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Abstract

A micro-macro approach of multiaxial fatigue in unlimited endurance is proposed. It allows one to take into account plasticity 
and damage mechanisms which occur at the scale of Persistent Slip Bands (PSB). The proposed macroscopic fatigue criterion, 
which corresponds to microcracks nucleation at the PSB-matrix interface, is derived for different homogenization schemes (Sachs, 
Lin-Taylor and Kröner). The role of a mean stress and of the hydrostatic pressure in high cycle fatigue is shown; in particular, in 
the case of Lin-Taylor scheme and linear isotropic hardening rule at microscale, one recovers the linear dependance in pressure 
postulated by K. Dang Van for the macroscopic fatigue criterion. This dependence is related here to the damage micro-

mechanism. Finally, the particular case of affine loading is presented as an illustration. 

Résumé

Une modélisation micromécanique couplant plasticité et endommagement en fatigue polycyclique. On propose une ap-

proche micro-macro de fatigue multiaxiale en endurance illimitée. Elle permet de prendre en compte des mécanismes de plasticité 
et d’endommagement apparaissant à l’échelle des Bandes de Glissement Persistantes (BGP). Le critère macroscopique proposé, 
qui correspond à la nucléation de microfissures à l’interface BGP-matrice, est explicité pour différents schémas d’homogénéisation 
(Sachs, Lin-Taylor, Kröner). On montre qu’il rend compte du rôle de la contrainte moyenne et d’une pression hydrostatique en 
fatigue polycyclique ; en particulier, on retrouve, dans le cas du schéma de Lin-Taylor et d’une hypothèse d’écrouissage isotrope 
linéaire à l’échelle microscopique, la dépendance linéaire en pression postulée par K. Dang Van pour le critère macroscopique 
de fatigue. Cette dépendance est liée ici au micromécanisme d’endommagement. Enfin, on présente, à titre d’illustration, le cas 
particulier des chargements affines.
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Fig. 1. Representative Volume Element (RVE).

1. Introduction

Structures and mechanical components submitted to cyclic loadings can fail after a finite number of cycles, even

if the macroscopic response remains elastic. Fracture is the result of fatigue macrocracks nucleation and growth.

Classically, in uniaxial experiments, a fatigue limit can be distinguished, i.e., there is a maximum value of the stress

amplitude under which no fatigue crack can be observed whatever the applied number of cycles. The effect of a mean

stress superimposed to a periodic loading has been brought to the fore by Gerber and Goodman [1] who postulated

constant life diagrams as a relationship between the amplitude and the mean part of the stress.

In the case of a multiaxial stress state, several fatigue criteria have been proposed in the last few decades, using

mainly macroscopic stress invariant approaches [2,3]. It has been earlier recognized that, under fatigue loadings,

metals fracture is the result of the cyclic plastic strain [4] and in high cycle fatigue (HCF), at the microscale, some

grains (in very low proportion), favorably oriented, undergo plasticity. This local plasticity is however confined and

has no significant effect on the macroscopic response which remains elastic. Following Orowan [4], Dang Van [5]

and then Papadopoulos [6] (see also [7]) formalized this multiscale framework. The resulting criterion is based on

the consideration that a sufficient condition for non nucleation of fatigue cracks is to ensure elastic shakedown at all

the scales. Nevertheless, plastic activity alone is not able to account for the role of pressure on the fatigue criterion.

In order to take into account the mean stress effect, Papadopoulos [6] postulated a ‘generalized multiaxial fatigue

criterion’ (which corresponds to the elastic shakedown limit) depending on the hydrostatic pressure.

In fact, the phenomenon of grain level plasticity is accompanied with the development of localized damage. The

explicit incorporation of damage in HCF modelling has been the subject of several recent studies among which [8]

and [9]. Although these works allow to account for the role of the pressure in fatigue, the principal criticism is that

the concept of a scalar variable d used to describe damage cannot be explicitly related to a particular physical micro-

mechanism. Moreover, in the two scale model proposed by [8], no plasticity occurs at the grain scale below the

macroscopic fatigue limit, and this does not correspond to experimental observations [10].

Based on experimental results obtained in the context of faced-centered-cubic structures (FCC) [11,12], and fol-

lowing the multiscale approach proposed by Dang Van [5] (see also [7]) in HCF, we develop a micromechanical

approach of HCF criterion in which plasticity and damage are coupled at the grain scale (Section 2). Considering

such coupled micro-mechanisms, the present note proposes a fatigue criterion in which an explicit dependence on the

pressure and on the mean stress is shown (Section 3). Finally, through an application to affine cyclic loadings, we

investigate the role of the homogenization scheme and the local hardening rule in the qualitative predictions of the

approach (Section 4).

2. Cyclic plasticity and damage at grain level

Under low level of macroscopic loading as in the context of HCF, in the case of FCC structures, the plastic behavior

is generally characterized by the activation of a predominant slip system and more precisely by the formation of strain

localization band which are the potential sites for microcracks nucleation. Such bands, called persistent slip bands

(PSB), have been amply studied by [11] and [12]; in particular, it is shown that dislocations concentration, which is at

the origin of the damage process, is particularly important in those bands.



2.1. Monocrystal plasticity

The predominant activated slip system is characterized by a plane, defined by a unit normal vector n and a slip

direction m. Let us introduce σ and ε respectively the microscopic (i.e., at the grain level) stress and strain fields.

As classically, an additive decomposition of the total strain ε into elastic strain, ε
e, and plastic strain, ε

p , at the

microscopic scale is adopted: ε = ε
e + ε

p . The monocrystal plastic behavior is described by the plastic criterion f

corresponding to Schmid’s law, written in the classical form:

f = |τ − x| − τ0 − R (1)

τ represents the shear stress acting on the slip plane: τ = σ : �, � being the second order symmetric tensor � =
n

s
⊗ m = 1

2
(n ⊗ m + m ⊗ n); τ0 is the critical shear stress. x and R are the hardening variables defining respectively:

• A kinematic linear rule: x = cγ p , where γ p is such that: εp = γ p
�.

• An isotropic linear or non linear rule:
{

R(p) = R0p

R(p) = Rs

{

1 − exp(−rp)
} (2)

p is the cumulated plastic slip such that: p =
∫ t

0 |γ̇ p(t ′)|dt ′; R0, Rs and r are three parameters.

2.2. Microdamage within localization bands

The strain localization into the PSBs is also accompanied by a dislocations annihilation mechanism. Transmission

electron microscopy studies [12] reveal that there is a critical spacing between dislocations at which their annihilation

is favored. Dislocations will annihilate to form a vacancy or an interstitial point defect. According to Essmann et

al. [12], vacancies production is the dominant points defects generation process. The transition from vacancy produc-

tion to the formation of microvoids or microcracks along the PSBs is not yet well understood. Therefore, we assume

that the formation of these microvoids is the result of the agglomeration and the growth of vacancies formed by the

dislocation annihilation process. It follows that damage along PSBs is the result of both two mechanisms: vacancies

production and voids growth which is the result of the combined effect of the slip-like plastic activity and pressure.

A phenomenological model for points defects production by dislocations annihilation has been already proposed

by Essmann et al. [11]. For this purpose, introducing two parameters ρ0 and ka , let us first define the dislocation

density, ρp , and the annihilation density, ρa :

ρp = ρ0kap; ρa = ρ0

{

kap − 1 + exp(−kap)
}

(3)

Noting that dislocations annihilation is not an irreversible mechanism (points defects could be mutually annihilated),

a points defects density law ρ̇d was introduced:

ρ̇d = ρ̇a − keρd ṗ (4)

Following [12], it is assumed that all points defects are of vacancy-type. Denoting by V0 the volume occupied by a

vacancy, integrating (4) and taking into account (3), the porosity associated to the mechanism of vacancies production,

ηa , is given by:

ηa(p) = V0ρd =
A0ka

ke(ka − ke)

{

ka

{

1 − exp(−ke p)
}

− ke

{

1 − exp(−ka p)
}}

(5)

with ke a constant and A0 = V0ρ0. For very large value of p, ηa reaches a limit ηs
a = A0ka/ke: there is an equilibrium

between points defects annihilation and production. Let us introduce the total porosity at the grain scale:

η = ηa + ηg (6)

where ηg is the porosity associated to the mechanism of voids growth as previously mentioned.

As voids growth induces volume change, the plastic strain at the grain scale can be decomposed in the following

form, 1 being the first order identity tensor:

ε
p = γ p

� + ε
p
h 1 (7)



where the volumetric plastic strain ε
p

h , due to voids growth and deduced from the mass balance equation, is given by:

ηg = 1 − exp
(

−3ε
p

h

)

(8)

As a first approximation, voids growth is described by means of a modified Rice and Tracey-type model [13]. For

this purpose, we assume spherical voids and for simplicity we replace the crystal by an equivalent von Mises material.

The proposed modification leads to (see Appendix A.7):

ε̇
p
h =

1

2
√

3
η sinh

{

√
3

2

σh

τ0

}

ṗ (9)

where σh = trσ/3.

A local approach of fatigue crack nucleation at the PSB-matrix interface consists then in introducing a critical value

of the porosity, ηc:

ηa + ηg = ηc (10)

The damage-dependent criterion (10) is the threshold below which no crack nucleation could be observed. From (5),

(8) and (9), it is readily seen that this criterion depends explicitly on the hydrostatic pressure σh, on the cumulated

plastic strain p and consequently on the local shear stress τ .

3. Micro-macro based determination of the fatigue criterion

3.1. Expression of the local fatigue criterion

For the determination of the fatigue criterion, following [5], we assume that a necessary condition for non nucle-

ation of cracks is that the monocrystal shakedowns elastically. For [6] (see [7]), this is also a sufficient condition;

then, elastic shakedown limit coincides with the fatigue limit. In order to take into account the dependence on the

hydrostatic pressure, a ‘generalized multiaxial fatigue limit’ has been postulated by [6].

In our HCF approach, elastic shakedown is a necessary but not a sufficient condition for non nucleation of cracks:

in the elastic shakedown regime, a crack may nucleate if a critical porosity along the PSB-matrix interface is attained

(see condition (10)). Therefore, as the grain shakedowns elastically, p is bounded and so the porosity is very low; the

following approximations can then be made:

(i) ηg ≪ 1, then mass balance equation (8) reads: ηg ≃ 3ε
p

h .

(ii) ηa is low compared to its saturation value ηs
a ; then, point defect annihilation process is neglected (ke = 0) partic-

ularly in Eq. (4).

Taking into account these approximations in (5) and (8), the local fatigue criterion, deduced from (10), reads:

A0

(

kap − 1 + exp(−kap)
)

+ 3ε
p

h < ηc (11)

Since p and ε
p
h are defined at the grain scale, in order to establish a macroscopic expression of the fatigue criterion, a

non linear homogenization approach is due.

3.2. The macroscopic fatigue criterion

Let us first recall that the macroscopic behavior remains elastic. Therefore, the macroscopic stress tensor, �, and

the macroscopic elastic strain tensor, E, are given by: � = C : E where C is the stiffness tensor of the matrix. For

simplicity, C is assumed isotropic: C = 3kJ + 2µK, k and µ being respectively the bulk and shear modulus of the

matrix, J = 1
3

1 ⊗ 1 and K = I − J with I the fourth order symmetric identity tensor.

Moreover, as a first approximation, it is assumed that the elastic behavior of the continuum and of its constituent

grains are the same and reads σ = C : εe.

As a first approach, Lin-Taylor or Sachs models could be considered:

σ = � − C : εp (Lin-Taylor)

σ = � (Sachs) (12)



A more elaborated, but simple, scheme which can be used to describe crystalline plasticity is the self consistent model

(SCM) of Kröner [14] (see also [15]). In the particular case of high cycle fatigue, the plastic strain being confined into

a few number of grains embedded in the elastic matrix, the overall behavior is close to the one of polycrystals near the

yield limit. For such situation, the Kröner SCM is suitable and gives:

σ = � − C : (I − P : C) : εp (13)

where P is the fourth order Hill tensor; considering a spherical inclusion, P reads:

P =
a

3k
J +

b

2µ
K with a =

3k

3k + 4µ
and b =

6

5

k + 2µ

3k + 4µ
(14)

The interaction laws, given by (12) and by (13) with (14) can be put in the general following form:

σ = � − C
∗ : εp (15)

with C∗ = 0 for Sachs’s model, C∗ = C for Lin-Taylor’s model and C∗ = C : (I − P : C) for Kröner scheme.1

It follows that the hydrostatic pressure σh and the shear stress τ , which enter into the local criterion, (10) are given

by:

τ = � : � − 2µ∗γ p; σh = Σh − 3k∗εp

h (16)

with µ∗ = µ(1 − b), k∗ = k(1 − a).

Lin-Taylor estimate is obviously recovered for a = b = 0 and the Sachs model for a = b = 1.

As previously shown, the translation at the macroscopic level of the fatigue criterion (11) requires the expression

of p and ε
p

h as functions of the macroscopic fields. p is related to τ by means of the Schmid’s law (1) and then to the

macroscopic stress by the interaction law (16). ε
p
h is obtained by integrating (9) in which the expression of σh, given

by (16), is used:

ε̇
p
h =

1

2
√

3
η sinh

{

√
3

2

Σh − 3k∗εp

h

τ0

}

ṗ (17)

In a general loading case, p and ε
p
h can be determined by using a numerical procedure. For an illustration purpose,

we consider now the particular case of affine loadings.

4. Applications to affine loadings

The macroscopic stress tensor, �(t), associated to an affine loading, is decomposed into an alternative and a mean

part: �(t) = �a sin(ωt) + �m.

When the grain shakes down elastically, the mean shear stress and the amplitude of the shear stress are given,

using (1), by: τm = cγ
p
m and τa = τ0 + R(p). The interaction law (16), for the affine loading, reads:

�m : � = (c + µ∗)γ p
m ; �a : � = τ0 + R(p) (18)

Consider a first situation of an alternated torsion with a mean torsion: T (t) = Ta sin(ωt) + Tm. Using (18), p and γ
p
m ,

are given, in the favorably oriented grain, by:

γ
p
m =

Tm

c + µ∗ ;

⎧

⎪

⎪

⎨

⎪

⎪

⎩

p =
Ta − τ0

R0
(For the linear isotropic hardening rule)

p =
1

r
ln

{

Rs

Rs + τ0 − Ta

}

(For the non-linear isotropic hardening rule)

(19)

Since Σh = 0, one has ε
p
h = 0 and ηg = 0. Consequently, the fatigue criterion (11) is found to depend only on the

variable p; then a mean torsion has no effect on the fatigue limit which is consistent with experimental data provided

by [3].

1 An extension to the anisotropic behavior can be made, following a recent work of [16].



Fig. 2. Application of the fatigue criterion in particular case of an alternated torsion loading with a mean pressure, Ta/τ0 versus Σh,m/τ0: (a) linear

isotropic hardening; (b) non-linear isotropic hardening. Parameters used are k = 70 000 MPa, ν = 0.33, A0 = 2 × 10−4, ka = 20, R0 = 350 MPa,

Rs = 420 MPa, r = 1.5, τ0 = 70 Mpa, ηc = 0.003.

Let us consider now a second case corresponding to an alternated torsion loading with a mean pressure (�m =
Σh,m1). For Sachs model, a closed form expression of the fatigue criterion is found:

2
√

3

A0ka

Hm(
√

3Hm + 2ka)

{

2ka

{

exp

{

√
3

2
Hmp

}

− 1

}

+
√

3Hm

{

exp{−kap} − 1
}

}

< ηc (20)

with Hm = sinh{
√

3
2

Σh,m

τ0
}. For Lin-Taylor model, numerical resolution of Eq. (17) shows that, for moderate values of

the pressure, ε
p

h reaches a saturation state corresponding to ε̇
p

h = 0, therefore, σh,m = Σh,m−3kε
p

h = 0 and exp(−kap)

can be neglected in (11). An analytical expression of the criterion is then obtained:

A0kap +
Σh,m

k
< A0 + ηc (21)

It is worth noticing that, for a linear isotropic hardening assumption (see Eq. (19)), the fatigue criterion for the Lin-

Taylor scheme, reads:

Ta

τ0
+ α

Σh,m

τ0
< β; with α =

R0

A0kak
; β =

R0

A0kaτ0

{

ηc + A0

{

1 +
τ0ka

R0

}}

(22)

This expression is in agreement with the fatigue criterion proposed by [5]. βτ0 corresponds to the fatigue limit in

alternated torsion.

Fig. 2 shows representation of the fatigue criterion for an alternated torsion with a mean pressure and for the

different homogenization schemes. Figs. 2(a) and (b) correspond respectively to a linear and a non linear isotropic

hardening. For the two hardening rules, the three homogenization schemes lead to different predictions, the Kröner

model being between the two others. Besides the influence of the homogenization scheme and of the hardening rule,

the results show a remarkable effect of the pressure on the fatigue criterion is shown. However, for negative pressure,

the results of Sachs approach seem to be physically inconsistent. All those qualitative results have now to be confirmed

by a comparison with experimental existing data.

5. Conclusion

A multiscale approach for the determination of a High Cycle Fatigue criterion has been proposed. It allows us

to take into account, not only plasticity activity in some grains, but also damage due to microvoid growth along

the PSB-matrix interface. The proposed criterion shows a significant effect of the mean pressure which is due to

the considered damage mechanism. It predicts also that a mean shear stress has no effect on the fatigue limit; this

qualitative prediction is in agreement with experimental data.



Appendix A. A modified Rice and Tracey void growth model

The objective of this appendix is to derive a new approximation of a void growth model for arbitrary value of

triaxiality. For this purpose, let us consider a spherical cavity (radius R), in an infinite perfectly plastic medium which

is subjected to a uniform remote strain rate field ε̇
∞. Let us denote by r, θ,φ, the spherical coordinates and er the

radial unit vector. The strain rate field is decomposed in two terms, the remote field and a strain rate field (related to

multiple slip), ε̇
D , which allows us to take into account void expansion: ε̇ = ε̇

∞ + ε̇
D , with ε̇

∞ = γ̇�. In order to

apply the Rice and Tracey [13] result, we propose to replace the monocrystal by an equivalent von Mises material; this

is justified by the activation of multiple slip systems around the cavity. Moreover, we consider a spherically symmetric

strain void expansion field: ε̇
D = R3

r3 ε̇∞
eq (1 − 3er ⊗ er) (ε̇∞

eq =
√

2
3
ε̇

∞ : ε̇∞ = 1√
3
ṗ). Therefore, the void growth law

reads:

Ṙ

R
= Dε̇∞

eq = D
ṗ

√
3

(A.1)

where, σ0 being the yield stress of the equivalent von Mises material, such that σ0ε̇
∞
eq = τ0ṗ, i.e., σ0 =

√
3τ0, D is

solution of (see [13]):

z=1
∫

z=0

1

4π

∫

S

{

2Dz − m

{1 − 4mDz + 4D2z2}1/2
+ m

}

dS
dz

z
=

2

3

σh

σ0
(A.2)

In (A.2), z = R3

r3 and m = 1
ε̇∞

eq
ε̇

∞ : er ⊗ er (−1/2 < m < 1/2). The inner integration is over the unit sphere with

dS = sin(φ)dφ dθ . Since (A.2) is not analytically integrable, Rice and Tracey proposed an approximation for high

value of D, which is valid for large value of |σh

σ0
|:

D =
1

4
exp

{

3

2

σh

σ0
+ c

}

with c =
1

4π

∫

S

(ε − m) ln(1 − εm)dS and ε = sign

{

σh

σ0

}

(A.3)

We propose here a new approximation for any value of σh

σ0
. For this purpose, we develop (A.2), around m = 0, in a

first time:

z=1
∫

z=0

1

4π

∫

S

{

2zD
√

1 + 4z2D2
+

{

1 −
1

(1 + 4z2D2)3/2

}

m −
2zD(1 − 2z2D2)

(1 + 4z2D2)5/2
m2 + o

(

m3
)

}

dS
dz

z
=

3

2

σh

σ0
(A.4)

Using then the following relations: 1
4π

∫

S
dS = 1, 1

4π

∫

S
mdS = 0, 1

4π

∫

S
m2 dS = 1

5
, the integration of (A.2) gives:

arcsinh(2D) −
2D

5

1 + 2D2

(1 + 4D2)3/2
=

3

2

σh

σ0
(A.5)

Since the second term of the left hand of (A.5) is bounded (0 < 2D
5

1+2D2

(1+4D2)3/2 < 1
10

) and low compared to arcsinh(2D),

it is neglected in the present study. Then D is given by:

D =
1

2
sinh

{

3

2

σh

σ0

}

=
1

2
sinh

{

√
3

2

σh

τ0

}

(A.6)

The plastic strain related to the cavity growth, is given by: ε̇
p

h = 1
3

Ω̇
Ω

, in which Ω is the volume of the monocrystal.

Considering cavities with an average volume ω (ω = 4π
3

R3), in an incompressible matrix, the mass balance equation,

ω̇ = Ω̇ , reads (using (A.1)):

ε̇
p
h =

1

3

Ω̇

Ω
= η

Ṙ

R
=

1

2
√

3
η sinh

{

√
3

2

σh

τ0

}

ṗ (A.7)
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