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Conformal mappings and shape derivatives for the transmission
problem with a single measurement.
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Abstract

In the present work, we consider the inverse conductivity problem of recovering inclusion with one
measurement. First, we use conformal mapping techniques for determining the location of the anomaly
and estimating its size. We then get a good initial guess for quasi-Newton type method. The inverse
problem is treated from the shape optimization point of view. We give a rigorous proof for the existence
of the shape derivative of the state function and of shape functionals. We consider both Least Squares
fitting and Kohn and Vogelius functionals. For the numerical implementation, we use a parametrization
of shapes coupled with a boundary element method. Several numerical exemples indicate the superiority
of the Kohn and Vogelius functional over Least Squares fitting.

Keywords inverse conductivity problem, shape optimization, shape derivatives, conformal mappings, bound-
ary element methods.
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1 Introduction

We consider the inverse conductivity problem with one measurement of recovering, within a bounded domain
Q C R? whose conductivity is oy, an unknown inclusion w in € of conductivity s # o; by measuring on 9,
the input voltage and the corresponding output current. In the sequel, we fix dy > 0 and consider inclusions
w such that w CC Qq, = {x € Q, d(z,08) > dp}. To set up the problem, we consider a conducting body
occupying 2 C R? with a conductivity

0 =01X0\w + 02Xw; 01,02 >0 (1)

where w is a simply connected subdomain of 2. The notation . (resp. xq\.) denotes the characteristic
function of w (resp. 2\ w). Then if the electrostatic potential u solves

—div (eVu) =0 in Q, (2)
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one wishes to recover w from the knowledge of the boundary voltage f and current measurements g whosé
relationship is determined by the following equation

—div(cVu) = 0in £,
uw = fondQ, (3)
010,u = g on 0f.

Here 0,u denotes the normal derivative of u. This inverse problem arises in practical situations, such as
medical imaging, exploration geophysics and non-destructive evaluation where measurements made on the
exterior of a body are used to deduce the properties of the hidden interior and inclusions. The fundamental
question of existence and uniqueness of a solution to the inverse problem is non trivial and no general answer
is known to our best knowledge. The difficulty lays in the single measurement condition. However, we
are not dealing with this question in this work but with the design of numerical techniques to effectively
reconstruct the interface dw.

Our work is the natural continuation of the paper [4] where we introduced an algorithm based on the
use of conformal mapping to efficiently reconstruct circular inclusions in tomography. The leading idea is
to consider the conformal map itself as variable and the analytic expression of the Dirichlet to Neumann
map in the case of concentric disks. Such techniques were introduced by Kress and al in [1], [6] where they
considered the particular cases of the perfectly conducting or insulating inclusions. However, the extension of
the conformal mapping methods to the general transmission case requires to consider only circular inclusions.
This limitation is intrinsic to the use of conformal mapping of doubly connected domains. Therefore, the
natural question is : how useful are those conformal mapping methods when one deals with inclusions far from
being circular? Our aim in this paper is to give a simple answer: we can use this method for determining the
location and an estimated size of the inclusion. We will then get a good initial guess that will be incorporated
in a more complex algorithm. This algorithm can be summarized as follows: first, thanks to the conformal
mapping, we begin to find an admissible approximating disk; in a second time we choose a criterion and use
a quasi-Newton procedure to minimize this criterion. Let us emphasize that the unknown is a geometry and
therefore we are facing a shape optimization problem.

We consider different criteria such as the Least-Squares boundary fitting criterion and the Kohn-Vogelius
criterion and solve the corresponding minimization problems by an optimization method. We discretize the
continuous gradient of the objectives. From the numerical results obtained with quasi-Newton algorithms
such as BFGS, we will be able to determine which criterion is more suited for our problem.

The organization of the paper follows the objective. In a first section, we shortly present the conformal map-
ping techniques from a practical point of view. We also give some comments on the convergence conditions of
the algorithm and derive an a prior:i upper bound for the conformal radius. In the second section, we derive
the shape calculus for the solution of equation (2). Since we have to differentiate the energy functionals with
respect to the variations of the boundary, the knowledge of the shape derivative of the state equation with
respect to the boundary variations is required for an efficient implementation of an optimization method. We
will introduce the shaping functions and will compute their shape derivatives. In the last part of the paper,
we introduce a discretization of the problem based on the discretization of the continuous gradients. In order
to compute the gradients, we introduce some systems of integral equations and prove their well-posedness.
This will enable us to use a classical optimization method to improve the quality of the reconstruction. We
will illustrate our theoretical results with several numerical examples obtained with the criteria we previously
introduced.



2 Using conformal maps to find a good starting shape 3

2.1 Presentation of the algorithm of [4] and convergence results

To simplify many expressions in this section, we assume from now on that the known domain € is the unit
disk B(O,1) and that the inclusion is a disk w CC 4,. There exists a radius p and a Mobius transform ¥
mapping Q into itself and w into B(o, p).

In order to perform the transport, we need some notations: let I be a periodic parametrization of 92 by the

arc length. From now on we consider ® = U~ the conformal mapping transforming the concentric circles

onto 9 and dw. We normalize the mapping ® by setting ®(1) = I'(0). If the circle 9 is parameterized

by 0 = {6(t) = €', t € [0,27]}, then we can find a strictly monotonous and smooth bijection ¢ such that

®of =T o¢; ¢is the main determination of the argument of ®(e). If u is an harmonic function in a

neighborhood of 92 and if v = u o ® then applying the chain rule and the Cauchy-Riemann relations we get
ov  Ou do

Since the state function u solves (3), we get

d
D, (fo6) =2 goi om0, (5)

where D, denotes the Dirichlet to Neumann operator and f and g depend on the arclength of 0€2. In the
specific case of two concentric disks of radii p and 1, D, is explicitly known.

Lemma 2.1 The operator D, is diagonal on the Fourier basis:

1 fcoskf|\ 1 |coské _ B 1— pp®*
(7 [Ske]) =2 (5 [imaa] ) o) = vk 3 )

In these formulae, p is the relative contrast of conductivities namely (o1 — 02) /(01 + 02) € (—1,1).

The unknowns in (5) are p and ¢. When p is a real number between 0 and 1, ¢ is a 27-periodic function.
Equation (6) provides the radius p from the eigenvalues \; by

1

ok — X\ |2k

VEA0, p=|— T8
S e W

(7)

Hence, once ¢ is fixed, the eigenvalues of D, are recovered from the projections of f o ¢ and go ¢ on the
eigensubspaces of D,. This means that in practise the only unknown is ¢. The equation (5) is nonlinear and
nonlocal. The computational and theoretical way to solve such an equation was introduced by Akduman
and Kress in [1]: it consists in writing this equation as a fixed point for a contractant nonlinear operator
K. In order to prove contraction, a linearization is performed and the measurements f and g have to be
properly chosen. These limitations explain the limitation of the results in [1], [6], [4]. We now introduce the
appropriate operator K for the transmission problem. The full analysis is carried out in [4].

To avoid division by 0, equation (5) is rewritten in a relaxed form

46 _ (90 0)D,lf 26] + (G0 H)DolF o) .
dt (9> +G?) o '




The couple (F,G) satisfies the following compatibility with the measurements condition : there exists &
function G with mean value 0 in L?(0SY) such that g?> + G? > v holds for some v > 0 on 9. The function
F is then taken as the trace on 9 of a solution to the Neumann problem —Aw = 0 in Q with 9, w = G on
0f). However, they can be seen as simulated data for the reference problem without inclusion.

Let us introduce the operators V', U and K defined as

V. HY0,2r) — HY0,27)
v o= Yt)+ t.
U: HY0,2r) — L2(0,27)
(g0 V)Dp[f o V] + (G o Vi) Do[F o V)] (9)

(4

K: HY0,27) — Hi(o,%) )
(L /0 (Utb(fv)—;ﬁ / ﬂU?b(T)dT) dz. (10)

0

(9> +G?) oV

We have :

Theorem 2.2 ([4]) Assume that Q\ @ is close to an annulus bounded by concentric circles with an inner
radius p and that the pair of measures (f,g) are close to a sine function. If o9 > o1 and the condition

— pp*(1—p?)? dpp* |11 1—p?
(L—=pp?)(X+pp)?  1—pp?

1—p?
L+ pp?

(11)

573 14 pp?

holds then the inclusion w can be reconstructed via iterative approximations Wn11 = K(¢p). Moreover, if
(F,G) is a second measurement, then condition (11) can be removed.

Two assumptions limit the field of application of this method. Let us make some comments about these
restrictions.

The condition o9 > o7 - the conductivity in the inclusion should be bigger than the conductivity outside -
is intriguing. Technically, if 09 < 01, K has an eigenvalue strictly bigger than 1 and is not contracting. In
that case, we can consider the corresponding problem for v an harmonic conjugate function of the state u.
It solves classically

—div(6Vv) = 0in Q,
v = g on Jf,
- df
010,v = — on 0f).
ds

where & is the inverse of ¢ and s stands for the arc-length of 9Q. The conjugate harmonic function is defined
by (3) up to an additive constant. Obviously, the points of discontinuity of ¢ are w and one checks that
g9 > 1. If f and g are regular enough to apply the same strategy for the new set of data (g, f'), we are led
to study the operator K defined by

U: HY0,2r) — L2(0,2n)
(f" o Vi) Dylg o Vb + (G o Vip) Do[F o V)]

(le + GQ) o VdJ (12)

G
K: HY0,2r) — HY0,2n)
G

- /O t (Uwu) - /0 " ffw(r)dr) d.

It is an exercise to adapt the study of K performed in [4] to show that in this case, K is also not contracting.
This means that the constraint oo > 01 cannot be removed in this way.



The other restriction is the size condition (11): the key quantity up? -namely the product of the conductivit§
contrast by the area of the conformal inclusion- should not be too big. Since p is known by assumption, we
are led to the question of obtaining a priori bounds on the conformal radius p from effective data. They
correspond, in the context of conformal mapping, to the general results of a priori estimations of size.

2.2 Size estimations of the conformal radius

The size estimate is comparable with the boundary integral

0 = (f = fo)dS

g
o0
where fo denotes the Dirichlet data for g, when we have no inclusion (see for example [11],[2]). If Aj*' is
the Neumann-to-Dirichlet map associated with the Laplace operator on B(0,1), then fy = Aalg. Here 6&
represents the difference between the energy powers £ and & when the inclusion is respectively present and
absent. Before giving an estimation of the size of the radius, some preliminaries are needed. We assume that
w is a disk of center a € B(0,1 — dg) and of unknown radius. Concerning the boundary measurement, we
make the assumption that the Neumann data g is steep when it is small:

(A) There exists a number M > 0 such that when |g(x)| < M then its derivative satisfies

12
lg' (z)| > ﬁM-
0

This assumption plays the same role than assumption (N1) of [11]. Our size estimation of the conformal
radius p is given by the following result.

Proposition 2.3 Assume that g satifies (A). There exists a constant C' > 0, depending only on the con-

ductivities o1, 09, such that
: [ -0t s
o0

<
p K

. (13)

Proof: By the Mobius transform
z—a

P(z2) =
(2) 1—az’

we transport the problem on the configuration of an annulus of inner radius p. Since the trace of ® on the
boundary 0f) writes:

i0 2
£i00) _ —i0 (¢’ —a)
= _ o
e — al
a straightforward computation leads to
6 — 1~ af 1—lal _ do
1+ |a|?2 —2z4cost — 2y, sint — 14 |a| = 2
la|(1 +al) _ 2
d|¢" )| <2——-"F < —
w2 T = g

The transported boundary conditions are f = f o ¢ and § = (g o #)¢’. Hence, we have on the one hand

| ¢=tg= [ (7~



on the other hand, |§(z)| < M = |§’| > M. Then, from Theorems 3.1 (size estimate) and 4.1 (lower bounf
for the norm of the gradient) of [11], there exists a constant C' > 0 depending only of the conductivities

01,09 such that
2 |- fo)g’ .
o0

<
P - tM?

Our result should be useful in practice: indeed, we have a decision tool for the convergence of the fixed point
that needs only the boundary measurements and conductivity.

2.3 The numerical algorithm

The function v is approximated in E4 the subspace of trigonometric polynomials of order less than d. The
known and fixed data are the measurements f, g, the virtual measurements F, G and the conductivities.
We assume that both the contrast of conductivity and the spectra of Dy are computed once for all. Let us
first explain how to apply numerically the fixed point operator. Assume that the approximations p, and ),
are known after n iterations. Two main steps are to be performed.

1. Step 1: computation of the new fonction 4.

a) determine the eigenvalues of D, ,
compute f o ¢, go ¢d,, F oo, and G o ¢,, (this requires numerical interpolation)

compute the Fourier coeflicients of f o ¢,, and g o ¢,,

)
(c)
(d) compute U pointwise according to (9),
) compute the Fourier coefficients of U and deduce ¥, 1,
) set ¢n+1(t) =t+ ¢n+1(t);
2. Step 2: computation of the new radius pp41.
(a) compute the Fourier coefficients oy of ¢}, g0 ¢ni1 and By of f o ¢y,
(b) determine ko = min{k, |Bx|®>+ |B_r|? # 0},

)
(c) evaluate A = /(Jauko 2 + oo [) /(1o [* + [B-ko 7).
(d) determine p,,41 from (7).

The main advantage of this algorithm is that no partial differential equation and no linear system has to be
solved. Hence, it is fast and cheap. Once convergence is achieved, one disposes of a numerical approximation
(b of ¢ and of an approximation p of the radius p. It remains to extend gzb into a conformal map in the disk.
Theoretically, this is performed as follows: if ¢ writes

N N a N a + b,
zZakcoskterksinkt:ZkT ekt 4 Z k k gkt
k=1 k=1 k=1
Then its extension is N Ny
Sty ay — iby, pikt ak + R ——
P (re ) s T + Z r—"e .

k=1 k=1



The ill-posedness of the problem appears in the negative exponent of r. Hence, we use the regularizeg
conformal mapping ®,.:

N . N . k
it) ak — bk ik ay + iby r ikt
¢T‘ (7”6 ) ~ T re + 2 + 2’6‘/ .
T
k=1 k=1 k

In the numerical results presented in Section 4, we arbitrarily fix the Tychonov parameters €.

3 Shape calculus and transmission problem

3.1 Reformulation as shape optimization problems

In parameter identification, one usualy tries to fit the data with the predicted output generated by the model
from a given value of the parameter. Hence, we define the Neumann Least Squares fitting cost function as

1
Jis@) = [ o0 (19

where ¢ is the boundary measurement and where the state function ug solves

Aug = 0in Q\w and in w,
[ug] = 0on dw,
[cOnug] = 0 on dw, (15)

uqg = f on 9.

The problem of determining the inclusion w is now to minimize this shape function. A similar functional is
also considered in [12] for interior fitting. Since we consider L? norm we assume that the boundary 95 is
of class C? and that the Dirichlet data f is H3/2 to insure that J;g is well defined. To avoid this artificial
difficulty, one usually prefers to fit Dirichlet data rather than Neumann data. In that case, we have

1
Tons() =g [ fua— I,

where u,, solves

Au, = 0in Q\w and in w,
[un] = 0 on dw,
[0Onun] = 0 on dw, (16)
Ontty, = g on 0.

To insure uniqueness, we impose the normalization condition

/ Uy = f (17)
00 00

While Least Squares fitting criteria as Jps are widely used in the literature of inverse problems, a Kohn-
Vogelius criterion has to our best knowledge been used only for the simpler case of perfectly conducting
inclusions (see [13] and [5]). In general, those functionals are expected to lead to more robust optimization
procedures. In the context of the transmission problem, we define the Kohn-Vogelius cost function as

Jrv(w) = /QU\V(ud —up)|? (18)

It measures the gap of energy between the solutions of the Dirichlet and Neumann problem corresponding to
the data. This function is positive and vanishes only if ugy = u,, which is the case when the parameter w fits



the inclusion. We first give a boundary expression of Jxy . By integration by parts and the jump condition$
on Jw, we have:

= o1 Ug — Up 2 (P Ug — Un 2,
JKV@J)/Q\W IV (g — )| +/w IV (g — )|
- / (0101 — 9)(f — un) + / (00 (1t — )] (g — ),
oQ Ow
:/(m%w—mﬁ—%)
onN

To define and compute the continuous gradients of these functionals, we use the classical shape calculus
developed by Murat-Simon and others. We refer to the book [8] for all the general explanations on how to
differentiate with respect to the shape.

3.2 Derivatives of the state functions

Let us first fix the notations. We set ng,, the unit normal vector to Ow pointing into 2\ @; hence 9,,u~ means
the limit of the normal derivative seen from the inside of w. Let V denote a smooth vector field with compact
support in Qg4, and we set V,, = (V,ny,) its normal component. In the sequel, the tangential gradient is
denoted by V. and the tangential divergence by div,. We set ®;(z) = x + tV (z), this transformation is as
smooth as V' and for small ¢ is invertible. We also set

A(t,z) = DO, (2)' DD, (x) det DD, ().

We recall some classical facts in shape optimization: A(t,z) is symmetric positive and for ¢ < ¢y one has
y A(t, z)y > |ly||?/2, moreover A is a smooth application (it depends only on V) with A(0,x) = I and

d

Theorem 3.1 The state uq has a material derivative g € H}(Q) that solves
Yo € HY (), (0Vig, Vv) = —(0AVug, Vo). (19)

The state ug is shape differentiable and its shape derivative u' satisfies

Au, = 0inQ\w and in w,
, 01— 02 -
= 871 Va 0 )
[u}] p u, on dw (20)
00, = (01— 02)div, (Vo,Vrug) on dw,
u;, = 0 ondQ.

Before proving this result, we have to make some comments. If we assume that the state uy is shape
differentiable, we formally obtain (20) by differentiation of the jump conditions. The most notable point
is the jump condition for the derivative u/ : it does not vanish. This means that the derivative u/; is
not continuous across the interface dw. As a consequence, u), cannot belong to H 1(Q), it belongs only to
H'(Q\ @)U HY(w). A more precise analysis is required. In [9], formula (20) was first derived. We find it
useful to explain how both existence of the derivative and (20) can be obtained by the classical methods of
shape optimization. Hence we give a complete proof of Theorem 3.1 and show that the material derivative
belongs to HE ().



Proof: = We decompose the proof in the four classical parts: first transport the problem on a fixed domaing,
then prove weak convergence to the material derivative, then strong convergence and return to the shape
derivative.

First step. In order to work with homogeneous Dirichlet conditions, we introduce f an H'() extension
of f with support in €g,. Let u4(t) denote the solution of (15) with inclusion w(t) = ®;(w) and w(t) =
ug(t) — f € HY(Q). Then, the transported @(z) = w(t, ®;(x)) solves the variational equation:

Yo € H} (), /

QUA(t,m)Vd}(x)Vv(x) = —/ oV fVo.

Q
Second step. Substracting the variational equation solved by wg = uq — f , we obtain:

Vuw -V I— At
M’ Vu) = <OT()VUJ0,VU>. (21)

Plugging @ — wq as test function, we get by the properties of A

Yo € Hy(Q), (cA(t)

Vi — Vwg Alt,x) -1
—_— —— sl Vwol| 2.

1 .
— min(o1,09) | ; ) < ;

2

Therefore (W — wp)/t is bounded in H} (). Hence the sequence is weakly convergent in H} and its weak
limit is the material derivative 14 of u.

Third step. We show the strong convergence of (W — wp)/t. Passing to the limit ¢ — 0 in (21), we check that
Uq solves
(oVig, Vv) = — (6 AVwy, V).

This was stated as (19) in Theorem 3.1 where wy was changed in ug thanks to the support of 4. This
information enables us to show the strong convergence in H}(2); indeed setting v = (1 — wp)/t in (21), we
get

I— At
(cA(t)Vv, Vo) = <0T()Vwo, V) = By + Eay (22)

where I Al
By = (o(A(t) — I)Vv,Vv), and By, = @(%())vw, V).

The weak convergence of (W — wy)/t leads after straightforward calculations to
Ei; — 0and Eyy — —(c AVwy, Vig) when ¢ — 0.

By (19), we conclude that Ey; — {0V, Vig). This shows that Vo converges strongly to Vi, in L?(€2).
From Poincaré’s inequality, we deduce the strong convergence of v to 14 in H ().

Fourth Step. We deduce the equations satisfied by the shape derivative u); = iq — h.Vug.

Set b = (h.Vu)Vv + (h.Vv)Vu — (Vu.Vu)h. We will use the classical identity
—Vu. AV = div (b) — (h.Vu)Av — (h.Vv)Au. (23)

From the identity satisfied by 4, we have

/ oViy.Vu = / odiv (b) — / o(h.Vug)Av — / o(h.Vv)Aug, (24)
Q Q Q Q
from the divergence theorem and after an integration by parts, we get

/Q oVig.Vo = — /a [ (hV0)onua] + /8 [ (Vua Vo)) + /Q oV (h.Vug) V.



Finally it comes to 10

/ oV (g — hVug). Vv de = —/
Q

(0 (7. V)] + / [0(Vg. Vo)ho]
Ow

ow

— (01— o) / o (V1) (Vo) = (0 — 1) [ dive (hVoup) v.
Ow Ow

Hence, the shape derivative u); = @q — h.Vu is solution of

/ oVul;. Vv = (o9 — 01)/ div, (hpVrug) v
Q Ow

and Green’s formula enables us to get

—/ oAul —/ v[oopuly] = (o2 — 01)/ div; (h,Vyug)v.

Q ow ow

This shows that u; satisfies Au/; = 0 on Q\w U w with the condition

[0Onul] = (01 — 02)div, (hn Vi ug) .
It remains to compute the jumps of u/;. Since 11y € H} (), we have
) = —hn [Bntia), (25)
and from the condition [00,ug] = 0 we get
(] = hn(1 — 22)0uy = ha(2 = 1)0u.
(o} g2

This ends the proof of the shape differentiability of ug. [

In a similar way, we differentiate with respect to the shape the solution u,, of the Neumann problem and
obtain

Ay, = 0inQ\w and in w,
01— 02 _
[ul] = o Onu,, Vi, on Ow, (26)
[00nul] = (01— o2)div, (V,V,u,) on dw,
Opul, = 0on 0.

It satisfies the new normalization condition.

/ ur, = 0.
o9

3.3 Derivatives of the shape functionals

Lemma 3.2 (The Least Squares cost function) One has:

DJps(w).V = —(o1 — 02)/

Aw \ 92

(ﬁﬁnw+8nuj + (V. ug, VTw>> V. (27)
where the adjoint function w solves the equation

—div(ow) = 0inQ,
w = o010,uqg — g on 0L,



Proof: One applies the derivation rule (see Proposition 5.4.18 in [8]) and from (20) to get 1

DJps(w).V =0y / (010nug — g) Opuly.
[o19)

Then, writing Gauss formula in both Q \ @ and w, we get:

Opulyw = / (Onuly) T w — Opw™ (ul)) T, (29)
a0 ow

| @i w= [ o (30)

Plugging the jump conditions for both «, and w into (29), we obtain

/ Opulyw :/ (Q(anu'd) + 72— JldivT (VnVTud)> w
a0 dw \ 01 01

_ Qanwf ((uﬁi) + 72 Ulﬁnu;Vn> .

o1 01

After an integration by part on dw to get rid of the tangential divergence, we use (30) to obtain the claimed
result. [

For Jprs, we prove in the same way

01 02

DJDLs(w).V = 9= 02/ <0—1 anrant + (Vfud, Vﬂu)) Vo,
Ow

where the adjoint function w solves the equation

—div(ow) = 0in Q,
Ohww = ug— f on J9Q,

The compatibility condition is satisfied thanks to the normalization (17). The adjoint has to be normalized
for example as in (17).

Lemma 3.3 (The Kohn-Vogelius cost function) One has

o
DJK\/(W).V = (0‘2 - 0'1)/ ;1 (8nu;l" 2 _ anuj; 2) + |V7—ud|2 _ |V7—U,n|2 V.. (31)
Ow 2
Proof: Since the state functions are differentiable, Jiy has also a shape derivative that is obtained by

the chain rule. We get:

Dy (@).V =0 /

oy V)P Vo) £ / 2V (g — ), V(s — )
I(Q\w

oO\w
+ 02/ IV (4a — )2V + 03 / 2V (g — ), V() — 1)
Ow w

Concerning the boundary terms, V,, = 0 on 09 by construction, hence the integral on 02 disappears.
To express the term on dw, we decompose the gradient of the state functions into normal and tangential
components and use the jump relations to get

/8 (2l V(a3 — u;)? — on |V — )] Vi
) (32)

02

= (0'1 - 0'2)/6 [Ul(an(“g - uz))z - |v‘r(ud - un)|2 Va.



Concerning the volume term, we use the Gauss formula. Taking into account (15) and (16), we obtain: 12

/ (V(ug —up), Viug —up)) = — [ Onlug —wb) (ug ™ —up, ©) = [ 9n(ug — un)uy,
o\w dw oQ

/ (=), Vg =) = [ 0005 = ) ()™ = (3)7)

Using again the jump condition for both the state functions and their derivatives, we are led to
T=oy [ (Sl =), Vlaly = 3)) + 02 [ (Fl0a = ), Vs = )
Q\w w

= oy — o) / (9n(uf =) Vo =01 | Onlua = un)u,.
02 ow o0

The term on 9 involves u/, defined by (26); to transform it into an integral on dw, we use the Gauss formula.
We get in a first time

r / + ’ /I N— o N
Onuqu,, = / up, Tonul — ugdpul, T and / (Onuy,) ug = / Onug (uy,)”.
1519) ow ow ow

Then incorporating the jump relation, we get:
Opugu,, = / (ul) T Onuy — ugdp (ul,)™,
o Ow

_ / 2 g <<u;>— + 2 "Qanugvn> — wada(u) ",

02

g1 — 02 _
n)+> Ug + . Bnuj; Onty Vi,
1

I
S
N
Q‘Q
=N
&
<
)
|
|
=
g\

= / —div, (V. Vou,) ug + o Onut 8nu:;Vn.
Ow 02

Similar computations lead to

01 — 02

I
Opunu,, =

/ —div, (V, Vouy,) u, + 2 (&luz)z V.
o0 01 dw 02

We have obtained the new expression

g1

o
O (ug — up)u,, = / iﬁnui (Onu — 0nw)) Viy — dive (Vi Vrug) (g — un),

01— 02 /50 Aw 02

and after an integration by part on dw which has no boundary, we obtain

I=—(oy — 02)/ <218nu18n(uj —ul) + (Votn, Vi (ug — un)>> V. (33)
Ow 2
Adding (32) and (33), we obtain the claimed expression. |

An important property of the Kohn-Vogelius cost function is that its gradient does not involve the derivative
of the state function. This is a typical behavior of shape functionals of energy type: the same simplification
also appears for the Dirichlet energy and for the compliance in linear elasticity. For numerical computations,
it means that no adjoint state is needed for evaluating gradients.



Remark. Euler equations for both Jpg and Jgy are too complicated in the transmission case to give usefld
information. In particular, one cannot deduce easily that the criteria vanish at any critical shape. Such
a property is closely connected to the well-posedness of the criteria and to the identifiability question that
are to our best knowledge still open. Nevertheless, let us mention the work [5] where Eppler and Harbrecht
deduce, in the perfectly conducting case, the Euler equation associated to Jxy implies that Jxy (w*) =0
for any local minimizer w* via a unique continuation argument .

4 Numerical experiments

4.1 Computing the state function

In this paragraph, we describe how the state functions (ug,u, and w) are computed. We use the boundary
element method since only boundary values of the state function (and of their derivatives) are needed to
evaluate the shaping functions and their derivatives.

We introduce I'(x, y) the fundamental solution of the Laplacian given in dimension two by:

D,y) = 5=z )

Taking into account the orientation of the normal to dw, the boundary representation formula for any
harmonic in Q \ w writes Vo € 9Q U dw :

30 = [ ourut) - [ ourtut) - [

o0 Ow o0

P(z,y)dnuly) + / Pe.y)0uuly).  (34)

Ow
We also have for any « harmonic in w :

1
Vo€ dw gula) = [ 0T G.g)uly) - /8 T )0,u(n). (35)

Let us explain how to compute ugq. The unknowns are (uq)|sw, (Onta)jao and (&Lud)‘gw. First, using the
jump condition and (35), we notice that

Vo € du, /8 T(z,y)dpu” = 22 l—;u(x) + BnF(x,y)u(y))l . (36)

01 Ow
Injecting this relation into (34), we obtain for = € dw:

o1+ 02 01— 02
u(x) +

207 o1 Ow

BT (. y)uly))| + /mm,y)anu(y): oT(e W) f(y).  (37)

o0

Now, from Green’s formula in w and d(dw, 9Q) > dy, we notice for x € 99

g1

— | T(@,y)huly)" = [ 9T (z,y)uly),
02 Jow Ow
that gives in (34),
09 — 01 1
1 dw o0 o0



To write the corresponding integral equations, we use the material developed by the theory of ”single and

double layer potentials”. At this end, we introduce the following single and the double layer operators with
the boundaries 02 and Jw:

Soqawu(x) = / I'(z,y)u(y) dsy, z € dw;
0

Sawonu(x) ::/ I(z,y)u(y) dsy, x € 0

ow
Kaﬂawu(x) ::/ anr(xay)u(y) dsyv T € aw;
o0

Kawoqu(x) := Onl(z,y)u(y) dsy, x € 0N
Ow
We also denote
Sou(z) := / I(z,y)u(y) dsy, = € 0Q; and Kqu(zx) := I (z,y)u(y) dsy, = € ON.
o0 o0
Sou(x) ::/ I'(z,y)u(y) dsy, = € Ow; and K,u(z) = oI (z, y)u(y) dsy, x € Ow.
dw 19)

Let A be the matricial operator defined by

1 g1
I+ pK, So0ow
A — 2 092 + g1 (39)
g1 — 09
Kauon Sa
o1

on HY?(0w) x H='/2(98). Then, the equations (37 — 38) can be written under the following form :

01 e f
(ud)|ow o0+ oy ro00w
A = X . (40)
(Onua) o0 <2l+ KQ) f
The quantity (9,uq)" is then found after solving (36):
+ 02 1
Sw(anud)\aw = ;1 *51 + Ko Ud(x)l&u- (41)

We now state a well-posedness result for these equations.

Theorem 4.1 The linear system of integral equation (40) has a unique solution.

Proof: We begin to show that the adjoint operator A* is injective. Since the boundaries are bounded,
the adjoint operator writes

1 « g1 — 09 "

ol T rES K300,

A = o (42)
1
S, S
pE——— dwdN Q

Let (u,v) € HY?(0w) x HY?(9Q) be a solution to the homogenous equation A*(u,v) = 0 and define a
potential W by

01

W(z) = /6 P (2, y)u(y)ds(y) + / P(z,y)o(y)ds(y), = € RY. (43)

o9 + 01 519)




Let us show that W = 0. It is obvious that the function W satisfies AW = 0 on R\ (0w U 9f2). From th?
equation corresponding to the second line of A*, we see that Wlgsq = 0. Let us study the jump conditions
on Ow. By the properties of the single layer potential, [W] = 0 on dw. Now, let us prove that [0, W] =0

on Ow. We have
01

1 * *
010,W . =01 (01 T (2 + Kw) u+ Kaﬂawv)

and
g1 1 * *
020, W _ =09 o1t oa *§+Kw u+ Kpop,v ) -
Hence,
1 N 01— 02,
010,W — 020,W_ =01 (§I+/~LKM)U+7K¢998WU .

This corresponds to the first line of A*(u,v) = 0. Hence, W is solution of a Poisson equation (2) with
homogeneous Dirichlet boundary conditions. By uniqueness of the solution of the homogenous Dirichlet
problem, we get W =0 in €.

We are ready to show that W = 0 in  implies ©u = v = 0. It is straightforward to see that u = 0. Indeed,
since W = 0 in 2, we have [0,,/W] = 0 on dw and this gives [0,,W] = o1u/(01 + 02) on dw. Hence, we have
u = 0. From the second line of A*(u,v) = 0, we see that Sqv = 0 on 9. Since the single layer potential
operator Sq : H*~1(0Q) — H*(09), Vs is an isomorphism, we then get v = 0. The injectivity of A* is
proved. Since 24 = I + C' where C is a compact operator, the Fredholm alternative enables us to conclude
the invertibility of A. m

Concerning u,,, the unknowns are (uy,)aq, (tn)aw and (6nun)§w. Similar computations lead to:

1 o1 Un, ) |0 01
I+ pKy - Kaoow (tn) 0w - Sonowg
2 o9 + 01 _ o9 + 01 ) (44)
72 "9y LK
o, owol ot the (un)ja0 Sag
Then, (anun)lgw is given by
+ 09 1
Sawaw(ﬁnun)law = ; _§I + Kw un(x)\(%.)- (45)
1

Concerning the existence and uniqueness of the solution of (44), we have the following result

Proposition 4.2 If we impose the normalization

/ Uy ds = 1,
o0 o0

then there exists one unique pair ((Un)|ow, (un)aq) solution of (44).

Proof: Set
1 g1
5.7 + pKy, - Koanow
B— 02+ 01 (46)
09 — 01 1
Kawon ——I+ Kq
g1 2



the operator defined on H'/2(0w) x Hém(aﬂ) where 16

HY?(09) = {¢ cH>(09) : [ ¢dS= 0} ,
o0
The adjoint B* can be written under the form
1 02 — 01
oL+ nES — K000
Bﬁk = 2 01 (47)
_LK* _1]+ K*
oy +op w00 2 &

In a first step, we begin to show that B* is injective. As we did before, we define the adequate potential:
for z € R?

Z(x) = ——2 /a P(z,y)uly) ds(y) + / P(z,y)o(y) ds(y)..

O'1+02 a0

We can see that Z is a harmonic function R?\ (0w U 09), satisfying 9,7 = 0. Furthermore, [Z] = 0 and a
straightforward calculation shows that [00,Z] = 0 on dw. Hence, Z is a constant function in 2. Writing
[0nZ] = 0 on Jw, we get easily u = 0 and then (fé + K{)v = 0. Since the operator A\I — K¢, is one to one

on H <1>/ 2(89), we deduce that v = 0. We conclude the proof thanks to the Fredholm alternative. ]

4.2 The optimization procedure and numerical results

For the discretization of Jw, we restrict ourselves to the case where Jw is star-shaped with respect to some
point. This is admissible since the convergence of the iterative reconstruction by conformal mapping is
only achieved for inclusion close to disks close to concentric disks. The advantage of star-shaped inclusions
with respect to the origin for numerical reconstruction is the possibility to use a polar representation of
the boundary dw. This allows to obtain an expression of the shape derivatives in terms of the boundary
representation.

Another possibility to discretize the evolution of the shape is to use the level set method as in [10]. However,
the main advantage of the level set approach is its flexibility to the topology of the objective. We have
assumed from the beginning of the paper that the inclusion w is simply connected in order to have a simple
conformal model. This assumption as well as the restriction to bi-dimensional cases are required only for the
computation of an adequate starting shape. The shape calculus presented in Section 3 is also valid without
these restrictions.

We consider an inclusion with boundary dw that can be parametrized as:

Ow = {r(t) (‘;ﬁf)  te (0,2@}

where r(t) is a C? function, 27 - periodic and without double point. For the numerical resolution, we
approximate it by its truncated Fourier series

ra(t) = <a0 + Z ay, cos kt + by, sin k:t) .

k=1

The unknowns defining the geometry are the Fourier coefficients (a;,b;). The discrete optimization prob-
lem is written with these coefficients as variables. Hence, the deformation field V is chosen as V(t) =
hy (t)(cost,sin(t)) with :

hn(t) = <a(V)o + Z a(V) coskt + b(V)y, sin kt) .

k=1



Its normal component is computed easily and one gets 17

Using lemmata (3.3) and (3.2), we obtain :

27
DJgvy (w).h = (o9 — 01)/ [% ((&Lu:}')Q - (3nu:§)2) + |V7ud|2 - \VTUHH hr; (48)
0
27 o1
DJps(w).h = (o9 — 01)/ <U28nw+8nu:{ + (V,ug, er)> hr. (49)
0

These formulae provides the discretized gradient DJgy and DJpg in all directions. The analysis of the
Newton method for the perfectly conducting inclusion case is performed in [5]. The need of regularization
suggests to use Levenberg-Maquardt or other quasi-Newton algorithms. Hence, we use the BFGS algorithm
to solve the optimization problem. This quasi-Newton method is well adapted to such a problem.

The integral equations (40- 45) are solved by the collocation method; let us emphasize that the boundaries
are approximated by broken lines with more vertices than the number of Fourier modes. The V., ug and
V. un quantities can be computed by differentiating the piecewise linear representation of (u4) g, and (un)|aw
respectively. To make sense, the discretization of the unknown functions u and 9,u should be at least P;.
In the following numerical experiments, we used a ratio of six. This is an efficient regularization method for
this problem.

First domain. We consider the domain defined by:

o= {(C L)  cenan)

We use simulated data corresponding to the Dirichlet data f(¢) = sint. For the test with noisy data, we
perturbed the Neumann data by gaussian noise with fixed amplitude. In these tests, the conductivities are
chosen as 01 = 1 and oo = 3.

First, we present in Figure 1 the reconstruction obtained with the three methods we presented in the work:
the conformal mapping method with numerical extension of the result of the fixed point algorithm, then
the minimization of the Least Squares fitting and Kohn-Vogelius criteria. In both optimization methods,
we used as starting point the circle obtained by the conformal mapping method and 13 Fourier modes. In
Figure 1, we present this approximating disk. It will not appear in the next results even if it is used as
starting point for the minimization. This explains that in the convergence histories we present the starting
has already an error of order 10~3 and that only a few iterations are needed.

In Figure 2, we compare the merits of Jp g and Jiy for exact data with 25 modes this time. We present the
logarithmic error with respect to the number of iterations. Both methods seem to be of equivalent quality.

As soon as data are noised, the Kohn-Vogelius criterion becomes more robust than the Least Squares fitting.
This is illustrated in Figure 3. Another practical reason to prefer the Kohn-Vogelius criterion is the running
time required to end the iterations. Our experience leads to at least a 2 ratio in favor of Jxy with the same
codes for solving the states. The explanation lays in the line search for BFGS where Wolfe’s rule is satisfied
more easily for Jgy .

Second domain. Now, we consider the reference kite shaped domain defined by:

S — { (O.l +0.3 coi(sti)nz)o.z cos(2t)) e, 277]}
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(a) Conformal mapping (b) Jrv 13 modes (¢) Jrs 13 modes

Figure 1: Conformal mapping extension versus shape gradients.
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(a) Convergence history (b) Jrv

Figure 2: Comparison of the criteria with 25 modes .

3 — — ApproXKV
kv — Exact

(a) Convergence history (b) Jxv (c) Jrs

Figure 3: Comparison of the criteria with noised data (1%) and 25 modes

We use simulated data corresponding to the Dirichlet data f(t) = cost. For the test with noisy data, we
still perturb the Neumann data by gaussian noise with fixed amplitude. We keep the same conductivities.
In Figure 4, we present the results obtained by the different methods with 25 Fourier modes. The obtained
reconstruction is not as satisfactory as in Figure 2. The difficulty comes from the pronounced concavity
of the kite shape. In Figure 5, we present the noisy case. Both methods start from the same point. The
Kohn-Vogelius criterion leads to more robust reconstruction as emphasized in the convergence history.
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(a) Conformal mapping (b) Jxv (¢) Jrs

Figure 4: Conformal mapping extension versus shape gradients.

— — APPIOXKV
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(a) Convergence history (b) Jrv (¢) Jrs

Figure 5: Comparison of the criteria with noised data (3%) and 25 modes
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