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Abstract

We study the stability of finite volume schemes for symmetric hyperbolic systems in
two space dimensions, with the Lax-Friedrichs flux. We first show a sufficient condition for
the L2-stability of the scheme on a general triangulation. Then we show that this stability
condition can be improved when the triangulation is composed of equilateral triangles.
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1 Introduction, main results

We consider a linear symmetric hyperbolic system in two space dimensions:

(1)

Ou+ A0z, u+ Ay0,,u=0, t>0,x e R?,

Uj,_y = U , r € R?,
where A;, and Ay are square d X d matrices with real coefficients (d > 1). We assume that Aj,
and A, are symmetric, so that the Cauchy problem (1) is well-posed for initial data uo € L%(R?),
see e.g. [5]. Moreover, the unique solution to (1) in C([0, +oo[; L?(R?)) satisfies

Vt>0, [u®)lzzm®e) = llvollr2me) - (2)

We introduce a finite volume approximation of (1), with a modified Lax-Friedrichs flux. (We
refer to [1, 2, 4] for a general presentation of finite volume schemes for hyperbolic conservation
laws.) Let 7 denote a triangulation of the plane R?, that is composed of polygons. For all
element K € 7, N(K) denotes the set of neighbors of K. If L € N(K), then vk, denotes
the outgoing normal vector of K on the edge K N L. In all what follows, we denote m(K) the
area of the polygon K, m(0K) its perimeter, and m(K N L) the length of the edge K N L when
L € N(K). We assume that the triangulation 7 satisfies

sup m(0K)

S R < 400. (3)

For all vector v = (v1,v5) € R?, we define the matrix:

A(I/) =11 Al + 19 Ay



Let D be a positive number, and At > 0 be a time step. Then the finite volume approximation
v of the solution u to the Cauchy problem (1) is defined as follows:

VneN, VKeT, VY(tz)e[nAt,(n+1)A[xK, v(t,z)=0vfk,
where, for all K € T

At 1
vt =l — Z m(K NL) <— A(vg. 1) (v +v7) — D(v] — v%)) , neN,
m(K) LeN(K) 2

vY = % /Kuo(:v) dx .

The aim of this work is to derive sufficient conditions on D, and At that ensure the stability
of the scheme (4) in the space L?(R?). (In view of the conservation property (2), L%(R?) seems
to be the natural framework for this study.) On general triangulations, the way to prove stability
is the so-called energy method. This was already used in [6] in the case of the Godunov flux.
However, for triangulations that are invariant under sufficiently many translations, the optimal
stability criterion follows from Fourier analysis (as for finite difference schemes on cartesian
grids). In this case, stability of (4) reduces to the uniform power boundedness of an appropriate
symbol (that depends on D, At, the triangulation, and on wave numbers 1, 3). The derivation,
and the analysis of this symbol is the major task of this work.

Let us now state our results. Our first result deals with the case of a general triangulation,
that is only assumed to satisfy (3):

(4)

Theorem 1. Assume that the triangulation T satisfies (3). Define

Pmaz = SUpP  SUp P(A(VK,L)) )
KeT LeN(K)

where p denotes the spectral radius of a square matriz (with real or complex coefficients). If At,
and D satisfy the following inequalities:

m(0K) .. m(K) 1
At max = 1 q MPmazx § D S f - 5 Pmax 5
p ;Sgél% m(K) 27 At KeT m(0K) 2 P (5)

then the finite volume scheme (4) is stable in L*(R?). More precisely, the norm o)l 22 (r2) s
a nonincreasing function of t, and

V=0, Jv®)llze@e) < lluollrzme) -

Observe that the inequalities of (5) make sense because of (3). It is rather remarkable that
our condition on the time step At is the same as the stability condition that was found in [6] for
the finite volume scheme with the Godunov flux. The result is surprising since it is known that
on cartesian grids, the stability conditions are different for the modified Lax-Friedrichs scheme
and for the Godunov scheme. This phenomenon tends to indicate that the energy method does
not yield optimal results when the triangulations have symmetries.

Indeed, the limitations (5) can be improved when the triangulation is composed of equilateral
triangles, and is oriented as in figure 1. Observe that the triangulation of figure 1 is the only
triangulation composed of equilateral triangles (up to rotations and translations). The length of
the edges of each equilateral triangle is denoted h. For the triangulation of figure 1, we observe
that (5) reads:

h 1

4\/§At_§pma:ca

At 1
4\/§7pmax§17 §pmaz§D§



with
V3

1 1 3
Prmaz = Max (p(A1),p(§A1 + 5 A2),p(541 - gz‘b)) :

We are going to prove the following result:

Theorem 2. Assume that the triangulation T is composed of equilateral triangles, whose edges
have length h, and is oriented as in figure 1. If At, and D satisfy the following inequalities:

At At
2v/3 = max(p(A1), p(A2)) <1, V3= max(p(41)? p(42)?) <D < ——, 6
L max(p(4r), p(42) < T max(p(A)% (42 S DS e (6)
then the finite volume scheme (4) is stable in L?(R?). More precisely, the following estimate
holds:
VE=0, [lv@®)lle@e) < 2uollL2ge) -
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Figure 1: Triangulation with equilateral triangles

The rest of this paper is devoted to the proof of Theorems 1, and 2. In section 2, we show
Theorem 1 by using the energy method. The analysis closely follows [6]. In section 3, we
show Theorem 2. The analysis is divided into several steps. First we compute explicitely the
translations that leave the triangulation invariant. We also introduce the decomposition of grid
functions into their “even”, and “odd” components. Then we show how the Fourier transform



reduces the investigation of stability to the uniform power boundedness of a suitable symbol.
At last, we prove the uniform power boundedness of this symbol under the conditions (6).

In all this article, (x;y) denotes the standard hermitian product of two vectors x,y € CP,
while || - || denotes both the associated norm on CP, and the induced norm on the set of square
p X p matrices (with complex coefficients). The notation is the same for any integer p. When
vectors have real components, this definition coincides with the standard scalar product, and
norm on RP. Eventually, I denotes the identity matrix (independently of its dimension).

For all integer n, v™ is the mesh function that equals v on the polygon K.

2 Stability for a general triangulation

We consider the scheme (4) on a triangulation 7 that satisfies (3). We also assume that the
inequalities (5) are satisfied. To show that the function (¢ — ||v(t)|| L2(r2)) is nonincreasing, it
is sufficient to prove that the sequence (|[v"||z2(r2))nen is nonincreasing, or equivalently

vneN, Y m(K) vt < Y mE) ok

KeT KeT

Let n € N, and K € 7. Following the approach of [6], we decompose the vector v?{ﬂ as the
following convex combination:

o m(KNL) .. il - m(OK) At n n
B LE%%K) m(9K) b TR UK * 2m(K) ( (i) (v = i) (1)

The decomposition (7) can be obtained from (4) by using the well-known relation:

Y m(KNL)A(wkr)=A| Y mENLvgy | =0. (8)
LeN(K) LeN(K)

Once the vector v?;rl

inequality, and derive:

is written as the convex combination (7), we can use Cauchy-Schwarz’

m(KNL)
P < > [y (9)
m(OK)
LeN(K)
It is thus sufficient to estimate the norm of each vector v K L, then (9) will yield an upper bound
for ||l 2.
Estimate of v’};rLl. Defining the real symmetric matrix
m(0K) At
B =—-+—12DI-A 10

the vector 1}?{—’_[} reads

Vit = vk + B L (V] —vf).
We thus compute:

Wi 2 = lokl® = llviy — vkl + 2 (vis vy, — vik)

= 1BxL(v} — vi)l* + 2 (vi: Bre L (v}, — v))

= (v} — v B (v — vk)) — 2 (vf; Br.pvi) + 2 (vi; Br,Lvf) -



We now use the relation
2 (vi; Br,ovr) = (Vi Br,Lvg) + (i Br,ovl) — (v — v Bi,o(vf — v))
and obtain
[VRIE P = [vFl® = (v} = vk; (B — Br,)(v] — vi)) + (v Br,pv}) — (vi; Br,rvg) - (11)
Using the definition (10), and the assumption (5), we get
Bgr>0, Brgr—1<0,

so the matrix B%ﬂ 1, — Br,1 is a nonpositive symmetric matrix. Consequently, (11) yields the

following estimate of v}"‘(JFLl:

WL II” = lokll® < (s Br.ovl) — (vis Br i) - (12)

End of the proof of Theorem 1. We use (12) in the inequality (9), and then multiply by
m(K):

m(K) [l P —m(K) o P < )
LeN(K)

m(K)m(K NL)
m(0K)

{85 Breoi) — s Bicavi) } - (13)

Using once again the relation (8), and the definition (10) of Bk 1, we compute

m(K)m(KNL
3 (&) m( )

At
(Wis Breovi) = 5 (vis Y. m(KNL)(2D1 - Av.n)vic)

LEN(K) m(0K) LEN(K)
At
= 5 Wk 2m(OK) D o)
At /o, n
== <vK; S m(KNL)@DI+ Alvk,)) vK>
LeN(K)
At n n
=5 > m(ENL) (v (2DT - A(vpk)) vi) |
LeN(K)
where, for the last equality, we have used vk 1 = —vr, k. Using this computation in (13), we get
m(K) [[oi 2 = m(K) vk ||?
At
<5 3 mEND{ (8 @D T - AWics)op) — 0k @D - Aok} f . (14)
LeN(K)

Consequently, when we sum the inequalities (14) over the elements K of the triangulation, we
end up with

S m(E) ot 12 = 32 m(K) o2 < 0.

KeT KeT
This shows that the function (¢ +— [|v(t)||,2(r2)) is nonincreasing on R*. To complete the proof
of Theorem 1, we observe that

1 2 1
loll? = [ wirae]| < [ @l e,
K m(K)? ||/x m(K) Jk
and summing over K € 7, we end up with
[0 2egey = 3 mE) ok 12 < fluola e - (15)

KeT

The proof of Theorem 1 is thus complete.



3 Stability for a regular triangulation

In this section, we always assume that the triangulation 7 is composed of equilateral triangles,
whose edges have length h, and is oriented as in figure 1. We also assume that the inequalities
(6) hold. Observe that the inequality (15) still holds.

3.1 A few properties of the triangulation
The first task is to number the triangles as shown in figure 1: for all (j, k) € Z?, 7, denotes the
unique element of 7 that is included in the rectangle [jhv/3/2, (j +1)hv/3/2] x [(k — 1)h/2, (k +
1)h/2]. The center of the triangle 7} is easily computed, and we obtain:
h, . o .
7},k=76,o+§(j\/§,k), if 7 + k is even,
h

7}k = T—l,O + E((] + 1)\/5, k‘) , if 7+ k is odd.

The triangulation 7 is thus invariant under the translations
reR?— 24 (0,h), and zeR?+— x4+ (hV3,0).
We define:
72 :={(j,k) €Z%/j +kiseven }, Z2:={(jk)€Z?/j+kisodd}.

Let w denote a mesh function, that is a function that is constant on each triangle 7, and
equals w; , on 7; ;. We adopt the following notation:

Ew (z) i {wj,k, if x € Tj ), and (j,k) € 72,

0, otherwise,

and

Ow (z) wik, ifx €Ty, and (j,k) € 72,
w(x) :=
0, otherwise.

When w € L'(R?), that is, when the sum > (k) llwjikll is finite, the Fourier transform of
Ew, and Qw are given by:

Ew(@)= Y e (—zjgl%ﬁ—m@@ wia [ expl-ifei€)) do,
(k)ez? oo

Su©= Y ew (—i(j+1)§1h—\/§—ik§2g> wii [ expl=ifei ) da.

2
(4,k)€Z2

Both series are normally convergent for all ¢ € R?. For later use, we define the following function:
VEER?, a(f) ::/ exp(—i(x; €)) dx . (16)
70,0

Observe that 7_1 is the symmetric of 7y with respect to the origin (see figure 1), so by a
change of variables we get

VEeR?, /T exp(—iz; €))dx = a(€).



This simplifies the expression of the Fourier transform of Ew, and Qw:

Ew () =a€) Y  exp <_ij§1h7\/§ - ik&g) Wik »

(4,k)eZ2

Ow (€) = al) > exp <—i(j + 1)51M — k&5 ) wj; -

(J,k)eZ2 2

These expressions hold as long as the mesh function w belongs to L!(R?).
When the mesh function w belongs to L?(R?), the functions Ew, and Quw are orthogonal in
L?(R?), and Plancherel’s theorem yields

1 _ _
1wl g2) = IBwZ2 @) + 10wlI72 @2y = 22 (HEU}H%(R% + ”©w”%2(R2))

2
1

(@2

FEw
Ow

Consequently, in order to estimate a mesh function w in L?(R?), we only need to estimate the
Fourier transform of its “even”, and “odd” components.

L2(R2)

3.2 The symbol of the finite volume scheme

For later use, we introduce the notations:

At 4
Ai=—, a:=—7AD. 18
From now on, v? Tk denotes the vector v} when K is the triangle 7; ;. With this convention, the
finite volume method (4) reads:

4N 1
g ==Y (3A0Rm o)~ DOl - )« nEN,

For the triangulation of figure 1, the neighbors of a triangle 7; ;,, and the outgoing normal vectors
are easily computed. For instance, if j + £ is even, the neighbors of 7} . are 7; 11 i, T k+1, Tj k-1,
and the corresponding outgoing normal vectors are (1,0), (—1,v/3)/2, and (—1,—+/3)/2. There
are analogous formulae when (j, k) € Z2. The scheme (4) thus reduces to:

it =1 304)”% + o (Ui + Vi1 + 05k)

\/— A ( Vit1,k — Q(Uj,k—l + ’Uj,k+1)> - )‘AQ(vj,k-i-l - vj,k—l) , if (5, k) € Zga (19)

1
Uﬁg = (1 = 3a)v}y + a(vi_q g + 0] k1 + V] k1)

oA (1 . . . n n o
A Ay <§(Uj,k—1 + Vi k1) — Uj—l7k> — AAp (Vg — V1), if (G k) € Z2. (20)



Using (19), and (20), we are going to compute the symbol of the finite volume scheme. More
precisely, for almost every ¢ € R?, we want to compute a matrix G(¢) that satisfies

Eyntl Eon

O\ ) (B0

Ouvntl(€) Ov™(§)
Observe that, thanks to (15), we have v € L?(R?), and a direct induction yields v™ € L?(R?)
for all n € N. This makes the use of the Fourier transform legitimate.

The existence, and the exact expression of the amplification matrix G(§) will be derived from
the following result:

Lemma 1. Let n € N. Then for almost every & = (£1,&2) € R?, there exists a real number ¥ so
that

EvrH1(€) = (1 - 30)E0" (€) + o exp(iv) <exp<z'ah7\/§> + zcos@g)) 0vr (¢)

~ 2\ exp(id) [%(exp(z‘a}%@) —cos(E2m) Ay + i sin(6rt) 45| Do(e), (21)

and

o —

Ovnt1(€) = (1 — 3a)0v™(€) + o exp(—id) <exp(—i§1h7\/§) + 2COS(£2%)) Evn(€)

+ 2X exp(—i1) [L(exp(—iflh—\/g) - cos(ggg))Al —1 sin(ggg) As 151)\"(5) (22)

3 2

Proof. We shall give a detailed proof of (21), and leave the proof of (22) to the interested reader.
We assume first of all that the mesh function v™ belongs to L'(R?) N L?(R?), and consequently
vt e LY(R?) N L2(R?). We may thus use (17):

. V-
E'Un-i-l(é') = a(f) Z exp (-Z]ng — Zk€2§> vj,;c’_l . (23)
(J:k)€Z?
Using (19) in (23), we first obtain:
__ - A
Evnt1(€) = (1-3a) Ev™(§) +aa(§) Z exp (—13517 - Zk§2§> (V1 e V) k1 U kg)
(4,k)€Z2
NG a(§) Z exp (-ZJ&T - Zk§2§> Ay <vj+1,k - §(Uj,k—1 + Uj,k+1)>

(J:k)ez?

h
—Aa(§) Z exp <—ij51h7\/§ - ik52§> Ar (Vg1 — Vip1) - (24)

(4,k)e22

Observe now that for all £ € R?, there exists a real number ¢ that depends on &, such that

a(§) = exp(ig) a(g) - (25)



The computation of ¢ seems delicate in the general case, see (16), but the point is that we shall
not need the exact expression. Using the relation (25), an intermediate calculation gives the
following equalities:

h h
a(g) Z eXp <_Z]£1%§ - Zk§2§) U;'l_;_l’k

(4,k)€Z2
Q. AN
= exp(ip) a(§) Z eXp <_Z]€17 _Zk€2§> Uik
(J:k)EZ2

= exp(ip +i€1hV3)a(€) Y exp (—Z(J+2)§1\—f—zk€2 )v;-:l,k

(J,k)eZ?

o — . h/3
= exp(ip + iG1hV3)a(€) D exp <—Z(5 + 1)§1T — k&2 ) Ugg
(¢,k)ez2
= exp(iy + i&1hV/3) Qv (). (26)
Similarly, we can obtain the equalities

h h h h) —
a(§) Y exp <—z‘j§17ﬁ - z‘k525> U1 = OXP (w +z‘§1$ + i§2§> 0 (8),

(4,k)€22

(27)
hy/3 h _
a(€) Y exp <—ij§17\/_ - ik‘§2§> Uf 1 = €xp <290 +i1—— \/_ - Z&-) Ov () -
(4,k)€Z2
For all £ € R?, we define
pimpr et (25)

with ¢ defined by (25). Then we use (26), and (27) in (24). With the notation (28), we obtain
exactly the relation (21).

When v" belongs to L?(R?), we approximate v™ by a sequence of mesh functions that belong
to L1(R?) N L?(R?), and use the continuity of the Fourier transform in L%(R?). O

The equalities (21), (22), can be written in a compact form, up to the introduction of a few
notations:

z = exp(iflhT\/g) + 2COS(§2§) )

1 . 3 h o h
S = 7 [exp(zflT) - cos(ggg)}Al +1 sm(@—) Ay, (29)
Ge) = (1 =3a)]  aexp(ivt)zl i 0 —2Xexp(i)S
" \aexp(—id)zl (1 —3a)I 2\ exp(—id)S* 0 '
The size of the matrix G(§) is 2d x 2d. With the notations (29), the relations (21), and (22) can
be rewritten as .
n+1 n
EvntH(€) ) _ B ( (30)
Ovnt1(€) @v”

The induction relation (30) immediately implies:

; Ev' () _ rueyn [E0O)
et <©v"(£)> o <@v0<5>>'

9



Observing that Plancherel’s Theorem gives

Qun (O

we conclude that the L?(R?) stability of the finite volume scheme (4) is equivalent to the uniform
power boundedness of the symbol G(§). In the next paragraph, we shall see that the conditions
(6) yield the uniform bound 2, which gives

Eo0
OO

where we have used (15). It is therefore sufficient to derive the uniform bound 2 for ||G(£)™]| to
prove Theorem 2.

; (31)
L2(R2)

27 ||v" || 2 (m2) = ' = '
L2(R2)

2 [|[v" | 2 (r2) < 2 =2(27) [[°ll 22y < 2 (2m) lfuoll 2e2) ,

L2(R2)

3.3 Uniform power boundedness of the symbol

The uniform bound for the powers of the symbol will follow from the general result:
Proposition 1. Let T be a square p X p matriz, with complex coefficients, that satisfies
VX eCP, |[TX;X)|<|X]|>. (32)

Then the matriz T satisfies
VneN, |T"]<2.

The proof of Proposition 1 may be found in [3]. To end the proof of Theorem 2, we are going
to verify that for all ¢ € R?, the matrix G(¢) satisfies the property (32). This verification relies
on a simple inequality:

Lemma 2. Let 01,12, 11, 42 € R, and assume that we have
12pf <o, 4p3<a,

where a > 0 is defined by (18). Then the following inequality holds:

% {(cosm1 + 2 cos 12)? + sin? m}+ 8 2 {(cosm — cos 12)? + sin? m}+ 83 sin?ny < 3a.
Proof. Let us denote

I:= % {(cosm + 2cos 12)? + sin? m}+ 8 2 {(cosmy — cos n2)? + sin? m}+ 8 3 sin? .

Then under the assumptions of Lemma 2, we have

1= % {1 + 4 cosny cosny +4coszn2} + 8 u? {1 — 2 cosmy cos N +cos27]2} + 8 3 sin? 1

4

3

4
o a

:3—1—8;@—1—(? 6u%>cosn1 cos772—|—< +8,u%>cos2771—|—8u% sin2172

o 2« 4o .
< 3 + 82 + <? —8,&@) (cos®ny + cos? m2) + <? —1—8;@) cos?n1 + 8 u3 sin 1,

2 2
:%4—8#% sin2171—|—?a cos®ny + 2a cos®ny + 8 i sin2n2§%—|—?a—|—2a:3a,

which proves the Lemma. O

10



We note that the inequalities (6) can be rewritten in terms of the numbers A, and «:
AN p(A))? <a, 4XNp(A)?<a, 3a<l. (33)

Let X € C?? be a unit vector. We split the vector X in

X
X = <X> , X Xo €Cl || Xe| A+ IXo|IP = 1.
o

Using the definition (29), G(&) is decomposed as the sum of a hermitian matrix and a skew-
hermitian matrix. We compute

(G(§)X;X) =1—3a+2a Re (zexp(if)(Xy; X)) — 41X Im (exp (i) (SX,; Xe))

which yields

2
(G(6)X; X)|? = |1 —3a+ 3a ; Re (2 exp(i9)(Xo; Xe)) | + 16X [Im (exp(id) (SX,; X)) 2

Observing that 1 — 3a > 0 because of (33), Cauchy-Schwarz’ inequality gives
(GEOX: X)P <1-3a+ %“ [Re (2 exp(id) (Xo3 Xe))]” + 16A% [ Xe[* | X% IS
1 B0k S P2 X Xl + 16X X2 X2 511
<1-3a+ % |22 + 422 |52
Eventually, we use the definition (29) of z, and S. We have

2
of? = <cos<§1h7“§> + 2cos<52§>> +sint(e 2Y),

and

2
A hv/'3 h h
W28 < 4 <% exp(its %) — costea) 144 + Alsin(éa ) ww)

2

< 2
<8puj 2)

where we have set

2l RIAIE X o
1- 3 3 )

ps = A% Az]|* = A2 p(Ap)? .

Using (33), we have 12u2 < «, and 4u3 < a. Therefore, we can apply Lemma 2 with 7 =
£1h/3/2, and 1y = £3h/2; we obtain

% 1212 + 422 ||S||? < 3ar.
This shows that the symbol G(§) satisfies the property (32). Thanks to Proposition 1, the norm

IG(€)™]| is bounded by 2 for all n, and for all £. Using this bound in (31), and then applying
Plancherel’s Theorem, we can complete the proof of Theorem 2.

11
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