
HAL Id: hal-00020697
https://hal.science/hal-00020697

Submitted on 14 Mar 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Discrete time approximation for continuously and
discretely reflected BSDE’s

Bruno Bouchard, Jean-François Chassagneux

To cite this version:
Bruno Bouchard, Jean-François Chassagneux. Discrete time approximation for continuously and
discretely reflected BSDE’s. Stochastic Processes and their Applications, 2008, 118, pp.2269-2293.
�hal-00020697�

https://hal.science/hal-00020697
https://hal.archives-ouvertes.fr


���������
	��
	�������	��������
�����������
���! #"$�%�&���! '���� )(��%(���*,+-�. �/

/��������
	��
	�*,+0�
	213	����
	�/5476���8:9;�

<>=�?
@
AB<>AC?�DFE�GH=JI
KMLONQPSR�TVUWNYX[Z�\�]STWN^U�_M`,aO\�b�c!a

]dLfe�g2h�i�jOk
\
]STWN^U�aOlOTV]dLfm�R

nporq mVsf]ST[ept�m�m�TJu v q UWUWNwR q u xyT

zH{$GH@
|�}�=JGH@
~$AH�;�)�>E�Gp�J��Gp�C@
{$?��
KMLONQPSR�TVUWNYX[Z�\�]STWN^U�_M`W`,aO\�b�c%a

]dLpe�g2h�i2j�k
\�]dT[NQU�aOlOTV]dLfm�R

mVsf]rUWU[]d�rLOR qO� t�R�LfU[]dRSu xyT

���H� E���GH=JDFE��H�C�C�

�)�
�����F�O�d�
��R�U�X q e�� XWsfR�e�NQU[m�T[R�X[R¡X[Nw¢'R�]S£O£OT o�� NQ¢¤]FX[N o L o x�XWsOR�U oS¥Qq XWN o L

(Y, Z, K)
o x�]

T[R�¦fRJm,XWRJe¨§�j�©�iªufc�U�NQL�b3]>]SLfe�«Hsf]dLf�­¬;®d¯S¯$°S±�a�²�R³m o LfUWNQe�R�T�]´¢¤]STWµ o P$N^]dL¨U�R�X�XWNQLO�
²�NwXWs�]'TWR�¦fR�m�XWNQLO� n ]STWT[NwR�T o x�XWsOR³x o TW¢

h(X)
²�sOR�T[R

X
U oS¥ PSRJU�]>x o T[²2]ST[e­j�©�iªup�¶R

· TVU¸X.x o m q U o L�XWsOR)e�N^U[m�T[R�XWR ¥ ��T[R�¦pR�m,X[R�e¶m�]rU�Rru>§�]SUWR�e o L¹]¨TWR�£OTWRJU�R�L$X[]FX[N o L�x o T.XWsOR
Z
m o ¢'£ o LOR�L$X�NwL¨XWR�TW¢¤U o x�X[sOR³LOR � X�T[R�¦fRJm,XWN o L¨XWNQ¢'RSaO²2R.TWR�XWT[NwR�PSR�XWsOR³m o L�PSR�TW�rR�Lfm�R

T[R�U qO¥ X o x�b�]�]dLfe «Hsf]SLO�¹¬º®d¯r¯r°r±ª²�NwXWs orq X.XWsOR�NwT q LONYx o TW¢»R ¥Q¥ NQ£�XWN^m�NwX¸��m o LfeONYX[N o L o L
X
u³k�sORJU�R>TWRJU qf¥ XVU�]STWR%XWsOR�L�R � X[R�LfeOR�e�X o X[sOR'm�]SUWR%²�sfR�T[R!XWsfR>T[R�¦pR�m,X[N o L o £HR�TV]FX[R�U

m o L$XWNQL qfoSq U ¥ �ru��¶R�] ¥ U o Nw¢'£OT o PSR�XWsfR nporq Lfe o L´XWsORªm o L�PSR�TW�rR�Lfm�R¼T[]dXWR�²�sOR�L
h ∈ C2

b²�NwXWs�½¾NQ£fU[mVsONYX[¿³U�RJm o Lpe¨e�R�TWNQPF]FX[NwPrRSu

À�Á$Â¹Ã%Ä �FÅ��SÆ h�R�¦pR�m,X[R�e¨§�jO©Mi�U�aOe�N^UWm�TWR�XWR�ÇºX[Nw¢'R�]S£O£OT o�� Nw¢¤]FX[N o L¤UWmVsOR�¢'R�U�arT[R�� qO¥ ]ST�Ç
NwX¸�Su
ÈÊÉ�ËÌË´Í �O�J��ÎÐÏ��r����Î ÄpÑÓÒ[ÔfÕHÕpÕCÖ Æ2× °$g2ØSØOa × ¯SÙMÚ$°�a × ¯$Û�Ür¯fu

Ý



� �������	��

�����������

������������� �!�	"$#&%�'("*),+-�.����/�"$#0���."1��+-243�����+-�
(Y,Z,K)

+!56�7/�",),+-3���2�",/98.+-#�'(�!#�/;:=<>�-)�?;'(�!#�/
@;ACB '>�4����#�"ED ",)$����+-�

Xt = X0 +

∫ t

0
b(Xs)ds +

∫ t

0
σ(Xs)dWs ,

Yt = g(XT ) +

∫ T

t

f(Xs, Ys, Zs)ds −
∫ T

t

(Zs)
′dWs + KT − Kt ,

Yt ≥ h(Xt) , t ≤ T
�!�./ ∫ t

0
(Yt − h(Xt) )dKt = 0 ,
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Ȳ π
T = g(Xπ

T ) ,

Z̄π
ti

= (ti+1 − ti)
−1

Ei

[

Ȳ π
ti+1

(Wti+1
− Wti)

]

Ỹ π
ti

= Ei

[

Ȳ π
ti+1

]

+ (ti+1 − ti)f(Xπ
ti
, Ỹ π

ti
, Z̄π

ti
)

Ȳ π
ti

= Ỹ π
ti
∨ h(Xπ

ti
) , i ≤ N − 1 ,
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∫ T
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|Zt − Z̄t|2dt

]
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Zsds | Fti
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(Ω,F , P)
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Xt = X0 +

∫ t

0
b(Xu)du +

∫ t

0
σ(Xu)dWu

'>�."$#�"
X0 ∈ R

d %��!�./H% b : R
d 7→ R

d �!�./
σ : R

d 7→ M
d �!#�"0�-����3�XY",/���+1hk"

L− FH�4�.��)N���4��IZ%�rM "VM

|b(x) − b(y)| + |σ(x) − σ(y)| ≤ L|x − y| 5L+-#��!242
x, y ∈ R

d . � ~�M Ý��
��"$#�"

M
d �������."1��� �-),"1+!5

d
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R
d +-#

M
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R
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<(Q�),+-�KvZ"$�J����+-��% '("��-����3�XY"���� �!� |X0| + T + |b(0)| + |σ(0)| ≤ L
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Cp
L
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p > 0

M
8 +-#�2\�!��"$#�3.��"V%�'("�#�",)&�!242����."�'("$242�:r?J�.+]'>�j),+-�.��",PJ3."$�.),"1+!5 � ~�M Ý����

‖ sup
t≤T

|Xt| ‖Lp ≤ Cp
L . � ~�Mm~ �
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ξ
%�'("��.+-��" ‖ξ‖Lp := E [|ξ|p]

1

p
M

bc�."C/�����)$#�"$��"E:r���4XY"��!����#�+&s;�4XG�!����+-�e+!5
X

� �-�(hk","$��'>��/�"$24QG����3./���",/��4�f���."024�4��"$#N�!��3�#�"V%���","
"VM U.M�^ Ý�� a=Myo|�."$�

(Xti)i≤N

)&�!���.+-��h	"C�k"$#�5L",)$��24Qq���4X�3�2\�!��",/H% '("�3.��"C���."1���N�!�./.�!#�/ B 3�2�"$#
�N)��."$XY"

Xπ /�"ER.�.",/u5L+-#7��� �!#����4����+-�
π := {0 = t0 < t1 < . . . < tN = T} +!5

[0, T ]
%

N ≥ 1
%�hKQ

{

Xπ
0 = X0

Xπ
ti+1

= Xπ
ti

+ b(Xπ
ti
)(ti+1 − ti) + σ(Xπ

ti
)(Wti+1

− Wti) , i ≤ N − 1 .

���Y���."��N",PK3."$2r%K'S"���� �!242.�.+-��" |π| := maxi≤N−1(ti+1− ti)
���."�XY+;/�3�243.�6+!5

π
�!�./G�-�N��3�XY"

��� �!�

N |π| ≤ L

'>����)N� �.+-2�/��7'>�4���
L ≥ 1

'>�."$�x���."fUV#���/
π
���
#�"$UV3�2\�!#&%S�rM "VM

(ti+1 − ti) = |π| 5t+-#g�!242

i ≤ N − 1
M

W��>3.��3 �!2r%.'S"1/�"ER.�."*�7),+-�J���4�K3.+-3.��:r���4XY"
vZ"$#�����+-�j+!5
Xπ hKQ���"$�����4��U

Xπ
t = Xπ

ti
+ b(Xπ

ti
)(t − ti) + σ(Xπ

ti
)(Wt − Wti) , t ∈ [ti, ti+1) , i ≤ N − 1 . � ~�Mm{ �

�	��

����������� ���>���>'S"$242�?;�.+&'>�e��� �!��3��./�"$# � ~�M Ý��

‖ sup
t≤T

|Xt − Xπ
t | ‖Lp + max

i<N
‖ sup

t∈[ti ,ti+1]
|Xt − Xπ

ti
| ‖Lp ≤ Cp

L |π| 12 , p ≥ 1 . � ~�M ���

�



�����4��UG���N�!�./.�!#�/����!#�UV3�XY"$�K����+-�."1)&�!�j�!2���+g+-h��N�!�4�9�g),+-�./��4����+-� �!2�vZ"$#�����+-�j+!5��������>#�",��3�24� �

Ei

[

|Xti+1
− Xπ

ti+1
|2
]

≤ eCL|π||Xti − Xπ
ti
|2 + CL|π|2Ei

[

(X∗
T )2
]

∀ i ≤ N − 1 , � ~�M } �
'>�."$#�"

Ei [·]
/�"$�.+-��",�9���."O),+-�./��4����+-� �!2Y"Es��k",)$�N�!����+-�

E [· | Fti ]
%

i ≤ N
%*�!�./

X∗
T :=

maxt≤T |Xt|
M

�=5[�.+-�����4��UG"$2���"C���>���k",)$��R ",/H%
Xπ '>�4242 �!24'(�&Q;�0/�"$�.+-��"C���."*�!hk+&vZ"1/�"ER.�.",/���#�+;),",���&M[o|�."$�

X
)&�!��h	"C�k"$#�5t",)$��24Qf���4X�3�2\�!��",/e�!�>���."����4XY",�

(ti)i≤N

%����."$#�"C���>�.+7�.",",/���+7�4�K��#�+;/�3.),"��4���
B 3�2�"$#7�N)��."$XY"VMd�=�w�������7)&�-��"V%�'S"q�N�&Qp��� �!� � i @ � �.+-2�/��g�!�./w/�"ER.�."

Xπ �-���4� � ~�Mm{ � +-�
[ti, ti+1)

h�3���'>�4���
Xti

�4����2\�-),"1+!5
Xπ

ti

%��rM "VM

Xπ
t = Xti + b(Xti)(t − ti) + σ(Xti)(Wt − Wti) , t ∈ [ti, ti+1) , i ≤ N − 1 .

� � � �
�k���1��� �c���N��� � � ��
�� 
 �,�>� 

� ����� 
���
��
	 � 
�� 
y����
y
�
������ �

����� �������! #"$ &%'�

���9���������N",)$����+-��%�'("�/�"ER.�."g��/�����)$#�"$��"$24Q�#�"ED ",)$��",/d< @;ACB M�bc�."
#�"ED ",)$����+-� +-�k"$#N�!��",��+-��24Q
�!�����."1/.�!��",�

0 < r1 < · · · < rκ−1 < T

5t+-#7��+-XY"
κ ≥ 1

M�op"f��"$� < = {rj , 0 ≤ j ≤ κ} '>�."$#�"�hKQO),+-�JvZ"$�K����+-�
r0 := 0

�!�./

rκ := T
M bc�."c��+-243�����+-�g+!5	���."(/����N)$#�"$��"$24Q*#�"ED ",)$��",/g< @;ACB ���[��),+-3���2�"

(Y b, Zb)
�N�!������5 Q;�4��U

Y b
T = Ỹ b

T := g(XT )

�!�./H%�5L+-#
j ≤ κ − 1

�!�./
t ∈ [rj , rj+1)

%
{

Ỹ b
t = Y b

rj+1
+
∫ rj+1

t
f(Θb

s)ds −
∫ rj+1

t
(Zb

s)
′dWs ,

Y b
t = R

(

t , Xt , Ỹ b
t

)

.
� {�M Ý��

��"$#�"
h, g : R

d 7→ R
� �!������5 Q

g ≥ h
+-�

R
d % f : R

d × R × R
d 7→ R

%
Θb := (X, Ỹ b, Zb)

%

(Zb)′
���>���."���#N�!�.���k+V��",/�vZ",)$��+-#0+!5

Zb %.�!�./

R(t, x, y) := y + [h(x) − y]+1{t∈<\{0,T}} , (t, x, y) ∈ [0, T ] × R
d+1 .

<(QG����+-243�����+-��%;'S"0XY"&�!�q�!���-/.�!����",/f��#�+J),",�N�
(Y b, Zb) ∈ S2 ×H2 '>�."$#�"V%J5L+-# p ≥ 1

% Sp

�������."1��"$��+!5[#�"&�!2�v-�!243.",/���#�+-UV#�",�����4vZ"$24QqXY"&�-��3�#N�!h�2�"
U

��3.)������ �!�

||U ||Sp := ‖ sup
t≤T

|Ut| ‖Lp < ∞ ,

�!�./ Hp ���>���."��N"$��+!5���#�+-UV#�",�����4vZ"$24QfXY"&�-��3�#N�!h�2�"
R

d :rvV�!243.",/���#�+;),",����",�
V

�N�!������5LQJ�4��U

||V ||Hp := ‖
(∫ T

0
|Vr|2dr

)

1

2

‖Lp < ∞ .

}



���p���."75t+-242�+&'>�4��U.% 'S"���� �!242T"Es���"$�./ ���."Y/�"ER.���4����+-� +!5 || · ||Sp

�!�./ || · ||Hp

��+���#�+;),",����",�
'>�4���ev-�!243.",���4�

R
d +-#

M
d %����.",��"*"Es;��"$�.����+-�.��h	"$�4��UG/�"ER.�.",/��4�j�7����#N�!�4UV�K��5t+-#�'(�!#�/j'(�&QZM

� h.�N"$#�vZ"���� �!�C���."7��+-243�����+-� +!5 � {�M Ý�� )&�!�9h	"
),+-�.����#�3.)$��",/d����",),"$'>����"VM�W�����3�Xg�4��Uq��� �!�
g
%

h
�!�./

f
�!#�"

L
:=FH�4�.�N)����4��I �

|g(x1) − g(x2)| + |h(x1) − h(x2)| + |f(θ1) − f(θ2)| ≤ L (|x1 − x2| + |θ1 − θ2|)
5t+-#��!242

x1, x2 ∈ R
d �!�./

θ1, θ2 ∈ R
d × R × R

d %����."Y"Es;������"$�.),"G�!�./ 3�����PJ3."$�.",���*+!5>���."
�N+-243�����+-�Y5t+-242�+&'x5L#�+-X ^ Ý {!a=M[<(Q
),+-�JvZ"$�K����+-��%;'S"��-�N��3�XY">��� �!� |g(0)|+ |h(0)|+ |f(0)| ≤ L

M

�	��

������� ��� 8.+-#�2\�!��"$#�3.��"V%�+-h.��"$#�vZ"���� �!� � {�M Ý�� )&�!��h	"C'>#��4����"$�d�-�

Ỹ b
t = g(XT ) +

∫ T

t

f(Xu, Ỹ b
u , Zb

u)du −
∫ T

t

(Zb
u)′dWu + K̃b

T − K̃b
t , t ≤ T � {�Mm~ �

'>�4���

K̃b
t :=

κ−1
∑

j=1

[

h(Xrj
) − Ỹ b

rj

]+
1{rj≤t} .

<(Qp#�"$�k"&�!���4��Ud���."f�!#�UV3�XY"$�J���g+!5����."���#�+J+!5�+!50iT#�+-�	+V���4����+-� {�M } �4�|^mlna=%['("f���."$�w"&�-���424Q
)N�.",)�?���� �!�

||Ỹ b||S2 + ||Y b||S2 + ||Zb||H2 + ‖Kb
T ‖L2 ≤ CL . � {�Mm{ �

�0",)&�!242���� �!�
CL > 0

�����7),+-�.���N�!�J���4�./�"$�k"$�./�"$�K�0+!5 < M

op"�),+-�.)$243./�"1�������0��",)$����+-��'>�4���9�g#�"$UV3�2\�!#��4�=Q�#�",��3�24��+-�
Y b '>�.+V��"*��#�+J+!5[����UV�4vZ"$�d�!�����."

"$�./e+!5 @ ",)$����+-� } Mm{�M

� �������
	���
���������� �������������
p ≥ 2 �

max
i≤N−1

E

[

sup
t∈(ti ,ti+1]

|Y b
ti+1

− Y b
t |2
]

≤ CL |π| .

����� �  ����! $��" �!" "$ �# �%$'&(&( %
)� �#*$ "$ &% �

8.#�+-X �.+&' +-��%�'S"Y�-����3�XY"7��� �!� < ⊂ π
%H�rM "VM����."7#�"ED ",)$����+-�p���4XY",�*�!#�"7�4�.)$243./�",/p�4� ���."

� �!#����4����+-�9/�"ER.���4��UG���." B 3�2�"$#���)��."$XY"*+!5����."C5t+-#�'(�!#�/���#�+J),",���
X
M

op"d�!����#�+,s��4XG�!��"
(Y b, Zb)

hJQ ���."j����",),"$'>����"j),+-�.���N�!�K�q��#�+J),",�N�
(Ȳ π, Z̄π)

/�"ER.�.",/|hKQ
�4�./�3.)$����+-�jhKQ



















Z̄π
ti

= (ti+1 − ti)
−1

Ei

[

Ȳ π
ti+1

(Wti+1
− Wti)

]

Ỹ π
ti

= Ei

[

Ȳ π
ti+1

]

+ (ti+1 − ti)f(Xπ
ti
, Ỹ π

ti
, Z̄π

ti
)

Ȳ π
ti

= R
(

ti , Xπ
ti

, Ỹ π
ti

)

, i ≤ N − 1 ,

� {�M ���

�



�!�./�hKQq���."C��"$#�Xg�4� �!2 ),+-�./��4����+-�

Ȳ π
T = Ỹ π

T := g(Xπ
T ) .

�0",)&�!242���� �!�
Ei [·]

���N�!�./��c5t+-#
E [· | Fti ]

MT8.+-#�"&�-��"�+!5[�.+-�N�!����+-�.�&%�'("1��"$�

(Ȳ π
t , Z̄π

t ) = (Ȳ π
ti

, Z̄π
ti
)

5t+-#
t ∈ [ti, ti+1) i ≤ N − 1 . � {�M } �

�����4��Uq�!�j�4�./�3.)$����+-�p�!#�UV3�XY"$�K�1�!�./e���."�FH�����	)N���4��I$:=),+-�K���4�K3��4��Qp�-����3�Xg������+-�d+-�
g
%
h
�!�./

f
%	+-�."�"&�-���424Q�)��.",)�?��C��� �!�����."
�!hk+&vZ"
��#�+;),",����",�C�!#�"���PJ3 �!#�"1�4�J��"$UV#N�!h�2�"VM��=��5L+-242�+]'������ �!�

���."*),+-�./��4����+-� �!2 "Es��	",)$�N�!����+-�.���!#�"�'S"$242�/�"ER.�.",/j�!��"&�-)��e����"$�e+!5����."1�!24UZ+-#��4����X�M

�	��

������� � � � h.��"$#�vZ"���� �!�
Ỹ π ����/�"ER.�.",/��4Xg��24��)$�4��24Qe�-�����."1��+-243�����+-�e+!56��R�s�",/��	+-�4�J�

��#�+-h�2�"$X�M @ �4�.),"
f
���6FH�4�.��)N���4��I$:=),+-�K���4�J3.+-3.�&%��4�T���T/�"ER.�.",/G'>�4���G�.+*�!X�h��4UV3��4�=QZMT�9+-#�",+&vZ"$#&%

5t+-#1��XG�!242yvV�!243.",�1+!5 |π| �4�1)&�!� hk"g",�����4XG�!��",/d�K3�XY"$#���)&�!2424Q �4�O��vZ"$#�Qj5t�-���1�!�./O�-),)$3�#N�!��"
'c�,QZ%J��5��.+-�y"Es���24��)$�4�&M op"c#�"E5t"$#y��+7^m~!a�5L+-#T��/�����)$3.������+-�Y+-�g���."(/����H"$#�"$�.),">hk"$�='(","$�Y�4Xg��24��)$�4�
�!�./e"Es;��24��)$�4���N)��."$XY",�&M

8 +-#�2\�!��"$#�3.��"V%H2�"$�C3.�C�4�K��#�+;/�3.),"g���."g),+-�K���4�J3.+-3.�1���4XY"g��)N�."$XY"Y�-����+;)$�\�!��",/d��+
(Ȳ π, Z̄π)

M
<(Qf���."�XG�!#����4��UK�!2�"1#�"$��#�",�N"$�K�N�!����+-�9���.",+-#�"$X�%����."$#�"1"Es��������

Zπ ∈ H2 ��3.)��e��� �!�

Ȳ π
ti+1

= Ei

[

Ȳ π
ti+1

]

+

∫ ti+1

ti

(Zπ
u )′dWu , i ≤ N − 1 .

op"*)&�!�����."$�e/�"ER.�."
Ỹ π +-�

[ti, ti+1)
hKQ

Ỹ π
t = Ȳ π

ti+1
+ (ti+1 − t)f(Xπ

ti
, Ỹ π

ti
, Z̄π

ti+1
) −

∫ ti+1

t

(Zπ
u )′dWu , � {�Mm� �

�!�./e��"$�

Y π
t := R(t,Xπ

t , Ỹ π
t )

5L+-#
t ≤ T ,

�N+7��� �!�

Y π = Ȳ π +-�
π

�!�./
Y π = Ỹ π +-�

[0, T ] \ < . � {�M`_ �
�	��

������� � � ���c5L+-242�+]'��c5 #�+-X ���."1�=� � ���N+-XY"$��#�Q���� �!�

Z̄π
t = (ti+1 − ti)

−1
Ei

[
∫ ti+1

ti

Zπ
udu

]

, ∀ t ∈ [ti, ti+1) , i ≤ N − 1 , � {�M�� �

#�",)&�!242 � {�M } � M

_



��� � � % ��� �  �� � �(� �  $�
�����&" �

��� +-#�/�"$#
��+9���N�!��"f+-3�#*R.#�����#�",��3�24�&%T'S"��.",",/u��+j�4�K��#�+;/�3.),"f���."f��#�+J),",���
Z̄b /�"ER.�.",/ +-�

"&�-)N�e�4�J��"$#�v-�!2
[ti, ti+1)

hKQ

Z̄b
t := (ti+1 − ti)

−1
Ei

[∫ ti+1

ti

Zb
udu

]

. � {�Mml �
�	��

������� �
	 8.+-#�2\�!��"$#�3.��"V%�+-h.��"$#�vZ"���� �!�&%�hJQ � {�M�� � �!�./��Z"$�.��"$��
 ���4�.",PK3 �!24�4��QZ%

E

[

|Z̄b
t − Z̄π

t |2
]

≤ (ti+1 − ti)
−1

∫ ti+1

ti

E

[

|Zb
u − Zπ

u |2
]

du , � {�M Ý�� �
'>����)N�e�4Xg��24��",�

||Z̄b − Z̄π||H2 ≤ ||Zb − Zπ||H2 . � {�M Ý�Ý��
bc�."05t+-242�+&'>�4��Ug#�",��3�24�c���.+]'��S��� �!�c���."��!����#�+,s��4XG�!����+-��"$#�#�+-#c���6�4�J���4XG�!��"$24Q�#�"$2\�!��",/f��+
���."

H2 �.+-#�X +!5
Zb − Z̄b MyW ���4Xg�42\�!#>��#�+-�	"$#���Q��.+-2�/��>�4�����."C�.+-��:r#�"ED ",)$��",/e)&�-��"V%���","g^m~na=%H^m{na=%

^ Ý$� a �!�./p^ Ý&} a=M

� �������
	���
���������� ��������� ����� ����������� �����! #"

max
j≤κ−1

‖ sup
t∈[rj ,rj+1]

|Y π
t − Y b

t | ‖L2 ≤ CL

(

|π| 12 + ||Zb − Z̄b||H2

)

,

�$�%�

||Zπ − Zb||H2 ≤ CL

(

κ
1

2 |π| 12 + ||Zb − Z̄b||H2

)

.

&'��(*),+�-.� �����! 
��/ �0�1�

||Zπ − Zb||H2 ≤ CL

(

|π| 12 + ||Zb − Z̄b||H2

)

.

bc�."1��#�+J+!5y",����"$�J���\�!2424Q�5t+-242�+&'������."*�!#�UV3�XY"$�K����+!5>^m{na �!�./����>��#�+&v;��/�",/��4�����."��!���	"$�./���sHM

�	��

������� �32 � h.��"$#�v;�4��UY��� �!�
Z̄b ���>���."�hk",��� L2(Ω × [0, T ])

:��!����#�+,s��4XG�!����+-�p+!5
Zb hKQ

�-/.�!����",/ ��#�+;),",����",��'>����)�� �!#�"f),+-�.���N�!�J�7+-�x"&�-)N�w�4�J��"$#�v-�!242�"
[ti, ti+1)

%y'S"f/�",/�3.),"f��� �!�

||Zb − Z̄b||2H2

UZ+;",�(��+
0
�-� |π| UZ+J",�(��+ 0

MTbc�K3.�]%����."C�!hk+&vZ"���#�+-�k+V���4����+-�e�-)$��3 �!2424Qq���.+&'��
��� �!�0+-3�#�/�����)$#�"$��"E:r���4XY"*�N)��."$XY"�����),+-�JvZ"$#�UZ"$�K�&M(bc�����0�!2���+7�4Xg��24��",����� �!�

||Zb − Z̄b||2H2 ≤
N−1
∑

i=0

E

[
∫ ti+1

ti

|Zb
t − Zb

ti
|2dt

]

.

���q+-#�/�"$#S��+*UZ"$�c�1h	+-3��./f+-�����."�),+-�KvZ"$#�UZ"$�.),"�#N�!��"V%;�4�6#�"$XG�!�4�.�(��+
),+-�K��#�+-2 ||Zb − Z̄b||2H2

M
@ 3.)N�9�7),+-�J��#�+-2�'>�4242�hk"�+-h��N�!�4�.",/�3��./�"$#�+-�."�+!5[���."C5t+-242�+&'>�4��Uq�-/�/��4����+-� �!2��-����3�Xg������+-�.�]M

(H1)
�
h ∈ C1

b

'>�4���
L
:=F��4�.��)����4��I
/�"$#��4v-�!���4vZ"VM

+-#

(H2)
�
h ∈ C2

b

'>�4���
L
:=F��4�.��)����4��I*R.#����0�!�./���",),+-�./�/�"$#��4vV�!���4vZ",�&M
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||Zb − Z̄b||H2 ≤ CL α(κ) |π| 12 ,

� ��� � �
α(κ) = κ

1

4 � � � � � (H1) �
�$�%�

α(κ) = 1 � �%� � � (H2)
�
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�

max
j≤κ−1

‖ sup
t∈[rj ,rj+1]

|Y π
t − Y b

t | ‖L2 ≤ CL αY (κ) |π| 12

�$�%�

||Zπ − Zb||H2 ≤ CL αZ(κ) |π| 12

��� / � (αY (κ), αZ(κ)) = (κ
1

4 , κ
1

2 ) � �%��� � (H1) �
���%�

(αY (κ), αZ(κ)) = (1, κ
1

2 ) � � � � �

(H2)
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��%� � � (�) +�- / �0�  ��� ��
 � � �%�! � ����� ��� / � αZ(κ) = κ
1

4 � �%� � � (H1) �
���%�

αZ(κ) = 1

� �%� � � (H2)
�
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(Ȳ π, Z̄π)
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� � ������� ����� ��� �	��� / (H1)
� � �
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�

max
i≤N−1

‖ |Ȳ π
ti
− Y b

ti
| + sup

t∈(ti ,ti+1]
|Ȳ π

ti+1
− Y b

t | ‖L2 ≤ CL αY (κ) |π| 12

�$�%�

||Z̄π − Zb||H2 ≤ CL αZ(κ) |π| 12

��� / � (αY (κ), αZ(κ)) = (κ
1

4 , κ
1

2 ) � �%��� � (H1) �
���%�

(αY (κ), αZ(κ)) = (1, κ
1

2 ) � � � � �
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��%� � � (�) +�- / �0�  ��� ��
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1

4 � �%� � � (H1) �
���%�

αZ(κ) = 1
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�
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CL|π|
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σ
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),+-X7:

��2�"$��"$24Qg/����H"$#�"$�K�&M[���y���[h �-��",/g+-�G�0#�"$��#�",��"$�K�N�!����+-�G5L+-#
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σ
M�bc�."
�!h	+]vZ"*#�",��3�24����'>�4242 h	"�"Es;��"$�./�",/e��+Y���."
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� � % � � "� ��(� " �����  #"�� "������.�,�&�  ����� �
# �

���
����������3�h.��",)$����+-��%-'S"(�4�K��#�+;/�3.),"c���."(��+-243�����+-�
(Y b,e, Zb,e,Kb,e)

+!5	�0/�����)$#�"$��"$24Q�#�"ED ",)$��",/
< @;ACB /�"ER.�.",/9�-�

(Y b, Zb,Kb)
h�3��>'>�4���

Xπ �4�.����"&�-/e+!5
X
%.�rM "VM

Y b,e
T = Ỹ b,e

T := g(Xπ
T )

�!�./H%�5L+-#
j ≤ κ − 1

�!�./
t ∈ [rj , rj+1)

%
{

Ỹ b,e
t = Y b,e

rj+1
+
∫ rj+1

t
f(Θb,e

u )ds −
∫ rj+1

t
(Zb,e

s )′dWs ,

Y b,e
t = R

(

t , Xπ
t , Ỹ b,e

t

)

.
� {�M Ý ~ �

'>�4���
Θb,e := (Xπ, Ỹ b,e, Zb,e)

M
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),+-�J���4�K3.+-3.��24Qe#�"ED ",)$��",/�)&�-��"VM
� h.�N"$#�vZ"���� �!�

Ỹ b,e
t = g(Xπ

T ) +

∫ T

t

f(Θb,e)du −
∫ T

t

(Zb,e
u )′dWu + K̃b,e

T − K̃b,e
t , t ≤ T ,

'>�4���

K̃b,e
t :=

κ−1
∑

j=1

[

h(Xπ
rj

) − Ỹ b,e
rj

]+
1rj≤t .
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||Zπ − Zb,e||H2 ≤ CL

(

|π| 12 + ||Zb,e − Z̄b,e||H2

)

, � {�M Ý { �
'>�."$#�"

Z̄b,e ����/�"ER.�.",/����4Xg�42\�!#�24Q��-�
Z̄b %��rM "VM

Z̄b,e
t := (ti+1 − ti)

−1
Ei

[
∫ ti+1

ti

Zb,e
s ds

]

, t ∈ [ti, ti+1), i ≤ N − 1 .
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Zb,e M
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�����������	 ��� / (H1)
� � �
���.���0� �

�

||Zb,e − Z̄b,e||H2 ≤ CL

(

κ
1

4 |π| 12 + |π| 14
)

.
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Yt = g(XT ) +

∫ T

t

f(Xs, Ys, Zs)ds −
∫ T

t

(Zs)
′dWs + KT − Kt ,

Yt ≥ h(Xt) , 0 ≤ t ≤ T � � M Ý��
'>�4���

K
),+-�J���4�K3.+-3.�&%��.+-��:=/�",)$#�"&�-���4��U.% ��3.)������ �!�

K0 = 0
�!�./

∫ T

0
(Yt − h(Xt))dKt = 0 . � � Mm~ �

B s;������"$�.),"u�!�./�3�����PK3."$�.",�N�e+!5Y� ��+-243�����+-�
(Y,Z,K) ∈ S2 × H2 × S2 5t+-242�+&'���5L#�+-X

bc�.",+-#�"$X } Mm~7�4�p^ml!a=%�#�",)&�!242���� �!�
g
%
h
�!�./

f
�!#�"�FH�4�.�N)����4��I$:=),+-�K���4�J3.+-3.�&M

W����4� @ ",)$����+-�x{�M � %�'("f�!2���+j/�"ER.�."
(Y e, Ze,Ke)

�-�1���."f��+-243�����+-�w+!5 � � M Ý�� '>�4��� Xπ �4�
��2\�-),"*+!5

X
%.�rM "VM

Y e
t = g(Xπ

T ) +

∫ T

t

f(Xπ
s , Y e

s , Ze
s )ds −

∫ T

t

(Ze
s )′dWs + Ke

T − Ke
t ,

Y e
t ≥ h(Xπ

t ) , 0 ≤ t ≤ T ,

'>�."$#�"
Ke ���c),+-�K���4�J3.+-3.�0�!�./f�.+-��:=/�",)$#�"&�-���4��U.%

Ke
0 = 0

�!�./ ∫ T

0 (Y e
t − h(Xπ

t ))dKe
t = 0

M

� 3�#
R.#����
#�",��3�24�
���
#N�!���."$#
���N�!�./.�!#�/HM �������.+&'��
��� �!�
(Y,Z)

�!�./
(Y e, Ze)

)&�!�wh	"q�!��:
��#�+&s;�4XG�!��",/fhJQg���."���+-243�����+-�.�(+!5�/�����)$#�"$��"$24Qg#�"ED ",)$��",/f< @;ACB �c�!�(�*���k",",/ |<| 12 3��./�"$#(���."
�-�N��3�Xg������+-� �
(H3)

� bc�."$#�"1"Es��������
ρ1 : R

d 7→ R
d �!�./

ρ2 : R
d 7→ R+

��3.)������ �!�

|ρ1(x)| + |ρ2(x)| ≤ CL(1 + |x|CL)

h(x) − h(y) ≤ ρ1(x)′(y − x) + ρ2(x)|x − y|2 , ∀ x, y ∈ R
d .

�	��

����� 	 ��� bc�����c),+-�./��4����+-�����S��24�4UV�K��24QG'("&�!?Z"$#>��� �!�q���."0��"$Xg��:=),+-�JvZ"Es;�4��Qq�-�N��3�Xg������+-�
+!5 A "ER.���4����+-� Ý �4�O^ Ý a�'>����)N�e����� �!������R ",/�'>�."$�."$vZ"$#

(H1)
+-#

(H2)
�.+-2�/HM

� �������
	���
������ 	 � ���   � � � / � � / (H3)
� � �
�! � ���0�1�

�

sup
t∈[0,T ]

‖Yt − Y b
t ‖L2 + ||Z − Zb||H2 ≤ CL |<| 12

�$�%�

sup
t∈[0,T ]

‖Y e
t − Y b,e

t ‖L2 + ||Ze − Zb,e||H2 ≤ CL |<| 12 .

&'� � ��� � ����� �
(H1)

� �����! 
��/ �0�1�

max
j≤κ−1

(

‖ sup
t∈[rj ,rj+1]

|Yt − Y b
t | ‖L2 + ‖ sup

t∈[rj ,rj+1]
|Y e

t − Y b,e
t | ‖L2

)

≤ CL |<| 12 .
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��� � � � ��
 	 � �	��� / (H1)
� �����

��/ �0� �

max
i≤N−1

‖ sup
t∈(ti ,ti+1]

|Ȳ π
ti+1

− Yt| + sup
t∈[ti,ti+1]

|Y π
t − Yt| ‖L2 ≤ CL α(π)

��� � ||Z̄π − Z||H2 + ||Zπ − Z||H2 ≤ CL |π| 14 ,

��� / � α(π) = |π| 14 � �%� � � (H1)
�$�%�

α(π) = |π| 12 � �%� � � (H2)
�

&'�
(H2)

���%� (*),+�-.� �����
��/ �0�1�

||Z̄π − Z||H2 + ||Zπ − Z||H2 ≤ CL |π| 12 ,

� ��� ��� � Ý M bc�."�"$#�#�+-#�+-�
Y

�!�./����."*",�����4XG�!��"*+-�
Z
3��./�"$#

(H2)
�!�./ � i @ � 5t+-242�+&' 5 #�+-X

iT#�+-�	+V���4����+-� � M Ý % � +-#�+-242\�!#�Q�{�M Ý �!�./�bc�.",+-#�"$X {�M Ý �!����24��",/�'>�4��� < = π
M

~�M bc�."j",�����4XG�!��"�5t+-#
Z

�4�|���."�UZ"$�."$#N�!2�)&�-��"����q� h��4�fXY+-#�"j�4�KvZ+-24vZ",/HM op"�R.#������!��:
��#�+&s;�4XG�!��"

(Y,Z)
hKQ

(Y e, Ze)
M0����5t+-242�+&'��05L#�+-X iT#�+-�	+V���4����+-�p{�Mm�G�4�w^mlna=%	+-3�#CFH�4�.��)����4��I$:

),+-�J���4�K3��4��Q|�-����3�Xg������+-�.�]% � ~�Mm~ � �!�./ � ~�M ��� ��� �!� ||Z − Ze||2H2 ≤ CL

√

|π| M bc�."$��%c'S"
�!����#�+&s;�4XG�!��"

(Y e, Ze)
hKQ

(Y b,e, Zb,e)
/�"ER.�.",/z�4� @ ",)$����+-��{�Mm{�M <(Q iy#�+-�k+V���4����+-� � M Ý %

||Ze − Zb,e||2H2 ≤ CL |π| M 8��4� �!2424QZ%>�4�G5t+-242�+&'���5L#�+-X � {�M Ý { � ��� �!� ||Zπ − Zb,e||2H2 ≤
CL

(

|π| + ||Zb,e − Z̄b,e||2H2

) %J'>�."$#�"����."02\�-���6��"$#�X ���S),+-�J��#�+-242�",/GhJQGiy#�+-�k+V���4����+-��{�M � M�b +
),+-�.)$243./�"V%K'S">/�",/�3.),"c5L#�+-X �Z"$�.��"$��
 �y�4�.",PJ3 �!24�4�=Q
��� �!� ||Z̄π−Zb,e||H2 ≤ ||Zπ−Zb,e||H2 +

||Zb,e − Z̄b,e||H2

%�#�",)&�!242 � {�M�� � M 2

W��>�4� � {�Mml � % 'S"��.+]' /�"ER.�."

Z̄t := (ti+1 − ti)
−1

Ei

[∫ ti+1

ti

Zudu

]

,

Z̄e
t := (ti+1 − ti)

−1
Ei

[∫ ti+1

ti

Ze
udu

] 5L+-#
t ∈ [ti, ti+1) , i ≤ N − 1 .
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||Z̄b − Z̄||H2 ≤ ||Zb − Z||H2

�!�./ ||Z̄b,e − Z̄e||H2 ≤ ||Zb,e − Ze||H2 . � � Mm{ �
� +-X�h��4���4��U � � Mm{ � %�iT#�+-�	+V���4����+-� � M Ý %[iy#�+-�	+V���4����+-�w{�Mm{e�!�./uiy#�+-�k+V���4����+-�w{�M � 5L+-# < = π
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Ze M

� � ������� ����� 	 � �	��� / (H1)
� � �
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��/ �0�1�

||Z − Z̄||H2 + ||Ze − Z̄e||H2 ≤ CL |π| 14 .

&'� � ��� � ����� �
(H2)

� �����! 
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||Z − Z̄||H2 ≤ CL |π| 12 .
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1,2 +!5>�-/.�!����",/O��#�+J),",�N��",�

V
��3.)��p��� �!�&%��n5 ��"$#1�k+V�����4h�24Q

� �-�N���4��UY��+Y�g��3��4�N�!h�2�"1vZ"$#�����+-��%
Vs ∈ D

1,2 5t+-#��!242 s ≤ T
�!�./

||V ||H2 +

∫ T

0
||DtV ||H2dt < ∞ .

�������."C5t+-242�+&'>�4��U.% 'S"1��� �!242��!24'(�,Q���),+-�.����/�"$#0�7��3��4�N�!h�2�"�vZ"$#�����+-�e��5��.",),",��� �!#�QZM

�������������N",)$����+-��%�'S"�'(+-#�?q3��./�"$#����."1����#�+-��UZ"$#0�-�N��3�Xg������+-�.� �
(H′)

�
b
%
σ
%
g
�!�./

f
�!#�"

C1
b

M
bc�."1UZ"$�."$#N�!2 )&�-��"C'>�4242�hk"�+-h��N�!�4�.",/�hJQf3.���4��U��!�e�!����#�+,s��4XG�!����+-�d�!#�UV3�XY"$�J�&M

�	��

����� 2���� ���(���c'("$242�?;�.+&'>����� �!�>3��./�"$#����."1�!hk+&vZ"1�-�N��3�Xg������+-�.�
X ∈ L

1,2 %���","�"VM U.M
^ Ý ~-a=%.�!�./��N�!������R ",�c5t+-#

p ≥ 2

sup
s≤T

‖DsXt − DsXu‖Lp + ||DtX − DuX||Sp ≤ Cp
L |t − u| 12 , t, u ≤ T . � } M Ý��

�9+-#�",+&vZ"$#&% ���."CR.#����>vV�!#��\�!����+-�e��#�+;),",��� ∇X
+!5

X
����'S"$242 /�"ER.�.",/j�!�./���+-24vZ",��+-�

[0, T ]

∇Xt = Id +

∫ t

0
∇b(Xr)∇Xrdr +

∫ t

0

d
∑

j=1

∇σj(Xr)∇XrdW j
r

'>�."$#�"
Id

���>���."���/�"$�J���4�=Q�XG�!��#���s�+!5
M

d % σj �������." j
:r���j),+-243�Xg�9+!5

σ
%��!�./ ∇b

% ∇σj

���."
�J�-),+-h��\�!�eXG�!��#���s�+!5

b
�!�./

σj

My�����c�4�KvZ"$#���"
(∇X)−1 �������."1��+-243�����+-�e+-�

[0, T ]
+!5

(∇X)−1
t = Id −

∫ t

0
(∇X)−1

r



∇b(Xr) −
d
∑

j=1

∇σj(Xr)∇σj(Xr)



dr

−
∫ t

0

d
∑

j=1

(∇X)−1
r ∇σj(Xr)dW j

r ,

Ý {



�!�./����."C5L+-242�+]'>�4��U����N�!�./.�!#�/e",�����4XG�!��",���.+-2�/ �

||∇X||Sp + ||(∇X)−1||Sp ≤ Cp
L . � } Mm~ �

8��4� �!2424QZ% 'S"�#�",)&�!242����."1'S"$242�:r?;�.+&'>�e#�"$2\�!����+-�jh	"$��'S","$� ∇X
�!�./

DX
�

DtXs = ∇Xs(∇Xt)
−1σ(Xt)1t≤s

5t+-#��!242
t, s ≤ T . � } Mm{ �

�����4��UY���."1�!hk+&vZ"*",�����4XG�!��",�&% � ~�Mm~ � �!�./����."1FH�4�.��)N���4��I$:=),+-�K���4�K3��4��Q9+!5
σ
%�'S"1/�",/�3.),"1��� �!�

|| sup
s≤T

|DsX| ||Sp ≤ Cp
L . � } M ���

�	��

����� 2�� � � h.��"$#�vZ"���� �!�
Xπ �!2��N+gh	"$2�+-��UZ����+

L
1,2 3��./�"$#

(H′)
�!�./��N�!������R ",�

DsX
π
t = σ(Xπ

φs
) +

∫ t

s

∇b(Xπ
φr

)DsX
π
φr

dr +

∫ t

s

d
∑

j=1

∇σj(Xπ
φr

)DsX
π
φr

dW j
r

'>�."$#�"
φt = max{u ∈ π : u ≤ t} Mybc�J3.�&% DsX

π
t

���>UV�4vZ"$��hJQ






∏

k∈Ns,t



Id + ∇b(Xπ
tk

)(tk+1 ∧ t − tk) +

d
∑

j=1

∇σj(Xπ
tk

)(W j
tk+1∧t − W j

tk
)











σ(Xπ
φs

)

'>�4���
Ns,t := {k ≤ N : s ≤ tk < t} M �����4��Uq���."
h	+-3��./d+-� ∇b

�!�./ ∇σj % j ≤ d
%	'S"

+-h��N�!�4�

E

[

sup
s,t≤T

|DsX
π
t |p
]

≤ Cp
L

(

1 + Cp
L|π|2p

)N

(

1 + E

[

sup
t≤T

|Xπ
t |2p

])
1

2

'>����)N�e2�"&�-/�����+

E

[

sup
s≤t≤T

|DsX
π
t |p
]

≤ Cp
L , p ≥ 1 . � } M } �

<(Qj3.���4��U����N�!�./.�!#�/p�!#�UV3�XY"$�K���]%�+-�."Y�!2���+q"&�-���424Qj)N�.",)�?������ �!�����."7hk+-3��./�� � } M Ý�� )&�!�9hk"
"Es���"$�./�",/���+

Xπ %�3�����5t+-#�Xg24Qq�4�
π
�

sup
s≤T

‖DsX
π
t − DsX

π
u‖Lp + ||DtX

π − DuXπ||Sp ≤ Cp
L |t − u| 12 , t, u ≤ T . � } Mm� �

����� � �
&( $�
� � �'" $ "$ &% �

����+-#�/�"$#>��+7��#�+&v;��/�"*�7��3��4�N�!h�2�"C#�"$��#�",�N"$�K�N�!����+-�j+!5
Zb %�'("1��� �!242��!���k"&�!2���+
���."C5L+-242�+]'>�4��U

"&�-��Q�2�"$XgXG��M

� ��
 
 � 2���� &'�
F ∈ D

1,2 ��/ �0� � [F ]+ ∈ D
1,2 ���%� Dt[F ]+ = (DtF )1{F>0}

�

Ý$�



� ��� ��� �0<(Q��0����#N�!�4UV�J��5L+-#�'c�!#�/G�-/.�!���N�!����+-�Y+!5�iy#�+-�k+V���4����+-� Ý Mm~�Mm{0�4��^ Ý ~na=%-'S"c+-h.��"$#�vZ"(��� �!�

[F ]+
h	"$2�+-��UZ����+

D
1,2 �!�./

Dt[F ]+ = α(DtF )
'>�."$#�"

α
���0�g#N�!�./�+-X vV�!#��\�!h�2�"�h	+-3��./�",/

hJQ Ý �N�!������5LQ;�4��U
1{F>0}α = 1{F>0}

Mpbc�."q��#�+J+!50���7���."$� ),+-�.)$243./�",/ hKQw�!���k"&�!24�4��U ��+
iT#�+-�	+V���4����+-� Ý Mm{�M`_
�4�p^ Ý ~!a=M

2

�0",)&�!2424�4��Uq��� �!�
g ≥ h

%	3.���4��U ��"$XG�!#�? } M Ý %kF�"$XgXG� } M Ý %Hiy#�+-�k+V���4����+-� } Mm{Y�4�x^��naT�!�./ �!�
�4�./�3.)$����+-�d�!#�UV3�XY"$�K�&%�'S"1"&�-���424Qf/�",/�3.),"C5L#�+-X � {�M Ý�� ��� �!� (Ỹ b, Zb)

h	"$2�+-��UZ�>��+
L

1,2 M

� �������
	���
������ 2 � �	��� / (H′)
�!���
� � �����1�

��/ �0��� � ��� �   (Ỹ b, Zb)

 � � �����! / � L

1,2 ���%� � � ���
� ���

t ≤ T � Dt(Ỹ
b, Zb)

 ��� �!�  �$�
[rj , rj+1) � j ≤ κ − 1 �

DtỸ
b
s = (Dth(Xrj+1

) − DtỸ
b
rj+1

)1{h(Xrj+1
)>Ỹ b

rj+1
} � } M`_ �

+ DtỸ
b
rj+1

+

∫ rj+1

s

∇f(Θb
u)DtΘ

b
udu −

∫ rj+1

s

DtZ
b
sdWs .

���d+-#�/�"$#0��+GUZ"$�0#���/9+!5T���."*�4�./���)&�!��+-#�5L3��.)$����+-�.���!���	"&�!#��4��Uf�4� � } M`_ � %	'("*�.+]' /�"ER.�."
���."
5t+-242�+&'>�4��Uf��",PJ3."$�.),"1+!5[����+-�����4��UY���4XY",�

τj = inf{t ∈ < | t ≥ rj+1, h(Xt) > Ỹ b
t } ∧ T , j ≤ κ − 1 .

8 +-242�+&'>�4��Ud^ Ý$� a6%�'S"*�!2��N+g/�"ER.�."

Λs
t := exp

{∫ t

s

∇zf(Θb
u)′dWu −

∫ t

s

(

1

2
|∇zf(Θb

u)|2 + ∇yf(Θb
u)

)

du

}

, s ≤ t ≤ T ,

'>�."$#�" ∇yf
/�"$�.+-��"����."�� �!#����\�!2[/�"$#��4v-�!���4vZ"
+!5

f
'>�4���9#�",���k",)$����+��4���0��",),+-�./jvV�!#��\�!h�2�"

y
%

�!�./
(∇xf)′

�!�./
(∇zf)′

���."�UV#N�-/���"$�J�0+!5
f
'>�4���e#�",���	",)$�>��+Y�4���cR.#������!�./�2\�-����v-�!#��\�!h�2�"VM

�	��

����� 2�� � bc�."�5t+-242�+&'>�4��U�",�����4XG�!��",�0�!#�"1���N�!�./.�!#�/ �
‖ sup

s≤t≤T

Λs
t‖Lp ≤ Cp

L , � } M�� �

‖ sup
u≤t∧s

|Λu
t − Λu

s | ‖Lp ≤ Cp
L|t − s| 12 , t, s ≤ T . � } Mml �

�����4��U � } M Ý�� %.'S"1/�",/�3.),"���� �!�

|| sup
u∨t≤s≤T

|Λt
sDtXs − Λu

sDuXs| ||Sp ≤ Cp
L |t − u| 12 , u, t ≤ T . � } M Ý�� �

op"�)&�!�G�.+]'|���N�!��"����."�XG�!�4�f#�",��3�24�(+!5��������S��",)$����+-��'>����)��f��#�+&v;��/�",�>��#�"$��#�",��"$�J�N�!����+-��5t+-#

Zb M

� � ������� ����� 2 � �	��� / (H′)
�!���
� � ���0�1�

� / ��� � ���' � �!� �  � ���*� �
Zb  � �1� / � � / � ��� � ��� �

j ≤ κ − 1
���%�

t ∈ [rj, rj+1)
"

(Zb
t )

′ = E

[

∇g(XT )(ΛtDtX)T 1{τj=T} + ∇h(Xτj
)(ΛtDtX)τj

1{τj<T} | Ft

]

+ E

[∫ τj

t

∇xf(Θb
u)(ΛtDtX)udu | Ft

]

.

Ý&}



� ��� ��� � Ý M7�=�C5t+-242�+&'���5 #�+-X iy#�+-�k+V���4����+-� } M Ý �!�./d���."��-����3�Xg������+-�
g ≥ h

��� �!�&%H5t+-#*�!242

t ≤ T
%
j ≤ κ − 1

�!�./
s ∈ [rj , rj+1)

%�'S"*� �,vZ"

DtỸ
b
s =

(

∇h(Xrj+1
)DtXrj+1

− DtỸ
b
rj+1

)

1{h(Xrj+1
)>Ỹ b

rj+1
}

+ DtỸ
b
rj+1

+

∫ rj+1

s

∇f(Θb
u)DtΘ

b
udu −

∫ rj+1

s

DtZ
b
udWu .

����� �!#�����)$3�2\�!#&%

DtỸ
b
rj

=
(

∇h(Xrj+1
)DtXrj+1

− DtỸ
b
rj+1

)

1{h(Xrj+1
)>Ỹ b

rj+1
}

+ DtỸ
b
rj+1

+

∫ rj+1

rj

∇f(Θb
u)DtΘ

b
udu −

∫ rj+1

rj

DtZ
b
udWu .

@ �4�.),"
Ỹ b

rκ
= g(XT )

% �4�>5t+-242�+&'������ �!�
DtỸ

b
rκ

= ∇g(XT )DtXT

M(�0",)&�!2424�4��UG��� �!�
g ≥ h

%.�4�
���."$�e#�",��3�24���>5L#�+-X �7���4Xg��2�"��4�./�3.)$����+-�j��� �!�>5L+-#

s ∈ [rj, rj+1)

DtỸ
b
s = ∇g(XT )DtXT1{τj=T} + ∇h(Xτj

)(DtX)τj
1{τj<T}

+

∫ τj

s

∇f(Θb
u)DtΘ

b
udu −

∫ τj

s

DtZ
b
sdWs .

<(Qq���."1�N�!XY"
�!#�UV3�XY"$�K���C�-���4�eiT#�+-�	+V���4����+-� } Mm{g�4�O^��na=% 'S"�� �&vZ"
DtỸ

b
t = DtY

b
t = (Zb

t )
′

+-�
(rj , rj+1)

Mybc�."�#�",��3�24�>���."$��5t+-242�+&'��c5L#�+-X ���."���#�"$v;��+-3.��",PJ3 �!����+-��%.�=� � 
 �(5t+-#�X*3�2\���!�./
hJQ�),+-�.����/�"$#��4��Uf�7��3��4�N�!h�2�"1vZ"$#�����+-��M

2

�	��

����� 2��
	 W�����3�XY">��� �!�
(H′)

�.+-2�/��&Mybc�."$��%J�4�T5t+-242�+&'��S5L#�+-X � } M ��� % � } M�� � �!�./ � +-#�+-2�:2\�!#�Q } M Ý ��� �!� ||Zb||Sp ≤ Cp
L

M

�	��

����� 2��32 F�"$�
(H′)

�.+-2�/HM�op"�/�",/�3.),">5 #�+-X����."�� �!XY"��!#�UV3�XY"$�K���c�-�y�4�Y���."c��#�+;+!5k+!5
� +-#�+-242\�!#�Q } M Ý ��� �!� ���."$#�"(���y��vZ"$#�����+-�
+!5

Zb,e ��3.)N�
��� �!� 5t+-#�"&�-)N� t ∈ [rj , rj+1)
%
j ≤ κ−1

�

(Zb,e
t )′ = E

[

∇g(XT )DtX
π
T1{τe

j =T} + ∇h(Xπ
τe
j
)(Λe,tDtX

π)τj
1{τe

j <T} | Ft

]

+ E

[∫ τe
j

t

∇xf(Θb,e
u )(Λe,tDtX

π)udu | Ft

]

, t ≤ T ,

'>�."$#�"

τ e
j = inf{t ∈ < | t ≥ rj+1, h(Xπ

t ) > Ỹ b,e
t } ∧ T , j ≤ κ − 1 .

�!�./
Λe,s

t

����/�"ER.�.",/H%�5L+-#
s ≤ t ≤ T

%�hJQ

Λe,s
t := exp

{∫ t

s

∇zf(Θb,e
u )′dWu −

∫ t

s

(

1

2
|∇zf(Θb,e

u )|2 + ∇yf(Θb,e
u )

)

du

}

.

bc�."�5L+-242�+]'>�4��U�",�����4XG�!��",���!#�"����N�!�./.�!#�/ �

‖ sup
s≤t≤T

Λe,s
t ‖Lp ≤ Cp

L , � } M Ý�Ý��

‖ sup
u≤t∧s

|Λe,u
t − Λe,u

s | ‖Lp ≤ Cp
L|t − s| 12 , t, s ≤ T . � } M Ý ~ �

Ý �



�����4��U � } Mm� � %.'S"1/�",/�3.),"���� �!�

‖ sup
t∨u≤s≤T

|Λe,t
s DtX

π
s − Λe,u

s DuXπ
s | ‖Lp ≤ Cp

L |t − u| 12 , u, t ≤ T . � } M Ý { �

��� � � � ������$   #" �

�������������N",)$����+-��%�'S"�#�"$��2\�-),"
(H2)

hKQq���."1����#�+-��UZ"$#��-����3�Xg������+-� �
(H2′)

�
h ∈ C3

b

%�'>�4���e/�"$#��4vV�!���4vZ",��3�����+Y+-#�/�"$#�����#�","1h	+-3��./�",/�hJQ
L
M

bc�."�"Es���"$�.����+-��+!5 ���."05t+-242�+&'>�4��UY#�",��3�24���c��+
(H2)

'>�4242khk"C+-h��N�!�4�.",/qhKQG3.���4��UG�!���!����#�+&sJ:
�4XG�!����+-�d�!#�UV3�XY"$�K�&M

� �������
	���
������ 2 � � ��� / (H1)
� � �
���.���0� �

||Zb − Z̄b||H2 ≤ CL α(κ) |π| 12 ,

� ��� � �
α(κ) = κ

1

4 � � � � � (H1) �
�$�%�

α(κ) = 1 � �%� � � (H2′)
�

bc�."�5L+-242�+]'>�4��UG#�"$XG�!#�?q��#�"$� �!#�",�>5t+-#>���."���#�+;+!5�M

�	��

����� 2���� @ "$�

β :=

(

1 + sup
s≤t≤T

|DsXt| + sup
t≤T

|Xt| + sup
s≤t≤T

|Λs
t |
)4

,

�!�./e+-h.��"$#�vZ"���� �!�&%�hJQ � ~�Mm~ � % � } M ��� �!�./ � } M�� � %

||β||Sp ≤ Cp
L , p ≥ 2 . � } M Ý$���

8���s
t ≤ T

�!�./Y2�"$�
τ1

�!�./
τ2

hk">�='(+*����+-�����4��U����4XY",�6��3.)N�G��� �!�
t ≤ τ1 ≤ τ2 ≤ T P− ��M �&M

<(Qf���."1FH�4�.��)N���4��I$:=),+-�K���4�J3��4�=Q �-����3�Xg������+-�e+-�
b
�!�./

σ
%�'("�� �,vZ"

E
[

|Xτ1 − Xτ2 |2 | Fτ1

]

≤ CL E [β(τ2 − τ1) | Fτ1 ] . � } M Ý&} �
�0�./�"$#

(H2′)
%�'("1/�",/�3.),"C5L#�+-X �=� � 
 ��F�"$XgXG�g��� �!�

∣

∣E
[

∇h(Xτ2)Λ
t
τ2

(DtX)τ2 −∇h(Xτ1)Λ
t
τ1

(DtX)τ1 | Fτ1

]∣

∣ ≤ CL E [β(τ2 − τ1) | Fτ1 ] .

� } M Ý � �o|�."$�
(H1)

�.+-2�/��]%�'S"1)&�!�e3.��"C���."�hk+-3��./ |∇h| ≤ L
��+G+-h��N�!�4�

∣

∣∇h(Xτ2)Λ
t
τ2

(DtX)τ2 −∇h(Xτ1)Λ
t
τ1

(DtX)τ1
∣

∣ ≤ β |∇h(Xτ2) −∇h(Xτ1)|
+ CL

∣

∣Λt
τ2

(DtX)τ2 − Λt
τ1

(DtX)τ1
∣

∣ ,

'>����)N��%chKQxFH�4�.��)N���4��I$:=),+-�K���4�J3��4�=Q +!5 ∇h
%S��� � 
 �GF�"$XgXG�O�!�./x���." � �!3.)��JQK: @ )N�K'c�!#���Ip�4��:

",PJ3 �!24�4�=QZ% �4Xg��24��",�

E
[∣

∣∇h(Xτ2)Λ
t
τ2

(DtX)τ2 −∇h(Xτ1)Λ
t
τ1

(DtX)τ1
∣

∣ | Fτ1

]

≤ CL

(

β̄ E [β(τ2 − τ1) | Fτ1 ]
) 1

2

� } M Ý _ �
Ý _



'>�."$#�"

β̄ := sup
t≤T

E
[

β2 | Ft

] �N�!������R ",� ||β̄||Sp ≤ Cp
L , p ≥ 2 , � } M Ý � �

#�",)&�!242 � } M Ý$��� M
� ��� ��� � � � �������
	���
������ 2 � � �
Ý M6�=�c5t+-242�+&'���5 #�+-X � +-#�+-242\�!#�Q } M Ý ��� �!�&% �n5L��"$#�� �-�����4��Ug��+Y�g��3��4�N�!h�2�"�vZ"$#�����+-��%

(Zb
t )

′ = V j,t
t , rj ≤ t < rj+1 , j ≤ κ − 1 ,

'>�."$#�"V%.5L+-#
j ≤ κ − 1

%

V j,s
t := E

[

∇g(XT )(ΛsDsX)T1{τj=T} + ∇h(Xτj
)(ΛsDsX)τj

1{τj<T} | Ft

]

+ E

[∫ τj

s

∇xf(Θb
u)(ΛsDsX)udu | Ft

]

, s ≤ t .

8 +-#
t ∈ [ti, ti+1) ⊂ [rj , rj+1)

%�'S"����."$��� �&vZ"

|Zb
t − Zb

ti
| ≤ |V j,t

t − V j,ti
t | + |V j,ti

t − V j,ti
ti

| , � } M Ý l �
'>�."$#�"V% hKQ � } M Ý�� � %

‖V j,t
t − V j,ti

t ‖2
L2 ≤ CL |π| . � } Mm~ � �

~�M �0���4��Ug���."1XG�!#����4��UK�!2�"1��#�+-�k"$#��=Q�+!5
V j,ti

+-�
[ti, ti+1]

�!�./ � } Mm{ � %�'S"1/�",/�3.),"1��� �!�

E

[

|V j,ti
t − V j,ti

ti
|2
]

≤ E

[

|V j,ti
ti+1

|2 − |V j,ti
ti

|2
]

≤ E

[

(|Aj
ti+1

|2 − |Aj
ti
|2)|ηti |2

]

'>�."$#�"

Aj
t := E

[

∇g(XT )Λ0
T∇XT 1{τj=T} + ∇h(Xτj

)(Λ0∇X)τj
1{τj<T} | Ft

]

+ E

[∫ τj

t

∇xf(Θb
u)(Λ0∇X)udu | Ft

]

, t ≤ T

�!�./

ηt := (Λ0
t∇Xt)

−1σ(Xt) , t ≤ T .

�����4��UY���."�F��4�.��)����4��I$:=),+-�J���4�K3��4�=Qd+!5
σ
%.'S"1+-h.��"$#�vZ"1��� �!�

E
[

|ηti+1
− ηti |4

]
1

2 ≤ CL |π| .

<(Q � ~�Mm~ � % � } Mm~ � % � } Mm{ � % � } M�� � �!�./ � �!3.)��JQK: @ )N�K'(�!#���Ig�4�.",PJ3 �!24�4�=QZ% �4�����."$��5t+-242�+&'������ �!�

E

[

|V j,ti
t − V j,ti

ti
|2
]

≤ E

[

|Aj
ti+1

ηti+1
|2 − |Aj

ti
ηti |2 + |Aj

ti+1
|2|ηti+1

− ηti |2
]

≤ E

[

|V j,ti+1

ti+1
|2 − |V j,ti

ti
|2
]

+ CL |π| . � } Mm~ Ý��

Ý �



{�M �=�g#�"$XG�!�4�.�G��+p����3./�Qw���."fR.#����Y��"$#�X �4�x���."�#��4UV�J��:r� �!�./z����/�"�+!5 � } Mm~ Ý�� M A "ER.�."
ij����#�+-3�UV�

tij = rj

%
j ≤ κ

�!�./�+-h.�N"$#�vZ"���� �!�

Σ :=

κ−1
∑

j=0

ij+1−1
∑

k=ij

E

[

|V j,tk+1

tk+1
|2 − |V j,tk

tk
|2
]

=

κ−1
∑

j=0

E

[

|V j,rj+1

rj+1
|2 − |V j,rj

rj |2
]

≤ E
[

|V κ−1,rκ
rκ

|2 − |V 0,r0

r0
|2
]

+
κ−1
∑

j=1

E

[

|V j−1,rj
rj |2 − |V j,rj

rj |2
]

≤ CL



1 +

κ−1
∑

j=1

E

[

|V j−1,rj
rj |2 − |V j,rj

rj |2
]



 � } Mm~V~ �

'>�."$#�"*���."C2\�-�����4�.",PJ3 �!24�4�=Qf5t+-242�+&'��>5L#�+-X � } M Ý$��� M� Mg8 +-#*"&�-��"g+!5S�.+-�N�!����+-�.�]%�'("g�.+&' '>#��4��"
Erj

[·] 5t+-# E
[

· | Frj

] Mg<(Q � �!3.)N�KQJ: @ )��J'(�!#���I
�4�.",PJ3 �!24�4�=QZ%

|V j−1,rj
rj |2 − |V j,rj

rj |2 ≤ |V j−1,rj
rj − V

j,rj
rj | |V j−1,rj

rj + V
j,rj
rj |

≤ CL Erj
[β] |V j−1,rj

rj − V
j,rj
rj | , � } Mm~V{ �

'>�."$#�"
β
����/�"ER.�.",/��4� �0"$XG�!#�? } Mm��M

� Mm��M ��",)&�!2424�4��Uf��� �!� ∇g
% ∇h

�!#�"1hk+-3��./�",/jhKQ
L
�!�./���� �!�

τj−1 ≤ τj ≤ T
%.'("�+-h.�N"$#�vZ"

��� �!�

CL1{τj−1<τj=T} +
(

∇h(Xτj
)(ΛtDtX)τj

−∇h(Xτj−1
)(ΛtDtX)τj−1

)

1{τj−1<T}

≥ ∇g(XT )DtXT1{τj=T} + ∇h(Xτj
)(ΛtDtX)τj

1{τj<T}

−∇g(XT )DtXT1{τj−1=T} −∇h(Xτj−1
)(ΛtDtX)τj−1

1{τj−1<T} .

o|�."$�
(H1)

�.+-2�/��]%��4�>���."$��5t+-242�+&'��>5L#�+-X � } M ��� % � } M�� � �!�./ � } M Ý _ � ��� �!�

|V j−1,rj
rj − V

j,rj
rj | ≤ CL Erj

[

1{τj−1<τj=T}

]

+ CL

(

Erj
[β(τj − τj−1)] + β̄

1

2 Erj
[β(τj+1 − τj)]

1

2

)

.

@ �4�.)," ∑κ−1
j=1 1{τj−1<τj=T} ≤ 1

%;���."��!h	+]vZ"��4�.",PK3 �!24�4��Q�),+-X*h��4�.",/q'>�4��� � } Mm~V~ � �!�./ � } Mm~V{ ��4Xg��24��",�

Σ ≤ CL E



1 +

κ−1
∑

j=1

Erj
[β]
(

Erj
[β(τj − τj−1)] + β̄

1

2 Erj
[β(τj − τj−1)]

1

2

)





≤ CL







1 +
κ−1
∑

j=1

(

E
[

β̄β(τj − τj−1)
]

+ E [β(τj − τj−1)]
1

2

)







Ý l



'>�."$#�"�'S"*3.��",/ � �!3.)N�KQJ: @ )��K'c�!#���IY�4�.",PJ3 �!24�4�=Qe�!�./ � } M Ý � � Mc<(Q � } M Ý � � �!UK�!�4��% �������0���.+]'����� �!�

Σ ≤ CL

{

1 + E
[

β̄β(τκ−1 − τ0)
]

+
√

κ E [β(τκ−1 − τ0)]
1

2

}

≤ CL

(

1 +
√

κ
)

. � } Mm~ ���
� M h�M �0�./�"$#

(H2′)
%S'S"�3.��"�"Es.�-)$��24Qw���."��N�!XY"��!#�UV3�XY"$�K���f"Es�),"$���g��� �!�G'S"��!���k"&�!2���+

� } M Ý � � �4�.����"&�-/�+!5 � } M Ý _ � M6bc�����>2�"&�-/�����+

Σ ≤ CL







1 +

κ−1
∑

j=1

E
[

β̄β(τj − τj−1)
]







≤ CL . � } Mm~ } �

} M6<SQ � } M Ý l � % � } Mm~ � � % � } Mm~ Ý�� �!�./q���."1/�"ER.���4����+-�j+!5
Σ
�4� � } Mm~V~ �

n−1
∑

i=0

∫ ti+1

ti

E

[

|Zb
t − Zb

ti
|2
]

dt ≤ CL |π| (1 + Σ) .

bc�."(��#�+;+!5��������."$�g),+-�.)$243./�",/7hKQ��!���k"&�!24�4��U���+ � } Mm~ ��� %V3��./�"$# (H1)
%Z�!�./
��+ � } Mm~ } � %V3��./�"$#

(H2′)
%��!�./�hKQf3.���4��U �0"$XG�!#�?q{�M } M

2

� ��� ��� � � � �������
	���
���������� ��F�"$�
fn

hk"�/�"ER.�.",/�hKQ �

fn(x, y, z) =

∫

R2d+1

φn(x − ξ, y − υ, z − ζ)f(ξ, υ, ζ)dξdυdζ ,

'>�4���
φn(x, y, z) = n2d+1φ(n(x, y, z))

�!�./
φ
��),+-Xg� �-)$��24Qp��3����k+-#���",/O��XY+J+-���p��#�+-h �n:

h��424�4��Q�/�"$�.���4�=Q�5L3��.)$����+-�j+-�
R

2d+1 M @ �4�.)," f
����FH:r24�4�.��)����4��I
'S"�� �&vZ" �

||f − fn||∞ ≤ CL

n
,

5t+-#*��+-XY"
C > 0

MqF�"$�
σn

%
bn

%
gn

%
hn

hk"Y/�"ER.�.",/O���4Xg�42\�!#�24Qd5L+-#
σ
%
b
%
g
%
h
�N+q��� �!�*'S"

� �&vZ" �

||σ − σn||∞ + ||b − bn||∞ + ||g − gn||∞ + ||h − hn||∞ ≤ CL

n
.

F�"$�
Xn hk"
���."
5L+-#�'c�!#�/ /����	3.����+-�O�-����+;)$�\�!��",/d��+

bn �!�./
σn �!�./92�"$�

(Y b,n, Zb,n,Kb,n)hk"C���."1��+-243�����+-�j+!5����."1/����N)$#�"$��"$24Q�#�"ED ",)$��",/j< @;ACB � {�M Ý�� �-����+;)$�\�!��",/q��+
Xn % fn �!�./

gn M
W0#�UV3��4��U��-�>�4�jiy#�+-�	+V���4����+-�j{�Mm�g+!5>^mlna=%�'S"�UZ"$�

||Zb − Zb,n||2H2 ≤ CL

n
. � } Mm~V� �

@ �4�.),"V% hKQ �Z"$�.��"$��
 ���4�.",PK3 �!24�4��QZ%

||Zb − Z̄b||H2 ≤ ||Z̄b − Z̄b,n||H2 + ||Zb − Zb,n||H2 + ||Zb,n − Z̄b,n||H2

≤ 2 ||Zb − Zb,n||H2 + ||Zb,n − Z̄b,n||H2 ,

���."1��#�+J+!5[���>),+-�.)$243./�",/�hJQq�!����24Q;�4��UGiy#�+-�k+V���4����+-� } Mm~
��+
Zb,n %�3.���4��U � } Mm~V� � �!�./q2�"$�����4��U

n
UZ+g��+7�4��R.���4��QZM

2

~ �



op"S�.+]' ),+-�.����/�"$#[���."c)&�-��"('>�."$#�"S���."S5t+-#�'(�!#�/g/����k3.����+-�7���T�!����#�+,s��4XG�!��",/ghKQ*�4��� B 3�2�"$#
�N)��."$XY"VM

� �������
	���
������ 2 � � &'�
(H1)

� �����! 
��/ �0�1�

||Zb,e − Z̄b,e||H2 ≤ CL

(

κ
1

4 |π| 12 + |π| 14
)

.

� ��� ��� ���=�fv;��"$' +!5 ��"$XG�!#�? } Mm~7�!�./ ��"$XG�!#�? } M } %�'S"C)&�!�f5L+-242�+]'�24�4�."0hJQG24�4�."����."��!#�UV3�:
XY"$�J���*+!5(���."���#�+;+!5(+!5ciy#�+-�k+V���4����+-� } Mm~�%��n5L��"$#�#�"$��2\�-)$�4��U����."7),+-#�#�",���	+-�./��4��UjPK3 �!�J���4����",�
�4�e���."1/�"ER.���4����+-�.��+!5

β
�!�./

β̄
% �!�./q#�"E:=/�"ER.���4��U.% 5t+-#

j ≤ κ − 1
%

V j,s
t := E

[

∇g(Xπ
T )(Λe,sDsX

π)T1{τe
j =T} + ∇h(Xτe

j
)(Λe,sDsX

π)τe
j
1{τe

j <T} | Ft

]

+ E

[
∫ τe

j

s

∇xf(Θb,e
u )(Λe,sDsX

π)udu | Ft

]

, s ≤ t . � } Mm~Z_ �
bc�."7+-��24Qe/����H"$#�"$�.),"7�!���	"&�!#����4�d����"$�d~�M����.����"&�-/j+!5T3.���4��U��Y#�"$2\�!����+-�d24�4?Z" � } Mm{ � 5t+-# Xπ

� '>����)N�f/�+;",�T�.+-�S�.+-2�/ � %K'("�3.��"����.">XG�!#����4��UK�!2�"���#�+-�	"$#���QY+!5
V j,ti

+-�
[ti, ti+1)

�!�./G'>#��4��"

E

[

|V j,ti
t − V j,ti

ti
|2
]

≤ E

[

|V j,ti
ti+1

|2 − |V j,ti
ti

|2
]

≤ E

[

|V j,ti+1

ti+1
|2 − |V j,ti

ti
|2 + |V j,ti+1

ti+1
− V j,ti

ti+1
| |V j,ti+1

ti+1
+ V j,ti

ti+1
|
]

,

'>�."$#�"*hKQ � } M } � % � } M Ý�Ý�� % � } M Ý { � �!�./ � �!3.)��KQJ: @ )��J'(�!#���IY�4�.",PJ3 �!24�4�=Q

E

[

|V j,ti+1

ti+1
− V j,ti

ti+1
| |V j,ti+1

ti+1
+ V j,ti

ti+1
|
]

≤ CL

√

|π| .

bc�."1�4�.",PK3 �!24�4��Q � } Mm~ Ý�� ���."$��hk",),+-XY",�

E

[

|V j,ti
t − V j,ti

ti
|2
]

≤ E

[

|V j,ti+1

ti+1
|2 − |V j,ti

ti
|2
]

+ CL

√

|π| .

2

� ��� ���(� � � � �
����	���
���� � � �
	fbc�."�#�",PJ3��4#�",/Y#�",��3�24�T5t+-242�+&'��65 #�+-X iy#�+-�	+V���4����+-� } Mm{��!�./YhKQ
�!#�UV3��4��Uq�-�>�4�����."���#�+;+!5[+!5yiy#�+-�k+V���4����+-�j{�Mm{�M

2

op"*),+-�.)$243./�"1����������",)$����+-�e'>�4�������."C��#�+J+!5T+!5yiy#�+-�k+V���4����+-�j{�M Ý M
� ��� ��� � � � �������
	���
���������� � �cW�����3�XY"C��� �!�

(H′)
�.+-2�/��&M6<SQ ��"$XG�!#�? } M � %�'("�� �,vZ"

E

[∫ ti+1

ti

|Zb
s |2ds

]

≤ CL |π| .

W0#�UV3��4��Uj�-�C�4� ���."7��#�+;+!5c+!5ciy#�+-�k+V���4����+-�u{�Mm{�%H'("Y+-h��N�!�4�p��� �!�����."Y�!hk+&vZ"ghk+-3��./d�.+-2�/��
'>�4���.+-3��

(H′)
M bc�."f#�",PJ3��4#�",/w#�",��3�24�7���."$�u5t+-242�+&'��
5L#�+-X �=� � 
 �7F�"$XgXG��%6���."qFH�4�.��)����4��I$:

),+-�J���4�K3��4��QY+!5
f
% � ~�Mm~ � %Z���."Shk+-3��./7+-� Y b UV�4vZ"$�7�4� � {�Mm{ � �!�./7<(3�#�?;�.+-2�/�"$#�: A �&vJ����:���3��./�Q 
 ��4�.",PJ3 �!24�4�=QZ% #�",)&�!242 � {�M Ý�� M 2
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Ý M @ "$�
δY = Y b − Y π % δỸ = Ỹ b − Ỹ π % δZ = Zb − Zπ % δfs = f(Xs, Ỹ

b
s , Zb

s) −
f(Xπ

ti
, Ỹ π

ti
, Z̄π

ti
)
5L+-#

s ∈ [ti, ti+1)
M ��",)&�!2424�4��U � {�Mm~ � % � {�Mm� � % � {�M`_ � % ���."Y5t�-)$����� �!� < ⊂ π�!�./�3.���4��UG��� � 
 ��F�"$XgXG��%�'("1),+-Xg��3���"1��� �!�>5t+-#

t ∈ [ti, ti+1)

Ai
t := Ei

[

|δỸt|2 +

∫ ti+1

t

|δZs|2ds −
∣

∣δYti+1

∣

∣

2
]

= Ei

[∫ ti+1

t

2δỸsδfsds

]

,

#�",)&�!2426��� �!�
Ei [·]

���N�!�./���5L+-#
E [· | Fti ]

M7<(Q � {�M Ý�� � %����."gFH�4�.��)N���4��I$:=),+-�K���4�K3��4��Qw+!5
f
�!�./

���."1�4�.",PK3 �!24�4��Q
xy ≤ cx2 + c−1y2 %�5t+-# x, y ∈ R+

�!�./
c > 0

%�'("����."$#�"E5L+-#�"*+-h��N�!�4�

Ai
t ≤ Ei

[∫ ti+1

t

α|δỸs|2ds +
CL

α

(

|π| |δỸti |2 +

∫ ti+1

ti

|δZs|2ds

)]

+
CL

α
Ei

[∫ ti+1

t

|Xs − Xπ
ti
|2 + |Ỹ b

s − Ỹ b
ti
|2 + |Zb

s − Z̄b
ti
|2ds

]

'>�."$#�"
α
���(�C�k+V���4���4vZ">� �!#N�!XY"$��"$#6��+1h	"�)N�.+V��"$�Y2\�!��"$#(+-��M �����4��U �C#�+-�K'(�!242 
 �(F�"$XgXG�
�!�./

�N�!?;�4��U
α
2\�!#�UZ"g"$�.+-3�UV��%�'S"g/�",/�3.),"g��� �!�&%	5t+-# |π| ��XG�!242T"$�.+-3�UV��%H���."$#�"7������+-XY" η > 0

%
�4�./�"$�k"$�./�"$�K�C+!5

π
%���3.)������ �!�

Ei

[

|δỸti |2 + η

∫ ti+1

ti

|δZs|2ds

]

≤ eCL|π|
Ei

[

|δYti+1
|2
]

+ CLBi � } Mm~ � �

sup
t∈[ti,ti+1]

Ei

[

|δỸt|2
]

≤ CL

(

Ei

[

|δYti+1
|2
]

+ |π| |δỸti |2 + Bi

) � } Mm~Vl �

'>�."$#�"

Bi := Ei

[
∫ ti+1

ti

|Xs − Xπ
ti
|2 + |Ỹ b

s − Ỹ b
ti
|2 + |Zb

s − Z̄b
ti
|2ds

]

.

~�M @ �4�.)," |δYti | ≤ max{|δỸti |; |h(Xti ) − h(Xπ
ti
)|1ti∈<}

5L+-#
i < N

%���"," � {�M Ý�� % � {�M ��� �!�./
� {�M`_ � %.�4�c5L+-242�+]'��c5 #�+-X � } Mm~ � � �!����24��",/j�!�

t = ti
�!�./q���."�FH�4�.��)����4��I$:=),+-�J���4�K3��4��Qj+!5

h
��� �!�&%

5t+-# |π| ��XG�!242�"$�.+-3�UV��%

|δYti | ≤ max
{

eCL|π|
Ei

[

|δYti+1
|2
]

+ CLBi ; L|Xti − Xπ
ti
|1ti∈<

}

. � } Mm{ � �
@ �4�.)," |δYtN | ≤ L|XtN −Xπ

tN
| %KhKQ7���."�FH�4�.�N)����4��I$:=),+-�K���4�J3��4�=Qq+!5

g
%Z'S"�/�",/�3.),">5L#�+-X � ~�M } � %

� } Mm{ � � �!�./��!���4�./�3.)$���4vZ"��!#�UV3�XY"$�J����� �!�

max
i≤N

E
[

|δYti |2
]

≤ CL

(

N |π|2 + B̄
)

'>�4���

B̄ := E

[

N−1
∑

i=0

Bi

]

.
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@ �4�.),"*hKQ��-����3�Xg������+-�
N |π| ≤ L

%��������>�4Xg��24��",�

max
i≤N

E
[

|δYti |2
]

≤ CL

(

|π| + B̄
)

. � } Mm{ Ý��
{�M � h.��"$#�vJ�4��UG��� �!�>5L+-#

s ∈ [ti, ti+1)

E

[

∣

∣

∣
Ỹ b

s − Ỹ b
ti

∣

∣

∣

2
]

≤ CL

∫ s

ti

E

[

|f(Θb
u)|2 + |Zb

u|2
]

du

�4�65L+-242�+]'��T5L#�+-X � ~�Mm~ � % � {�Mm{ � %K���."0FH�4�.��)N���4��I$:=),+-�K���4�K3��4��Q�+!5
f
�!�./G���."��-����3�Xg������+-�

N |π| ≤
L
��� �!�

N−1
∑

i=0

∫ ti+1

ti

E

[

|Ỹ b
s − Ỹ b

ti
|2
]

ds ≤ CL |π| .

� +-X�h��4�.",/e'>�4��� � ~�M ��� %��������>�4Xg��24��",�

B̄ ≤ CL

(

|π| + ||Zb − Z̄b||2H2

)

. � } Mm{V~ �
����v;��"$' +!5 � } Mm~ � � �!�./ � } Mm{ Ý�� %��������>2�"&�-/�����+

E

[

|δỸti |2 + η

∫ ti+1

ti

|δZs|2ds

]

≤ (1 + CL |π|) E
[

|δYti+1
|2 + CLBi

]

, � } Mm{V{ �

≤ CL

(

|π| + ||Zb − Z̄b||2H2

)

'>����)N��%.hJQ � {�M Ý�� % � {�M`_ � % � } Mm~Vl � % � } Mm{ Ý�� �!�./ � } Mm{V~ � ���.+&'������ �!�

sup
t≤T

E
[

|δYt|2
]

+ sup
t≤T

E

[

|δỸt|2
]

≤ CL(|π| + ||Zb − Z̄b||2H2) . � } Mm{ ���

F�"$�
ij

h	"f/�"ER.�.",/ ����#�+-3�UV�
tij = rj

M������4��U � {�M Ý�� �!�./ � {�M`_ � �!UK�!�4��%y'("�/�",/�3.),"G5L#�+-X

� } Mm{V{ � �!�./ � } Mm{ ��� ��� �!�

E

[

∫ rj+1

rj

|δZs|2ds

]

=

ij+1−1
∑

k=ij

E

[
∫ tk+1

tk

|δZs|2ds

]

≤ CL



E
[

|δYrj+1
|2
]

+

ij+1−1
∑

k=ij

Bk





≤ CL



|π| +
ij+1−1
∑

k=ij

Bk



 � } Mm{ } �

�N+7��� �!�&%�hKQ � } Mm{V~ � %

||Zb − Zπ||2H2 = E

[

N−1
∑

i=0

∫ ti+1

ti

|δZs|2ds

]

≤ CL

(

κ |π| + ||Zb − Z̄b||2H2

)

.
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~V{



� M �����4��U�<(3�#�?J�.+-2�/�"$#�: A �&vJ����:��C3��./�Q 
 ���4�.",PK3 �!24�4��Qp�!�./p�!#�UV3��4��Uj�-���4� ���."
R.#����1����"$�.��+!5
Ý %.'S"��.+]' ),+-Xg��3���"1��� �!�

E

[

sup
t∈[rj ,rj+1]

|δỸt|2
]

≤ E

[

sup
t∈[rj ,rj+1)

|δỸt|2 + |δỸrj+1
|2
]

≤ CLE

[

|δYrj+1
|2 +

∫ rj+1

rj

(

|δfs|2 + |δZs|2
)

ds + |δỸrj+1
|2
]

≤ CL

(

B̄ + E

[

|δYrj+1
|2 +

∫ rj+1

rj

|δZs|2ds

]

+ max
i≤N

E

[

|δỸti |2
]

)

≤ CL

(

|π| + ||Zb − Z̄b||2H2

)

'>�."$#�"*'S"�3.�N",/ � } Mm{V~ � % � } Mm{ ��� �!�./ � } Mm{ } � M @ �4�.),"

|δYt| ≤ |δỸt| + |h(Xt) − h(Xπ
t )|

���."*R.#����C�-����"$#�����+-�d+!56iy#�+-�	+V���4����+-�d{�Mm~Y5L+-242�+]'���5L#�+-X ���."*FH�4�.��)N���4��I$:=),+-�K���4�J3��4�=Qp+!5
h
�!�./

� ~�M ��� M} My���f���."�)&�-�N" � i @ � '>�."$#�" Xπ = X
+-�

π
%;'("C�!#�UV3."C"Es.�-)$��24Q��-�>�!h	+]vZ"�3�����+ � } Mm{V{ � My�����������)&�-�N"V%k'S"
� �,vZ" |δYt| ≤ |δỸt|

5t+-#C�!242
t ∈ π

M1bc�K3.�C#�"$��2\�-)$�4��U
δỸti

hKQ
δYti

�4� � } Mm{V{ ��!�./e��3�XgXg�4��UY3��e+]vZ"$#
i
�4Xg��24��",�

E

[

N−1
∑

i=0

∫ ti+1

ti

|δZs|2ds

]

≤ CL

(

max
t∈<

E
[

|δYt|2
]

+ B̄

)

.

bc�."1��#�+J+!5[���>���."$�e),+-�.)$243./�",/9�-���!h	+]vZ"VM
2

�  $%�%�� %�� �  $%�& %��  #"$ &% ������� �

8 +-#[�N","$?*+!5�),+-Xg��2�"$��"$�.",���&%Z'S"(UV�4vZ"(�."$#�"S���."S��#�+;+!5�+!5�iy#�+-�k+V���4����+-� � M Ý M op"(+-��24Q�),+-�.����/�"$#
���."*"$#�#�+-#�+-�

(Y,Z)
%����."1"$#�#�+-#�+-�

(Y e, Ze)
���>��#�"&�!��",/j���4Xg�42\�!#�24QZM

Ý MTop"*�-����3�XY"C��� �!�
(H3)

�!�./
(H′)

�.+-2�/HMTF�"$��3.��/�"ER.�."

δY = Y − Y b , δỸ = Y − Ỹ b , δZ = Z − Zb , δf = f(X,Y,Z) − f(X, Ỹ b, Zb) ,

�!�./�#�"$XG�!#�?f��� �!�

|δYt| = |δỸt| , ∀t /∈ < �!�./ |δYt| ≤ |δỸt| , ∀t ∈ < . � } Mm{V� �
W0����24Q;�4��UG�=� � 5t+-#�X*3�2\�Y��+ |δỸ |2 %�'("1+-h��N�!�4��5t+-#

t ∈ [rj, rj+1)

E

[

|δỸt|2 +

∫ rj+1

t

|δZs|2ds

]

= E

[

|δYrj+1
|2 + 2

∫ rj+1

t

δỸsδfsds + 2

∫ rj+1

t

δỸsdKs

]

.

� } Mm{Z_ �
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8 +-242�+&'>�4��U����."g�!#�UV3�XY"$�K����+!5 Ý M0�4�j���."���#�+;+!56+!5Siy#�+-�k+V���4����+-�p{�Mm~��!�./j3.���4��U � } Mm{V� � %�'("+-h��N�!�4�j��� �!�&%�5t+-#���+-XY"
η > 0

/�"$�	"$�./��4��UG+-��24Qq+-�
L
%

E

[

|δỸt|2 + η

∫ rj+1

t

|δZs|2ds

]

≤ (1 + CL|<|) E

[

|δỸrj+1
|2 + 2

∫ rj+1

t

δỸsdKs

]

.

� } Mm{ � �
��+&' +-h.��"$#�vZ"���� �!�&%�hJQ � � Mm~ � %

∫ rj+1

t

δỸsdKs =

∫ rj+1

t

(h(Xs) − Ỹ b
s )dKs , � } Mm{Vl �

'>�."$#�"

h(Xs) − Ỹ b
s = E

[

h(Xs) − Y b
rj+1

−
∫ rj+1

s

f(Xu, Ỹ b
u , Zb

u)du | Fs

]

≤ E

[

h(Xs) − h(Xrj+1
) +

∫ rj+1

s

|f(Xu, Ỹ b
u , Zb

u)|du | Fs

]

. � } M � � �
@ "$�

ξ := sup
t≤T

(

1 + |Ỹ b
t | + |Xt| + |ρ1(Xt)| + |ρ2(Xt)| + |Xt|2 + |Zb

t |
)2

ξ̄ := sup
s≤T

E [ξ | Fs] ,

'>����)N��%.hJQ � ~�Mm~ � % � {�Mm{ � �!�./ ��"$XG�!#�? } M � %.�N�!������5 Q

||ξ||Sp + ||ξ̄||Sp ≤ Cp
L . � } M �¾Ý��

�����4��U
(H3)

�!�./q���."1FH�4�.��)N���4��I$:=),+-�K���4�K3��4��Q9+!5
b
%
σ
�!�./

f
% � } M � � � h	",),+-XY",�

h(Xs) − Ỹ b
s ≤ CLE

[∫ rj+1

s

(1 + |ρ1(Xs)
′b(Xu)| + |ρ2(Xs)|(1 + |Xu|2))du | Fs

]

+CL E

[
∫ rj+1

s

(|Xu| + |Ỹ b
u | + |Zb

u|)du | Fs

]

≤ CL |<| ξ̄ .

� +-X�h��4���4��U����."12\�-���>�4�.",PK3 �!24�4��Qq'>�4��� � } Mm{Vl � %.�4�c5t+-242�+&'������ �!�

E

[
∫ rj+1

t

δỸsdKs

]

≤ CL|<|E
[

ξ̄ (Krj+1
− Kt)

]

, � } M � ~ �
'>����)N�ehJQ � } Mm{ � � 2�"&�-/��>��+

E

[

|δỸrj
|2 + η

∫ rj+1

rj

|δZs|2ds

]

≤ (1 + CL|<|)
(

E

[

|δỸrj+1
|2
]

+ CL|<|E
[

ξ̄ (Krj+1
− Krj

)
])

.

~ }
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E

[

|δỸrj
|2
]

≤ CL|<| . � } M � { �
@ 3�XgXg�4��U�3����4�����."���#�"$v;��+-3.���4�.",PJ3 �!24�4�=Q��!�./�3.���4��U � } M � { � % 'S"�UZ"$�

||δZ||2H2 ≤ CL|<| . � } M �V���
����v;��"$' +!5 � } Mm{V� � % � } Mm{ � � �!�./ � } M � ~ � % � } M � { � �4Xg��24��",�

sup
t∈[0,T ]

‖δYt‖2
L2 ≤ sup

t∈[0,T ]
‖δỸt‖2

L2 ≤ CL |<| . � } M �K} �

~�M
op"7�.+]' �-����3�XY"7��� �!�
(H1′)

�
h
���

C2
b

'>�4��� R.#����1�!�./p��",),+-�./ /�"$#��4vV�!���4vZ",��hk+-3��./�",/
hJQ

L
Mgop"G�!#�UV3."f�-���4�u~�+!5c���."g��#�+;+!5c+!5�iy#�+-�k+V���4����+-�u{�Mm~�M ��",)&�!2424�4��U � } Mm{V� � % 'S"gR.#����),+-Xg��3���"*��� �!�&%�5t+-#

j ≤ κ − 1
%

E

[

sup
t∈[rj ,rj+1]

|δỸt|2
]

≤ CLE

[

|δỸrj+1
|2 +

∫ rj+1

rj

(

|δfs|2 + |δZs|2
)

ds

]

+ CLE
[

(Krj+1
− Krj

)2
]

. � } M � � �
<(Qfiy#�+-�	+V���4����+-� � Mm~
�4�d^mlna=%;�4�c5t+-242�+&'��(5L#�+-X

(H1′)
��� �!�

0 ≤ dKt ≤ ktdt
%J�4�q���."���"$�.�N"0+!5

XY"&�-��3�#�",�&%�5t+-#���+-XY"*�-/.�!����",/���#�+;),",���
k
�N�!������5 Q;�4��U ||k||Sp ≤ Cp

L

Mybc�������4Xg��24��",�>��� �!�

E

[

sup
t∈[rj ,rj+1]

|δỸt|2
]

≤ CLE

[

|δỸrj+1
|2 +

∫ rj+1

rj

(

|δfs|2 + |δZs|2
)

ds

]

+ CL |<| .

�����4��U � ~�Mm~ � % � {�Mm{ � % � } Mm{V� � % � } M �K} � �!�./ � } M �V��� %.�����������.+]'��>��� �!�

E

[

sup
t∈[rj ,rj+1]

|δYt|2
]

≤ E

[

sup
t∈[rj ,rj+1]

|δỸt|2
]

≤ CL |<| .

{�Myb +�),+-�.)$243./�"0���."���#�+;+!5�%K'("�� �,vZ"���+*#�"$XY+&vZ"0���."��-����3�Xg������+-�
(H′)

5t+-#6���."�R.#����(�-�N��"$#�:
����+-�O�!�./

(H1′)
5t+-#����."7��",),+-�./ +-�."VM�bc�����C���C/�+-�."7hKQe3.���4��Uf���."g� �!XY"7�!����#�+&s;�4XG�!����+-�

�!#�UV3�XY"$�J�����-���4�����."���#�+;+!5[+!5yiy#�+-�k+V���4����+-�j{�Mm{�M
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