N
N

N

HAL

open science

Smoothness of weak solutions of the spatially
homogeneous Landau equation.
Mouhamad El Safadi

» To cite this version:

Mouhamad El Safadi. Smoothness of weak solutions of the spatially homogeneous Landau equation..

2006. hal-00023086

HAL Id: hal-00023086
https://hal.science/hal-00023086

Preprint submitted on 19 Apr 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00023086
https://hal.archives-ouvertes.fr

Smoothness of weak solutions of the spatially homogeneous

Landau equation

Mouhamad EL SAFADI*
MAPMO UMR 6628
Université d’Orléans, BP 6759
45067 ORLEANS Cedex 2, FRANCE

February 1, 2006

Abstract

For the homogeneous Landau equation, we prove regularization properties of the weak
solutions f(v,t) and in particular that it lies in Schwartz space S. This regularity was
already obtained by Desvillettes and Villani [9] using weighted Sobolev spaces. However,
our proof applies to any suitable weak solution, is more elementary and is based on
Littlewood Paley decomposition of the velocity space into annulus parts. Apart from this
decomposition, we only use elementary estimates, such as Cauchy-Schwarz or Young’s

inequalities.

1 Introduction

Landau equation is an important kinetic collisional model used to describe the time evolution
of a system of particles in plasma physics (see [15] for instance). Particles are described
through a distribution function f(¢,z,v) depending on time ¢, particle position z € RY, and
their velocity v € RV(N > 2). In this paper, we shall be exclusively concerned with the
homogeneous case where f(t,z,v) does not depend on z. In this case, the model writes as

of

ot (U?t) :Q(fa f)(v7t)v (11)
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where the initial datum f(0,v) = fo(v) is a given non negative function.

Landau quadratic operator () depends on v as follows:

N

ARNEN =5 3 Gl [ dvaslo = o) fon 5 (00) = fo0) 5 (0t) ] )
W =1 w n w *w
(1.2)
with
(awer (2))1<ww<n = A 2 ’2 X(| 2 Nwer (2)- (1.3)

Here, we shall always use the convention of implicit summation over repeated indices (w,w’).
Above, A is some positive constant that we shall normalize to be 1, x is a non negative
function, and II(z) is the following non negative symmetric matrix, corresponding to the

orthogonal projection onto z=, i.e

ZwRy!
wa’(z) = Ouww! — T)ZT;J

Landau collision operator (1.2) has the fundamental properties of preserving mass, momen-

tum and energy, that is

[ QU D)oe)de =0 for 9() = T.v, v .

Moreover, it satisfies the well known Boltzman’s H theorem, which writes formally as

|, QU st <o.

Arsen’ev and Buryak [1] have shown that solutions of the Boltzmann equation converge
towards solutions of the Landau equation when grazing collisions prevail, while the full non
homogeneous case was considered by Alexandre and Villani [5]. On this topic, one can
consult the review paper of Villani [24], giving a lot of references.

We shall assume that the function y, entering Landau operator, is smooth and satisfies
c(1+[21%)2 < x(|2]) < Co(1 +2)3,
VA (x(|2])] < Cs(1 + |2[2)2 7 for all integer 3, (1.4)
where c is a non negative constant and Cg a non negative constant depending on /3.

Furthermore, we shall restrict herein to so-called hard potentials, meaning that the parameter

v is in the range 0 < v < 1. However, note that this assumption could be relaxed to v < 2,



and even to any ~ > 0, if we make some minor changes on the initial datum.

We shall also consider so-called very hard potentials, that is
X(|z])=z]" for0 <~y <1. (1.5)

This case corresponds to interactions with inverse s-power forces for s > 2N — 1. It differs
slightly from (1.4), due to the singularity around zero.

Relevant existence results in the homogeneous case for weak solutions of (1.1) were obtained
in[1,7,9, 10, 11, 22]. A probabilistic framework is also worked out by Meleard and Geurin
[12].

In all the paper, we shall assume that a weak solution to Landau (1.1) has been constructed
and that it satisfies the usual entropic estimate, for a fixed T' > 0 (eventually T' = +00)

sup f(t,v)(1 + [v]* +log(1 + f(t,v))dv < . (1.6)
te[0, 7] JRN

Let us mention that for the non homogeneous case, very few results are available, see [14, 25],
and this is so even for the linearized equation [6, 18].

In this work, we are interested in regularization properties of weak solutions of (1.1). Such
results were first shown by Arsen’ev and Buryak [1] for smooth and strongly decreasing
initial data. Then, Villani studies it for Maxwellian molecules in [23]. The recent up to date
results about this regularization question are due to Desvillettes and Villani [9], showing
regularity in S, for not necessarily smooth initial data. However, they needed conservation
of all moments of f to get this regularization property. But, according to their results,
moments on the initial data are propagated along the solution flow and most importantly,
they have also shown immediate appearance of higher moments, demanding only few ones
on the initial data.

Herein, in order to simplify the exposition, we shall assume these moments estimates in L'
space on the initial data, and thus on solutions itself.

Our goal in this paper is to obtain this S regularity, using only very elementary arguments. In
particular, we avoid any use of interpolation inequalities, and most importantly, our method
applies to any (suitable) weak solutions of Landau equation (1.1). Our method is based on
Littlewood-Paley harmonic decomposition.

In a recent work, we have already used this method to prove very simply the immediate reg-
ularity of weak solutions of the homogeneous Boltzmann equation for Maxwellian molecules
[3], showing an optimal C*° regularity for all time ¢ > 0. The general case of non Maxwellian

molecules is the subject of a work in progress [4]. Similar harmonic ideas are also used in



[2], in order to get precise functional properties of a linear operator linked with Boltzmann
quadratic operator, which can be used for instance to construct weak solutions for the full
non homogeneous Boltzmann equation. In fact, in all these works, the main point is to
work on small annuli instead of the full frequency space and otherwise we only use truly
elementary analytical arguments.

Basic results about related harmonic analysis ideas can be found in the books of Runst,
Sickel, Stein or Triebel [17, 20, 21].

Before stating our main result, let us firstly point out the basic assumptions and notations
used herein.

Propagation of moments: The propagation of moments of solutions of (1.1)-(1.2) is

proven in [9]. According to their results, we shall assume that
For all s >0, if || fo |[z1< 400, then sup;>q || f(t) [|r1< +oo. (1.7)

As shown by Desvillettes and Villani, there is in fact immediate appearance of higher mo-
ments. It is possible to adapt the arguments of our work in this case too.
Formulation: In a standard way, other formulations of (1.1) and (1.2) are possible. For

this purpose, we define, for z € RV

{bw(z) = Oyauw(z) 1e b(z) =Va(z)

C(Z) = aww/aww/(z) i.e C(Z) = VQ(L(Z)’ (18)

and without possible confusion, adopt the following notations,
G=axf, b=bxfand¢=cxf.
Integrating (1.2) by parts, we can then write (1.1) alternatively under the form
O f = U Opur [ —Cf 1€ O f =aV>if —¢f. (1.9)
Notations: For all s > 0, we shall use the weighted spaces L} and their standard norms
I ll= [ 1701 0 o P)ide,

Let us recall that (1,50 >0 HMRYN) is Schwartz’s space S(RY).
Moreover, we set
1
Mo= [ dowhd. Eo=g [ o) [0 P do,
RN RN

o= [ o) tog foo)de



for the initial mass, energy and entropy.

Finally, the usual entropic space is

Llog L(RY) = { f € L'®RY); /R 7)1 og(] F(v) o < +oc},

Our main result is then given by

Theorem 1.1 Let fy € L%—i-d N LlogL(RY), for some 6 > 0. Let f be any weak non negative
solution of Landau homogeneous equation (1.1), (1.2) satisfying assumptions (1.4) or (1.5)
and (1.7). Then, f lies in C>([ty, +oc]; S(RN)) for all ty > 0.

O

The paper is organized as follows. Section 2 gives the basic tools needed to apply Littlewood-
Paley theory. Section 3 is devoted to the proof of Theorem 1.1, divided in a few steps, and in
the case of smooth kernels, that is under assumption (1.4). In section 4, we modify slightly
the method of proof and consider the non smooth case, that is under assumption (1.5), thus
concluding the paper. Finally, an appendix is devoted to an estimation of a linear operator

which is crucial during the proof.

2 Basic elements of Littlewood Paley decomposition.

This section is devoted to Littlewood-Paley decomposition and some links with Sobolev type
spaces. We use the same decomposition as in the paper of Alexandre and El Safadi [3]. More
details are available in the books of Runst, Sickel, Stein and Triebel [17, 20, 21] and also in
the lecture notes by Tao [19].

We fix once for all in this paper a collection {1y = % (§) }ken of smooth functions such that

supp 1o C {£ € RY, | ¢| <2},

supp ¢ C {€ e RN, 281 < | ¢ | <21} for all k > 1,
and

+oo
> (6) =1 for all £ € RV,
k=0

To simplify some computations, all functions ¥y, for k& > 1, are constructed from a single
one ¢ > 0, i.e. we are given ¢ such that supp ¢ C {£ € RV, %S |€] <2}, ¢ >0if



75 < 1 €1 < V2 such that () = (55), for all k > 1 and £ € RV,
Then, we define the real Littlewood-Paley projection operators pg, for k > 0, by

Dl (€) = (&) F(€).

It follows that one has the Littlewood-Paley decomposition
+00

f=> pufforal feS.
k=0

By construction, we can find a new collection {@Ek =y (&) }ken of smooth functions such that
supp o C {€ € RN, | €| <4}, supp i C {€ e RN, 282 < | ¢ | < 282} for all k > 1,
and such that wkzﬁk = 1y, for all integer k.

As before, we define the corresponding operator py, for k > 0, by

— ~

P (&) = P (&) F ().

All these functions ¢, for k > 1, are constructed from a single one ¢ > 0, i.e. we are given

¥ such that supp ¢ C {& € RV, 2%§|§\§22},1/~J>Oif%§\§]§2,suchthat

&k(g) = 1;(2%), for all k> 1 and € € RV,

Thus, we have the obvious property, for any integer k

PrDk = Dk (2.10)
Moreover, using Plancherel formula, these operators have the special property
[ 1 resp. i a(wdv = [ o esp. i) (), forall fg €. (21)
Using these operators, we obviously get the following Bernstein inequality, for all f € L!

Nk
I pef ll2< C 272 || pef |1, (2.12)

where C is a constant depending on the function (for the proof and more details, see
proposition 3.2 on p.24 of Ref.[13]).

Thanks to this decomposition, we can see that the weighted space L! satisfies

Vs >0, [ fllz~ D2 |1sf I -

j=0
Finally, usual weighted Sobolev spaces can be described by the following important result,

see for instance the results quoted in the books [17, 20, 21]



Lemma 2.1 For all s,j > 0,

—+00 +00

11 ~ D> 2527 I (v )72

k=0 j=0

3 Proof of Theorem 1.1, under assumption (1.4)

It will be divided into six parts. In the first one, we make some manipulations to simplify
our task and obtain a simple equality to estimate. Then, in the next three parts, we estimate
each term appearing in this equality, and glue all these estimates in the fifth part, getting
a differential inequality. Finally, in the last one, we deduce an estimation of our solution in
Schwartz’s space w.r.t. variable v and C'*° w.r.t. time ¢.

3.1 Simplification step

We shall use the Landau equation under the form given by (1.9)
o f =aV2f —¢f. (3.13)

Next, let £ and j be any positive integers. We make the convention that all functions ;
appearing with negative indices, are equal to zero (in fact we need only ¥_o, ¥_1).

Multiplying (3.13) by 1;, thanks to the equality lzj%' = 1);, we get
Oy f = (@) V2 f — (@) f- (3.14)

Since supp V; C supp vj, we get

j+2 Jj+2 J+2 42
GV F =V )= Y (V) emf=2 D> (VE)V@mH)+ Y Y (V) (Vibm)tnf -
m=j—2 m=j—2 m=j—2n=j5—2
J J =j—2n=j— (3.15)
Taking into account (3.15) and the fact (V);)1h; = Vb, equality (3.14) becomes
~ ~ J+2
Onpif = (@) V(W f) = (@) f — Y (V) hmf
m=j—2
Jj+2 Jj+2 Jj+2
— 2 ) aVe)V@nt) Y+ Y a(Ve)(Vem)af.  (3.16)
m=j—2 m=j—2 n=j—2



Hereafter, for simplicity, we shall use variables m,n to notify a finite summation on m and
n. More precisely, variable m (resp. n) denotes summation on variable m ( resp. n ) ranging
from j — 2 to j + 2.
Applying Littlewood Paley operator py to (3.16), we get

Oipr (5 f) = [ i, @1V (95 £) + (@) V2pr(W5 ) — [ prs 51005 f — (0)pr (5 f)
{ —[ s @V (W) f = @V (©5)pk (Y f) = 2[ Py (V)Y (W f) = 28(V5) Vi (Y f)

+[ Pk, E(V%)(Vwm)]djnf + E(V%)(V%Dm)pk(dinf)
(3.17)

After some computations, using integrations by parts, we get
[ prs @) V2 (5 f) = [ V2pr, @yl f — 2 Vi, V(@) f — 2V (@) Vpr(5 f)
+] P, @V ()5 f + 2 P BV ()]0 f + [ pr, ;105 f
+aV2 (1) (W5 £) + 26V (45 (5 f) + edipe(i ). (3.18)

and

[ 2k, @(VYH)INV (@ f) = [ Vo, aV;10mf — [ prs bV (©)[0m f — [ Dk GV (1) [0 f
=0V ()P (m ) — AV ()i (m])- (3.19)
Plugging (3.18) and (3.19) into equality (3.17), multiplying the result by pg(1;f) and inte-

grating w.r.t. variable v, we find the following equality (recall that m and n denotes in fact

a double summation > > )

00 1| u030) |~ [ @y me0s e o (3.20)
— 5 [ pai) e o (3.21)

= 190 V@i - [ V@i Ve e nde (322
+;/[pk, avzizfr?bv@j](wjf)Pk(lbjf)var;/(aij+25V¢j)1?k(¢jf)pk(¢jf)dv (3.23)
- / [ V0, V5] (o )i (867 ) — / AV Ve e do (3:24)

+;/[pk7 av2y; +25V¢j](¢mf)pk(¢jf)dv+;/(GVQ% + 26V ;)i (Y f )i (W5 f ) dv
(3.25)

5 [(PaVes Vol oo + 5 [ aVe Vol i f)do. (320

N —



Hereafter, C' denotes any positive constant not depending on the integers k or j that will
appear in the proof of our results below. If we need to mention its dependence with respect
to any parameter 3, then we shall use the notation C3. Again, let us recall that variables
m and n appearing in this work, are a shorthand notation to signify a summation on these

variables between the two integers j — 2 and j + 2.

3.2 Lower bounds

Firstly, integrating by parts, the second term of (3.20) becomes

_;/v(azzj)v%jk(wjf)pk(wjf)dv _

3 | V@I N + 5 [ @)Vt e, 320

v
We want to estimate from below the second term on the right hand side of (3.27), and here
we shall use the ellipticity of the matrix @, see [9] (proposition 4). The degeneracy of the
matrix II,, entails a loss of order 2 in the exponent w.r.t. | v |. However, their proof, which
is given for X'(| v |) =| v |7, holds true also for X(| v |) = (1+ | v |?)

ol
2.

Thus, one has

T (V)60 > K(1+ [0 [)Z [ €2 VEERY,

where K is a non negative constant depending only on the initial moment My, energy Ey,

entropy Hp and . Taking into account the support of our basic functions, we obtain
V(v F) V(s f) > KCE;Vpg(th; ) Vpg(th; f) where C; = (1+2%).
But, using the fact, 7,5]'1/@' = 1;, we get
bV f = V(i f) — [Vpi, ¥l f.

Then, after some computations, integrating by parts, we get

[N

5 [Tt = KC [ Vnwi) Vi  (325)

(2

[N]S

X ~ ~
G [(Vn s tmsde — KCF [ (V) V(s (i f)do. (3:29)
As a consequence of this section, we have obtained a term bounded from below (that is,
the second integral of (3.28)) which will be written on the left-hand side of the last equality,
while for all the other terms, adding the two integrals of (3.29) and the first integral of (3.27),

we shall find an upper bound for each one to finally obtain a differential inequality.



3.3 Estimates: Upper bounds

We divide this section into three parts. In the first one, we give an estimation of the matrix
@, defined in (1.3), (1.8) and its derivatives, which will be useful in the next parts. Then, in
the second, we introduce two lemmas giving upper bounds which will be useful to implement

an iteration step and finally, we estimate the remaining terms of the equality from section 2.

3.3.1 Estimates for @ and b.

Firstly, let us note that under assumption (1.4), since x is taken very smooth, it follows that

a belongs to C>°(RY). Taking into account notations (1.8), one has, for all v € RY

b(v) = (1 = N)vx(| v [),
VPa(v) = (1 = N)[ (N +8-2)V2(x(|v ) + vV L(x(| v |)], for all integer 3 > 2.

In view of the convolution structure, using the following inequality
Vo0 € RY (14 [v—v. )3 < (14 [0 )30+ | v, D)3,

we get
|a() < CO+ v [P, [B) < C+ v},

| Vi@w)) < CCs(1+ | v )7 VB 22,

for a constant C depending here only on || f || L,

Therefore, we obtain, using the precise support sets of ¢; and 1);, the following inequalities,

forall j € N 42 D41
| @, |< 06%21 | avy; < C’Cz 2 aviy; < O,
By < CC; | BV |< CC} (3.30)
and | VA(ay,) |[< CC4C2, V3 > 2,

for a constant C depending on || f || L., and the bound L* of ¢ and their derivatives. Of
Y

(NS

course, these inequalities also hold true if we change 1); by 15]'.

3.3.2 Integral operators estimates

This subsection is concerned with a linear operator having the form [ V"pg, @], for orders
r = 0,1,2, where py is the Littlewood-Paley operator (see section 2) and ¢ is any smooth
function. We will introduce two lemmas, which will play an essential role in order to obtain

the needed upper bounds.

10



Before that, let us do some computations concerning the operator py which will be useful in
the sequel for our bounds into the lemmas.
According to section 2, we know that @ is supported in 282 < [¢| < 282 for any function

g € L'. This implies, by the Littlewood decomposition, that

Prg = Pk—3(Pk9g) + Pr—2(Prg) + Pr—1(Prg) + Pe(Prg) + Pr+1(Prg) + Prt2(Prg) + Pr+3(Prg)-
Again, all operators indexed by negative indices are set to zero (that is here p_3, p_2, p_1).

Thanks to the commutativity property of operator p;, we have

—

Pkg = Pk (Pr—39) + Pk (Pr—29) + Dr(Pr—19) + Dr(Pr9) + Pk (Pr+19) + Dk (Pr+29) + Dr(Pr+39)-

Hence, by Parseval’s inequality, we get

k+3
1rglle < Y IPk(mig)]]L2
l=k—3
k+3
< C Y mglle (3.31)
I=k—3

where C' =|| ¢ || .
We begin with the following estimate:

Lemma 3.1 Let r € N* and k € N. Let ¢ be a bounded continuous function together with

its derivatives. Then, for a function f € L', we have the following estimate,

T k
) OVt | -
[ Vpr, ¢l fpefdv| < SR G—1) £ 1122 2% || pif Nl +6: S A pf el Vo f 12
v I=k-3

where
Br= C{IV'¢|lec + || V?¢ |lLoe +--+ || V' ||},

and C 1is a constant not depending on the variable k.

Proof: We shall use iterations provided by the adjoint property (2.11) of pg, and apply it
several times. This method allows us to get negative exponents of k which play an essential

role to obtain our regularity. After r iterations, this term writes

150l = / T pkfdv+§j / 25 )i o (3.32)

11



where
-

~ —_——N—
T7% = (B [P [P - [VPpro @] 1] forall 7 €N,

Using the result quoted in the Appendix, this linear operator has an LP estimate, for 1 <
p < 00, as follows
!

. C )
T2 | oo < STy With Cl = C||VTH |- (3.33)

As regards the first term of the right hand side of (3.59), we have

/T;Z’z(f)pkfdv < TPz el (Holder inequality)
v
< TP2(A)1a2' |lpefllre (Bernstein inequality 2.12)
o i
< 5D kaHL12 2 |lpifllz2 (see 3.44). (3.34)

For the second estimation, one has

r—1
2@rhpefdo| < Y NI k)| 2l Iz (Cauchy Schwarz inequality)
m=1
< B2%|prfl 2 |lprfllL2 (see 3.44) (3.35)
where 3. = C Y01 || Ve || e

Taking into account the inequality || Vpif |[z2> C2F || prf ||z2 obtained by Plancherel
formula, using (3.31), the last term (3.35) has the following upper bound

k+3

B > ol Vorfll e (3.36)

I=k-3

Thanks to (3.34) and (3.36), we get the lemma.

Next, let us take any integer r such that » > 0. Its value will be choosen exactly later.
Applying Lemma 3.1 to the first integral of (3.29), we obtain

ol

SR

C’er2 Nk
K} | [1 9% dlustmuanae] < st Iosd 2% metisf) e (330
k+3
+ G S ) el Vorsf) Iz (3.38)
l=k—3

12



Here, C, is a constant depending only on K, || ¢ ||z~ and on variable r.
For any constant € > 0, by Young’s inequality, each term of (3.38) writes, for [ =k — 3,k —
2k —1,kk+1,k+2,k+3

i) ez € [ Voe(¥5f) [l12< (W5f) 72 + H V(¥ f) [[72 - (3.39)

Concerning the integral (3.21), using Lemma 3.1 and (3.30), we obtain

0ol

1 5 C, Nk
3 [ V2pi, @;] (v i (W5 f)dv| < W_jl) 15 f e 272 [ pe(¥if) 12 (3.40)
w1 kt3
S o) 2l Vor(eh;f) || 22(3.41)
P

Again, as for (3.39), for any constant n > 0, thanks to Young’s inequality, the term (3.41)
has the following upper bound

+1
= 7+1

(5. ez 0 |l Vi3 f) [l2<

| pi(i f )I!L2+ Ilvpk(% Mz -
(3.42)

The following Lemma is the counterpart of the previous one, but for lower order derivatives.

Lemma 3.2 Letr € N*, k€ N and h =0,1. Let ¢ a bounded continuous function together

with its derivatives. Then, for a function f € L', we have the following estimate

. k+3
o o < CUV*6 || §
P, Bl fprfdv| < Sk F=h) 0o 2% [ pef [z +6 S Mlpf 1132 + et 1132],
v I=k—3

where

=C{| V'@ |z + [| V2@ [lroo +- -+ || V76 ||},

and C is a constant not depending on the variable k.

Proof: Taking into account property (2.11), we can write, after r iterations

[19 e dlimsan = [ T4 pkfdv+2 / G oSy, (3.43)

where
-

e N —
0" =T, [Brs [Brs - [V"Pr, 9] ] 1] for all 7 € N.

13



which has the following norm estimation, for 1 < p < co (see appendix)

!/

Cr with CL = C||V™ || . (3.44)

=7,h
5 < QerimE

Concerning the first term on the left hand side of (3.43), we have

[Tt etde] < TNl il (Holder inequality)
v
< HTT’h( )Hle%HpkaH (Bernstein inequality 2.12)
Cl Nk
< el 2% lipe e (see 3.44). (3.45)

For the second, we use Cauchy Schwarz inequality to get

r—1
"Grpefd| < SN s el Pk 2
m=0
< Bellbrfllrzllpefl L2 (see 3.44), (3.46)
where 8, = C 01 || Ve || o

Using (3.31), then, applying Young’s inequality to each term of the sommation of (3.46)
implies the end of the proof.

Od
Now, we return to the first integral of (3.22), and using Lemma 3.2 with h=1, thanks to
(3.30), we have

/[ Yok, V(@)] (5 )Pkt f)dv| < —72 ol 2% [ e f) |l (3.47)
k+3

+Cr C [ > o) 172 + 1 o f) 1172 1. (3.48)
I=k-3

Here C; is any constant depending only on the variable 7.

Similarly, the first integral of (3.24) can be estimated as

C ’Y
/[ Vi, aV ;] (Y o (95 f)dv| < 2 pe(if) |12 (3.49)
5 k+3
+COZ 1 > I pi@omf) B + || k(i £) 1122 0. (3.50)
I=k—3

Again, using Lemma 3.2 with A = 0 to estimate the first integral of (3.23), we obtain

X

! / [ D, V25 + BB5) (3 £ (63 F o | < ol 2% 1 pelf) e (351)

21/v

14



k+3

CZ1 D o f) 1172+l pe(if) 1172 . (3.52)

I=k-3

4

Similarly, for the first integral of (3.25), we have

TR

3 | 190 @V + 290 el o] < S i f s 2 () oo
: (3.53)
5 k+3
CZL Y o) 1172 + [l pr(wif) 72 )- (3.54)
l=k—3

Finally, using the inequalities,

X
2

[a(VY) (Vibm)| < CCF, [V (@(V)(Vibm))| < CCCE,

[N

applying Lemma 3.2 with h = 0 for the first integral of (3.26) , we have

[

1 B Crcj NE
3 /v[pk,G(V%)(Vwm)](¢nf)pk(¢jf)dv < SR D) [ Ynf Il 272 || pre(¥if) |22 (3.55)

5 k+3

C2L Y I mnd) 12 + | e f) 122 . (3.56)

I=k-3

3.3.3 Remaining estimates

In this subsection, we shall use Cauchy Schwarz and Young’s inequalities several times to
estimate the remaining terms. Firstly, integrating by parts, the second integral of (3.24)

becomes
— @)t St i =
/ (@Vo;)pk(Vm f)V PR f)dv + / V(@V;)pr(Ym Fpe(; f)dv. — (3.57)

v

For the second integrals of respectively (3.57), (3.23), (3.25) and (3.26), thanks to inequalities
(3.30), we obtain by Young’s inequality

/ V@V )P o D)pe (65 Fdv| < CCE[ || pr(bmf) B + | ok (if) 122 ], (3.58)
3 | @20+ V0 v, | < CCF i) [ (359
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R

5 | @205+ 2596 e 05 )i

< CCP L o) |72 + [ pr (W5 f) 1172);

(3.60)
1 el
3 /av¢jv¢mpk(¢nf)pk(¢jf)dv < OCP | pe(onf) 72 + [ pr(wif) 11721 (3.61)
Next, for the first integral of (3.57), using Cauchy Schwarz inequality, we obtain
LH
/(aij)l?k(iﬂmf)vpk(%f)dv <CC? || pu(Wmf) |2l Voe (i f) Il 2 - (3.62)
For any constant ¢ > 1, thanks to Young inequality, the term (3.62) becomes
cer ceyt s ¢ 2
é ok (@ f) |2 CII Vor(€50) (|2 < ﬁ 1 26 (Wmf) 12 +5 | VoR(¥if) 2 -
(3.63)

Finally, it remains to estimate the second right hand side of (3.22), (3.29) and the first
integral of (3.27). Thanks to inequalities (3.30), we obtain that these terms have the same
following upper bounds
41
CC;* | pe(W5f) |2l Vor(if) Il 2 - (3.64)
For any constant p > 1, thanks Young inequality, (3.64) becomes

1

C;? cet s W 2
; k(i ) N2 o [l Vo3 f) [l 2 < 2;2 P03 f) [Ize +5 11 VR f) [l72 -
(3.65)
3.4 Obtaining a differential equation
From Bernstein’s inequality (2.12), we first note that one has
Nk
[pr (5 Iz < €272 [[pr (5 |1, (3.66)

where C is a non negative constant independent of k and j .

This holds true for all integers k& > 0, j > 0.

Beginning with the terms (3.37), (3.40), (3.47), (3.49), (3.51), (3.53) and (3.55), we get the
bound

R

< CWQ 2 | (5 Ol 2, (3.67)

where C' depends on K, || ¢ ||z~ and || f ||z1-
i

4

c:
Then, choosing ¢ = n = ( = p = -4, gluing together the estimates of the terms (3.39),
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(3.42), (3.48), (3.50), (3.52), (3.54), (3.56), (3.58), (3.59), (3.60), (3.61), (3.63), (3.65) and
summing with respect to the exponent of C;, we get the following differential inequality, for

all integer k, j

X
2

X C Nk
O )32 + CF V()22 < Ot 2™ lpe(wf) e
k+3 j+2 (3.68)

v+2

+0C;7 { lp@if)l2+ > > e (Wn)IIZ23,

I=k—3 h=j—2,h#£j OT I#k
Dividing (3.68) by 28(V+1) | using (2.12), we get a chain of inequalities of the form, for all
integers kK >0, 7 >0

k+3 Jj+2

LH
OUk;(t) + CijUj(t) < Kiy(1) + CC; 2 { Ugj(t) + > > Un(t) }, (3.69)
I=k—3 h=j—2,h#j OT I#k

where B M

3 o2k 2j
Ukj— SR(NTT) ijZCCjQ , Cj:(1+2 )

v

2

C:
and Kj;(t) = O [ pe(80)(0) I -
3.5 Conclusion and regularity

a) Smoothness with respect to the variable v.
For the estimation of (3.69), we use the iteration method to obtain the regularity in the
Schwartz space. Integrating this formula between times ¢y and ¢, we get

Uk; (t) < Ugj(to)e™ 4"

k+3 j+2

t 132
+ / OGO K7 (5) +C;7 {Uni(s)+ > S Uin(s)})- (3.70)
to I=k—3 h=j—2,h#j OT I#k
Next, we fix any non negative variable 8 < 1, getting an inegality e+ <« — 1 Then,

ng(s—t)ﬁ
we multiply (3.70) by the constant C,f ; and we sum on the variables k,j. Thanks to the
inequality (3.66), giving the link with L' space, and the hypothesis (1.7) of the conservation

of all moments of f, we have, for any integer r > 0 and for all 5 > 0
o0 oo
33 ChU 0 < Ci
k=0 j=0

where Cy, is a constant depending only on K, || f HL% and || f H%l
+2
2
Now, we whall show that the series 2> 72 C’Z? Uy;(t) is finite, for all integer ¢, as soon

17



as t > to by iteration over the variable q. The previous estimations prove that is true for
q=1.
Assuming that it is true up to ¢, using inequality (3.66) and the conservation of moments of

f, we find that, after q+1 iterations, for r > 2¢(

SN U < G,
k=0 j=0

where Cy, is a constant depending only on K, || f ||L;+qm and || f[[3,
1+2-2&-1qﬁ

Hence, we conclude that » ;2,572 C’gf Uy;(t) is convergent.

In view of Lemma (2.1), f(¢) lies in Hggﬁ_N_l as soon as t > 0 and for any integers ¢. In
other words, f € H! for all h >0, s > (h+ N +1).

Finally, all in all, we see that (still when ¢ > 0) f lies H? for all h,s > 0, and therefore lies
in S.

b) Smoothness with respect to the time ¢.

It remains to show that the previous regularity of the solution f holds true for all derivatives
on the variable ¢ i.e 97 f(t) € S for all integer p as soon as t > 0, by iterating over the variable
p, which is already clearly true for p = 0, in view of the previous step. Next, assuming that

it is true on p, then for p + 1

s = f Cp(@ra) V2 (0] " f) ~ i UL (3.71)
k=0 k=0
Thanks to the convolution structure, the derivatives of @ and ¢ can be done directly on f.
Since the derivatives of f of order less or equal to p are in Schwartz space, if we derive
(3.71) w.r.t. variable v for any order, and multiply the results by any polynomial, it is still
bounded.
Therefore, this implies that the L.h.s. of (3.71) lies in Schwartz space and concludes the proof

of Theorem 1.1, under assumption (1.4).

4 Proof Theorem 1.1, under assumption (1.5)

In this section, we consider the hard potentiel case x(| v |) =| v |7, which has a singularity
around zero.
The method of proof used above still applies for this case, up to some modifications that we

now explain.

18



Firstly, looking at subsection 3.2, the lower bound therein holds true for hard potentiel
kernels, as proven in the work of Desvillettes and Villani [9] (Proposition 4).

Some modifications will then appear starting from subsection 3.3, where we need to estimate
from above different terms using the commutator iteration method (that is, Lemmas 3.1 and
3.2), and this is really here that smoothness of the kernel is needed.

In order to get ride of the singularity near 0, during this subsection, we shall split the kernel
into two parts. The first one will be smooth, thus avoiding the singularity and therefore we
can apply to it the manipulations of the iteration’s method. For the second one, we shall
show that it is possible to make it as small as one wishes, in a suitable sense.

In the sequel, as a convention, we shall use subscripts S for ”smooth” and R for "remainder”.
This type of decomposition is used several times in [16], but is standard.

Having in mind subsection 3.3, we proceed as follows.

Firstly, we take ® : R — R an even C'* function such that supp ® C (—1,1), being 1 near

0. Then, we write, for any strictly non negative constant aj depending on k,
L _
X =X X = Py, X =0 [ @,

where ®,, =1 — ®,, such that ®,, (| v|) = @(M) for all v € R™.

Qg

After some computations, we note that different derivatives of the smooth part gives, for

any integer 3, the bound
| VX0 ]) 1< Cp | 077 Bay, (4.72)

for a non negative constant Cz depending only on (.

We write, with clear notations
a=a”* +aftF b =b"F L pftF o= Ik B (4.73)
In view of the convolution structure, taking (4.72) into account, one has, for all v € R
@) [<C 1o 28, |57 W) [<C 0 By,
| VAESF () |< CC | v PT2P D, VB> 2,

for a constant C depending here only on || f || L.,
’y ~
Therefore, we obtain, using the precise support sets of ¢; and 1);, the following inequalities,
forall j e N
| aS,kwj < CQJ'(VJr?)’ ’ aSJdejj < CQJ(’YJrl)’ | ES,kv2¢j 1< c277,
157", |< 020D | 5 vy, |< 0207 (4.74)
and | VA(@5 ;) |[< CCu277, VB > 2,
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for a constant C depending on || f HL1+2 and the L* bound of ¢ and its derivatives. Of
’Y ~

course, these inequalities also hold true if we change v, by ;.

For the non smooth part, taking into account the support of ®,,, we obtain the following

bounds
@) |< 0o ™2, |5 W) < Cal ™, |2 () |< Caf, (4.75)

for a constant C depending on || f ||11.

Next, after decomposition of the kernel, as regards to the estimates of the integrals in sub-
section 3.3.2, we are reduced to treat two types of integrals, corresponding respectively to
the smooth and non smooth parts.

For the smooth ones, taking into account estimates (4.74), the same estimations clearly hold
true again.

Concerning the non smooth integrals, we shall use estimates (4.75), to obtain different upper

bounds. For instance, using Taylor’s expansion at order 1, we obtain

/ [ V2pr@™Fepj] fprfdo| < || [ V2pr,@F45] £l 1 ||prf Lo (Holder inequality)
v
< C2Fa) Y| f1112°2 |Ippfll2 (Bernstein inequality)
1 Nk
< C2%al™|fll2 [IpefllLe

In the same way, we have also the two estimates

/v [V 8 fpifdv| <1 [ V8 )l llpes Nl (Holder inequality)
< Co||fll22 ||prfllz= (Bernstein inequality)
< CollIfll;2 |lpefllze.
and
/v [ 85 forfdo| <11 [ o8 V4]l llpi 12 (Holder inequality)
< Col||fl 22 [|prfllre (Bernstein inequality)

Nk
< Ca)llfll22 |lpefllpe-

Concerning subsection 3.3.3, the above splitting is not needed, and thus the bounds therein

1 .
remain true, replacing Cf by 27.
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All in all, we get the following slightly different inequality, for oy < 1,

) 277 Nk Nk
Ol lpk (05 )72 + 27| Vpr(95 )72 < Coen? ® eIz + C2" 0272 [Ipr(vh; f)|| 2
k43 12
+C270F2) L |pe(b 72 + Y > o (Wnf)I[72}-

I=k—3 h=j—2,h#j OT I#k (4.76)

Dividing (4.76) by 2¥(V+1) using (2.12), we get a chain of inequalities of the form, for any
integers k, j

k+3 Jj+2
0:Uk; () + CrjUij () < Kpj (t) + My (8) + CZOP{ Uy (1) + > > Un(t) 1,
I=k—3 h=j—2,h#j O I£k

where

2k(N+1)
and Hy;(t) = Cay || pe(¥; f)(E) |11 -

To conclude with the regularity, we proceed as in subsection 3.5. We obtain the same in-

A2, ) 3
{ Uy = PAGDI ¢, = coma, kg0 = O | s O

equality but with one more term, depending on «y.
To get the convergence of the series, it is enough to take aj = 2,%” for a suitable K > 0. In
particular, for our case, it suffices to choose k large enough w.r.t. % for any fixed integer

q (see subsection 3.5).

Appendix
Definition 4.1 Let k € N. We denote py and py the Littlewood-Paley operators defined in
section 2. These operators can be written under the following convolution form, for f € L
o pif = bk x [ with ¢() = 2V (2F.) with ¢, € S
o Bif = G [ with $i(.) = 2VEP(28.) with Gy € S,
where ¢ and ) are the smooth functions given in section 2.

Proposition 4.1 Let k € N, r € N* and h=0,1,2. Let ¢ be any smooth bounded function

together with its derivatives. Define the linear commutator operator
T
~ ——N—
)h ~ =~ =~
T]: = [pkv[pkv[pb?[vhp/m@] ] ] ]

Then, there exists a constant number C' > 0 such that, for all 1 < p < oo,

N C
T rnr < Gy where Cr =l V7 [lu
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Proof: Using Taylor’s expansion of ¢ on v until order r + 1, we get, for all v, v, € RY

(v* =)
1!

(v* — v)?

p(v*) = p(v)+ Vo(v)+ Vip(v)+------ —|—7'VT+1<,0(C) with ¢ € [v*,v].

So, we can write, for u € LP(RY)

Vo, el(w) = [, V(. —0*)[p(v*) — o()]u(v*)dv*
= S O () + T (),

where
{@Zl’hu LTl
r;“’hw)(v):mlm [ A @ =)V (o) and g = (1) ().

We simplify the notations to write T,:’h under the form

T

=r,h _ r s e m,h
Tk (U) - Em:l 7[?]67 [pk7 [pka 7[@k ] ] ] ](u>
T Ltk
+ [P [P [P - 0,71 1] ().

Taking the notation py* = (—1)"v™¢y(.) for all integer m.
After some computations, thanks to Taylor’s expansion which we apply several times, we
obtain

r

~ 1
7r _ dxq - - - dx,.dv*
b (w)(v) — Z /ggl /acm /x,. /v o ey iplio!l - i !

liitio+-+ir—my1=r—m+l

¢k(v 1) k(Tm—2—Tm— 1):% (@m—1—Tm) - ﬁz mH($T—1_xr)PZLh(xr—v*)vT+1‘P(C)u(v*)

r+1 / //dfcl e dv* Gy (v—11) - - (w1 —0) T (@ —0*) VT () u(v*)

where ¢, € [v, 1+ xy], (i1,42, -+ ,ir) € N,
So,
m—l
T
- ,h 7 ~ T m 7h
T (W) < Gy > | B ek | @i | ¥IAR] - 15~ Lo+ [l
m=141+io++ir_my1=r—m+1
T
- h
+Cr|¢k’|* *|¢k|*|pr+1 ‘*|U|,

(4.77)
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where C, = C||V™ || po.
Since 1/;, @B € S, we get, for all integer m

{Hpk Yl < et )wherecmh—uwvhwrm

l|orllr < Co, [Pkl < 5

(4.78)

2 where &, = || |U\m¢”L1

Thanks to estimates (4.77) and (4.78), there exists a strictly non negative constant C, de-
pending on ¢, b, Gm(1 < m < r), such that, for all 1 <p < oo

cC,

=,k
HTk < o(r+1-h)k "

O
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