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Abstract
In analogy to the classical isomorphism between £ (S (R"),S" (R™)) and 8" (R"™), we
show that a large class of moderate linear mappings acting between the space Gs (R™) of
Colombeau rapidly decreasing generalized functions and the space G- (R™) of temperate ones
admits generalized integral representations, with kernels belonging to G- (R"+m). Further-
more, this result contains the classical one in the sense of the generalized distribution equality.

Mathematics Subject Classification (2000): 45P05, 46F05, 46F30, 47G10

Keywords: kernel Theorem, Colombeau temperate generalized functions, integral operator, tem-
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1 Introduction

During the three last decades, theories of nonlinear generalized functions have been developed by
many authors (see [, [L1, [i4, [LF),...), mainly based on the ideas of J.-F. Colombeau [, ff], which
we are going to follow in the sequel. Those theories appear to be a natural continuation of the
distributions’ one [@, @, @], specially efficient to pose and solve differential or integral problems
with irregular data.

In this paper, we continue the investigations in the field of generalized integral operators ini-
tiated by [[§ (recently republished in [, Rd]) and carried on by [B, B, {, [0, B3J. Let us recall
that those operators generalize, in the Colombeau framework, the operators with distributional
kernels in the space of Schwartz distributions [E] More specifically, in [E], we proved that any
moderate net of linear maps (L. : D (R") — C> (R™))_, that is satisfying some growth properties
with respect to the parameter ¢, gives rise to a linear map L : Go (R™) — G (R™). (Where G (R?)
and Go (R™) denote respectively the space of generalized functions and the space of compactly
supported ones.) The main result is that L can be represented as a generalized integral operator
in the spirit of Schwartz Kernel Theorem.

Going further in this direction, we study here the generalization of the classical isomorphism
between S’ (R"*™) and the space of continuous linear mappings acting between S (R™) and S’ (R™)
[@] Thus, the spaces of generalized functions considered in this paper are the space Gs (R™) of
rapidly decreasing generalized functions [ﬂ, , and the space G, (R™) of tempered generalized
functions [, [T, [§: Gs (R™) plays here, roughly speaking, the role of S (R™) (resp. Go (R™)) in
the classical case (resp. in [{]), whereas G, (R™) plays the role of S’ (R™) (resp. G (R™)) in the
classical case (resp. in [p]).



The main results are the following. First, any kernel H € G, (R™*") gives rise to a new type
of linear generalized integral operator acting between Gs (R") and G, (R™) and defined by

i Gs®) = 6, "), S fil5)= | (o [ Hg<:c,y>fs(y>dy)j7,

where (H.)_ (vesp. (f:).) is any representative of H (resp. f) and []_, the class of an element
in G, (R™). Moreover, the linear map H +— H from G, (R™*™) to the space of linear maps
L (Gs (R"), G, (R™)) is injective (Proposition [14). This gives the first part of the expected result.
Then, new regular subspaces of Gs (R") and G, (R™) are introduced in the spirit of [{]. They are
used to define the moderate nets of linear maps, which can be extended to act between Gs (R™) and
G- (R™) (Proposition E) Finally, our main result states that those extensions can be represented
as generalized integral operators (Theorem E) Furthermore, this result is strongly related to the
classical isomorphism theorem recalled above in the following sense. We can associate to each
linear continuous operator A : S (R™) — &’ (R™), a moderate map La and consequently a kernel
Hy, € G, (R™") such that, for all f in S (R™), A(f) and Hy, (f) are equal in the generalized
distribution sense [[14] (Proposition R().

The paper can be divided in two parts. The first part, formed by section E and section E,
introduces the material which is needed in the sequel (regular spaces of generalized functions,
generalized integral operators). The second part, consisting in the two last sections, is devoted to
the definition of moderate nets, the statement of the main theorems and their proofs. Concerning
them, we insist on the differences with [[Jl: Replacing Go (R™) by the bigger space Gs (R”) and
G (R™) by G, (R™) obliges to consider global estimates instead of ones on compact sets. This forces
to introduce a new concept of moderate maps, and to refine the estimates and the arguments
concerning integration. However, we also substantially simplify here the proof of the equality in
generalized distribution sense.

2 Colombeau type algebras

Throughout this section, d will be a strictly positive integer and € an open subset of R%. As
mentioned in the introduction, we only consider in this paper the spaces Gs (€2) of rapidly decreasing
generalized functions and G, () of temperate generalized functions. For f € C* (), r € Z and
leN, set

wrt(f) = sulp‘ l(l + |z))" 0% f (z)]  (with values in [0, +0o0]). (1)
ze, |a|<

2.1 Rapidly decreasing generalized functions
Set
Es (Q) = {(fs)g eSO |V¥(g,1) eN2, AN EN, pgy(f-) =0 (V) ase — o}

Ns (@) = {(£). € S@ [V(q,)) €N Wp €N, pugu(f-) =O(e") as=— 0}

One can show that Es () is a subalgebra of S (Q)(O’l] and Ns () an ideal of s (). The
algebra Gs () = Es () /Ns (Q) is called the algebra of rapidly decreasing generalized functions
@, £Q, ). A straightforward exercise shows that the functor Gs (-) defines a presheaf of differential
algebras over R? and a presheaf of modules over the factor ring of generalized constants C =

Em ((C) /N ((C), with
Em (K) = {(:755)‘E eKOU|IN €N, [z.]=0 (") ase — 0}
N(K):{(zs)aeK(O*” [Vp e N, |z =0 (eP) assﬂ()},

for K=C or K =R, R,.



Set
N (@) = {(f). € (@) Vg €N, VpEN, sy (f.) =O(F) ase 0. (2)
We have the exact analogue of Theorems 1.2.25 and 1.2.27 of [[L] (see [{]).

Proposition 1 If the open set Q is a box, i.e. the product of d open intervals of R (bounded or
not) then Ns () = Ns.. (Q) N Es (Q).

We shall need in the sequel some results concerning embeddings. Consider p € S (Rd) which
satisfies
[p(x)dz=1, [2%p(z)dz =0 for all @ € N*\ {0} (3)
and set

Ve € (0,1], Yz e RY, p. () =c % (x/e}). (4)

Proposition 2 i/
(i) The map

os: SR —Gs(RY), fre[(f)ls with fo = f for alle € (0,1]

is an embedding of differential algebras.
(ii) The map
s O (Rd) — Qs (Rd) ; u— (uxpe). +Ns (Rd)

is an embedding of differential vector spaces. (O (Rd) denotes the space of rapidly decreasing
distributions.)
(i4) Moreover, is|smd) = 0s-

2.2 Temperate generalized functions

Set

Ou(Q)={feC®(Q)VIeN, FgeN, pu_41(f) <+oo}
£ (Q) = {(fg)a €On ()Y |WIeN, IgeN, INEN, p_gi(f)=0(") ase — 0}

N:(Q) = {(f;)g cOon (Y I VIeN, JgeN, VpeN, p_gi(f.)=0(P) ase — o} ,

where (ir.1) . ez are defined by ().

The set Op (Q) is the algebra of multiplicators (or of C* functions with slow growth). One
can show that &, (Q) is a subalgebra of Oy (Q)(O’l] and N; () an ideal of &, (2). The algebra
G, (Q) = & () /N, (Q) is called the algebra of tempered generalized functions [, [[1, [g. As for
the case of Gs (-), the functor G, (-) defines a presheaf over R? of differential algebras and a presheaf
of modules over the factor ring C introduced in subsection @

The following result will be useful in the sequel. Set
Nos (Q) = {(fg)g cOu ()Y |3 eN, YpeN, t_go(f.)=0(") ase — o} :

Proposition 3 [[1] If the open set Q is a box (see proposition [l) then N, () = N> N &, (Q).

The results about embeddings concerning G (Rd) can be summarized (Theorems 1.2.27 and
1.2.28 of [[LT])) in the following proposition:



Proposition 4 Consider p € S (RY) which satisfies B) and define (pe). as in ).
(i) The map

or: Om (RY) =G, (RY), fw (f).+N; (RY), with f. = f for alle € (0,1]

is an embedding of differential algebras.
(ii) The map
e S (Rd) — G, (Rd) , u (u*pe), + N7 (Rd)
is an embedding of differential vector spaces.
(iii) Moreover, i |0, wrd)y = 07, where

Oc () ={feC®(Q)|3¢geN, VLN, p_qi(f) <+oo}

2.3 Regular subalgebras of Gs (2) and G, (Q2)

In the sequel, we need to consider some subspaces of Gs () and G, () with restrictive conditions of
growth with respect to e 1. These spaces give a good framework for the extension of linear maps
and for the convolution of generalized functions. These are essential properties for our main result.
This notions are new for G, (€2), but the main ideas have been given (for the purpose of microlocal

analysis) for G () and Gs (+) in [E» ﬂ]

Definition 5 A non empty subspace R of le_ is regular if
(i) R is “overstable” by translations and by mazimum

VNeR,VkeN, IN'€R, VneN, N(n)+k< N (n), (5)

VN € R, VN2 € R, AN € R, Vn € N, max(Ny (n),Nz2(n)) < N (n) ; (6)
(i1) For all N1 and Ny in R, there exists N € R such that

V(l1,l2) € N*, Ny (l1) + No(l2) < NIy +1o). (7)

For example, the set Rli of all positive valued sequences and the set B of bounded sequences
are regular.

Let R be a regular subset of RIE and set

8@ ={(f) €€ |INER, VgeN, WeN, g (f)=0 (D)}
ER @) ={(f) €€ |INER, JgeN, WEN, pgi(f)=0 (VD).

Proposition 6

(i) For all regular subspace R of RY, EX () (resp. EX (-)) is a presheaf of differential algebras over
the ring Enr (C).

(ii) For all regular subspaces Ri and Ro of RY, with Ry C Ra, EX* (-) (resp. EF1 () is a
subpresheaf of EX? () (resp. EX2(-)).

We refer the reader to [ﬂ] for the proof for the case of rapidly decreasing generalized functions.
The proof for temperate ones is similar.

Definition 7 For all regular subset R of RY, the presheaf of factor algebras GE (-) (resp. GF (-))
is called the presheaf of R-regular algebras of rapidly decreasing (resp. temperate) generalized
functions.

Example 8 Taking R = RY, we recover the presheaf Gs (-) (resp. Gr (-)) of rapidly decreasing
(resp. temperate) generalized functions. Taking R = B, we obtain the presheaf G (-) (resp.
G2 (+)) which is analogue for Gs(-) (resp. G: (:)) to the sheaf of G>®-generalized functions for

G (). (See [L3] for G=(-) and [d] for G (-).)



Example 9 Rapidly decreasing and temperate generalized functions with slow asymp-
totic growth. We consider mainly the two following examples of reqular spaces /ﬁ]

+oo l—+o0

Loy = {q € RY with lim (q()/1) = 0} L, = {q € RY with lim sup (g(1)/1) < a} (a > 0).

The corresponding presheaves of algebras gga (:) (resp. G (+)) are called the presheaves of rapidly
decreasing (resp. temperate) generalized functions with slow asymptotic growth, with respect to the
reqularizing parameter €.

2.4 Fundamental lemma

Lemma 10 Let a be a real in [0,1]. Consider p € S (R?) which satisfies B) and define (pe). as
in ([{). For any (g.). € Sga (RY) (resp. EE= (R?)), we have

(ge * pe — ge). € Ns (Rd) (resp. N (Rd) ). (8)

Proof. It suffices to treat the case a = 1, since Eéa - 5§1 (resp. X« C £F1). We shall do the
proof for the case d = 1, the general case only differs by more complicated algebraic expressions.

(i) Case of E5" (R).- Fix (g.). € £5" (R) and set, for ¢ € (0,1],

W e R, Ady) = (9 +2) 1) = 9:00) = [ (900~ )~ 9:(0) pele)
There exists N € £1 such that

YgEN, VIEN, VEER, |g ()] <y (1+16) 1= (Cly > 0),
for € smaller than some 7; , depending on ¢ and q.

Let p and ¢ be two integers. As limsup;_,, (N (I) /1) < 1, we get lim;_, o (I = N (1)) = 400
and the existence of an integer k such that k — N (k) > p. Taylor’s formula gives

(o) !
V(o) €R? gely —7) = g:(y) = T (y)+m/0 9 (y —uz) (1= w)* " du,

and

k 1
Vy eR, A(y) = / (E{—x)l)! (/0 9 (y —uz) (1 = )"~ du) p(x) d.

since [ 2'0.(z)dz =0 (for all i > 1). Setting v = z/e, we get
k

i [ 0 o = ) (=) ) p )

VyeR, A(y) = o1

and
9t (y — ewv)| du) |p (v)] dv. (9)

Ek 1
vy eR, 'Af(”'fm/'“'k%

For all y € R, £ € (0,7,4], u € (0,1], we have

g®) (y — euv)| < Chq (1 + |y — cuv]) T e NE),

Since p is rapidly decreasing, there exists C' > 0 such that

Vo eR, |p(v)l < C(1+of) 2,



Replacing in (ff), we get the existence of a constant C}.q > 0 such that
Vy €R, Ve € (0,m1,q], [Ac(y)l
1
< Chyet N [ty = o)™ (0 o) ) ol (1 o) 2 .
0

One can verify (by hand) that (1+ |y —euv|) * (14 |v]) " * < (1 +|y|)" Y, for all y € R, ¢ € (0,1],
u € (0,1]. Thus, there exists a constant C}/ , > 0 such that

Yy ER, Ve € (0,mka], [Ac(y)] < Oy e N (14 y) "
By assumption on k, we finally get
sup |(1+ |y])? Ac(y)| = O (¢") ase — 0.
yeR
Thus, A.(y) satisfies the 0-estimate of the ideal Ns (R). As (A.), € s (R), we can conclude that

(A.). € Ns (R), without estimating the derivatives by using Proposition [l

(ii) Case of EL1 (R).- The proof is an improvement of the proof of Theorems 1.2.28 of [[L1], based
on the ideas developed for the case of 5§ ' (R) above. m

Remark 11 Consider a net of mollifiers (p.). as in Lemma [[4. Relation (§) shows that [(p<).)s
(resp. [(pe).],) plays the role of identity for convolution in gga (R?) (resp. GE= (RY) ) whereas this
is false for Gs (Rd) (resp. G (Rd)). This is an essential feature of these new spaces.

3 Generalized integral operators

As mentioned in the introduction, we consider here generalized integral operators acting on Gs(R™)
with values in G, (R™). (We refer the reader to [P and [[Ld] for the more usual case of generalized
integral operators acting on G(R™).) From now on m and n are two strictly positive integers.

Lemma 12 Consider H € G (R™"), f € Gs(R™) and (H.). (resp. (f:).) any representative of
H (resp. f). The net of C*° maps

(1), = (o [ Hon st ) (10)
g
belongs to £ (R™) and the class [(ﬁe (fe)) } depends only on H and f but not on the represen-
edr

tatives (H.). and (f.)..

Proof. Firstly, for all z € R™ and ¢ € (0,1], Hc(x,-)f-(-) belongs to L' (R") as well as its

derivatives, since f. € S(R™) and H.(x,-) € Op(R™). Thus, H, (f:) is well defined and it is easily
seen that H. (f.) belongs to C°°(R™). Secondly, for any o € N™ there exist ¢ € N and C; > 0
such that (for £ small enough)

V(z,y) eR™T, O Ho(z,y)| < C1 (14 |2))” (14 [y)* e7. (11)
As (fe). € Es(R™), there exist g2 € N and Cy > 0 such that (for e small enough)
Yy ER",  |f(y)l < Co (L4 [y e (12)
Inserting ([[1]) and ([[3) in the definition of H. (f-), we get a constant C > 0 such that

Vo e R™,  |0“H. (f.) (z)| < Cs (14 |z))? e~ 0%,



Thus (I:jg) is in & (R™). Finally, suppose that (H.). (resp. (f:).) is in N;(R™™) (resp.

£

Ns(R™)). From estimates similar to ([[) and ([[3), we get that (HE (fg)) is in N (R™). Hence,
g
the independence on the representatives of [(ﬁg ( fs)) ] is proved. m
ed T
Lemma [L2 justifies the following:

Definition 13 Let H be in G, (R™™). The integral operator of kernel H is the map H defined by

A: Gs®" g ®"), fHﬁ(f)[<:cH/Hs(:c,y>fs(y)dy)JT,

with the notations of Lemma @

Proposition 14 With the notations of Definition Iﬁ, the operator H defines a linear mapping
from G, (R™) to Gs (R™). Moreover, the map

gT(Rern) — L (gS (Rn) ag‘r (Rm)) ) Hw—H
18 injective.

Proof. Only the last assertion needs a proof. Consider H € G.(R™*") and let (H.)_ be one
of its representative. As (H)_ is in & (R™*™), there exist ¢ € N and Cy > 0 such that

V(z,y) € R™™, | H. (z,y)| < Co (1 n |(x,y)|2)q5*q <y ((1 n |x|2) (1 n |y|2))qﬂ,

for £ small enough. Now, suppose that H is null. Then, for all g € Gs (R™) with representative
(ge)., there exists r > 0 such that

VpeN, 3C >0, Vz € R™, ‘ffs (9¢) (:E)‘ = ‘/He(w,y)ge(y)dy’ <C (1 + |$|2)T5”, (13)

for € small enough.

—g-1
Set, for all (z,y) € R™*", B.(x,y) = e'H.(x,y) ((1 + |£E|2) (1 + |y|2)) . The net (Be).
belongs to &-(R™™). For f € Gs (R™) with representative (f.)_, we have

[Benrway=(1+1?) " [ Hwer (10 0?) " nw)dy

—g—1
As the net of functions (y — el (1 + |y|2) ! fe (y)> belongs to Es (R™), we get from ([L3)), the
€

existence of 1y € Z (r1 =7 — ¢ — 1) such that
e, 3050 e R |B (1)) = | [ Bearma] <o (1+af) e, ag

for & small enough. Thus, the operator B defined by B = [(Bc).]. is null.
Remark that it suffices to show that

VpeN, I’ >0, 3C" >0, Ve € (0,1], Y (x,y) € R™"  |B. (z,y)| < C'eP (15)

to conclude that H is null. Indeed, if (E) holds, for any p € N, we get a constant C’ > 0 such that

V(z,y) € R™, |He (2,y)| <eP7IC7 ((1 + |$|2) (1 + |y|2))q+1 el (1 + |($,y)|2)2q+2 |

for € small enough. As ¢ is fixed, this proves that (H.)_ satisfies the 0-estimate of N (R™*™).
Furthermore, (H.), is in & (R™*"): Thus, Proposition [§ shows that (H.)_ is in N, (R™™).

€ €



We are now going to show (E) We suppose, on the contrary, that
JIpo €N, Vi >0, ¥VC' >0, e € (0,7], I(z,y) € R™™, |B. (z,y)| > C'ePo. (16)

Thus, there exists a sequence (&), converging to 0 such that, for all [ € N, there exists (x;,y1) €
R™*" such that |Be, (@1, )| > €7°.
As

- o\ L o\ L
Ve (0,1], V(ny) €R™M B (my) <Co (1+12)  (1+f) . (a7)

the function B. is bounded by Co, with lim|(g )| —+occ | Be (%, y)| = 0. Thus, there exists (z.,y:) €
R™*", such that sup(, ,)egm+n |Be(2,y)| = |Be (2,9 )| = Me. Moreover, due to ([£d), we have

VieN, M, >¢e". (18)
Note that we necessarily have
VieN, |z,|<e ™ and |y, | <e7Po. (19)

(Indeed, supposing that: 3 € N, |z.,| > ;7 or |ye| > ;7 contradicts ([1§), using ([[7).)
For all I € N, we can find a neighborhood V; (resp. W;) of x., (resp. y.,) such that

V(z,y) € Vix Wi, |Be(z,y)| > M., /2.

Moreover, for all I € N, V; (resp. W;) can be chosen such that its diameter § (W;) is greater than
some ¢;", for a fixed py > 0. Indeed, as the net (Bc). belongs to & (R™") and as (zc,,ye,).
satisfies (@), the differential of B,, grows at most polynomially in 5;1 for | — +o0 in some convex
neighborhood of (z.,,ys, ). of diameter, let us say, 1. Thus, supposing that: Vs € N, 3l € N,
d (W) < €} leads to a contradiction, since it violates the growth property of the sequence (VBx,),.

We define a net (6.). as follows. For all I € N, ¢, € D (R") is such that 0 < 6., <1, 6. =1 on
W;. For e ¢ {e;,1 € N} we simply choose 6. = 0. Moreover, we can suppose that the net (6.)_ is
in £s (R™). (This is done by starting from some 6 € D (R™) with 0 <6 < 1,6 =1 on B(0,1) and
then by using linear transformations.) Set, for all € € (0,1] and y € R”, f.(y) = Be(xc,y)0: (y).
As the net (B.)_ belongs to & (R") and (z.,), satisfies ([L9), the net (f.), is in Es(R"). Therefore,
using (E), we get the existence of r1 - which can always be supposed positive- such that

VpEN, In>0,3C >0, Vo eR™, Ve e (0], |B.(f)(@)| <O (1+12P) e, (20)

Returning to the definition of (W;),and (6.,),, we have, for all I € N,

By (f20) (a20)

= [ 1Bl 0 ) dy > [ (Bl dy
l

> 5 (W) M2 /4 > el M2 /4. (21)

Inserting (R1)) in R0), we get
2\ po
VpeN, 3C >0, M2 <4C (1+ |ze, | ) PP

for I large enough. From ([1d), we have (1 + |z, |2) < (1 + €f2p°) < 2", 2P for all | € N.
Finally, by setting ps = 2por1 + p1, we get
VpeN, 3C" >0, M, <C'eP P2

for [ large enough. Thus, we get a contradiction with ([l§), ending the proof. m



4 Kernel Theorems

4.1 Extension of linear maps

Nets of maps (L.). between two topological algebras, having some good growth properties with
respect to the parameter ¢, can be extended to act between the corresponding Colombeau algebras,
as it is shown in [E, @, E] for example. We are going to introduce here new notions adapted to
our framework. In the sequel £ (-, -) (resp. L (-, -)) denote a space of continuous linear maps acting

between classical spaces (resp. of C linear maps acting between generalized spaces).

Definition 15 Let j be an integer and (Lc), € L(S (R™),On (Rm))(o’l] be a net of linear maps.
(i) We say that (L.),_ is moderate (resp. negligible) if

£

VIEN, 3(C.). € Em (Ry) (resp. N (Ry) ), 3(p,q,l') € N°,

Ve SR, ppi(Le(f)) < Copgr (f), fore small enough. (22)
(i1) Let (b,c) be in [0,+00] x Ry. We say that (Lc), is Ly -strongly moderate if
INeLy,, Irel.,VieN, IC e Ry, I(p,q) € N (23)

VFES(RY), pu_pi(Le(f) <Ce W tgry (f) , for e small enough.

For the strong moderation, more precise estimates are given for the constants which appear in

(.

Proposition 16
(i) Any moderate net (L.). € (L(S(R™),On RN can be extended to a map L belonging to
L(Gs (R™), G, (R™)) and defined by

L(f) = (Le (fe)). + N- (R™), (24)

where (f:), is any representative of f.

(ii) The extension L depends only on the family (L.)_ in the following sense: If (N.)

net of maps, then the extensions of (Lc). and (L. + Ne), are equal.

(iii) If the family (Lc)_ is moderate, with the assumption that the net of constants (C:)_. in (3)

satisfies C. = O (e7"W) with limsup (r(1)/1) < ¢, then L(GF (R™)) is included in G5 (R™).
l—+oo

(iv) Let (a,b,c) be in (Ry)>: If the net (Le), is Ly,c-strongly moderate, then L (gga (R”)) is

included in GF**° (R™).

Moreover, L (g§° (R")) is included in GE (R™) even if b = +oo0.

. 15 a negligible

Proof. Assertions (i) & (ii).- Fix | € Nand let (f.)_ be in £s (R™). According to the definition
of moderate nets, we get (C.), € Eu (R4) and (p,¢,1') € N3 such that

Hepi (Le (fe)) < Ccpgr (fe), for € small enough. (25)

Inequality (R5) leads to (L. (f.)). € & (R™). Moreover, if (f.). belongs to Ns (R"), the same
inequality implies that (L. (f:)). € N> (R™). These two properties show that L is well defined by
formula (@) The C linearity follows from from the moderation. Moreover, inequality (@) implies
easily the second assertion.

Assertion (iii) & (iv).- We shall prove (iv) for a € (0,+00), since the proof of (iii) and of the
case ¢ = 0 in (iv) are even simpler. Suppose that (L.)_ is Ly -strongly moderate and consider
(fe). € 55” (R"). There exist a sequence A € RY, with limsup,_, ., (A(1)/l) < b, and a sequence
r € RY, with limsup,_, . (r(1)/1) < ¢, such that

VIeN, 3C € Ry, 3(p,q) € N?, pu_pi(Le (f2)) < CE_T(Z),uq_,A(l) (fe) (for € small enough).



As (f.), is in E5* (R™), there exists a sequence N € RY, with limsup,_ .. (N(\)/)\) < a, such
that
VseN, VAeN, usar(f:)=0 (EiN()\)) ase — 0.

We get that
VIeN, 3CeRy, IpeN, u_pi(Le(fo) < Ce MO with Ny (1) = (1) + N (A1),
for € small enough.
o If A(I) is bounded, we immediately have: Ny (1) /I = O (r(I)/1) for | — +oo.
e If A(l) is not bounded, for A(l) # 0, we have

Ni() _r) N O®) MY
(D) '

We have limsup;_, , o, (N (A(1)) /A(I)) < a and thus limsup;_, , . W@ < ab. This gives

(26)

l l

limsup (N1 (1)/1) < ab+ ¢

l—+4oc0

and (L (fe)). € EEeb+e (C°° (R™)), which shows the assertion.

Finally, if (f.), is in Eéo (R™), the sequence N can be chosen such that limy_, ;o (N (A) /A) = 0.
Then, for b = +o0, the sequence I — A(l)/I is bounded. It follows that limsup,_, ., (N1(1)/1) < c.
[

4.2 Main results

Theorem 17 Consider (a,b,c) € R3 witha <1 and ab+c < 1. Let (L.). € L (S(R™), OM(Rm))(O’I]
be a net of Ly, -strongly moderate linear maps and L € L (Gs(R™), G, (R™)) its canonical extension.
There exists Hy, € G, (R™™) such that

vregi @), L) = |(s— [ HL,g@,y)fg(y)dy)j , (27)

where (Hr c)_ (resp. (f:).) is any representative of Hy, (resp. f).

Remark 18 In Theorem @, the parameter b (resp. ¢ ) is related to the “regularity” of the net
(Le)., with respect to the derivative index | in the family of semi-norms (Uﬁl)r,l (resp. to the
parameter ). The more “irreqular” the net of maps (L.), is, that is the bigger b is (resp. the
closer to 1 ¢ is), the smaller is the space on which equality @) holds. The limit cases for ¢ are

¢ =1 (for which a = 0 and (£7) holds only on g§° (R™)) and ¢ = 0 (the net of constants (C.),
in relation @) depends slowly on €) for which the conditions on (a,b, c) are reduced to a <1 and
ab < 1. (Note that these limiting conditions are induced by Lemma IE)

By using Proposition E— (i), we can obtain an analogon of Theorem @ valid for more irregular
nets of maps.

Theorem 19 Let (L.), € L(S(R"),Onm (Rm))(o’” be a net of moderate linear maps such that the
net of constants (C.)_ in relation ([23) satisfies C. = O (E_T(l)) with r € L,. Then, the extension
(L.). admits an integral representation such that relation ([27) holds for f in GF (R™).

We turn now to the relationship with the classical isomorphism result: Consider
A e L(SMR™),S'(R™))
and define a net of linear mappings (L.)_ by
L.: SR") = C®(R™), fr— A(f)*pes, (sfixed real parameter in (0,1))
where (¢.), is defined as in ([]), starting from ¢ € S (R™) which satisfies ([). We have:

10



Proposition 20

(i) For all ¢ € (0,1], L. is continuous for the usual topologies of S (R™) and Op; (R™) and the net
(Le). is (0,s)-strongly moderate.

(i) From (i), the extension L of the net (L¢)_ admits a kernel Hy,. Furthermore, for all f € S (R™),
A(f) is equal to Hp, (f) in the generalized distribution sense /@/, that is

vge SR™), (A(f).g9) = (HL(f).g) inT. (28)

In other words, equality (@) means that, for all p € N|
ves®), W)~ [ ([Hcen i a)s@ a-oe) e @)

where (Hp, ), is any representative of Hp,. In particular, this result implies that A (f) and H; (f)
are associated or weakly equal, i.e.

(0 [ Hicon) 1) ay) — A7) n S @) ase -

5 Proofs of Theorem [[7] and Proposition

5.1 Proof of Theorem [[7]

We shall prove Theorem [[7. (The proof of Theorem [[ follows the same lines.) Consider ¢ € S (R™)
(resp. 1 € S (R™)) which satisfies (f]) and define (¢.)_ (resp. (¢.).) as in ([). For all ¢ € (0,1] and
y € R, we set

7/)6,-5 Rn"S(Rn)v y'—>1/157y:{’0'—>’l/)5(y*1)>}-
Then, for all £ € (0, 1], the map

He: R™" o C, (2,y) — (Le (o) * 00) (2) = / Le (e y) (& — 1) g (u) du,

is well defined.
Indeed, L () belongs to O (R) and ¢, to S (R™), making L. (1e,y) (z — ) e (+) - and its
derivatives- L! functions.

Lemma 21 For all e € (0,1], He is of class C* and (H.). € & (R™1™).

Proof. The fact that H. is of class C*> follows from classical arguments of integral calculus.
It also uses the topological isomorphism between C*° (Rdl,CC’o (Rd2)) and C*° (Rd1+d2,C) (d1,
dy € N\ {0}), the linearity and continuity of both L. and the convolution. (See Lemma 28 and 29
in 5] for very close proofs.)

Let us now consider (a, 3) € N™" and 9% (resp. d))) the a-partial derivative (resp. S-partial
derivative) with respect to the variable x (resp. y). and set [ = |3]. We have

V(z,y) € R™™, 9200 H. (z,y) = (0 Le (Vey) * 020:) (x)
- / L (ey) (& — ) O (u) du
_ / O L. (tey) (2 — ) 9% (C) dC (30)

Using the moderation of (L.)_, we get the existence of (C.)_ € Ex (Ry), (p,¢.!") € N3 such that,
for € small enough,

(I+]z— 5C|)p Haq i’ (we,y)

v (z,() €R2ma ‘851’8 (wa,y) (m—u)‘ <
< Ce (T [z)P (T+ S papr (ey) -

Ce
Ce
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We have

Haq,l’ ("/’s,y) = sup (1 + |y - w|)q |3a1/fs(w)| < (1 + |y|)qﬂq,l’ ("/’s)

weRn, |a| <V
<e (L Jy)) g (¥).
Therefore, there exists (C.), € €y (R4) such that
V(@ Cy) € RPN OTL (Yey) (x — Q)| < CLL+[2])” (L+[C)” (1 +[y)?.

for £ small enough. As 0% is rapidly decreasing, by replacing the last estimate above in (B{), we
get the existence of C! € &y (Ry) such that

V(z,y) € R™", 020 He (x,y)| < O (L+ |2])” (14 lyD)? < CL (1 + (2, )",
for ¢ small enough. Thus, (H.), € & (R™1") as claimed. m
Lemma 22 For all (f.). in Es (R™), we have

Hs (fe) (@) = (Le (¥ * f2) * ) (2).
Proof. Let (f.). be in £ (R™). For any fixed € € (0,1] and € R™, we have

(1)@ = [ ( [t @-we.w du> folw) dy

Using a similar argument as in the proof of Lemma @, we get the existence of Cc(x) > 0 such that
Vu € R, |Le () (@ — u)| < Ce(w) (1+ [ul))”.

Thus, the map (u,y) — Le (e y) (@ — u) pe (u) fo(y) is in L' (R™*") and, by Fubini’s Theorem,

CAGIEEY < [ 1) @ fs(y)dy> e (u) du
= ({6 [ Le(e) © £ o)+ 0) (@),

An adaptation of the proof of Lemma 30 in [E} shows that, for all £ € R™, we have the following
equality

v eD®), [ L) © o = L. ({0 [ vy @ atan) © (31)

~ L (v [ oot v awan) @)

(Indeed, the integrals under consideration in (@) are integrals of continuous functions on compact

sets and can be considered as limits of Riemann sums in the spirit of [, Lemma 4.1.3. The

linearity and the continuity of L. allows to exchange the order or the operations integral and L..)
Then, a density argument shows that equality (@) holds for g € S (R™). Thus

[ 1) @ 2y = L. ({0 [ 00 t0-0) L)) © = Lo 0+ £)6)

and H. (f.) () = (Le (e * f2) * ¢2) (z) as claimed. m

We now complete the proof of Theorem E Set

Hp = [(HE)g]T = ((zay) = (\Ils,y * 905) (1') )E + N, (Rm—i-n) .

12



For all (f.). in £5° (R™), we have
Hy ([(£2).)5) = (B (9) | -

by definition of the integral operator. We have to compare (HE (fg)) and (Le (f:)).. According
g
to Lemma P, we have for all € € (0, 1]

ﬁs (fe) = Le (fe) = (Le (Y * fo) * ) — Le (fe)
€ (1/15 * fs) * e — Le (fs) * e+ Le (fe) * e — Le (fs)
e(we*fa _fe)*‘P6+L€(fa)*‘Pe _La(fa)-

Remarking that (f.), € 55“ (R™) and (L. (f.)). € ELetbe (R™) C EF1 (R™), we get

(La (fe) * e — L (fe) )E eN; (Rm) and (1/18 * fo— fe )E € Ng (Rm)
by Lemma . This last property gives

(Ls("/)s*fsffs))EEN'r(Rm) and (Ls("/)s*fsffs)*@€> GN‘I‘(Rm>5

since (1: * pc),. € N- (R™) for all (1), € N; (R™). Finally

(H-72) | =1L (), = L))

L
L

this last equality by definition of the extension of a linear map.

5.2 Proof of Proposition

Assertion (i).- For a fixed ¢ € (0,1], L. is obtained by composition of the continuous maps
A:SR") — S (R™) and
S (R™) — Op (R™), T+ Ty * pes

Thus L. is continuous. We have now to show that the net (L.). € L(S(R"),On (Rm))(o’” is
strongly moderate. We have

Ve SR, Ve e R™, Va e N, 9% (L(f)) (x) = (A(f) * 0% ) (x)
=(A(f) {y = 0%cs (x —y)}) .

The map
©:SER") xS[R™), (f,0) = (A(f),¥)

is a bilinear map, separately continuous since A is continuous. As S (R™) and S (R™) are Fréchet
spaces, O is globally continuous. There exist C; > 0, (g1, /1, q2,l2) € N*, such that

V(f, 90) €S (Rn) X S(Rm) ) |<A (f),(,O>| <Ci /L!h,ll(f)ﬂ%,lz (50)

In particular, for any [ € N and « € N™ with |a| < [, we have

Ve € R™, [{A(f), 0% (x =) < C1 pigy 1y (f)ig 12 (0% pes (=),

with
Ve € R™, figy1,(0%pcs (=) = sup (L4 [¢)*[0* P (x— &)
EER™,|BI<I2
= sup  (L+]z—¢)*”|0* e (9]
EER™,|BI<I2

< L+ [2D)™ pgs ot |ee ]
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Using the definition of (p.:)_, we get Co > 0 such that jig, 1,41 |pes| < Coe™3(M+2+D for & small
enough. Thus, there exists C' > 0, such that, for £ small enough,

Ve € R™, [0% (La(f)) (@) = (A (f), 0%= (& = )| < C (L4 |2])® gy 1, (e >0+,
Finally

H—q2,1 (Ls(f>) < CE?S(erbJrl)Mth (f)
The sequence 7 () = {l — s (m + l2 + 1)} satisfies lim;—, 1o (r(1)/1) = s < 1. Recalling that [; does
not depend on [, we obtain our claim.
Assertion (ii).- We have the following:

Lemma 23 For all u € 8" (R™), [(u* ¢z¢),] is equal to u in the generalized distribution sense.

Proof. Take u € &' (R™). There exist « € N, g € N, and f : R™ — C a continuous bounded
function such that [1]
u=0%(M"f),

where M : R™ — C is the function defined by M (z) = 1+ |z|*>. For any g € S (R™), we have

(s per,g) = (u,g % Ger) = (=) (£, M7 (9°9) * fer) -
On the other hand,
(u,g) = (=)' (£, M9 0°).
Thus
(uxpee,g) = (u, g) = (f, M9 ((0%g) * pes — 0%9)) -
A simplification of the proof of [L( shows that ((9%g) * ¢.= — 9%g). € Ns (R?). The same holds for
M1 ((0%g) * pes — 0%g). Thus, for all p in N,

(u* pes,g) — (u,g) = O (eP) ase — 0.

This lemma implies that for all f € S(R"), [(Lc(f)).], = [(A(f) * pes) ], is equal to A(f) in
the generalized distribution sense. On the other hand, according to Theorem [, [(L<(f))

Hy, (f) where Hy is the integral operator associated to the canonical extension of (L.) .- This ends
the proof of Proposition .

lr
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