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WEIGHTED NORM INEQUALITIES, OFF-DIAGONAL ESTIMATES
AND ELLIPTIC OPERATORS

PART III: HARMONIC ANALYSIS OF ELLIPTIC OPERATORS
PASCAL AUSCHER AND JOSE MARIA MARTELL

ABSTRACT. This is the third part of a series of four articles on weighted norm in-
equalities, off-diagonal estimates and elliptic operators. For L in some class of elliptic
operators, we study weighted norm L? inequalities for singular “non-integral” opera-
tors arising from L ; those are the operators ¢(L) for bounded holomorphic functions
¢, the Riesz transforms VL2 (or (—=A)Y2L~1/2) and its inverse LY/?(—A)~1/2
some quadratic functionals g7, and G, of Littlewood-Paley-Stein type and also some
vector-valued inequalities such as the ones involved for maximal LP-regularity. For
each, we obtain sharp or nearly sharp ranges of p using the general theory for bound-
edness of Part I and the off-diagonal estimates of Part II. We also obtain commutator
results with BMO functions.
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1. INTRODUCTION

In this part, we consider divergence form uniformly elliptic complex operators L =
—div(A V) in R" and we are interested in weighted L? estimates for:

(a) ¢(L) with bounded holomorphic functions ¢ on sectors (Section 4).

(b) The square root L'/? compared to the ones for V and, in particular, the Riesz
transforms VL2 (Sections 5, 6).
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(c¢) Typical square functions “a la” Littlewood-Paley-Stein: one, gr,, using only func-
tions of L, and the other, GG, combining functions of L and the gradient operator
(Section 7).

(d) Vector-valued inequalities for the operators above and the so-called R-bounded-
ness of the analytic semigroup {e~*%} which is linked to maximal regularity (Sec-
tion 8).

Let us stress that those operators may not be representable with “usable” kernels:
they are “non-integral”. But they still are singular in the sense that they are of order 0.
Hence, usual methods for singular integrals have to be strengthened. The unweighted
LP estimates are described in [Aus] for the operators in (a) — (¢), with emphasis
on the sharpness of the ranges of p. The instrumental tools are two criteria for LP
boundedness, valid in spaces of homogeneous type: one was a sharper and simpler
version of a theorem by Blunck and Kunstmann [BK1] in the spirit of Hérmander’s
criterion via the Calderén-Zygmund decomposition, and the other one a criterion of
the first author, Coulhon, Duong and Hofmann [ACDH] in the spirit of Fefferman
and Stein’s sharp maximal function via a good-A inequality. The main interest of
those results were that they yield L” boundedness of (sub)linear operators on spaces
of homogeneous type for p in an arbitrary interval. Such theorems are extended in
Part I of our series [AM1] to obtain weighted L” bounds for the operator itself, its
commutators with a BMO function and also vector-valued expressions.

In Part IT [AM2], we studied one-parameter families of operators satisfying lo-
cal LP — L7 estimates called off-diagonal estimates on balls (the setting is that of a
space of homogeneous type). Among other things, such estimates imply uniform LP-
boundedness and are stable under composition. In case of one-parameter semigroups,
we showed that as soon as there exists one pair (p, q) of indices with p < ¢ for which
these local LP — L7 estimates hold, then they hold for all pairs of indices taken in
the interior of the range of LP boundedness. This fact is of utmost importance for
applications as we often need to play with exponents. We showed that such estimates
pass from the unweighted case to the weighted case. Eventually, we made a thorough
study of weighted off-diagonal estimates on balls for the semigroup arising from the
operator L above.

Our strategy here has the same two steps in each of the four situations described
above. The first step consists in obtaining a first range of exponents p (depending on
the weight) by applying the abstract machinery from Part I. This range turns out to
be the best possible for both classes of operators and weights.

However, given one operator and one weight, the range of p obtained above may
not be sharp, and this leads us to the second step. The sharp range is in fact related
to the one for weighted off-diagonal estimates established in Part II. At this point,
we use the main results of Part I in the Euclidean space but now equipped with the
doubling measure w(z) dz.

We wish to point out that some of our results can be obtained by different methods
(essentially from geometric theory of Banach spaces) once the bounded holomorphic
functional calculus is established in (a). We give the references in the text.
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We wish to say that our proofs are technically simpler than the ones in [Aus] even
for the unweighted case, because the notion of off-diagonal estimates used here is more
appropriate.

Finally, thanks to the general results in Part I, the same technology allows us to
prove in passing weighted L? estimates for commutators of the operators in (a) — (¢)
with BMO functions in the same ranges of exponents (see Section 9).

2. GENERAL CRITERIA FOR BOUNDEDNESS AND THE SET W,,(po, qo)

The underlying space is the Euclidean setting R™ equipped with Lebesgue measure
or a doubling measure obtained from an A,, weight. We state two results used in this
work, referring to [AM1] for statements in stronger form and for references to earlier

works.
1
][hdx:—/hx dx
B B[ Jg

Given a ball B, we write
Let us introduce some classical classes of weights. Let w be a weight (that is a non
negative locally integrable function) on R™. We say that w € A,, 1 < p < oo, if there
exists a constant C' such that for every ball B C R,

(]iwdx) (]iwlp’ dx)p_l <

For p = 1, we say that w € A; if there is a constant C' such that for every ball B C R",
][wdeCw(y), for a.e. y € B.
B

The reverse Holder classes are defined in the following way: w € RH,, 1 < g < o0, if
there is a constant C' such that for any ball B,

<]{Bwqd:c); SC]{dea:.

The endpoint ¢ = oo is given by the condition w € RH,, whenever there is a constant
C such that for any ball B,

<C][wd:c for a.e. y € B.

The following facts are well-known (see for instance [GR, Gral).
Proposition 2.1.
(i) Ay C A, C A, for1 <p<g< 0.
(i1) RHy C RH, C RH, for 1 <p < ¢ < 0.
(119) If w € Ay, 1 < p < o0, then there exists 1 < g < p such that w € A,.
(iv) Ifwe RH,, 1 < q < oo, then there exists ¢ < p < oo such that w € RH,,.
) A

= |J 4= |J RH,

1<p<oo 1<g<0

(v

(vi) If 1 < p < oo, w € A, if and only if w'™ € A,.
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(vii) If w € As, then the measure dw = wdx is a Borel doubling measure.

If the Lebesgue measure is replaced by a Borel doubling measure p, then all the
above properties remain valid with the notation change [ST].

Given 1 < py < go < 00 and w € A, (with respect to a Borel doubling measure p)
we define the set

Wa(po: @) = {p:po <p < qo,w € Az N RH(LO)/}.

If w =1, then Wi (po, q0) = (po, o). As it is shown in [AM1], if not empty, we have

W (Po, q0) = <po T'ws %)

where
re =inf{r >1: we A} sy =sup{s >1: w e RH,}.

We use the following notation: if B is a ball with radius r(B) and A > 0, A B
denotes the concentric ball with radius (A B) = Ar(B), C;(B) = 27! B\ 2/ B when
j>2,C(B)=4B, and

1
hdu:,i/ hdy.
]év(B) W21 B) Jo, (s

J

Theorem 2.2. Let i1 be a doubling Borel measure on R™ and 1 < pg < qp < 00.
Let T be a sublinear operator acting on L*°(u), {A.},~o0 a family of operators acting
from a subspace D of LP°(u) into LP°(u) and S an operator from D into the space of
measurable functions on R"™. Assume that

][ITI Arm)f |P°du)”i<29 (][

7>1 2+ B

1

S d)™, (@)

and
(]{8 |T.A7»(B)f|q® dﬂ)ﬁ < ZQ<J) (]éj+1B T f|P du)ﬁ’ (2.2)

for all f € D, all ball B where r(B) denotes its radius for some g(j) with > g(j) <
(with usual changes if qo = 00). Let p € Wy (po,qo), that is, po < p < qo and
we Ar N RH(qO)/. There is a constant C such that for all f € D

Po ?

1T Fllery < CUSFllw - (2.3)

An operator acting from A to B is just a map from A to B. Sublinearity means
IT(f+9)| <|Tf|+|Tg|land |T(Af)| = IN|T(f)]| for all f,g and A € R or C (although
the second property is not needed in this section). Next, LP(w) is the space of complex
valued functions in LP(dw) with dw = wdp. However, all this extends to functions
valued in a Banach space.

Remark 2.3. In the applications below, we have, either Sf = f with f € LZ° the
space of compactly supported bounded functions on R", or Sf = Vf with f € § the
Schwartz class on R™ (see Section 6).
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Let us recall that the doubling order D of a doubling measure p is the smallest
number x > 0 such that there exists C' > 0 for which (A B) < C, \* u(B) for every
ball B and for any A > 1.

The other criterion we are going to use is the following.

Theorem 2.4. Let p be a doubling Borel measure on R™, D its doubling order and
1 < po < qo < o0. Suppose that T is a sublinear operator bounded on L% (1) and that
{A, }r=0 is family of linear operators acting from LZ° into L®(u). Assume that for
j>2,

(]é_(B)|T<f A1) < g ][If\”du (2.4)

and for j > 1,

( ]{; Al )™ < g0 ( ]é 71 )™ (25)

for all ball B with r(B) its radius and for all f € L° supported in B. If 3. g(j ) 2PI <
oo then T is of weak type (po, po) and hence T is of strong type (p, p) for allpo <p<q.
More precisely, there exists a constant C' such that for all f € L

”Tf”LP(u) <C Hf”LP(u)'

Again, the statement has a vector-valued extension for linear operators acting on
and into L? functions valued in a Banach space.

Remark 2.5. Notice the symmetry between (2.1) and (2.4).

3. OFF-DIAGONAL ESTIMATES

We first introduce the class of elliptic operators considered in this work. Let A be
an n X n matrix of complex and L*-valued coefficients defined on R". We assume
that this matrix satisfies the following ellipticity (or “accretivity”) condition: there
exist 0 < A < A < oo such that

MEF < ReA(z) ¢ - € and [A(2) € ¢l < Agl <],

for all £, € C" and almost every z € R". We have used the notation £ - ( =
&G+ -+ &, ¢, and therefore € - ( is the usual inner product in C". Note that then
Alx)€-( = > ik Gik() Sk (;. Associated with this matrix we define the second order
divergence form operator
Lf =—div(AVY),

which is understood in the standard weak sense as a maximal-accretive operator on
L*(R", dz) with domain D(L) by means of a sesquilinear form.

The operator — L generates a C%-semigroup {e~*£};-¢ of contractions on L?(R", dx).

Define ¥ € [0, 7/2) by,
9 —sup{|axg(LF. £)] : 1 € DL)}.

Then the semigroup has an analytic extension to a complex semigroup {e *%},cx_ -
of contractions on L*(R", dz). Here we have written for 0 < 6 < ,

Yg={z€C":|argz| < 0}.
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Let w € A,. Here and thereafter, we write LP(w) for LP(R", wdx) and if w = 1, we
drop w in the notation. We define 7,,(L) and K, (L) as the (possibly empty) intervals
of those exponents p € [1,00] such that {e*¥},¢ is a bounded set in £(LP(w)) and
{Vt Ve tE},o0 is a bounded set in £(LP(w)) respectively (where £(X) is the space of
linear continuous maps on a Banach space X).

We extract from [Aus, AM2] some definitions and results (sometimes in weaker
form) on unweighted and weighted off-diagonal estimates. See there for details and
more precise statements. Set d(F, F) = inf{|z —y| : x € E,y € F} where E,| F are
subsets of R".

Definition 3.1. Let 1 < p < q¢ < oco. We say that a family {T,}1~0 of sublinear
operators satisfies LP — L2 full off-diagonal estimates, in short T; € f(Lp — Lq), if for
some ¢ > 0, for all closed sets F and F, all f and all t > 0 we have'

__cd*(E,F)

/m X f \%m) <t (/E\f|pda:>%. (3.1)

We set Y(s) = max{s,s'} for s > 0. Given a ball B, recall that C;(B) =
2771 B\ 27 B for j > 2 and if w € A, we use the notation

hdw— /hdw][ hdw = / hdw.
]{9 (2J+1B) c,(B)

Definition 3.2. Given1 <p<q¢< o0 cmd any weight w € Ay, we say that a family
of sublinear operators {T}}~o satisfies LP(w) — L% (w) off-diagonal estimates on balls,
in short T, € O(LP(w) — LU(w)), if there exist 61,0, > 0 and ¢ > 0 such that for every
t > 0 and for any ball B with radius r and all f,

(f 1106 ) 5 T(W) (4 17w’ 52)

and, for all j > 2,

02 i 9 1
29 4y »
][ IT.(X e, |de) < 2]911((%) e (][CV(B) |f|pdw) (3.3)

<][cj(3) IT.(X 5 f)|qdw) <2J91T<2\]/%) o <]{3|f\”dw)’l7. (3.4)

Let us make some relevant comments for this work (see [AM2] for further details).

e In the Gaussian factors the value of ¢ is irrelevant as long as it remains non negative.
We will freely use the same letter from line to line even if its value changes.

e These definitions extend to complex families {7 },ex, with ¢ replaced by |z| in the
estimates.

e In both definitions, 7; may only be defined on a dense subspace D of L? or LP(w)
(1 < p < o0) that is stable by truncation by indicator functions of measurable sets
(for example, LP N L?, LP(w) N L? or L2°).

"Here and thereafter, for two positive quantities A, B, by A < B we mean that there exists a
constant C' > 0 (independent of the various parameters) such that A < CB.
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e If ¢ = 0o, one should adapt the definitions in the usual straightforward way.

o L'(w)—L*®(w) off-diagonal estimates on balls are equivalent to pointwise Gaussian
upper bounds for the kernels of Tj.

e Both notions are stable by composition: 7, € O(L%w) — L"(w)) and S; €
O(LP(w) — LU(w)) then Ty 0 S, € O(LP(w) — L"(w)) when 1 < p < ¢ <r < o0
and similarly for full off-diagonal estimates.

e When w =1, I” — L7 off-diagonal estimates on balls are equivalent to LP — L9 full
off-diagonal estimates.

e Notice the symmetry between (3.3) and (3.4).

If I is a subinterval of [1, o0], Int I denotes the interior in R of I N R.

Proposition 3.3. Fizm € N and 0 < p < w/2 — 9.

(a) There exists a non empty maximal interval in [1,00], denoted by J(L), such
that if p,q € J(L) with p < q, then {(zL)"e **}.cx, satisfies LP — L full off-
diagonal estimates and is a bounded set in L(LP). Furthermore, J(L) C J(L)
and Int J (L) = Int J(L).

(b) There exists a non empty mazimal interval of [1, 00|, denoted by K(L), such that
if p.q € K(L) with p < q, then {\/zV(zL)"e *"} ey, satisfies LP — L7 full off-
diagonal estimates and is a bounded set in L(LP). Furthermore, K(L) C K(L)
and Int IC(L) = Int IC(L).

(¢c) K(L) C J(L) and, for p <2, we have p € K(L) if and only if p € J(L).

(d) Denote by p_(L),ps (L) the lower and upper bounds of J (L) (hence, of Int J (L)

also) and by q_(L),q+(L) those of K(L) (hence, of Int (L) also). We have
p—(L) = ¢-(L) and (q- (L))" < py(L).

(e) Ifn=1, J(L) =K(L) =[1,0].
(f) If n=2, J(L) =[1,00] and K(L) D [1,q.(L)) with q,. (L) > 2.

(9) I'n >3, p(L) < 25, py(L) > 2 and g, (L) > 2.

We have set ¢* = 73—_"(1, the Sobolev exponent of ¢ when ¢ < n and ¢* = oo otherwise.

Proposition 3.4. Fixm €N and 0 < p <7/2—19. Let w € Aw.

(a) Assume Wy, (p—(L),p+(L)) # @. There is a mazimal interval of [1, 00|, denoted
by Jw(L), containing W, (p,(L),er(L)), such that if p,q € Ju(L) with p < q,
then {(zL)™e *"} ex, satisfies LP(w) — LY (w) off-diagonal estimates on balls and
is a bounded set in L(LP(w)). Furthermore, Ju(L) C Juw(L) and Int Jp(L) =
Int 7, (L).

(b) Assume Wy, (q-(L),q4+(L)) # Q. There exists a mazimal interval of [1,00], de-
noted by K.(L), containing W, (q—(L),q+(L)) such that if p,q € Ky(L) with
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p <q, then {\/zV(zL)"e "} cx,, satisfies LP(w) — L9 (w) off-diagonal estimates
on balls and is a bounded set in L(LP(w)). Furthermore, Ky(L) C Ky(L) and
Int IC,py (L) = Int IC\y (L).

(c) Let n > 2. Assume W, (q—(L),q+(L)) # Q. Then Ky(L) C Jw(L). Moreover,
inf J,,(L) = inf K\,(L) and (sup K, (L)% < sup T (L).

w —

(d) If n = 1, the intervals J,(L) and K, (L) are the same and contain (r,,o0] if
w ¢ Ay and are equal to [1,00] if w € Ay.

We have set ¢, = %T_wq when ¢ < nr, and ¢, = oo otherwise. Recall that

ro =1inf{r > 1 : w € A,} and also that s,, = sup{s > 1 : w € RH,}.

Note that W, (p—(L),p+(L)) # @ means gfgé; > 7(8y). This is a compatibility

condition between L and w. Similarly, W, (¢_(L), ¢+ (L)) # @ means Zigg > Tw(Sw)s
which is a more restrictive condition on w since ¢_(L) = p_(L) and ¢, (L) < p.(L).

In the case of real operators, J (L) = [1, co] in all dimensions because the kernel et~
satisfies a pointwise Gaussian upper bound. Hence W, (p—(L),p+(L)) = (ry,00). If
w € Ay, then one has that J,,(L) = [1,00]. If w ¢ A;, since the kernel is also positive
and satisfies a similar pointwise lower bound, one has [J,(L) C (r,,o0]. Hence,
It J(L) = Wa (p-(L) p. (L)),

The situation may change for complex operators. But we lack of examples to say
whether or not J,(L) and W, (p—(L), p+(L)) have different endpoints.

Remark 3.5. Note that by density of L2° in the spaces LP(w) for 1 < p < oo, the
various extensions of e ** and Ve *’ are all consistent. We keep the above notation
to denote any such extension. Also, we showed in [AM2] that as long as p € J,,(L)
with p # oo, {e7tL},5¢ is strongly continuous on LP(w), hence it has an infinitesimal
generator in LP(w), which is of type 9.

From now on, L denotes an operator as defined in this section with the four numbers
p—(L) = q_(L) and py (L), q.(L). We often drop L in the notation: p_ = p_(L),
For a given weight w € A, we set W, (p,,p+) = (p_,p+) (when it is not
empty) and Int J,,(L) = (p_,py). We have p_ < p_ < py < py. Similarly, we set
We(q-,q4+) = (@, ;) (when it is not empty) and Int K,(L) = (g-,qy). We have
- <q <qr <q

4. FuNcTIONAL CALCULI

Let p € (9,7) (do not confuse with the measure p used in Section 2) and ¢ be a
holomorphic function in 3, with the following decay
o) <clz"(L+]))7%, 2z €%, (4.1)
for some ¢, s > 0. Assume that ¥ < § < v < p < w/2. Then we have

o= [ e [ e (42)

where TI'y is the half ray R* e* (m/2-0)

ne(z) = [ &FpQ)de,  zeTs, (4.3)

271 v
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with 7. being the half-ray R* e**¥ (the orientation of the paths is not needed in what
follows so we do not pay attention to it). Note that

na(2)] Smin(l,|2]*7"),  z €Ty, (4.4)

hence the representation (4.2) converges in norm in £(L?). Usual arguments show the
functional property ¢(L) (L) = (¢1)(L) for two such functions ¢, 1.

Any L as above is maximal-accretive and so it has a bounded holomorphic functional
calculus on L% Given any angle p € (9, 7):

(a) For any function ¢, holomorphic and bounded in ¥,, the operator ¢(L) can be
defined and is bounded on L? with

le(L) fll2 < Cllelloo [1.f1l2
where C only depends on ¥ and p.

(b) For any sequence ¢ of bounded and holomorphic functions on ¥, converging
uniformly on compact subsets of ¥, to ¢, we have that ¢, (L) converges strongly

to (L) in L(L?).

(¢) The product rule (L) (L) = (¢ ¢)(L) holds for any two bounded and holomor-
phic functions ¢, 7 in ¥,.

Let us point out that for more general holomorphic functions (such as powers), the
operators ¢(L) can be defined as unbounded operators.
Given a functional Banach space X, we say that L has a bounded holomorphic

functional calculus on X if for any pu € (9, 7), for any ¢ holomorphic and satisfying
(4.1) in X, one has

le(L)fllx < Cllells fllx,  feXNL (4.5)

where C' depends only on X, 9 and p (but not on the decay of ).

If X = LP(w) as below, then (4.5) implies that ¢ (L) extends to a bounded operator
on X by density. That (a), (b) and (c) hold with L? replaced by X for all bounded
holomorphic functions in ¥, follow from the theory in [Mcl] using the fact that on
those X, the semigroup {e~'%},-¢ has an infinitesimal generator which is of type o (see
the last remark of previous section). We skip such classical arguments of functional
calculi.

Theorem 4.1. [BK1, Aus| The interior of the set of exponents p € (1,00) such that
L has a bounded holomorphic functional calculus on LP is equal to Int J (L) defined
in Proposition 3.3.

Our first result is a weighted version of this theorem. We mention [Mar| where
similar weighted estimates are proved under kernel upper bounds assumptions.

Theorem 4.2. Let w € Ay be such that W, (p—(L),p, (L)) # O. Let p € Int J,(L)
and p € (0, 7). For any ¢ holomorphic on ¥, satisfying (4.1), we have

(L) fllr) < Cllello 1 fllr@w), — f € L, (4.6)

with C' independent of ¢ and f. Hence, L has a bounded holomorphic functional
calculus on LP(w).
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Remark 4.3. Fix w € Ay with W, (p_(L),p(L)) # @. If 1 < p < oo and L has
a bounded holomorphic functional calculus on LP(w), then p € J,,(L). Indeed, take
o(z) = e *. As Int J,,(L) = Int J,(L) by Proposition 3.3, this shows that range
obtained in the theorem is optimal up to endpoints.

Proof. Tt is enough to assume pu < 7/2. Note that the operators e *% are uniformly

bounded on LP(w) when z € ¥, hence, by (4.4), the representation (4.2) converges in
norm in £(LP(w)). Of course, this simple argument does not yield the right estimate,
(4.6), which is our goal. It is no loss of generality to assume that ||| = 1. We split
the argument into three cases: p € (p_,ps), p € (p_,p1), p € (D_, Dy )-

Case p € (p—,p+). By (i) and (iv) in Proposition 2.1, there exist py, go such that
P <po<p<qo<ps and U)EAPL ﬂRH<@>/.
0 P

The desired bound (4.6) follows on applying Theorem 2.2 for the underlying measure
dz and weight w to T = (L) with py,qo, Ay = I — (I — e F)™ where m > 1 is
an integer to be chosen and S = I . As ¢(L) and (I — e ™)™ are bounded on LP°
(uniformly with respect to r for the latter) by Proposition 3.3 and Theorem 4.1, it
remains to checking both (2.1) and (2.2) on D = L.

We start by showing (2.2). We fix f € L2° and a ball B. We will use several times
the following decomposition of any given function h:

h=> hj hy =h X, s - (4.7)
3>1

Fix 1 < k < m. Since py < qo and py, o € J(L), we have e 'L € (Q(Iﬂ”0 — qu) (we
are using the equivalence between the two notions of off-diagonal estimates for the
Lebesgue measure), hence

N 1
(frereinpa)f ssmmns (f ppay?
B 2i+1 B

and by Minkowski’s inequality

—kr? L % . ][ %
(£ 17 taim o) STa(f,,, ) (4.8)

with g(j) = 27@1402) =¥ for any h € LPo. This estimate with h = p(L)f € LPo
yields (2.2) since, by the commutation rule, p(L)e *"*Lf = ek Lp,

We next show (2.1). Let f € L® and B be a ball. Write f = 3., f; as before.
For j = 1, we use the L boundedness of ¢(L) and (I —e " F)™ hence

(o= ompman)™ < (f gman)™. “9)

For j > 2, the functions 7. associated with ¥(z) = ¢(2) (1 — e )™ by (4.3) satisfy




WEIGHTED NORM INEQUALITIES AND ELLIPTIC OPERATORS 11

Since po € J(L), {e *L}.cr, € O(LPO — L") and so

(£ metpasf"any < [ (f1esrgman)™ i

. 02
. W _adir? T2m 1
5 2]91/ T Z— e 2| |d2’|<][ |f|pod$>P0
s (m) T

1
s weem ([ )
C;(B)

provided 2m > 6. We have used, after a change of variable, that
o d
/ T(s)” e s m 2,
0

S

The same is obtained when one deals with the term corresponding to I'_. Plugging
both estimates into the representation of 1(L) given by (4.2) one obtains

1

(f ler = syrgpran) szoe (L gppas)™, @a0)
B Cj(B)
therefore, (2.1) holds when 2m > max{#6, 6>} since C;(B) C 2! B.

Case p € (p_,py): Take pg,qo such that p_ < py < py and py < p < qo < py. Let
A =1-(1—- e Eym for some large enough m > 1. Remark that by the previous
case, (L) has the right norm in £(LP°(w)) and so does A, by Proposition 3.4. We
apply Theorem 2.2 with the Borel doubling measure dw and no weight. Thus, it is
enough to see that ¢(L) satisfies (2.1) and (2.2) for dw on D = L° C L (w). But
this follows by adapting the preceding argument replacing everywhere dx by dw and
observing that e=** € O(LF°(w) — L% (w)) since po, go € Int T, (L) and po < go. We
skip details.

Case p € (p_ ,p+)‘ Take pg, qo such that p_ < qo < p, and p_ < pg < p < qo. Set
A, =1 —(I—e " 1)™ for some integer m > 1 to be chosen later. Since gy € (p_, Py ),
by the first case, ¢(L) has the right norm in £(L%(w)) and so does A, by Proposition
3.4. We apply Theorem 2.4 with underlying measure dw. It is enough to show (2.4)
and (2.5). Fix a ball B and f € L2° supported in B.

We begin with (2.5) for A,. It is enough to show it for e *"*% with 1 < k < m.
Since po, g0 € Jw(L) and py < gy we have e”** € O(LP(w) — L®(w)), hence

1 ) 4
(4 T ) 5 270000 e firaw)e. @
J

This implies (2.5) with g(j) = C'2/®+%) =4 and 3. g(j) 2”7 < oo holds where
D is the doubling order of dw.

We turn to (2.4). Let j > 2. The argument is the same as the one for (4.10) by
reversing the roles of C;(B) and B, and using dw and e *% € O(LP(w) — LP(w))
(since py € J,(L)) instead of dz and e=*% € O(LP — L?). We obtain

(f te@ir—er s an)™ g 20 (f g aw)”
Cj(B) B
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provided 2m > 6, and it remains to impose further 2m > 6; + D to conclude. O

Remark 4.4. If W,,(p_, p+) =# (), the last part of the proof yields Welghted weak-type
(p—,p-) of p(L) provided p_ € J,,(L). To do so on only has to take py = p_.

5. RIESZ TRANSFORMS

The Riesz transforms associated to L are 9;L~Y2 1 < j < n. Set VL™Y2 =
(OLL=Y2, ... 0,L~/?). The solution of the Kato conjecture [AHLMcT] implies that
this operator extends boundedly to L? (we ignore the C"-valued aspect of things).
This allows the representation

-1/2 _L —— ﬁ
VL f—ﬁ/o Vet (5.1)

in which the integral converges strongly in L? both at 0 and oo when f € L2. Note
that for an arbitrary f € L?, h = L~Y2f makes sense in the homogeneous Sobolev
space H' which is the completion of C5°(R™) for the semi-norm ||V, and V becomes
the extension of the gradient to that space. This construction can be forgotten if n > 3
as H' C L? but not if n < 2. To circumvent this technical difficulty, we introduce

Se f fl/s —tL dt for 0 < & < 1 and, in fact, VS. are uniformly bounded on L?
and converge strongly in L?. This defines VL~1/2,

Theorem 5.1 ([Aus]). The mazximal interval of exponents p € (1,00) for which
VL2 has a bounded extension to LP is equal to Int IC(L) defined in Proposition
3.8 and for p € Int (L), ||V fll, ~ [|LY2f]|, for all f € D(LY?) = H* (the Sobolev

space).

Again, the operators V.S, are uniformly bounded on LP and converge strongly in
LP ase — 0. Indeed, for f € L>, S.f € D(L) C D(LY?) and |[|[VS.fll, < IILY2S. £,
Observe that LY2S. = ¢.(L), where . is a bounded holomorphic function in ¥,
for any 0 < p < 7/2 with sup, ||¢c]|oc < 00 and {p.}. converges uniformly to 1 on
compact subsets of ¥, as ¢ — 0. The claim follows by Theorem 4.1 and density.

We turn to weighted norm inequalities. Remark that by Proposition 3.4, for all p €
Jw(L), Se is bounded on LP(w) (the norm must depend on ¢) and for all p € IC,,(L),
VS. is bounded on LP(w) with no control yet on the norm with respect to ¢.

Theorem 5.2. Let w € A, be such that W, (q—(L),q.(L)) # @. For all p €
Int (L) and f € L,

VL2 ooy S 1l re)- (5.2)
Hence, VL™'? has a bounded extension to LP(w).

We note that for a given p € Int IC,,(L), once (5.2) is established, similar arguments
using Theorem 4.2 imply convergence in LP(w) of VS, f to VL™Y/2f for f € L.

Proof. We split the argument in three cases: p € (¢_,qy), p € (¢-,q+), p € (¢_,q+)-

Case p € (¢_,q+): By (dii) and (iv) in Proposition 2.1, there exist po, ¢o such that
qd- <po<p<qo<qy and U)EAPL ﬂRH<@>/.
0 P
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The desired estimate (5.2) is obtained by applying Theorem 2.2 with underlying mea-
sure dr and weight w. Hence, it suffices to verify (2.1) and (2.2) on D = L for
T=VL'? S=Tand A, =1—(I— e*r2L)m, with m a large enough integer. These
conditions will be proved as in [Aus|, but here we use the whole range of exponents for
which the Riesz transforms are bounded on unweighted LP spaces, that is, (¢_, ¢ ).

Lemma 5.3. Fiz a ball B. For f € L and m large enough,

(fweeu =i < S an(f i) 6

and for f € LP° such that Vf € LP° and 1 < k < m,
(fIvertman)™ <30 (£ vira)™ 6
B =1 21 B

where g1(j) = Crn 279477 and go(j) = Cn 2 37,5, 2" e=4 for some 6 > 0.

Assume this is proved. Note that if 2m > ¢ then > ., g1(j) < oo and the first
estimate is (2.1).

Next, expanding A, =1 — (I —e " the latter estimate applied to S, f in place
of f (since S.f € L and VS.f € L) and the commuting rule A,.S. = S..A, give us

77’2L)

1 1

(][B VS A, f|T d:c) © < ;!h(]) <]£j+13 VS f|Pe da:) oy

By letting £ go to 0 (the justification uses the observations made at the beginning
of this section and is left to the reader), we obtain (2.2) using .., g2(j) < oo.
Therefore, by Theorem 2.2, (5.2) holds for f € L.

Proof of Lemma 5.3. We begin with the first estimate. Decomposing f as in (4.7),

1

—1/2/7 _ _—r2Lym r|po % —1/2(7 _ _—r2Lym ¢ |po Po
(]{BWL (I — e 5y o da) gj;(]i\w (1= e By e ).

For j = 1, since ¢_ < py < ¢4, VL2 and e’ L are bounded on LPo by Theorem 5.1
and Proposition 3.3. Hence,

(]i (VL Y2([ — e~ Lym f, [po d:c)% < (]éB | f[o dx)%.

For j > 2, we use a different approach. If h € L? by (5.1)

) 1 [® dt
L~ Y2(1 — TLmh:—/ t L.t)h —
\Y% (I—e"") 7 ), VtVp(L,t) =

2

where ¢(z,t) = e **(1 — e " #)™. The functions n.(-,t) associated with ¢(-,t) by
(4.3) satisty
7,,2m

W, ZEFi7t>O.

n:(z,8)| S
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Since /z Ve *L € O(LPo—L™) (note that py € K(L) and we are using the equivalence
between the two notions of off-diagonal estimates for the Lebesgue measure),

<]{9 ) /r+ N (2) VEVe L f dz‘po dx)plo

< [ (fvevespe ™ % 7. (2)] ]

6o .
, 2J _adir? n 1
< 2 / (L) i|n+<z>||dz|(][ i dz)”
ry 2] 2] (B)

Cj

o) j 02 j .2 2 1
. 27 _adr t m >
SJ 2‘761/ T(TT) e s %ﬁd(s <f |f‘p°dl’> 0.
0 5 5 (s+1) c;(B)

Observing that when 2m > 6,

0o o) j 02 adip2 2m )
/ / T Zr e s ﬁ = dsg — 4™,
o Jo VE Vs (st

and plugging this, plus the corresponding term for I'_, into the representation (4.2),
we obtain

1

(f Ivetrz—emhyrppran)™ s /OOO( ]i\ﬂw(L,t)fjl”de)%@

t

1

< gii-2m) <][ | f|Po dx) " (5.5)
C;(B)

This readily yields the first estimate in the lemma.

Let us get the second one. Fix 1 < k < m. Let f € LP° such that Vf € LP°. We
write h = f — f4 g where f) g is the dz-average of f on A B. Then by the conservation
property (see [Aus]) e7t1 =1 for all ¢ > 0, we have

ve—kTQLf _ ve—kTQL(f . f4B) _ Ve—kr2Lh _ Zve—kTQth’
j=1

with hj = h X, (- Hence,

(]i (Ve kL po da;ﬁ < ; (]{9 Vet L | da;ﬁ.

Since py < qo and pg, g0 € K(L), vVt Ve L € (’)(Lp" —Lq"). This and the LP°-Poincaré
inequality for dz yield

1 97 (01+62) o—a 47 1
(][ Ve hr* Ly |0 dx) wef ¢ (][ |1 |0 dx) L
B r C;(B)

2_] (91+92) efa 47 1

< —<][ |f_f4B|pOdl’)%
r 2i+1 B
97 (01+02) p—a 4’ 1 J
s ((][ ‘f_f2f+1B‘p0d37>m +Z|f2l3—f21+13|)
2 1=2

IA

i+1 B
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97 (01+02) p—a 4’ J 1
¢ 2UN S fpgad)
T —1 2l+1 B
- L
5 9J (61+62) efa4ﬂ Z 9! (][ |Vf|p0 dl’) Po ; (5.6)
=1 241 B
which is the desired estimate with 6 = 6, + 0. O

Case p € (¢_,qy): Take pg,qo such that ¢_ < py < ¢y and py < p < qo < q;-
Let A, = I — (I —e ™ %)™ for some m > 1 to be chosen later. As py € (4_,q4),
both VL™Y/2 and A, are bounded on L”(w) (we have just shown it for the Riesz
transforms and A, are bounded uniformly in r by Proposition 3.4). By Theorem 2.2
with underlying doubling measure dw and no weight, it is enough to verify (2.1) and
(22)on D = L for T = VL™Y2, S = I and A,. To do so, it suffices to copy
the proof of Lemma 5.3 in the weighted case by changing systematically dx to dw,
off-diagonal estimates with respect to dx by those with respect to dw given the choice
of po,qo. Also in the argument with dxr we used a Poincaré inequality. Here, since
Po € Waw(q-,q4), w € Ay /g and in particular w € Ay, (since g— > 1). Therefore we
can use the LP°(w)-Poincaré inequality (see [FPW]):

][lf fBw I”Odw m<7“ ][|Vf|p°d ,,0

for all f € Ll (w) such that Vf € LI (w), where f5,, is the dw-average of f over B.
We leave further details to the reader.

Case p € (q- q+) Take po, o such that ¢ < g9 < ¢y and ¢_ < pg < p < qo. Set
A, =1T—(1—- e’ Eym for some integer m > 1 to be chosen later. Since qo € (¢_,q, ),
it follows that VL~'/2 is already bounded on L% (w) and so is A,. That VL™ /2 is
bounded on LP(w) will follow on applying Theorem 2.4 with underlying measure w.
Hence it is enough to check both (2.4) and (2.5).

We begin with (2.5). By Proposition 3.4, inf 7,(L) = inf (L) = g_. Since
po > q- and py < qo € Wau(q—,q1) C Wau(p—,py) C Jw(L), we have po,qo € Juw(L)
and so e '* € O(LPF°(w) — L®(w)). This yields (4.11), hence (2.5) with g(j) =
O 27 (01+62) o=c4 which clearly satisfies >, 9(j)2P7 < oo, with D the doubling order
of dw.

We next show (2.4). Let f € L be supported on a ball B and j > 2. The
argument is the same as the one for (5.5) by reversing the roles of C;(B) and B, and
using dw and /z Ve > € O(LPo(w) — LP°(w)) (since py € K,y(L)) instead of dz and
VzVe 2t e O(LPo — LP0). Hence, we obtain

L L
( ][ [VLY2(1 = e byn o dw) ™ 5 2002 ][ S duw)”
C;(B) B

provided 2m > 6, and it remains to impose further 2m > 6; + D to conclude. O

Remark 5.4. If W,,(q_, q1) # O, the last part of the proof yields weighted weak-type

(-, q-) of VL2 provided g_ € K,(L), one only needs to take py = q_.
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Remark 5.5. Theorem 5.1 asserts that Int (L) is the ezact range of LP bound-
edness for the Riesz transforms when w = 1. When w # 1, we cannot repeat the
same argument as it used Sobolev embedding which has no simple counterpart in the
weighted situation. However, if we insert in the integral of (5.1) a function m(t) with
m E LOO(O 00), then (5.2) holds with a constant proportional to ||m| . Indeed, Let

= [ e = mlt )% for z € ¥,, ¥ < p < /2. Then, ¢,, is holomorphic in
Zu and bounded with ||¢m |l < cul|m|loo. Now for f e L2°,

o dt
Ve 'L fm(t) — = VL Y2, (L) f
/0 Vi
hence, combining Theorems 4.2 and 5.2, we obtain for p € Int IC,, (L),

| [ vivesrme S|, S Il

Conversely, given an exponent p € (1,00), assume that this L”(w) estimate holds for
all m € L*. Using randomization techniques which we skip (see Section 8 for some
account on such techniques), this implies

I( /OOO WW‘“J‘F?)é S 111l oy

LP(w)
This square function estimate is proved directly in Section 7 and we indicate at the

end of that section why this inequality implies p € /Ew(L). Thus, the range in p is
sharp up to endpoints (see Proposition 3.4).

6. REVERSE INEQUALITIES FOR SQUARE ROOTS

We continue on square roots by studying when the inequality opposite to (5.2) hold.
First we recall the unweighted case.

Theorem 6.1. [Aus] Ifmax{l o (L) } <p <ps(L) then for f €S,

||L1/2f||p SIVEl (6.1)
To state our result, we need a new exponent. For p > 0, define
NTyP
Puwsx = ma
where 7, = inf{r > 1 : w € A,}. Set also p;, = "L for p < nr, and p, = o0

otherwise. Note that (p,..);, = p.

Theorem 6.2. Let w € Ay with Wy, (p—(L),p+(L)) # Q. If max{ry, (P_)uwx } <
p < Dy then for f € S,
1LY oy S IV Fllzog)- (6.2)

Remark 6.3. Recall that p_ = p_(L)r, and we have (p_),. <p- <p_. If p_(L) =
1, then (P_)w < 7w, 50 max {7y, (0_)uw«} = ro = p—. This happens for example
when L is real or when n =1, 2.

Define W'?(w) as the completion of S under the semi-norm ||V f||zr(). Arguing
as in [AT1] (see [Aus]) combining Theorems 5.2 and 6.2, we obtain the following
consequence.
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Corollary 6.4. Assume W, (q—(L),q4(L)) # Q. If p € Int Ky,(L) with p > 1y, then
L' extends to an isomorphism from WP (w) into LP(w).

Proof of Theorem 6.2. We split the argument in three cases: p € (p_,py), p €
(P, D), p € (max {7y, (B-)uw,s},Dr)-

Case p € (p—,p): It relies on the following lemma.

Lemma 6.5. Let py € Int J(L) and gy € J(L) with py < qo. Let B be a ball and
m > 1 an integer. For all f € S, we have

(fiea -t a) <o (£ wira)®  ©3)

j=1

for m large enough depending on py and qo, and

(== e mgima)® < 3 n0) (f

1
|LY/2 ppo dx) Y (6.4)
2i+1 B
where g1(j) = Cp, 279477 and go(j) = Cp, 279 €Y for some 0 > 0, and the implicit
constants are independent of B and f.

Admit this lemma for a moment. Since p € (p_,p5) = Wi, (p_,p+), by (iii) and
(7v) in Proposition 2.1, there exist po, go such that

P_<po<p<qo<ps and weApﬂRH( 0y

Note that (6.3) and (6.4) are respectively the conditions (2.1) and (2.2) of Theorem
2.2 with underlying measure dz and weight w, T = LY2, A, = I — (I —e " )™ with
m large enough, and Sf = Vf. Hence we obtain (6.2).

Proof of Lemma 6.5. We first show (6.4). Using the commutation rule and expanding
(I —e " E)™ it suffices to apply (4.8) as py, qo € J(L) to h = L'/2f.

We turn to (6.3). If p(z) = 21/2(1 — e7"*#)™, then @(L)f = L'?(I — e ") f. By
the conservation property

P(L) f=o(L)(f = fan) =Y _o(L) (6.5)

j>1

where h; = (f — fip) ¢;. Here, ¢; = Xc, () for j > 3, ¢ is a smooth function with
support in 4B, 0 < ¢; < 1, ¢1 = 1 in 2B and ||Vo1|lec < C/r and, eventually,
¢y is taken so that 2321 ¢»; = 1. We estimate each term in turn. For j = 1, since
p— < po < p, by the bounded holomorphic functional calculus on LP° (Theorem 4.1)
and (L) hy = (I — e " L)™ LY/}, one has uniformly in r,

(L) Pally S 1LY 2Rl
Next, Theorem 6.1, L°-Poincaré inequality and the definition of h; imply
1LY 2R llpy S VPl S NV Fllroa )

Therefore,
1

(fle@mm )5 (f [wsma)™
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For j > 3, the functions 7. associated with ¢ by (4.3) satisfy
2m

T
|77:|:(Z)| 5 |Z|m+3/27 S 1—‘:|:~

Since pg € J(L), {e **}.er, € O(LP0 — L7) and so

moNE :
(][ ’/ ne(2)e*th;dz d:p) 0 S/ <][ Eat dx) " ny(2)] |dz|
BlJry r. \JB
N .
) 29y _adr? 2m 1
S 2191/ T e 1 —_|dz <][ h-pOd:c)""
r, (M) ‘z|m+3/2| | c-(B)‘ 4

J

j
< 9j(Br—2m-1) 221 (][
=1 2

1
VP dr)”
I+1 B
provided 2m + 1 > 65, where the last inequality follows by repeating the calculations
made to derive (5.6). The term corresponding to I'_ is controlled similarly. Plugging

both estimates into the representation of ¢(L) given by (4.2) one obtains

1 J
(][ |90(L)hj‘p0 dl’)m 52j(€1—2m71) ZQl (][
B =1 2

+1 B

IV f [P dx)ﬁ.

The treatment for the term j = 2 is similar using

he| < |f — fas] X8B\2B <I|f = fa5l X8B\2B+|f4B — fa5]| XSB\QB’
Applying Minkowski’s inequality and (6.5), we obtain (6.3). The lemma is proved. [

Casep € (p—,py): Take pg, qo such that p_ < py < py and pg < p < o < py. Observe
that pg € W, (p,,er) C Int 7,,(L) and o € Ju(L). The proof of Lemma 6.5 extends
mutatis mutandis with dw replacing dx since there is an LP°-Poincaré inequality for
dw (see Section 5). It suffices to apply Theorem 2.2 with underlying measure dw and
no weight. We leave further details to the reader.

Case p € (max {rw, (ﬁ_)w,*},'p@r): It follows a method in the unweighted case by
[Aus| using an adapted Calderén-Zygmund decomposition.

Lemma 6.6. Letn > 1, w € Ay and 1 < p < oo such that w € A,. Assume that
[ €S is such that |V f| pw) < 0o. Let o > 0. Then, one can find a collection of
balls { B}, smooth functions {b;}; and a function g € L _(w) such that

loc
F=g+> b (6.6)
and the following properties hold:
IVg(z)| < Cay,  for p-a.e. (6.7)

suppb; C B; and / |Vb; [P dw < CaPw(B;), (6.8)
B;

Sy [ VP, (©9)

i R
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> X <N, (6.10)

where C' and N depends only on the dimension, the doubling constant of p and p. In
addition, for 1 < q < p,, we have

(é \bl-|qdw)‘1‘ <ar(B). (6.11)

Proof. Since w € A,, we have an LP(w) Poincaré inequality (see [FPW]). On the
other hand, as w € A, and 1 < ¢ < p} (if p = 1, i.e. w € Ay, it holds also at
q=1;, =" ) we can apply [FPW, Corollary 3.2] (when checking the
“balance condition” in that reference we have used that w € A, implies (|E|/|B|)" <
w(E)/w(B) for any ball B and any £ C B). Thus there is an LP(w) — L?(w) Poincaré
inequality:

(f15= foatran)” < v8) (§ 1957 du)’ (612)
for all locally Lipschitz functions f and all balls B. These are all the ingredients
needed to invoke [AM1, Proposition 9.1]. O

We use the following resolution of L'/?:

1 e dt
L1/2f:_ / Lefth_.
VT Jo Vi

It suffices to work with faR ..., to obtain bounds independent of ¢, R, and then to

let ¢ | 0 and R T oo: indeed, the truncated integrals converge to L'/2f in L? when
f € § and a use of Fatou’s lemma concludes the proof. For the truncated integrals,
all the calculations are justified. We write L'/? where it is understood that it should
be replaced by its approximation at all places.

Take ¢o so that p_ < ¢g < py. By the first case of the proof,

1LY F | o0 )y S NV Il 90 - (6.13)

We may assume that max{r,, (p_)w«} < p < D—, otherwise there is nothing to
prove. We claim that it is enough to show that

ILY2 | ooy S IV F1l Logw)- (6.14)

Assuming this estimate we want to interpolate. To this end, we use the following
lemma.

Lemma 6.7. Assume r > r,. Then D = {(=A)Y?f . f € S,supp f C R"\ {0}} s
dense in L"(w), where J? denotes the Fourier transform of f.

Proof. 1t is easy to see that D C S hence D C L"(w). As in [Gra, p. 353], using that
the classical Littlewood-Paley series converges in L"(w) since w € A, it follows that
the set B

D= {g €S :suppg C R"\ {0}, suppyg is compact}
is dense in L"(w). We see that D C D and so D is dense in L"(w). For g € D,
f = (—=A)"2g is well-defined in S as f(f) = c|€]7125(€) and supp f C R" \ {0}.
Hence, g = (—A)Y2f € D. O
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If 7 > 7, the usual Riesz transforms, V(—A)~!/2 | are bounded on L"(w) (this can
be reobtained from the results in Section 5). Also, for g € L"(w), one has

1912wy ~ IV (=A) 2| 1 )

using the identity —1 = R? + -+ + R2 where R; = 9;(—A)~Y2. Thus, for g € D,
LYV2(=A)12g = LV2fif f = (=A)"2g and |V f||rrw) ~ [|gllrw) for r > ry. As
Tw < P < qo, (6.13) and (6.14) reformulate into weighted strong type (qo, o) and weak
type (p,p) of T = LY2(=A)~Y2 a priori defined on D. Since D is dense in all L"(w)
when r > r,, by the above lemma, we can extend 7" by density in both cases and their
restrictions to the space of simple functions agree. Hence, we can apply Marcinkiewicz
interpolation and conclude again by density that (6.13) holds for all ¢ with p < ¢ < qo
which leads to the desired estimate.

Our goal is thus to establish (6.14), more precisely: for f € § and a > 0,
C
w{|LY2f| > o} = w{z € R" : |LV2f ()] >a}§—p |V fIP dw. (6.15)
[0 R™
Since p > r,, we have w € A,. From the condition (p_), . < p, we have p_ < pi.
Therefore, there exists g € (p ,py) = Int J,,(L) such that p_ < ¢ < pi. Thus, we
can apply the Calderon-Zygmund decomposition of Lemma 6.6 to f at height o for
the measure dw and write f = g+ >_.b;. Using (6.13), (6.7) and ¢y > p, we have

w{|Ll/Qg| > — / |LY2g|% dw < —/ |Vg|® dw < — |Vg|pdw

s—/ vipdot o [
aP Jgn a? Jgn

where the last estimate follows by applying (6.10), (6.8), (6.9).
To compute LY2(3. b;), let r; = 2% if 28 < r(B;) < 2L hence r; ~ r(B;) for all i.

Write
dt
L1/2 / —tL_+_/ Le—tL —T +U“
NG Vi

528} <u(Um) +of el > 5)
+w<<w\w>mﬂ

1
<1 / P dw+ T+ T,
oP Rn

Tdw < —/ A7 dw,
oP R™

and then

by

)

where we have used (6.9). We estimate I1. Since q € J,,(L), it follows that ¢t Le " €
O(L1(w) — L9(w)) by Proposition 3.4, hence

H<—ZZ/ |Tb|dw<—zz (27 B;) /][ ItLe’tLb|dwt3/z

i g>2 i j>2
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r2 YIS 02 c4d 7"1-2 1
ZZQJD / 2j91T<ﬁ) et ﬂ(% |bz‘|qdw)q
7 [,

i j>2
S SRR
i j>2
where we have used (6.11) and (6.9), and D is the doubling order of dw.

It remains to handling the term /. Using functional calculus for L one can compute
U; as r; *(r?L) with 1 the holomorphic function on the sector ¥, /2 given by
o dt
P(z) = c/ ze ¥ —. (6.16)
| Vi

It is easy to show that |¢(2)] < Cz|"/?¢~¢l, uniformly on subsectors ¥, 0 < p < 2.
We claim that, since ¢ € Int J,(L),

| %wm) A H (kZ 61°)

The proof of this inequality is postponed until the end of Section 7. We set 3 =
D iir—ok —_ Then,

Sun=Yuen( X ) =S veny

kEZ i:r;=2k T kEZ

Using (6.17), the bounded overlap property (6.10), (6.11), r; ~ r(B;) and (6.9), one

has
3| 1 |b; |9
ﬁkQ) 5—/ d
(Z e

La(w)

(6.17)

La(w)

r< L
Nq

<L
y ™«

La(w)

< Zw(B) < ai/ VS d

Collecting the obtained estimates, we conclude (6.14) as desired. 0
Remark 6.8. If w € Ay, W, (p—(L),p+(L)) # @ and (p_)w. < 1 then for all f € S

1LY fll ey S NV Fllrw).
This (that is (6.15) with p = 1) uses a similar argument (left to the reader) once

we have chosen an appropriate q for which L'(w) — L%(w) Poincaré inequality holds:
since w € Ay, one needs ¢ < 2. Asr, =1, the assumptlon (P-)ws < 1 means that
p— < "5 and so we pick ¢ € Intjw( ) with p_ < ¢ < 5.

7. SQUARE FUNCTIONS

We define the square functions for z € R™ and f € L2,

0t = ([Trenreswp )’

t

G = (| T vt g ).
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They are representative of a larger class of square functions and we restrict our dis-
cussion to them to show the applicability of our methods. They satisfy the following
L? estimates.

Theorem 7.1 ([Aus]).

nt {1 < p < o0 [lguflly ~ £, ¥ f € L2 N L7} = (p_(L).p+ (L))
and
It {1 <p<oo:|GLflly~fllp,VfeLPNL?*} = (g (L), q.(L)).

In this statement, ~ can be replaced by <: the square function estimates for L
(with <) automatically imply the reverse ones for L*. The part concerning g;, can be
obtained using an abstract result of Le Merdy [L.eM] as a consequence of the bounded
holomorphic functional calculus on LP. The method in [Aus] is direct. We remind the
reader that in [Ste], these inequalities for L = —A were proved differently and the
boundedness of G_ follows from that of g_a and of the Riesz transforms 9;(—A)~1/2
(or vice-versa) using the commutation between 9; and e~*2. Here, no such thing is
possible.

We have the following weighted estimates for square functions.

Theorem 7.2. Let w € A.

(a) If Wy (p—(L),p+(L)) # O and p € Int J,,(L) then for all f € L we have
gz fllzr) S W Flleee):

(b) If Wu(q-(L),q+(L)) # O and p € Int K,,(L) then for all f € L we have
GL o) S 11w w)-

Note that the operators (t L)'/? e~ and Ve extend to LP(w) when p € Int J,,(L)
and p € Int KC,, (L) respectively. By seeing g and G, as linear operators from scalar
functions to H-valued functions (see below for definitions), the above inequalities ex-
tend to all f € LP(w) by density (see the proof).

We also get reverse weighted square function estimates as follows.

Theorem 7.3. Let w € A.
(a) If Wy (p-(L),p+(L)) # O and p € Int J,,(L) then

oy S Mgz fllrwy,  f € LP(w) N L2
(b) If r, < p < o0,

1flzow) SNGLfllow), € LP(w) VL%

The restriction that f € L? can be removed provided g; and G}, are appropriately
interpreted: see the proofs. We add a comment about sharpness of the ranges of p at
the end of the section.

As a corollary, gr, (resp. Gp) defines a new norm on LP(w) when p € Int 7, (L)
(resp. p € Int K£,,(L) and p > r,). Again, Le Merdy’s result cited above [LeM] also
gives such a result for gr, but not for Gy. The restriction p > r,, in part (b) comes
from the argument. We do not know whether it is necessary for a given weight non
identically 1.
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Before we begin the arguments, we recall some basic facts about Hilbert-valued
extensions of scalar inequalities. To do so we introduce some notation: by H we mean
L%((0,00), %) and || -|| denotes the norm in H. Hence, for a function h: R™ x (0, 00) —

Il = ( [ o §)"

C, we have for z € R"

In particular,

guf (@) = [le(L, ) f (@)
with ¢(z,t) = (t2)/2e7** and

Grf(x) = IVe(L, ) f (@)
with ¢(2,t) = Vte™*. Let LE(w) be the space of H-valued L?(w)-functions equipped

with the norm
17l 2z (w) = (/R 2z, )P dw(ff?))

Lemma 7.4. Let pu be a Borel measure on R™ (for instance, given by an A, weight).
Let 1 <p<q<oo. Let D be a subspace of M, the space of measurable functions in
R™. Let S, T be linear operators from D into M. Assume there exists Cy > 0 such
that for all f € D, we have

IT Fllzogn < Co D allS fllune m,

Jj=1

where F; are subsets of R" and o; > 0. Then, there is an H-valued extension with the
same constant: for all f: R"x(0,00) — C such that for (almost) allt > 0, f(-,t) € D,

1T f s < Co > il SFllne -

j=1

The extension of a linear operator 7" on C-valued functions to H-valued functions is
defined for z € R™ and ¢ > 0 by (Th)(z,t) = T'(h(-,t))(x), that is, ¢ can be considered
as a parameter and 7" acts only on the variable in R™. This result is essentially the
same as the Marcinkiewicz-Zygmund theorem and the fact that H is isometric to ¢2.
That the norm decreases uses p < q. We refer to, for instance, [Gra, Theorem 4.5.1]
for an argument that extends straightforwardly to our setting.

Proof of Theorem 7.2. Part (a). We split the argument in three cases: p € (p_,p.),
pE (ﬁ—aﬁ-l—)v pE (ﬁ—aﬁ-l—)'

Case p € (p—,p+): By Proposition 2.1, there exist pg, o such that
P <po<p<q<ps and UJGAPL ﬂRH(q_O)/.
0 P
We are going to apply Theorem 2.2 with 7' = ¢g,, S = I, A, = I — (I —e " L),
m large enough, underlying measure dx and weight w. We first see that (2.2) holds

for all f € L°. Here, we could have used the approach in [Aus|, but the one below
adapts to the other two cases with minor changes.
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As po,qo € J(L) and py < qo, we know that e7tL € (Q(D”0 — qu). If B is a ball,
j > 1and g € L with supp g C C;(B) we have

1
(][ ‘e—kr2 Lg|(I0 dl’) 0 < Cy 97 (61462) e*a4j (][
B Cj(B)

Lemma 7.4 applied to S =1, T: LP0 = [P(R" dx) — L% = L®(R" dx) given by

1

|g|P° da:) . (7.1)

1

A N —1 127+1 Bl%o
Tg= (Co 27 (01462) 6_a4j) 4| J - B G_kTQL(ch(B) 9)
Bl
yields
1 v 1
(f 1ttt dn) ™ < @ ee? (f g pmda)™ (72
B C;(B)

for all g € LI with supp g(-,t) C C;(B) for each t > 0.
Asin (4.7), for h € L} write

h(z,t) =Y hj(z,t), z€R" t>0,
Jj1
where hj(z,t) = h(z,t) X¢,p)(z). Using (7.2), we have for 1 <k <m,

1 1

(F e ot daz)™ < 3 (f et gt e )™
B j B
< 97 (B1+62) —a ¥ < ][
S 2 ¢

i>1 z

UG, )™ (7.3)

Take h(z,t) = (t L)Y?e L f(z). Since grf(x) = ||h(z, )| and f € L®, h € LE by
Theorem 7.1 and

g ) () = (/ (EL) 2 ettt ) %) et bl

Thus (7.3) implies

1 .
|gL<e—k r2Lf>|(I0 dx> 40 < 97 (01+62) —ad’ (][
(1, 2 :

i>1 i+1 B
and it follows that g, satisfies (2.2).

It remains to show that (2.1) with Sf = f holds for all f € Lg°. Write f =3/, f;

as before. If j = 1 we use that both g, and (I — e " %)™ are bounded on L (see
Theorem 7.1 and Proposition 3.3):

1

lgrfI dl’>%

(ot = ompman)™ < (f (g ar)™. -

For j > 2, we observe that

T T A A (e LTI N E AT
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where p(z,t) = (t2)/2e7** (1—e " #)™. As in [Aus], the functions 7. (-, t) associated
with ¢(-, t) by (4.3) verify
(/2 2m
2, 1) < , zely, t>0.
1= OIS T Tl o :
Thus,
o t rimo dt N3 r2m
z,- g(/ —) < 7.5
b=, G Geom ©) S )

Next, applying Minkowski’s inequality and e *% € (Q(LI’0 — Lpo), since pg € J (L), we

have
D
][ H)/ e 1 fi(x) my (2, )dz
Po L
< —zL p. . o
< (L (] et o ee)” i)
L 2m
< —zL . po g o T d
< [ (fletnman)™ o e
) . 05 ) N
j 27 a47r m :
S 2J91/ T<_T) e T_@<][ |f|podl,) 0
" Vs s™ 8 NJey(B)

J

de>pl°

1
< 9i(01—2m) <][ | f|Pe d:c) Po
Cj(B)

provided 2m > 6,. This plus the corresponding term for I'_ yield

(f lantr = e tyrgpan)™ g2e=m (L pmas)e. (o)
B C;(B)

Collecting the latter estimate and (7.4), we obtain that (2.1) holds whenever 2m >
max{@l, 92}

Case p € (p_,ps): Take Do, Go such that p_ < po < py and py < p < qo < p4. Let
A =1- (1 - e Lym for some m > 1 to be chosen later. Remark that by the
previous case, gy, is bounded in LP°(w) and so does A, by Proposition 3.4. We apply
Theorem 2.2 to T' = g;, and S = [ with underlying measure dw and no weight: it is
enough to see that g, satisfies (2.1) and (2.2) on L. But this follows by adapting
the preceding argument replacing everywhere dx by dw and observing that e *% ¢
O(LP(w) — L (w)). We skip details.

Case p € (p_ ,p+)‘ Take pg, qo such that p_ < qo < p, and p_ < py < p < qo. Set
A, =1 —(I—e " 1)™ for some integer m > 1 to be chosen later. Since gy € (p_, Py ),
by the first case, g is bounded on L% (w) and so does A, by Proposition 3.4. By
Theorem 2.4 with underlying Borel doubling measure dw, it is enough to show (2.4)
and (2.5). Fix a ball B, f € LS° supported on B.

Observe that (2.5) follows directly from (4.11) since pg, qo € Jw(L) and py < qo.
We turn to (2.4). Assume j > 2. The argument is the same as the one for (7.6) by
reversing the roles of C;(B) and B, and using dw and e *% € O(LP°(w) — LP (w))
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(since py € Jip(L)) instead of dz and e=*% € O(LP — L*). We obtain

(][ lgr(I — e~ By f|po dw)% < 9i(Br1=2m) <][ |fIP° dw)%
Cj(B) B

provided 2m > 6, and it remains to impose further 2m > 6; + D to conclude, where
D is the doubling order of w. O

Proof of Theorem 7.2. Part (b). We split the argument in three cases: p € (¢_,q,),
pE (a—aa\-l-)a JES (97—>5+)-

Case p € (¢_,qy): By Proposition 2.1, there exist pg, go such that
qd- <po<p<qo<qs and UJGAPL ﬂRH(q_O)/.
0 P
We are going to apply Theorem 2.2 with underlying measure dxr and weight w to
T=Gp, S=1I1 A =1—(I—e"F)™ m large enough. We begin with (2.2). Fix

1 <k <m and B a ball. Combining (5.4) and Lemma 7.4 with T = Ve *"*~ and
S =V, we obtain

(£19e i 1mde)® £ Y 0nti) (£,

J

1

IVh(z, I dz) ™
B

with go(j) = Cn 2 37, 210 =24 for some 6 > 0 whenever h: R" x (0,00) — C
is such that h and Vh belong to L? (our space D). Setting h(x,t) = Vte tLf(z)
for f € L, we note that h(-,t) € LP and Vh(-,t) € LP° for each t > 0. Hence,
the above estimate applies. Since ||Vh(z,-)| = Grf(z) and |[Ve *"* Fh(z, )| =
Gr(e * L f)(x), we obtain

1 1

(]{B|GL(6kr2Lf)|q0dx>% ,SZQQU) <]£ |GLf|p°dx>%,

i>1 It B

which is (2.2) after expanding A, .

It remains to checking (2.1) for G, and S = I for f € L°. Fix a ball B. As
before, write f = 3., f; where f; = f Xc,p)- Since po € Int K(L), both G, and
(I —e )™ are bounded on L by Theorem 7.1 and Proposition 3.3. Then for j = 1

we have )

(f1Got e rmpman)™ < (f (man)™ )

For j > 2, we observe that

2 Lym > _ 2 m dt\ 3
Go(I =y fiw) = ( / VAV b (1 = e By (@) P2 ) T = IVe(L ) f(@)]
where ¢(z,t) = Ve '* (1 —e " #)™. As in [Aus], the functions 7. (-, t) associated for
each t > 0 with ¢(-,t) by (4.3) verify

\/Z T2m

B ,
STl t (el + o

1N+ (2,1) zel'y, t>0,

and so )

o t rim dt \ 2 rm
I < — < 7.8
-l < (| e e ) S e (7.9
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Using Minkowski’s inequality and /z Ve *L € (Q(D”0 — Lpo) since py € K(L),

<]{9H)/F Ve L fi(@) ni(z, ) dz " dx)plo
< (]é(/r,+|\/gv€2’l/fj($)‘|”n+< il ||C‘1;Z/|2> x)ﬁ

2m

—zL ¢ P % r |dZ|
< /r+ (]{J\/EV@ fi(@)] de) 2|12 |12

o0 j 02 adir?2 p2m 1
< 2]‘91/ T(QJ—T) e_%QL@(][ IfIPde)PO
0 Vs s™ s NJoy()

1
s woem ([ )
G;(B)

provided 2m > 6. This, plus the corresponding term for I'_ yields

<][ |GL(I — e_TQL)mfﬂpo dx>% < 97 (Br1=2m) <][ | fIPe dx)%. (7.9)
B C;(B)

Collecting the latter estimate and (7.7), we obtain by Minkowski’s inequality

(][ G — e By de) "< S oit2m) (][
B j>1

1

fdw)”

C;(B)

Therefore, (2.1) holds on taking 2m > sup(6, 6s).

Case p € (¢_,q,): Take pg, qo such that ¢ < py < ¢4 and py < p < qo < q;. Let
A, =1—(I—e 5™ for some m > 1 to be chosen later. As po € (¢_,qs), both
G and A, are bounded on LP(w) (we have just shown it for G, and Proposition 3.4
yields it for A, with a uniform norm in r). By Theorem 2.2 with underlying doubling
measure dw and no weight, it is enough to verify (2.1) and (2.2) on D = L for
T = Gp, S=1. It suffices to copy the preceding argument replacing everywhere dx
by dw, observing that pg, gy € K, (L) implies weighted off-diagonal estimates and an
LPo(w) Poincaré inequality, and applying Lemma 7.4 to obtain an H-valued extension.
We leave the details to the reader.

Case p € (q—,qy+): Take pg,qo such that ¢_ < gy < ¢y and ¢_ < py < p < qo. Set
A =1—-(1 - e’ Eym for some m > 1 to be chosen later. Since qy € (¢_,q,), it
follows that G, is bounded on L% (w) and so is A, by Proposition 3.4. By Theorem
2.4 with underlying measure dw, it is enough to show (2.4) and (2.5).

Observe that (2.5) is nothing but (4.11) since pg, qo € Kw(L) C Jw(L). The proof
of (2.4) is again analogous to (7.9) in the weighted setting exchanging the roles of
C;(B) and B. We skip details. O

To prove Theorem 7.3, part (a), we introduce the following operator. Define for
f e L} and x € R,

o d
Tl = [ 0D e 5
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Recall that (t L)Y/2e tLf(x,t) = (tL)Y2e L (f(-,t))(x). Hence, T}, maps H-valued
functions to C-valued functions. We note that, for f € L% and h € L?, we have

/nTthdx—/n/ Flat) EL) P e T h(z )‘fd

where L* is the adjoint (on L?) of L, hence,
[ Turfas| < [ 1o (@) do

Let p_(L) < p < p4+(L). Since p_(L*) = (p+(L))' <p < (p-(1) = pe(L7), gr- is
bounded on L¥. This and a density argument imply that T}, has a bounded extension
from Lf to LP. The weighted version is as follows.

Theorem 7.5. Let w € Aw. If Wy (p-(L),p+(L)) # O and p € Int J,,(L) then for
all f € LE(R™ x (0,00)) we have

1T f ey S 1 llzpw)-

Hence, Ty, has a bounded extension from Li(w) to LF(w).

The duality argument above works for exponents in Ww( p—(L), p+(L)), but we do
not know how to extend it to all of Int 7,,(L). Hence, we proceed via a direct proof
where duality is used only when w = 1.

Proof. We split the argument in three cases: p € (p_,py), p € (p—,p+), P € (P, D).

Case p € (p—,py): By Proposition 2.1, there exist po, go such that
P <po<p<qo<ps and U)EAPL ﬂRH<@>/.
0 P

We are going to apply Theorem 2.2 (in fact, its vector-valued extension) with un-
derlying measure dr and weight w to the linear operator T' = T}, with S = I and
A, =1 — (I —e"1)™ m large enough. Here, A, denotes both the scalar oper-
ator and its H-valued extension. We first see that T}, satisfies (2.2) with pyg, gy for
f € L(R"x (0,00)). Let B be a ball. Note that Tp. A, f = A, T, f with our confusion
of notation. Hence (2.2) is a simple consequence of (7.1) applied to g = T}, f.

Next, it remains to check (2.1). Let f € L°(R™ x (0,00)) and let B be a ball. As

n (4.7), we write
vt) =Y fi(x,1),
j=1
where f;(z,t) = f(2,t) X¢,p)(®). For TL(I — A;)f1, we use the boundedness of T,
from LY to LP° noted above and the L boundedness of A, to obtain

(£ 111 = Al ae)® < (§ 1tmae)®

For j > 2, the functions 1. (z,t) associated with ¢(z,t) = (t2)/2e % (1 —e " %)™ by
(4.3) satlsfy (7.5). Hence,

Po
da:)

][ / /F+ il ng (2,1) dzd—
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1

S (£ 1ttt al)” i)™
s /F (Ji|||€_2ij(ff,-)|||p°dx>%|||n+(z’_)Hl "

00 j 02 j 2 .2 1

. 27 _cdir m "

s o [Tr(3) TER S (L M)
0 Vs s 8 C;(B)

5

1

s 2o (L g ds)”
Ci(B)

where we used the H-valued extension of e * € O(Lpo — Lpo) and assumed 2m > 6.

This, plus the corresponding term for I'_, yields

1

a1 1
(f et =g an)™ g0 ([ gaprd)™ ()
B Cj(B)
and therefore (2.1) follows on taking also 2m > 6.

Case p € (p—,py): Take pg, qo with p_ < po < py and py < p < qo < py. It suffices to
apply the H-valued extension of Theorem 2.2 with underlying doubling measure dw
and no weight to the linear operator T'=Ty, S =T and A, =1 — (I — e_TQL)m, m
large enough. This is done exactly as in the previous case. At some step we have to
use that 77, is bounded from L (w) to LP(w) which follows by the previous case. We
leave the details to the reader.

Case p € (p_,py): Take po,qo with p_ < qo < py and p_ < py < p < qo. Since
¢ € (p—,p+), by the first case, Ty, is bounded from L{ (w) to L% (w) and so does A, =
I—(I—e "1™ m>1, on LY (w) by Proposition 3.4 and Lemma 7.4. By Theorem
2.4 (in fact, its H-valued extension) with underlying Borel doubling measure dw, it is
enough to show (2.4) and (2.5) on D = L (R™ x (0, 00)) for T' = T}, and A, with large
enough m. As usual, the latter is a mere consequence of e~** € O(L®(w) — L®(w))
and its H-valued analog. The first condition is again a repetition of the argument for
(7.10) in the weighted setting switching C;(B) and B. We skip details. O

Proof of Theorem 7.3. We begin with part (a). Fix p € Int 7, (L) where w € A, so
that W, (p_(L),p (L)) # Q. Let f € L? and define F by F(z,t) = (t L)Y? e~ L f(z).

Note that F' € L since ||F[|r2 = |lgrf||2. By functional calculus on L?, we have
o dt
f= 2/ (tL)Y2e 'L E(-t) = 2T F (7.11)
0

with convergence in L2. Note that for p € Int J,,(L), e *% has an infinitesimal gener-
ator on LP(w) as recalled in Remark 3.5. Let us call L, ,, this generator. In particular
e 'L and e7ttrw agree on LP(w) N L?. Our results assert that L, has a bounded
holomorphic functional calculus on LP(w), hence replacing L by L, ., and f € L* by
f € LP(w), we see that F' € Ly (w) with | F|| rw) = 90,0 1l 2r(w) and (7.11) is valid
with convergence in LP(w) (this is standard fact from functional calculus and we skip
details). Thus, by Theorem 7.5,

1 llzrw) = 20Ty Fll o) S 1 28 w) = 19,0 Nl o).
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Noting that g.f = gr,,.f when f € L?* N LP(w) and T, F = Ty, F when F €
L% N LE(w), part (a) is proved.

Let us show part (), that is the corresponding inequality for G. Fix w € A,,. We
use the following estimate from [Aus]: for f,h € L?

/Rnfﬁdx

where G_A is the square function associated with the operator —A. It is well known
that G_a is bounded on L?(u) for all 1 < ¢ < oo and all u € A,. Let us emphasize
that, indeed, the results that we have proved can be applied to the operator —A and so
G_a is bounded on L(u) for u € Ay and all ¢ € W, (¢-(=A), g+ (—A)) = W,(1, 00),
that is, for all 1 < ¢ < oo and u € A,,.

Coming back to the argument, let p > r,,, hence w € A,. Let f € L*NL?(w). Then

< (1+||A||OO)/ GrfG_ahdz,
R

|fIPdw= lim fhdwy

R Nk,R—00 Jpn

with W = min{w, N} and h = f|f[""* X p(0,r) Xo<| <y Note that [[2] ) <
(Wallken Lp(w and that hwy is a bounded compactly supported function, hence in L2.

Observe that wy € A, with A,-constant smaller than the one for w. As observed,
G_a is bounded on L” (wi?) since wh* € A,,. Thus, we have

fﬁdwN‘ - ‘ Ty d:c‘ <(1+[|Alw) | GrfG_a(hwy)de
R™ Rn
< (U 1Ale) G2 rtomy 1G= ()l 1)
< ClGLfllry Ihwnll,

< CIGLf o) 1

with C' is independent of N, k, R and where we have used that wy < w. Thus taking
limits N — oo first and then £ — oo and R — oo, we obtain

1Ay < CNGLL ooy 11y

‘ Rn

1—p/
i)

t

Proof of (6.17). The operator in (6.17) is similar to 77, changing continuous times
t to discrete times 4% and z'/2¢7* to 9(z). Since v(z) has the same quantitative
properties as z/2e™* (decay at 0 and at infinity), the proof of Theorem 7.5 applies
and furnishes (6.17). O

Remark 7.6. Int 7,,(L) is the sharp range up to endpoints for ||gz f|| ze@w) ~ || f|lr(w)-
Indeed, we have gr(e 'Lf) < gpf for all ¢ > 0. Hence, the equivalence implies
the uniform LP(w) boundedness of e~*%, which implies p € J,(L) (see Proposition
3.4). Actually, Int 7, (L) is also the sharp range up to endpoints for the inequal-
ity |grfllze) S I1fllre)- It suffices to adapt the interpolation procedure in [Aus,
Theorem 7.1, Step 7]. We skip details.

Similarly, this interpolation procedure also shows that Int /C,,(L) is also sharp up

to endpoints for |G L f|e@w) S 1] 2ew)
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8. SOME VECTOR-VALUED ESTIMATES

In [AM1], we also obtained vector-valued inequalities.

Proposition 8.1. Let p, po, qo, T, A, D be as in Theorem 2.2 and assume (2.1) and
(2.2) with S = I. Let py < p,r < qo. Then, there is a constant C' such that for all

feeD
(s, <l(Siar)

Let us see how it applies here.

First, let T' = ¢(L) (¢ bounded holomorphic in an appropriate sector). Theorem
4.2 says that T" is bounded on LP(w) for all p € Int 7, (L). Also, for py, ¢ € Int J,,(L)
with py < qo, we have LP°(w) — L%(w) off-diagonal estimates on balls for A, =
I — (I —eFy™, Hence, we can prove (2.1) and (2.2) with S = I where dz is now
replaced by w(x)dx by mimicking the first case of the proof of Theorem 4.2 in the
weighted context. Hence, one can apply the proposition above with dy = wdx to
above weighted vector-valued estimates for ¢(L) with all p,r € Int J,,(L).

The same weighted vector-valued estimates hold with all p,r € Int J,(L) with
T = gy, starting from Theorem 7.2 and mimicking the proof of its first case with dx
replaced with w(x)dx.

If T = VL2 or T = Gy, then the same reasoning applies modulo the Poincaré
inequality used towards obtaining (2.2). Hence, we conclude that for both VL~'/2
and G, one has (8.1) with du = wdx and p,r € Int K, (L) N (74, 00).

(8.1)

LP(u)

Other vector-valued inequalities of interest are

I3 esen) ], <l 5 )

1<k<N
for ¢ € ¥, with 0 < a < 7/2 — 9 and f; € LP(w) with a constant C' independent of
N, the choice of the (;’s and the fi’s. We restrict to 1 < ¢ < oo and w € A, (we
keep working on R"). By a theorem of L. Weis [Wei, Theorem 4.2], we know that
the existence of such a constant is equivalent to the maximal LP-regularity of L on
L4 (w) with one/all 1 < p < oo, that is the existence of a constant C” such that for all
f € LP((0,00), L9(w)) there is a solution u of the parabolic problem on R™ x (0, 00),

u'(t) + Lu(t) = f(¢), t >0, u(0)=0,

(8.2)

La(w)

with
10/ o (0,000, L3 )y + 1 L2t Lo ((0,00), L3 w)y < CN f Il Lo ((0,00), L8 (w)) -

Proposition 8.2. Let w € A, be such that W, (p—(L),p+(L)) # @. Then for any
q € Int 7,(L), (8.2) holds with C' = C, 1. independent of N, Cg, .

This result follows from an abstract result of Kalton-Weis [KW, Theorem 5.3] to-
gether with the bounded holomorphic functional calculus of L on those L?(w) that we
established in Theorem 4.2. However, we wish to give a different proof using extra-
polation and preceding ideas. Note that 2 may not be contained in Int J,,(L) and the
interpolation method of [BK2] may not work here.
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Proof. There are three steps.

First step: Extrapolation. Letting N, (i’s and fi’s vary at will, we denote F the
family of all ordered pairs (£, G) of the form

F:< 3 |e‘<’€Lfk|2)é and G:( 3 |f,€|2>é.

1<k<N 1<k<N
Then we have for all (F,G) € F,
HF”LQ(U) S Cu”GHLQ(u), fOI‘ all u &€ AQ/IL N RH(p+/2)/. (83)

Recall that 2 € (p_,py) = Int J(L) and u € Ay,  NRH, 5y means 2 € W, (p—,ps).
In particular, {e~¢* : ¢ € X,} is bounded in £(L?*(u)). This inequality is trivially
checked with C), equal to the upper bound of this family. Applying our extrapolation
result [AM1, Theorem 4.7], we deduce that, for all p_ < ¢ < p; and (F,G) € F we
have

||F||Lq(u) < Cyu ||G||Lq(u), forallu € Ay N RH(p+/q)/. (8.4)
In other words, for all u € Ay with W, (p—,p+) # O, (8.2) holds for ¢ € W, (p—,p+)
with C' depending on ¢ and w. This applies to our fixed weight w of the statement
with ¢ € Wy (p—, ps). It remains to push the range of ¢’s to all of Int 7, (L).

Step 2: Pushing to the right. Take py € W, (p,,er), qo € Int J,,(L) with py < ¢ < qo.
Fix N and the (’s. To prove (8.2) for that ¢, it suffices to apply the £*>-valued version
of Theorem 2.2 with underlying measure dw and no weight to T given by

Tf:(G_CILfla"'ve_CNLfN)a f:(fla"'va)7

with S = I. To check (2.1) and (2.2) we use A, = I — (I — e " %)™ with m large
enough (here, the ¢?-valued extension). Pick a ball B and f € (L%°);. Using that
e 'l e O(LP(w) — L®(w)) we can obtain (7.2), replacing H by ¢* and with dw
in place of dz. This and the fact that TA, = A, T yield (2.2). We are left with
checking (2.1). As usual we split f as Zj21xcj(3) f (componentwise). The term
with X ¢, () f = Xup [ s treated using the L3 (w) boundedness of T (first step) and
of I — A, (£*-valued extension of Proposition 3.4). The terms Xc,(B) f,J > 2, are
treated using off-diagonal estimates injecting the Khintchine inequality in the process:
Let Fi(z) = [[T( = A))(Xc;(m) f)(@)lle. Let r1,...,ry be the N first Rademacher
functions on [0, 1]. Then, by Khintchine’s inequalities (see [Ste] for instance)

Fo = ([ 3 neah e m 6] a)

1<k<N

1

~ (/01’ Z Tk(t)sf?gk(L)(ch(B) fk)(l’)’po dt>%

1<k<N

where z — ¢c(2) = e (1 — e %)™ for ¢ € %, is bounded on ¥, when ¢ < pu <
7/2 — a. Remark that the functions 7y . associated to ¢, by (4.3) are easily shown
to satisfy

2 T2m

1 T m
S O () ) S 2ot
IS g e (O () ) S e €1
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where the implicit constant is independent of z,(,r. Thus, using the representation
(4.2) for ¢ (L), integrating F'(x)" against dw and using Minkowski’s integral inequal-
ity we obtain

<]{?F(:c)?o dw(;,;))i < /F+ </01]é |€sz(XCj(B) h(-,t, 2)) (@) dw(z) dt)ﬁ d|

where

h(:L‘,t,Z): Z rk(t)n-l—,Ck(z)fk(x)v

1<k<N

plus the similar term on I'_. Using e~** € O(L?(w) — L™ (w)) for z € T, the right
hand side in the above inequality is bounded by

0 2y " _adlr? ! %
gitr [y e T ( |h(x,t,z)|p°dw(x)dt) 1dz].
I |2| 0 Joy(m)

Using again Khintchine’s inequality, this is comparable to

L CE) T o

1<k<N

At this point, we use the upper bound on 7, and integrate in z if 2m > 6, to obtain
that the latter is controlled by

94(01~2m) ][ Z ol >p0/2 dw@))l/po.

1<k<N

The condition (2.1) follows readily if 2m > 6; as well.

Step 3: Pushing to the left. This time, it suffices to use the ¢2-valued version of
Theorem 2.4 with underlying measure dw and exponents py, go such that p_ < gy < p.
and p_ < py < ¢ < qo- Then (2.5) follows from the ¢*valued extension of e *% €
O(LP(w) — L (w)), and (2.4) is obtained with a similar argument for the one just
above to prove (2.1), by switching the role of B and C;(B) (j > 2), and using e 1 €
O (L7 (w) — LP (w)). O

Remark 8.3. When w = 1, (8.2) holds for p € Int J(L) and recall that this interval
contains 2. Our proof contains two ways of seeing this. First, apply the extrapolation
step and specialize to u = 1. Second, apply steps 2 and 3 with w = 1 and transition
exponent 2 pushing to its right or to its left. Note that one could even reduce things
to one of those two steps by using duality as, if we denote T by T, then T* = Tp-.
In [BK2], Step 3 and duality is used. However, duality does not seem to work when
w # 1 on all of Int J,,(L).

9. COMMUTATORS WITH BOUNDED MEAN OSCILLATION FUNCTIONS

Let u be a doubling measure in R". Let b € BMO(u) (BMO is for bounded mean
oscillation), that is,

1
b = su b—bpldy = sup ——+ b(y) — bp|dp < 00
llanion = sup - 6= bold = sup— | [b(s) bl
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where the supremum is taken over balls and bg stands for the p-average of b on B.
When dp = dz we simply write BMO. If w € Ay, (so dw is a doubling measure) then
the reverse Holder property yields that BMO(w) = BMO with equivalent norms.

For T a bounded sublinear operator in some L (u), 1 < py < 00, b € BMO, k € N,
we define the k-th order commutator

Ty f(z) =T((0(x) = b)* f)(x),  f€LZ(n), v €R™

Note that T = T. If T is linear they can be alternatively defined by recurrence: the
first order commutator is

T, f(z) = [b. T)f () = b(x) Tf(x) — T(b f)(x)
and for k > 2, the k-th order commutator is given by Ty = [b, T,f’l]. As it is observed
in [AM1], T} f () is well-defined almost everywhere when f € L3°(u1) and it suffices to
obtain boundedness with b € L with norm depending only on ||b||gno(.). We state
the results for commutators obtained in [AM1].

Theorem 9.1. Let o be a doubling measure on R™, 1 < py < qop < 0o and k € N.
Suppose that T is a sublinear operator bounded on LP°(u), and let { A, }.~o be a family
of operators acting from L°(u) into LP°(u). Assume that (2.1) and (2.2) hold with
S=1. Letpy<p<qo and w € Aﬁ ﬂRH(m)/. [fzjg(j)jk < oo then there is a

constant C' independent of f and b € BMO(u)p such that
175 fll oy < C bllEnoqe 11l zraw), (9.1)
for all f € L(n).

Theorem 9.2. Let k € N, y be a doubling Borel measure on R™ with doubling order
D and 1 < py < gy < 0o. Suppose that T' is a sublinear operator and that T' and T;"
form =1,... k are bounded on L%(u). Let {A,},~o be a family of operators acting
from LE(p) into L (p). Assume that (2.4) and (2.5) hold. If 3, g(j) 2P7 j* < o0,

then for all po < p < qo, there exists a constant C (independent of b) such that for all
f e LX(u) and b € BMO(u),

15 o) < ClBlEMo) 11| Lo-

With these results in hand, we have the following theorem.

Theorem 9.3. Let w € Ay, k € N and b € BMO. Assume one of the following
conditions:

(a) T = @(L) with ¢ bounded holomorphic on ¥, Wy, (p—(L),p+(L)) # @ and p €
Int 7, (L).

() T=VL 2 Wy(g-(L),q+(L)) # @ and p € Int K,,(L).
(¢) T = g, Wau(p-(L),p+(L)) # @ and p € It J,,(L).

(d) T =Gr, Wu(q-(L),q+(L)) # @ and p € Int K, (L).
Then for f € L°(R"™),

I3 fllzow) < C I0llEno 1 llzow).
where C' does not depend on f, b, and is proportional to |||l in case (a).
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Let us mention that, under kernel upper bounds assumptions, unweighted estimates
for commutators in case (a) are obtained in [DY].

Proof of Theorem 9.3. Part (a). We fix p € Int 7,,(L) and take pg, qo € Int J,(L) so
that pg < p < qo. We are going to apply Theorem 9.1 with dy = dw and no weight to
T = p(L) where ¢ satisfies (4.1).

First, as pp € Int J,,(L), Theorem 4.2 yields that ¢ (L) is bounded on L°(w). Then,
choosing A, =1 — (I — e_TQL)m with m > 1 large enough, we proceed exactly as in
the second case of the proof of Theorem 4.2. That is, we repeat the computations of
the first case with dw replacing dr and using the corresponding weighted off-diagonal
estimates on balls. Applying (4.8) with dw in place of dx to h = ¢(L) we conclude
(2.2). Besides, (4.9) and (4.10) with dw replacing dz lead us to (2.1) (with S =
I). Therefore, Theorem 9.1 shows the boundedness of the commutators with BMO
functions since [|b||pmo(w) = ||b]|mo as noticed earlier.

It remains to remove the assumption on . This is done easily if one assumes that
b € L. Then the general case with b € BMO follows as mentioned above. U

Remark 9.4. The argument is the same as in the second case in Theorem 4.2 but
for the whole range Int 7,,(L) (in place of working with p € (p_,p.)) since we already
proved that ¢(L) is bounded in Int J,(L) by Theorem 4.2. That is, T' = ¢(L) a
posteriori satisfies (2.1) and (2.2) for du = dw and for all py,qo € Int J,,(L) with

Po < Qo.

Proof of Theorem 9.3. Part (b). We write T = VL™"/? and we already know that T
is bounded on LP(w) for p € Int K,,(L) by Theorem 5.2.

First consider the case p € (¢_,q;). We take py,qo so that ¢ < py < ¢, and
Po<p<qo<qy. Let A, =1—(1- e*”QL)m where m > 1 is an integer to be chosen.
As mentioned in the second case of the proof of Theorem 5.2, Lemma 5.3 holds with
dw replacing dx. Thus, the hypotheses of Theorem 9.1 are fulfilled with dp = dw and
we can apply it with no weight.

Next we consider the case p € (¢_,qy). We take pg, qo so that ¢ < g9 < ¢4 and
G- <po<p<gqo. Set A, =1—(I— e_r2L)m where m > 1 is an integer to be chosen.
Notice that we have just proved that the operators T} for I = 0,...,k are bounded
on L®(w) as qo € (¢_,q+). We have already seen in the third case of the proof of
Theorem 5.2 that T satisfies (2.4) and (2.5) with du = dw. Choosing m large enough
yields the needed condition for g(j) to apply Theorem 9.2 with du = dw. U

Remark 9.5. In contrast with part (a), we do not know if Lemma 5.3 holds in the
whole range Int IC,,(L) with dw replacing dz. Indeed, its proof relies on an L (w)-
Poincaré inequality which is known only if pg > r,,. We get around this obstacle with
Theorem 9.2 .

Proof of Theorem 9.3. Part (¢). We proceed exactly as in part (a) using the argu-
ments in Theorem 7.2, Part (a), in place of those in Theorem 4.2. Details are left to
the reader. U

Proof of Theorem 9.3. Part (d). We follow the same scheme as in part (b) using the
arguments in Theorem 7.2, Part (), in place of those in Theorem 5.2. Details are left
to the reader. O
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Similar results can be proved for the multilinear commutators considered in [PT]
(see also [AM1]) which are defined by replacing (b(x) — b)* in T} by Hle(bj(:p) —b)
with b; € BMO for 1 < j < k. Details are left to the reader.

10. REAL OPERATORS AND POWER WEIGHTS

Let us illustrate our results on Riesz transforms in a specific case and in particular
discuss sharpness issues. Assume in this section that L has real coefficients. Then one
knows that ¢_(L) =p_(L) =1, ps(L) = oc.

If n =1, one has also ¢, (L) = oo, so that we have obtained for all 1 < p < co and
w e Ay,

1LY oy ~ 1 llv ).
For p = 1, there are two weak-type (1,1) estimates for A; weights. In fact, all this can
be seen from [AT?2] where it is shown that L'/? = R and - = MRL'? with R and

R being classical Calderén-Zygmund operators and M being the operator of pointwise
multiplication by 1/a(x). Thus the usual weighted norm theory for Calderén-Zygmund
operators applies.

Let us assume next that n > 2. In this case ¢ (L) > 2. The next result will help
us to study sharpness.

Proposition 10.1. For each q > 2, there exists a real symmetric operator L on R?
for which q, (L) = q.

Proof. This is the example of Meyers-Kenig [AT1, p. 120]. Let ¢ > 2 and set § =
—2/q € (—1,0). Consider the operator L = —div AV obtained from —A by pulling
back the associated quadratic form [ Vu - Vv by the quasi-conformal application
¢(z) = |2|Pz, x € R2. That is, A is obtained by writing out the change of variable in
the relation

[ 4@ Vate) - Vo) ds = [ Two ) Vive ) dy

with u,v € C§°(R™). It is easy to see that A is bounded and uniformly elliptic. Hence,
u is a weak solution (in VVlicz) of L if and only if u o o~ ! is a weak solution of —A.
In other words, weak solutions of L are harmonic functions composed with . Thus,
the local L? integrability of the gradient of such a solution is exactly that of V. The
latter is in L? near 0 if and only if p < —2/3 and is bounded locally away from 0.
Thus, for any weak solution u of L defined on a ball 2B, Vu € LP(B) for p < =2/
and this is optimal if B is the unit ball. With this in hand, we can apply a result by
Shen [She] which asserts that ¢, (L) is the supremum of those p for which all weak
solutions of L defined on an arbitrary ball have Vu in L? locally inside that ball. In
our case, ¢+ (L) = =2/8 =q. O

Remark 10.2. Let us also stress that if 7 is a smooth compactly supported function
which is equal to 1 in a neighborhood of 0, then v = on satisfies |Vv(z)| ~ |z|® near
0, whereas |L'2v(x)| < (1 + |z])~!. See [AT1, p. 120], for this last fact.

Let us come back to a general situation and consider the power weights w, (z) = |z|*.
Then, one has p € W, ( 1, q+(L)) if and only if

p
q+(L)

1<p<aqi(L) and n( —1) <a<n(p-1). (10.1)
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For (p, «) tight with these relations Theorem 5.2 yields
IV fll oty S L2 flloafe).

In the latter inequality, we have in fact three parameters: p € (1,00), a € (—n, )
(for w, € Ax) and L in the family of real elliptic operators. One can study sharpness
in various ways.

Fix L as in Proposition 10.1 with n = 2. The remark following this result implies
that the L? inequality can not hold for any (p, a) with —2 < a < 2( #EL) — 1) since
in this case, one can produce an f(= v) where the left hand side is infinite and the
right hand side finite.

If we fix @ = 0 and L, then the condition 1 < p < ¢, (L) is necessary (and sufficient)
to obtain the L estimate [Aus].

If we fix p € (1,00) and let L and « vary, then one can take L = —A, in which case
we are looking at the LP power weight inequality for the usual Riesz transforms. In
this case, it is known that this forces w, € A,, hence a < n(p —1).

Let us consider the reverse inequalities. For a given weight w, Theorem 6.2 says
that the range of exponents for the L? inequality contains W, (1, 00), which is the set
of p > 1 for which w € A,. Hence, for w, we have

1LY flieqaty S NV fllearey i —n<a<n(p—1).

This is the usual range for Calderén-Zygmund operators. This can also be seen from
the fact proved in [AT1] that L'/? = TV where T is a Calderén-Zygmund operator.
Again for fixed p € (1, 00), this range of « is best possible by taking L = —A.
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