
HAL Id: hal-00022603
https://hal.science/hal-00022603

Submitted on 1 Jun 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License

A computational approach to thermomechanical fatigue
Andrei Constantinescu, Eric Charkaluk, Guy Lederer, Laetitia Verger

To cite this version:
Andrei Constantinescu, Eric Charkaluk, Guy Lederer, Laetitia Verger. A computational ap-
proach to thermomechanical fatigue. International Journal of Fatigue, 2004, 26, pp.805-818.
�10.1016/j.ijfatigue.2004.01.006�. �hal-00022603�

https://hal.science/hal-00022603
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr


A computational approach to thermomechanical fatigue

Andrei Constantinescu a,�, Eric Charkaluk b, Guy Lederer c, Laetitia Verger c
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c PSA Peugeot-Citroën, Direction des Plateformes Techniques et Achats, 18 Rue des Fauvelles, 92256 La Garenne Colombes cedex, France

This paper presents a computational approach for the lifetime assessment of structures under thermomechanical loading. One of the 
main features of the work is the search for simplicity and robustness in all steps of the modeling, in order to match the proposed 
method with industrial constraints. Among the peculiarities of the engineering environment are the imposed commercial computer 
programs and the short time delays for manufacturing. The proposed method is composed of a fluid flow, a thermal and a mechanical 
finite element computation, as well as a final fatigue analysis. The efficiency of the approach is proved by com-parison with 
experimental results on prototype manifolds. The numerical results match both the localization of the damage zone and the lifetime.
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1. Introduction

A series of industrial products like internal-combustion
engines, turbines, nuclear reactors, etc. are subject to
thermomechanical loading cycles. The actual design
process is constrained by a series of specifications such
as energy consumption, lifetime, manufacturing pro-
cesses, materials, production rates, etc. All are sum-
ming up to the final cost of the product. The choice left
to the design engineer is therefore very scarce.

In this context, materials and production processes
are a priori defined and the steps of the design cycle
with respect to fatigue lifetime predictions can there-
fore be presumed as [3]:
(1) definition of the representative load and the desired

lifetime (see for example [27])
(2) modeling and testing in order to obtain the desired

lifetime, generally only geometrical optimization
and adjustment of boundary conditions and stiff-
nesses.

Moreover, the chosen design method should be com-
patible with the engineering environment (computing
tools and testing techniques) and the time requirements
of the industry, typically a couple of hours.

In this paper, we shall show that one can define a
computational design method for assessing the lifetime
of parts under thermomechanical loading cycles com-
patible with industrial specifications, and as such we
shall only discuss the computational part of the second
step of the design cycle presented before. This work is
focused on cast iron parts for internal-combustion
engines with application to the exhaust manifold. Even
so, the underlying method is a general approach to this
type of problem, such as the aluminum alloy cylinder
head design (see [29]).

The originality of the present study lies essentially in
adapting and interpreting classical notions, models and
techniques in order to obtain a reliable fatigue predic-
tion for complete 3D structures.

The damaging cycle of an exhaust manifold corre-
sponds to the start–full load–stop cycle of the engine.
A schematic view of its functioning is presented in
Fig. 1. In the presented conditions, the manifold is
subjected to huge temperature changes, implying that
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at low temperatures (below 500
v

C), the structure has
elastoplastic behavior and that at high temperatures
(above 500

v

C), the structure has viscoplastic behavior.
The classical fatigue criteria, for example, Manson–

Coffin [9,16], Smith–Watson–Topper [23] or strain
range partitioning [10], have initially been defined in an
isothermal framework for uniaxial specimens. There-
fore, their ideas are not easily generalized in a multi-
axial anisothermal framework where plasticity and
viscosity occur simultaneously.

The fatigue problems in the nuclear industry have
been generally reduced to pure creep problems at high
temperatures (around 600

v

C) and to crack propa-
gation [18]. The direct application of this approach is
not possible in our case as temperature changes in
automotive engines imply the simultaneous existence of
plasticity and creep and as no crack monitoring can be
imagined for these parts.

A series of precise coupled constitutive-damage mod-
els have been developed and successfully applied for
turbine blades in aerospace engines (see [5,12]). The
success of these models is based, on the one hand, on
fine control of the material manufacturing process, and,
on the other hand, on a large number of degrees of free-
dom representing the material microstructure, leading
to large computing time. Both arguments are not com-
patible with the constraints of the automotive industry.
There are a large series of products with less control of
the material quality than in the aerospace industry and
very sharp constraints on the design period.

The method proposed in this work is based on a series
of simple assumptions. The assumptions permit one to
simplify the existing models and to eliminate a series of
drawbacks in order to respect the industrial constraints.

The main assumption is that the cyclic material
behavior is stabilized for most of the lifetime and
that the evolution of the damage parameters can be
neglected in the constitutive law and therefore in the

structural computation. The simple elastoviscoplastic
constitutive law has been chosen to represent the
material behavior at both low and high temperatures
and identified from the stabilized cycle. The same beha-
vior will determine the fatigue criterion as a function of
the dissipated energy per cycle.

The paper presents, in the first section, the general
material properties of the studied cast iron. The second
and third sections describe the thermal and mechanical
finite element analysis and the underlying assumptions.
The last section discusses the fatigue analysis and pre-
sents the global lifetime prediction for structures.

2. The material

The studied material is a silicon molybdenum (SiMo)
spherical graphite cast iron (SiMo cast iron, with the
composition presented in Table 1). In the case of
exhaust manifolds, the material is subject to tempera-
tures ranging between �20 and 800

v

C with heating
rates attaining 10–20

v

C/s.
The microstructure at room temperature is presented

in Fig. 2. It exhibits a ferritic matrix (gray background)
with the perlitic zones (white spots) around grain
boundaries and a distribution of graphite noduli (black
spots). At high temperatures, growth of the perlitic
zones lead to a general decrease of the mechanical and
fatigue properties of the material.

In isothermal tension–compression experiments, the
material presents a general decrease of the standard
material properties. The precise evolution of Young’s
modulus E, the yield limit Rp0:2

at 0.2% and the ulti-
mate strength UTS are plotted in Fig. 3. Experiments
also present an increase of the influence of viscosity,
understood as strain rate dependence, with increasing
temperature. Fig. 4 shows the evolution of the viscous
part of the stress with temperature compared to the
total stress. The viscous part of the stress corresponds
to the relaxed stress in a relaxation test. As can be
observed, this part represents more than 80% at high
temperature for the SiMo cast iron.

One of the key points of the present work is the
interpretation of the cyclic behavior of the material
presented in the schematic plot in Fig. 11. The cyclic
behavior of the SiMo cast iron in uniaxial isothermal
experiments under constant strain range presents either
a short period of hardening, if the temperature is below
500

v

C, or one of softening if the temperature is above
600

v

C. After this first softening or hardening period,

Fig. 1. Schematic view of the position and the functioning of an

exhaust manifold.

Table 1

Composition of the SiMo cast iron: elements as a percentage of

weight

C Si Mo Mg Ni

3.47% 3.86% 0.63% 0.22% 0.56%



extreme stresses describe a long slightly softening pla-

teau, where mechanical behavior can be considered as

stabilized. This stabilized period ends with a short per-

iod describing the final failure. As those observations

are extended to anisothermal cycles (see Fig. 5), we can

conclude that the major part of the lifetime can be

described by damage independent constitutive law if

the short starting and final transient periods are neglec-

ted. This justifies the choice of a stabilized limit cycle

for the identification of the elastoviscoplastic constitut-

ive law and will be discussed from the point of view of

the fatigue criterion in the following sections.

3. The thermal and the mechanical analysis

The thermomechanical loading cycles considered for

an exhaust manifold correspond to an idle–full load

cycle of the engine. More precisely, this implies an

inflow of hot gases through the manifold heating it up,

a dwell time at maximum temperature and a cooling

period [1,14]. Therefore, three computations will deter-

mine the global behavior of the structure:

. a fluid flow simulating the flow exhaust gases and
supplying the heat exchange coefficients and the

thermal fluxes;
. a transient thermal diffusion computation simulating

heating and cooling down of the part;
. a mechanical computation with the temperature field

as the main load parameter.

The main assumption is the uncoupling of the three

computations.
First, the uncoupling between the thermal fluid com-

putation and the thermal diffusion problem finds its

justification in the two following elements.

Fig. 3. Evolution of the conventional mechanical properties: yield

limit Rp0:2
ultimate tensile stress limit UTS and Young’s modulus E.

Fig. 2. Microstructure of the SiMo cast iron at room temperature.

Fig. 4. Evolution of the viscous part of the stress with temperature

compared to the total stress. The viscous part of the stress corre-

sponds to the relaxed stress in a relaxation test.

Fig. 5. Evolution of the load during a thermal fatigue test corre-

sponding to the test rig of Fig. 8. The observed saturation generalizes

the stabilization obtained during isothermal cyclic test to a non-

isothermal loading.



On the one hand, the time scale of the heating of the
part is of the order of 102 s, whereas the engine cycles
representing the explosion are of the order of 10�2 s.

On the other hand, the energetic balance of the gas
during its flow through the exhaust manifold shows
that the energy loss due to the heating of the part is
negligible with respect to the transported energy from
the inlet to the outlet. Therefore, the fluid flow is
supposed to be independent of the temperature distri-
bution of the part and an estimated average tempera-
ture will be applied as a boundary condition for the
fluid flow computation.

The uncoupling of the thermal problem from the
mechanical one is justified by the negligible contri-
bution of the inelastic dissipation to heating. The ther-
mal energy involved in the cycle can be estimated from
the temperature evolution presented in Fig. 7.

Next, we shall extensively discuss only the transient
thermal computation and the mechanical computation
supposing that the fluid flow is given.

Let h, u, e, r denote, respectively, the temperature,
the displacement, the strain and the stress fields.

3.1. The thermal analysis

The aim of the thermal computations is the predic-
tion of the temperature field distribution on the mani-
fold from engine data (i.e. exhaust gas temperature and
mass flow rate) which can already be estimated in the
early phases of the project. The experimental tempera-
ture cycle studied here is transient and as such determ-
ined by the classical equation

qc
@h

@t
�r � krh ¼ 0 ð1Þ

given an initial temperature field and a series of bound-
ary conditions which will be discussed next. Here, q

denotes the volume mass, c the specific heat of the
mass and k the thermal conductivity.

If the thermal conductivity k is given as a function of
temperature, the steady-state diffusion problem can
easily be solved provided that the boundary conditions
are precisely evaluated. Three families of boundary
conditions can be observed: internal surface, external
surface and contact conduction on contact surfaces.

The major heat flux contribution to the heating of
the manifold comes from the forced convection with
the exhaust gas on the inner surface of the manifold.
The difficulties of the problem arise from the esti-
mation of local convection coefficients, which demand
a fair knowledge of both the fluid flow near the mani-
fold wall and the gas temperature. The resolution of
this fully turbulent anisothermal fluid problem is per-
formed using the commercial fire software code [2].
Its description is out of the scope of this paper. How-

ever, let us summarize the assumptions at the basis of

these computations.

. The mesh of the fluid part is generated automati-
cally and the cell thickness in the wall neighborhood

is adapted during the computations in order to get a

correct evaluation of the boundary layer.
. The boundary conditions for the fluid computation

are directly derived from engine and turbo-charger

data, i.e. imposed gas temperature and fluid flow at

the intake of the manifold and imposed pressure at

the exhaust given by operating parameters of the

turbo-charger. The presented temperature distribu-

tions (see Figs. 6 and 7) are obtained under full load

conditions. The anisothermal ke analysis of the fluid

flow does not present important differences in gas

temperature between intake and exhaust for the

manifolds discussed here.
. The local heat transfer coefficient between the gas

and the wall at full load is obtained from the Diwa-

kar law [26] based on a logarithmic description of

the wall model. The resulting heat transfer coeffi-

cients at full load are then projected on the internal

surface of the FEM mesh. The values of these

Fig. 6. Steady-state temperature field at full load. The maximal tem-

perature, around 970 K, is obtained near the exhaust pipe, close to

the turbo-charger.

Fig. 7. Temperature evolution at two measuring points.



coefficients can vary from approximately 200 W m�2

K�1 to more than 1500 W m�2 K�1 near the turbo-
charger and depend on the local flow rate and the
temperature of the gas.

The heat exchange on the external surface has been
modeled using both natural convection with air at
room temperature and radiation:

/ ¼ /conv þ /rad ð2Þ
The natural convection coefficient, h, is related to the

heat exchange rate per unit surface by

/conv ¼ hðhwall � hextÞ ð3Þ
and is derived from the classical empirical correlation
[15]

h ¼ 0:53
RaðhfÞ1=4

kf

Dext
ð4Þ

where kf is the air conductivity at an estimated ‘‘film’’
temperature and

hf ¼
1

2
ðhwall þ hextÞ ð5Þ

hwall and hext denote, respectively, the wall temperature
of the manifold and the surrounding air temperature;
Dext is a characteristic external diameter and RaðhfÞ is
the Rayleigh number evaluated at hf . Eq. (4) is valid
for a laminar flow (103 < RaðhfÞ < 109) and leads in
this case to values of h typically around 20 W m�2

K�1. The radiation part, /rad, of the heat flow is com-
puted by the classical radiation law

/rad ¼ xðhÞb h4
wall � h4

ext

� �

ð6Þ

where xðhÞ is the emissivity of the cast iron as function
of temperature and b is Stefan’s constant. The radi-
ation part of the heat flux is quite significant in hot
zones of the manifold as xðhÞ reaches 0.9 for a wall

temperature, hwall, around 700
v

C.
The thermal conduction between the manifold and

the cylinder head or the turbo-charger is taken into
account by means of thermal contact conduction, /cont.
The temperature field of the cylinder head in the neigh-
borhood of the manifold, hcyl, is known from earlier

experimental analyses. The boundary condition, /cont,
on the contact surface between the cylinder head and
the manifold is

/cont ¼
1

Rc
ðhwall � hcylÞ ð7Þ

where hwall is as defined above and Rc denotes the con-
tact resistance. Rc globally integrates the thermal char-
acteristics of the gasket and of the interface and is
obtained from measurements performed under rep-
resentative clamping conditions.

The variation of the convection coefficient on the
internal surface between low and full gas load is
neglected. This can be accepted, as the revolution speed
of the engine remains almost constant during the test,
and as a first approximation, the convection coefficient
also follows the revolution speed of the engine. Simi-
larly, it is assumed that the conduction coefficient on
the external surface as well as the contact conduction
are constant during the cycle.

Supposing that all boundary conditions are known
at full gas load, the transient boundary conditions are
obtained under the following assumptions. At the time
scale of the experiment, which is of an order of magni-
tude of minutes, the exchange temperature on the inter-
nal surface is linearly dependent on the evolution of
load. The variation of the convection coefficient on the
internal surface between small and full gas load is
neglected. This can be deduced from the constant
engine speed and from the linear dependence, in a first
approximation, between the convection coefficient and
the gas flow rate. The conduction coefficient on the
external surface as well as the contact conduction are
considered constant.

The computations are performed using the transient
analysis in abaqus/standard [11]. The CPU time on an
HP-V class computer is about 800 s with an FE mesh
of the manifolds containing about 15 000 linear 3D
brick elements, corresponding to about 66 000 degrees
of freedom.

The resulting steady-state temperature field corre-
sponding to a full load condition is plotted in Fig. 6. It
should be noted that the temperature distribution
exceeds 970 K near the turbo-charger and features a
spatial gradient of more than 400 K between the input
and the output of the manifold in less than 0.2 m.

A comparison between the computed and measured
temperature evolution is presented in Fig. 7. A fair
agreement between measured and computed tempera-
ture is observed, notwithstanding that the temperature
rate reaches up to 15 K s�1.

As a consequence, we can conclude that these results
also assess ‘a posteriori’ the basic assumptions of our
thermal computations.

3.2. The mechanical analysis

The mechanical fields are determined by the equilib-
rium equation

div r ¼ 0 ð8Þ
and an elastoviscoplastic constitutive law under the
hypothesis of small strains.

The constitutive law has to characterize the material
from 20 to 700

v

C. At 20
v

C, it presents an elastoplas-
tic behavior and at 700

v

C, an almost purely viscous
one, as described in Fig. 4. The fact that one has to



deal with a simple constitutive law over the whole tem-
perature domain is dictated by the FE analysis and the
fact that the temperature distribution is not uniform in
the part. This leads to the choice of an elastoviscoplas-
tic material model. A similar conclusion has also been
drawn by Sermage et al. in [19].

The constitutive law used in this work is based on an
additive decomposition of the stress into a plastic and
a viscous part (for a complete description, see [13]):

r ¼ rp þ rv ð9Þ
The mechanical fields of the constitutive law, repre-

senting the two parts, i ¼ p, v, plastic and viscous,
respectively, are related through the following relation:

ri ¼ Ciðe� ei � ethÞ ð10Þ
_eei ¼ cirf ðAiÞ ð11Þ
where eth is the thermal strain tensor field given by the
heating of the material. Cp and Cv are the fourth-order
tensors of elasticity considered as isotropic and repre-
sented as such by the Young moduli Ep and Ev and the
Poisson ratios mp and mv.

ep and ev are two inelastic strain tensors correspond-
ing to the plastic and viscous part of the model, where
f(Ai) represents the yield criterion and Ai is a function
of stresses and strains. The exact expression of Ai will
be detailed later. The preceding equations are com-
plemented with the Kuhn–Tucker complementarity and
the consistency conditions.

The plastic flow is given by a von Mises equivalent
stress yield criterion, J2, corresponding to the second
invariant of the deviatoric part of the stress tensor, and
a linear kinematic hardening rule, expressed as

Ap ¼ dev rp �
3

2
Hep ð12Þ

cp ¼
ffiffiffi

3

2

r

hJ2ðApÞ � rYi ð13Þ

where the expression of consistency parameter cp corre-
sponds to a plastic loading. H and rY denote the kine-
matic hardening and the yield limit, respectively.

The viscous flow is represented by a three-dimensional
Norton–Hoff flow rule, written as

Av ¼ dev rv ð14Þ

cv ¼
ffiffiffi

3

2

r

J2ðAvÞ
g

� �m

ð15Þ

where the expression of consistency parameter cv corre-
sponds to a viscoelastic loading. g denotes the vis-
cosity.

The model has finally six temperature-depending
parameters, Ep, Ev, H, rY, g, m.

The Poisson ratios mp and mv have been considered as
constant and equal to 0.28.

The other parameters of the model have been ident-
ified from cyclic tension–relaxation tests at several tem-
peratures and the parameters have been considered to
vary linearly between these temperatures. An overview
of the variation of the parameters with temperature
can be gained from Fig. 3, which displays the variation
of the standard yield limit Rc at 0.2%. A discussion of
the identification procedure and its implication on the
final computational result is presented by Verger et al.
in [28].

Regarding the identification procedure, the Young
modulus Ep and the hardening H have been obtained
from the slope at the origin and the work hardening of
the experimental curve. The yield limit rY and the
parameters g, Ev and m describing the viscous stress rv

are obtained from the relaxation curve and the sensi-
tivity of the tension curve with respect to the strain
rate. The Young modulus of the viscous part, Ev, is
very important as it determines the characteristic time
of the viscous relaxation.

One can remark that the yield limit lowers tremen-
dously with increasing temperature and this will
demand special care in the numerical integration algor-
ithm. A comparison between three different integration
algorithms for this constitutive law—forward Euler,
semi-implicit and backward Euler with radial return—
has already been discussed in a previous communi-
cation [8].

The computations presented next have been done
using the Euler backward algorithm with a radial
return, which proved to be unconditionally stable (for
a complete reference on algorithms, see [20]). This sol-
ution showed to be essentially faster for temperature-
dependent yield limit and viscosity.

The mechanical computations have been performed
using the abaqus software [11] as for the thermal com-
putations. From a practical point of view, the inte-
gration algorithm has been implemented by means of a
User Material subroutine (UMAT) and some details of
the radial return algorithm are presented in Appendix A.

The mechanical computations have been performed
on two types of structures:

. a thermomechanical specimen submitted to heating
by Joule effect, described in Fig. 8;

. Two different types of exhaust manifolds prototypes
described as A and B, with two successive design
versions for type B.

The thermomechanical tests (Fig. 8) were performed
on axial symmetric clamped specimens heated by the
Joule effect. The heating procedure produced a thermal
gradient along the specimen axis, which also induces a
variation of the mechanical fields in the same direction.
This experimental machine has also been used to pro-
vide the thermomechnical fatigue test and the corre-



sponding results in the lifetime prediction as described
in the next section.

Maximum temperatures have been varied between 40
and 700

v

C with a heating rate of 20
v

C s�1. The
maximum temperature is obtained in a region of
approximately 10 mm in the center of the specimen.
The maximum temperature gradient was 30–40

v

C/mm.
The parameters of the test are the clamp value due to
the variable stiffness (proportional to the flexural
moment of the beams: 183 000 and 227 000 N/mm, see
Fig. 8) and the dwell time at 700

v

C (60 and 900 s).
This stiffness corresponds to a linear relation between
the measured displacement (in mm) with the strain
gauge and an applied load (in N) on the top of the test
rig.

The thermal load of this experiment was numerically
estimated by an electric and a thermal FEM compu-
tation. The results of the temperature distribution were
compared with measurements obtained by infrared
thermography and thermocouples. The temperature
distribution at the maximal temperature of the cycle is
represented in Fig. 9.

The mechanical computation was used to validate
the accuracy of the constitutive behavior of this simple
structure. In Fig. 10, we represent the measured and
computed nominal axial stress versus temperature dur-
ing some cycles.

The thermal loading cycle for the exhaust manifolds
has been described in the previous section and mechan-
ical computation has been performed for the same
mesh. The cylinder head has been modeled as a thick
plate and the coupling between the cylinder head and
the manifold has been represented by a number of
screws and a standard small sliding friction contact
model of abaqus.

The mechanical analysis has been performed in two
steps: one simulating the manufacturing of the engine

and one representing a functioning cycle of the engine.
In the first step, the manifold is bolted on the cylinder
head and in the second, it is submitted to the idle–full
load thermal cycles described in the previous section.

In both cases, i.e. thermal fatigue specimens and
exhaust manifolds, the response of the structure is mul-
tiaxial; more precisely, the computed rxx and ryy stres-
ses exhibits a nonproportional affine loading as shown
by Charkaluk et al. [6].

The thermomechanical analyses for both manifold
versions were completed within approximately 6 h of
CPU time on an HP-V class computer. This CPU time
is very sensitive to the amount of inelastic deformation
experienced by the structure as well as to the non-
linearities induced by frictional contact.

Fig. 8. The anisothermal fatigue machine. Fig. 9. Computed and measured temperature on the axes of the

specimen in the anisothermal fatigue machine at maximal heating

temperature.

Fig. 10. Computed and measured nominal axial stress versus tem-

perature for the specimen in the anisothermal fatigue machine.



4. Fatigue analysis

4.1. Fatigue criterion

Once the mechanical fields are obtained, the major
challenge is to determine a low cycle fatigue (LCF) cri-
terion in the anisothermal multiaxial framework. We
shall define the fatigue criterion as a relation between a
criterion function U and the number of cycles to failure
of the structure Nf.

A series of classical fatigue criteria can be expressed
under a general form [24,25] as:

Uðe;ep;r; . . . ÞNb
f ¼ c ð16Þ

where Nf denotes the number of cycles to failure and b,
c are material dependent constants. e, ep, r are the
values of the fields during a complete cycle. One can
remark that an underlying hypothesis in the framework
is the existence of a stabilized cycle. This assumption
will be verified in our case through direct computa-
tions.

The following paragraphs review some classical fati-
gue criteria and some engineering applications. For the
Manson–Coffin [9,16], Smith–Watson–Topper [23] and
Ostergren [17] criteria, the function U is represented
in Table 2. Here Dep, De, rmax denote, respectively, the
plastic strain range, the total strain range and the
maximum tensile stress over a uniaxial cycle. E is
the Young modulus and m the frequency of the test
cycle. b, k, c are material parameters characterizing the
fatigue behavior.

Another classical criterion is the strain range par-

titioning (SRP) proposed by Halford and Manson [10],
which gives an a priori separation of the stress–strain
cycle between creep and plastic parts. The major draw-
backs of the partitioning method are that the method is
empirical and that the proposed separation is not
unique as pointed out by Chaboche et al. [4].
Moreover, multiaxial anisothermal computations with
elastoviscoplastic constitutive laws show that creep, i.e.
viscous effects, and plasticity are coupled and simul-
taneous phenomena.

In the present work, the first step concerns the defi-
nition of U, and to that end, it is essential to discuss
the previous classical definitions. In a multiaxial case,
one has to replace the strain range with a well chosen
amplitude of the strain cycle computed using a ‘‘norm’’
such as the von Mises equivalent stress J2. Similarly,

the maximum tensile stress over a cycle can be replaced

by the maximum hydrostatic pressure, as the mean

stress has an influence on the lifetime.
If these changes seem feasible for the passage to mul-

tiaxial isothermal problems, the passage to the multi-

axial anisothermal problems can hardly be justified, as

over a large range of temperature, the material para-

meters b, k, c are temperature dependent (see [7]).
The notion of cycle frequency, usually denoted by m

[17], is easily defined for an experiment on specimens.

In this case, it correctly features the effect of the load-

ing rate. During a multiaxial anisothermal cycle, the

strain rate depends not only on the spatial location of

the considered point, but also on the time instant when

it has been computed. Therefore, m is only a global

mean value and cannot be directly associated with the

creep phenomenon.
As a consequence, one has to introduce another

intrinsic definition for the criterion function U.
The second step concerns the definition of the num-

ber of cycles to failure Nf in the case of a structure. In

order to better understand the underlying phenomena,

let us revisit the interpretation of the cyclic behavior of

the material proposed by Skelton [21,22]. The evol-

ution of the apparent load during a LCF test under

imposed strain range generally displays three important

phases (see Fig. 11). These steps are defined by the sta-

bilization, the tangent and the final points, denoted by

subscripts: sta, tan, and fin.
The stabilization phase corresponds to a cyclic hard-

ening or softening behavior until Nsta cycles. Typically

for the studied cast iron, we have cyclic hardening up

to 500
v

C and cyclic softening above 600
v

C. During

this period, the microstructure is subject to a plastic

shakedown cycle under the macroscopic imposed

Table 2

Classical low cycle fatigue criteria

Criterion U

Manson–Coffin Dep

Smith–Watson–Topper
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ErmaxDe
p

Ostergren ðrmaxDeÞmbðk�1Þ Fig. 11. Evolution of the global load in isothermal uniaxial experi-

ments under fixed strain range.



strain. Infinitesimal cracks at the length scale of lm
can initiate and propagate [22].

After Nsta cycles, the material behavior is quite often
stabilized and small cracks grow until Ntan cycles. At
Ntan cycles, existing cracks reach a macroscopic length
scale and become mechanically important for the struc-
ture. This means that the macroscopic fields are influ-
enced by the presence of the crack and failure is to be
expected after a small number of cycles, at Nfin.

Skelton [21,22] showed that the accumulated dissi-
pated energy until stabilization Nsta can be considered
constant for a given material. These results also sug-
gested that the accumulated dissipated energy till the
hardening or the softening stabilization point is
reached can be used as a crack initiation criterion in
LCF. It is important to remember that the crack
initiation at Nsta correspond to a microscopic crack.

The previous considerations are being extended for
the definition of the criterion function U and the num-
ber of cycles to failure Nf in the case of structures. In
the design of structures, we are interested in detecting
the initiation of a macroscopic crack which may
endanger the integrity of the component and which is
definitely not the final failure of the structure. From
the point of view of the cyclic material behavior, we
can then state that the initiation of the macroscopic
crack corresponds to the point at Ntan cycles as
explained before. However, as Ntan is not easily detec-
ted, we prefer to define the failure point Nf in our cri-
terion by a 10% load drop with respect to the value of
the stabilized cycles at Nsta. As a consequence, Nf lies
between Ntan and Nfin.

The next step in the definition of the fatigue criteria
is to specify the function U. We note that some of the
classical criteria (see Table 2) are related to the dissi-
pated energy per cycle as they combine products of
strains and stresses. Therefore, as explained in detail in
[6,7], we propose

UðxÞ ¼
ð

cycle

rðxÞ : _eeðxÞdt ð17Þ

where the stress and strain fields should be considered
at the stabilized cycle Nsta and x is the point where the
fields have been computed.

As the fields are not homogenous on the structure,
we shall rewrite the criterion as

max
x

UðxÞ
� 	

N
b
f ¼ c ð18Þ

The parameters b, c of the fatigue criterion have
been established using classical isothermal LCF. The
LCF tests have been carried out on classical specimens
at different constant temperatures between 350 and
700

v

C under strain control. The total strain rate was
10�3 s�1, the strain ranges were 0, 25%, 0, 5% and 1%
and the proportion between extreme strains was:

emax=emin ¼ R ¼ �1. The dissipated energy has been
evaluated on the stabilized cycle by a numerical inte-
gration procedure from the stress–strain experimental
curves (for details, see [7]). The analysis of those classi-
cal LCF tests show that temperature does not have an
important influence on the value of the energy [6].
Therefore, b and c are identified using all the realized
tests at all temperatures and correspond to the mean
value in a linear regression sense. These tests have been

completed with similar experiments at 700
v

C which
included a dwell period at maximal and minimal strain.

A series of complementary thermomechanical fatigue
tests were conducted in order to assess the fatigue cri-
terion for the machine described in Fig. 8 and in the
previous section. For these tests, the dissipated energy
has been evaluated on the stabilized strain–stress cycles
computed by the FEM.

The experimental versus predicted lifetime for the
tests is presented in a log–log plot in Fig. 12 and shows
the efficiency of the chosen criterion.

4.2. Fatigue predictions for the exhaust manifolds

For the exhaust manifolds, the mechanical fields
have been obtained by the FE simulation described in
the previous section and the fatigue criterion function
U has been computed as post processing. Two proto-
types, A and B, of exhaust manifolds have been tested.

The first remark concerns the number of cycles nee-
ded to achieve a stabilized limit cycle for the mechan-
ical field, leading to a stabilization of the cyclic
dissipated energy. It appeared that three cycles were
enough to get a representative value of the dissipated
energy. Therefore, the lifetime results are computed

Fig. 12. Estimated number of cycles to failure versus experimental

number of cycles to failure on a log–log scale. The two dashed lines

represent one and three standard deviation, respectively, of twice the

lifetime.



using the third loading cycle. It is important to note
that this is a pure observation and that to our knowl-
edge, no mathematical results are available to predict
the existence of the limit cycle and the number of cycles
needed to attain it in such a nonisothermal context.

The second remark concerns the experimental num-
ber of cycles to failure Nf, which corresponds to the
initiation of a macroscopic crack on the exhaust mani-
fold. As the inspection of the manifold for cracks is
only done at the exterior surface and not at every cycle,
the number should be understood only as an upper
bound with a certain error.

For both types of manifolds, we can see from Fig. 12
that the lifetime predictions are in good agreement with
the experimental observations.

For the type A manifold, we have represented in
Fig. 13 the position of the detected crack and in Fig. 14
the distribution of the criterion function U.

Similar results are displayed for type B manifold in

Figs. 15 and 16. Figs. 17 and 18 show two damaged

zones of the type B (version 1) manifold. The criterion

Fig. 13. Experimental crack observation on the type A manifold

prototype.

Fig. 14. Distribution of the computed fatigue criterion on the type

A manifold prototype.

Fig. 15. Experimental crack observation on the type B manifold

prototype (version 1).

Fig. 16. Distribution of the computed fatigue criterion on the type

B manifold prototype (version 1).

Fig. 17. Experimental crack observation on the type A manifold

prototype (version 1).



function in Fig. 16 corresponds to the inner surface of
the manifold where it presents a maximal value. The
fact that the maximum is on the interior surface sug-
gests that the crack will initiate at the interior and will
propagate toward the exterior, which was confirmed by
the direct material observations.

Both zones observed on the type B manifold proto-
type present approximately the same level of cracking
danger, and the lifetime estimation falls within the
standard deviation of the criterion as shown in Fig. 12.

Fig. 19 presents an example of von Mises equivalent
stress distribution at full load on the type B manifold.
It appears clearly that the highest von Mises equivalent
stresses are located in the coldest parts of the manifold
(see Fig. 2). This is coherent with the evolution of yield
limit with temperature sketched in Fig. 3 but it gives
no indication about the location of the critical zone. It
can therefore not be used as criterion function U.

Computations performed on the type B (version 2)
manifold exhibited an important increase in lifetime:
the rear zone is not critical anymore, and the criterion
shows a significant lifetime increase for the first zone,
as detailed in Fig. 20. This predicted lifetime increase

of 150% between versions 1 and 2 can be considered
satisfactory compared with the experimental lifetime
increase of 110% from the point of view of industrial
design.

These results show that the proposed criterion func-
tion U provides a good spatial localization of the crack
initiation zones and that the criterion predicts the life-
time of prototypes within reasonable limits. Moreover,
we have observed that the fine changes in geometry
between the two versions of the prototype are correctly
interpreted in terms of lifetime increase by the cri-
terion.

5. Conclusion

A complete lifetime estimation approach has been
derived for structures undergoing thermomechanical
fatigue and applied to the design of cast iron exhaust
manifolds. The structural approach integrates a simple
elastoviscoplastic description of the high temperature
behavior of the material. This material law allows suf-
ficient precision without major CPU time increase,
implying that this approach can be included in a classi-
cal development schedule of such parts. The results of
these computations, associated with a reasonable sim-
ple anisothermal LCF criterion, show good agreement
between predicted and observed critical zones for two
versions of a given manifold. Numerical and experi-
mental lifetime increase between the two versions is
also satisfactorily correlated. This approach is not lim-
ited to exhaust manifolds or cast iron: further applica-
tions could concern steel or aluminum alloys and other
parts in the automotive industry or elsewhere.

Some aspects of the actual approach could be elabo-
rated, enhancing the results, but should keep the sim-
plicity and robustness of the present version.

For example, a better fatigue criterion should take
into account the influence of the mean stress. The
mean stress was automatically eliminated in the present

Fig. 18. Distribution of the computed fatigue criterion on the type

A manifold prototype (version 1).
Fig. 20. Distribution of the fatigue criterion with the critical zone

on two consecutive design versions of the type B manifold prototype.

Fig. 19. Distribution of the computed von Mises equivalent stresses

on the type B manifold prototype (left: type B version 1, right: type B

version 2).



approach by the deviatoric character of the constitutive
law and implicit character of the dissipated energy.

Another example is the constitutive law, where non-
linear hardening could be included in the formulation.
In this respect, one should be aware that this will prob-
ably improve the representation of the limit cycle on
simple experiments, but will influence in an a priori
unpredictable way the cycles of the 3D structure.

These two aspects will be considered in future
research on the subject.
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Appendix A. The radial return algorithm

for the constitutive law

This section presents a series of results regarding the
radial return algorithm and the consistent tangent
moduli for the plastic and viscous branches of the
chosen constitutive law. The computations follow the
general presentation given in Simo and Hughes [20].

Notations

A A ¼ s�H � evp

A�
nþ1 trial stress

C elastic moduli tensor (4th rank)
J deviatoric identity tensor (4th rank)
De total strain increment
Dev viscous strain increment
Dep plastic strain increment
c inelastic strain rate norm
H hardening modulus
g viscosity norm
J2 second invariant of the deviatoric stress tensor
k, l Lame’s coefficients
m viscosity exponent
n actual increment
nþ1 estimated increment
s deviatoric stress tensor
ry yield limit
Dt time increment

A.1. Radial return in elastoplasticity with linear

hardening

The trial stress A�
nþ1 is defined using the stress A:

An ¼ devðCn:enÞ � ð2ln þHnÞep
n

Anþ1 ¼ devðCnþ1:enþ1Þ � ð2lnþ1 þHnþ1Þep
nþ1

Anþ1 ¼ devðCnþ1:enÞ þ devðCnþ1: DeÞ
� ð2lnþ1 þHnþ1ÞeP

n � ð2lnþ1 þHnþ1ÞDep

Anþ1 ¼ An þ devðDC:enÞ � 2ðlnþ1 � lnÞep
n

þ devðCnþ1: DeÞ � ð2lnþ1 þHnþ1ÞDep � DHep
n

The trial stress is defined, supposing that on plastic

flow occurs during the increment, i.e. Dep ¼ 0:

A�
nþ1 ¼ An þ devðDC:enÞ � 2ðlnþ1 � lnÞep

n

þ devðCnþ1: DeÞ � DHep
n

and

Anþ1 ¼ A�
nþ1 � ð2lnþ1 þHnþ1ÞDt_eepnþ1

The normality rule at instant nþ1 is given by

_ee
p
nþ1 ¼ cnþ1

Anþ1

Anþ1k k ¼ cnþ1

A�
nþ1

A�
nþ1













¼ Dep

Dt
ðA:1Þ

This leads to:

Anþ1 ¼ A�
nþ1 � ð2lnþ1 þHnþ1ÞDtcnþ1

A�
nþ1

A�
nþ1













The norm of the preceding expression is then written as

Anþ1k k ¼ A�
nþ1











� ð2lnþ1 þHnþ1ÞDtcnþ1 ðA:2Þ
The consistency condition fnþ1 ¼ 0 can be written as

J2ðAnþ1Þ ¼ ry

which implies that

ffiffiffi

3

2

r

A�
nþ1











� ð2lnþ1 þHnþ1ÞDtcnþ1

� �

¼ ry

and translates into

cnþ1 ¼
ffiffiffiffiffiffiffiffi

3=2
p

A�
nþ1











� ry
ffiffiffiffiffiffiffiffi

3=2
p

ð2lnþ1 þHnþ1ÞDt
ðA:3Þ

Finally, the form of the plastic strain increment is given

by

Dep ¼ cnþ1Dt
A�

nþ1

A�
nþ1













ðA:4Þ

A.2. Radial return in nonlinear viscoelasticity

As in the elastoplastic case, we define a trial stress

A�
nþ1, supposing an elastic loading, i.e. without a vis-

cous increment: Dev ¼ 0:

A�
nþ1 ¼ An þ devðDC:enÞ � 2lnþ1e

v
n þ devðCnþ1: DeÞ



or

Anþ1 ¼ A�
nþ1 � 2lnþ1Dte

v
nþ1

The normality rule is expressed at the nþ1th time
instant as

_eev
nþ1 ¼ cnþ1

Anþ1

Anþ1k k ¼ cnþ1

A�
nþ1

A�
nþ1













¼ Dev

Dt
ðA:5Þ

Using Eq. (A.5), we obtain

Anþ1 ¼ A�
nþ1 � 2lnþ1Dtcnþ1

A�
nþ1

A�
nþ1













The computation of the norm leads to

Anþ1k k ¼ A�
nþ1











� 2lnþ1Dtcnþ1 ðA:6Þ

and the flow rule can be written under an incremental
form:

Dev

Dt
¼ 3

2

J2ðAnþ1Þ
g

� �m
Anþ1

J2ðAnþ1Þ
¼ cnþ1

A�
nþ1

A�
nþ1













where

J2ðAnþ1Þ ¼
ffiffiffi

3

2

r

Anþ1k k

The last expression can also be expressed in the follow-
ing form:

J2ðAnþ1Þ ¼ J2 A�
nþ1;cnþ1

� �

¼
ffiffiffi

3

2

r

A�
nþ1











� 2lnþ1Dtcnþ1

� �

The consistency parameter cnþ1 is then computed as
the solution of the following implicit equation:

cnþ1 ¼
ffiffiffi

3

2

r

J2 A�
nþ1;cnþ1

� �

g

� �m

ðA:7Þ

As a practical method of solution, the classical New-
ton–Raphson algorithm has been used.

A.3. Computation of the tangent modulus

In order to compute the tangent modulus, we start
from the following relation:

r ¼ C:ee

expressed in time discretized form as

Dr ¼ Cnþ1: Dee þ DC:ee
n

The determination of the tangent modulus is reduced
to the computation of

@Dr

@De

Using the previous notations and formulas, we obtain,
after lengthy computations a tangent modulus for the

plastic and, respectively, viscous branch of the

following forms:

@Drp

@De
¼ C � 2lDt

 C:J

ð2lþHÞDt
A�

nþ1 � A�
nþ1

A�
nþ1













2
þ cnþ1

"

 1

A�
nþ1













C:J � C:J
A�

nþ1 � A�
nþ1

A�
nþ1













3

!#

@Drv

@De
¼ C � 2lDt

 T1C:J
A�

nþ1 � A�
nþ1

A�
nþ1













2
þ cnþ1

"

 1

A�
nþ1













C:J � C:J
A�

nþ1 � A�
nþ1

A�
nþ1
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