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This paper deals with the definition of an equivalent thermal conductivity for particulate foods. An homogenized thermal model is used to
asses the effedf particulate spatial distribution and differences in thermal conductivities. We prove that the spatial average of the
conductivity can beised in arhomogenized heat transfer model if the conductivity differences among the food components are not very
large, usually thdnighest conductivity ratio between the foods components is lowerihrthe general case we propose to use a standard
spatial homogenisation procedufdthough the heterogeneity give rise to an anisotropic heat transfer behaviour, this effect is negligible

when the foodparticles are randomly distributed. When we use pre-mixed particulate foods a statistical average can be defined from a small
number of possible particle arrangements.
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1. Introduction (texture, taste ..), colour, amount of vitamins.., of the
food.

Numerical simulation can be used to optimize heat treat-
) . > ments to reach level of microbiological lethality. Develop-
particulate foods is common. This is the case of vegetable;ny ot an appropriate and accurate simulation algorithm is
salads, for example. During this process, the product placedimportant for the food industry.
in a pack is subjected to a heating cycle. The sterilization  thermal analysis of homogeneous foods is easy; the

process requires that the lethality of heat received by all temperature evolution can be calculated from the solution
points in the package is adequate for safety. Since theqf the heat transfer model [1], defined by
kinetics of microorganisms destruction depends on both time

and temperature, we must know the temperature-history atpca_ +divg=0 inf (1)
any point of the product during the process to be able to

predict the lethal effects of heat. On the other hand over- where 22 represents the pack volume; temperatiirele-
processing may produce a reduction on the food volume pends on the space and time varialifés, ¢), C is the spe-
production as well as damage its quality. A thermal over- Cific heat andy the heat flux vector given by Fourier’s law
treatment can affect unfavourably the sensorial properties q = —k GradT )

In the food industry, thermal sterilization of packaged

where k is the conductivity tensor, which is diagonal in
* Corresponding author. an isotropic medium (the heat flux does not depend on the
E-mail addressfrancisco.chinesta@paris.ensam.fr (F. Chinesta). direction considered). In the anisotropic case the teksor



Nomenclature
C specificheat.................... N q heatflux..............coovviinn... wi—2
div divergence operator 0 averaged heatflux................... W2
Dr reduction time in inactivation kinetics at R gasconstant......................... K3t
temperaturd® ... s ¢t tME o $
Dgr  reduction time at the reference T temperaturefield ......................... K
temperaturé .............................. S TR reference temperature in microorganisms
Eq activationenergy ................c.ooevenns J inactivation kinetick . .................... K
F} lethality: . ... S Tr() trace tensorial operator
Fo lethality in the coldest poifit............... S & spatial coordinates. From Section 2 this symbdl
g temperature gradient.......... EXREEERRERE ”Ki indicates the coordinates of a point into the
G averaged temperature gradient . ....... .mK characteristic volume, .. ................ m
grad  gradient operator X vector to locate the characteristic volun@sin
IIc ':Ihneltr:rfglsc(:)énductivity tensor...... wi-l.k-1 the g_l(?bal do_m ain?.. Thki‘s r;_\ presentg alsoht he "
X homogenized thermal conductivity spatial coordinates in the homogenized therma
tensor . ... ... Wwi-L1K-1 model............... RERRERS RETERERRTRTRY M
Kr velocity constant in the microorganisms . tgmp.erature constant in inactivation
inactivation kinetick <l klnetlcsl_ ................................. K
Krr  velocity constant at the reference Aj tensor eigenvalue
temperature. . .......oooie = P density.........c.oo kg°
n outwards unit vector Q domainvolume ................c.oooeun.. 3m
N number of microorganisms 2y characteristicvolume .................... 3m
No initial number of microorganisms 052 domain boundary ........................ 2 m

is also diagonal when the system of coordinates associated When a system is heterogenequ<” andk depend on
with the eigenvectors of is considered. Moreover, due to the spatial coordinates

the homogeneity assumptiahnjs independent of the spatial 5T

coordinates. pC(x) Yl div(—k(x)gradl’) =0 (5)

Initial condition ) L ) )
A standard discretisation technique for solving the heat

T(x,t=0)=To(x) (3) transfer model (5) should consider a mesh size of the
same order of magnitude as the characteristic length of
the source of heterogeneity, i.e., the size of the particles.
This introduces a strong handicap in the efficiency of
T(xe€df2,t)=Ty(1) 4) the numerical discretisation techniques, specially for three-
dimensional heterogeneous cases.

The definition of an equivalent heat transfer model, which
operates in a locally homogeneous equivalent medium is of
major interest in order to obtain sterilization predictions in
real particulate foods. As the heat transfer model (5) implies
conductivity derivatives, the usual spatial average techniques
_ . are not a correct way to obtain these equivalent models.

_ However, both the heat transfer model and its numerical gy 5 5q,ming a periodic arrangement of the food particles,
simulation are difficult to apply if the medium is heteroge- ,, pomogeneous equivalent heat transfer model can be
neous _(partlculate food), with a pharactferlstlc length (par- yafined by using a multiple scale technique (by means of
ticles size) lower than thg associated with the global ther- asymptotic expansions of the temperature variable) [2].
mal prqblem (charac.tenstlc length of the food pack). Then I this work we use a general technique to obtain the
we designate by particle and product scales the ones assoCig.4|e ransfer tensor, by solving three elliptic boundary value
gtgd respectively Wlth. the conductivity varlafuon (character- problems, in order to obtain the equivalent conductivity in
istic length of the particles) and to the domain geometry. each region of2 where the volume fraction of each food

component is constant [3—7]. As a consequence of this ho-

1 In food science and technology applicatiakis and K g7 are usually mogenisation process, we obtain an anisotropic equivalent
expressed in mint; Dy, Dgy. F3 and Fg in min and, Tg andz in °C. conductivity, although each food component has its own

may be considered constant, i.8(x) = To.
The boundary condition is

whered §2 represents the surface of the pack donfairand
T,4(¢) the surface temperature at time

This differential equation (1) can be solved using any of
several numerical strategies; e.g., the finite element method
the finite difference method, the spectral techniques, the
boundary element method, etc.



isotropic conductivity. In the same way, the food particle Thus, with M (x, X) known, it is possible to obtain the
distribution in the pack is not known a priori, so a statisti- equivalent conductivity tensok (X), which is defined in

cal average is required to describe the different particulate £2, and whose variations are due only to the possible non-
arrangements. Finally, a three-dimensional Galerkin formu- uniform distribution of the volume fraction of each food
lation in finite elements is used in the numerical simulation componentin2; however the tensak (X) does not depend

of the industrial processes involving particulate foods. explicitly on the conductivity heterogeneity associated with
particles.
If we are able to obtaiM (x, X), the previous procedure
2. Homogenized thermal model allows us to obtaink (X), and to write the equivalent heat

transfer equation
2.1. Spatial homogenisation 9T
,oC(X)E +divy(—K(X)grady T) =0 (12)

We will consider a characteristic volunsg,, very small
compared to the domain siz&, contains enough particles
to offer a good representation of each food component.

Due to possible variation of the volume fraction of some
food component or of the food particles arrangement in the
global volume, we need to locate, in 2, and for this
purpose the notatiof?, (X) is used.

From now on, we call particle scale, the scale associated
with 2., and product scale, the scale related to the global
domains2. So, the variation of the variables insig® will g(x)=M(x, X)G(X) (13)
be described only by a local analysisdh. The variations Now, we solve three steady state heat transfer problems

in .Q_ rgquire a_global analysis, which does not _ena_ble to i 2,(X), with an average temperature gradient imposed in
obtain information about the temperature evolution in the ¢5ch one

scale associated with the particles. Capital letters will be

where diy and grag represent the differential operators
related to the product scale, and where the equivalent
specific heat is obtained by direct spatial average because
this parameter is not affected by any differential operator.

2.2. The scale transfer tensor

Let's the definition of the scale transfer tensor

used to denote the variables at the product scale. 1 1 5 0
Obviously, at the particle scale, the thermal behaviour is GX)=10[. G(X)=|1
perfectly defined by the Fourier’s law 0 0 (14)
0
q(x) = —k(x)g(x) (6) 3= o
whereg(x) represents the temperature gradient at the point 1
x € 2,(X).

The temperature field associated with the solution of the
steady heat transfer problem

div(—k(x)gradT’) =0 (15)

with in' 2,(X), with the conditionG'(X) will be denoted by
T'(x). With these temperature fields obtained we can com-
0(X) ={g(®))q x, pute their gradients obtaining the vector fiefdgx), g%(x)
G(X)=(gx)), X (8) andg3(x) respectively, i.e., the temperature gradient at each
" pointx € £2,(X). Thus, obviously, at any point € 2, (X),
where the spatial averaging of a generic vectorial field the first column of M(x, X) corresponds to the vector

Our main aim will be to determine an equivalent relation
in the scale of the product in the form

0(X) =-K(X)G(X) )

a(x), (a), is given by g1(x), the second one t@?(x), and the last one t@3(x).
If we solve these three steady state heat problems, the
(“(x)>g,(X) = 12,(X)] / a(x)ds2 (9) scale transfer tensor is fully determined. However, the heat
' 2,(X) transfer model imposing an average temperature gradient,

defines an ill-posed problem. Moreover, the average temper-
ature gradient condition may be transformed in an homoge-
neous boundary condition [6]

T(x €32:(X))=G'x (16)

and wheré$2, (X)| represents the volume &, (X).
We introduce the tensaVl (x, X), defined in each point
x € £2,(X) to establish a relation between both scales

g(x)=M(x, X)G(X) (10)

whereG ' represents the transposed vecto6Gof

The homogenisation results in ; '
g In this form the steady heat transfer problems are defined

0 =)o x =—(kgox) =—(kMG)g, (x) by
= —(kM)q,(x)G=—-KG (11) div(—k(x) gradT’ (x)) = 0 (17)



in 2,(X),with T (x € 82, (X)) = GiTx, i =1,2, 3;which Thus, to obtain the equivalent conductivity by the proce-
now results in three well defined boundary value problems dure previously proposed, we set randomly each food par-
that can be solved by using a standard formulation of finite ticle in £2,. Even if all the particles are thermally isotropic,

elements. the heterogeneity in the particles distribution induces a slight
We can verify that both conditions (14) and (16) are anisotropic behaviour, usually lower than 1%.
equivalent: So, we obtain an equivalent conductivity for each food
1 particles arrangement studied. As the real food particle
GX) = <g(x)>9r(X) =200] / g(x)dR distribution is unknown, we make a statistical average to take

into account all the possible particles configurations.

£2,(X)
1 An equivalent conductivity is found in each region
= Tox / grad. 7 d2 with constant volume fraction of the food components, for
1$2,( )|9r(X) different particles configuratior inside the representative
1 volume. From these, we can define the statistical average of
= TndS the thermal conductivit
12, (X)] / y
082, (X) Ns
1 K(X)= K(X, S;)P(S; 22
_ /(GTx)ndS (X) =D KX, S)P(S) (22)
1£2,(X)] !
952: (X) whereNs denotes the number of possible particles arrange-
_ 1 / grad, (GTQ do men_ts, andP (S;) the probability associated with this config-
|2, (X)| urations;.
$2r(0 If all configurations have the same probability, the statis-
_ G / 42 = G(X) (18) tical average of the conductivity is given by
1£2,(X)] N
£2,(X) 1
K(X)= FZK(X,S,-) (23)
2.3. Discretisation of the heat transfer model in the T
representative volume 2.5. The heat transfer problem defined in the food pack
volume
The steady state heat transfer model is defined in the
representative volume, (X) by With the equivalent conductivity calculated from both a
. _ spatial homogenisation and a statistical average, the heat
d'Vx(_k(x)gran T) =0 (19) transfer problem in the pack containing the particulate
with the boundary condition food £2 can be written using the following variational
formulation [8]
_ AT
T(xcd(X)=6"x (20) Find T(X, 1) € HY(),Vt € |0,17], with T (X € 082, 1)
Due to the discontinuous conductivity if2,.(X) at the =T,(t) andT (X, t = 0) = Tp(X) verifying

particle interfaces between different food components, we 9T
; - ; [o ¥pC(X)3L ds2
consider the variational formulation of the heat transfer Q at

model given by + [, (grady )" (K (X) grady T) d2 =0 (24)
Find 7' (x) € H1(£2,(X)), with T(x € 9£2,(X)) =G 'x VY (X) € HY(R2), VYt €[0,t/]
verifying wheret is the thermal treatment time.

(21)

{ Jo,x)(@rad )T (k(x) grad. T) d2 = 0
Remarks.

Yy (x) € HY(2-(X))

where H(2) and Hj(£2) are the standard Sobolev spaces o When there is just one representative volume in the
[8]. domaing2, the equivalent conductivity is the same for
This formulation can be used easily even for a discontin- every pointX € Q2.
uous conductivity, because it does not imply a conductivity ¢ An implicit or semi-implicit Euler technique may be ac-
derivative. A finite element technique has been used to solve  curately applied for the time discretization.
the previous model.
3. Resultsand discussion

2.4, Statistical average

At first we will consider an example without industrial

The real distribution of food particles if? is not known interest, to evaluate the impact of the heterogeneity in the
a priori. For example, in the food industry, a pre-mixing is food distribution and the pertinence of an equivalent thermal
usually carried out before pack filling. model in relation with a spatial average of the thermal
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Fig. 1. Deviations from the isotropic behaviour of both the equivalent conductivity and the accumulated statistical average of the equivakantyctambor

for 50 random configurations.

conductivity. After that we will focus on an other example
with more industrial interest, a particulate salad, which allow
us to draw interesting conclusions.

We consider a cubic representative volusag and two
food componentst and B with the same volume fraction
in order to analyse only the incidence of both the food
components conductivity ratio and the particles distribution
within the pack. The conductivity of each food component
is isotropic, and their values akg andk,, respectively. The
food particles are placed at random into the donsain

We define the deviation from the isotropic behaviour in
% (d;) of the equivalent conductivit;, associated with
the particles arrangemesit, by

S0 Trk ) /372
Tr(Ko)

Where T() denotes the tensor operator trace, andhe
eigenvalues of the equivalent conductivity ten&qr

di = 100 (25)

The accumulated statistical average of the equivalent

conductivity tensor foi particles arrangements, is defined
as

=
j=1 K;

1

K= (26)

where the same probability is considered for each particle

arrangement. The deviation in % from the isotropic behav-
iour for the previous tensor results

J=3, stal 2
o DI - TRE 32
P Tr(K3'@

(27)

where in this casg; denotes the eigenvalues Kf'2

In Fig. 1, for 50 random patrticles configurations, and a
conductivity ratiok,/k, = 5, we show both the deviation
from the isotropic behaviour for each equivalent conductiv-
ity, and the deviation from the isotropic behaviour of the ac-
cumulated statistical average (in industrial applications the
highest conductivity ratio between the food components is
usually lower than 5, thus, taking the conductivity ratio in
this example equal to five, we will analyse one of the most
unfavourable cases).We can notice that, in all cases, the devi-
ation for every configuration is very small (less than 1.8%),
and even with a little amount of random configurations (less
than 15), the statistical average of the equivalent conductiv-
ity has a very small deviation from the isotropic behaviour
(about 0.15%). Thus, we can conclude that a small number
of random configurations is sufficient to evaluate the statis-
tical average of the conductivity.

To obtain the difference between the equivalent conduc-
tivity and the spatial average conductivity, we need to define
first the spatial average as

1

— [ k(x)ds$2

|9r|/ )
2

which is in the present example resullsPa = katks f
(wherel is the unit tensor).

Then we define for a particle configuratidh (whose
equivalent conductivity iK;) the deviation in % from the
spatial average as

opar_ v/ S0~ THK%/32
’ Tr(K )

where 1; are the eigenvalues ok;. Fig. 2 shows this

deviation, and we can notice its high values, with a mean

Kspat: (28)

100

(29)
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value of about 14%. The dependence of the deviadfool"i1t Now we consider another example with more industrial
on the ratiok,/k, is depicted in Fig. 3, where the mean interest. This is the case of a particulate salad, composed
value of dfpat (for 10 random particles arrangements) is of small pieces of tuna, corn, carrot and pepper. The
represented as a functioniof/ k,, with k., / kp € [1, ..., 10]. composition and the thermal properties specific heat and
From the point of view of food industries, conductivities conductivity of each ingredient [9,10] are presented in
ratios higher than 5 are not very realistic. However, we Table 1. We can notice that the conductivity differences
take into account conductivity ratios between 1 and 10 to among the different components are small. In this case the
illustrate a more general behaviour and to determine their difference between the equivalent and the spatial average

limit value. We can notice that the mean value of the conductivities results lower than 0.3% for general particles
deviation increases with the conductivity ratg/ k). arrangements.



Table 1
Foodcomposition and thermal properties

Product Mass fraction (%)  Conductivity (Wd=1-K—1)  Specific heat (kkg—1-K—1)

Tuna 25 0.49 3.20
Corn 22 0.55 3.31
Carrot 19 0.55 3.80
Pepper 14 0.55 3.92
Sauce 10 0.74 4.25
Oil 10 0.18 1.90
140 T T T T T T T T
o0 |

- homogentzed model

Temperaturs (G}

+ spatlal average

40 -
........ ... fluid temperature
20 )
0 1 1 1 . . . . .
0 500 1000 1500 2000 2500 3000 3500 4000 4500
Time (s)

Fig. 4. Temperature evolution of the thermal fluid and predicted temperatures using equivalent and spatial average conductivities.

The previous particulate product is placed into a metallic dure described in [11,12] that we summarize in the following
cylindrical pack of 83.7 mm internal diameter and 37 mm paragraphs.
height, and it is subjected to a thermal treatment. The con-  The first order inactivation kinetics can be written as
ductivity of the metallic container is assumed infinite. The
temperature evolution of the thermal fluid in contact withthe — = —K7 N (30)
food packis depicted in Fig. 4 (dashed line). A thermocouple
is placed in the middle of the height, at 9 mm from the axis. whereN represents the number of microorganisms at time
The temperature field at each time can be obtained solvingandKr a parameter depending on the temperafure
the thermal problem defined in Section 2.5 with the equiv-  The integration of Eq. (30) results
alent conductivity resulting from the procedure described in
Sections 2.1 and 2.4. Fig. 4 shows also the predicted temper1n<£> = Kyt (31)
atures at the point where the thermocouple was located, us- \ No
ing both the spatial average conductivity and the equivalent
conductivity obtained from spatial and statistical averages.
From these results we can notice the small differences ob-
tained from both models. Finally in Fig. 5 the predicted and
the experimental measured temperatures are compared. We . — g . ol~Ea/R(1/T=1/Tp)] (32)
can notice the good agreement between both results.

The microbiological information concerning the lethality where Kz represents the value of at the reference
in the coldest point, the integrated lethality and the number temperaturd’z, E, is the activation energy anl the gas
of microorganisms can be obtained according to the proce-constant.

where Np is the initial number of microorganisms. The
dependence oK on the temperature is usually modelled
by the Arrhenius equation
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On the other hand, the empirical Bigelow model estab-
lishes

()

where Dy represents the process time at the temperdture

1

=——t

(33)

required to reduce by 10 the number of microorganisms. The

dependence dD7 on the temperature is assumed in the form

Iog(&)
Dgr
where the parameteris the temperature increasing required
to reduce to 10% the timBg7.

From the Bigelow model we can obtain the expression

of the microorganisms reduction during an arbitrary heating
treatment

- (34)

1
——(T' —Tg)
z

1

T(t)-Tg

N
logl — | =— dt’ 35
g( NO) — (35)
The lethality F; is defined as
t
N T(t)-Tg
Fi=Dgrlogl — )= | 100 = df 36
T RT 9<N0> / (36)
0

Moreover, the lethality in the coldest point whély =
121°C andz = 10°C is denoted byp

t

)

0

Figs. 6 and 7 show the evolution in time of both the lethal-
ity in the coldest point and the number of microorganisms

T(')—121

10 10

dr’ (37)

for the thermal process previously described and illustrated
in Fig. 4. We can notice that in spite of the slight differencein
the lethality between the spatial average and the equivalent
conductivity models for high times, no significant difference
in the microorganism evolution is observed.

We have observed experimentally that temperatures mea-
sured at the center of the pack, placing the thermocouple
in the fluid region (oil and sauce mixture) or into a food
particle, are not significantly different. Moreover, the evo-
lution of the temperature in this region is in good agreement
with a heat conduction model whose equivalent conductiv-
ity, as proved, is very close to the spatial conductivities aver-
age. This fact proves that convection phenomena in the fluid
phase can be neglected, because if one takes into account
the heat convection, a faster temperature evolution should
be obtained. The small size and the different shapes of the
particles which constitutes our study system increase the tor-
tuosity of the fluid flow paths, disturbing the natural convec-
tion. This fact allows us a temperature prediction based on
the hypothesis of food components at rest. Thus, this kind
of model cannot be applied to other systems where the fluid
flow can be easily established, as it is the case of asparagus,
seafood. .. packs. In these cases experiments have shown
that the evolution of the temperature in core region is faster
than the numerical prediction based on an equivalent con-
ductivity with the food components at rest. However, the
modelling proposed in this paper can be successfully applied
to other thermal heterogeneous systems outside the food in-
dustry.
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4. Conclusions for industrial applications (where usually, the conductivity

of the different food components are not very different) a
In this work we have proved that the spatial average of the thermal model using the spatial average of the conductivities
conductivity cannot be used in an homogenized heat transfercan be applied without important deviations.
model, when the conductivity differences among the food In a general case, we propose a spatial homogenisation
components are high. We have pointed out that, in general,procedure solving three steady state boundary value prob-



lems, and to use the resulting equivalent conductivity tensor  We must point out again that the validity of the model
in the average heat transfer model. Although the heterogenetequires convection effects small enough. This will be the
ity in the food particles distribution leads to an anisotropic case of systems containing a very viscous matrix, or very
heat transfer behaviour, when the food particles are distrib- tortuous flow paths. In other cases, a slight error will be
uted at random, the deviation from the isotropic behaviour introduced, whose value will depend on the heat convection
remains around the 1%. A statistical average can be definedntensity.

from a small number of possible particle arrangements, so

that the deviations from the isotropic behaviour decrease

to 0.1%. _ o _ Acknowledgement
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