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Bounded Eigenfunctions in the Real Hyperbolic Space

Sandrine Grellier and Jean-Pierre Otal

1 Introduction

Let H™ be the real hyperbolic space of dimension n, that is, the complete and simply
connected Riemannian manifold of constant curvature —1. Using the Poincaré model, we
identify H™ with the unit ball of R™ and its boundary at infinity 0H" with the unit sphere
Sn1 of R™,

We denote by A the Laplace-Beltrami operator acting on functions on H™.

Definition 1.1. For A € C, say that f : H* — C is a A-eigenfunction when f is C? and
satisfies Af + Af = 0. Denote by &, the space of the A-eigenfunctions which are bounded.

The purpose of this paper is to describe the space £,. The Harnack inequality (see, e.g.,
[6, page 199]) implies that the gradient of a bounded A-eigenfunction f is bounded by a
constant which only depends on A and on the sup norm of f. This implies, using the Ascoli
theorem, that the space &, with the sup norm is a Banach space.

Fors € C, we set A; = s(n — 1 — s). The basic example of a As-eigenfunction is
provided by x — P*(x, &), where P(x, &) is the Poisson kernel of H™ and ¢ is any point of
the boundary at infinity 0H"™ of H". Any A-eigenfunctions can be described in terms of
hyperfunctions on 0H". Namely, for any As-eigenfunction, there is a hyperfunction on
OH™ such that

f(x) = P(T)(x) = (T P*(x,)); (1.1)

Received 25 March 2005. Revision received 26 October 2005.

Communicated by Peter Sarnak.



2 S. Grellier and J.-P. Otal

this is a theorem of Helgason and Minemura (cf. [7, 9]), which was also proven later by

Agmon [1].

Definition 1.2. Call the function x — (T, PS(x,-)) the Poisson-Helgason transform of T.
Denote it by P*(T).

Furthermore, one knows that the hyperfunction T is unique, except for the cases
when s = —1,-2,...,—k, ... (see [9, Proposition 2.1]). Moreover, if f grows slowly, that is,
at most exponentially with the hyperbolic distance, then T is a distribution. This result
has been proven initially by Oshima and Sekiguchi [10] using microlocal techniques. In
[15], the authors give a new proof within the framework of asymptotic expansions (see
[15, Theorem 2-2]). In particular, the hyperfunction which represents a bounded eigen-
function is indeed a distribution. Thus, to describe the space of bounded eigenfunctions
is equivalent to describe the distributions T on S* ' such that P*(T) is bounded.

When T is equal to the normalized Lebesgue measure do on 0S™ ', then the eigen-
function P*(do) is the spherical A-eigenfunction: this is the unique eigenfunction hs
such that hs(0) = 1, and which is invariant under the subgroup (~ O(n)) of the isometries
of H™ which fix the origin o.

First of all, it is easy to see that the only values of s such that £,, # {0} are con-
tained in the strip {s € C; %R(s) € [0,n — 1]}. Indeed, let f € &,, be a nonzero function and
let x € H™ be a point where f(x) # 0. Up to precomposing f with an isometry which sends
o to x, we can assume that f(o) # 0. Then, by averaging f over the subgroup (~ O(n)) of
all rotations which fix o, we obtain a As-eigenfunction which is bounded, nonzero, and
invariant under the orthogonal group O(n). But the unicity of the spherical function hy
implies that this function is a multiple of hs; therefore the spherical function hs has to
be bounded. It is now easy to see that the only values of s for which this can occur are
exactly those such that s € [0,n —1].

We denote by K the vertical strip {s € C | s € ]0,n — 1[}. The method we use in
this paper does not allow to deal with the values of s such that 9is = 0 or n — 1. Therefore,
we will focus on the values of s € H.

When n = 2, there is a characterization of the distributions T such that P*(T) is
bounded [11]: for s # 0, they are exactly the distributional derivatives of 9i(s)-Ho6lder
functions on dH?. In higher dimension, the notion of derivatives depends on the data of a
vector field, and so does not have easily an intrinsic meaning. One way to avoid this dif-
ficulty is to use the spherical Laplacian A, acting on functions on S*~'. If a distribution
T satisfies (T, 1) = 0, there is an integer k and a continuous function H such that the dis-
tribution T can be written as AX(H). Then the regularity of T can be measured in terms of

the integer k and of the regularity of H. We use the Lipschitz spaces of order « for o > 0
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in order to measure the regularity of a function H : S*~! — C. Let us recall the definition
and the basic properties of Lipschitz spaces.

Let O € [, 7] and Rg be a rotation of angle 0 acting on S*~'. Let H be a function
on S™'. We denote by Dg(H) = D} (H) the function H o Rg — H, and for n > 1, we define
inductively D3 (H) = Dg o D§ " (H).

Let « > 0 and let [«] be its integer part. Denote by A,(S™') the space of (equiv-
alence classes of) bounded measurable functions on S~ for which there exists a con-

stant C > 0, such that for any rotation Ry of angle 6, one has
HD[eoc]JH(H)HOO < C|e‘oc (1.2)

One can define a norm on the space A, (S™ '), by setting ||H||» equal to the infimum of
the L*°-norm of H and of the constants C with this property. With this norm, the space
A« (S™ 1) becomes a Banach space: it is called the Lipschitz space of order «.

If o« € ]0,1], the space A, (S™ ') is the classical Hélder space of order «, and the
norm is equivalent to the classical Hélder norm. In fact, a smoothing argument shows
that any function in A (S™'") is almost everywhere equal to a Hélder-continuous func-
tion of order «. Any function in A;(S™') admits a continuous representative as well (see
[14, page 331]).

If « > 1, the following holds. Let X be any vector field on S*'. Then, for H ¢
A« (S™1), the Lie derivative LxH is contained in A, 1(S™ '), with a norm bounded in
terms of ||H||x and the norm of the vector field X. By induction, one can characterize, for
o > 1, ¢ N, the space Ay (S™') as the space of functions which are [«]-times differen-
tiable and which have all mixed derivatives of order [«] — 11in Ay_[qj+1 (S™1).

We will use the following important property of the Lipschitz spaces. For any
integer m > o, one can replace in the definition of A,(S™") the quantity HD[Q“]H (H) o
by D" (H)||s. The space defined in that way is equal to A« (S"~') and the two norms
are equivalent (see, e.g., [14, page 331]). In particular, for « € |0,n — 1], one can define the
space A« (S" ) as the space of functions H € L* (S™ ") such that |[D§ (H)||s < C|0]*, for
some constant C independent of 0.

In the following, we denote by A% (S™~') the space of functions H € A4 (S™')
such that [, , Hdo =0.

Given an integer j > 0, we denote by AL/\S((S“” ) the space of those distributions
on S™ ! which can be written as A} (H) for a function H € A% (S™ ).

The paper is devoted to prove the following theorem, which describes the spaces
Ex, fors e .



4 S. Grellier and J.-P. Otal

Theorem 1.3. Lets =6 + it € K.

If n is odd, then P; induces an isomorphism between the Banach spaces
AT VZASY ) g Cdoand €, ;

If n is even, then P; induces an isomorphism between the Banach spaces
AYZAL (S 1) @ Cdoand &, . O

In this theorem, the As-eigenfunctions which vanish at the origin are exactly the
image of AL "/2A9(S"1) by the Poisson-Helgason transform. The image of the complex
line C do is equal to the multiples of the spherical function hy which equals 1 at the origin
0.

Note that Theorem 1.3 does not include the bounded harmonic functions on H™;
they correspond to the case s = n — 1. The boundary values of those are characterized
by the Fatou theorem: they are exactly the functions in L*(S"~"). However, derivatives
of order n — 1 of functions in A™~'(S*~') are not in L>(S" "), in general. Therefore,
Theorem 1.3 cannot hold in the case s =n — 1.

The proof of Theorem 1.3 contains two parts. The first one amounts to show that
Ps restricted to AY ™/ 2A(S™ 1) @R do orto AL/ ?AY (S 1) &R do according to the par-
ity of n takes range in £, and that it is a continuous operator. This is done in Section 2.
If the real part of s is not of the form n—1—2j with j € N, the proofis a direct computation
using easy estimates on the Poisson kernel. The other cases are obtained by interpolation
of analytic families of operators.

The second part amounts to show that the restriction of P* is surjective. This is
proven in two steps. First, we consider the case when 6 = s > (n — 1)/2. Under this
assumption, we assign in Section 4 to any function f € &, a “boundary value”: it is a
distribution T on S™~! which is contained in the expected space, that is, it satisfies T =
AT V/2H for some Lipschitz function H in As(S™ ') if n is odd or T = A}/*H for some
Lipschitz function Hin A5, (S™') if n is even. The proof relies on estimates of a certain
differential operator D, acting on functions on the real line; this operator is the radial
part of the Laplace operator on H™, written in polar coordinates. These estimates are
obtained in Section 3; we use in an essential way the assumption that$ > (n—1)/2.

In Section 5, one proves, under the assumption § = Rs > (n — 1)/2, that the dis-
tribution T reproduces f, that is, that P*(T) = f. This shows that P° is onto under the
assumptions of Theorem 1.3 and Rs > (n—1)/2.

In Section 6, we extend this to the case & < (n — 1)/2 by using a relation between
the (n — 1 — s)th power of the Poisson kernel and its sth power: they are related by a
fractional integration (resp., derivation) operator which is studied in Proposition 6.1.

We study some continuity properties of this operator acting on Lipschitz spaces
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(Proposition 6.1(4)). This result is similar to the one for fractional integration (resp.,
derivation) operator acting on functions on R™, but as we did not find any reference, we
propose an elementary proof of it.

Finally, since P* is continuous, onto, and injective, the isomorphism statement in
Theorem 1.3 follows from the Banach closed graph theorem.

The computations in Section 3 to Section 5 use heavily estimates on the Green
function and on the spherical function of the operator A + A;I. These estimates are well
known, but in order to make the paper self-contained, we give the proofs in an appendix.

In all the sequel, we assume thatn > 3.

2 Continuity properties of the Poisson-Helgason transform P*

In order to prove the direct part of Theorem 1.3, we use the following estimate on the

derivatives of the Poisson kernel.

Claim 2.1. Letj € Nand s = & + it in C. There exists a polynomial Q in one complex
variable so that for any ¢ and & in S*~!, for any point x € H™ at distance r from o on the

ray [o([, one has

—or

. s e
|ALPS (x, &)| < C(s) (e 1 10— a‘)25+2j ) (2.1)
where C(s) = [Q(s)]. O
Proof. In the ball model, the Poisson kernel can be written as
1—|x|?

In Euclidean polar coordinates, one has x = (tanh(r/2))C. Therefore,

P(x, £) = © gtanh <£>>2 . (2.3)
(tanh (%)) +1—2tanh (%) (¢, &)

The statement follows after differentiating this formula. [ |

Proposition 2.2. Letn > 3. Lets € H.
If nis odd, then P° maps continuously A2 A (S™=T1) to L (H™). If n is even,
then P¢ maps continuously ALY ?As ., 1 (SM1) to L (HM). O
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As it was said in Section 1, this result is false for s = n — 1 since, by the Fatou

theorem, the Poisson-Helgason transform P! is an isomorphism from L® (S™~1) to &,.

Proof. Assume first that nis odd. Let f € A5(S™'). We choose the integerj > 1 such that
n—1-68=2j— awith « €]0,2]. Suppose also that n — 1 — & is not an even integer, that is,
that « # 2.

The Green formula implies that for any x € H™, one has
Li= P (AT 1/26) (x) = (ALPS (x, ), A1/ 277 €), (2.4)

But the function h = AT /27 £ belongs to A« (S"~!) with norm bounded by C|/f]|s.
Asj > 1, forany ( € S*' one has

=] AP xnedo = | AL ()~ h(O) do. (2.5)
sn—1 §n—1

Let now ( be the end of the ray ox on the sphere and denote by r the hyperbolic
distance from x to o. For @ € [0, 7], denote by B(¢,0) C S™! the spherical ball of radius 0
around ¢ and set P(x,0) = P(x, &) for any & € 9B((, 0).

Using geodesic polar coordinates on S™ ! around the point ¢, this last integral

also equals

0

Jﬂ A P5(x,0) (LB(C‘G) (h(-) —h(Q)) d(rg) de, (2.6)

where dog is the Riemannian measure on the sphere 0B((, 0) for the induced Riemannian

metric. Denoting by &’ the symmetric of & € 0B((, 0) with respect to the center {, one has

1

2

| e -n@)aoal =3[ (h(e)+ hie) — 20(@) don(e)|. (27)
9B(L,0) 0B(¢,0)
Since h € Ay (S 1) with « € ]0,2[, [h(&) + h(&") —2h(C)| < ||h||«|&— |*. So, the left integral
above is bounded by C||h|[,0™ 2.

Sincen —2 + o« = 6 + 2j — 1, it follows from Claim 2.1 that for any x € H",

e " e 0T i 7t s go+2j-1
+2)— —or
|I| < ||h||‘x(C] JO me ) d9+Cz Jeir € de) (28)
Therefore, |I| < C||h||« for a constant C which does not depend on h. So, ||3’S(A<c;n71)/2f) Il o
< C||A(6"71>/27jf\|o¢ < C|If||ls- The result of the proposition is proved except whenn —1—§

is an even integer.
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To deal with the case « = 2, that is, when (n — 1) — 6 is even, we use interpolation
of analytic families of operators. We give first a complement to the last proof. Let 5y =
n—1—2j. Choose 6, in |0,n — 1[with 8y < &, < §p + 2. Let s = § + it, with 4 € ]0, 5,].

Then, for f € As;,, one has ||(]>S(A(G”7])/2f)||00 < C’(s)|/f|ls, for a constant C'(s)
which is independent of f and is the absolute value of some polynomial R at point s. In-
deed, writing 8, = n — 1 — 2j + «,, the argument above gives, for f € Az, (S*!) and
h=Ag Vg

‘?s (A(().n71)/2f) (X)|

o —o&r

¢ e 5242j—1 " 5002727 (2.9)
2 — —or
< C(S)”thxz <C] JO me de+C2J e Wde),

e~ T

for r = d(o, x). Therefore, if & and b, satisfy 5, < 26, one has
|2 (A 26) ()| < C(5)Ifls e 0270, (2.10)

where C’(s) can be chosen to be the modulus of a polynomial R which does not vanish in
the strip Rs > 0.

Choose now 07 and 6, with 6; < 69 < 6, and sufficiently close so that 6, <
261. Consider the Lipschitz spaces As, (S*') and Az, (S*'); it is known that the spaces
As(S™1) for & € [81,8,] form an interpolating family [2]. On the closed strip B = {s |
Rs € [61,82]}, consider the analytic family of operators Ts = (1/R(s))P® o AT 1/2 Those
operators are defined on As, (S ') and satisfy the following properties:

(1) each operator Ty maps continuously As,(S™ ') to the Banach (separable)
space C°(H™) of bounded continuous functions on H™ (with the uniform
norm);

(2) forall f € As,(S™'), for all x € H", the function s — Ts(f)(x) is continuous,
analytic in the interior of B and bounded over B;

(3) forf € As,(S™ "), one has ||Ts, +itf|| < ||flls, and ||Ts, vicfl| < ||[f]ls,-

Then the hypotheses of the interpolation theorem (see, e.g., [3, Theorem 1]) are satisfied.
This theorem gives that for Rs = & € B, T, is continuous from A5(S™~ ') to €° (H™). Making
5 = & finishes the proof of Proposition 2.2 for odd values of n.

The proof for even values of n is the same. |



8 S. Grellier and J.-P. Otal
3 Estimates of the solutions of D)f =g

In this section, we study the differential operator D, which is defined as acting on func-
tions on |0, co[ by

2
DA_(sinhr)2<a—+(n—1)cothr% —|—7\Id>. (3.1)

or?
Recall that the hyperbolic Laplacian has the following form in polar hyperbolic

coordinates (T, () around o. For a C2 function u = u(r, ¢) : H™ \ {o} — C, one has

2
= %Tl; +(m-1) cothra—LL + ;Acu(r, ). (3.2)

Au or  (sinhr)?

From this expression, the solutions of Dyu = 0 are precisely the radial A-eigenfunctions.
In Propositions 7.1 and 7.2, we will recall the behaviour near co of the two basic solutions
of the eigenfunction equations, that is, the spherical function hs and the Green function
gs. The next result studies similarly the behaviour of a solution u of Dyu = v in terms of
the behaviour of v.

To simplify notations, we write A = A =s(n —1—35s).

Throughout this section, we make the assumption that = Rs > (n—1)/2.

Proposition 3.1. Let 7p > 0 and let | be an integer such that 1l < n —3 — 0. Let v be a
smooth function on [rg, 00| such that [v(r)] < Ce ' for r > 7. Let u : [ro,00[— C be a

smooth function such that Dyu =v. Then, if l <n — 3 — 5, one has

u)] < k(C+ [ulro)| + [w (ro) e~ 2. (3.3)
Ifl=n—3-20,onehas

[u)] < k(C+ [u(ro)| + [u/ (ro)[re~ 170, (3.4)

In both cases, k is a constant which depends only on ry and on s. O

Proof. The solution u of Dyu = v is uniquely determined by its behaviour up to first or-
der at 7. Let a and b in C be such that ags(ro) + bhg(ro) = 0 and ag/(ro) + bhl(ro) = 1.
This solution (a, b) exists and is unique, since the determinant of this system equals the
Wronskian of g; and hg at vy which does not vanish. Then, by substracting from u the
combination ags + bhg, one reduces to the case when u(ry) = u’(ro) = 0. This linear com-

n—1-8)r

bination grows less than k([u(ro)| + [u/(ro)|)e , where k is a constant depending

only on ry. Therefore, to prove Proposition 3.1, we can assume that u(ro) = u’(ro) = 0.
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Let U(r) be the vector with coordinates u’(r) and u(r) and let V(r) be the vector

with coordinates v(r)/(sinh)? and 0. Then

U'(r) = A(r)U(r) + V(r) on [ro, o0, (3.5)
where
~ [(—(m—T1)cothr —A
A(r) = ( 1 0 ) . (3.6)

Let M(r) be the solution of M’(r) = —M(r)A(r) which vanishes at r; then
u(r) = J M~ (1)M(t)V(t)dt. (3.7)

For any solution Y(r) of the equation Y'(r) = A(r)Y(r), the vector M(r)Y(r) is constant.
This holds in particular for the spherical vector H(r) with coordinates (h.(r), hs(r)) and
for the Green vector Gs(r) = (g.(r), gs(r)). Now, since the Wronskian W(t) does not van-
ish, we may write V(t) as a linear combination of these two vectors: V(t) = a(t)Hs(t) +
B(t)Gs(t). It comes out that

u(r) = (J oc(t)dt)Hs(r) + (J B(t)dt)Gs(r), (3.8)

To To

where o(t) and (t) are given, respectively, by
a(t) = cno1v(t)gs(t)(sinht)™ 3, B(t) = —cn_1v(t)hs(t)(sinh t)™ 3. (3.9)

Using the classical estimates on hg and g recalled in the appendix, one obtains easily

the required estimates of Proposition 3.1. |

Corollary 3.2. Letrg > 0.Letj € N,1 € Zbesuchthatl+2j <n—1-5.Letvbeasmooth
function on [ro, oo[ such that [v(r)| < Ce™'". Assume that u is a smooth function on [y, cof

which solves the differential equation D;u =v.Thenifl+2j <n—1-25, one has

2j—1
lu(r)| < K(C-I— Z |u<p>(ro)]>e(l+2j)r. (3.10)
p=0
Ifl+2j=n—1-205,onehas
2j—1
)] < k(06 3 ful o) Jre 1o @1
p=0

where the constant k depends only on 1y and on s. O
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Proof. By decreasing induction on m, 1 < m < j — 1, one proves, using Proposition 3.1,
that

2(j—m)—1

|D™u(r)] < Km (C + Z |1,L(p>(1‘o)|>e<H2("m))T (3.12)

0

forr > 1o, where the constant «,,, depends only on ry. For m = 0, it gives the result. Notice
that one needs to use the degenerate case of Proposition 3.1 only at the last step of the

induction and when 1+ 2j=n—1-5. [ |

4 Construction of a distribution on S™ ' associated to a bounded eigenfunction

Now, we begin the proof of the fact that P® is onto. Let f € £,_. We are going to construct
an explicit distribution T such that f = P*(T). Notice first that we may assume that f(o) =
0, since up to replacing f by f — f(o)hs, we get a bounded eigenfunction in £, which has
L*-norm less than 2||f||,,. In this section, we associate to f a distribution T, on S*~'! and
study its Lipschitz regularity. In the next section, we will prove that it satisfies P*(Ts) = f.

As in the preceding section, we assume that is = § € [(n —1)/2,n — 1[ and we

write A = Ag = s(n — 1 —s) to simplify notations. Consider for r > 0 the function

T(r,&) = (sinhr)™ (faa": - gg> (r, &), (4.1)

where g is the Green function: notice that the Green function depends on s and not only
on A (cf. Section 6).

Proposition 4.1. Let s = 5 + it with 6 € [(n — 1)/2,n — 1[. Then the distributions T(r, ")
converge to a distribution T = T on S™~!. Furthermore, if § = n—1-2j+ o, with « € )0, 2],
there is a function H € A% (S™ ') such that T = Al (H). This function H satisfies |H|« <
C||f|loo for a constant C which depends only on s. O

Remark 4.2. As a corollary, we obtain that the limit distribution T can always be written
as T = AS" V?hwith h € A(S™) if n is odd or that T = A}/ *h with h € A, ,(S™)
if n is even. Indeed, since H has mean-value zero over S™~ ', one may write it as H =
AE,“fWZ*jh if nisodd and H = AE/Zﬂ.h if n is even. As powers of Laplacians give iso-
morphisms between Lipschitz spaces of different parameters (see [12]), we get that h €
AQ(S™ 1) if nis odd and that hin AQ ;(S™ ') if n is even since H € A (S™1).
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Proof. The following properties of T(r, ) are easy to establish.

1) [ -)do = 0: this comes from the Green formula since f(0o) = 0 and since
in the distributional sense, Ags +Asgs equals the Dirac mass at the origin
do.

(2) (3T/dr)(r, &) = —(sinh )" 3g(r)Asf(r,&): this comes by differentiating the
expression of T(r, &) and using the expression for the Laplacian in polar
coordinates.

In order to illustrate the method, we consider first the easiest case & = Rs €

Jn—3,n—2[. By (1), there is a unique smooth function & — H(r, &) which has zero mean
and such that T(r,-) = AzH(r, ). By (2), we have

0

aTH( = —(sinhr)“’3gs(r)f(r,~). (4.2)

Fix an rp > 0. Using the estimates on g; and the boundedness of f, one obtains that there

exists C > 0 which depends only on s and such that for any r > 1,

|(sinh )™ 3 gg (1)f(r, )| < C[f[[ce™ 370" (4.3)
Therefore,
H(-) = H(ro,") — Jm (sinh t)"3g, (t)f(t,-)dt (4.4)

defines a continuous function on S™~'. In the distributional sense, we have

AGH() = lim T(r, ) = T(-). (4.5)

T— 00

We are going to prove that H € A9 (n-3) (S*1). By assumption & — (n — 3) € ]0,1[ so it

suffices to show that |[DgH||cc < C||f|s|6]> (™3, for a constant C which only depends

on s. Recall that Dg is the first-order difference operator Dy, associated to the rotation

Ro € O(n), thatis, the operator which assigns to a function F the function Dg,F = FoRg—
We have

DeH(:) = DgH(ro,") — J'oo (sinht)"3g,(t)Def(t,-)dt = I 4 II,

To

1| < || (sinht)™3gs(t)Def(t, -)dt‘
To
log |0] 0
< J (sinht)™ (t)Def(t,~)dt’+H (sinht)" ?g¢(t)Def(t,-)dt
—log [0]
= (1) +(2).
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By the Harnack inequalities, since f is bounded, the gradient of f is bounded in terms of
| f]loo and s; it follows that

[Dof(r,&)| < C|[f]loo l6le” (4.7)

for some constant C which only depends on s. This gives

—log 0|
(1) < Hfllooj et 278|g|dt < CJ|f]|o, 01> (3. (4.8)

To

Clearly, one has also, for any v, ||[Def(r,)||co < 2|/f|l, S0 that one gets

(2) = ’ Joo (sinht)“*SgS (t)Dof(t,-)dt
—log|0|

. (4.9)
< C||f|\ooJ etn=3-8) 4t < C|f[|.o 0>~ "3,
—log|0|
So [II] < C||f]|e |0/ (™3), It remains to estimate the term I = DgH(ro, ). We have

AsDgH(ro,:) = Dgf(ro,-). By the Harnack inequality, and due to the compacity of S,

A7 is a continuous operator for the L*-norm, so one has
1l < [|DeH(r0, )|l < Clflloo 6] < Cl[fflool01° ™3, (4.10)

for a constant C which only depends on s. It follows that H € Ag—(n—S) (S*1), with a norm
smaller than CJ|f]|.

We now show how this method can be extended to handle the general case. We are
going to use the results of Section 3 on the operator D,; this is why we need to assume
that Rs =6 € [(n—1)/2,n — 1[. Let us denote by j the integer suchthat 6 =n —1—-2j + «
with « €0, 2].

Since f is a A-eigenfunction, it satisfies
Daf(r,&) = —Asf(r,8). (4.11)

From the study of the Green function g5 in the appendix, there is an ry depending only
on s such that g(r) does not vanish for r > ro. Therefore, by iterating the differential

equation satisfied by T(r, ), we see that for r > vy, one has

. inhr)3—" .
@]{1 <(SH;}:(T)) %(r, .)) = (=1 ALA(r, ). (4.12)
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Since T(r,-) has zero mean, there exists a unique smooth function H(r,-) on S*~! which
has zero mean and such that T(r,-) = ALH(r,-). This uniqueness property of H(r,-) im-
plies that
j— inhT)3~" oH .
DI 1 (Sln - . — (1) ). .
(EE ) = 1t (413)

Since f is bounded and since 2(j — 1) < n—1-§, Corollary 3.2 can be applied with

L = 0. This gives

(sinhr)3~™ 9H ’ H ‘ G-
—_— < C| Iflloo e 20 ifx < 2,
e ™) =l i
(4.14)
3—m
(sinh) 6H( _)’ 1flloe ‘ re 20~ ifx =2,
gs(r)  or
for a constant C, which only depends on s and on ry. One also has
OPH oPT
A (arp (TO) )) an (T‘o, ) (4.15)
Going back to the definition of T(r,-) and using the Harnack inequality, one finds
|5 0| < i @16)
for p < 2j — 3, the constant C only depending on 1y and j. Therefore, we have
2810 <o
‘ 5 )H < C(sinh 1) 3| ge(1)]e 207 flloo < Cffflaoe ™ ifa<2  (417)

< C(sinhr)“"”‘gs(r)’re’z(j’UTHme < C|flleore™ " ifax =2,

for a constant C which only depends on 1y and on s. In any cases, since the last term is
integrable over [ro, o[, uniformly on S™ ', we may define a continuous function H on S™!

by setting

¢, )at. (4.18)

H(-) = lim H(r,-) = H(ro,") -I—J'Oo ot

T— 00 To

In the distributional sense, this function satisfies

AH() = Hm ALH(r, ) = T(). (4.19)

T— 00



14 S. Grellier and J.-P. Otal

We are now going to prove that H € A% (S*1). Let Rg € O(n) be a rotation of angle
0 € |-, 7. Since « € ]0, 2], we just need to prove that [[DiH|| < C||f||«|0]* for a constant

C which does not depend on 6 nor on Ry (see [14, page 331]). We have

© dD3H
ot

D3H(-) = DgH(ro,") +J (t,-)dt. (4.20)

To
For the term D3H(ro,-), we note that AL 'D3H(ro,-) = D3T(ro,-). By the Harnack in-
equality, |D3T(ro, )|/« is bounded by C|/f||»|0/%, for a constant C which depends only on
To. Therefore, since A7' is continuous for the L* -norm, a similar bound holds also for
D3 H(ro, ): its L -norm is smaller than C||f||, |0/ which is smaller than C||f|| [0]*.

It remains to deal with the term corresponding to the integral. Arguing as in the

case § € |n — 3,n — 2[, we split this integral into the sum of I = f;ologle‘ and II = fiolog\e\'
We have
i1/ (sinhr)3~™9D3H W vindee
pj (BRI OB8 M ) = 1y (. (a.21)

Since |D3f(r,")||co < C|/f]l0|0°€3", for a constant C independent of r and 0, we may apply

Corollary 3.2 with 1 = —3: it comes out that for « € |0, 2],

dD3H
H 5 (r,-)H < C|[f]loo 01T, (4.22)
so that
—log 0]
mscwuwﬂ' eG dt < C|f] o8] (4.23)
To

Now, if « <2, we already proved during the construction of H that || (0H/0r)(r, )|«
< C||f||o € *"; we therefore have also [|(AD3H/07)(T,)|leo < C|/f|lcoe *". This gives

1] < C[f[|oo 1. (4.24)

Adding the estimates above, we deduce that | D3H||o < C|/f||»|6|*. This finishes the proof
in the case o < 2.

It remains to consider the case o = 2. There we are in the critical case for applying
Corollary 3.2 with 1 = 0 and we argue differently. By the Harnack inequality, we have
IDof(r,)|lo < C||f|lc|Ble” for a constant C independent of f and 6. Applying Corollary 3.2

with 1 = —1, we deduce that ||(0DgH/07)(r,)|lcc < C|/f|l|0le™". But, we have

0DgH
% | MG LN (4.25)

aDgH
or
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for a constant C which is independent of Rg and f. It follows that

00 3
‘ J WM (¢, at| < Clfl 0. (4.26)
—log 0| ot
It ends the proof of the case « = 2 and of Proposition 4.1 also. [ |

5 Proof of Theorem 1.3 when $ > (n—1)/2

Let f € €,,. By a theorem of Helgason and Minemura ([7, 9], see also [1]), any As-eigen-
function can be written as P(D), where D is a hyperfunction on S*'. Also, T is unique
except when s € —N* [9].

To prove Theorem 1.3 when Rs > (n — 1)/2, we show that the distribution T
we constructed in the previous section is equal to D, that is, that one has f = P(T).
Theorem 1.3 will then follow from Proposition 4.1. We suppose first that f = P*(¢), for
a C'-function ¢ on S™'. By Proposition 2.2, f is bounded and we can consider the cor-
responding distribution T;. We need to show that T, = D. To simplify the notations, we
denote T; by T.

Recall that the distribution T is the limit as r — oo of the distributions

T(r,-) = (sinh )™ <af§;’ g - aagrsf(r, .)). (5.1)

With these notations, we have the following result.

Proposition 5.1. Let ¢ be a C! function on S*~ ! and f = P*(¢). Then, one has

lim (T(r,-),P%(z,)) = f(z). (56.2)
T— 00 D
Proof. We begin by studying the kernel function K(TS) (¢, &) defined by
. oP® 0gs
KI(¢ &) = (sinh )™ oy (16 8)gs(r) = P*(r5, &) % (1)) (5.3)
T or 0

Lemma 5.2. The kernel K\*/ (¢, &) has the following two properties:
(1) forany & € S ' onehas [, , K¢, &)da(0) = 1;
(2) forR(s) =8> (n—1)/2,and ro > 0, there is a constant C > 0 such that for all
> 710, forall ¢, &in S™ T,

n—1-28)r er(n73725)

g OOl G

el (5.4)

O

K (g, &) <C
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Proof. Property (1) follows from the Green formula applied to the functions P*(-, &) and
gs and from the fact that P$(0,&) = 1 forall § € ST 1.

To prove (2), we assume first that 5 > (n — 1)/2. For any r > 1o > 0, we know
from the appendix that |gs(r)| < Ce®" for a constant C which is uniform as s remains in
a compact of the set {s | Ri(s) € [(n — 1)/2,n — 1[}. By the Harnack inequality, it follows
that [0g,(1)/0r] < Ce ®", where the constant C is uniform as s remains in a compact set.

This leads first to the inequality

e(nflflé)r

K (g, &) <C (5.5)

R T X
(e +Ic—&)*°

where the constant C is independent of v > 1y and of s as long as it stays in a compact
set. In particular, for all ¢ # &, K(TS>(C, &) — 0asrt — ocowhen d > (n—1)/2. The derivative
with respect to r of K(TS>(C, &) can be computed as we did in the previous section for the

construction of the distribution T. This gives

KM (¢, &)

or = (sinh )" 3 g, (1) AP (1, &). (5.6)

Using the same estimates as above on g, and its derivative, and on A,P* (cf. Claim 2.1),

it comes out that

(s) r(n—3-25)
K+ (¢,
‘a (¢ 5)’ <c_°© _— (5.7)
or (e +IC—&l)
Integrating with respect to r and using that K (¢, &) — 0 ast — oo, it gives that
" e(n—3-28)r
K¢, &)| < CW, (5.8)

for a constant C which does not depend on s as long as it stays in a compact set of Rs >
(n—1)/2.

Since the kernel K(rS> is continuous with respect to s, the last estimate holds also
for any s with &8s = (n — 1)/2 (for a constant which depends on ry and on s): it suffices to
approximate s = (n — 1)/2 + it by sx + it for a sequence sy which tends to (n — 1)/2 from

above. [ ]

Proof of Proposition 5.1. As f = P*(¢d), we have

T(r,0) = j KE) (2, £)b(£)do (). (5.9)

Sn—1
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So, it suffices to show that if ¢ is a C'-function, one has for all ¢, & in S*~! that

| K@ a e - o@)aste) — o (5.10)

asr — oo. Since ¢ is smooth,

[ oo - )| <lolo [[Ke@olc-dae. G

We split this integral as the sum of the integral over the domains [(—&| < e " and [(—&| >
e ". Using the first estimate in (2) of the preceding lemma on the domain [{ — | < e " and

the second on the domain | — &| > e 7, one finds

| keI eiaote) < ce. (5.12)

This ends the proof of Proposition 5.1. |

It remains to deal with general f. Our aim is to show that P*(T) = f, where T is the
distribution that was constructed in Section 3. To that purpose, we use the characteri-
zation of eigenfunctions f which are the Poisson-Helgason transforms of a distribution
as those which grow at most exponentially with the hyperbolic distance [15]: there are

constants a and b such that
[f(x)] < aed(©x), (5.13)

In particularif f € €, _, then f = P%(D) for a distribution D on Ck(S™1).

Now, let € > 0; choose a smooth positive function ¢. supported in the e-
neighborhood of Id € O(n) and with [ ¢(g)dg = 1. For g € O(n), denote by g*(f) the func-
tion fog~'; for a distribution D, denote also by g*(D) the distribution which is defined by
duality. Then the function fe = [ g*(f)¢$e(g)dg belongs to €,, with L*°-norm smaller than
]l . One has f. = P$(D¢), where D = [ g*(D)de(g)dg. Since D is a distribution and
¢, is smooth, the distribution D. is a function at least C'. Applying Proposition 5.1, we
obtain that D, equals the distribution T, that we had associated in the previous section
to f.. Therefore, if we assume for instance that n is odd, we may write D, = A(anl)/zhe,
where h. € A(S™ ") has a norm bounded by C|/fe|oo < C|/f]/co-

By the Ascoli theorem, one can assume (up to taking a subsequence) that the se-
quence (h.) converges to hin As(S*~'). One has in the distributional sense D, = A-1/2
he = A2 h as e — 0. Since fe(z) — f(z), one has, for all z, P*(D¢)(z) — P*(D)(z).
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Therefore, f = P* (A(cnfl >/2h) = P%(D). By the unicity part in the Helgason-Minemura the-
orem, D = Agl*])/zh. This proves that P is onto, when restricted to the space A(Unfwz/\;,
(s").

It follows now from the Banach closed graph theorem that P* is an isomorphism
between A '/2A%(S"1) @ Cdo and €,,. This proves Theorem 1.3 for ®s > (n —1)/2,
when n is odd.

The proof when n is even is exactly the same.

This ends the proof of Theorem 1.3 in the case Rs > (n—1)/2.

6 Proof of Theorem 1.3 when Rs < (n—1)/2

The proof of Theorem 1.3 in the case fis < (n — 1)/2 is not direct; we did not succeed in
constructing the distribution T as we did in Section 4 for Rs > (n — 1)/2. To deal with
that case, we use the result for Rs > (n — 1)/2, which we have just proven. We also use
an important identity which connects the s-power P*(z, -) of the Poisson kernel to its (n—
1 —s)-power P"~1=5(z,.). This relation is classical, but we explain it again here in order
to make the paper self-contained.

Let z € H"; let v be an isometry of H™ such that z = y~'(0). Then [y/(§)| = P(z, &),
where |y’(&)| is the conformal factor of the derivative of y at the point & € S™~!. For two
points &, &’ € S* ! denote their chordal distance by |£'—&| = 2sin(0/2) for @ the spherical

distance between & and &’. One has the “intermediate value formula” (cf. [13])

Y(E) =y =Y ENY (&)]IE - &> (6.1)

Assume now that s € C is such that Rs < (n — 1)/2. Then, one has

e e ,
J'an &/ —gJ2s do-(a ) _JSn—1 |—Y/(E/)|S|E/7£‘ZS dO—(E' )
s /N~ , (6.2)
= & — 7l do(§
vl JS“*‘ [v(&) —v(&)]zs i

= ey @),

where €(s) = [q. 1 (1/|&' — £|**)do(&’). An easy computation gives that C satisfies s(n —
2 —38)C(s) +2s(2s + 3 —n)C(s + 1) = 0. It follows that € extends analytically over C to a
meromorphic function. In fact, €(s) = 2" 1= 25x(=1/2(I'(n—1)/2—s)/T(n—1—5s)), where
I'(-) stands for the Gamma function (analytic on C \ (—=N)). In particular, the function €
does not vanish in K, and its poles in this strip are simples and of the form (n —1)/2 + k,
ke N.
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For Rs < (n—1)/2, consider the operator J; which is defined as acting on func-
tions on S™! by
(&)
Js(f = ——do(&'). 6.3
(0@ = | () 63)
In this range of values of s, since the kernel 1/|&’ — /2% is integrable, J; is a bounded
operator from L* (S*') to itself and it maps also C®(S™ ') to itself. In order to give a
meaning to this operator for other values of s, we show that it satisfies a certain func-
tional equation. For this, we compute first the (spherical) Laplacian of 1/|§/ — £* with
respect to the variable &’. Recall that the spherical Laplacian of a function u = u(&’) on

S™~1 which only depends on the distance 8 = d(&,&’) toapoint & is
Asu=1u"(0) + (n—2)cotou’(0). (6.4)

Thus,

1 1
AU(W) :S(TL—Z—S)W +ZS(23+3—T’L)

1

So assuming that 2%s + 2 < n— 1 and f € C%(S™'), we find, by integrating with

respect to &’ over S* ! and using the Green formula,
Js (Asf) = s(n—2—s)Ts(f) + 2s(n— 3 — 25)T5,1 (). (6.6)

This functional equation allows to extend analytically s — J¢(f) for any C*-function f
to a meromorphic function. As for €(s), these poles are at most simple and are located in
{(n —1)/2 + N}. Therefore, if one defines for a C*-function f, K (f) = (1/C(s))Js(f), then
s — XK;(f) is holomorphic over the half-plane Rs < n — 1. For s + 1 in this half-plane, it

satisfies also the functional equation
Ks(Asf) =s(n—2—s)[K(f) + K1 ()] (6.7)
We summarize the properties of the operator X, that we need in the following
proposition.

Proposition 6.1. There exists a family of operators (X;) for s € H which depends holo-
morphically on the parameter s € {is < n — 1}, which extends the family of operators
(Ks) for {s; M|s < (n—1)/2} and which has the following properties.
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(1) Each operator K maps continuously C®(S™') to itself and commutes with

the spherical Laplacian A,. Furthermore, one has, if (s + 1) € X,

Ao (Ko()) = K (Ao () = s(n — 2 — 5) [K (£) + Ke1 (F)]. (6.8)

(2) The operator X connects the (n—1—s)-power and the s-power of the Poisson

kernel: for all z € H™, one has

Ks (P 175(z, ) = P(z, ). (6.9)

(3) For any s € K, the operators X and X,, ;_s are inverse to each other.
(4) Lets € Hwith®Rs # (n—1)/2.Let > 0 be such that § +n—1—2%s > 0. Then
K maps continuously Ag(S™ ') to Agin_1-2ms(ST). O

Proof. ForfRs < (n—1)/2, the operator X commutes with the spherical Laplacian Ay; this
comes from the Green formula and the fact that Ay ¢ (1/|& — &|**) = Ag.e/(1/IE/ — E|*%). By
analytic continuation, the same holds also for $is > (n — 1)/2. The functional equation
for K, is a consequence of the equation for J,.

It implies that the operator X, maps continuously the space of C* -functions on
S to itself, since it does so for Rs < (n —1)/2.

Statement (2) has already been proven for s with 2%s < n — 1. It extends by ana-
lytic continuation to any value of s € .

We now prove part (3) of the proposition. First from (2), we get that K¢ o K 1
(P*(z,-)) = P*(z,-). We noticed already that for s € 7, the distribution representing an
s(n—1—s)-eigenfunction is unique. This uniqueness property implies in particular that
for any k > 0, the functions P*(z,-) generate a dense linear subspace of C*(S*" ') as z
describes H™. It follows that for s € H, the operator X o K,, 1 s is the identity.

In order to prove (4), we begin with the following result. [ |

Lemma 6.2. Let s € H with s < (n —1)/2 and let > 0. Then J; maps continuously
AB(Sn71) to /\[5+n_1_2m5(8n71). O

Proof. Choose integers p and q wherep > [3] + 1, and where g >n— 1. Let f € /\(:»,(S“*1 ).
For any rotation of S*~' of angle 0 € [, 7], one has || D} (f) [ < C|/f||gl6/®, for a constant
C which does not depend on f nor on the rotation. Set m = p + . Sincem > +n—1—
2Rs, it suffices to check that |DF(Js(f))||lee < C|/f||p|0/F*™ 1275 for a constant C which

has the same properties. We observe that J; commutes with the difference operator Dg.
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Therefore, one has

DY (1) (&) = D3 (. O5(0)(©) = [ DF(eDF (5 g Jaote),  (610)

where in the last integrand, the difference operator Dy acts on the variable &. We split
the last integral as the sum of two terms, [ and II, where I is the integral over the domain
|&" — & < 2m|0| and where 11 is the integral over [§/ — &| > 2m/6)].

First, we have

1
1| < ||fuﬁ|ewﬁzmj do(&). (6.11)

er—gl<3mlel & — &2

Therefore, since 2%s < n — 1, [I| < C|/f|s|0/F*"~1-2¢, for a constant C which is
independent of f.
By the Taylor formula, we have for [£/ — &] > 2m6,

1 1
Dol ———= || < CI0|9 ———5—. 6.12
‘ 9(5/—&28)’— e (6:12)

Therefore, we obtain

1

_ (Z_"ZSRSJrq

) < C|e|ﬁ+qj :
&r—gl>2mo 1€

do (&), (6.13)
for a constant C which is independent of f. Since 28s + ¢ > n — 1, the integral is
O(|e|"~1=2%s~d), This implies the lemma. n

We apply now Lemma 6.2 to the proof of Proposition 6.1(4). As C(s) has no poles
when s < (n — 1)/2, the continuity property of X follows from the continuity property
of Js. Let s € 3 with s > (n — 1)/2. Then, since n > 3, there is an integer k such that
s —k € H, with R(s — k) < (n— 1)/2. From the functional equation satisfied by X, and
using that X commutes with Ay, we know that K (f) is a linear combination of K_;(f)
and of A;Xs_1(f). By induction, it comes out that X (f) is a linear combination of the
functions Al (Ks_i (f)) forj € {0,1,...,k}; this is also a linear combination of the functions
A (s (f)). Suppose now that f € Ag(S™ '), with f +n—1—2%Rs > 0. Then by Lemma 6.2,
Js—1(f) € Apin_i _zms_k)(ST‘*‘) with norm controlled by the Ag-norm of f. Since § +n —
1 —2Rs > 0, we deduce that AX(Js_«(f)) € Apin_1-2:ms(S™'); the same holds a fortiori
for AL(Js_«(f)) whenj = 0,...,k — 1. This gives that K, maps continuously Ap(S™1) to
Apin—1-2ms(S™T).

We are now in position to complete the proof of Theorem 1.3 when 28s < n — 1.
Let f € &), with f(o) = 0. By [15], there exists a distribution T so that f(z) = (T, P*(z,-));
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since f(0) = 0 this function satisfies (T, 11) = 0. By Proposition 6.1, we have

f(z) = (T, K (P 75(2,4))) = (Ks(T), P "5(z, ). (6.14)
Suppose that the dimension nis odd. As R(n—1—35s) > (n—1)/2, we know from Section 4
that K(T) = AT V/2(H) with H € A° |, ,(S™ ). By Proposition 6.1(3), T = Al "/2

(Xn_1_s(H)). By Proposition 6.1(4) and since > 0, X, 1 s(H) € AY(S™'). This gives

Theorem 1.3 when 28s < n—1 and n is odd. The proof when n is even is exactly the same.

7 Radial A-eigenfunctions

In this section, we review some properties of the radial eigenfunctions of the Laplacian.
We write A = A, = s(n— 1 —s). A function h : H* — C is radial, if it depends only on the

distance to o : h(x) = ¢(d(o,x)). A radial function u is a A-eigenfunction if and only if
u”’(r) + (n—1)cothr-u'(r) + Au(r) = 0. (7.1)

The change of variable r = (—sinhr)? shows that u is a radial A-eigenfunction if
and only if the function f defined by u(r) = f((— sinhr)?) satisfies

) Ll P S P
z(1—=2)f"(z) + <2 > z)f (2) 4f(z) =0, (7.2)
(cf. [5, page 135]), that is, the hypergeometric equation E(a, b;c):

z(1—2)f"(z) + (¢ — (a+ b+ 1)z)f'(z) — abf(z) =0, (7.3)

for the parameters ¢ = n/2,a = (n—1—35)/2, and b = s/2 (cf. [4, ?]). One particular

solution of the equation E(a, b;c) is the hypergeometric function

k=
erg) — (@)x(b)
F(a,b;c;z) = ];) WZK (7.4)

In the above formula, (a)y is defined by setting (a)p = 1 and for k > 1, (a)x = a(a +
1)...(a+k—1).Forany a, b in C, and for any ¢ ¢ —N, this series converges uniformly on
the unit disc. It can be extended to an analytic function on each simply connected open
set which is disjoint from the poles of the equation, in particular on the complement of
the half-line [T, co].
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We introduce two particular radial A-eigenfunctions, the spherical function and
the Green function.

The spherical function. The space of solutions of the equation for radial eigenfunction
is two-dimensional. An inspection of the equation shows that up to scalar multiple, there
is only one radial As-eigenfunction which is defined on H™ and smooth at the origin o. The
spherical function hg is defined as the solution which equals 1 at o. It can be expressed
in terms of the hypergeometric functions. Indeed, one has

() = P22 55 i (sint ), 75)

since the right term is a radial A;-eigenfunction which takes the value 1 at the origin o.
As a function of the parameter, s — hs(r) is a holomorphic function.

In order to find the behaviour of h,(r) for large values of r, we use the following
relation which is valid for z in the half-plane 9i(z) < 1/2 (cf. [4], page 64):

« z
Flo, Biviz) = (1 - 2) F(%v&ijT) (7.6)
It comes out that
hs(r) = (cosh r)“1SF<$, ?, %; (tanh r)2>. (7.7)

Now, when Ry > Ra + R (cf. [4], page 61), one has

F(y)F(y —o—B)
Ty —o)l(y —B)’

Therefore, if R(s) € |(n —1)/2,n — 1], we have

2s—n+1
he(r) = (coshr)™ '3 F(E(>SF+<1S>F225> > +o(r) | . (7.9)
2 2

From its definition, and from the symmetry between « and 3 in the definition of

lim F(e, B;v;2) =

the hypergeometric function F(«, 3,v;z), one has hg(r) = h,_1_s(r). This property and
the estimate above gives therefore an estimate for h,(r) for large values of r, once Rs #
(n—1)/2.

It remains to consider the case when s can be written as (n — 1)/2 — it fort € R.

One can use the following relation, which holds for z € C —R", and for « — 3 ¢ Z (cf. [4],
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page 108):
L TAMB-w), -
Fryf(e—=p), - - '
+ Mo (y B)(—Z) PE(b, 1 —v+B,T—a+pB5z ).

We apply it for o« = (n—1)/4+1it/2, p = (n—1)/4—it/2, and y = n/2. It gives that for t # 0,
Nn_1)/241¢(r) = (sinhr) (=72
x (c(t)(sinh )" "2"F(«, T -y + ;1 — B + oy —(sinh7)?)
+¢(t)(sinh )" ITF (o, 1T —y + 051 — B + o5 —(sinh 1) ?)),
(7.11)

with

™ iy
. r<“41r<§§:(<;:+1 B 12t) (7.12)

To finish, we consider the case when t = 0, that is, s = (n—1)/2. We observed already that

the spherical A -eigenfunction h can be expressed using the Poisson-Helgason trans-
form: if do denotes the normalized spherical measure on S™' one has hs(r) =
Jono1 P3(z,€)do(€) if d(0,z) = r. The formula of the spherical measure leads then to
7T
hs(r) = c(coshr) J (1 —tanhrcos @) *(sin@)"2do, (7.13)
0
for some explicit constant c. For s = (n — 1)/2, an easy calculation gives that this last

integral is O(r).

Proposition 7.1. Let s = & + it with 6 € ]0,n — 1[. The spherical function hy depends
holomorphically on s: for any v, s — hg(r) is holomorphic. It satisfies the symmetry
hs(r) =hn_1-5(r). ForRs > (n—1)/2,
. n—1
‘hs(r)| < Cs eXp(*6r> if s 7é T)

no1 no1 (7.14)
[Nm_1)/2(1)| < Crexp <— 5 r) ifs = —5—

O

Recall that, from the Harnak estimate, one has a similar estimate for the gradi-
ents of hs: [hi(r)] < C{exp(—dr) and [h(, 4, ,(7)] < C'rexp(—((n—1)/2)r).
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The Green function. Other solutions to equation E(a,b;c) can be expressed with hyper-
geometric functions (cf. [4], page 105). In particular, if b — a + 1 is not contained in —N,

then the function
G(a,bjc;z) = (—z) °F(b+1—c,bjb+1—a;z ") (7.15)

is a solution on C — [0, 00| (the sth power is defined using the standard branch of the
logarithm).

Let € be the exceptional set {(n —3)/2 — N}

For r = d(o, z), the function

z— Go(r) = (sinhr)SF(z _T2‘+ 2 3 T;* ZS;—(sinhr)z) (7.16)

is a Ags-eigenfunction.

For r near oo, it behaves like G(r) = (sinhr)~*(1 4+ O(e 2")), where the equivalent
O(-) is uniform as s stays in a compact set of C — £.

In order to find the behaviour of G (r) for small values of r, we argue as for the

spherical function:

z

HWJ&Vﬂ)—(1Z)“F(an/ﬁna———), (7.17)

z—1
for z in a neighborhood of 0 € C. It comes out that

o = —n+2
Gs(r) = (sinhr)_s(cothr)“_s—ZF( Tzl"' S’ 3 TZ“" S, 3 T;-F S; (coshr)_z>.

(7.18)

Now, using as above, that if Ry > Ra+ Rp and vy ¢ —N,

Frty —«—p)

lim F(e, B;v;2) = . 7.19
SR B = 1 agry ) 719
Since n > 3, this applies to the function G if' s ¢ €.
One gets, for r near 0,
r<3—r;+25>r<n;2)
Gs(r) = (sinhr)*> ™ (coshr)" 572 +o(r) | . (7.20)

)
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One has also, after differentiating the formula for G¢(r) and using the relation

F%mﬁw¢0=%§ﬁ%+hﬁ+hv+hd,

(r) = 2(sinhr)"* "3 coshr (22&) <§)

!/
Gs 3—m+2s
2 (7.21)
4—n+s s S5-n+2s . 5
XF( > ,z—i—], > ;—(sinhr) )
— s(sinhr) 5! coshrF(2 —T21+ S,%, 3 _T;+ ZS;—(sinhr)z).

As before, we find that, if s € C — £, and r is near to 0

Gl(r) = (sinhr)'™ _Zr(%>r(3_z+zs>+o(r) . (7.22)
(2)G)

Fors € C — &, define a function on H™ by

r r(2

(1 —i—s) (s)

gs(X) = _zcn_]r<%2>r<3227+23>
r<135>r(%> _— (7.23)

n 3—mn+2s
ear(3)r(7)
2-m+s s 3-—n+2s . s
xF( 5 '3 > ;—(sinhr) ),

cn_1 being the volume of the unit sphere in R™.

Gs(d(o,x))

This function g is locally integrable on H™ (since n > 3) and satisfies in the
distributional sense (A + As)gs = &,, where §, is the Dirac mass at the origin o. We
call it the Green function. A priori, it is defined only for the values of s € € but since
(1/T(y))F(ex, B,v,z) is a holomorphic function of its parameters for |z| < 1 (cf. [8, page
245)), it does extend to a holomorphic function of s for s € .

We summarize the above discussion in thefollowing.
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Proposition 7.2. Let s € H. There exists a function g; : H™ — {o} — C which satisfies

Ags + Asgs = b, in the distributional sense. The function s — gs(z) is holomorphic. For

1+s s
"(5) )
sd(0,x) __ 2 2

s € H— &, one has

xlggo 95 (x)e N e ™\ 3—m+2s\’ (7.24)
n—1 7 2
the convergence being uniform for s in a compact subset of {Rs € |0,n — 1[—E&}. O

As for the spherical function, the Harnack estimate gives that the same estimate
holds for the gradient of gs.

We need also to consider the value of the Wronskian of g5 and hs, whose expres-
sion is W(r) = hl(r)gs(r) — hs(r)gl(r); therefore W/(r) = —(n — 1) cothrW(r). Thus, it

follows from our normalizations that (sinh )"~ "W(r) = 1/c 1.
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