N

N
N

HAL

open science

Optimal Control of an Obstacle Problem

Maitine Bergounioux

» To cite this version:

Maitine Bergounioux. Optimal Control of an Obstacle Problem. Applied Mathematics and Optimiza-

tion, 1997, 36, pp. 147-172. hal-00023024

HAL Id: hal-00023024
https://hal.science/hal-00023024
Submitted on 19 Apr 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00023024
https://hal.archives-ouvertes.fr

Optimal Control of an Obstacle Problem

MAITINE BERGOUNIOUX
MAPMO - URA CNRS 1803
Université d’Orléans - Batiment de Mathématiques
B.P. 6759
F-45067 Orléans - France

Résumé

We investigate optimal control problems governed by variational inequalities. and more
precisely the obstacle problem. Since we adopt a numerical point of view, we first relax the
feasible domain of the problem; then using both mathematical programming methods and
penalization methods we get optimality conditions with smooth lagrange multipliers.
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1 Introduction

In this paper we are going to investigate optimal control problems where the state is described
by variational inequalities. Moreover, we consider constraints on both the control and the state.
Our purpose is to give some optimality conditions that can be easily exploited numerically. These
kind of problems have been extensively studied by many authors, as for example V. Barbu [1],
F. Mignot and J.P. Puel [11], A. Friedman [8] or more recently Zheng-Xu He [14]. We do not claim
that our results are quite new, but we think that the optimality conditions we obtain are easy to
interpret from a numerical point of view. Moreover the method we propose is quite different from
the methods used in the papers mentioned above and may be adapted to the study a large class
of control problems.

We are going to interpret the variational inequality as a state equation, introducing another
control function as in Mignot-Puel [11]. Then, we consider the optimal control problem as a “stan-
dard” control problem governed by a partial differential equation, involving state constraints which
are not necessarily convex. Moreover, in order to derive some optimality conditions in a simple way,
we shall “relax” the domain ; so we do not really solve the original problem but this point of view
will be justified and commented. Then we use methods issued from the mathematical programming
theory in Banach spaces ([12, 15]), and classical penalization methods as in [5] to obtain first-order
necessary optimality conditions.

The first part of the paper is devoted to the presentation of the problem and we recall some
classical results on variational inequalities. In a second part we shall briefly present the main results
of the mathematical programming theory in Banach spaces, and apply them to our problem. To
get better results, we shall apply this method to a penalized problem where the only the (linear)
state-equation is penalized, in the next section ; we establish some convergence properties.Then we
obtain penalized optimality conditions, and providing some qualification conditions we shall set
some optimality conditions on the limit problem.

The last part is devoted to the presentation of some examples, especially the case where the control
set U,q is the whole control space L2(€2).
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2 Problem setting

Let © be an open, bounded subset of IR™ (n < 3) with a smooth boundary 9. We consider
the bilinear form a(.,.) defined on H}(Q) x HL(Q) by

o

Z/”g;ig:d—kZ/b L

3,j=1

/ cpy) dx | (2.1)

where a;;,b;, c belong to L (). Moreover, we suppose that a;; € C%1(Q) the space of lipschitz
continuous functions in £ and ¢ > 0, to ensure a “good” regularity of the solution (see [8]). The
bilinear form af(.,.) is continuous on H}(2) x H!(Q) and we shall assume it is coercive, i.e.,

36 >0, Yo € Hy(Q), alp,v) > dllellin o)

We shall denote || ||y, the norm in the Banach space V, and more precisely || || the L?(£2)-norm.
In the same way, ( , ) denotes the duality product between H~1(Q) and H!(2); we shall denote
similarly the L?(§2)-scalar product when there is no ambiguity. Let us set also

K={p|pecHNQ), p>0ae. inQ}. (2.2)

This set is a non empty, closed, convex subset of H}((2).

Now, let us describe the control problem we are interested in ; we begin with the state- “equation”
which is a variational inequality. Let f be an element of H~1(Q) and U,q a non empty, closed,
convex subset of L%(Q). For each v in U,q we define y = y(v) (the state function of the system) as
the solution of the variational inequality :

Voe K aly,o—y)2(f+v,e—-y) ,yekK, (2:3)
Following the paper of Mignot and Puel ([11]) we may interpret (2.3) as

Ay=f+v+&,y>0,£>0, (£y)=0, (2.4)

where A € L(HL(Q), H~1(Q)) such that (A¢, 1) = a(¢,1)). We note that the coercivity assumption
on af.,.) implies that
Vo € Hy(Q), (Ap, ) > dllollFn o - (255)

It is well known that the system (2.4) has a unique solution ([1, 8]).

We shall assume also, from now, that f € L?(f), so that we may “include ” it in the control
function v (as a fixed part of this control). So we may assume that f = 0 without loss of generality.
This implies that & € L?(£2) since we have the following result ([8] p. 29) :

”

Theorem 2.1 If f +v € LP(), 1 < p < o0, the solution y of the variational inequality (2.3)
belongs to W2P(Q).

Here v € L%(Q), so y(v) € H2(Q) N HL(Q) € C°(Q) and & = Ay — v € L?(£2). This makes a sense
to the expression ||[Ay — v — ||
Now, let us consider the optimal control problem defined as follows :

min{J(y,v) = ;/Q(yzd)zdx+]\2/[/ﬂv2dx}, (Po)
aly,o—y) = v+ fip—y) Vp€EK, (2.6)
v EUu, ye K , (2.7)

where z4 € L3(Q), v € L*(Q), and M > 0.
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Remark 2.1 We may also choose K = {y € HX(Q) | y > ¥ a.e. in Q}, where v € H(Q)NH?(Q).

This optimal control problem appears as a problem governed by a state equation (instead of
inequation) with mixed state and control constraints :

min{J(y,v):;/Q(y—zd)zdan]\;/Qdex}, (P)

Ay=f+v+€& in Q,y=0 on T', (2.8)
(y,v,€) €D, (2.9)

where
D ={(y,v,€) € Hy(Q) x L*(Q) x L*(Q) | v € Uaa, y 20, £20,{y,€) = 0}. (2.10)

We assume that the set D = { (y,v,&) € D | relation (2.8) is satisfied } is non empty ; we know,
then that problem (P) has at least an optimal solution (not necessarily unique) that we shall note
(7,7,€) (see [11] for instance).

Similar problems have been studied also in Bergounioux and Tiba [5] when the set D is convex.
Here, the main difficulty comes from the fact that the feasible domain D is not convex because
of the bilinear constraint “(y,£) = 07. So, we cannot use directly the convex analysis methods
that have been used for instance in [5]. To derive optimality conditions in this case, we are going
to use methods adapted to quite general mathematical programming problems. Unfortunately,
the domain D (i.e. the constraints set) does not satisfy the usual (quite weak) assumptions of
mathematical programming theory, as we shall point it out in section 4. This comes essentially
from the fact that the L>°-interior of D is empty. Nevertheless, our aim is to compute the solutions
of the original problem. As we have a numerical purpose, we are going to consider the domain D,,
instead of D, with a > 0 and

Do = {(y,v,€) € Hy(Q) x L*(Q) x L*(Q) | v € Uaa, y 20, £20,{y,6) < a}. (2.11)

This point of view is motivated and justified numerically, since it is not possible to ensure
“(y,&€) = 07 during a calculus with a computer but rather “(y,£) < o’ where @ may be chosen as
small as wanted, but strictly positive.

First, we define the“ relaxed” problem.

3 A Relaxed Problem

As we have already mentioned it, in the previous section we consider the problem (P) with D,,
instead of D. Moreover, we are obliged to add a constraint on the control ¢ to be able to prove the
existence of a solution of the new relaxed problem. More precisely we consider :

min J(y, v), (P9)
Ay=v+¢ in Q, yc HX(Q), (3.1)
(y7v7£) € Da,R ) (32)

where R > 0 may be very large and

Dao,r ={(y,v,€) € Do | I€ll2) <R} -
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Remark 3.1 To be obliged to bound the control function & in L*()) may seem surprising. Indeed
we are not able to prove the existence of a solution of the problem (P%) when R = +oo. Never-
theless,once again from the numerical point of view, this constraint is not very restrictive : for
instance, R may be the largest positive number that may be computed by the machine.
Let us give an example showing that this additional constraint is necessary to get a solution
such that & € L*(9).
+1
We set Q =] — 1,1[; HX(Q) is endowed with the scalar product : {(y,z) = / y'(z) 2/ (z) dx. Let
-1
us choose zq as follows
a4 ifz<0
zd(m)—{ a(l—z) ifz>0,

. Then we have

+1 +1
inf/ |y—zd|2d$+/ vidr =0,
-1 -1
where the infimum is taken on the set

Do={(y,0,8) | —y"'=v+& y>0,£>0,0<(y,§) <o }.

Indeed, the following sequence

where a <

N =

_ Zd(‘r) on [*13 7%] U [Ev H
Un() = nx? 1 11
1" 2 _- =
« ( 2 Qn) on [ n’ n] )
v, =0 and &, = —y, = na 1[_1 1

non

is a minimazing sequence : it is admissible since y, >0, &, > 0 and

+= +=
(ymfn):/ na(a—%ﬁ—g) dacgn/ dr=2"<a.
n

3=

Moreover

1 [t=
J(yn7vn,£n):§/ ) ‘Zd*yn‘2 der — 0 .

So the infimum of J on D, is equal to 0, bul there is no optimal solution (y,v,§) such that
Ee€ L2(Q). If € € L*(Q) theny € H2(Q) N HL(Q) C CY([-1,+1]). This is false; the solution is

Y=2z4 , U:Oandfzgéo.
From now, we omit the index R since this constant is definitively fixed, such that
R> | (3.3)

(We recall that (7, 7,€) is a solution of (P)). We denote Vog = { £ € L2(Q) | £ >0, ||€]| < R }
which is obviously a closed, convex subset of L?(2) and D, = Do.R-

As (9,9,€) € D it is obvious (with (??) ) that D, is non empty for any a > 0. First we give an
existence result :

Theorem 3.1 Let a > 0. Then problem (P%) has at least one optimal solution that we call
(Yo, Vo, Ea ) - Moreover, when o tends to 0,

Yo converges to § strongly in HY(Q), v, converges to ¥ strongly in L?(Q2), &4 converges to é weakly
in L?(Q), where (§,7,£) is a solution of (P).
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Proof.- Let be a > 0. Let (yn, vn,&n) be a minimizing sequence, such that J(y,,v,) converges to
d* = inf(P*). As J(yn,vy) is bounded, there exists a constant C such that, we have :

Vi oalla < C-

So we can extract a subsequence( denoted similarly) such that v,, converges to v, weakly in L?(Q)
and strongly in H~=1(£2). As Uy,q is a closed convex set, it is weakly closed and v, € Ugq.
On the other hand we have Ay, — v, = &, and (yn,&,) < a. So

<Aynayn> = <Un7yn> + <yn7§n> 3

<Ayna yn> < <Unayn> +a.
Using the coercivity of A, that is relation (2.5) we obtain

5||ynH§{g(Q) < anHH*l(Q)”yn”Hg(Q) +a < C||Z/n||Hg(Q) +oa.

This yields that y,, is bounded in H!(2); so y, converges to y, weakly in H}(Q) and strongly in
L?(2). Moreover as y,, € K, and K is a closed convex set, K is weakly closed and y, € K.

As Ay, — v, = &, it is easy to see that &, weakly converges to &, = Ay, — vo in H1(Q).
Unfortunately the weak convergence of &, to &, in H~1(Q)is not sufficient to conclude. We need a
weak convergence in L2(£2). That is the reason why we have bounded &, in L?(2). The unicity of
the limit implies that &, weakly converges to &, in L?(Q). As V,4 is closed and convex, we have
also &, € Vg

Finally (y,,&,) converges to (ya,&s) because of the strong convergence of v, in L?(2) and the
weak convergence of &, in L2(2) and (Ya, Va,&a) € Da-

The weak convergence and the lower semi continuity of J give :

d* = 1iminf J(YnsVns€n) > (YarVa) > d* .
S0 J(Yas Vo) = d* and (Ya, Vo, Ex) is a solution of (P%). B
e Now, let us prove the second part of the theorem ; first we note that (g, v,£) belongs to D,

for any a > 0. So :
Va >0 J(Ya,va) < J(7,0) , (3.4)

and v, and y, are bounded respectively in L?(2) and H} (). Indeed, we use the previous arguments
since v, is bounded in L?(Q) and

5||ya|\i13(9) < vallg—1@llvallzi@) + @ < Cllyallgi@) + o -

So (extracting a subsequence) v, weakly converges to some ¥ in L?(2) and y,, converges to some
gy weakly in H}(Q) and strongly in L?*(2). As above, it is easy to see that &, weakly converges
to { = Aj — v in L?(2) since &, is bounded in L?(Q) independently of «, and that § € K, ¥ €
Uad, € € Vaa.
In the same way (yq,&,) converges to <g7£> As 0 < (Ya,€a) < @, this implies that <g7£> =0. So
(7,,€) € D. This yields that

J(y,0) < J(5,0) . (3.5)

Once again, we may pass to the inf-limit in (3.3) and we get :
J(5,9) < liminf J(ya,va) < J(5,0)

This implies that
J(4,0) = J(9,0) ;
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therefore (§, 7, ) is a solution of (P). Moreover, as lin%) I (Yous Vo) = J(§,0) and y,, strongly converges
oa—
to g in L2(), we get lim llvall = [|7]], so that v, strongly converges to © in L?((2).
a—

We have already seen that §, weakly converges to £ in L2(92). So vy + &4 = Ay, converges to
0+ & = Aj weakly in L?(Q) and strongly in H~1(Q). As A is an isomorphism from H}(Q) to
H~1(Q) this yields that y, strongly converges to § in H(Q).

U

Remark 3.2 We may notice that we have not used the special definition of K, but only the fact
that this set is closed and convex in H}(SY). The result of theorem 3.1 is also valid for any such set

K.

“on

Remark 3.3 We have just proved that the solution of the relaxed problem converges to “a” so-
lution of the original problem. Nevertheless, we may force the relazed solution to converge to a

desired solution (g,7,&) of problem (P). So, following a trick of Barbu [1], we add some adapted
penalization terms to the functional J which becomes

_ 1 B 1 _
J(y,0,8) = J(y,v) + 5”1/ — 0l ) + 5”5 — &2 (0

It is easy to see that we are not obliged to bound the variable & in L*(Q)) any longer; we consider
the problem -
min J(y,v),
Ay=v+¢ in Q, ye HXQ), (P)
(y7 'U7 6) € Da I

instead of problem (P%). Moreover, the previous theorem remains valid and we have a better conver-
gence :

Theorem 3.2 Let o> 0. Then problem (”ﬁ”i) has at least one optimal solution (Ju,Va,Es). When
a tends to 0, (o, Va,Ea) converges to (4,v,€) strongly in HE(Q) x L2(2) x L?(Q).

The proof is standard, see [1] for instance. O

We see then, that solutions of problem (P%) are “good” approximations of the desired solution of
problem (P), as the numerical feeling suggested it. Now, we would like to get optimality conditions
for problem (P%).

4 The Mathematical Programming point of view

As we have already mentioned it, the non convexity of the feasible domain, does not allow
to use convex analysis to get the existence of Lagrange multipliers. So we are going to use quite
general mathematical programming methods in Banach spaces and adapt them to our framework.
More precisely we are going to use the following results, mainly due to J.Zowe and S.Kurcyusz [15]
and F. Troltzsch [12, 13].

Let us briefly present the method : let us consider real Banach spaces X',U/, Z1, Z5 and a convex
closed “admissible” set U,q € U. In Z5 a convex closed cone P is given so that Z, is partially
ordered by z > y < = — y €P. We deal also with :

f: X xU — IR, Fréchet-differentiable functional ,

T:XxU— Z;and G: X xU — 25 continuously Fréchet-differentiable operators .
Now, let be the mathematical programming problem defined by :

min { f(z,u) | T(z,u) =0, G(z,u) <0 ,u €Uuq } . (4.1)
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To shorten the text, we denote the partial Fréchet-derivative of f, T, and G with respect to x
and u by a corresponding index z or u.
We suppose that the problem (4.1) has an optimal solution that we call (x,,u,), and we introduce
the sets :
Upa(uo) ={u el | IXN>0,Tu" € Upg, u=Au"—u,) },

P(G(zo,uo))={2€ 2| IN>0,TIpe€ —P, z=p— A\G(z0,u,) },
t={yez| (yp)>0,YpeP}.

One may now enounce the main result about the existence of optimality conditions.

Theorem 4.1 Let u, be an optimal control with corresponding optimal state x, and suppose that
the following reqularity condition is fulfilled :

V(z1,22) € Z1 X Z5 the system
T (2o, uo) (T, u) 21

G (o, uo)(zyu) —p = 29 (4.2)
is solvable with (xz,u,p) € X X Ugq(to) X P(G(x0, uo)) -
Then a Lagrange multiplier (y1,y2) € Z7 X Z; exists such that
Fil(2o,uo) + Th(To, o) Y1 + Glp(0, o) Y2 = 0 (4.3)
(fl (2o, o) + To (2o, o) Y1 + Gl (T, Uo) Yo, u — up) >0, Yu € Upg , (4.4)
Yo € P {y2, G(z0,u,)) =0 . (4.5)

The mathematical programming theory in Banach spaces allows to study problems where the
feasible domain is not convex. Indeed, in our case we cannot use the classical convex theory and the
Gateaux differentiability to derive some optimality conditions. The Zowe and Kurcyusz condition
is a very weak condition to ensure the existence of Lagrange multipliers. It is natural to try to see
if this condition is satisfied for the original problem (P) : we are going to show that it cannot be
satisfied for the domain D. This is another justification (from a theoretical point of view) of the
fact that we take D, instead of D.

Let us precise this point a little and consider the original optimal control problem (P). We apply
the previous theorem with

=y, X =H*Q) ﬂHl(Q) :
P = P:{yGH() Hy(Q) |y =0}, (4.6)
”UJ—(”U 5) U= L(Q)X (Q) , Upa = Usg X Vaa
We recall that (, ) denotes the L?(2)-scalar product.

Z =P xR, 2, =X =H(Q)NHN) ;

T(x,u) = T(y,v,ﬁ) = (Ay —v—=E, <ya£>) ) G(yvvvf) =Y,
f(],‘) = J(y,v) ,(xo,uo) = (g’@vg) :

T is linear with respect to the first component and bilinear with respect to the second one, G is
linear, so they are C', and

(g U, 7)(:%1]’6) = (Ay—’l) _57 <ga§> + <yag>) )

G'(5,0,8)(y,v,8) =
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Here -
Z/{ad(uo) = { (A(U - 17)7/”'(& - g)) | A > O,,LL > Ov’U € Uadag S Vad }7

P(G(z0,u0)) =P(~ya) ={ —p+ 0y € H*(QNHYQ) | 6§ >0,p>0},

Then relation (4.2) becomes :

V(z1,8,22) € L2(2) x R x (H?(Q) N HL()) the system

Ay—Av—0)—pl =& = =
—y+p—0y = 2

is solvable with p, A\,0 > 0,6 >0 ,v € Ugq,p > 0 .

So y must be equal to p — dg — 2z5. If we put it in the second equation of the system, we have to
solve

w(G,&) +(p,&) =B+ (2,8, (4.7)

with 4 >0 and &,p > 0.

This is of course, impossible, since the left term is always positive and the right one may be
chosen arbitrarily in IR. So the Zowe and Kurcyusz condition cannot be satisfied and it appears
that the restriction “(y,&) = 0” is quite strong : that is why we replace it by “(y,&) < a”.

Now, we come back to the study of problem (P%), and we are going to detail what the previous
general theorems lead to. When we consider D,, instead of D, X', P,,U and U,4 remain defined by
(4.6) but operators T and G are modified. Now

), 22 =X xR, P =P, xR",

Zl L?(Q
(=, (y,&) —a) and T(y,fu,g) Ayfvfg. (4.8)

G(y,v,§) =

T and G are C', and
T,(youvaaéa)(y7v7£) = Ay -v _5 ’

G/(ymva,ga)(yvv §) = (¥, (¥ &) + (¥, 8a)) 5 -

Here
( ) {()\(/U_’Ua)?/j/(g_ga))|)‘ZO’M20,’U€Uada§EVO«d }7

P(G(20,10)) = {( =P+ Mo, =7 = A((Yar &) — ) € HH(Q) NHy(Q) x R | 7,1 > 0,p >0 }.

Then relation (4.2) turns to :

Y(21, 22, 8) € L*(Q) x X x IR the system

Ay = Mo = va) — p(€ = &a) =
—y+p-— 5ya = 2z (49)
<ya7/~ll(€_fa)>+<ya£a>+7+5(<yo¢u€a> _a) = ﬂ )
is solvable with p, v, A, 0 > 0, p,£ € Vg, v € Uyg and y € X.
The second equation of the system gives : y = —z5 + p — dy, and we have to solve :
Ap*SAyOL 7)\(1}71)04) 7/“‘(5750() = 2 +AZZ (410)
/‘<ya7£_£a>+<p7£a>+’7_)‘a = P

where p = 8+ (z,&,) is an arbitrary real number and with p, v, A,0 > 0 and p,& € V4,0 € Ugq.

It appears that this condition may be difficult to satisfy. So, following Troltzsch ([12], p.21), we
prefer a strong variant (4.11) of the Zowe and Kurcyusz condition. (We keep always the previous
notations).
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Theorem 4.2 Let us suppose that (Th(zo,v,))"' € L(Z1,X) exists, and that there is a pair
(Z,0) € X X Ugq such that

T (0, o) (T, 1 — up) = 0 (4.11)
G (X0, o) (Z, 0 —up) € intz, P(G(mo,u,)) . ‘
Then the condition (4.2) is satisfied, so that theorem 4.1 is valid. O

As T} (Yas Vas €a) = A is an isomorphism from X’ into L?(€2), condition (4.11) reduces to :
3(g,9,€) € X x Uaq such that

Ag—(0—va) = (£ —&) =0 (4.12)
(=5 (Yo € = €a ) + (5. €a) € it 2, P(GYas Vo, a) -

Let us comment this condition. First
Af = (0= va) = (€= &) =0= AJ =T = £ = —va = £a = —Aya -
The second part of relation (4.12) means the existence of p > 0, a, > 0 such that :

V77 € X, HUHX <1, Va € IR, |a| < ao, Elpn > 073/\777117 Ya = 0,
—y—pn= —pn + )\n,aya s
<ymf - fa> + (7, €a) + 0= ~Ya — Apa ((Ya,8a) — @) -

This means finally :

3(5,€) € X x Vog,3p>0, Ja, >0 such that

0= A7+ ya) — € (in Q) belongs to Uyq and
{ Va € R, |a| < ap, Vi € X, |nllx <1,y € RT, such that (4.13)

Y+ )‘777ayoz +pn >0 and <yaa€~> + <ga§a> < <yaa€a> —a— )\n,a (<ya7§o¢> - a) .

Remark 4.1 In the very case where (Yo, &a) = «, the last part of (4.13) :

(Y €) + (7 6a) < (Yas ) = a = Ao (Y Ea) — @)

is equivalent to
<ya7£> + <g7§a> S a—a,
so that relation (4.13) becomes :

3(9,€) €X X Vea,3p>0, Fao>0 such that
0=AF+ya) — & € Usq and
Va € IR, |a| < a, <ya,§:>+<gj,§a>§a—a, and
Vne X, |nllx <1,3\, € RT, such that §+ A\yYa +pn >0 .

So relation (4.13) implies the following one

3(,8) € X x Vyg,3 p >0 such that
d= A +ya) — € €U and , (ya€) +(56a) <, and (4.14)
Vne X, |nllx <1,3\, € R, such that §+ \yya +pn >0 .

Moreover, in this very case, these two relations are equivalent since (4.14) implies (4.13) as well,
with a, = a = ({ya, €) + (7.60)) > 0.
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Now, we may enounce the Lagrange multipliers existence result :

Theorem 4.3 Assume condition (4.13) (or (4.2)) is satisfied. Then a Lagrange multiplier (qa, 7o) €
L?(Q) x IRT ewists such that

Vy € K (P + da AY = Ya)) + (radary = ¥a) 20, (4.15)
Vo € Uyq (Mvg — o, v —va) >0, (4.16)
VE € Vaa (raa = qa:§ —&a) 20, (4.17)
To ((Yar€a) —a) =0, (4.18)
where p,, 1s the solution (€ X) of
A*po = Yo — 24 on Q, po € HL(Q) (4.19)
( A* is the adjoint operator of A).
Proof.- J is Fréchet-differentiable and

J (Yo, va) (Y, 0) = (Yo — 2a,y) + M (v, v) .

We may apply theorem 4.1. So there exists ¢, € L*(Q), s, € X* (i.e. a measure) and r, € IR such
that :

VyeX (Yo —20:Y) + (dos AY) + 7o (§as ) = (0, 9)) = 0, (4.20)
Vo € Uy M (Vo — qa, ¥ — Vo) >0,
V€€ Vaa (raYa =o€ —&a) 20,
Ta 20, 7o ((Ya,€a) —a) =0,

VyeX,y=20, ((sa,9)) 20, ((Sa,¥a)) =0, (4.21)
where ((, )) denotes the duality product between X* and X. Relation (4.20) applied to y — yq
gives

VyeX (Yo = 2d, Y — Ya) + {da, A(Y — Ya)) + Ta (€ar ¥ — Ya) = {{Sa:¥)) — ((Sa:¥a)) -
So, with (4.21), we obtain :

Yy =0 (Yo — 24,y = Ya) + (das AY = ¥a)) +Ta (§as¥ —¥a) 20 .
Let p,, be the adjoint state defined with (4.19) ; we finally obtain :

Yy >0 (pa+ da, AY = Ya)) + (Taas ¥ = Ya) > 0 .
d
Remark 4.2 All we have previously done with X = H*(Q)NHL(Q), Z; = L*(Q) and 22 = X x IR,

may be done similarly with X = HX(Q), Z; = H Y(Q) and 2, = X x R U and U,q remain
unchanged). Then relation (4.13) becomes

3§, €) € HH(Q) X Vg, I p>0, Ta, >0 such that
0= A0+ ya) — & (in Q) belongs to Uaq and
{ Va € IR, |a| < ao, Y € HY(Q), [nlla1) <1,3Aa € IR", such that (4.22)

y+ /\n,aya +pn >0 and <yaa§> + <g7§o<> < <ya7§(x> —a— /\n,a (<y0m€a> - a) .

This allows to look for some § less reqular than in (4.13) (HX(Q) instead of H*(Q) N HL(2)), but
the n functions must belong to a “larger” space.

In this case the optimality system is more precise : s, € H=Y(Q) and the tests functions ( corres-
ponding to the state) may be taken in HL(Q).
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Remark 4.3 We have kept the Lagrange multipliers associated to the state-equation and to the
constraint (Yu,Ea) < a because they have a “good” regularity (one is in L?(Q) and the other one is
a real number). On the other hand, the multiplier associated to the constraint “y > 0” is a measure
and we prefer to “eliminate” it since the projection on the convexr K is generally not too difficult
to compute.

The optimality system we have obtained is quite standard and we are going to interpret with a
linearized lagrangian function in a further section.

Let us come back to the qualification condition (4.13). It may be difficult to ensure it, since
we have to find (g},f)f) which must satisfy all the constraints “together”. In the next section we
are going to use a penalization method to obtain a qualification condition, “decoupled” in some
sense and easier to ensure. This condition leads to the same optimality system, but allows more
regularity on the multiplier g,.

5 Penalization of the relaxed problem

Now we are going to “decouple” the different constraints. More precisely we are going to treat
separately the “convex” constraints (as the state equation which is linear) and the non convex
constraints. We first penalize the state equation and we obtain an optimization problem with non
convex constraints, that we are going to study with mathematical programming methods once
again to get penalized optimality conditions.

Moreover we want to focus on the solution (ya,va,&a); so, following Barbu [1], we add some
adapted penalization terms to the functional J.

From now, a > 0 is fixed ; so we omit the index a when no confusion is possible. For any ¢ we
define a penalized functional J. > 0 on H}(Q) x L?(Q) x L*(Q) as following :

1
J(y,v) +2*€||Ay —v—Ell72 ()

Jg(y,U,f) = (51)

1 1 .
+§HZ/ — Yot (o) + 5”” —vallizq) if Ay—v—¢e L)
400 else

and we consider the penalized optimization problem

min { Je(yvvvg) ‘ (y,v,f) € Da} (Pg)

Remark 5.1 Note that we penalize the functional J, and not the variational inequality itself as
in Barbu [1].

Theorem 5.1 The penalized problem (PS) has at least a solution (ye,ve, &) € (H2(Q)NHL(Q)) x
L3(Q) x L*(Q).

Proof.- The proof is the same that the proof of theorem 3.1. The main difference is that we have
no longer

Ayn —vn =€ =0,
for any minimizing sequence but
Ayp, — vy — &, — 0, weakly in LQ(Q) .

Anyway the conclusion is the same. O
Now we may also give a result concerning the asymptotic behavior of the penalized problem.

Theorem 5.2 When ¢ tends to 0, (ye,ve, &) strongly converges to (Yo, Vo, Ea) in HE () x L?(Q) x
L2(Q).
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Proof.- The proof is quite similar to the proof of theorem (3.1). We have : Ve >0 ,

T )+ oAy — v = Elliagey + 5 e = vl + 310 — vala) < T(arva) = Jar (52
So
ve — ¥ weakly in L*() ,
y. — § weakly in H!(Q) and strongly in L*(Q) .
Moreover, [|Ay. — ve — 55”%2(9) < 2¢j,, implies the strong convergence of Ay. —v. — &, to 0 in

L2(). & is bounded in L2(£2) so it weakly converges to & in L(Q). The weak continuity of A and
the unicity of the limit implies also that Ay. —ve weakly converges to Ay — v = { in L?(Q).
It is easy to see that § € K, © € U,q and & € V,4. Moreover, as y. tends to § strongly in L2(£2)

and £, tends to & weakly in L2(£2), we know that (y.,£.) < a converges to <g,£> So <g,£> <

and, finally we see that (g, 7, £~) belongs to Dy, .
Relation (5.2) implies that

1 1
J(Ye, ve) + §||ys - Z/a\\?{g(g) + §||Us - 'Ua||2L2(Q) < J(Yas Va) - (5.3)

Passing to the inf-limit we get
. 1 1,
J(9,0) + §||3/ - ya||§{;(9) + §||U - UaH?'ﬁ(Q) < J(Ya,va) -

As (7,7, €) belongs to D, we have also
J(Yar va) < J(7,7) .
So ||Z,~I - ycx”%}é(ﬂ) + ”f) - UQHQL?(Q) =0,9=Ya, V=14 and 5: ga-
We have just proved the weak convergence of (ye, v, &) t0 (Yo, Va)s € ) in HE () x L2(2) x L2(2)
and that limO J(Ye, ve) = J(Ya, Vo) Relation (5.3) gives
E—
19e = Yallira @) + e = vallZz@) < 2(J(¥asva) = I (Ye, ve)) 5
therefore we get the desired strong convergence. g
Corollary 5.1 If we define the penalized adjoint state p. as the solution of

A*pe =Ye — 24 ON Q7 De € H; (Q) ’ (54)

then p. strongly converges to p, in H}(Q), where p, is defined with (4.19).

Now, we apply the general theorems of the previous section to the penalized problem (P2).
Once again we set
X=H*QnNHNQ), 2, =X ;

U:(U,E) ’ u:LQ(Q>XL2(Q) ) Uad:UadXVada
P={yeX|y>0} xR",

G(yﬂ),f) = (_y 7<y7§> - a) 5
f(x) = JE(:’J’U) ’(x07u0) = (y€7U67€€) .
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There is no equality operator, G is C! and

G/(ysav€7£€)(yava£) = (_yv <y6a€> + <yv£E>) .

Here
uad(ua) = { (/\(U - vE)?/’L(E - gs)) | A 2 0,,“ Z 0,’11 € Uad,g € Vad }7

P(G(20,u0)) = {( =P+ Me, =7 = A({ye, &) — ) € HH Q)N H () xR [ 7,1 >0,p>0} .

Let us write the condition (4.2) : for any (z,3) in X x IR we must solve the system :

—y+Dp— Ay = =z
(Yer (€ = &) + (¥, 60) +7 + A ((Ye, &) —) = B,

with g, v,A >0, p >0, £ € Voq, v € Uyg and y € X. Taking y from the first equation into the
second we have to solve :

M<y67§_§€>+<pa§€>+’\/_)‘a:/8+<27§€> =pP,

with g, v, A>0,p >0, £ € Voq, v € Uyq . We see that we may take: p=1, £ =&, p=0, and

A=0, ~y=p, ifp>0,
A=-L y=0, ifp<o.
(0%

So the condition (4.2) is always satisfied and we may apply theorem 4.1, since J. is Fréchet-
differentiable, and

N

L(Yes 02, €) (Y0, ) = (Ye — 2a,y) + M (ve, 0) + (g, Ay — 0 = &) + (Ve = Yo Y) 1 () + (Ve — Vo, v)

where 1
de = E(Aye — Ve — ge) € L2(Q) . (5'5)

There exists s, € X* and r. € IR such that :
VyeX  (ye —za,y) + (4o, AY) + (Ve = Yo Y) i) + 7e (&es ) — ((36,9)) =0,
Yo € Upa M (Ve — @e + Ve — U,V — 1) >0,
VEE Vaa (reye —¢-,6—&) =0,
re 20, e ((ye,&) —a) =0,
VyeX,y=>0, ((se,y)) 20, ({sc,9¢)) =0.

The calculus is exactly the same that the one made just before. Finally, we have optimality condi-
tions on the penalized system, without any further assumption :

Theorem 5.3 The solution (y.,ve,&:) of problem (PY) satisfies the following optimality system :

Vy e K, <p5 + g, A(y - ys)> + <Ts§67y - ys> + <ys —Yar Y — ys>Hg(Q) >0, (5-6)
Vo €Usg, (Mve—ge+ (ve—1q),v—1:) >0, (5.7)

V€ € Vaa <T6y6 —Ge,§ — Es> >0, (5'8)

Te € 1R+7 Te (<y€a§5> - a) =0, (59)

where p. is given by (5.4) and g by (5.5). O
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Now we would like to pass to the limit in these relations and we need estimations on ¢. and ..
Now we would like to pass to the limit in these relations and we need estimations on ¢. and r..
Let us choose (y,v,€) in K X Uyq X V,q4, and add the relations (5.6)-(5.8). We obtain :

<QE7 —-Ay+v +€> - <T6§an> - <Tsysa§> + 27 <y67£6> <

<pst(y - y€)> - 5Hq‘€H2 + <y€ Yo, Y — y6>Hé(Q) + <MUE + (Us - Ua), v — U€> .

The left side is uniformly bounded with respect to & by a constant C' which only depends of y, v, &.
Moreover relation (5.9) gives :

Te <ys,§s> =T,

so that we finally obtain :

- <q€a Ay —v — §> —Te (<§57 y> + <y87£>) +2r.a < C(y,v,g) . (5'10)

If (Yo, €a) < @, a8 (Ye, &) — (Ya,&a) In IR, there exists €, > 0 such that
Ve < g, <y€a§E> <a,

and relation (5.9) implies that r. = 0. So the limit value is 7, = 0.
If (Yo, &a) = @ we cannot conclude immediately, so we assume the following condition :

Vo such that (ya,&a) =,
3(@3 17,5) € K xUgq X Vag  such that (Hl)
Aj=o+§ and (&) + (yaé) <20

Remark 5.2 As we do not know (ya,&a), it is more useful to have an hypothesis which does not
depend of (Ya,Ea) ; S0 we should better suppose the stronger following assumption :

Vo >0, V(y,§) € X x L?(Q) such that (y,&) =a,
A(g,0,€) € K X Ugg X Vaq  such that (HY)
Aj=7+& and (5,6 + (y,€) <2a .

Nevertheless assumption (H1) is usually easy to ensure; we give below an important case where it
is true.

Proposition 5.1 If 0 € U,q, then (H1) is fulfilled.

Proof .- The result is obvious since we may choose y =0 € K, §~: 0 and v =0 € Uyq. Then

<g7§a> + <yaag> =0<2a.

O
Then we have the first estimation :

Theorem 5.4 Assume (H1); then r. is bounded by a constant independent of ¢ and we may
extract a subsequence that converges to r,, in IR.

Proof .- We have already mentioned that r, = 0 when (ya,&) < a. In the other case, assumption
(H1) provides test functions (g, v, &) which does not depend of .
Let be p €]0,2a[; as

(7,&) + <y5,§:> = (7,8a) + <yaaé> < 2a,

there exists ¢, > 0 such that

Ve <&, <ﬂ,£e>+<ya,§> <2a—p.
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C
Ve <eg, re < — .
p
O
Once we have the previous estimation, relation (5.10) becomes :
v (yavag) € K x Uad X Vad - <QE7Ay — U= §> S O(y,’u,{) . (511)

Then we have to do another assumption to get the estimation of ¢, :

Elp € [17+OO]7 3 P >0 ) v X S LP(Q)7 ||X||LP(Q) S 1 )
Yy, vy, & )bounded in K X Uggq X Vaq (by a constant independent of x) , (Hs2)
such that Ay, = v, +&, +px in Q.

Then we may conclude :

Theorem 5.5 Assume (Hy) and (Hs) ; then q. is bounded in LP () by a constant independent
of . (p' is the conjugate of p).

Proof .- It is obvious since (H2) and relation (5.11) applied with (y,,vy,&y) give :
v X € LP(Q)7 ||X||LP(Q) S 1 ) p<q€ax> é CX S C.

O
Then we may pass to the limit in the penalized optimality system and obtain :

Theorem 5.6 Assume (H1) and (Hz2) ; if (Yo, Va,&a) is a solution of (P%), then a lagrange mul-
tiplier (qo, 7o) € LP () x IRY exists, such that

Vye K Ay —ya) € LP(Q) , (o + oy AlY = Ya) +7a (ary = ¥a) 20, (5.12)

Yo €Upwq , v —v4q € LP(Q) (Mvy — Go,v —v4a) >0, (5.13)

VEEVaa s €-6a€LP(Q)  (ra¥a —Ga;§—&) 20, (5.14)

Ta ((Ya:€a) —a) =0, (5.15)

where p, is given by (4.19) . O

Remark 5.3 It is clear that we may choose p = 2 in the previous theorem. Nevertheless we prefer
enounce the result in its general form. We see that the multiplier may be found more regular with
the assumption (Hz) than in the previous section.

Remark 5.4 We may use the previous method similarly to study the problem (P*) defined in
Remark 3.2. We have just to consider J instead of J. So,(with p = 2), we obtain the following
theorem :

Theorem 5.7 Assume (H1) and (Hz) ; if (Yo, Vs o) 48 a solution of (P*), then a lagrange mul-
tiplier (Go, 7o) € L2(Q) x IRT exists, such that

VyeK , (Pat o AW = Fa) + (o = Y = Ja) gy + Ta (€ary = Fa) 20, (5.16)
Vo €Upg , (MUy — da,v—10a) >0, (5.17)

VEE€Vas s,  (Falia —Ga+&—E&a§—Eat) 20, (5.18)

To ((Jar€a) —a) =0 . (5.19)

0
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6 Examples

In the previous sections we have obtained optimality conditions, assuming some “qualification”
conditions (4.13) or (H; + Hsz). The optimality systems we have got are similar and we would like
to compare the qualification conditions in a general way. We have the following result :

Theorem 6.1 Condition (4.14) = (H1)

Proof .- We are in the case where (ya, &) = . Condition (4.14) gives the existence of (y*, v*,£*)
in X X Uyg X Voq and p > 0 such that Ay* = v* + &* — Ay, and (y4, ") + (y*, &) < . Moreover
(for n = 0 ), there exists A € IR such that

¥ 4+ Ay >0 .

o If A €[0,1], we set § = yo + Ay™.

As y* > =y, then §> (1 — A?)y, >0, and § € K.

Moreover ~
Aj = Ay, + NAy* :)‘(U*+£*)+(1_/\)(UQ+€Q) =0+¢,

where & = Av* + (1 — A)vg € Uyg, and € = A&* + (1 — M)y € Vg
We have also :

(3 €) + (7€) = My €+ (1= 1) (s €a) + (Yas o) + A (", Ea)

(o €) + (5.6 = (2= ) (Bar€a) + A (g €7) + (7, €))
(yor€) + (5.€a) < (2= Nar+ Ao = 20

eIf A > 1, weset g =yo+ ~y"; a8y ="+ Ma), § € K. The same calculus as done just
before, shows that

Aj=0+E,

1 1 ~ 1 1
where © = XU* +(1— X)’Ua €Upa, €= XE* + (1 - X)fa € Va4, and

~ 1 1
(4o &) + (:€a) < 2= D)o+ 7a =20
A A
So, in both cases, (Hy) is satisfied with (§,, €). O
Nevertheless it is difficult to compare (4.13) and (H2) as done above. We just give some examples
where the comparison is possible.

6.1 Case where U,y = L*(Q)

In this section we are going to study the case where U,q = L%(9); it is an interesting example
since most of known results concerning this kind of problem concern an admissible set U,4 equal to
the whole control space (here L%(1)), (see [14, 11], for example). We are going to show how difficult
it is to compare the different conditions given in Sections 3. and 4. and give some indications to
see how to get the limit optimality system when a — 0.

When U, = L?(12) it is obvious that (H2) is always ensured ; (H1) is satisfied as well since 0 € U4
(see Proposition 5.1).

Moreover, in the very case where (Yo, &s) = o ( which is the only case that is considered in (H;) )
the condition (4.13) (that is (4.14) in this case) becomes :
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3(§,£) € X x Vag, 3 p >0, such that <ya,£> +(9,€a) < @ and
Vne X, |Inlla <1,3)\, € R, such that §+ Ay +pn >0,

where X is either H?(Q)NH} () or H!(Q) (as mentioned in Remark 4.2). Then, for 1-dimensional
problems we have

(6.1)

Proposition 6.1 If n = 1, condition (6.1) is satisfied with X = H(Q), in the case where
(Ya: €a) = .

Proof.- As (ya,€a) = a >0, the set { z € Q| £, (z) # 0} has a non null measure, so that

- (8% o (6% >
Poo0 e ~ 2 € da

0.
We set § = (p—ya)T € HL(Q). Let n € X, such that ||n]|x+ <1, so
Vee —1< % <1,

where 3 > 0 is independent of 5. This comes from the fact that H!(Q) C C(Q) (n = 1). We have

,0(1+77f;))20 if p > ya

n(z)

Vo € Q gj(a:)+ya(x)+£77($) =
B ya+p72p(1+7

Sogj—i—ya—f—% n >0, (with A, = 1). Let us setéannd@:AgeLQ(Q).
We have :

(o) + Gt =& = | vl dr o0&~ [ et

As p(1,&,) = % and Yo o dx > 0 we finally have
2 {ya<p}

(var€) + .6y < 5 <@,

and we have found (7, 7, ) such that (6.1) is ensured. O

Remark 6.1 The previous proof cannot work for n > 2. In this case we would have to take
X = H%(Q) N HLY(Q) (at least for n < 3) which allows to take the L™ topology for the state-space
X. Unfortunately § generally does not belong to H*(S2).

Now, we may write the optimality system ; relation (5.13) implies that ¢, = Mv, and we get
at last :

Theorem 6.2 If (Ya,va,Ea) is a solution of (P), then a lagrange multiplier ro, € IRT eists,
such that

Yy e K, <pa+MUa7A(y*ya)>+roz <£aay7ya> >0, (62)
V§ € Vad » <rozyoz - MU@)E - €a> >0, (63)
Ta (<ya7£a> - a) = 0 9 (64)

where p, is given by (4.19) . O
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Remark 6.2 We have a similar result if we consider the problem (P%) as in remarks 3.2 and 5.4.
We have then :

Theorem 6.3 If (Ju,a,&a) is a solution of (PY), then a lagrange multiplier 7o, € IRT exists such
that

Vye K, (Pa+ Mo, Ay —Fa) + Fa — 5:¥ — Ja) i) + Ta (€as¥ = Fa) 20, (6.5)
VEEVad ’ <7jaga_M17a+g_€avf_€a> ZO, (6'6)

Ta (<ga7£a> - CY) =0. (67)

O

Remark 6.3 We note that the optimality system (6.2-6.4) “looks like” the penalized optimality
system (5.6-5.9). So we could try to obtain an estimation on r, in order to pass to the limit when
a — 0, with the same kind of arguments. The appropriate hypothesis could be the following one,
similar to (Hy) :

dp > 0,Va such that (Yo, &a) = @,
3(3/2,52) €K XV <y:;a€0¢> + <yavfz> <2a—-p.

_ Nevertheless, such a condition is impossible to ensure since the measure of the set { § >0 and
& # 0} is null. So we cannot always find a real p > 0 and a subset of Q (with non null measure)
where Yo, > p and €, # 0, for any a.

(H1)

Finally, in the case where U,y = L?*(2), n = 1, both conditions (6.1) and (H1) + (Hz) are
satisfied. Nevertheless we are not able to say if (H;1) + (Hz) is strictly weaker than (6.1) (though
we believe it) or not. However, in a general way, it seems that the conditions (Hy)+(Hsz) are weaker,
because they are decoupled and they concern the different constraints separately. In particular, in
the case where U,q = L?(f2) the state equation does not appear any longer.

Remark 6.4 We have compared (H1) to the strong variant of the Zowe and Kurcyusz condition
and not to the weak one (4.2). Anyway, our feeling is that (Hy) is not better but easier to write
and therefore, to verify.

6.2 Case where U,y={ve L*(Q) |v>¢>0ae onQ}
We now investigate the case where
Uw={veLl*Q) |v>vae onQ},

where 1 € L?(Q2) and 1 > 0 a.e. on Q. We note that (H;) is not automatically fulfilled since 0 is
not necessarily an element of U,q.
In this case, (H1) + (H2) is :

(Hy) If (yo,&a) =a, 3§ >0, 3 € V,q such that
b= AG— €20, (§,6) +( yarf) <20

(H2) 3p > 0 such that Vx € LP(Q), |x|lLr) <1,
Jy, 2> 0, & € Vg, Jvy > ), AyX = v, + & +px -

If p = 2, the condition (H2) is equivalent to
>0, YVoel, [lpla<1,3y, >0, Alyy+pp) =7 . (6.8)

and we have :
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Proposition 6.2 If p=2, Relation (4.13) = (H1)+ (H2).

Proof.- We have seen that (4.13) = (H;) is always true. We prove that (4.13) = (Hz) as well;
let (g,0,¢) and p > 0 be given by (4.13) :

Aj=0+&— Ay, and <§,£a>+<ya,§><a
and
Voe X, [lollx <1,3A, 20, G4 Apya +pp > 0.

Let x € L*(Q2) such that |x|[z2@) < 1. As A is an isomorphism from X to L*(2), lp € X
such that Ap = x in Q. Moreover ||¢||x < ca, where c4 is the norm of the operator A. Let us set
p

CA
1
As ||a<p\|;g < 1, there exists A, > 0 such that p, =7+ Ay + pp > 0.

o If X, €0,1], we set ¥, = py + (1 — Ay)¥a- Yy > 0 and
Ayy = AJ + M Ay + pAp + (1= M) Aya =0 +E+px -

So (Hs) is satisfied with y,, v, =0 > ¢ and &, = £ e Vg
o If A, > 1, we set y,, = p, and (Hs) is satisfied with y,, v, =0+ (Ay —1)(va +&a) > 0 > ¢ and
gx = 5 € Vad~ O

Proposition 6.3 Condition (H1) is satisfied.
Proof.- We are in the case where (yq,&s) = @ > 0. So the set
w={2€Q ] yalz) >0 and & (z) # 0}

has a non null measure and

/ya(x) ea(r) di=p>0.

0 inw

€0 inQ—w € Vaqd , 0V =v4 € Ugq andg]asthesolutionin/'\,’ong:ﬁ—i—éin

We define € = {
Q.

It is easy to see that y, > 7 > 0 because of the maximum principle. So we get

0<(8,60) < (Yar8a) = a .

Moreover

(18)- |

V() Eal) d — / V() Ea() da — / Yo() Ealar) da |

Q

—w

<ya,£~> = <ya7£a>*ll:04*,u<0t.
Finally we have
<g,£a> + <yo¢a€> < 20[—,[1, <2« .

Proposition 6.4 Condition (Hsz) is ensured with p = 2.
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Proof.- Let be p > 0 fixed. For any x € L?(), such that ||x| 12 < 1, we set

; { Y —px on{x<0}
X on{x>0}.

It is obvious that v, € L2(9), vy > 1 and vy, + px > 0. Now we define y, as the solution in & of
Ay, = vy + px. As vy + px > 0, the maximum principle yields that y, > 0. g
We may now write the optimality system :

Theorem 6.4 Let (Yo, Va,Ea) be a solution of (PY), then a lagrange multiplier (qa, 7o) € L?(2) x
IR exists, such that

VyeK , (Pa+da Ay —ya) +7allay—¥a) 20, (6.9)

Vo €Upiy, (Mvug — qa,v—vq) >0, (6.10)

V€€ Vaa,  (ra¥a =o€ &) 20, (6.11)

Ta ((Ya,€a) —a) =0, (6.12)

where po is given by (4.19). O

7 Conclusion

We have established optimality conditions for the relaxed problem only. Nevertheless, as we
have already mentioned it, it is good enough for the numerical experimentation. The optimality
system may be solved with usual algorithms of optimization (see [10, 7] for instance). We may also
interpret the optimality system as a saddle point result for the linearized Lagrangian function £
around the solution (yq, va,&s), where

E(y,v,f,q,,u) = J(y,i},f) + <Q7Ay —U—= £> + /’L(<§aay> + <§7ya>) )

on the set K x Uuq X Vaqg x L?(2) x IR". Then we may derive some lagrangian or augmented
lagrangian algorithm, as in [4] to compute “the” solution. This will be done in a forthcoming
paper.

In conclusion, we shall add that this kind of “mixed” method should be efficient to study more
general variational inequalities for the state equation. It seems that it could be also used for optimal
control problems where the state equation is nonlinear.

Moreover the “mixed” method allows to make the multiplier more regular, or conversely gives
the existence of less regular multipliers with some weaker qualification condition.
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proof of Proposition 6.1 and the whole example of Remark ?7.
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