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Abstract

We present new types of regularity for nonlinear generalized functions, based on the notion
of regular growth with respect to the regularizing parameter of the Colombeau simplified
model. This generalizes the notion of G*°-regularity introduced by M. Oberguggenberger. A
key point is that these regularities can be characterized, for compactly supported generalized
functions, by a property of their Fourier transform. This opens the door to microanalysis
of singularities of generalized functions, with respect to these regularities. We present a
complete study of this topic, including properties of the Fourier transform (exchange and
regularity theorems) and relationship with classical theory, via suitable results of embeddings.

Mathematics Subject Classification (2000): 35A18, 35A27, 42B10, 46E10, 46F30.

Keywords: Colombeau generalized functions, rapidly decreasing generalized functions, Fourier
transform, microlocal regularity.

1 Introduction

The various theories of nonlinear generalized functions are suitable frameworks to set and solve
differential or integral problems with irregular operators or data. Even for linear problems, these
theories are efficient to overcome some limitations of the distributional framework. We follow in
this paper the theory introduced by J.-F. Colombeau [, [B], [[0], [Ld]. To be short, a special
Colombeau type algebra is a factor space G = X /N of moderate modulo negligible nets. The
moderateness (respectively the negligibility) of nets is defined by their asymptotic behavior when
a real parameter € tends to 0.

A local and microlocal analysis of singularities of nonlinear generalized functions has been
developed during the last decade, based on the notion of G®-regularity [P(]. A generalized func-
tion is G*°-regular if it has uniform growth bounds, with respect to the regularization parameter
e, for all derivatives. In fact, this notion appears to be the exact generalization of the C*°-
regularity for distributions, in the sense given by the result of [24] which asserts that G ND’ is
equal to C*.

In this paper we include G*° and G in a new framework of spaces of R-reqular nonlinear
generalized functions, in which the growth bounds are defined with the help of spaces R of
sequences satisfying natural conditions of stability. One main property of those spaces is that
the elements with compact support can be characterized by a “R-property” of their Fourier
transform. (Those Fourier Transforms belong to some regular subspaces of spaces of rapidly



decreasing generalized functions [§, J].) Thus, the parallel is complete with the C*®-regularity
of compactly supported distributions. Moreover, from this characterization, we deduce that the
microlocal behavior of a generalized function with respect to a given R-regularity is completely
similar to the one of a distribution with respect to the C*°-regularity. In particular, we can handle
the R-wavefront of an element of G as the C* one of a distribution. Finally, the G*°-regularity
for an element of G appears as a remarkable particular case.

With this new notion of R-regularity, we enlarge the possibility for the study of the propa-
gation of singularities through differential and pseudo differential operators, since we give a less
restrictive framework than the G>°-regularity. This will be studied in forthcoming papers.

Let us also quote that spaces of R-regular generalized functions have been used in a problem
of Schwartz kernel type theorem. More precisely, we showed in [d] that some nets of linear maps
(parametrized by € € (0,1]), satisfying some growth conditions similar to those introduced for
R-regular spaces, give rise to linear maps between spaces of generalized functions. Moreover,
those maps can be represented by generalized integral kernel on some special R-regular subspaces
of G (2) in which the growth bounds are at most sublinear with respect to {. This reinforces the
interest of this framework.

The paper is organized as follows. In section [, we introduce the spaces of R-regular general-
ized functions and we precise some classical results about the embedding of D’ into these spaces.
Section [ is devoted to the study of the space Gs of rapidly decreasing generalized functions. In
particular, we show that (’)/C, the space of rapidly decreasing distributions, is embedded in Ggs.
Thus, Gs plays for (’)/C the role that G plays for D’. Section []] contains the material related to
Fourier transform of elements of Gs and especially an exchange theorem which is, in the context
of R-regularity, an analogon and a generalization of the classical exchange theorem between O,
and Oy;. Section [ gives the above mentioned characterization by Fourier transform of com-
pactly supported R-regular generalized functions whereas, in section [, we present the R-local
and R-microlocal analysis of generalized functions.

2 The sheaf of Colombeau simplified algebras and related sub-
sheaves

2.1 Sheaves of regular generalized functions

Notation 1 For two sequences (N1, Na) € (R§)2, we say that Ny is smaller or equal to No and
note N1 < Ny iff Vn € N Nj(n) < Na (n).

Definition 1 We say that a subspace R of ]le_ is regular if R is non empty and

(1) R is “overstable” by translation and by mazimum

VNeR, V(kk)eN, IN'eR, WneN N(n+k)+k <N'(n), (1)

YNi €R, VYN2€R, 3IN€R, YneN max(N;(n),Na(n)) < N (n). 2)
(74) For all N1 and Ny in R, there exists N € R such that

V(l1,lp) € N2 Ni(L) + Ny(lo) < N (I + 1) . (3)

Example 1

(i) The set B of bounded sequences and the set A of affine sequences are reqular subsets of ]le_,
which is itself reqular.

(ii) The set Log = {N €RY [Fbe Ry, N:n—Inn+b} is not regular ([) is not satisfied),



whereas E},g = {N e RY ‘ 3(a,b) €R2, N :n+ alnn + b} is reqular. (([3) comes, for example,
fromInzx +Iny < 2In(z +vy), forz >0 andy > 0.)

Let Q be an open subset of R? (d € N) and consider the algebra C*> () of complex valued
smooth functions, endowed with its usual topology. This topology can be described by the family
of seminorms (pk 1)k cq ey defined by

pri(f)= sup [07f (z)].

zeK,|a|<l

For any regular subset R of RY, we set
AR (Q) = {(fe)a e o ()01 (VK €Q INER, VIEN py (f) =0 <5*N<l>> ase — o}
NR(Q) = {(f). € ¢ (@)@ (\ﬂ( €Q, VmeR, VIEN pii(f) =0 () as=—0}.

Proposition 1
(i) For any regular subspace R of Rl}i, the functor Q — XT(Q) defines a sheaf of differential
algebras over the ring

X (C)= {(7‘5)5 e c(01] ‘Elq eN |r;=0 (6_‘1) as e — O}.

(i) The functor N : Q — N (Q) defines a sheaf of ideals of the sheaf X™ (-).
(i4i) For any regular subspaces Ry and Ry of RY, with Ry C Ra, the sheaf X™ (Q) is a subsheaf
of the sheaf X2 ().

Proof. We split the proof in two parts.
(a) Algebraical properties.- Let us first show that for any open set Q € R?, AR (Q) is a subalgebra
of C*° (Q)(O’H. Take (f-). and (gc). in AT () and K € Q. There exist Ny € R and N, € R
such that

£
VieN pg;(hs) =0 (es*Nh(l)) ase — 0, for he = f-, g.

We get immediately that pg; (f: +9:) = O (6_ maX(Nf(l)’Ng(l))) as € — 0, with max (Nf, Ng) <
N for some N € R according to (). Then, (f- + g-). belongs to X (Q).

For (c.). € X (C), there exists g. such that |c.| = O(¢79) as ¢ — 0. Then pg;(c.f:) =
O (Efo(l)ch). From ([]), there exists N € R such that Ny + g. < N. Thus, (c-f:). € X (Q).

It follows that X (Q2) is a submodule of C* (Q)(O’l] over X (C).
Consider now | € N and a € N? with |a| = I. By Leibniz’ formula, we have, for all € € (0, 1]
and z € K,

0% (fege) ()| = Z Ca ‘87]05 )0* g Z aPK Y (fe) pr Ja— (9:)

y<a v<a

where Cf is the generalized binomial coefficient. We have, for all v < «,

PK .y (fe) PK Ja—ry| (9) = O <€‘Nf(”')‘N9('“‘V|)> as e — 0.

As v < a, we get |y] + |a — | = |a| = 1. According to (B)), there exists N € R such that, for all
kand k' <k in N, Nf (k') + Ny (k — k') < N(k). Then

sup [0 (fog2) (2)] = O (V) as = — 0.
zeK

Thus px (fe 9:) = O (5_N(Z)) ase — 0, and (fe g:). € xR Q).
For the properties related to N (2), we have the following fundamental lemma:



Lemma 2 The set N (Q) is equal to Colombeau’s ideal
N(Q) = {(fe)s e (O VK €Q, VIEN, YmeN pry(f.) =0 (™) ase — o}.

Indeed, take (f-). € N7 (). For any K € Q,1 € Nand m € N, choose N € R. According to
() there exists N’ € R such that N +m < N’. Thus, px,;(f:) =O (6N/(l)> =0(E™)ase —0
and (f:). € N (). Conversely, given (f:). € N (Q) and N € R, we have pg;(f:) = O (6N(l))
as € — 0, since this estimates holds for all m € N.

(b) Sheaf properties.- The proof follows the same lines as the one of Colombeau simplified algebras.
(See for example [(], theorem 1.2.4.) First, the definition of restriction (by the mean of the
restriction of representatives) is straightforward as in Colombeau’s case. For the sheaf properties,
we have to replace Colombeau’s usual estimates by X®-estimates. But, at each place this
happens, we have only to consider a finite number of terms, by compactness properties. Thus,
the stability by maximum of R (property (B)) induces the result. Furthermore, lemma f shows
that nothing changes for estimates dealing with the ideal. Finally, point (7i7) of the proposition
follows directly from the obvious inclusion X1 (Q) C X2 (Q). =

Definition 2 For any reqular subset R of RIE, the sheaf of algebras
GR() =% ()N ()
is called the sheaf of R-reqular algebras of (nonlinear) generalized functions.

According to lemma [, we have N® = A/. From now on, we shall write all algebras with
Colombeau’s ideal /. The sheaf G® (-) turns out to be a sheaf of differential algebras and a
sheaf of modules over the factor ring C = X (C) /N (C) with

N(C) = {(rg)s cCOU |vpeN |r]|=0(P) ase — o} .
Example 2 Taking R = RY, we recover the sheaf of Colombeau simplified or special algebras.

Notation 2 In the sequel, we shall write G (Q) (resp. Xar (2)) instead of GFF () (resp. XRY (Q)).
For (f:). in X () or XT(Q), [(f-).] will be its class in G (Q) or in GF (Q), since these classes
are obtained modulo the same ideal. (We consider G™ () as a subspace of G ().)

Example 3 Taking R = B, introduced in ezample [, we obtain the sheaf of G*-generalized
functions [20].

Example 4 Take a in [0, +00] and set

RO:{NGRT

lim (N(l)/l):O} ; Fom>0:7za:{NeR§

l——+00

limsup (N (1)/1) < a} )

l—+o00

For any a in [0,+00], Ry is a regular subset of ]le_. The corresponding sheaves Ga (-) are
the sheaves of algebras of generalized functions with slow growth introduced in []]. Note that,
for a in (0,400], a sequence N is in R, iff there exists (a',b) € (R+)2 with ' < a such that
N(l) < d'l+b. The growth of the sequence N is at most linear.

Remark 1 We have the obvious sheaves inclusions X (-) C XRa () Cc X (-).



For a given regular subspace R of RIE, the notion of support of a section f € G* (Q) (Q open
subset of R%) makes sense since G® (-) is a sheaf. The following definition will be sufficient for
this paper.

Definition 3 The support of a generalized function f € G (Q) is the complement in Q of the
largest open subset of Q where f is null.

Notation 3 We denote by GX () the subset of G* () of elements with compact support.

Lemma 3 Every f € G& has a representative (f-)
support.

., such that each f. has the same compact

We shall not prove this lemma here, since lemma [IJ below gives the main ideas of the proof.

2.2 Some embeddings

For any regular subspace R of RI_\]F and any Q open subset of R?, C* () is embedded into G® (£2)
by the canonical embedding

o:C®(Q) =GR (Q) f—|[(f).] with f. = f for all £ € (0,1].

We refine here the well known result about the embedding of D’ (Q2) into G (€2). Following the
ideas of [L9], we consider p € S (R?) such that

[p(z) dz =1, [x™p () dz = 0 for all m € N¥\ {0} .

(Such a map can be chosen as the Fourier transform of a function of D (]Rd) equal to 1 on a
neighborhood of 0.) We now choose x € D (Rd) suchthat 0 <y <1,y =1on B(0,1) and x =0
on RN B(0,2). We define

d _ 1 oz
Vee (0,1], Vz eR He(x)—gdp(€>x(|ln6|:c).

(0,1]

Finally, consider (k.), € (D (R?)) such that

Vee (0,1), 0<k:.<1 kK.=1lon {x €N ‘d(x,]Rd\Q) > ¢ and d(z,0) < 1/6}.
With these ingredients, the map
1:D'(Q) = G(Q) Tr (kT x6:).+N(Q) (4)

is an embedding of D’ (2) into G (2) such that ¢ () = 0.
The proof is mainly based on the following property of (6.).:

fé?g(x)dle—i—O(Ek) ase — 0, VYm e N%\ {0} fxmé?g(x)dx:O(&?k) ase — 0. (5)

Set
RIZ{N6R§|3beR+,vz6R N(z)gz+b}. (6)

One can verify that the set R is regular and we set G (-) = GR1 (.).

Proposition 4 The image of D' (Q) by the embedding, defined by [{), is included in GV (Q).



Proof. The proof is a refinement of the classical proof (see [H]), and we shall focus on the
estimation of the growth of (k.7 * 6.)_ which is the main novelty. We shall do it for the case
Q = R?, for which the additional cutoff by (x.) . is not needed. Then, for a given T' € D’ (Rd),
we have ¢ (T') = (T = 0.), + N (RY), with (T % 0,), = (T, 0 (y — -)).

Let us fix a compact set K and consider W an open subset of R% such that K ¢ W ¢ W & R,
With the above definitions, the function x +— 6. (y — x) belongs to D (W) for all y € K and ¢
small enough, since the support of 6. shrinks to {0} when & tends to 0. Therefore, for 3 € N¢
and € small enough, we have

Ve K 9%(T+0.)(y) = (T,0° {o = 0. (y — 2)})
(T .9 &= 6. (s~ 2)})
O o () -}

By using the local structure of distributions [24], we can write Tiw = 0 f where f is a compactly
supported continuous function having its support included in W. It follows

ve k07 (Tx6.) () = (~D) (a1, (9%0.) (v - )
— (_1)|04\+|/3| <f, (3044-696) (y — )>

_ (—1)leitia /W £ () 890, (y — z) da.

Using the definition of (6.)_, we get

VEER 0706 = Y CUpd e (€) 07 (x(Elmel)) (with pe () = 5 (2))

v<a+s c
= X Qe P el @) () (0 x) (e,
y<a+p

with |a + 8 — ] = |a] + |B| — || since v < a+ B. For all v < a + 3, we have
e=dNl | elle+s=l = o <€—d—1—|a\—|ﬁ\> as & — 0.

As p and x are bounded, as well as their derivatives, there exists C; > 0, depending on («, (),
such that
V¢ e R

oot+B (6. (5))‘ <0 g—d=1=lal=[g]

We get

Yy € K ‘aﬂ (T *6.) (y)‘ < Cy sup |f (€)] vol (W) e~d-1-lal-181
Lew

From this last inequality, we deduce that for any [ € N, there exists some constant Cy > 0,
depending on (I, K), such that

prei (T 02)) < Coe 7171007 = 0y N with N(I) =1+ d+ 1+ |a,
which shows that (T * 6.), € X' (RY). m

We can summarize these results in the following commutative diagram:

C>*(Q) — D(Q)
lo le (7)
G* Q) — ¢V Q) — G(Q).



3 Rapidly decreasing generalized functions

3.1 Definition and first properties

Spaces of rapidly decreasing generalized functions have been introduced in the literature ([g],
B2, [B3]), notably in view of the definition of the Fourier transform in convenient spaces of
nonlinear generalized functions. We give here a more complete description of this type of space
in the framework of R-regular spaces.

Definition 4 We say that a subspace R’ of the space Rl}f of maps from N? to R, is regular if
i is “overstable” by translation and by mazimum
) R is table” by translati db '

YN eR, ¥ (kK k) eN>, 3N € R, V(q,)) N> N (q+kI+K)+K <N (g0), (8)

VN, € R\, VN, € R/, AN € R/, V(q,1) € N> max (Ny(q,1), Na(q,1)) < N(g,1).  (9)
(i¢) For any Ny and Ny in R', there exists N € R’ such that

Y (q1,q2,01,012) € N* Ny (qu,l1) + Na(qo,l2) < N (q1 + qo, 11 +12) . (10)

Example 5
(i) The set B’ of bounded maps from N? to R, is a reqular subset of le.
(i) The set ]I@l2 of all maps from N? to R, is a regular set.

We consider 2 an open subset of R? and the space S (Q) of rapidly decreasing functions
defined on 2, endowed with the family of seminorms Q (2) = (:“q,l)(q )enz defined by

pai ()= sup (14 [z)?[0%f ()]

zeQ,|al<I

Let R’ be a regular subset of le and set

XE (@) = {(f). e SOV [N € R V(a,1) €N gy (f) = O (VD) ase - 0},
NE (@) = {(f). € S@ [vm € R, V(q,1) € N* g (f2) = O (") ase — 0.

As for lemma [}, we have N (Q) = Ns (), with
Ns (@) = {(fg)5 € S(Q)(O’u |V (g,0) € N2 Vm €N pig; (f) =0 (™) ase — 0} .

Proposition 5

(i) For any regular subspace R’ of ]Ry, the functor  — ng (Q) defines a presheaf (it allows
restrictions) of differential algebras over the ring X (C).

(i1) The functor Ns : Q — Ns () defines a presheaf of ideals of the presheaf XX (-).

(14i) For any regular subspaces Ry and RY of ]Ry, with Ry C RY, the presheaf X§1 (Q) is a
subpresheaf of the presheaf X§2 (Q).

Proof.
(a) Algebraical properties.- Let us first prove that XX (Q) is a subalgebra of S(Q)(O’H. The

proof that X ga’ (€) is a sublinear space of C*> (Q)(O’l] goes along the same lines as in proposition



fl. For the product, take (f). and (gc)
Ny € R and N, € R’ such that

in XX (Q). According to the definitions, there exist

£

V(0,0) €N? pgy(he) = O (7@ ase -0, for h = [, g..
Consider (q,1) € N2 and a € N? with |a| = I. By Leibniz’ formula, we have

Vee (0,1]  0%(foge) =Y CLOf.0"g..
1<«

Thus
sup (1 + ’x‘)q ‘aa (fage) (.%')‘ < Z Cg Haq,|v| (fa) Ho,|a—~| (fe) s

v y<a

with, for all v < a, gy |y (fe) Ho,ja—ry (fe) = O (6_Nf(q"“/|)_N9(0"0‘_7”) as ¢ — 0. Since v < «a, we
get |y|+ |a — ] = |a] = . According to ([I{), there exists N € R’ such that, for all k and ¥’ < k
in N, Ny (¢, k') + N2 (0,k — k") < N(q,k). Then

sup [(1 + [z])? 0 (fege) ()| = O <€_N(q’l)) as € — 0.
z€eQ
Thus g (f- ge) = O (VD) ase — 0 and (f. g.), € XZ (Q).

The same kind of estimates shows also that ANs (Q) (or N&' (Q)) is an ideal of XX (Q).

(b) Presheaf properties.- Take Q1 and Qs two open subsets of R%, with Q; C Qa, (u.), € ng (Q2)
(resp. N5 (Q2)). As uc € C® (Qy) for all € € (0,1], it admits a restriction u.|q, , and obviously
(e, ), € XZ (Q1) (resp. Ns (Q2)). So, restrictions are well defined in XX (-) and Ns (). =

Definition 5 The presheaf g];/ (1) = &3 / (+) /Ns (+) is called the presheaf of R'-regular rapidly
decreasing generalized functions.

As for the case of G* (+), the presheaf Qg/ (+) is a presheaf of differential algebras and a sheaf
of modules over the factor ring C = X (C) /N (C).

Example 6 Taking R' = ]RT_Q, we obtain the presheaf of algebras of rapidly decreasing general-

ized functions (8], 23], [23)).

N2
Notation 4 In the sequel, we shall note Gs(Q) (resp. Xs(Q)) instead of QE* (Q) (resp.

N2 / ’
XE* (Q)). For all regular subset R' and (f-), € XF (), [(f-).]s denotes its class in GF ().

Example 7 Taking R’ = B', we obtain the presheaf of G generalized functions or of regular
rapidly decreasing generalized functions.

Set
Ns. () = {(fa)e e C= () |¥m e N, VgeN pgo(f) =0 (™) ase — o} NCE))
We have the exact analogue of theorems 1.2.25 and 1.2.27 of [[[]].

Lemma 6 If the open set Q is a box, i.e. the product of d open intervals of R (bounded or not)
then Ns () is equal to Ns, () N Xs (2).



Proof. We use similar technics as in the proof of Theorem 1.2.27 in [[[0]. It suffices to show
the result for Xs (©2) (which is the biggest subspace of S (Q)(O’l] we may have to consider) and
for real valued functions. We prove here that a derivative 9; = 0 /0z; (1 < j < d) satisfies the
0-order estimate of the definition of Ns, ([[]). The proof for higher order derivatives, which goes
by induction, is left to the reader. Let (f.). be in N, (Q)NXs (), ¢ in N and m in N. As (f.),
is in Xs (€2), there exists N such that

vq' €{0,...,q} 81618 (14 |z))? |8j2»f5 (m)| =0 (6_N) . (12)

As (f:). is in N, (2), we get
V¢ €N sup (1 + |z))? |f- (z)| = O (5N+2m) ) (13)
€N
Since the open set € is a box, for e sufficiently small (but independent of x), either the segment

[:U,x + 6N+mej] or [m,x — 6N+mej} is included in 2. Suppose it is [m,x + 6N+mej]. Taylor’s
theorem gives the existence of 6 € (0, 1) such that

0ife (x) = (fe (x+¥ej) — fo(2)) e = (1/2) 87 f- (wg) V™, wp =2+ 0V ey
This gives
(L4 [2)?05fe ()] < (L4 [ [ fo (2 4+ Hey) [N + (14 [a))? | fo (@) eV +

eNT (1 + |2])7| 07 f- (o))

kokk

From ([[J), we get immediately that (xx) is of order O (¢™). For (x), we have

q
1+ |2)7 < (14 |o 4 NFme| + M) < ZCZ (1+ |z +€N+mej‘)qfk S(N4m)k
k=0

Then
(14 |=|)? ‘fg (z+ €N+mej) | g~ N-m

q
< DCE (U [t Mg ) (0 4 N ey )| I
k=0
and ([[J) implies that (x) is of order O (¢™). Finally, the same method shows that (x * x) is also
of order O (™). m
3.2 Embeddings
3.2.1 The natural embeddings of S (]Rd) and O’C (Rd) into Ggs (]Rd)
The embedding of & (]Rd) into Gg (Rd) is done by the canonical injective map

os:S (]Rd) — Gs <Rd) [ [(fe)]s with fo = f forall e € (0,1].

In fact, the image of og is included in gj;’ (Rd) for any regular subset of R’ C le.



For the embedding of O (Rd), we consider p € § (]Rd) which satisfies

[p(z) dz =1, [2™p (z) dz = 0 for all m € N\ {0} (14)
Set 1
Ve e (0,1], V2 e R p.(z) = Zaf <§) . (15)

Note that, contrary to the case of the embedding of D’ () in G (2), we don’t need an additional
cutoft.

Theorem 7 The map
15 0p (RY) = Gs (RY)  wrs [(wspo) s (16)

s a linear embedding which commutes with partial derivatives.

Proof. Take u € O, (R?). First, as u € O, (R?) and p. € S (R?), uc*p. is in S (R?) for all
e € (0,1]. (This result is classical: Our proof, with a slight adaptation, shows also this result.)

Consider g € N. Using the structure of elements of Of, (R?) 4], we can find a finite family
(fj)1§jgl(q) of continuous functions such that (1 + |z|)? f; is bounded (for 1 < j < i(g)), and

(aj)1<j<l(q) € (Nd)l(q) such that u = zg@l 0% f;. In order to simplify notations, we shall suppose
that this family is reduced to one element f, that is u = 9% f. Take now 3 € N%. We have

Vo e R 07 (ux p2) (2) =0 (9 + pe) (@) = (£ 04 (p) ) (@),
~ [ f@-90" () ) @

As pe (y) = e (y/e), we have 09 (pc) (y) = e~ 1o1=W01 (§2H0p) (y /&) and

Vo e RY 9% (uxp.) (z) = e lol=16l /f (x —ev) 3P (v) du.
On one hand, there exists a constant C7 > 0 such that

V(z,v) e R¥ |f(z—ev)] <CL(1+ |z —ev|).
On the other hand, as p is rapidly decreasing, there exists Co > 0 such that
0°*Pp(v) < Cp (L4 o)) ™"
These estimates imply the existence of a constant Cs such that, for all z € R?,
07 (w0 ()] < Coc®I [ (o= col) (14 [ol)) 7 (14 o)™

We have (1+ [z —ev|) > (14 [|z| — e[v]|) and a short study of the family of functions ¢, :
t— (1 + |[z] —et|) (1 + ) for positive t shows that @, . (t) > 1 + |z|. Consequently

Vo € R? ‘8#3 (u* pe) (1’)‘ < Cyelel=18l (1 + m)—q/(l + o))" do
< Cyelol=1Al (1+ |x[)~? (C4 positive constant).

It follows that fiq (u* p:) = O (afN(q’l)) as € — 0 with N(q,l) = |a| + . (o may depends on q)
This shows that (u * p.), belongs to Xs (R%).

Finally, it is clear that (u* p.). € Ns (Rd) implies that u. * p. — 0in &', as ¢ — 0. As
Ue * p. — u as € — 0, u is therefore null. m
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Theorem 8 We have: Ls|s(re) = OS-
Proof. We shall prove this assertion in the case d = 1, the general case only differs by more

complicate algebraic expressions.
Let f bein S (R) and set A =15 (f) — o (f). One representative of A is given by

BRSFE®) v (Fep) ) - 1) = [ Flu=0)pela) do— f0).
Using the fact that [ p. (z) dz =1, we get

ek Ay = [(fly—2) - ) pela) do.

Let m be an integer. Taylor’s formula gives

V(z,y) eR®  fly—=x)— =Z

J=1

j _ m+1
220+ S [ g ) (0

and, for all y € R,

=3 C 0 [atnwrars [ S ([0 ) 0 ) o)

J=1

Re(m.y)
According to the choice of mollifiers, we have [ 2%p.(z)dz =0 for € € (0,1] and j € {0,...,m}
and consequently A.(y) = R.(m,y).
Setting v = z/e, we get

WER  Al(y) = e / (_277“ (/Olﬂm“) (y — cuv) (1 — u)"™ du> p(v) do.

Consider ¢ € N. As p (resp. f) is in S (R), we get a constant C; > 0 (resp. C2 > 0) such that
lp ()] < CyL(1+|t)) ™ *7 (respectively |fmtD ()] < Co (14 ¢))77) for all t € R. Thus, there
exists a constant C3 > 0 such that

/ o™ (1 4 o) (/01 (14 Jy — cuo]) 9 (14 o)) du> dv.

Using the same technic as in the proof of theorem [f, we obtain that the underlined term is less
than (14 |y|)~ %, for all € € (0,1], u € [0,1] and v € R. This implies the existence of a constant
C4 > 0 such that

m+1

9
VyeR |A(y)| < Cs

VyeR [A(y) < Cae™ (14 [y) 71

As (A.), € Xs(R) and sup,eg (1+[y))?[A(y)| = O (em™*1) for all m > 0, we can conclude
directly (without estimating the derivatives) that (A.). € Ns (R), by using lemma . m

Consider )
RQZ{N’GR{“F |3N € Ry N’:1®N}, (17)

where Ry is defined by (f]). (This amounts to: N € R} iff there exists b € Ry such that
N(q,1) <1+10.) The set R} is clearly regular and we note

g <Rd) — x5 (Rd) /N (Rd> . (18)

11



Proposition 9 The image of O, (]Rd) by ts s included in gél) (]Rd).
Proof. Let u be in O, (Rd). According to the characterization of elements of O, (Rd) (],
there exists a finite family (f;), <j<li of rapidly decreasing continuous functions and (o), <j<i €

(Nd)l such that u = 22:1 0% f;. In order to simplify, we shall suppose that this family is reduced

to one element f, that is u = 9% f. For € N¢, the same estimates as in proof of theorem [f lead
to the following property

VgeN, 3C, >0, Ve e R (1+z))7|8° (u*p.) (x)| < Cyelol=IAl,
since, in the present case, f is rapidly decreasing. (The only difference is here that f and « do
not depend on the chosen integer ¢.) Then
gt (ux pe) < Cye™!71ol,
Our claim follows, with N'(¢,l) =1+ |«|, where |a| only depends on u. m

We can summarize theorems ] and f and proposition [ in the following commutative diagram
in which all arrows are embeddings (compare with diagram ([f)):

SRY) — Oy RY) — O (RY
Nos s lis (19)
gy’ (RY) — Gs (RY) .

3.2.2 Embedding of &’ (]Rd) into Gg (Rd)

In order to embed S’ (]Rd) into an algebra playing the role of G (Rd) for D’ (Rd), a space G, (]Rd) of
tempered generalized functions is often introduced (see [P}, [[]). This space G, (R?) does not fit
in the general scheme of construction of Colombeau type algebras, since the growth estimates for
G, (Rd) are not based on the natural topology of the space Oy (]Rd), which replaces C* (Rd) in
this case. Although it is possible to construct a space G (Rd) based on the topology of Oy ng),
we don’t need it in the sequel and we only show that &’ (Rd) can be embedded into Gg (R ) by
means of a cutoff of the embedding ts : O (Rd) — Gs (Rd).

Proposition 10 With the notations (14) and ([{3), the map
s 8 (RY) = Gs (BY) , ws [((ue p2) 7).

s a linear embedding.

Proof. For u € &’ (R?), the net ((u* p.)). belongs to the space
Xr (Rd> = {(fe)e e C™ (Q)(O’u ‘Va €N JgeN,INEN p_gu(f)=0 (e ) ase — O} .

(See, for example, theorem 1.2.27 in [I(]: The proof is similar to the one of theorem [].) A
straightforward calculus shows that Xg is an ideal of X;. It follows that ((u* p.) pz). € Xs (R?)
since (p;), € Xs (Rd). Then, the map 15 is well defined.

Note that, for v € &' (Rd), we have u * p, 5w as ¢ — 0 and, therefore, u * p, 2w as
e — 0. As p. = 1 on a compact set K, such that K, — R% as ¢ — 0, we get that
(u*pe)ﬁeguaseao. (20)

Finally, take u € &’ (R?) with ¢ ( ) = 0, that is ((u * p) p-). € Ns (R?). We have (u * p.) p- iR
|

0 and, consequently, (u * p:) pe L2, 0. Thus, u =0 according to (RQ).

12



4 Fourier transform and exchange theorem

4.1 Fourier transform in Gg (Rd)

The Fourier transform F is a continuous linear map from S (Rd) toS (Rd). According to propo-
sition 3.2. of [[J], F has a canonical extension Fs from Gs to Gs defined by

QJW)H%OW)UHﬂszﬁ/€M%@Nng (21)

where (uc), € Xs (Rd) is any representative of u.
The proof of this result uses mainly the continuity of F. More precisely, any linear continuous
map is continuously moderate in the sense of [ and, therefore, admits such a canonical extension.

(The proof of lemma [ below, with a slight adaptation, shows directly this result for the case
of F.)

Definition 6 The map Fs defined by (1) is called the Fourier transform in Gs.

In the same way, we can define Fg U by

%@Qa%@ﬂuHwamdﬂ%%@%U; (22)

where (u.), € Xs (Rd) is any representative of u.
Theorem 11 Fs:Gs (Rd) — G (]Rd) s a one to one linear map, whose inverse is ]:51.

Proof. Let v be in Gg (Rd) and (ue) . €Xs (Rd) be one of its representative. As represen-

tative of F (F~* (u)), we can choose (i), defined by
Ve € (0,1], Yz e R? @ (x) = (27T)d/em§ﬂ6 (€) d¢.

Since the Fourier transform is an isomorphism in S (Rd), we get U. = ug, for all € € (0,1], and
Fs (Fs' (w) = [(ue (2))]g =u. =

4.2 Regular sub presheaves of Gg (-)

We introduce here some regular sub presheaves of Gs (-) needed for our further microlocal anal-
ysis.
Let R be a regular subset of Rlﬁ and set

Ru:{N'eR{‘f\aNeR N’:1®N}; Ra:{N'eRIfHNeR N:N®1}.

In other words, N’ € R, (resp. Rp) iff there exists N € R such that N'(q,1) = N(I) (resp.
N'(q,1) = N(q)) or, equivalently, iff N only depends (in a R-regular way) of [ (resp. q).

Notation 5 We shall write, with a slight abuse, R, = {1} ® R, Rog = R ® {1}.
Obviously, R, (resp. Ry) is a regular subset of le.

Example 8 Take R =RY. We set: G4 () = G&* () (resp. G2 () = Q?a (1)). In this case, we
have Ry, = {1} @ RY (resp. Ry = RY ® {1}).

13



The elements of G&% () (2 open subset of R?) have uniform growth bounds with respect to
the regularization parameter ¢ for all factors (1 + |z|)?. For GZ(Q), those bounds are uniform
for all derivatives. For G (€2), introduced in example fl, the uniformity is global, in some sense
stronger than the G™-regularity considered for the algebra G. (In this last case, the uniformity
is not required with respect to the compact sets.)

We have the obvious inclusions (for R regular subset of ]RT_):

Gs* (@) — G&(Q)

oz @) { Gs () . (23)

g5 () — G5(Q)

Example 9 The algebra gg) (RY) = X;all (RY) /Ns (RY) introduced in ([I§) for the embedding

of O}, (]Rd) into Gs (Rd) (proposition [§) can be written as ggzl)“, with

Rlz{NGRTHbeRJﬂ vieR N(z)gz+b}.

As a first illustration of the properties of these spaces, we can show the existence of a
canonical embedding of algebras of compactly supported generalized functions into particular
spaces of rapidly decreasing generalized functions.

Lemma 12 Let R be a regular subset of RY and u be in GX () (Q open subset of R?), with
(ue). a representative of u. Let k be in D (), with 0 <k <1 and k =1 on a neighborhood of
suppu. Then (kue),. belongs to X§“ (R?) and [(kue).]g only depends on u, but not on (u.),. and
K.

Proof. We first show that (ku.), is in X;z“ (Rd) and then the independence with respect to
the representation.
(a) There exists a compact set K C € such that, for all € € (0, 1], supp ku. C K. It follows that
Kue is compactly supported and therefore rapidly decreasing. Moreover

v(qJ) € N27 Ve € (07 1] Ha,l (’KVU’E) < SUPgze K (1 + ‘x‘)qu,l (FL’U,E) < CK,qu,l (5u6)7 CK,q > 0.

Thus, (ku.), belongs to X§“ (]Rd). Indeed, by using Leibniz’ formula for estimating px; (ku.),
we can find a constant Cg 4, > 0 such that

V(g,0) € N2 Ve € (0.1 gy (mue) < Crgueprca (us). (24)

(b) Let (u.). be another representative of u and k be in D (§2), with 0 <k < 1and Kk =1 on
a neighborhood of suppu. Let L be a compact set such that supp ku. U suppru. C L C €.
According to the previous estimate, we have

V(q,1) € N?, Ve € (0,1] fig1 (Kue — Ktie) < pig (5 — K) ue) + pg (K (ue — e ))
< Crgpri((k —K)ue) + Crgpr (K (ue — ).

As k = K on a closed neighborhood V' of suppu, it follows that py,; ((k —K)u.) = 0. More-
over, for all m € N, pp\y; ((k —F)ue) = O(e™) as € — 0, since (L\V) Nsuppu = &. Then
pri((k—K)us) =0 (™) as e — 0. As [(ue),.] = [(ue),.], we have pr; (K (ue — u:)) = O (™) as
e — 0. Then pg; (kue — Rue) = O (¢™) and [(kue),]g = [(Fu).]g. =

From lemma [1, we deduce easily the following proposition:

14



Proposition 13 With the notations of lemma [{3, the map
LS - Qg Q) — QZ;“ <Rd) U — [(nug)e]s
s a linear embedding.

From the embedding ¢c s, one can then verify that the Fourier transform of a compactly
supported generalized functions u € G® (), which can be straightforwardly considered as an
element of G (Rd), is defined by one of the following equalities

F ) = F les) = | (w0 207" [ ¢uce) dg)s]s,

where (u.), € X R (Rd) is any representative of u and W any relatively compact neighborhood
of supp u.

4.3 Exchange and regularity theorems

Theorem 14 (Exchange theorem) For any reqular subset R of RT_, we have:
7 (g5 (7)) = 05 (%) F(o5 (&) =g (=) @)
Proof. The proof of this theorem is based on the following classical:
Lemma 15 For allu € S (Rd) and (q,1) € N2, there exists a constant Cq1 > 0 such that
fa (W) < Coi purdt,q (). (26)

Let us prove this result first. Take u € S (Rd), (¢,1) € N2 and (o, B) € (Nd)2 with |o| =1
and |5] < g. We have

Ve e R 92U (¢) = /emg (—iz)%u(z) dz.
By integration by parts, we obtain
Ve e R P90 (€) = /fﬁeimg (—iz)%u (z) do = (—i)”! /emg@ﬁ [(—iz)%u (z)] de.  (27)

By the Leibniz formula, we have

Vo e RY 07 [(—iz)*u(x)] = D €107 [(—ix)*] u (x), (28)
v<pB

where C’g are the d dimensional binomial coefficients.
There exists a constant C!, 5> 0 such that, for all v € N¢ with v < 33,

vo e RY (14 [a)™ |07 [(~in)"] 0 ()] < Clg (1+ [a]) "4 |07 (a)

< CopHaltdiiy (u) < Cop Sgg:u\a\-i-d—l—ln/ (u) -
7<
Summing up these results in (B§), we find a constant cr 3>0 such that

Vo eRY (1 [e) 07 (i) u @] < Oy sup gt ()
s
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Going back to relation (R7), we have
W B! [0 ()] < Cly s riasr () [ (14 1a) e
<

Finally, we get the existence of a constant C, g > 0

where Cy; is a constant greater than all Cy, g for |a| = [ and |3| < ¢. In the classical manner,
we can deduce inequality (R6) from this last estimate.

We return to the proof of theorem [[4. Let R be a regular subset of RT_.
(a) Take u € G&* (R?) and (u.), € X (R?) a representative of u. There exists a sequence
N € R such that pq4(u:) = O (6_N(Q)) as € — 0, for all » € N. Lemma [[§ implies that
fig1 () = O (e7N@) ase — 0, for all I € N. Thus, F (u) € Qj;f’ (RY).
(b) Conversely, take u € Q?a (Rd) and (ug), € X§5 (Rd) a representative of u. There exists a
sequence N € R such that g, (u:) = O (6_N(7")) as ¢ — 0, for all » € N. According to the
stability of regular sets, there exists a sequence N’ € R such that

VIeN N(+d+1)<N().

Lemma [[§ implies that pug; (W) = O (6_N,(q)> ase — 0, for all I € N. Thus, F (u) € g&* (RY).

So, we proved the inclusions of the sets in the left hand side of relations (RJ), into the sets of
the right hand side. The equalities follow directly from a similar study with the inverse Fourier
transform. m

Example 10 Tuke R =RY. We get F (G2 (R?)) = G& (R?) and F (G4 (R?)) = G2 (RY), result
which s closely related to the classical exchange theorem between Oy (Rd) and O, (]Rd).

Indeed, take u € O (R?) and consider (u.). = (u* p.). which is a representative of its
image by the embedding vs. Its Fourier image F (1s (u)) = [(Wp:).]s belongs to Gs (RY), with
ue€ Oy (]Rd) and p- € S (Rd). As lim._g p. = 1, we get lim._¢ (Up:). € Oum (]Rd). (For those
limits, we consider Oy (R?) equipped with its usual topology: See [Ld], [24].) This shows the
consistency of our result with the classical one. The generalized function F (15 (u)) belongs to a
space of rapidly decreasing generalized functions, but the limit of its representatives when & — 0
is in a space of functions of moderate growth.

Corollary 16 (Regularity theorem) We have: F (G (Rd)) =g (Rd).
Proof. Apply theorem [[4 with R = B, the set of bounded sequences, for which B, = By. ®
We can now complete diagram PJ in the case of Q = R%:
s’ (RY) — G&(RY)
o0 d / \« d )
g (R7) 17 17 Js (R?) - (29)
N\ /
g5 (RY) — gy (R

An interesting consequence of corollary [[f is the following property, also proved in [§], which
is the equivalent for rapidly decreasing generalized functions of the result mentioned in the
introduction for the G regularity (D’ (Q2) NG (Q) = C* (), [R]])-
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Proposition 17 We have O (Rd) ngg (Rd) =S8 (]Rd).

Proof. We follow here the ideas of [[9] for the proof of the above mentioned result about
G>= (RY). Let u be in O (R?) and set (u.), = (uxp.),. By assumption [(u=*p.).]g is in
G¥ (RY). According to corollary [, Fs ([(u * p-).]g) is also in G (RY). It follows that there
exists N € N such that

VgeN, 3C, >0 sup (1+|)?|a(€)p- (&)] < Cue™™, for & small enough.
{eR?

By choice of p, p- is an element of D (Rd). Moreover, a straightforward calculation shows that
p- (&) = p(€), for all £ € R with p equal to 1 on a neighborhood of 0. It follows that, for all
q € N, we have

VEERT (14 1¢)?[a(€)] < (1+1¢))
< (L+¢)

O =p )|+ p ()
O =P ()| + Coe™™.

Q|a
Q|a

Since 1 — p(£€) = p(0) — p(ef) = —&& fol P (£€t) dt, with p’ bounded, there exists a constant
C > 0 such that

VeeRY (14 [a(6)] <O+ e [a(E)lele] + Cpe ™.

Asuisin Oy (Rd), there exist m € N and a constant C7 > 0 such that

supgega (14 1€) 7" [@ ()] < C1.

Therefore, by setting Cy = max (CC1,Cy), we get

vEe R (14 [E) ()] < Co ((1+1g)T ™ elel +7)
<Gy (14T e+e™™).

Q+m€+ —N

By minimizing the function f¢ : € — (14 (¢|) eV, we get the existence of a constant

C'3 > 0 such that
vEERY (146D [@(6)] < s ((1+[gh N/ VD),

and
Ve R [@(6)] < Cy ((1+ Jgf) /NTIHmNED)

for all ¢ € N. (m only depends on u.) Treating the derivatives in the same way, we obtain the
same type of estimates. Therefore u and its derivatives are rapidly decreasing. This shows that
Or (Q)NGZ (Q) C S(N). As the other inclusion is obvious, our claim is proved. m

5 Global regularity of compactly supported generalized func-
tions

5.1 (C*-regularity for compactly supported distributions

In order to render easier the comparison between the distributional case and the generalized
case, we are going to recall the classical theorem and complete it by some equivalent statements.
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Theorem 18 For u in &’ (Rd), the following equivalences hold:

(i) ueC®(RY) <« (i) F(u)eS(RY
& (iii) F(u) € Op (RY)
& (iv) F(u) € O} (RY)
& (v)  F(u) € O (RY

Proof. Equivalence (i) < (ii) is the classical result. The trivial inclusion S (R?) C S, (RY)
shows (ii) = (iii). Then, the structure of elements of 0}, (R?) [2I] shows that S, () is canon-
ically embedded in O}, (R?): This shows (iii) = (iv). As Oy, (R?) C O (R?), (iv) = (v) is
obvious. For (v) = (i), note that F (u) belongs to Oy (R?) and better to O¢ (R?) since u is
in & (RY). (This last assertion is a refinement of the classical previous one.) Then, if (v) holds,

F (u) is in O¢ (R?) N O (R?) which is equal to S (R?) [RT]. Then (ii) holds. m

Theorem [[§ shows, at least, that there is no need to consider spaces of functions with all
the derivatives rapidly decreasing to characterize elements of &’ (]Rd) which are C*°. In fact, we
can only consider functions rapidly decreasing, with no other hypothesis on the derivatives. A
similar situation holds for generalized functions, justifying the introduction of rough generalized
functions in the following subsection.
5.2 Rough rapidly decreasing generalized functions
5.2.1 Definitions
Let R be a regular subset of RI}IF and Q an open subset or R?. Set

S () ={f € C*(Q) |Vg €N py0(f) <+o0},
XE (@) ={(f). € S @ [INER, Vg eN pyo(f) =0 (V@) ase — 0}, (30)
N (@) = {(fo). € S. (@)@ (wv ERY, VLEN pigo(f) =0 (VW) ase —0}.

One can show that X% (Q) is a subalgebra of S, ()@ and Ns, () an ideal of XX (). (In
fact, these spaces fit in the general scheme of construction of Colombeau type algebra [I, [,

)

Definition 7 The space G () = XF (Q) /Ns, (Q) is called the algebra of R-regular rough
rapidly decreasing generalized functions.

Example 11 Taking R = ]le_, we obtain the space Gs, () of rough rapidly decreasing gener-
alized functions.

Example 12 Taking R = B, the set of bounded sequences, we obtain the space G (), of
regular rough rapidly decreasing generalized functions.

Lemma f| implies immediately the following proposition:

Proposition 19 If the open set Q is a box and R' a regular subset of ]Ry, then g};/ (Q) is
included in Q?f’ (Q), where Ry is the (regular) subset of RY equal to {N (-,0), N € R'}.

Example 13 IfQ is a box, for all R C RY, Q?a (Q) is included in G¥ ().

Indeed, Rp = R ® {1}, which implies that (Ry), = R. Let us quote two other examples of
application of proposition [[9.
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Corollary 20 If the open set 2 is a box, then
(1) Gs (Q), obtained for R' = ]RT_Q, is included in Gs, ().
(i) G (), obtained for R' = B', is included in G (£2).

Indeed, (7) (resp. (ii)) holds, since (RT)O = RY (resp. (B'), = B'). Note that the proof of

proposition [[7] shows that
o (Rd) no. (Rd) _ <Rd) .

We turn to the question of embeddings. First, the structure of elements of O, (Rd) ([Lq],

[T, B4)) shows that S, (R?) is canonically embedded in Of, (R?). The embedding of S (R)
into Gs, (Rd) is done by the canonical injective map

os. : S, <Rd) ~ Gs. (Rd) F (f). + Ns. (Rd> with f. = f for € € (0,1].

Finally, a simplification of the proofs of theorems [], § and proposition [J leads to the following
theorem, where (p.). is defined by ([4) and (7).

Theorem 21
(i) The map

ts, : Op (Rd> — Gs, <Rd> u— (u*p), +Ns, (Rd>
1$ a linear embedding which commutes with partial derivatives.
(i) We have: Ls.|s. (R1) = OSu-
(iii) We have: 1s, (0}, (R?)) C G (RY).

Remark 2 Theorems [}, [§ and 21 combined together show that all the arrows are injective and
all diagrams commutative in the following schemes:

S (B7) — 8. (R) S (&) — 8. (R)
N % \ %
! Oc (RY) ! ! Opr (RY) !
% N % N
Gs (RY) — Gs. (R) gs (&) — gs: (&)

5.2.2 Fourier transform in Gg, (Rd)

We need in the sequel to define a Fourier transform (or an inverse Fourier transform) in gf;* (]Rd).
This is done in the following way. Set, for any regular subspace R of ]le_,

X5 (Q) = {(fe)a e ¢ ()] ‘ INeRY, VI eN pgy(f.) =0 <5—N<l>) ase — o},
xR (Q) = {(fg)e e o ()0 ‘ IN€ER, VIEN pgi(f-) =0 <5*N<l>) as e — o} ,

N (Q) = {(fe)a e o= ()0 ‘VN eRY, VIEN po(f-) =0 <5NU>> as e — o} .

According to the general scheme of construction of Colombeau type algebras, G () =
Xg (Q) /N5 (Q) is an algebra, named the algebra of bounded generalized functions. Moreover,
X[ () is a subalgebra of X (2). (The proof is similar to the one of proposition [[.) The space
GR () = X (Q) /NB () is called the space of R-reqular bounded generalized functions.

Notation 6 We shall note [(f-).]5 the class of (f.). in G ().
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Remark 3 One can verify that Go (Q) (resp. G% (2)) is embedded in G () (resp. GF (Q)).

Proposition 22
(1) For allu € Gs, (Rd) and (ue), € Xs, (Rd) a representative of u, the expression

i [a _ (g — / iy, (z) deB (31)

defines an element of G () depending only on w.
(ii) For any regular subspace R of RY and (u.). € XF (), we have (u.), € XF (Q).

The proof of proposition PJ is mainly a consequence of lemma [[§.
Assertion (i) . Take u € Gs, (R?) and (u.), € Xs. (R?) a representative of u. Then lemma [[§
(applied with ¢ = 0) implies that

VIEN, 3C; >0, Ve € (0,1]  poy (Ue) < Ca pirdt,o (ue) - (32)

This estimate shows that (u.). € X (Rd). Indeed, if (u.), is in X, (Rd), there exists a sequence
N € R such that 0 (us) = O (e7VW) as e — 0 and setting N’ : [ +— N (I + d + 1), we get that
o, (Ue) = (6_Nl(l)) as € — 0. According to the overstability by translation of the subset R,

(1), belongs to X (R?). Similar arguments show that, if (n.). € Ns, (R?), then (7). € Nz ().
Therefore, relation (BI) defines an element of Gg (Rd), depending only on wu.

Assertion (ii). The estimate (B2) implies that the regularity of the sequences in the definition of
moderate elements transfers by Fourier transform from the space index ¢ in the S,-type spaces
to the derivative index [ in the Colombeau type space (here of bounded functions), showing our
claim.

We define the Fourier transform F, on Ggs, (Rd) by the formula

Fi 1 Gs., (Rd) — Us (Rd) T [(m - /em&uE © dg)JB

where (uc), € Xs, (Rd) is any representative of u. (The inverse Fourier on Gg, (Rd) is defined
analogously.)

The assertion (i7) of proposition g implies:

Proposition 23 (Small exchange theorem) We have: F (g}i) C g§ (]Rd).

5.3 GR-regularity for compactly supported generalized functions

We have now all the elements to formulate and prove the following fundamental theorem:

Theorem 24 Let R be regular subspace of ]le_. For uw in Go (]Rd), the following equivalences
hold:

(i) ue GR (RY) & (i) F(u)e g (RY)

& (iit) F(u) € GF (R?).
Proof.

(1) = (i) As u is in G¢ (Rd) NngR (Rd) = Qg (Rd), u is in Gg™ (Rd) according to proposition
(3. Then, applying theorem [[4, F (u) is in ?a (Rd).
(79) = (i13) We have g§6 (RY) G& (R?), according to example [[3.
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(iii) = (i) Let u be in Go (R?), (u.), be a representative of u and K a compact set such that
suppue C K, for all € in (0,1]. We have Fs (u) = [(uc).]g, where™ denotes the classical Fourier

transform in §. By assumption Fs (u) is in gf;* (]Rd) and we can consider its inverse Fourier
transform F, !, with 7 (Fs (u)) in GF (R?) and

Fl(Fs ) = [(F7 @) Iy
Using the classical isomorphism theorem in S, we have F~! (i.) = u. for all € in (0,1]. Then
-7:*_1 (Fs (u)) = [(US)E]B-

Since all the u, have their support included in the same compact set, we obviously have [(u.)_] 5=
tc,B (u) where vc p is the canonical embedding of Go (]Rd) in Gp (Rd). Therefore, u € g7,§ (]R ) N
Go (RY) =GR (RY) Nge (RY). =

Example 14 The case R = B in theorem 24 gives a characterization of the global G -reqularity
of compactly supported generalized functions.

Moreover, we can refine theorem P4 in this particular case and prove:
Theorem 25 For u in Go (Rd), the following statements are equivalent:

(i) ue g™ (RY) <« (ii) F(u) e gy (R
& (idd) F(u) € G4 (RY)
& (i) F(u) € gy (RY).
Indeed, (i) = (ii) and (iv) = (i) follow directly from theorem P4 applied with R = B, since
By = B, the set of bounded elements of RJNFQ. For (ii) = (iii), we have G (R?) C G% (R?). For

(iii) = (iv), we remark that G% (R?) is obtained with R’ = {1} ® Rl as regular subset of le.
This implies that (R’), = B, with the notations of proposition [[9.

6 Local and microlocal R-regularity

We follow here the presentation of [[lH] and show that, with the previously introduced mate-
rial, the GR wavefront of a generalized function is defined exactly like the C™ wavefront of a
distribution. First, as G* is a subsheaf of G, the following definition makes sense:

Definition 8 Let u be in G (). The singular G™-support of u is the set

singsuppru=Q\{z € Q[IV e V,, ue Gr (V)}.

Proposition 26 Gs, : Q — Gs, () is a pre-sheaf: It allows restrictions.
The proof is similar to the part (b) of the one of proposition [f.

Notation 7 For (z,£) € Q x R?\ {0} (Q open subset of R?), we shall denote by:
(i) Vp (resp. Vg), the set of all open neighborhoods (resp. open convex conic neighborhoods) of

x (resp. ),
(ii) D, (), the set of elements D () non vanishing at x.
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For T € Vg, we say that u € G§ () if upr € G§ (T'). Let us fix a regular subset R of RY
and set, for u € G¢o (Rd),

ORuoz{geRdHﬁ}HFeLf aeggav} zﬂuo:<mmwog\oﬂmy
Lemma 27 For u € Go (RY) and ¢ € D (RY), OR (u) C OF (pu) (or, equivalently, £ (pu) C

Proof. Let (u.), € X (]Rd) be a representative of u with suppu. included in the same
compact set, for all € in (0,1]. We have

Fu.(y) = P+ Bely) = / (). (v —n) dn.

Let & be in O (u) and ' € Vgr such that @ € G& (T'). There exists an open conic neighborhood
'y € T of £ and a real number ¢ € (0,1) such that, for all (y,n) with y € 'y and |n| < cly|,
y—mn €. Then

S (y) = 5 (n) . (y—n) d 5 (n)d. (y—n) d
pu.(y) /nlgdyw(n) (y—mn) n+/n|>cly|<ﬁ(n) (y—mn) dn

:/ G (y —n) dn+/ By —n) 8. (n) di.
In|<cly|

ly—n|>clyl

v1,e(y) v2,¢(y)

In order to estimate vy ., let us remark that u € g]}* (T"). There exists a sequence N € R such
that, for all ¢ € N, there exists a constant C7 > 0 with

V(y,n) € Ty x R with [n| <ely| [a:(y—n)| < Cre V@ (14 ]y—n))77,

for € small enough.
As, for |n| < cly|, we have |y —n| > ||ly| — [n|| > |y| (1 — ¢), it follows that

V(y,m) € Ty x R with [y <cly| |- (y—n)| < Cre M@ (14 |yl (1-¢) 7.
Since @ is rapidly decreasing, we get the existence of a constant Cy > 0 such that.
vneRY  B(n) < Co(l+ )

Replacing in the definition of |v; .(y)|, we get the existence of a constant C3 > 0 such that

_ 1+ |yl 1 1
VyeTl 1+ ly))? v gCeN@)/( ) dn.
yelr  (1+y)? |vie(y)l 3 Arw-)) Ttm)™ n

The function ¢ — (1 +1¢)/(1+t(1—c¢)) is bounded on Ry. It follows that the integral in the
previous inequality converges, we finally get a constant C4 > 0 such that

VyeTr  |oie(y)| <Cie™™MD 1+ ]y)70. (33)

For vy ., note that (ug)e € Xs, (Rd). Therefore, there exist M > 0 and C5 > 0 such that
[0 (7)) < Cse™™M (14 |n|)~4" for & small enough. As $ € S (R?), there exists Cg > 0 such that

V(y,n) €Ty xR with jy—n| >clyl [Gy—n)]<Ce(l+]y—n)<Cs(1+cly) .
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Then | (y —n)| = O ((1 + |y])™?) as y — 4oc0. Thus, there exists a constant C7 > 0 such that
Yy eI' lvac(y)] < Cre™™ (14 |y|)™, for € small enough. (34)

From (B3) and (B4), we gets that, for all ¢ € N, there exists a constant C' > 0 (depending on ¢q)
such that

VyeTlr  |gu.(y)l < Cem WO (1 4 |y))~7.
Since R is overstable by translation, there exists a sequence N’ (-) € R such that N (-) + M <
N'(-) and pg,0 (Pu.) = O (6_N,(Q)> as ¢ — 0. Finally gu = [(pu.)]g, € G& (T1) and € €
O (pu). =

Definition 9 An element u € G (Q) is said to be R microregular on (x,&) € R? x (R?\ {0}) if
there exist p € Dy () and T' € Vg, such that pu € G& ().

We set, for u € G () and z € Q,
OR (1) = Upep,O® (pu) = {5 e (R4\ {0}) |u is microregular on (z,£) } :
SR () = Npen, 37 (pu) = (R {0}) \OF (u).
Definition 10 For u € G () the set

WEr(w) = {(2,€) € R x RN\ {0} [ € € X (u)}
is called the R-wavefront of u.

Proposition 28 For u € G (), the projection on the first component of W Fg(u) is equal to
singsuppg u.

The proof of this proposition follows the same lines as the one for the C*®-wavefront of
a distribution. First, for v € G(Q) and ¢ € D (), ¢u, which is a priori in Ge (), can be
straightforwardly considered as an element of G¢ (Rd). As Go (Rd) is included in Gg (Rd) (see
proposition [[J), the Fourier transform of pu can be defined. (In the distributional case, that is
u € D' (Q), pu is identified to an element of £ (R?).) From this, we can follow the arguments
of [1H] (pages 253/254) for the C*°-wavefront, which use mainly the compactness of the sphere
S9! and lemma R7, which holds in both cases: See lemma 8.1.1. in [L[] for the distributional
case.

Example 15 Tuoking R = B, the set of bounded sequences, we recover the G -wavefront, which
has here a definition independent of representatives.

Example 16 Tuking R = R, we get a wavefront which “contains” the distributional microlocal
singularities of a generalized function, since D' (-) is embedded in G (-).

In [[{], it is shown that the analogon of this lemma holds for the analytic singularities of a
generalized function, giving rise to the corresponding wavefront set and the projection property
of proposition P§. Our future aim is to apply this theory to the propagation of singularities
through integral generalized operators []. We also refer the reader to [{], [[2], [L3], [4], [L9] and
the literature therein for other presentations of the G*°-wavefront (which is a particular case of
R wavefront).
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