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AUGMENTED LAGRANGIAN TECHNIQUES FOR ELLIPTIC STATE
CONSTRAINED OPTIMAL CONTROL PROBLEMS

MAITINE BERGOUNIOUX! AND KARL KUNISCH?

Abstract. We propose augmented Lagrangian methods to solve state and control constrained optimal control
problems. The approach is based on the Lagrangian formulation of nonsmooth convex optimization in Hilbert spaces
developed in [6]. We investigate a linear optimal control problem with a boundary control function as in [1]. Both the
equation and the constraints are augmented. The proposed methods are general and can be adapted to a much wider
class of problems.

Key Words : State and Control Constrained Optimal Control Problems, Augmented Lagrangian, Elliptic Equa-
tions.

AMS Subject Qualification : 49J20, 49M29

1. Setting of the Problem. Let € be an open, bounded subset of R"” ; n < 3, with a smooth
boundary I'. We consider the following optimal control problem :

min J(y,u):l/(y—zdﬁ dﬁC-i—g/ (u —uq)? do (P)
2 Ja 2 Jr
(1.1) Ay=finQ, y=u onl,
(1.2) MyeK ,uelU,

where
o f, 24€ L?(), u, ug € L*(T) and either a > 0 or Ugq is bounded in L?(T),
e A is an elliptic operator defined by :

Ay == 0x,(ai;(2)02,y) + ao(z)y with

_ b=l _
(1.3) aij,a0 € C3(Q) fori,j=1,...,n, inf {ao(z) |z€ N} >0
D aij(@)68 =8> & Ve e QVEERY >0,
ij=1 i=1

e L is a Hilbert space (with dual L’ identified with L) and A; € L(W, L), (W is defined just
below).
e K and U are nonempty, closed, convex subsets of L and L?(T") respectively.
System (1) is well-posed: for every (u, f) € L3(T') x L?(Q) there exists a unique solution y = 7 (u, f)
in W, where

W={yel)Q)]|AyeL*Q), yre L)}
Moreover 7 is continuous from L?(T") x L?(2) to W, when W is endowed with the graph norm :
lyli = lyls + [Ayf + lyief? -
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For more details, one may refer to Lions-Magenes [7], Vol.1, Chap. 2. From now on, when H is
a Hilbert-space, we denote by (, )y (resp. (, )y and (, )p) the H (resp. L*(Q) and L?*(I))
inner products and by | |g, | |a, | |r, the H, L?(Q) and L?(T')-norms, respectively.

We assume that the feasible domain

D= {(yu) e WxL*T)|Ay = f inQ, y=u onT, (Ayy,u) e K xU },

is nonempty. It is easy to see that problem (P ) has a unique solution (g, @) since the functional J is
strictly convex and coercive and D is convex, closed and nonempty. Our main purpose is to retrieve
optimality conditions for such a problem, with a new “penalization” method and to use them as a
basis for numerical algorithms. Indeed, this has been done via a penalization of the state-equation
only in Bergounioux [1] where the existence of Lagrange multipliers for the state-equation has been
proved, under appropriate qualification conditions. Here we use a different point of view, since we also
use a penalization of the nonsmooth constraints “Ayy € K, v € U” with an augmented Lagrangian
method as in Ito and Kunisch [6]. Optimality systems have been derived by other authors before.
We mention, for instance, the work of Bonnans and Casas [3, 4] and the references given in [1]. In
contrast to our work these contributions are not based on augmented Lagrangian formulations and
they do not analyse algorithmic aspects. Similarly the algorithm we present in Section 4 is based
on the augmentation of both the state-equation as well as the state and control constraints .
The main contribution of this research is the elimination of these latter constraints from the set of
explicit constraints by augmentation. Commonly augmented Lagrangian algorithms are based on the
augmentation of the state-equation only. This is the case for instance for all the methods described
in [5].

2. Augmented Lagrangian Formulation. In this section we use the framework of [6]. We
denote

X=WxIL*T), H=LxIL*I), D=KxU.

Let A be defined from X to H by A(y,u) = (A1y,u) and let ¢ be the characteristic function of the
convex set D. Then, following [6], we define (for any ¢ > 0) the function ¢, : H x H — R by:

2.1) Pl V) = inf { (e — &) + (A Oy + 51el7 )

where z = (y,u).

Here (, )y is given by (X, €)= (A1,&1)q + (A2, &2)p , with A = (A, X2) and & = (&1, &2).
Let us give some properties of the function ¢, ( for the proof we refer to [6]) :

PROPOSITION 2.1. For all x € H, X € H, the infimum in (1) is attained at a unique point
&, N). @e is convex, Lipschitz-continuously Fréchet-differentiable in x and

(2.2) ol(x, ) =A+c&(z,N) .

Moreover HIJP we(z,N) = ¢(x). ]

Now we compute ¢, for our case :
PROPOSITION 2.2. For all x = (y,u) € H and A = (M, \2) € H

A A
pe(w,N) = f|x—PD(:v+—)|§I+()\,x_pD(er_)
2 p ),
_ c A1 2 Al
(2.3) = Sly=Pely+ L+ (My—Pely+7)) +
C c I
¢ Az 2
Slu=Pulut Z)E+ (Aoyu—Po(u+ =)
¢ T
A A A A
(24) ole ) = (5+ 2 Pty + 2 2 s 2))



where Pk (resp. Py, Pp) is the L (resp. L*(T"), H) projection on K (resp. on U, D).
Proof .- Setting £ = x — £ in (1) we obtain the equivalent representation

pelw ) = it (o€ + (Vo =€) + 5 o=}

~ - - A - - -
s (he-) 4 le-8h=5 I (ot Dy - oA and @) = +oo, it £ ¢ D, p(d) =0

else, it follows that

A

. 1
(2:5) o) = | € €= @ D] - 5

N O

. Y .
The infimum is attained at & = Pp(z + —). We define & so that £ =z — &, that is
c

e = [y— Px(y + )\—Cl),u—PU(u+ )\—62)} )

A Ay 1o,
E)—($+E)|H—%|)\|Ha

A A
g |z — Pp(z + E)ﬁ{ + (/\,{E — Pp(z + E))

and c
we(x,\) = §|PD(£L'+

H
Now we compute ¢, with formula (2) of Proposition 2.1: ¢/ (z,\) = X + ¢ &.(z,\) , and the desired

result follows. ]
Next we consider the “augmented” problem :

min { Fea(y,u) | Ay=finQ,y=wonl } (Per)

where Fg\(y,u) = J(y,u) + @c(A(y,u), A) is the augmented Lagrangian function of (P) associated
with the constraint A(y,u) € D. We have first an asymptotic result :

THEOREM 2.1. For all A € H and ¢ > 0, problem (P ) has a unique solution (Y x, Ue,x)-
Moreover for every fized A € H

lim y. =g strongly in W and lim w. = @ strongly in L*(T) .

c——+o0 c——+o0

Proof .- Let A\ € H be fixed. For convenience, we shall omit the subscript A and write z. for x. .
Existence and uniqueness of a solution (yc,u.) to (P, ) follows easily since the feasible domain is
nonempty, closed and convex, and F, y is strictly convex and coercive. We set z. = (A1yc, u.) € H.
To prove convergence of (Y, uc) to the solution (y,a) of (P) we first argue that {(ye,uc)} i

bounded, where ¢y > 0 is arbitrary and fixed. Since (g, @) is feasible for (P. x) we have

> 1

Fex(Ye,ue) < Fea(g,u) for all ¢ > 0.

Observe from the definition of ¢, in (1) that p.(A(g,@),A) =0 for all c. Hence, using (5), we obtain
1
(2.6) J (Yo, ue) — %|A|%{ < T Yy te) + 0e(A(Ye, ue), ) < J(g,u) for all ¢ > 0.

It follows that {(yc,uc)}c>00 is bounded in L?(Q) x L*(). Since Ay. = f for all ¢ > 0 the set
{(yc,uc)}c>C0 is bounded in X as well. Hence there exists (§,%) € X such that a subsequence of

{(ye, uc)}c>0, denoted by the same symbol, converges weakly in X to (g,u). Wellposedness of (1) in
W implies that Ag = fin Qand g=u on I
Due to Proposition 2.2 and (6)
A 2 A 1
|$C_PD(‘TC+_)|%{+_ ()\,ZCC—PD(JIC-F_)) < _J(guﬂ)
c c c' )y~ ¢



and consequently

_ 2
M-ﬁ-ﬁ for all ¢ > 0.

A A
2.7 4+ = Pplz. + 2)% <
(2.7) e + = = Po(ee+ 2l < .

o

A A
Thus (xc +— — Pp(z.+ —)) converges strongly to 0 in H. As (y.,u.) converges weakly to (¢, @)
c c
A
in X and A is linear continuous, (wc + —) converges weakly to £ = (A17, @) in H. This yields that
¢

Pp(z. + =) converges weakly to & as well. Since D is closed in H and convex, it is also weakly closed
c

and £ € D = K x U. Thus (7, a) is a feasible pair for (P).
e Let us prove the strong convergence of (y., u.) to (g, @) in X.
First we note that due to Proposition 2.1 liI—‘P ©e(Z,\) = (%) = 0. As (g,u) is a feasible pair for

(P) it is also a feasible pair for (P.,») for any ¢ > 0 and we have

J(Yey te) + @e(AYe, te), A) < J(F, @) + ©e(A(g,a),\) foralle>0

A
Relation (3) implies that : ©e(A(ye, ue), A) > ()\, ze. — Pp(x. + —)) , and consequently
¢ /H

A
(2.8) J(Ye, ue) + (x\,xc — Pp(z. + E)) < J(g,0) + pc(A(g, ), \) for all ¢ > 0.
H

We take the limes inferior in this relation.
With the strong convergence of (z. — Pp(xz. 4+ —)) to 0 in H, we obtain
c

0<J(g a) < liminf J(ye,uc) < J(g,a) + lm oc(A(g,a),A) =J(g,a) .

c——+o0

Finally

(2.9) lig_n J(Ye,ue) = J(g,a) .

This implies that (y.,u.) converges strongly to (7, %) in L?(2) x L*(T'). Moreover Ay, = f = Aj,
and therefore (y., u.) converges to (7, @) strongly in X.

e It remains to prove that (g,%) = (g,u). We use relation (8) with (7, @) as a feasible pair for (P)
instead of (g, %) and obtain

Hoers) + (Ao = Poli+2)) < J3.0+ @M@ 0.0 foralle>0
H

Taking the limit as ¢ tends to +o00 we have : 0 < J(g,a) < J(y,a) ( < J(g,a)) .

As (g, u) is the unique solution of (P) we get the result. [}
The following section will be devoted to deriving optimality conditions. We first consider the aug-
mented problem P, » and we shall then pass to the limit with respect to c.

3. Optimality Conditions.

3.1. Penalized Optimality Conditions. We first write the necessary optimality conditions
for problem (P, ). This problem can be expressed as :

min { Fc,)\(yuu) | e(yuu) =0 } )
where e is defined by

e: Wx LX) —  L3Q) x L2(T)
(y,u) = (Ay— fyr —u) .



As the Fréchet derivative €'(y., u.) of € at (y., u.) given by:
€ (Ye,ue): WxL*T) — L*Q) x L4T)
(yu) = (Ay,yr—u),

is surjective, we may apply the general theory of Lagrange multipliers:
There exists g. € L?(Q2) and 7. € L?(T) such that the (generalized) Lagrange functional:

(31) Ec,)\(ya u, q, T) = J(yu u) + @C(A(yv ’U,), /\) + (Q7 Ay - f)Q + (Tv Yy — u)l“ )
satisfies the optimality condition
(32) V(y,u)ﬁc)\(ym Ucy G, Tc) =0.

Let us detail the above relation: we may decouple and obtain

(e = 2a:Y)g + (@e: AY)g + (re, y)p + (B, Ary), =0 forally € W,
o (ue — ug,u)p — (re,u)p + (H2,c,u)p =0 for alluw € L*(T),

A A
where p1.c = Vypc(Aye, ue), A) = ¢ [Alyc + ?1 — P (Aye + ?1)} €L, and

A A
fiz.c = Va@e(AYe, ), A) = ¢ {u + ?2 — Py(ue+ f)} e L*(T) .

We summarize these calculations in
THEOREM 3.1. Let A be fized in H and let (yc, uc) be the optimal solution of (Pe,»).
Then there exists (p11.c, pa,c) € H and (qc,7.) € L*(Q) x L*(T") such that

=fmQ, ye=uconl

(3'3) (yc - Zd7y)ﬂ + (Qm Ay)Q + ('f'cu y)p + (ul,c,Aly)L =0 forallyeW
(3.4) a (ue —ug) —re+ p2e =0,
where

A A
Hi,e=C Alyc+_1_PK(A1yc+_l):|€L7
(3.5) ¢ ¢
/\2 )\2 2
pre=c |uct — = Pyluc+ =) € LX) .

3.2. Passage to the Limit. The approximate optimality systems of Theorem 3.1 were obtained
without assumption beyond those that are required to ascertain existence of a solution to (P). To
obtain an optimality system for (P) itself we pass to the limit as ¢ tends to +oo in (3)-(5). This
requires a-priori estimates for g. and r. which depend upon qualification conditions.

More precisely, let V = Vi x V» be a dense separable Banach subspace of L?(Q2) x L(T"). We introduce
the following assumption :

There exists a bounded (in L?(2) x L*(T")) subset M of X such that
A(M) C K x Uand 0 € Inty (V(M)) ,
where Inty denotes the interior with respect to the V -topology and

V(y,u) = (Ay = f,ylr —w).
We note that (H) is equivalent to

(H)

There exists an L?(2) x L?(T')-bounded subset M C Xand p > 0 such that
for all € = (&,8&) € By (0,1), there exists (ye,ue) € M satisfying
(Aye,ue) € K xUand Aye = f — p&1in Q, ye =ue —péa on T'.



Here By (0,1) denotes the unit ball in V. For f = 0 and V = L?(Q2) x L*(T") condition (H) is satisfied,
for example, if 0 € intr 2y (K x U).
Under this hypothesis we can pass to the limit in the previous optimality conditions to obtain the
main result of this section:

THEOREM 3.2. Let (§,u) be the optimal solution of (P) and assume that (H) holds. Then there
exists (q,7) € V] x Vi and (i1, fiz) € L} x V3 such that :

Ay=fimmQ, gyg=aonl,

(y— Zd7y>Q +(a, Ay>vl’,v1 +

3.6 _ _

(36) <7°ay>v2/,v2 + <M1,A1y>L/17L1 =0 forallye Wiy

(3.7) Oz(@—ud)—f-i-ﬂg:()invz/,

(3.8) (1, A1 (y — §)>L,17L1 <0 forallye{ g+ Wis} such that Ayy € K

(2, u — ﬂ>V2’,V2 < Ofor allu e UN{ a+ W},
where Wy o ={y € L*(Q) | Ay € Vi, y|r € Va } endowed with the norm

ylv, , = lula + 1Ayl + lyrl3,

Ly = A1 (Wh,2) endowed with the graph norm and ( -, - )y denotes the duality product between
V and V'.
Proof .-Throughout the proof we assume that (A1, \a) € L1 x V5. We first remark that (5) implies :

2
(B1,6,2 — Mrye), + el
(3.9) ¢

2
¢ 1
(M2,e,u — Ue)p + [12.c] < - (p2,e, A2)p  forallu e U

1
< p (1,6, A1), forallze K

c

We just prove the first inequality (the second one may be proved quite similarly).

A
The projection Pk (A1y. + —1) is characterized by :
c
A A A
(z — P (Mye + —1),A1yc + 22 Pr(Arye + —1)> <0 forallze K ,
c ¢ c’ )y
and with (5) this yields :

|.U1,C|2 < 1

(M1,e02 — M1ye), + = (1, A1), forall z € K.

Thus the first inequality in (9) is verified. We next note that (5) may be written as :

c A A
/L_:$c+__PD(:Ec+_) )
c c c
. A
where . = A(yc, u.). We have seen in the proof of Theorem 2.1 that z. — Pp(z. + —) converges
c

strongly to 0 in H. Therefore He converges strongly to 0 in H as well and there exists ¢, > 0 and M
c
such that :

(3.10) (Ml’c,)\l) + (MQ’C )\2) <M for allc> cp.
c L r

’
(&



Now we may obtain estimates on g. and r.. Let £ be in By (0,1) and (ye, ue) be the associated pair
given by (H). We add relations (3) and (4) used with the pair (ye — ye, u¢ — u.) to obtain:

(yc — Rd,yY¢ — yc)Q + (q07 A(y£ - yc))Q + (Tcayf - yc)p + (Nl,caAl (yﬁ - yc))L
+a (ue = ud, ug — ue)p + (B2, Ue = Ue)p — (Tesug —ue)p =0,

and consequently

(3'11) (4e, Pfl)g + (7e, p§2)p = (Ye— 2dyY¢ — yC)Q +a (ue— Ug, Ug — UC)F
+ (/Ll,mAl(yf - y6)>L + (/L2,Cvuf - UC)F .

Furthermore, relations (9) and (10) imply that :

(11,6, M1 (Ye — ye))p, + (B2,e, ue — Ue)p < (ui’c,Al)L + (ﬂz’c,)\z)r < M for ¢ > ¢p.

The convergence properties of Theorem 2.1 and the boundedness assumption on M in L?(2) x L?(T)
imply that (ye — 24,¥e — Ye)g + @ (Ue — g, ug — uc)p is uniformly bounded with respect to ¢ > co.
So we obtain with (11) the existence of k£ > 0 such that

k
<qcv§1>V{,V1 + (rc,§2>vzf)v2 < ; for all £ = (&1,&) € By(0,1) and ¢ > cp.

Therefore {gc}c>c, is bounded in V{ and a subsequence, again denoted by ¢. converges weakly * to
some g in V{. Similarly r. is bounded in VJ and converges weakly * to some 7 in V;. As we have
chosen V; C L?(Q) and Vo C L?(T") we may apply to (3) “smooth” test functions in Wi o . Let us
consider the Gelfand triple

(3.12) Ly C M(Wig) C Ly,

where A1 (Wi 2) is considered as a subset of L and A; (Wi 2) denotes the closure of A;(Wi2) in L.

Further let ufc denote the projection of ui . in L onto Aq(W72). It follows that
(e M) e == We = 20 ¥)g = (@ AWy vy — (e Y)yy g, Torally € Wi

It follows that, uf . is bounded in L}. Moreover the separability of V; and V4 implies the separability
of L; (see Lemma 3.1 below). So a subsequence of ,ufc converges weakly * to fi; in L} . Taking the
limit in the above equality gives :

(1= 2a,Y)q + (B, May) (G AY)yy v, + (Foy)yyy, =0 forally € Wi,

Similarly pa,. = 1. — a(ue — uq) converges weakly to fia = 7 — a(@ — uq) in V4. Thus (6) and (7) are
verified.

It remains to show (8). Let y € § + Wy 2 and u € @+ V3 be such that Ayy € K and v € U. Then
we add (3) with y —y. = (y — ) + (§ — yo) € W, and the relation that results from taking the inner
product of (4) with u —u. € L?(T) :

(yc — Zd,Y — yc)Q + « (uc — Ud, U — U‘C)I‘ + (QC; A(y - yC))Q
+ (e, (y —u) — (Ye — UC))F = - (,Ul,c, A (y — yC))L - (/L2-,Ca U — UC)F .

As Ay. = f = Ay in Q and y. = u, on I', we get

(yc —Zd,Y — g)ﬂ + (’LLC — Ud, U — ﬂ)l“ + (qC7 A(y - g))ﬂ
(313) + (Tc7 Yy — u)l" = - (/1'1707 Al(y - yC))L - (/’L2,Ca u— uc)r
- (yc - Zdvg_yc)g - (uc _Udaﬁ—UC)r .



Moreover relation (9) implies

1
(314 — (e My —we)) > - (1,6, A1) for ally € W such that Ay € K

1

— (p2,c,u — ue)p > —= (H2,c, o) forallu e U
c

Thus (13) becomes :

(yc—zday_g)g+04 (uc—ud,u—ﬁ)r+
(qcle(y - g))Q + (Tc, Yy — ’LL)F Z
_E [(M1,07 )\1)Q + (/1’2707 A2)F:|

_(yc_zdvg_yc)g_a (uc_udaﬁ—UC)r .

(3.15)

Let us denote by o, the term on the right-hand side of (15). Since by assumption
(M, A2) € L1 x Vs it is easy to see that lim o, = 0.

c——+o0

Next we set successively v = @ and y = g. First, we choose u = @ so that inequality (15) becomes :
(yc —Zd,Y — g)Q + (QmA(y - g))Q + (Tva - ﬁ)r > 0c,

and consequently (Ye = za,y = §)g + (4o AW = D)y vy, T (e ¥ = Dyygv, = 0c -
We may now pass to the limit in the previous expression to get :

F = 2a;y = Yo +{(@GAY = D)vy v, Ty =Dy, =0
With (6) we finally have :
{1,y — g>W{Y27W1Y2 <0 forallye{y+ Wiz} suchthat Ayjy € K .

Now we choose y = g and inequality (15) gives :

« (uc—ud,u—ﬂ)F—F(Tc,ﬂ—U)p>Uc7

a (e — Ug,u —U)p — <TC7U—ﬁ>v2!,v2 > 0c -

Once again, we may pass to the limit and we obtain :
a (& —ug,u—u)p— (F,u— a)vé)% >0

Together with (7) this implies the second inequality in (8) and the proof is finished as soon as the
following Lemma is proved.
LEMMA 3.1. L1 is separable.
Proof .-As L1 = A1 (W7 ) with A; continuous, it is sufficient to prove that W1 o is separable. Let Dy
(resp. D2) be dense countable subsets of V; (resp. V2). Then the subset D = { y € L*(Q) | Ay €
Dy, yr € D5} is a countable subset of Wy o ( since 7 defined in Section 1 is a bijection from D x Dy
onto D). Moreover, the linear operator 7 is continuous from V3 x Vz to Wi 5. We may therefore
assert that D is dense because of the properties of V; and the continuity of 7. [
REMARK 3.1. Let us still denote by Ay the restriction of A1 to Wi (i.e. from Wig to Lq).
Then the adjoint operator A is defined from Ly to W1 4 and satisfies:

(: Avy) oy = NI W)y, ow,, for all (py) € Ly x Wi
Then relation (6) and the first part of relation ( 8) may be written as

(U = 2a:9)a + {0 AY) vy v, + Fv)vy v, P19 wy, w,, =0 for aly € Wi,

and (i1,y — gj>W1/ Wi, <0 forallye { §+ Wiz} such that Ay € K,

where 0y = Ajfiy € W1 5.



3.3. Example. To illustrate the previous abstract result, we give an example for a particular
choice of spaces V and L. Here we set Vi = L?(Q) and Vo = L*(T) so that V| = L*(Q), Vy =
L3(T), Wi =W.

The previous theorem gives the following optimality system :

geL*Q), re L*() and ji; € L} , fis € L*(T) ,
Ay=f inQ, y=u onl,

(7 = 2a,Y)q + (¢ Ay)g + (7, y)r + <ﬂ1,A1y>L/7L1 =0 forallye W,
a (G—ug) =7 —[fig € L*(T)
<ﬂ1’A1(y_37)>L'1,L1 <0 forally € W such that A1y € K,
(p2,u—u)p <0 forallueU.

(3.16)

If in addition L is finite dimensional we may identify the spaces L1, A;(W) and L} of the Gelfand
triple in (12). In this very case the optimality system becomes:

(3.17) ge L*(Q), 7€ L*(T) and iy € Ay(W) , iz € LA(T) ,
(3.18) Ay=f inQ,y=u onl,
(3.19) (7 = 2a,9)q + (T AY)g + (7, y)p + (1, Ary)L =0 forall ye W,
(3.20) o (@ —uq) =7 — fig € L*(T) ,
(3.21) (f1,A(y—15)), <0 for all y such that Ayy € K,
(3.22) (fiz,u—u)p <0 forallueU .

As a specific example, L can be chosen as the set of linear finite elements with respect to a triangulation
of Q and A; : W — L can be the L2-projection. (H!-projection is not admitted since the elements
of W are not in general H!-smooth).

REMARK 3.2. Let us still consider the case with Vi = L*(Q), Vo = L*(T"), L finite dimensional
and assume that AT (L) c L?(Q2), where AT : L — W’ denotes the transpose of Ai. In this case we
may introduce p € H*(Q) N HX(Y) as the solution of

(3.23) Ap=—(—2za+ A1) inQ, p=0 on T,
where A* is the adjoint operator of A. Then with Green’s formula relation (19) becomes :
o . Op
(3.24) (@—p,Ay)g+ |(T—5——,y) =0 forallyecW.
8VA* T

For all z € L?(Y) there exists y € H?(Q) N HY(Q) C W such that Ay = z in Q. So (24) im-

plies (§—D,2)q =0 forallz e L2(), that is § = p. Then (24) gives 7 = (;i Thus we see that
VA~

relations (19)-(20) are equivalent to

Ap+G—za+ AT =0, pe H*(Q)NHLNQ)
3.25 op
(3.25) oz(ﬂ—ud)—ay—i*—i-ﬂzzo.

A specific case in which A; satisfies the assumption AT (L) C L?() is given if L is a finite demensional
subspace of L?(Q2) and A; is the L2-orthogonal projection onto L.

4. Lagrangian Algorithms. In this section we turn to the numerical realization of the con-
strained optimal control problem (P). We shall combine the techniques from [1] and [6] augmenting
the state equationas well as the constraints characterizing the feasible set D, to obtain well
performing algorithms.

First we recall an augmented Lagrangian algorithm based on the penalization of the state-equation
(see [5], [1] and the references therein).

Algorithm A,



e Step 1. Initialization : Set n = 0, and choose v > 0, g, € L*(2), r, € L*(T).
e Step 2. Compute

(Yn,un) = Arg min { L.Y(y,v,qn,Tn) | A(y,u) € K xU },
where
Y Y
L’y(yuu7q7r) = J(yau) + (qﬂAy)Q + (T7y - u)l" + §|Ay - fl?l + §|y - ’LL|%

is the augmented Lagrangian with respect to the state-equation constraint.
e Step 3. Set

Gnt+1 = qn + p1 (Ayn — f) where p1 € (0,27 ],

Tn41 = Tn + p2 (Ynjr — un) where pa € (0,27 ] .

The analysis of this algorithm is rather standard, see [1, 5] and the references there.

THEOREM 4.1. Let (§,1) be the solution to (P) and suppose that (H) holds with V = L*(Q) x
L?(T). Then the iterates of Algorithm A, satisfy
|Tn+1 - 7:|12“ +

) ) 1 )
lyn — 98 + alun — U + =—|gn1 — @S +

2p1 2p2

1 o1
(4.1) (v - —)|Ayn —fla+ (- —)|yn —up|f < o S lan —alé + 2—p2|7”n -7l

foralln=0,1,2,... .
With p1 and p2 given as in Step 3, this implies

Z'yn y|Q+aZ|un—u|F ’7__)Z|Ayn f|?2+

n=0

1
4.2 _ = n n R P b
(4.2) (v E lyn — unlf < — o |0 qlg+2p2|7"o .

and in particular strong convergence of (Yn,un) — (§,4) in L*() x L*(T), and boundedness of
{(gn,mn)}- If moreover p1 < 2v and pa < 27 then (Yn,un) — (§,4) in X, and every weak limit (g, 7)
of (qn,rrn) has the property that (§,u,q,7) satisfies, for all A(y,u) € K x U

(7@ @w-@o), +(2Ap-9) +(Fy-7-@-) 0.

QxT r

Proof -We refer to [2] [ ]
The main remaining problem is the resolution of the auxilliary problem of Step 2 in Algorithms A,
which can be written as :

(Yn, un) = Arg min { L (y,u) | A(y,u) € D }.

To simplify the notation we omit to indicate the dependence of L. on g and r. During Step 2
these functions are fixed. We are going to use the following algorithm and a splitting variant to solve
the auxiliary problem :

Algorithm A

e Step 1. Initialization : Choose \° € H and ¢ > 0.
e Step 2. Compute

(), u’) = Arg min { L, (y,u) + @ (A(y,u),N) | A(y,u) € X },

where ¢. has been defined in the previous section.

10



e Step 3. Set (see 4)

M = A V) | |
= C(Aly] + 23— Pr(Ay? + 3 ) wl + 22 — Py(ul + ’\—CQ))

The convergence of this algorithm under the assumption that L is finite dimensional follows
from result in [6]. The assumption on finite dimensionality of L entails that the duality pairing
between Ly and L} in (16) can be replaced by the inner product in L, see (19), which is necessary
for the convergence proof. We now write the version where Algorithm A; appears as an inner loop
in algorithm A4,

Algorithm A

e Step 1. Initialization : Set n = 0, and choose v > 0, ¢ > 0.
Choose (qo,70) € L*(Q) x L2(T') and A, = (Ao, /\02) € L x L*(T).
e Step 2. Choose k,, € N, set A2 = A, , and for j =0,...,k,:

(ygw u%) = Arg min { L'y(yvua Qn>Tn) + pe(Ay, u)_v )\gz) | (y,u) €W X L2(F) )
- L M L M
M= elhayh + 7 = Pre(Aayg + )]
J J

NFL = (LN with \ \
Mo = el + =22 — Py(ul, + =22)]

n,l

End of the inner loop : )\n+1 = MNoentl oy =k, = ukn

n

e Step 3. gni1 = k ZAyn where p; € (0,27 ],

kn

Tn4+1 =

M —ul))  p2e(0,2y].
J:O

THEOREM 4.2. Let (g,4) be the solution to (P) and suppose that (H) holds with V = L?*(Q) x
L3(T) and that L is finite dimensional. Let (q,7, i) € L*(Q) x L?(T) x L x L?(T") be an associated
Lagrange multiplier. Then the iterates of Algorithm A satisfy

19 9 kp+1 kn+1
lyn — Yle + |un — ulf + 2 lgnt1 — @6 + —5— 209 [Png1 — 7P
P2 1 .
(4.3) +(v — —)IAyn Flg+ (= lun = yalt + 5o Anis = BlL ey
k +1 _ kn+1 _ 1 _
= o lgn — @18 + —=— 0m |r H_T|%+%|/\n_,u|%><L2(F)
forallm=0,1,2,... . If k,, is nonincreasing this implies

oo oo
Zlyn—zjléwZIun—al% +

(4.4) 7__ Z|Ayn fI2+ Z|un Ynl?

ko1 ko + 1 T
_ S —
= o 20 o 7"|r+2c| 0 = AlTxr2(ry

|0__|Q+

and in particular strong convergence of (yn,un) — (y,u) in L*(Q) x L*(T"), and boundedness of
{(gnsTns An)}. If moreover py < 27y and pa < 27 then (Yn,un) — (§,u) in X and every weak limit
(@, 7, A) of {(gn,"nsAn)} has the property that (g, ,q, 7, A) satisfies (19), (20).
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Proof -See [2]. ]
REMARK 4.1. The resolution of the unconstrained minimization problem occuring in algorithm
A is equivalent to the resolution of

V(y,u)L'y(yna Uns dn s Tn) + ‘P/C(A(yna un), /\gz) =0,

that is : M . N )
vy LV(?Jna”naQnurn) +c [Alyn + — - PK(AIyn + —))] =0 3
(4.5) ¢ i €

)\n2 )\n2
Vau L'y(ynvunv%u'rn) +c [un + 71 - PU(un + 7)] =0.

This can be done with a Newton or a descent method for instance.
Our final goal is the analysis of Gauss-Seidel splitting techniques to solve the auxiliary problems.

The splitting avoids the minimization of the auxiliary problem with respect to y and u simultaneously.
The resulting algorithm is :

Algorithm ASS

e Step 1. Initialization : Set n = 0, choose v > 0, ¢, € L*(Q), 1, € L*(T), u_1 € U.
e Step 2.

Yn = Arg min { Lv(yvun—luQnaTn) | A1y eK }
Uup = Arg min { Ly(Yn, 0, ¢n,rn) |u €U } .
e Step 3.
Gn+1 = Gn + p1 (Ayn — f) where py € (0,27],
Tni1 = Tn + p2 (Ynr — un) where py € (0,27] .

Once again, we may use algorithm .4; to solve the first sub-problem of Step 2. The second one
is easily solved directly, see Remark 4.2 below. For convenience we shall henceforth delete the index
1 in the notation of the state component of the multiplier.

Algorithm A5

e Step 1. Initialization : Set n = 0 and choose v > 0, ¢ > 0.
Choose (qo,70) € L x L*(T), Ao € L*(Q) and u_; € L*(T) .
e Step 2. Choose k, € N, set \2 = \,,, u, ' = u,_1 and for j =0,...,k,
y%, = Arg min { L’y(yvugz_la%arn) + gpc(A(y,uZl_l), ()‘2170)) lye W }
) N Y
A= ey + =t = Pre(Mays + )]
up, = Arg min { Ly(y}, u, qn,mn) [u €U }.

End of the inner loop : A, y1 = )\Z"‘H, Yn = yﬁ" Uy = ufl".

e Step 3. o En _
— J _
An+1 = Gn + k'n, +1 ZO(Ayn f)? where p1 € (0727] ’
=
k"l )
Trgl = Tn + % j:ZO(yfl‘F —ul), where pg € (0,7] .

REMARK 4.2. We may solve the first unconstrained minimization problem occuring in the pre-

vious algorithm as it has been mentioned in Remark 4.1. The second minimization problem is indeed
equivalent to

aug + o + VYl

w = Arg min u—
" g { P )

cuwel},
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otg + Tn + Y,
a4y
We end this section with a convergence analysis for Algorithm A%,

THEOREM 4.3. Let (g,4) be the solution to (P) and suppose that (H) holds with V = L?*(Q) x
L2(T") and that L is finite dimensional. Let (q,7,ji) € L?*(Q) x L*(T) x L x L?(T") be a Lagrange
multiplier associated to the state-equation and the state constraint .

Then the iterates (Y, Un, Gn,Tn) of Algorithm ASS satisfy

that is ul, is the L*(T)-projection of on U.

_ kn +1 _ kn +1 _
Y = Glé + (a+ 5 )lun—u|%+ o |dn1 — ale, + P [Fn1 — 77
Y P2 _
4 +(’7_ 3)|Ayn fl?)'i_ |un_yn|%‘+%|)‘n+l _N|%
(4.6) < kAl e ketl
=~ n — ¢4 Tp —T
) 2 Q 2 r
. Y= P2 Y _
+%|/\n_ﬂ|2L D) |un71 _yn71|%+ §|un71 —u%
oralln=1,2,... . If k, is nonincreasing this implies
g
S : v
Z (lym = 912 + afun = 1l + (v = B Ay = FI + S lun = yalf) <
kl +1 " _ ki+1 _ 1 _ Y — p2 o _
o=l + =l = 7l g =l 5 e — wolf + e —

Proof -We use the optimality conditions issued from Step 2 of Algorithm A%,
The iterates (y,ul) of Step 2 satisfy, for j =0, -+, ky, for ally € W

L ,,0—1
__n J _ w1
(4.7) 0= g f,Ay>Q+(rn - +1<yn ) >,y)F+
__P2 J o a0l _
(= ) wh e+ (g M), Am) | =0,

and for all u € Uyq

" W) ou— ) — P2 i i o — j)
(Ju(yn7u;7,)7u un>F ('f’n‘i‘ kn+1(yn un)7u un r
2

(4.8) _ _ _
k—_i_l)(yfl—%,u—%)r >0.

—(y—
From (19) and (20) it follows that
(‘]/(ga ﬁ)a (yv u— ﬁ)) +
(4'9) QxT
(@ Ao+ (Fy = (w—a)r + (Aw)

for all (y,u) € W X Ugq. From [6] it is known that

(LA wh), M) = LA, @), ), Al wd) = A5, )
(4.10) > 1|)\j+1 il 1 N

for j =0,1,...,k,. Combining (7)-(9) and (10) and setting
J

j
J — p1 Ayt — dri = P2 i
7 Qn+kn+1;( y., — f) and 77 rn+kn+1;(yn Uy,)
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for j=0---k, and g, * := qn, 7, := 7, imply
. N . N k,, + . B kn,+1 ._ B
ly), — yla + alul, — alp + 201 ), — ala, - 21 lg ! — ald+
nt+1 nt+1, _
(7 = 52 Ay — flB+ g — 7l — T 2
2(kn, +1) 2p2 2
pr A= P
2 P i 1 i j
k _'_IZ(yn_un?ygz_u}]z)F_k +1Z(Ayn_f7Ay£z_f)Q_
=0 n i=0
po 1 .
(v mﬂyn —ul |7 + (Wfl — a7 — [N, — alE)+

’}/(’ngl _uglilaygz _g)r < 0 )

forn,j=0,1,...,k,. Summing the above inequality over j and using the fact that

DO aia)m < 2 ag)?
=0

—

-
Il
=)

<.

we arrive at

kn +1 _
Tl = it

kn+1 4 _12
gk — g3 +
b — al3 z

kn
n

(lya = 9l + afup —ulp) + =5
=0 P1
7—— E Ayl — I8+ 7—— E [ATAR

kn+1
12 n
— +
|Qn Q|Q 22

1 _
|)‘n+1 Ml%

_,U|L'

k _
< n |Tn—7"|%‘+%|)\91

VR S R —)

kn

J=0

ul ™t yﬁ—g) is standard (see [5]) : we obtain, for j = 1,2
r

The estimation of (un
b= luf, —alf) .

S . _ . . ’7 . . . _
(i = by = i), > alul — w7 R = 20y =l -l
A similar calculus provides the estimation of ( — U, , Yy — g) forn=1,2,---
r
_ _ P2 - Y -
411 V(Unl_ugwy_yn) > (a+7)|u$1_ n1%+ |yn*1_unl|12"
(' ) +1|u0_ﬂ|2_1 71_—|2
2 n I 2 u’ﬂ uF *
We henceforth assume n > 1. We obtain
a p2—°
) PR 2 —
10 (= 9) 2 ot 2t — i 2 g —
i=0
J gl gl &
(412) +2jug — afp — Lun —alt +aY fu — w7
j=1

N = =l — = af?)

ol
Mw

1

<.
Il
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We finally get for &k, > 1

kn

P P kn+1 kn+1
Z s, — 9l + aful, — alf)+ 7; |gnt1 — @lg + —5— 9 Irp1 — Fla+
7=0 P1 P2
1 & v = pa &
p1 j = P2
9% —[Ans1 — A7+ —7 ZAyfz—f%"' 5 > lyh —uhlp+
j=0
¥ B k,, _ kn+1 _
1§|un_u|l“ 2p1 | n—q|?2+7;7|7”n—7”|%+
sl = ilE + TS5 s = [ + Sl — R
Since p2 < v we deduce that
_ i kn+1 _ kn+1 _
[Yn = Glé + alun — alf + ~5—lgn11 — @ld + —5—|rnt1 — 7}
2p 2p2
P2 _ Y _
+(v - 7)|Ayn FG+ (=) yn — unlf + %|)‘n+1 — g+ §|Un —alf
kn+1 _ kn+1 _ 1 _
< gpl |gn — |?2+ gp2 |Tn_7a|l2“+%|)\n_ﬂlg2
+7 P [Yn—1 — Un—1|} + g|un—1 — ulf

if k, > 1. Using (11) the same estimate follows for k, = 0. The final claim again follows with a
telescoping argument. |

5. Numerical Experiments.

5.1. Implementation. Numerical experiments were carried out for one and two dimensional
problems. Since Algorithm A% is the simplest for implementation we have used it for our tests. The
discretization of the problem was done with finite-differences discretization schemes. The size of the

1
grid was — so that L = RN+ for the 1D-case and L = R2V+D for the 2D-case. A was chosen as

the discretization operator with respect to the given equidistant grid.

The main difficulty that remains in applying Algorithm A% is given by the (unconstrained)
minimization with respect to y. This was done via the adjoint state equation and results, for fixed
u, q and 7 in the resolution of

A A
A*p:y—zd+c[y+——PK(y+z)] inQ,p=0 onl,

10
Ay = _ate in Q, y—u—z—i— P
v Ova-

(5.1)

onI,

19)
for p and y. Here 3 P denotes the conormal derivative of p with respect of A* (which is the adjoint
e

operator of A). The coupled system (1) was solved via a descent algorithm combined with a relaxation

r+ aug + vy
o+

All numerical tests were carried out on an HP workstation using the MATLAB\Y package. For all

examples that we report here the required accuracy and stopping criteria were set to 1076

method. The control function was computed using the L°°-projection of on Uyg.

5.2. Examples.

1D-Example.- In this example we chose

e 0 =]0,1[and N =30; A=—A and f(z) = —(x + 2) exp(z).

o zg=-1, a=0.1, ug(0) = =2, ug(l) =1; Uyg = [-3,3] and

K={YeL: -11<Y<1}

Note that zg is quite close to the boundary of K.
In fact, as can be seen from Figure 1, the lower bound on the state is active. The active set is a
singleton. In view of the fact that the influence of the boundary control at x = 0 and x = 1 is
restricted to the superposition of straight lines to the uncontrolled state, this is not surprising.

15



The numerical values for J and the control at the minimum are :

J =1.5862 107! and @(0) = —9.9573 107!, (1) =2.6314 107 2.

Solution for ud=[-2,1] and zd=-1
0.2 T T T T T

2

Figure 1

One of the main questions concerning the class of algorithms that we analysed is the choice of the
parameters p;, ¢ and . From Table 1 we conclude that while the choice of the parameters certainly
has an influence on the convergence properties of the algorithm, there is a wide range of parameters
values for which convergence is achieved numerically, for this and other examples that we tested.

1
In all calculations we chose p; = 1. Some tests shows that the ratio J_ 0 is a good one. For

(¢,7) =(1,1), (¢,7v) = (100,50), (¢,v) =(1,0.5) (all with k, = 10 for allcn), convergence is achieved
but it is slower than for those pairs that are presented in Table 1. From that Table, as well as from
other tests, it can also be seen that the auxiliary problem should be solved sufficiently acccurately,
before the Lagrange-multipliers (g, r) for the state equation and the boundary condition are updated
(see k,, = 1). The values (¢,vy) = (10,0.1) still with p; =1 led to divergence. This is not unexpected
in view of the result of Theorem 4.5 which requires ps < 7.

c |7 Fn 1Ay + fllo | lly=vleo | n | CPU | minfy-(-1.1)]
(constant) n units
10 1 10 4.8 e-07 4. e-07 58 1 4. e-10
10 1 1 9.3 e-07 6. e-07 154 | 2.17 2.5 e-06
10 1 100 2.2 e-07 5. e-07 13 1.35 -2 e-09
100 | 10 10 6.2 e-07 9. e-07 95 1.01 -1.3 e-11
Table 1

2D-Example.- Now we consider
e 2=]0,1[x]0,1[ and N =30; A= —A and f = 20.
o zq(x1,22) =5[x1(x1 — 1) * @2 (22 — 1)] + 3, ug =0 and a=0.01
o Uyg=[-10,10and K ={ye€ L |0<y<35}
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State

Figure 2

The results for selected values during the iteration procedure are shown in Table 2. The effect of
the discretization is given in Table 3. : the CPU time is approximately a linear function of N2. The
optimal state and control (on one side of the domain) are given in Figure 2 and Figure 3 respectively.

Control

26

24F

22f

01 02

03 04 05 06

07 08 09 1

Figure 3
Tteration | [|Ay + f]lc ly — v]| J min ( 3.5-y )
0 4.688280e+-00 | 1.223633e-02 | 2.414087e-01 | -9.707107e-02
10 8.449125e-04 | 2.439992e-04 | 2.062097e-01 | -1.030313e-02
50 2.819024e-05 | 3.966610e-06 | 2.083813e-01 | -1.987233e-05
53 9.776863e-07 | 7.128897e-07 | 2.083877e-01 | 4.117863e-06

Table 2
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N 10 | 20 | 30 |40 | 50 60
N2.10-2 1 4 9 |16 | 25 36
CPU units | 1 | 314 | 7 | 13| 21.8 | 354

Table 3

In this case the upper bound y < 3.5 is active, while the lower bound y > 0 is not, except in some
corners of the domain. We must admit however, that the numerical values of ¥ may not be accurate
in the corners since no special treatment of the discontinuities of the conormals at the corners was
incorporated in the code. The results were obtained with : ¢ =10, v =1 and k,, = 10 for all n.

6. Conclusion. The augmented Lagrangian algorithms with splitting into state and control
variable can effectively be used to solve state and control constrained optimization problems. For the
first order methods that are presented in this paper the auxiliary problems in the inner-loop must
be solved sufficiently accurately before the Lagrange-multipliers of state equation and boundary
condition are updated. Appropriate choices for the penalty parameters (here ¢ and ) and the step
lengths p; for the dual variables are easily determined since the algorithm are not particularly sensitive
to them. It is our intention to also analyse second order methods for the same class of problems.
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