So we should 6 as big as possible (with 8 < 1+, though), and another simple computation

shows that when s < 1, then a(1 47,7, s) > 1/2 if and only if 1=¥5=-8s+35~ V52:855+3”’2 <7 <1. Then
again we get the results. a

Lemma 5.6 Assume (SL-s) and let g, be as in case (ii) of Lemma [5.4. Then for all
t > 0 we have

[t/An]

> 5 (VA - (2)) = o (@i 0®).
=1
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Proof. First, we have
[t/AR] [t/An]

Z B ( _gn(ﬁzn))z) Z B ( {|m|>aaw 1”})

[t/An]
< KAXO2==) N RD (168P141) < KtA,,
=1

IN

where the second inequality is valid for all ¢ > 0 and the third one is obtained by choosing
q= ﬁ, and using the boundedness of o. Therefore is it enough to prove

[t/An]

> EL ((gn (AP X/ Dp) = gn ﬂ") > = opy (A1) . (5.28)
=1

With the notation of the proof of Lemma f.§ we have AT"X = 7 + 3" + ((4), hence
by (5.16) we obtain
<gn An‘X/\/_ - gn(B7") ) < Ka}, |Bm|2 + Ka (1¢"(4 /\an

Recall also that 3" = & + ¢/, and we have (5:21), and also (523 with 6 = 2 and | = 0

7 )

and ZI = 1. Therefore we easily deduce from these two estimates, plus (5.9), that (recall
ap = anZ Y 2)

an(t) _ OPu (Aiw—Z&,;s + Aiw_1€;(s_1)+ + Aiw_zfi_s')/s(f‘:n» )
It remains to choose the sequence ¢, and we take €, = AAY for some A > 1, which gives
an(t) < KAiwf2fsw <Afs + A27S,YS(AA5) + A%Lf2w+w(s/\1)A((sfl)+> :

and we conclude as in the end of the previous proof. O

5.2 An auxiliary CLT.

We first give a sketchy proof for a result which is essentially known already, and which is
a CLT for processes of the form

[t/An]

"= VA Y (9081 - pi(9) (5:29)
=1

The assumption (SH) below is of course much too strong for the result. For the needs of
Theorem later one, we give a multidimensional version :

Lemma 5.7 Assume (SH) and let g, - " 9d be continuous even functions in €. The d-
dimensional processes U" with components U" (gj) converge stably in law to a limit U with

components U; = Zk:l fo g3 qu, where the process 0 is (F)-optional d x d-dimensional
processes which satisfies

(00;Y% = po,(99%) — P (95) P, (9k)- (5.30)
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Proof. Observe that U, = ZEZ?"} /', where (' is the F;a,-measurable variable with
components Cin’j = VA, <g](ﬁzn) — p?(gj)). Moreover E? ;(¢*) = 0 and E? (||¢7]|4) <
KA? (because oy is bounded). Then a criterion for the stable convergence in law, which
can be found in Theorems 1X.7.19 and IX.7.28 of [fi], gives us the result, provided we have

the following two properties:

[t/An]

> ELGIGT) s [ 0,00 du, (5.31)
i=1 0
[t/An] '
> EPL(Y APN) =0, i N=Worif NeN (5.32)
=1

(recall that A is the set of all bounded (F;)-martingales which are orthogonal to W).
(b-32) follows from ([L.g) because g; is even. Finally E" (/" g ¢! *)) equals the right side
of (6.3() evaluated at time u = (i — 1)A,,, and multiplied by A,,. Since the right side of
(b-30) is a cadlag function of u, (p.31) follows from Riemann approximation of the integral
on the right, and we are done. a

that we have (SK). Then (R.11) holds with [§(w,t,z)| < v(z) < K and |§(w, t,z)| < v(z) <
K and [ v(x)%*dz < occ.
We fix € > 0 and consider the process N = 1g % 1, where £ = {z : y(x) > ¢}. Hence

N is a Poisson process with parameter the Lebesgue measure of E, say A. We introduce
some notation similar to (B.9), and which depends on ¢ :

For the purpose of proving Theorem P.13-(ii) we need more than this lemma. Suppose
w

e 51,59, -+ are the successive jump times of N,
e I(n,p)=1i, S_(n,p)=(i—1)A,, Si(n,p)=1iA,
on the set {(i —1)A, < S, <iA,},
¢ a_ (’I’L,p) = \/LAT (WSp - WS_(n,p)>a O“r(nap) = \/IAT (WS+(n,p) - WSp>
® [y = AXSpa
o X(e)t =Xt — Zp: Sp<t Ry,
o R = A7 X (e) ontheset {(i —1)A, <Sp <iA,},
° R;) = \/Ii_p U, os,— + V1—kp Uzl, 08,s
e O,(T,¢) is the set of all w such that each interval [0,7] N (( — 1)A,,,iA,)]
contains at most one Sy(w), and that |A?X (¢)(w)| < 2¢ for all i <T/A,.

(5.33)
We also suppose that we have the functions g; and the processes U" and U of Lemma
B.7. Then we have the following result, which is very close to Lemma 6.2 of [{j], but with
a more involved proof because we want no restriction on the o-fields F;.

Lemma 5.8 Under (SK), the sequences (U, (a—(n,p), at(n,p))p>1) converge stably in

law to (U, (\/Rp Up , /1=y Up)p>1) as n — oo.
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Proof. Step 1. We need to prove the following : for all bounded F-measurable variables
¥ and all bounded Lipschitz functions ® on the Skorokhod space of d-dimensional func-
tions on R4 endowed with a distance for the Skorokhod topology, and all ¢ > 1 and all
continuous bounded functions f, on R?, and with A4,, = ngl fpla—(n,p), at(n,p)), then

E (T ®(T") A,) — EW &0 HE(fp\/—Up,,/ . ) (5.34)

Up to substituting ¥ with E(¥|G) in both sides, it is enough to prove this when ¥ is
measurable w.r.t. the separable o-field G generated by the measure y and the processes b,
o, W and X.

Step 2. We denote by p’ and p” (resp. v/ and v”) respectively the restrictions of
(resp. v) to Ry x E€ and to Ry x E. We also denote by (F{) the smallest filtration
containing (F;) and such that the measure " is Fj-measurable. Then W and p' are a
Wiener process and a Poisson measure with compensator v/, relative to (F;) of course,
but also to (F}).

Next, for any integer m > 1 we set S;*~ = (S, — 1/m)* and S}*" = S, + 1/m, and
By = Up>1(Sy~, 5], The indicator function 1p,,(w,t) is Fj ® R-measurable, so the
stochastic integral W (m); = fot 1p,, (u) dW, is well defined. We call (F/™) the smallest
filtration containing (F}) and such that the process W (m) is F"-measurable, and T, (m, t)
the set of all integers ¢ > 1 such that ¢ < [t/A,] and that B, N ((i — 1)A,,iA,] = 0,
and we introduce the d-dimensional processes U (m) and U (m) (with 6 as in (5.30)) with
components :

A COTED DI CICORVATS) N COED DY A PR
k=1

1€l (m,t)

Again, the integrals above are well defined because W is a Brownian motion w.r.t. the
smallest filtration containing (ft) and also F™ at time 0. Furthermore B,, decreases to
the union of the graphs of the S,’s, hence U(m) =% U as m — oo. We also have for
some p > 0 because g; € £ and o is bounded:

=N F5/n, 7 n
E(supw (95)s — T (m m?) < E(T S () - )
st P>1i: iAn<t,[ilAn—Sp|<2/m
< KE(Y S a+amwp)
pzli: lAnSty‘ZAn*S;ASQ/m
K & Kt
= EE(Zl{SpgtJrl}) < —

Therefore, since ® is Lipschitz and bounded, it is clearly enough to prove

E (\Il o(T" (m)) An) ~E(Y & f[ <fp (Vg Up /T 1y UL ) (5.35)
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for each m, and for ¥ being G-measurable bounded.

Step 3. In the sequel we fix m, and we introduce a regular version @ = Q. (.) of the
probability P on (€2, G), conditional on F", and accordingly @ = Q ® .

Since AW is independent of F)™ when i € I';,(m,t) it is also standard normal under
each @, and in the proof of Lemma [.7] we can replace E? ; by the conditional expectation
EQW('U—(/?L)A”)' Moreover Bf, is a locally finite union of intervals, hence we still have the

convergence in (5.31)) if the sum on the left is taken over T',,(m, t) and on the right we plug

— L— —
in 1ge in the integral. Hence U/n(m) ) U(m) under the measure @, that is

Eq. (¥ ®(T"(m)) — Eg (¥ ®(T(m)). (5.36)
Step 4) By construction A, is F}™-measurable, so the left side of (£.3) is
E(An Eq (¥ @(U’"(m))> - E(An Eg (W @(U(m))>
+E( Ay (Eq (v @(T" (m) — Eg (¥ &(T(m)))).

Since everything above is bounded, the second summand on the right goes to 0 by (b.36),

whereas ¥/ = Eg (¥ ®(U(m)) is another bounded Fy™-measurable variable. Hence (p.39)
amounts to proving

E(¥ A — E) [[E(f(vR Uy VT- 5, U)),
p=1

L—
which is exactly (a—(n,p), oy (n,p))p>1 ) (VFp Up , /1= kp Up)p>1 as n — oo. But
now, this is a consequence of Lemma 6.2 of [ff] in a slightly simpler situation, namely we

replace 04? and ﬁ? in that lemma by a_(n,p) and a4 (n,p) here, respectively, and we do

not consider the process H™* in it. Hence we are done. O

Lemma 5.9 Under the assumptions of Lemma [5.4, the sequences (Un, (R;”/\/An)pzl)
converge stably in law to (U, (R;)pzl) as n — oo.

Proof. Due to Lemma p.§ and to the definition of R}, and the fact that o is cadlag, it is
clearly enough to prove that for any p > 1 we have

n n P
wy = R}/ An—0s_ npa—(n,p) —os,aq(n,p) — 0. (5.37)

We use the notations p' and (F) of the previous proof. We deduce from (B.3) that

t t
X(e)y =Xo+ / V(e)sds + / o dWs 4 0% (p' — V), (5.38)
0 0 N
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where V' (e)t = b, — [; (t,z)dz and the above stochastic integrals may be taken relative
to both filtrations (F;) and (F}). In particular X (e) satisfies (SH) for the filtration (F7).
Similar to X' = X — Xy — X¢, we write X'(¢) = X(¢) — X¢ — X. Then

n 1 " , Sp Sy (n,p)
R el G (OB (€) + /S(n’p)(% — 05(np)) AW +/S (0w — 05,)dWs | .

P

We may write (.4) for the process X’(g) and with the conditional expectations w.r.t.
f(/z'—l)An instead of F(;_1)a, . If we additionally use the Fl-measurability of I(n,p), and
if we modify the definition of /" for i = I(n,p) as to be the sum of the two stochastic
integrals in the previous display, we obtain by taking the expectation :

S+(n7p)
E(¢po(w < Ky/A +KE< / u/ 5(u,x)2dx)
An Js_(np) Een{a: |5(u z)l<al/4y
KE< 1 /SP ( ) J /S+(n7p ) ; )
+ ~ Oy —0g u. + — —0g,) du
A, S_(np) S(n,p) p

Since |§] < v and [~(z)’dz < oo and since o is cadlag bounded, we deduce from

Lebesgue’s theorem that the above goes to 0 as n — oo, hence wy P, 0 and the re-

sult is proved. O

5.3 Proof of Theorem [2.§.

We take f € & NC% and n € (0,00], with n < oo when f is not bounded. For any
e € (0,1/2) we have the decomposition V"(f) — H' (fi,) = 2?21 Z™(e, j), where

ZM(e,1) = VU (f(1 =) = H (fn(1 = ¢2)),

[t/An]

ZMe,2) = Z™(2) = VA, Z (!BZ‘! - ’mlg(i—nAn\),
i=1

[t/An]

"3 = Y. (GO -EL(GE), with ) = (F)(ARX) = VA, 5.
i=1

First, Theorem B.3 implies that Z"(e,1) =% N(f(1 — 1)), v,) because f(1 — ) €
E'NC™ for all » € (1,2). Next, it follows from the Lebesgue dominated convergence
theorem for stochastic integrals that X(f(1 — 1), ¢,) = S(f,¢y) as ¢ — 0. Lemma

L—
.7 implies that Z"(2) = \/mg —m? f(f o,dW,. Hence, due to the properties of the
stable convergence in law, it is enough to prove that for all p > 0,

hm hmsup P <sup|Z"(6 3)s| > ,0> = 0.
s<t

33



But Z"(¢,3) is a locally square-integrable martingale w.r.t. the filtration (Fa,/a,)i>0,

whose predictable quadratic variation C™ satisfies CJ* < ZEZIA"] E? ,(¢"(g)?), and for the
above it is enough that

lim limsup P(C{ >p)=0

e—0 n

for all p > 0. This is obviously implied by (b.1]), and we are done. O

5.4 Proof of Theorem 2.9.

1) We first prove the result under the stronger assumption (SL-s). Let g be a Cg and even
function in general, or a C! even function with ¢’ € £ when X is continuous. With the

notation (f.11)) and (f.29), we have
= (BaV™(9)e = Jy po(9) du) =T (9 + 7= Un(g)e + M7
where  Mp = SR (¢ — B (¢1)),

and " = VA, <g(A?X/\/A_n) — g(ﬂzn)) Since (SH) holds, we can apply (f.7) for ¢ = 2

to get

(5.39)

[t/An]

Z EX (ICMP) =% 0. (5.40)

By Lenglart’s inequality (as in Lemma [£.]) we deduce that M™ ““ 0. Next, Lemma [5.q
implies that Un(g)t 1:—_(5,;) fg 6, dW,, where 6; = \/ po(g?) — po,(g)?. Hence in view of
(b-39) it remains to prove that \/LAT U(g) “=% 0 when s < 1, and that AZ/%lU"(g) )
when s > 1: this is given by Lemma .3, case (i), and the result is proved.

2) Now we only assume (L-s). A localization procedure, more sophisticated but similar
to the one in Lemma [L., is described in details in Section 3 of [{]]. Namely, we find a
sequence (T},) of stopping times increasing to 400 and a sequence of processes (X (p), o(p)),
such that:

o If X satisfies (L-s), then each X (p) satisfies (SL-s).

e We have (X(p):,0(p)t) = (X, 0¢) for all t < T}, where o(p) denotes the process
associated with X (p) in (R.11))-(R.12).

Of course in [d] this localization is done under the additional assumption that § = 0
(X is continuous), but the presence of a non-vanishing 0 does not impair the argument.

On the one hand, Theorem P.9 holds for each X (p), that is:

n L—(s) —
s<1 o= S (AVXE:9) — Ji o) du) = [ 0(p), T,
s>1 = A2 <AnV’"(X(p);g)t—f(fpa(mu(g)d@ =0,

where 0(p); = \/pa(p)t(gQ) — Po(p),(9)*. On the other hand bothe the right and the left

sides above, written for (X (p), o(p) and also for (X, o) at time ¢, agree on the set {t < T),}.
Since T}, — oo, we readily deduce Theorem R.g for the initial process X.
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5.5 Proof of Theorem 2.10.

First, coming back to the localization procedure explained just above, we have that if
(L-s) and (H’) hold for X, one can find the processes X (p) and o(p) such that (SL-s) and
(SH’) hold. Then the same argument as in the previous proof shows that it is enough to
prove Theorem under (SL-s) and (SH’).

We take f € &, for some 7 € (0,1]. Instead of (5.39) we have

1 t _ 1
A2y, / T/2d>:U" h, U™(h.)y + M + N, (5.41
e (A [ ) =Tk i UM M N, (51

where M7 is like in (539) with ¢* = VA, (hr(A?X/\/An) - hr(ﬂi")>, and where NJ' =
A1/2fr/2vn(f _ hr)-
We have |f — h,| < k for some K € £y’ N C°, hence |[N"| < A};”/Zvn(k) and thus

n Opu(l) if r<1
N = { Opa(l) i r=1 (5:42)

— L—
The other terms in (f.41]) are treated as in the proof of Theorem P.9. We have U (h,); ()

\/Wft /2 W, and M™% 0 (we can still apply (f.7) with ¢ = 2 here to get
(b.40)). Then in view of (5.41]) and (f.49) we readily deduce Theorem from Lemma
B3, case (iii).

Finally suppose that X is continuous: we need to prove the result without (SH’),
when r > 1. Since Ay "/ 2V (hy) = A V™ (hy), it is a consequence of Theorem .9 when
f = h,, and for f € &, it remains to prove that A}L/27T/2V"(f —h,) =% 0. Note that
|f — hr| < Khy for some K > 0 and some ¢ > r — 1. Since E(JA?X9) < KAY? when X
is continuous, we get

[t/An]
) < KA N E(JATX|Y) < KtAJTTT0/2,
i=1

(Sup ‘A1/2 r/QVn(f h )

s<t

hence the result.

5.6 Proof of Theorem 2.11].

Here again, as in the two previous proofs, it is enough to prove the result under (SL-s).
We have w € (0, ) and a > 0, and we set g, = hathaaz and g, = hotoaz /2. Since

A V™g,) < VM@, a) < AV (gn),

hence also |V (w,a) — C| < |AV™(gn) — C| + |AV'™(G,,) — C|, it is clearly enough to
prove the result for A, V'"(g,) and A,V (g,,) instead of V""(w, «), and also that

VAL (V™ (gn) = V™(@a)) =5 0 (5.43)
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when s < 41;_71.
w
Exactly as for (p.39) we observe that,

1 1
VA, VA,

where M7 is like in (530) with ¢ = VA, (gn(APX/VAL) — ha(B7) ). Apply (EZD) to

obtain ZEZ?"} E? 1((¢M)?) = opu(Af=~175%) hence by Lenglart inequality,

7

(AnV"™(gn) = C) =TU"(h2) +

U"(gn) + M™, (5.44)

M"™ = opy(AZF71/27s=/2) (5.45)

_ L __
Next, Lemma .7 implies U n(hz)t =) V2 fot ¢y dW,. Hence if we plug Lemma [.§ for
case (ii) and (5.45) into (5.44) we obtain the desired results for A, V'"(g,) (observe that
2w0—1/2—sw/2 > 0if s < (4w —1)/2w, and otherwise 2cv—1/2—sw /2 > 2w —1/2—sw),
and of course the same holds for A, V'"(g,,).
It remains to prove (p.43) when s < 472”—;,1. We have the same decomposition (5.44) for

g,,, with some M which also satisfies (5.45), whereas the left side of (5.49) is M™ — M ",
and this goes u.c.p. to 0 by (p.4), and the proof is finished.

5.7 Proof of Theorem 2.12-(i).

Our first task is to show that (R.15) makes sense, and for further purposes we slightly
extend the setting : Take any sequence (7},) of stopping times whose graphs are pairwise
disjoint, and such that AX;(w) # 0 implies the existence of n = n(w,t) such that ¢t =
Th(w).

Lemma 5.10 Under (H), and if g € &/, the increasing process C(g) defined by (P-14)
is_finite-valued, and the formula defines a semimartingale on the extended space
(Q,F, (Ft)e=0,P), which is a locally square-integrable martingale as soon as the process
C(g) above is locally integrable, in which case

E(Z(9)7) = E(C(9)r) (5.46)

for any (Fy)-stopping time T'. Moreover we have:

a) Conditionally on F, the process Z(g) is a square-integrable martingale with inde-
pendent increments and predictable bracket C(g), relative to the filtration (F\/ Fy), and
whose law is completely characterized by the processes X and ¢ and do not depend on the
particular sequence (Ty,) of stopping times.

b) If further X and o have no common jumps, then conditionally on F the process
Z(g) is a Gaussian martingale.

In Theorem R.19 we have a large degree of freedom for defining Z( ), its conditional law
w.r.t. the o-field F being the only relevant property. This lemma shows that if we change
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the sequence of stopping times (T3,), subject of course to the property of encompassing
all jump times of X, then one changes Z(f’) but not its conditional law. Note also that
g(0) = 0 above, so in (2.15) the “part” of T;, for which AX7, = 0 does not come in into
the sum, which is consistent with what precedes.

Proof. Among several natural proofs, here is an “elementary” one. Let g € £/, and set
oy = g(X1,)(en,— + 1 Acr,). We have g% py < 0o and c¢ is w-wise locally bounded, hence
C(9)t = >_, anlyr, <4y < oo (for P-almost all w of course).

Fix w € Q such that C(g)(w): < oo for all t < oo. Under I/, for all n with T,(w) < ¢ the
variables A, (w) 1= \/kn Uy o1,—(w) + /1 — Ky, U}, o1, (w) are independent centered with
variances a,(w). Then by a standard criterion for convergence of series of independent
variables, the formula

Z(g)w, ) = 3 9(Xr, (@) (Viim Un 01, () + VT= Fon Uy, 01, () Lz
n=1

defines a process (w',t) — Z(g)(w,w’)s which obviously is a martingale with indepen-
dent increments. Moreover its predictable bracket is deterministic (that is, it does not
depend on w’) and is C(g)(w), and it is purely discontinuous and jumps at times T),(w),

and the law of the jump at T,,(w) < oo is the law of g(X7, (w))(dmn Up or,—(w) +
1=k, U}, o, (w)), which only depends on the processes X and c at point w. If further

X and ¢ have no common jumps, then the law of the jump at T),(w) < oo is the law of
9(X7, (w)) or, (w) <\/H Up +V1—kp U,’L), which is N(0, g(Xr, (w))? er,). This proves
(a) and (b).

Next we consider the properties of Z(g), considered now as a process defined on

Q, F, (ft)tzo,ﬁ’). Suppose first that E(C(g)s,) < oo for some sequence (S,) of stopping
times increasing to oo. Then for any (F;)-stopping time 7" we have

BZ@}) = [ Pe) [P 200w = [Bd)C@)r @),
so (5.46) holds and Z(g)%p N P-integrable, and for A € F; and s > 0 we have

E (1a(Z(9)s, Att+s) — Z(9)s, A1)

= /P(dw)/P(dw/)lA(waw/)(Z(g)Sp(w)/\(t—l—s)(w’w/) — Z(9)s,(w) Atlw, W) =0,

and thus Z(g) is an (ﬁt)—locally square-integrable martingale. In the general case we set
A, ={a, <1} and welet T), =T, and T)) = oo on A,,, and T), = oo and T} = T, on AS.
These are stopping times, and we define Z’(g); and Z"(g); by (R.13), with the sequences
(T)) and (7)) respectively. The same analysis as above shows that Z’(g) is an (F;)-locally
square-integrable martingale, whereas Z”(g); is a finite sum and thus as a process it has
finite variation. We deduce the semimartingale property of Z(g) = Z'(g) + Z"(g). O
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Lemma 5.11 The claim (i) of Theorem holds under (SK) and when f is C' and
vanishes on a neighborhood of 0.

Proof. We suppose that f(z) = 0 if |z| < 2¢ for some ¢ > 0. We use the notation (p.33)
associated with this particular €, so that |[AX,| < e identically if s is not equal to one of
the Sp’s. Since the derivative f’ also vanishes on [—2¢,2¢], we deduce that the process
Z(f) has the same law, conditional on F, than the following process:

> f(Ry)R
p: Sp<t

Hence the claim amounts to the stable convergence in law towards Z’, for the sequence of
processes Z™(f)/v/A,, where Z™(f) is given by (B.)).

Recall that V(f) = f * p. In view of the properties of f we readily check that on the
set Q,(T, ) we have, for t <T :

1 1
— Z"(f)t = ——= f(Ry+ R)") — f(Ry)
An n p: Spggg[t/An} < )

m

_ Z f/(R + E/n) RP
= > » ,
p: Sp<An[t/An] An

where R" is between R, and R, + R’" Since Rj — 0, hence R" — 0 as well, and since f’
is contlnuous and (T g) — Q the result is a tr1v1a1 consequence of Lemma p.§. O

(5.47)

Now we can prove Theorem P.13-(i) under (SK). For each ¢ > 0, we set f. = fi.,

and Lemma implies Z"(f — f-)/VAn g Z(f"— fl). On the other hand, f’' € &/
and thus Z(f’) exists and C(f!); — 0 pointwise (Lebesgue’s theorem, notation (R.16)) as
u.c.p.

e — 0, and C(fl); < Ky, so (p.46) and Doob’s inequality yield Z(f.) —= 0 and thus
Z(f'— f) =% Z(f') as € — 0. Therefore it remains to prove the following :

lim limsup P(sup Z™(fo)e ) =0, Vn>0,Vt>D0. (5.48)
e—0 n s<t

Set

ke(z,y) = fe(z +y) = folz) = fo(v),  ge(m,y) = ke(z,y) — fi(x)y. (5.49)

For ¢ small enough the function f. is C2, and V(f).) = f.  p and (5.3) holds, so Ito’s
formula yields that Z"(f.)/vVA, = A(n,e)™ + M(n,e)™, where M(n,¢) is a locally
square-integrable martingale, and with

A(n,e)y = /Ot a(n,e)y du, A'(n,e); = (M(n,e, M(n,e)) = /Ot a'(n,e)y du,  (5.50)
where

a(n. ) = A= (S0 = X, + 5 1 = XM+ [ 90X = X[, 0(t,2)) dz)

a'(n,e)y = AL (fé(Xt X( Ve + [ ko(Xt — Xt(n),é(t, 2))? dz) .
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In order to get (b.49), it is enough to prove the following, for all n > 0, ¢ > 0 :

lil% lim sup P(sup(|A(n,e)s| + A'(n,e); > 77) = 0. (5.51)
E— n

s<t
Recall that f(0) = f/(0) = 0 and f”(z) = o(]z|) as x — 0, so we have
i=012 = [f@)] < a: (2| \e)* (5.52)
for some a. going to 0 as € — 0, which implies
|kn(z,y)| < Koylz] [yl lgn(z,y)| < Koy)|z| Y. (5.53)

Then, in view of (SK), we deduce that |a(n,e):| < Ka.|X; — Xt(n)\/\/A_n and a'(n, &)
Ka | X, —Xt(n)|2/An. Now, exactly as for (.9), one readily checks that E(|X;;s — X;|9)
K592 for all ¢ € (0,2] and s,t > 0, under (SH). Applying this with ¢ = 1 and ¢ = 2,
respectively, gives

<
<

E (v(A(n,e)r) < KTa.,  E(A'(n,e)r) < KTaZ,
and (p.51)) immediately follows because oz — 0.

Finally it remains to prove the result under (K). This is done using the same localization
procedure than in Lemma [L.G or in the proof of Theorems P.9, and we leave the (easy)
details to the reader.

5.8 Proof of Theorem 2.13-(ii).

Before proceeding to the proof itself, we give two preliminary lemmas: the first one is
related to Lemma [L.1], the second one is a simple application of Itd’s formula.

Lemma 5.12 Under (SK) there exist increasing functions I, on (0,00) such that

lin%] limsup l,(n) = 0, (5.54)
'r]*)

n

and that for all i,n € N, €, > 0, we have with X () = X (¢) — Xo — X¢)
t<An = B (IXE) g, — XOana,PAP) < Ada(). (5.55)

Proof. For any € > 0 we use the decomposition X (¢) = N(0) + M (0) + B(f) given in
the proof of Lemma [L.1], and also the function 72(y) given in lemma f.J. Recall that

(N(H)(i—l)An—l—t - N(a)(i—l)An #0) < K02t

Py
EP 1 (M(0)i—1)an+t — M(O0)i-1)a,) < 1200)t,
’B(e)(i—l)AmLt - B(‘g)(i—nAn\ < KOt
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and K above does not depend on e. The same argument than in Lemma [[.] shows that
2 2
n°A A
E 4 (’X(g)l(z;l)AmLt - X(g)l(iq)An‘? /\772> < K (711 + Apya(0) + 9_;> )

as soon as t < A,. So we have (p.55) if we take I,(n) = K infpe( (n20*2 + 72(0) +

An9*2>, which is obviously increasing in 7. Moreover we have (p.54), otherwise there

would be an infinite sequence n; and a number a > 0 such that 7?02 +7(0)+A,, 072 > a
for all 6 € (0,1] and all n > 0, and this contradicts the fact that v,(f) — 0as § — 0. O

Lemma 5.13 Under (SK) there is a constant Ko such that, for each C? function g sat-
isfying g(0) =0 and |¢'| < A and |¢"| < A, we have for all i, n and alle >0 :

En_ X (e i— " — X (e i— " SK AA?H
t< A, { ‘ i 1(9( ()( 1A+t ( )( 1A i)‘ 0 ; (5.56)
E? (Q(X(a)(z‘q)Anth - X (@) -va,) ) < Ko(A+ AY)A,,.
If moreover (SL-2) holds we also have
En_ C(i— " — C(j— " S KAn,
<AL { B2 (e(i-1)An+t — Ci-1)A )2\ (5.57)
E? ) (leg—nantt — Cli—nan ) < KA,
Proof. By (5.3) and Ito’s formula, we have
(i—1)An+t (i—1)An+t
S s~ XOna,) = [ b 2) dut | o(n,i,)u AW,
(i—1)An (i—1)An
(i—1)An+t
+ [ [ 80.d.2)(w ) = (e, o),
(i-1)A, R -

for suitable coefficients easy to compute and which under (SK) satisfy
|b(n,i,e)] < KA, |o(n,i,e)] < KA, |[6(n,ie)(t,z) < KAvy(z),

uniformly in all arguments (including w...). Then (f.56) follows in a classical way.

Under (SL-2) the process oy satisfies (SK) (except that there are two Brownian motions,
but this makes no difference here), so (b.56) applied with g(z) = 22 yields (5.57). 0

Now we proceed to the proof of Theorem R.12-(ii). Upon using the same localization
procedure than in the proof of (i), we see that it is enough to prove the result under (SL-2),
which we assume thereon. We suppose that f € &, so for € > 0 small enough the function
fe = fu. is C* and coincides with hotp.. We divide the proof into several steps.

Step 1. Fix € > 0. We apply Lemma [.9 with d =1 and U" = U " (hg) to obtain
(T R Eyer) 2 (VB [ e du R,
t a( D / n)pzl I 2 cy AWy, (Rp)pZI :
0
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On the one hand, the function f — f. satisfies (f.47), so the same argument than in
Lemma allows to deduce that

(O z-m) = (v [ e WL -1). 65

On the other hand, suppose for a while that X is continuous. Then both (@) and
(b.13) hold for g = hg, and so the proof of Theorem P.9 holds in this case as well, that is

1 —n 1 —n uwcop.
AV hy)—C)=U = V*(hy) —C)=U =&0.
We also have
1 [t/An
N E(V™"((1 —¢e)h2)) < N Z (!A X| 1{\A"X\>z—:}>

=1
[t/An
Z (|arx|Y) < KtyA,

because IE(|A"X |*) < KA? by (£2) when X is continuous. Combining these two results
yields f (V™(f.) = C) = U"(hy) *% 0. Now, X is discontinuous, but applying what

precedes to X¢ yields

1 n c. u.c.p.
= VXS - - VA, T" =% 0.

Hence (5.59) holds with U substituted with \/— (V™(fe; X¢) — C). Since the stochastic
integral process in the right side of (5.5§) is continuous, we deduce that

1 L—(s t _
= (VX = Gt 27 = ) V2 [ W 2 - ),
Furthermore we have Z(f' — f!) == Z(f’) as € — 0 (this is like in the previous proof),
whereas V'(f) = V()™ = Z"(f = fo) + V™(f) = C™ — fo % p, and also V™(fe)s =
V(X (g); fe)s for all s <t on the set Q(t,e), which converges to Q as e — 0. Therefore,
for obtaining the result it remains to prove that

lim limsup P(Sup Y™ (e), ) =0, VYn>0, VT >0. (5.59)
e—0 n t<T

where Y7(¢) = V(X (e); £.) — V(X< f2) + C — C0) — foep.

Step 2. Recall that for € small enough the function f. is C*°. Then It6’s formula applied
with (5.39) yields Y™(¢)/v/A, = A(n, &)™ + M (n,e)™, where M(n, ¢) is a locally square-
integrable martingale, and we see that (5.50) holds with

an, ) = 7= (3 (LX) = X)) = F2(X5F = (X)"))e
+FUX () = X W )1 + (X (@) = X)) + (et — ™))
@/(ne) = 2 ((FLX () = XEF) = FUXE = (X)) + Fen X()e = X (™)),
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where we use the notation (5.49) and ES = {z : y(z) < e} and
kep(z) = / ke(w,0(t,y)* dy, G y(x) = / ge(2,0(t,y)) dy.

Here again we are left to proving (B.51]). This is more difficult than for (i) of Theorem
R.13, because (5.53) and (F.5) no longer hold. However A’(n,e) is increasing, whereas
la(n,e)¢| < K because of (SL-2) and because the functions f/, f' and g, , are obviously
bounded by a constant not depending on (e,¢). Hence (.51) will follow if we prove that
for all n > 0, t > 0 we have

hm hmsup P(sup(|A(n &)™)+ Al'(n, 6)( RIS 77) = 0. (5.60)

s<t

Step 3. We will introduce below some decompositions for A(n, )™ and A'(n, )™, namely

6 8
Z (e,5), Al(n,e)™ = Z (g,7), (5.61)

where D"(g,j); = Z[t/A"] (™(e,7). Then in order to get (f.60) is it obviously enough
to prove that lim._,o limsup, P(supsgt |D™(e,j)s| > 77> = 0 for each j. This property

obviously holds if
[t/An]

lim i E( n(e ) - 62
lim lim sup ; G (e, 5) 0, (5.62)

and it also holds if for all n > 0 we have the following two properties, as n — 00 :

[t/ An] [t/ An]

(Z\E (G ENl) = o (chzm)eo. (5.63)

Step 4. Before deriving (b.6() we state a number of properties of the functions f., g. and
Ee,t and their derivatives. These properties are elementary, although sometimes tedious to
derive, and they are based on the fact that f. is C* for ¢ small enough, and f.(z) = 2
when |z| < e and f.(x) = 0 when |z| > 2¢; we also use (SK) for (5.67) below, where the
notation y(y) of Lemma [5.d is used. Here is the list of those properties :

10 (@)] < Kig* 1z <20). (5.64)

[z +y) — fi2) < K@@'/ +y* \ ) (5.65)
Ifl(x+y) — f (@) < K(z® +y7) /e, (5.66)

9. 4(2)| < K(2*/* + |x]/e),  Enul(z) < KaPya(e), (5.67)
(5.68)

(1 _
=12 = [g)(2)|<Kn",
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19p,4(x) =Gy 5(20)] < Klz| /E 0(2,2) = 0(s,2)[ V(2) dz < Klz|y(e). (5.69)

Step 5. Now, recalling that the right limit b'(e)¢y of V'(e) exists, and with g.,, (z) =
[ ge(z,04(t,y)) dy (see the notation before (B.F), we set

el) = ok Jihan (e —cina,) dt

T2 = g Joa (1 (X(&) = XE)nan) = /0 = Xfpa D) e dt
(i(,3) = ﬁ V() (i—1)An+ (i ?A fiX ()t — X(g)i—1)a,,) dt

ed) = S [0, FEXE = X(E)ona )W) = V() ona,) dt
(Me5) = A [, etmnans (X () - <a>(z Ha,) dt

6 = Ao S A, (5o = Teinans ) (K@) = X(E)aona,) dt

e = A [ ( X<e>t—X<e>(i_1>An> FUXE = X0 e
Ge8) = A= [itha, Fer(X () = X()i-n)a,) dt

With these variables, it is easy to check that (.61]) holds. Hence it remains to prove that
for each j = 1,...,8 we have either (5.69) or (5.6d). This is the aim of the following
lemma, which will end our proof.

Lemma 5.14 We have forj =2,4,6,7,8.

Proof. Recalling X(g) = X + X¢ + X(¢)’, we deduce from (5.60) that

1An
2\/_ (i-1)A
Applying (5.56) with g(z) = x to the two processes X¢ and X (g)’ readily gives EI' ;(|¢"(,2)|) <

KAY? /€2, and (f.63) follows.
In a similar way, (5.69) gives

¢ (e, 2)] < (O = Xipa P+ (X = X, )?)

(e, 7)| < A£ /( B (57206 = XKoo + (X = X@mna, P\ ) )

i—1)A,

Applying the well known fact that E" ; <(X f = X6 ha,) ) < Kt?, and (p.59), we deduce

2
(T < K (A— ; Anzn@) |

Then we readily deduce (5.69) from (5.54).
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Use (b.69) and (p.67), together with (p.56) again and Cauchy-Schwarz for j = 6, to
get
Ei_1(I¢(e, 6)) + Ei-1 (¢, 8)[) < KAna(e).
Since y2(g) — 0 as € — 0, we deduce (b.63) for j = 6,8.

Finally consider the case j = 6. We use (f.64) and (5.56) once more, plus Cauchy-
Schwarz, to get (with b:(rn) being the process associated with (b, by (R.1):

[t/An]

(e 1 n ¢ &) — X (D 11 (&) — b ()™ ds
2| 3 0eol) < g = ([ e, - xee e, ~ve) «)

< e (2 ([ 1. - xep o) ([ wee. - v ds))l/ :

< (e ([ () — )P ds))m

where the last inequality comes from (p.5(). The last term above goes to 0 because
b'(e)s — b’(e)g@ goes pointwise to 0 and is bounded: therefore we have (p.62) for j = 6. O

Lemma 5.15 We have for j =1,3,5.

Proof. Note that ("(¢,1) = ¢(!*(1) does not depend on e. Then (p.63) for j = 1 readily
follows from (B.57).

Next, use (f.56) for the function f. and (5.64) and the boundedness of ¥’ to obtain

KAY?

KAZ2
B3] < =2 B (e 3)) < 5

2 )

3

and we readily deduce (p.69) for j = 3. The same argument also show (5.69) for j = 5: we
use (f.65), and (F.5¢) with the function e, (i—1)An+ (this function is random, but F; _1)a,,-
measurable and with uniform bounds on its derivatives, so (5.56) applies in this case). O

5.9 Proof of Theorem 2.16.

Due to all what precedes, the proof is very easy: on the one hand, Lemma p.9 is al-
ready multidimensional. On the other hand, the way Theorems R.9, B.10, B.11] and P13
are deduced from Lemma .9 can be carried over separately for each component, in the
multidimensional case. Therefore Theorem holds.
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