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Abstract

In the same spirit as [], we define the optimality of an aggregation procedure
in the problem of classification. Using an aggregate with exponential weights, we obtain an

optimal rate of convex aggregation for the hinge risk under the margin assumption. Moreover
we obtain an optimal rate of model selection aggregation under the margin assumption for the

excess Bayes risk.
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1 Introduction

Let (X, A) be a measurable space. We assume that the space X x {—1,1} is endowed with an
unknown probability measure 7. We consider a random variable (X,Y") with values in X' x {—1,1},
such that 7 is the distribution of (X,Y). We denote by PX the marginal of 7 on X and n(z) =
P(Y = 1|X = x) the a posteriori probability of Y = 1 knowing that X = x. This setting means
that in each point x of X we play to ”"heads or tails” with a biased coin such that "heads” arise
with probability n(x) and ”tails” arise with probability 1 —n(x). In the classification framework we
have n i.i.d. observations of the couple (X,Y) denoted by D,, = (X;,Y;)i=1,... n, where X; is the
ith realisation of X and Y; the result of the game at X; (namely, ¥; = 1 if heads” and Y; = —1 if
"tails”). The aim of classification is to predict the result Y for any X in X. Obviously we have to
make assumptions to be able to construct efficient prediction procedures. First one is on the way
the coin is biased, especially in points of X of high PX probability, one cannot predict a result of a
"heads or tails” better than with probability 1/2 if the coins is not biased. One assumption of this

kind is called "margin assumption” and has been introduced in ]

We recall some usual notation introduced for the classification framework. A prediction rule is



a measurable function f : X — {—1,1}. The misclassification error associated to f is

R(f) =P(Y # f(X)).

It is well known (see, e.g., [Devroye et all [199€]) that

m}}HR(f) =R(f") = R,
where the prediction rule f* is called Bayes rule associated to 1 and is defined by
f*(x) = sign(2n(z) — 1),Va € X.

The minimal risk R* is called the Bayes risk. A classifier is a function, f, = f, (X, D,,), measurable
with respect to D,, and X with values in {—1, 1}, that assigns to the sample D,, a prediction rule
fu(,Dy) : X — {=1,1}. A key characteristic of f, is the generalization error E[R(f,)]. Here

The aim of statistical learning is to construct a classifier f,, such that E[R(f,)] is as close to R*

as possible. Accuracy of a classifier f,, is measured by the value E[R( fn) — R*] called excess Bayes

risk of f,. We say that the classifier f, learns with the convergence rate 1(n), where (1)(n))nen

is a decreasing sequence, if there exists an absolute constant C' > 0 such that for any integer n,
E[R(f,) — R*] < Ct(n).

The difficulty of classification is closely related to the behavior of the a posteriori probability

n at the level 1/2 (the distance |n(-) — 1/2| is sometimes called the margin). The paper

| and Tsybakoy| [[1999, for the problem of discriminant analysis which is close to our classification

problem, and [R004] have introduced the following assumption on the the margin:
(MA) Margin (or low noise) assumption. The probability distribution © on the space X x

{—=1,1} satisfies the margin assumption MA (k) with margin parameter 1 < k < 400 if there exists
co > 0 such that,
E{If(X) = f*(X)I} < co (R(f) = RV, (1)

for all measurable functions f with values in {—1,1}.

Under this assumption, the risk of a minimizer of the empirical risk over some fixed class F of

decision rules can converge to R* with fast rates, i.e., with the rates faster than n=/2. In fact, with

no margin assumption, the convergence rate of the excess risk is not faster than n=1/2 (cf.
[[99d]). Under the margin assumption, it can be as fast as n~'. Many examples of fast rates

can be found in [Blanchard et al] [2004]], Bcovel and Steinwart [2004, R005], [Massart [R00d], [Massart]
[ and Nédéled [R003], Massart] [R004] and [Audibert and Tsybakoy [R005)].

The aim of this paper is the following:

1. We define a notion of optimality for aggregation procedures in classification.

2. We introduce several aggregation procedures in classification and obtain exact oracle inequal-

ities for their risks.



3. We prove lower bounds and show optimality of the suggested procedures and derive optimal

rates of aggregation under the margin assumption.

The paper is organized as follows. In Section P we introduce definitions and the procedures
which are used throughout the paper. Section ﬂ contains oracle inequalities for our aggregation
procedures w.r.t. the excess hinge risk. Section@ contains similar results for the excess Bayes risk.

Proofs are given in Section E

2 Definitions and procedures

2.1 Loss functions

The quality of a classifier is often measured by a convex surrogate ¢ for the classification loss
(Cortes and Vapnilf [1997], Freund and Schapird [[1997], [Lugosi and Vayatig [2004], Friedman et al
[00d], Biihlmann and Yul [2002]).

Definition 1. The real valued convex function ¢ on R is called convex loss for classification if
?(0) =1 and ¢(x) = o(x) when x tends to infinity. The risk associated to the loss ¢ is called the
¢—risk and is defined by

AP(f) = E[p(Y f(X))],

where [ : X — R a measurable function. The empirical ¢—risk is defined by
1 n
AP (f) == Yif(X,)).
D0 = 5 e 0x)

If the minimum over all real valued functions exists, then we introduce A,(f)) = miny A(d’)(f).

Classifiers obtained by minimization of the empirical ¢—risk, for different convex losses, has

been proved to have very good statistical properties (cf. |[Lugosi and Vayatid [R004], Blanchard
et all [2003], Zhang [R004], Bcovel and Steinwar [R004), R00H] and [Bartlett et al]). A wide variety

of classification methods in machine learning are based on this idea, in particular, on using the

convex loss associated to support vector machines (bortes and Vapnik] [1995], Bcholkopf and Smolg

[2002)),

o) = (1 - a4,

called the hinge-loss, where z; = max(0, z) denotes the positive part of z € R. The corresponding

risk is called the hinge risk and is defined by

A(f) =E[Q =Y F(X))4],
for all f: X —— R and the optimal hinge risk is defined by

A= g A()), (2)



where the infimum is taken over all measurable functions f. It is easy to check that the Bayes rule

f* attains the infimum in (f) and, moreover, [2004] has shown that,
R(f) — R* < A(f) - A, 3)

for all measurable functions f with values in R, where we extend the definition of R to the class of
real valued functions by R(f) = R(sign(f)). Thus minimization of the excess hinge risk, A(f)— A*,

*

provides a reasonable alternative for minimization of excess Bayes risk, R(f) — R*.

2.2 Aggregation procedures

Now, we introduce the problem of aggregation and the aggregation procedures which will be studied
in this paper.

Suppose that we have M > 2 different classifiers fi,..., fas taking values in {=1,1}. The
problem of model selection type aggregation, as studied in Nemirovsk] [000], Fang [2000], Caton]

[[999, p001], [Tsybakoy [R00J, consists in construction of a new classifier f, (called aggregate)
which mimics approximatively the best classifier among fl, ceey fM. In most of these papers the

aggregation is based on splitting of the sample in two independent subsamples D} and Dl2 of sizes
m and [ respectively, where m > [ and m + | = n. The first subsample D}, is used to construct
the classifiers fl, ceey fM and the second subsample D? is used to aggregate them, i.e., to construct
a new classifier that mimics in a certain sense the behavior of the best among the classifiers fz

In this paper we will not consider the sample splitting and concentrate only on the construction
of aggregates (following PJuditsky and Nemirovsk] [R00(], ['sybakoy [200q], Birgd [2005], Buned
]) Thus, the first subsample is fixed and instead of classifiers fi, ..., far, we have fixed

prediction rules fi, ..., fas. Rather than working with a part of the initial sample we will suppose,

for notational simplicity, that the whole sample D,, of size n is used for the aggregation step instead
of a subsample D7.

Let F = {f1,..., far} be a finite set of real-valued functions, where M > 2. An aggregate is
a real valued statistic of the form:

fn = Z w(n)(f)fv

fer
where the weights (w(™ (f)) jer satisfy
w™(f) =0, > w™(f)=1.
fer

Let ¢ be a convex loss for classification. The Empirical Risk Minimization ERM aggregate is
defined by the weights,

1 for one f € F such that Al (f) = minger AP (9),

VfeF: (n) =
f W () { 0 for other f € F.

The ERM aggregate is denoted by ﬁ(lERM).



The averaged ERM aggregate is defined by the weights

N ifAP(f) = minger AP (9),
0 otherwise,

WGRMWﬁ{

where N is the number of functions in F minimizing the empirical ¢—risk. The averaged ERM

aggregate is denoted by f,(lAERM).

The Aggregation with Exponential Weights (AEW) aggregate is defined by the weights:

oxp (-0 A1)
> geF €XP (an#) (g))

ﬂ(zAEW)-

W™ (f) =

, VfeF. (4)

The AEW aggregate is denoted by
The cumulative AEW aggregate is an on-line procedure defined by the weights:

L e (CRAP)

W (f) == ,
7lg;§;ﬁfexp(kA$%g0

ﬂ(zCAEW)-

vfeF.

The cumulative AEW aggregate is denoted by

There is a link between ERM, AERM and AEW aggregates. The following proposition states
that the AEW aggregate is almost an ERM aggregate up to the residual term bgTM, and the AERM
aggregate is not worse than the ERM aggregate.

Proposition 1. For any finite set F of real valued functions with cardinality M, and for any

integers M,n > 1,
log M
n )

APFHEW) < 4P (FERD) 4

n n

and
AP(FAPRID) < AP(FERD),

n

When F is a class of prediction rules, intuitively, the AEW aggregate is more robust than the
ERM aggregate w.r.t. the problem of overfitting. If the classifier with smallest empirical risk is
overfitted, i.e., it fits too much to the observations, then the ERM aggregate will be overfitted. But,
if other classifiers in F are good classifiers, the aggregate with exponential weights will consider
their ”opinions” in the final decision procedure and these opinions can balance with the opinion of
the overfitted classifier in F which can be false because of its overfitting property. The ERM only
considers the ”opinion” of the classifier with the smallest risk, whereas the AEW takes into account
all the opinions of the classifiers in the set F. Moreover, the AEW aggregate does not need any
minimization algorithm contrarily to the ERM aggregate.

The aggregation weights can be found in several situations. First, one can check that the solution

of the following minimization problem

M M M
min | Y NAP(f) + e Aloghi i > A <1LA >0,j=1,...,M|, (5)
j=1 j=1 j=1



for all € > 0, is
() (.
exp (7 And:(fy))

R AL ’
S Ty
Thus, for ¢ = 1/n, we find the exponential weights used for the AEW aggregate. Second, these

weights can also be found in the theory of prediction of individual sequences, cf. (1990

M.

y Vi=1

geeey

2.3 Optimal Rates of Aggregation

In the same spirit as in [, where the regression problem is treated, we introduce a
notion of optimality for an aggregation procedure and for rates of aggregation, in the classification
framework. Our aim is to prove that the aggregates introduced above are optimal in the following
sense. All the results are given under the margin assumption. We denote by P, the set of all
probability measures m on X’ x {—1, 1} satisfying the margin assumption with margin parameter
k> 1.

Definition 2. Let ¢ be a convex loss for classification. The remainder term ~y(n, M, k, F, ) is called
optimal rate of model selection type aggregation (MS-aggregation) for the ¢—risk, if

the two following inequalities hold:
(i) VF ={f1,..., fm}, there exists a statistic fn, depending on F, such that Vr € Py, ¥n > 1,

E A9 (fa) = A®"] < min (AC(f) = A©") + Cry(n. M. 5. F.7). (6)

(i) 3F = {f1,..., far} such that for any statistic f,, 3t € P., ¥n > 1

E [A(¢)(fn) - A(‘b)*} > rfrgl__ (A(¢)(f) — A(¢)*) + Coy(n, M, k, F, 7). (7)
Here, Cy and Cy are positive constants. Moreover, when these two inequalities are satisfied, we
say that the procedure fn, appearing in (@), is an optimal MS-aggregate for the ¢—risk. If C
denotes the conver hull of F and if (§) and (3) are satisfied with minger (A(¢)(f) - A(¢)*) replaced
by mingec (A (f) — AD*) then, we say that v(n, M,k,F,m) is an optimal rate of convex
aggregation type for the ¢—risk and fn is an optimal convex aggregation procedure for
the ¢—risk.

3 Optimal rates of convex aggregation for the hinge-loss.

Take M real valued functions fi, ..., fas. Consider the convex hull C = Conv(f1,..., far). We want
to mimic the best function in C using the hinge risk and working under the margin assumption.
Since we consider the hinge-risk, it suffices to use functions with values in [—1,1]. In fact, for any
real valued function f, we have (1 — yip(f(x)))+ < (1 —yf(x))4 for ally € {—1,1} and = € X, so:

A(f)) — A" < A(f) — A%,



where
1 fxz>1

P(z) = x if —1<a2<1 VzekR (8)
-1 if x < -1,
We first introduce the margin assumption with respect to the hinge-risk.
(MAH) Margin (or low noise) assumption for hinge-risk. The probability distribution ™
on the space X x {—1,1} satisfies the margin assumption for hinge-risk MAH(k) with parameter
1 < Kk < 400 if there exists ¢ > 0 such that,

E[|If(X) = f*(X)[] < c(A(f) — A", (9)
for all functions f on X with values in [—1,1].
Proposition 2. The assumption MAH (k) is equivalent to the margin assumption MA (k).

In what follows we will assume that MA(x) holds and thus also MAH(k) holds.
The AEW aggregate, introduced in () for a general convex loss, has a simple form for the

special case of the hinge-risk:
M

fo=>_w™ () 15, (10)
j=1
where noyoe(x
w(f,) = R L)y 1)
> k=1xXP (322 Yifr(Xi))
where f1,..., fir are functions with values in [—1,1].

We want to prove optimality of our aggregates in the sense of Definition E Therefore, we need
to show an exact oracle inequality of type (E) for our aggregates and a lower bound inequality of

type (). These inequalities are given in Theorems [ and [}

Theorem 1 (Oracle inequality). Let k > 1. We assume that 7 satisfies the margin assumption
MA(k). We denote by C the convex hull of a finite set of functions with values in [—1,1], F =
{fi, -y fm}. Let fn be either of the four aggregates introduced in Section @ Then, for any
integers M > 3,n > 1, fn satisfies the following inequality

fec

minsec(A(f) — A*)* log M N <1OgM> T
n n )

E [A(fn) . A*] < min(A(f) — A*) + C \/

where C' = 32(6 V 537¢V 16(2c + 1/3)) for the ERM, AERM and AEW aggregates with k > 1 and
¢ > 0 is the constant in (§) and C = 32(6\V537¢V 16(2¢+1/3))(2V (2 —1)/(k — 1) for the CAEW
aggregate with k > 1. For k = 1 the CAEW aggregate satisfies

E |:A(f‘7(LCAEW)) 7A*:| < Imn(A(f) *A*) +20 (\/minfec(A(f) — A*)logM . 10gM10gn> '

fec n n



Remark 1. The hinge loss is linear on [—1,1], thus, MS-aggregation or convex aggregation of
functions with values in [—1,1] are identical problems if we use the hinge risk. Namely,

min A(f) = min A(f).

Theorem 2 (Lower bound). Let k > 1, M,n be integer such that log M < n. There exists an
absolute constant C' > 0, depending only on k and ¢, and a set of prediction rules F = {f1,..., fm}
such that for any procedure f,, with values in R, there exists a probability measure 7 satisfying the

margin assumption MA (k) for which

fec n n

E[A(f,) — A*] > min(A(f) — A*) + C \/(minfec A(f) — A*)* log M . (1OgM)m |

where C = ¢ (4e) =127 2r(v=1/(2r=1) (10 2)=#/26=1) gnd ¢ > 0 is the constant in (4).

Combining the exact oracle inequality of Theorem and the lower bound of Theorem E, we see
that the residual

\/(minfec A(f) — A*)w log M n (10gM) T

n n

is optimal rate of convex aggregation of M functions with values in [—1,1] for the hinge-loss.

Moreover, by aggregating (f1),...,d(fa), it is easy to check that

n

\/(minfefA(y;(f)) — A*)w log M N <logM> 71
n )

is optimal rate of model-selection aggregation of M real valued functions w.r.t. the hinge loss. In
both cases, the aggregate with exponential weights as well as ERM and AERM attain these optimal
rates. Learning properties of the AEW procedure can be found in [Lecud [2005] and [Lecud [R00d].
In Theorem ﬂ the AEW procedure satisfies an exact oracle inequality with an optimal residual
whereas in [Lecud [R005] and [Lecud [R00d] the oracle inequalities satisfied by the AEW procedure
are not exact and in [] the residual is not optimal. The CAEW aggregate attains the

optimal rate if x > 1. It is interesting to note that these rates depend on both the class F and 7.

Namely, in the convex case, the term

inA — A"
min A(f)

appears in the rate. This is different from the regression problem (cf. [2003)), where
the optimal aggregation rates depends only on M and n. We denote by M(F,w) the minimum
mingec(A(f) — A*). Three cases can be considered:

1. If M(F,7) < a (@)ﬁ, for an absolute constant a > 0, then the hinge risk of our
aggregates attains minygee A(f) — A* with the rate (@) m’ which can be log M/n in the

case k = 1.



2. If a (@) e < M(F,m) < b, for some absolute constants a,b > 0, then our aggregates

mimics the best prediction rule in C with a rate slower than (#) “7" put faster than
log M
==

3. If M(F,n) > a >0, where a > 0 is a constant, then the rate of aggregation is

e M “as in
n

the case of no margin assumption.

We can explain this behavior by the fact that not only « but also minscc A(f) — A* measures the
difficulty of classification. For instance, in the extreme case where minyec A(f) — A* = 0, which

means that C contains the Bayes rule, we have the fastest rate bgTM *"' In the worst cases,

which are realized when x tends to co or mingec(A(f) — A*) > a > 0, where a > 0 is a constant,

. . . X log M
the optimal rate of aggregation is a slow rate |/ ===

[R003) depends only on M and n.

. Optimal rates of aggregation obtained in

4 Optimal rates of model selection aggregation for the ex-

cess risk.

Now, we provide oracle inequalities and lower bounds for the excess Bayes risk. First, we can deduce
from Theorem [l| and E, ”almost optimal rates of aggregation” for the excess Bayes risk achieved by
the AEW aggregate. Second, using the ERM aggregate, we obtain optimal rates of model selection
aggregation for the excess Bayes risk.

Using Zhang’s inequality we can derive from Theorem EI, an oracle inequality for the excess

Bayes risk. The lower bound is obtained using the same proof as in Theorem E

Corollary 1. Let F = {f1,..., fum} be a finite set of prediction rules for an integer M > 3. Let
k > 1. We assume that m satisfies MA(k). Denote by f, either the ERM or the AERM or the
AEW aggregate. Then, f, satisfies for any number a > 0 and any integer n:

E [R(fn) - R*} <2(1+a) min (R(f;) ~ B+ (%) = C (IOgM) T , (12)

geeey n

where C' = 32(6 V 537¢c V 16(2¢ + 1/3)). The CAEW aggregate satisfies the same inequality with
C =32(6V537cVv16(2¢+1/3))(2V (2k —1)/(k — 1) when k > 1. For k =1 the CAEW aggregate
satisfies (@) where we need to multiply by logn the residual.

Moreover there exists a finite set of prediction rules F = {f1,..., far} such that for any classifier
fn, there exists a probability measure © on X x {—1,1} satisfying the Margin Assumption with

margin parameter k, such that for any n > 1,a > 0,

where C(a) > 0 is a constant depending only on a.



Due to Corollary ,

log M 1
n

is an almost optimal rate of MS-aggregation for the excess risk and the AEW aggregate achieves
this rate. The word ”almost” is here because miny¢ex (R(f) — R*) is multiplied by a constant which

is greater than 1.

Remark 2. Some applications of Corollary E, can be found in [Lecud [2004] and |Lecud [2004]. In
particular, adaptive SVM classifiers are constructed by aggregating SVM estimators (this procedure

requires the construction of only (logn)? SVM estimators).

The last oracle inequality of Theorem [I| is not an exact one since the minimal excess risk over
F is multiplied by the constant 2(1 + a) > 1. This is not the case while using the ERM aggregate

as explained in the following Theorem.

Theorem 3. Let k > 1. We assume that m satisfies MA (k). We denote by F = {f1,...,fm} a
set of prediction rules. The ERM aggregate over F satisfies for any integer n > 1:

E [R(ﬁ(zERM)) - R*} < rfréljg(R(f) —R)Y+C \/minfef(R(f)n— R*)= log M n (lognM) AT |

where C = 32(6 V 537co V 16(2¢o + 1/3)) and ¢y is the constant appearing in MA (k).

Using Lemma [f, we can deduce the results of [Herbei and Wegkamy] [2007] from Theorem fJ.
Oracle inequalities under the margin assumption have already been stated in ] (cf.
[Boucheron et al| [2005]). But the remainder term obtained is worse than the one obtain here or in
[Herbei and Wegkamyp] [R00H].

According to Definition E, combining Theorem E and the following Theorem, the rate

\/minfef(R(f) - R*)% log M N (bgM) T

n n

is an optimal rate of MS-aggregation w.r.t. the excess Bayes risk. The ERM aggregate achieves

this rate.

Theorem 4 (Lower bound). Let M > 3 and n be two integers such that logM <n and k > 1
an integer. There exists an absolute constant C' > 0 and a set of prediction rules F = {f1,..., fm}
such that for any procedure f, with values in R, there exists a probability measure 7 satisfying the

margin assumption MA (k) for which

where C = co"(4e) =127 2=/ 2r=1)(10g 2)=#/(5=1) and ¢y is the constant appearing in the margin

assumption MA(k).

10



5 Proofs

Proof of Proposition : We start by showing that the AEW aggregate is almost as good as the
ERM aggregate up to a (log M)/n term.

Since ¢ is convex we have ¢(Y fn(X)) < jer w(”)( £o(Y f(X)), thus

Z w™ ()AL (f).

feF
We have for all f € F, AL (f) = AP (FLERM) 4 L (log(w(") (FERM)Y)  Jog(w™( f))) and by

averaging over the w(™ (f) we get :

log(M
AP (7o) < min AP(f) + 2220,

(13)
Since ;e r w™ (f)log (%lv([f)) = K(w|u) > 0 where K(w|u) denotes the Kullback-Leibler di-
vergence between the weights w = (w(™ (f)) jer and the uniform weights u = (1/M)cr.

The convexity of ¢ leads directly to the result for the AERM aggregate.

Proof of Proposition f: Since for any function f from X to {—1,1} we have 2(R(f) — R*) =
A(f) — A*, then, MA (k) is implied by MAH(k).

Assume that MA(k) holds. We first explore the case x > 1, then, MA(k) implies that there
exist a constant ¢; > 0 such that P (]2n(X) — 1| <t) < ¢t/ for any t > 0. Let f from X to
[—1,1]. We have for any 0 < t:

A(f) = A" =E[[2n(X) = 1| /(X) = [*(X)]] 2 E [If (X) = F*(X) [ Tjzq0x)-1/>¢]

> ¢(E[|F(X) = £l = 2P (120() = 1] £ 6) 2 ¢ (E[I£(X) = £*(X) ]| - 202"/ *).
For to = ((k — 1)/(2c18))* B [|£(X) — f*(X)[]"", we obtain:

A(f) = A" = (s = 1)/ 2cr) s E[IF(X) = f(O))"

For the case k = 1, assumption MA (k) implies that there exists h > 0 such that |2n(X)—1| > h
a.s.. Indeed, if for any N € N*, there exists Ay € A such that PX(Ay) > 0 and [2n(x) — 1| <

1/N,Vx € Ay, then, for
—f*(z ifx € Ax
vy =4 T .
f*(x)  otherwise,
we obtain R(fy) — R* < 2PX(An)/N and E[|fn(X) — f*(X)|] = 2P*(An), and there is no
constant cg > 0 such that PX(Ayx) < coPX(An)/N for all N € N*. So, assumption MA(1) does
not hold if no h > 0 satisfies |2n(X) — 1| > h a.s.. Thus, for any f from X to [—1,1], we have
A(f) — A" = E[J20(X) ~ 1][/(X) — f*(X)]] 2 KE[F(X)  /*(X)].
Proof of Theorem : Let f, be either the ERM or the AERM or the AEW aggregate for the
class F = {f1,..., fa}. We have in all the cases:
~ log(M

i=1,...M n

(14)

11



Let € > 0. We consider D = {f € C: A(f) > Ac + 2¢}, where A¢c = minsec A(f). Let z > 0. If

A(f) = A" — (An(f) — Au(F?)) €
Feb A(f)— A" +a S A A tacta

then for any f € D, we have

(A = A +2)

M) = Aalr) 2 A - a7 =SB e
because A(f) — A* > Ac — A* + 2¢. Hence,
P (10 (A7) — 40057 < e — 4"+
A(f) = A" = (An(f) — Au(f)) €
= F ?elg A(f) —A* +u >AC—A*+2e+z

Take " € {f1,..., fu} such that A(f’) = minj—;

achieves its maximum over a convex polygon at one of the vertices of the polygon. Thus, since

m A(f;). Observe that a linear function

we are working in the linear part of the hinge-loss (f;’s take their values in [—1,1]), we have
Ac = infyec A(f) = infreqy, .y A(F) = A(f'). If A(fy) > Ac + 2¢ then f, € D. On the other
hand, A(fn) <minj—i . m An(f;)+ log(M) <A, (f)+ log(M) Hence, there exists f € D such that

n n

An(f) - An(f*) S An(f/) - An(f*) + log M We have:

n .

.....

P[AG) > A +2 <P inf A7) = A7) < A7) - An(F) + 22X |

n

= F [}géfln(f) — Au(f7) S Ac - A —l—e] +P [An(f’) AL > Ae — A e — logM}
A(f) = A" = (An(f) = Au(f)) ¢
: ]P)|j}€112 A(f)_A*‘f'-T >Ac—A*+2€+x
HED [An(f/) —An(f") > Ac — A" +e— 10%1M} )
If we assume that
A(f) = A" = (An(f) = Au(f)) ¢
?élc) A(f) — A+ >Ac—A*+26+x’

then, there exists f = Zj\il w; f; € C (where w; > 0 and > w; = 1), such that

A = A" — (Aulf) = Aulf) ‘
A(f)— A +ux Ac— A*+2+x

The linearity of the hinge loss on [—1, 1] leads to

A(f) = A" = (Aa(f) = Au(f) S0 wilAlf) = A" = (Au(fy) — Aa(f7)

A(f)— A 4=z S wilA(fy) — A + 1

12



and according to Lemma E, we have

AL A () A
=1, .M A(fj) — A +x Ac — A* +2e+

We now use the relative concentration inequality of Lemma m to obtain:

A(fj) = A" = (An(f5) — An(f7)) €
P J J
L-_IE???M A(f) — At w A A i2ta
8c(Ae — A* 4 2¢ + x)2z/" n(ex)?
< M1 -
= < + 7’L(6.Z’)2 exp 8C(AC —A* 42+ 1.)2$1/l<a
16(Ac — A* + 2¢ + x) 3nex
M1 — .
+ ( + 3nex ) P ( 16(Ac — A* + 2e + x))

Using the assumption MAH (k) (which is implied by MA (k) to upper bound the variance term and
applying Bernstein’s inequality we get

log M

F |:A"(f/) - An(f*) >Ac—A*+¢ n(e - (10gM)/n)2 ) s

< —
J <o (et Gt
for any € > (log M)/n. We take x = A¢c — A* + 2¢, then, for any (log M)/n < € < 1, we have:

~ n(e — log M /n)?
P (A7) > A +2¢) < exp (‘4C<Ac — A+ (8/3)(e - <1ogM>/n>)

32¢(Ac — A* 4 2¢)1/" ne? 32 3ne
M1 — M1+ — —-— .
+ ( + ne2 xp 32c(Ac — A* + 2¢)1/" * + 3ne ) P 32

Thus, for 2(log M)/n < u < 1, we have:

1

B[4~ ac] <2u 2 [ 710+ M + Tyl de (15)
where
O — e [ n(e — (log M) /n)>
Ti(e) = exp ( 4c((Ac — A%)/2)1/% + (8/3)(e — (log M)/n>) ’
B 64c(Ac — A* + 2¢)/" 21/rne?
TQ(G) = <1 + 21/”77,62 > exp ( 640(146 _A* 4+ 26)1/5)
and

T3(e) = (1 + %) exp (—31—726) .
Set 1 = min(3271, (2148¢) 71, (64(2¢ + 1/3))~!) where the constant ¢ > 0 appears in MAH(k).
We recall that Ac = minyec A(f). Consider separately the following cases (1) and (2).
(1) The case Ac — A* > (log M/(Byn))"/ +=1),
Denote by u(M) the unique solution of Xo = 3M exp(—Xp). Then, clearly log M /2 < pu(M) <
log M. Take u such that (nBiu?)/(Ac — A*)Y/* = u(M). Using the definition of case (1) and of
w(M) we get u < Ac — A*. Moreover, u > 4log M /n. Then

Ac—A

/ul file)de = [ oo (_ (dc+ 4/g)(Z12c)2— A*)l/”) et /“1“ o C%) -

2 2

13



Using Lemma E and the inequality u < A¢ — A*, we obtain

2

/2T1(€)d6§ - exp (_64(20_’_1/3)(146_14*)1/&) . (16)

/1 64(2c+1/3)(Ac — A*)/*=

We have 128c(Ac — A* + u) < nu? thus, using Lemma [, we get

1 (Ac—A%)/2 ne2 1 ne2—1/x
T2€d6§2/ eXp(— )de+2/ eXp(— )de
/71/2 ( ) w/2 64C(AC —A’k)l/"'i (Ac—A*)/2 128¢

2148c(Ac — A*)Y/" nu?
< exp | — )
nu 2148¢(Ac — A*)1/x
We have u > 32(3n)~! so

1 *\1/k 2
64 3nu 64(Ac — A*)Y/ 3nu
Ts(e) < — S == =7 - ). 1
/u 12 sl) = 37 eXp< 64 > = 3nu P\ T6a(Ae — AR (18)

From ([Ld), (17), (I§) and (L3) we obtain

5 A~ — A* 1/k
E [A(fn) f Ac} < 2u+ GM% exp <%) .

The definition of u leads to E {A(f’n) - Ac} <34/ W.

(2)The case Ac — A* < (log M/(fyn))"/ 251,

We choose now u such that nyu?*~1/% = 1,(M). Where $; = min(3(32(6¢+1))~", (256¢) 1, 3/64).
Using the definition of case (2) and of (M) we get u > Az — A*.
Using the fact that u > 4log M/n and Lemma E, we have

1 2—1
32(6¢c+ 1) 3nu?~1/*x
Ty (e)de < ——— ). 1
/u/2 O eXp( 32(60+1)) (19)

(17)

We have u > 2(32¢/n)"/ (25~ and using Lemma [}, we obtain:

1 2—1/k
128¢ nu
/u/2 TQ(G)d€ S W exp <T8C) . (20)
Since u > 32/(3n) we have
1 2—1/k
64 3nu
/u/2 Tg(e)d€ S m exp <T> . (21)

From ([L9), (BJ), (R1) and (LF) we obtain
exp (—nﬁgu@”_l)/”)

nﬁ2u1—1/r€

E [A(fn) — Ac} < 2u+6M

The definition of u yields E [A( o) — Ac} <3 (lf;gﬁf) =

14



To conclude, for Gy = 1 A B2 = 31 we obtain

log M 1 if AC*A* < (log(l\/[))ZNL*1

£y _ < ( nBo ) - nS1

E [A(f") AC} <3 (Ac— A9 /% log M
nBo

otherwise,

Thus, for C = 32(6 V 537¢ V 16(2¢ + 1/3), the estimator f, satisfies:

D {A(fn) - A*} < min(A(f) - A*) + C \/minfec(A(f)

—A*)%logM_i_ log M\ 25T
fec

n n

For the CAEW aggregate we have:

[ (floaEw)y _ } ZE[ (AEW))fA*}

1 1
< min A(f) — A* Ac — A*)w log M (log M )"/ (2r=1) Z
< minA(f) +C{\/( c og ( Z\f) (log M) ka }

and, by upper bounding the sums by integrals we get the result.
Proof of Theorem [J. The linearity of the hinge loss on [—1, 1] yields

inA(f) — A* = min A(f) — A*.
min (f) min (f)

Let a > 0. For all prediction rules fi,..., fas, we have

sup inf sup (E [A(fn) — A*} —(1+a) min (A(f;) - A*)) > inf sup E [A(fn) — A*} .
i fm fn TEP M Fn TEP,
fre{fr, . fn}

Let N be an integer such that 2V—1 < M. Let x1,...,2y be N distinct points of X. Let 0 < w <
1/N. Denote by P¥X the probability measure on X such that PX({z;}) =w for j =1,...,N —1
and PX({zny}) =1 — (N — 1)w. We consider the cube Q = {—1,1}¥~1 Let 0 < h < 1. For all

o= (01,...,0n-1) € Q we consider

(1+O'Jh)/2 if.’L':.’L'l,...,ZEN_l,
No(z) = .
1 ifz=xyN.

For all o € Q we denote by 7, the probability measure on X x {—1,1} defined by its marginal PX
on X and its conditional probability function P(Y = 1|X = z) = n,(z),Vz € X.

Assume that x > 1. We have P (|27,(X) — 1| < t) = (N — 1)wlj<, for any 0 < ¢ < 1. Thus, if
we assume that (N — 1)w < hY/#=1 then P (|21,(X) — 1| < t) < /=D for all 0 < t < 1. Thus,
according to [2004], 7, belongs to MA (k).

We denote by p the Hamming distance on Q. Let o,0" €  such that p(o,0’) = 1. Then, the

Hellinger’s distance between the measures 78" and 7% satisfies

H? (79, 787 = 2 (1 S (l—w(1 - V11— h2))") .
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Take w and h such that w(l — V1-h2) < % Then, H? (w?",ﬂ?,") <B=2(1-e1') <2 for any
integer n.

Let f, be a real-valued statistic. Consider the estimator f:{ with values in [—1, 1] defined by
f;(:c) = ( fn(z)), where v is given in (). For any underlying probability measure m, we have
A(fn) — A* > A(f7) — A*. Thus to obtain minimax lower bound it is enough to consider only
estimators taking values in [—1, 1].

Let f, be an estimator with values in [~1,1] and o € Q. Using the margin assumption MA (x),
we have, conditionally to the observations D,, and under 7,:

K

Alfa) = A 2 (B, [1fa(X) = (X)) 2 (0 NZ Fuley) = oy

Taking here the expectations, we find E,_ [A(fn) — A*} > (cw)*E,, [(Efi}l | fr(zi) — Ji|)n} ]
Using Jensen’s inequality and Lemma E, we obtain:

: ; X W (N—1 5\ "

inf sup (Ewg {A(fn) —A D > (cw)" | ——(1 —3/2) )

fn TEP., f*E{fr:0€Q} 4

(==1/Cr=1) W can

Take now w = (nh?)~', N = [logM/log2], h = (n~'[log M/log?2])
establish that there exists f1,..., far (the 2V~ first ones are sign(2n, — 1) for ¢ € Q and any choice
for the M — 2N~ remaining ones) such that for any procedure f,,, there exists a probability measure
7 satisfying MA(x), such that E [A(fn) - A*] —(1+a)minj_.a(A(f;)— A*) > Cy (lgTM) =
where Cy = ¢*(4e) =127 28(s=1)/(2r=1) (Jog 2)=#/(2r=1),

Moreover, according to Lemma @, we have:

amin(A(f) — 4%y + £ <1°gM> T Cl\/(mlnfec A(f) = A")F log M.
fec 2 n o

Thus,

E[A(fn)—A*}erneig(A(f)—A*)JFTO(ogn) +cl\/(c n) og M

For k = 1, we take h = 1/2. Then |21,(X) — 1| > 1/2 a.s. so 7, EMA(1). It suffices then to
take w = 4/n and N = [log M/ log 2] to obtain the result.

Proof of Corollary mz The result follows from Theorems EI and E In fact, for any prediction
rule f we have A(f)— A* = 2(R(f) — R*) and from Zhang’s inequality A(f)—A* > (R(f)— R*) for
all f: X — R. Moreover, using Lemma [, for all a > 0, we have aX + (1/a)t/Zr=Dy=/(2x=1) >
VX1/5A, where X = A¢c — A* and Y = log M /n.

Proof of Theorem E: Denote by f,, the ERM aggregate over F. Let € > 0. Denote by F, the
set {f € F: R(f) > Rr + 2¢} where Rr = minscr R(f).

Let z > 0. If

oy B =R — (R = Ral) ¢
feF. R(f)—R*—i—ac ~— Rr — R* + 2¢
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then, the same argument as in Theorem [l| yields R, (f) — R.(f*) > Rx — R* + ¢, for any f € F..

So, we have:

P [fig__’e Ro(f) = Ru(f*) < Rr — R* +e¢

aup B = B = (Ba() = () ‘

< P
- feF. R(f)*R*ﬁLSC Rr— R*+ 24z

We consider f’ € F such that minycr R(f) = R(f’). If R(fy) > Rr + 2¢ then f, € F., so there
exists g € F. such that R,(g) < R,(f’). Hence, using the same argument as in Theorem m, we

obtain

= R(f) - R — (Rn(f) _Rn(f*)) €
PR(fn)>RF+2€}§P[;EI; R(f)—R*Jr;L' ZRf*R*JrQeﬁL:C

+P[Ra(f') = Ru(f*) > Rr — R" +¢].

Using the fact that for any f from X to {—1,1} we have 2(R(f) — R*) = A(f) — A*, Lemma [
and the same discussion as at the end of the proof of Theorem El, we get the result.

Proof of Theorem @ For all prediction rules f1,..., fas, we have

sup inf sup (E [R(fn) — R*} —(1+a) min (R(f;)— R*)) > inf sup E {R(fn) — R*} .
froofm fn TEPK J M fn TEP
fre{fr o}

yeeny

Consider the set of probability measures {7, € Q} introduced in the proof of Theorem P} Assume

that k > 1. Since for any o € 2 and any classifier fn, we have, by using MA(k),

N-1 "f
<Z |fn($z) - Ji|>

Er, [R(fa) = B] 2 (cow)"Ex,

)

using Jensen’s inequality and Lemma (E) we obtain

, N . L (N-1 "

wt s (B[RO - 7)) 2 o (S22
fn mEPL, fre{fs:0€Q}

By taking w = (nh?)~!, N = [log M/log2], h = ((n)~![log M/ logﬂ)% and o = (kK — 1)71,

there exists f1,..., far (the 2V~! first ones are sign(2n, — 1) for ¢ € Q and any choice for the

M — 2N~ remaining ones) such that for any procedure f,, there exists a probability measure 7

1

satistying MA (), such that E [R( Fa) — R*] — (14 a)minj_1._a(R(f;) — R*) > Cy (lgTM) =
where Cy = co®(4e) =127 25(s=1)/(26=1) (Jog 2)=#/(2r=1)

Moreover, according to Lemma E, we have:

amin(R(f) — R*) + G ( 08 > > Cl\/(mmfGC R(f) — R*)x log .
fec 2 n n

The case k = 1 is treated in the same way as in the proof of Theorem E
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Appendix

Lemma 1. Let F ={f1,..., fm} a finite class of functions from X to [—1,1]. We assume that ©

satisfies MA(k), for a k > 1. We have for any positive numbers t,x and any integer n:

P [ A= Aall) - UG alf) |

e A(f)— A +a

8cal/” n(tz)? 16 3ntx
<M|[1 - 1+ — -
<ar (13 ) oo (5) + () o (5507)).
where the constant ¢ > 0 is the constant of MAH (k).

Proof. We use a "peeling device”. Let x > 0. For all integer j, we consider
Fi={feF:jo<A(f)—A" <(j+1)z}.

Define the empirical process

A(f) — An(f) — (A(S") — An(f))
A(f)— A+ =z ’

Using Bernstein’s inequality and Proposition P to upper bound the variance term, we have:

Zo(f) =

P Za( P Zs(f) >t
pep 1] < 2oe [~

< ZP A~ A0(F) — (A) = A7) > 1+ 1]

feF;

: Mzexp< T )
< ZGXP( LOEDT s e (402
<

2,2-1/k
(o (L) e 22)

400 2 2-1/k
+M/ exp _ntxng,l/,i + exp —MX dX.
1 8c 16

Lemma E leads to the result.

Lemma 2. Let « > 1 and a,b > 0. An integration by part yields

exp(—ba®)

—+o0
—bt*) dt <
/a exp ( Jdt < aba*—1

Lemma 3. Let by,...,byr be M positive numbers and a1, ...,ap some numbers. We have:



Lemma 4. For all positive v,t and all Kk > 1
2k—1 1
t+v>0v 28 t2s,

Proof. Since log is concave, we have log(ab) = (1/x)log(a®)+ (1/y) log(b¥) < log (a®/x + b¥ /y)
for all positive numbers a,b and z,y such that 1/x 4+ 1/y = 1, thus ab < a*/x 4+ b¥/y. Lemma E
follows by applying this relation with a = t1/®%) ¢ = 2k and b = v(2#=1/(2%),

We use the following version of Assouad’s lemma to establish the minimax lower bound.

Lemma 5. Let {P,/w € Q} a statistical experience on a measurable space (X, A) indexed by the
cube Q = {0,1}™ . Denote by E,, the expectation under P,,. Assume that:

Vw,w' € Q/p(w,w’) =1, H*(P,,P,) < a <2,

then

. LR m a2
T L] >7(1-3)

Proof: Obviously, we can replace infyefo,1)m by (1/2)infyeq0,13m since for all w € {0,1} and
w € [0,1] there exists w € {0,1} (for instance the projection of @ on {0,1}) such that |[& — w| >

(1/2)|@ — w|. Then, we use Theorem 2.10 p.103 of [Tsybakoy [2003).
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