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1 Introduction

This paper focuses on a random partial differential equation consisting in
a parabolic PDE with irregular noise in the drift. Formulation, existence
(with uniqueness in a certain sense) and double probabilistic representation
are discussed. The equation itself is motivated by random irreqular media

models.

Let T'> 0, 0 : R — R be a continuous function and 7(z) a generalized
random field playing the role of a noise. Let u’ : R — R, A : [0,7] x R — R

be continuous. Consider the problem

{ —p(t,x) + TR 0(t, 2) + i(@)dv(te) = NT —t,2), L)
v(0, x) = u%(z), .

where 7 is the derivative in the sense of distributions of a continuous process.
Among examples of possible 7, one has in mind different possibilities of
continuous processes as classical Wiener process, (multi)fractional Brownian
motion, but also non-Gaussian processes. The derivative in the sense of
distributions 7(x) will be the associated noise. ([.1]) is a new type of SPDE,
not yet really studied even when 7 is a classical Brownian When 7(x) is
replaced by a space-time white noise 7(t, z), some relevant work was done

by Nualart and Viens, see e.g. [[4]. In this article, dependence in time is

useful for the corresponding stochastic integration.

(L) is equivalent to the following dual problem:

{ drult, ) + T8 02 u(t,x) + i(@)dpult,z) = A(t,), 1)
u(T, x) = u'(z). .
Formally speaking, setting u(t,z) = v(T — t,z), v solves ([.]) if and only
if u solves ([.2). This is rigorously confirmed at section 9 so that, at this
stage, the choice whether to work with equation ([.) or ([.2) is arbitrary.
We decided to concentrate on equation ([[.9), because it corresponds to the

standard form for probabilistic representation.

The idea of the paper is to freeze first the realization w, to set b(z) = n(z)(w),

and then to consider the deterministic Cauchy problem associated to ([[.3)
Ou(t,x) + 022(1) 02 u(t,x) +V (2)0u(t,z) = ¢, ),
u(T', ) = (),

(1.3)



where b’ is the derivative of the continuous function b.

Since the product of a distribution and a continuous function is not defined in
the theory of Schwartz distributions, one has to elaborate some substitution
tools. Ideally, one would like to represent the parabolic PDE probabilisti-
cally through a diffusion which is the solution of the following stochastic
differential equation (SDE)

dXt = O'(Xt)th + b,(Xt)dt, (14)

with generalized drift. We will give a meaning to ([L.4) at three different

levels.

e The level of a martingale problem.

e The level of a stochastic differential equation in the sense of probability

laws.

e The level of stochastic differential equation in the strong sense.

For each of these levels we shall provide conditions for equation ([.4), with
given initial data, to be well-posed. Later on, the notion of Cg—solution to
the generalized parabolic PDE ([[.J) will be defined: to this effect, existence,

uniqueness and probabilistic representation will be shown.

When 7 is a strong finite cubic variation process and o = 1, then the solutions
to ([.J) obtained for b = n(w) provide solutions to the SPDE ([.]). This is
shown in the last part of the paper. A typical example of a strong zero cubic
variation process is the fractional Brownian motion with Hurst index H > %
Equation ([.3) will be understood in some weak distributional sense that we
can formally reconstruct as follows. We freeze b = n(w) as a realization and
formally integrate equation ([.I) from 0 to ¢ in time against a smooth test

function a with compact support in space. The result is

_/Rdm( n /Rdxa(x / ds—/dm )Opu(s, z)

+ /tds/b dz)o(z)dyu(s, z) (1.5)

0

/ds/dxoz T —s,x).
0
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The integral [p o(x)d,u(s, z)b(dx) needs interpretation since b is not gen-
erally of bounded variation and it involves the product of the distribution
b and the function d,u(s,-); in general, this function is unfortunately only
continuous. As foreseen, this operation is deterministically undefined, un-
less one uses a generalized functions theory. However, since b is a frozen
realization of a stochastic process 7, we can hope to justify that integral in
a stochastic sense. Note that it cannot be of 1t6 type even if n were a semi-
martingale, since d,u(s,-) is not necessarily adapted to some corresponding
filtration. We will in fact interpret the stochastic integral element b(dx) or
n(dz) as a symmetric (Stratonovich) integral d°n of regularization type, see

section 3.

Definition 1.1 A continuous random field (v(t,z),t € [0,T],z € R), a.s.
in C%1(]0, T[xR), is said to be a (weak) solution to the SPDE ([[1) if

—/Rdma(x)v(t,x) + /Rdma(x)vo(x)— Otds%/ﬂgdxa'(ﬂc)axv(s,x)

+ /Rdon(x)a(x) </0 ds@w(s,x)) (1.6)

_ /Otds/Rdm(x)A(T—s,x),

for every smooth function with compact support .
If we integrate equation ([.J) from ¢ to T in time against a smooth test func-

tion o with compact support in space, we are naturally led to the following.

Definition 1.2 A continuous random field (u(t,x),t € [0,T],z € R), a.s.
in C%1(]0, T[xR), is said to be a (weak) solution to the SPDE ([.3) if

_ 0w _ [ x| de! (@)dpu(s, x
/Rdma(x)u(t,x) + /Rdxoz(m)u () ) d 2/Rd (2)0pu(s, )
T

+ /Rd"n(m)a(m) </t ds@xu(s,m)> (1.7)
= [ as [ ava@ir,

for every smooth function with compact support c.



We will show that the probabilistic solutions that we construct through
stochastic equation ([.4) will in fact solve ([L.5).

Diffusions in the generalized sense were studied by several authors beginning
with, at least in our knowledge [[[9]; later on, many authors considered special
cases of stochastic differential equations with generalized coefficients, it is
difficult to quote them all: in particular, we refer to the case when b is a
measure: [[i], [If], [[§. In all these cases solutions were semimartingales.
More recently, [§] considered special cases of non-semimartingales solving
stochastic differential equations with generalized drift; those cases include

examples coming from Bessel processes.

[(d) and [[1] treated well-posedness of the martingale problem, Ité formula
under weak conditions, semimartingale characterization and Lyons-Zheng
decomposition. The only assumption was the strict positivity of ¢ and the
existence of the function ¥ (z) = 2 fox g—;dy with appropriate regularizations.
Bass and Chen [fl] were also interested in (.4) and they provided a well
stated framework when o is %—Hélder continuous and b is y-Holder continu-
ous, 7y > %

Besides the martingale problem, in the present paper we shall put emphasis
on the formulation of ([.4) as a stochastic differential equation which can be
solved adding more assumptions on the coefficients. Several examples are

provided for the case of weak and strong solutions of ([.4).

The paper is organized as follows. Section 2 is devoted to basic preliminaries,
including definitions and properties related to Young integrals. Section 3 is
devoted to some useful remainder in stochastic calculus via regularization.
In Section 4, we introduce the formal elliptic operator L and we recall the
concept of Cl-generalized solution of Lf = ¢ for continuous real functions /.
We further introduce a fundamental hypothesis on L for the sequel, called
Technical Assumption A(vp) and we illustrate several examples where it is
verified. In Section 5 we discuss different notions of martingale problems.
Section 6 provides notions of solutions to stochastic differential equations
with distributional drift and its connections with martingale problems. The
notion of solution is coupled with a property of extended local time reqularity.

This concept of solution is new even when the drift is an ordinary function.



Section 7 presents the notion of C’,?—solution for a parabolic equation Lu = A
where A is bounded and continuous with £ = 0; + L. We also provide exis-
tence, uniqueness and probabilistic representation of C’g—solutions to Lu = .
Section 8 discusses mild solutions to the previous parabolic PDE and useful
integrability properties for its solutions. In Section 9, we finally show that
the CP-solutions provide in fact true weak solutions to the SPDE (L) if

c=1.

2 Preliminaries

In this paper T will be a fixed horizon time, unless something else is specified.
A function f defined on [0, 7] (resp. R ) is extended without mention setting
f(t) = f(0) for t <0 and f(T) for ¢t > T (resp. f(0) for t <0).

CY(R) will indicate the set of continuous functions defined on R, CP(R), the
space of real functions with class of differentiability C?. We denote by CJ(R)
(resp. C}(R)) the space of continuous (continuous differentiable) functions
vanishing at zero. When there will be no confusion we will also simply use
the symbols C° CP,CP, CL. We denote by CP([0,T] x R) the space of real
continuous bounded functions defined on [0,7] x R. CP(R) or simply C?

indicates the continuous bounded functions defined on R.

The vector spaces C(R) and CP(R) are topological Fréchet spaces or F-space
according to the terminology of [fJ] chapter 1.2. They are equipped with the
following natural topology. A sequence f,, belonging to C°(R) (resp. CP(R))
is said to converge to f in the CO(R) (resp. CP(R)) sense if f,, (resp. f, and
all the derivatives up to order p) converges (resp. converge) to f (resp. to f

and all its derivatives) uniformly on each compact of R .

We will consider functions u : [0, 7] x R — R, which are bounded continuous.
A sequence (uy,) in CP([0,T] x R) will be said to converge in a bounded

way to wu if

o lim, . uy(t,x) =u(t,z), V(t,z)e[0,T] xR,



e there is a constant ¢ > 0, independent of the sequence such that

sup |un(t,z)| <c¢,Vn e N. (2.1)
t<T,zeR
If the sequence (u;,) does not depend on ¢ we define similarly the convergence
of (up) € CY(R) to u € CP(R) in a bounded way.

Given two functions uy,us : [0, 7] xR — R; the composition notation uj ous,

means (uy o ug)(t,z) = uy(t,us(t, )).

For positive integers m, k, C"™* will indicate functions in the corresponding
class of differentiability. For instance, C12([0, T[xR) will be the space of
(t, ) — u(t,z) functions which are C* on [0, T[xR (i.e. one times continu-

ously differentiable) and such that 92, u exists and is continuous.

c * will indicate the set of functions C™F such that the partial derivatives

of all order are bounded.

If I is a real compact interval and ~ €]0, 1], we denote by C?(I) the vector
space of real functions defined on I being Holder with parameter v. We
denote by C7(R), or simply C7, the space of locally Hélder functions, i.e.

Hoélder on each real compact interval.

Suppose I = [, T], 7,T being two real numbers such that 7 < 7. Here T
does not need to be necessarily positive. Recall that f : I — R belongs to
cV(I) if
t)— f(s
Ny(f) = TSS;,ltpsT 7|f(|t)— 5{7( ) < o0.

Clearly f — |f(7)|+N5(f) defines a norm on C7 (/) which makes it a Banach
space. C7(R) is an F-space, if equipped with the topology of convergence
related to C7(I) for each compact interval I. A sequence (f,) in C7(R)
converges to f if it converges according to C7(I) for every compact interval

1.

We will also provide some reminder about the so called Young integrals,
see [27], remaining however in a simplified framework as in [[] or [R3]. We

recall the essential inequality, stated for instance in [g].

Let v, 3 > 0, such that v+ 3 > 1. If f,g € C*(I), then

b
/ (f(2) = f(a))dg(z)| < Cy(b — a) "N, (f)Ns(9). (2.2)
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for any [a,b] C I and p €]0,v+ 8 — 1], where C, constant not depending on
f.9. The bilinear map sending (f,g) to [, fdg can be continuously extended
to CY(I) x CB(I) with values in C°(I). By definition that object will be
called the Young integral of f with respect to g on I. We also denote it
fT fdWyg.

By additivity we set for a,b € [1,T],

b b a
/fd(y)g:/ fd(y)g—/ fd¥gq

Moreover, the bilinear map defined on C*(R) x C'(R), by (f,9) fo fdg
extends continuously to C7(R) x C?(R) onto C°(R). Again, that object,
defined on the whole real line, will be called Young integral of f with
respect to g and it will again be denoted by fo fdWgq

Remark 2.1 Inequality ([2.3) remains true for f € CV(I),g € CP(I). In
particular t — f: fdWg belongs to CP(I). In fact

[

Through the extension of the bilinear operator sending (f,g) to fo fdg it is

/ (f - fla >>dg\ £ (a)(g(b) — g(a))].

possible to get the following chain rule for Young integrals.

Proposition 2.2 Let f,g,F : 1 — R I =[r,T]. We supposeg cO8(I), f €
CV(I),F € COI) with v+ B> 1, 3§+ 8> 1. We define G(t) = [ fd¥g.

Then . .
/Fd(y)G:/ Ffd¥g

Proof. If g € C(I) then the result is obvious. We remark that G € C7(I).
Using successively inequality (R.J) one can show that the two linear maps
g [[FdYG and g — [ Ffd¥g are continuous from C°(I) to C°(I).
This concludes the proof of the Proposition. [ |

By a mollifier, we intend a function ® € S(R) (i.e. a C*°-function such
that itself and all its derivatives decrease to zero faster than any power of
||t as |z| — 00) with [ @(z)dx = 1. We set ®,,(z) := n®(nz).



The result below shows that mollifications of a Holder function f converge

to f with respect to the Holder topology.

Proposition 2.3 Let ® be a mollifier and f € CV(I); we denote f, =
®,, x f. Then f, — f in the C7(I) topology for any 0 <y <.

Proof. We need to show that N, (f— f,) converges to zero. We set A,,(t) =
(f = fa)(t). Let a,b € I. We will establish that

v =
AL(B) — An(a)| < constlb — af? <%> . (2.3)

Without restriction of generality we can suppose a < b. We distinguish two

cases.

C'asea<a—i—%<b.

We have

IN

200) - (el < | [0 2 - sonaiay

+ | [t - s@peial
2 [12 e(wlay
2 [ 10l dy - " (%)

IN

IN

Casea<b§a+%.

In this case we have

80) = Buf@)] <= [170) - f@leldy + [ 170+ 2) - fla+ Lylew)dy
< 20-0" [l1ewia <2 [ 1wty 6oy ()
Therefore (B:3) is verified with const = 2 [ |®(y)|(1 + |y?')dy. This implies

it sy o (1)

which allows to conclude. [ |



For convenience we introduce the topological vector space defined by
D= | J " (R).
v'>y
It is also a vector algebra i.e. D7 is a vector space and an algebra with

respect to the sum and product of functions.

Next Corollary is a consequence of the definition of Young integral and Re-

mark P.1.

Corollary 2.4 Let f € D7,g € D® with v+ 3 > 1. Thent — [ fd¥g is
well defined and it belongs to DP.

D7 is not a metric space but an inductive limit of the F-spaces C7 and the

weak version of Banach-Steinhaus theorem for F-spaces can be adapted.

In fact, a direct consequence of the Banach-Steinhaus theorem of [ff] section

2.1 is the following.

Theorem 2.5 Let E = |J,, B, be an inductive limit of F-spaces E, and
F another F-space. Let (T,,) be a sequence of linear continuous operators
T, : E — F. Suppose that Tf := lim,,_.oo Tn,f exists for any f € E. Then

T : E — F is again a continuous (linear) operator.

3 Previous results in stochastic calculus via regu-

larization

We recall here a few notions related to stochastic calculus via regularization,

a theory which was started in [R]]. We refer to a recent survey paper [2J].

The considered stochastic processes may be defined on [0,7],R; or R. Let
X = (X4, t € R) be a continuous process and Y = (Y;,¢t € R) be a process
with paths in Llloc. For the paths of process Y with parameter on [0, 7]
(resp. R4 ) we apply the same convention as, at the beginning of previous
section, for functions. So we extend without other mention setting Yy for
t <0and Yy for t > T (resp. Yy for t < 0). C will denote the vector algebra
of continuous processes. It is an F-space if equipped with the topology of

the ucp (uniform convergence in probability) convergence.



We recall in the sequel the most useful rules of calculus, see for instance [2J]
or also [RJ].

The forward, symmetric integrals and the covariation process are defined by

the following limits in the ucp sense whenever they exist

t t X - X
/ Yd X = lim [ YV, 2y (3.4)
0 EHO“F 0
¢ b Xere — X
/ Y,d°X, = lim [ Y, 57 g (3.5)
0 e—0+ Jo 2e
[X,Y], = lim C°(X,Y), (3.6)
e—0+
where .
1
CE(X7Y)t = g/o (Xs-l—e_Xs)(Y:s—i—a —}{9) dS.

All stochastic integrals and covariation processes will be of course elements
of C. If [X,Y], [X, X], [Y,Y] exist we say that (X,Y) has all its mutual

covariations.

Remark 3.1 If X is (locally) of bounded variation, we have

. fOth*Y = fg X,d°Y, = fg X, dY, where the third integral is meant

in the Lebesgue-Stieltjes sense.

o [X,Y]=0.

Remark 3.2 q) f(f Y, d° X, = f(f Y, d_XS—{—%[X, Y| provided that two among

the three integrals or covariations exist.

b) XiYy = XoYp + fothd*Xs + fot Xsd™Ys + [X,Y]; provided that two of

the three integrals or covariations exist.
c) XiYy = XoYy + f(deoX + fg X, d°Y; provided that one of the two inte-

grals exists.

Remark 3.3 o) If [ X, X]| exists then it is always an increasing process
and X is called a finite quadratic variation process. If [X, X] =0

then X is said to be a zero quadratic variation process.

10



b) Let X, Y be continuous processes such that (X,Y) has all its mutual
covariations. Then [X,Y] has locally bounded variation. If f,g € C*
then

F(X).g(V)) = /O F1(X)g/ (V) d[X, Y]

¢) If A is a zero quadratic variation process and X is a finite quadratic

variation process then [X, A] = 0.
d) A bounded variation process is a zero quadratic variation process.

e) (Classical Itd formula) If f € C? then [, f/(X)d™ X exists and is

equal to

F00) = F(50) = 5 [ 700 dfx. )

f) If g € C' and f € C? then the forward integral fo 9(X)d™ f(X) is well
defined.

In this paper all filtrations are supposed to fulfill the usual conditions. If
F = (-E)te[o,T] is a filtration, X an F-semimartingale, Y is F-adapted cadlag
process, then fo Y d~ X is the usual It6 integral. If Y is F-semimartingale
then [jY d°X is the classical Fisk-Stratonovich integral and [X, Y] the usual

covariation process (X,Y).

We introduce now the notion of Dirichlet process which were essentially in-
troduced by H. Féllmer [[[J] and considered by many authors, see for instance

, @] for classical properties.

In the present section, (W;) will denote a classical (F;)-Brownian motion.

Definition 3.4 An (F;)-adapted (continuous) process is said (F;)-Dirichlet
process if it is the sum of an (Ft)- local martingale M plus a zero quadratic

variation process A. For simplicity we will suppose Ag =0 p.s.

Remark 3.5 (i) Process (A;) in the previous decomposition is an (Fy)-

adapted process.
(ii) An (Fi)-semimartingale is an (Fi)-Dirichlet process.

(iii) The decomposition M + A is unique.

11



(iv) Let f : R — R of class C', X an (F;)-Dirichlet process. Then f(X) is
again a (Fi)-Dirichlet process with local martingale part M, - f(Xo)+
J5 F/(X)dM.

The class of semimartingales with respect to a given filtration is known to
be stable with respect to C? transformations. Remark B.3 b) says that finite
quadratic variation processes are stable through C' transformations. The
last point of previous remark states that C'! stability also holds for Dirichlet

processes.

Young integrals introduced in the Preliminaries can be connected with the
forward and symmetric integrals via regularization appearing before Remark

B.1. The next proposition has been proved in [RJ].

Proposition 3.6 Let X,Y be processes whose paths are respectively in C7
and in C8, with v > 0,6 >0 and v+ 3 > 1.

For any symbol x € {—, o} the integral / Yd*X coincides with the Young
0

integral / YdWXx.
0

Remark 3.7 Suppose that X and Y wverifies the conditions of Proposition
3.4. Then Remark [3.9 a) implies that [X,Y] = 0.

We need an extension of stochastic calculus via regularization in the direction
of higher n—variation. The properties concerning higher variation than 2 can

be found for instance in [f].

We set, Lo
X, X, X]5 = —/ (Xope — X,)3 ds.
€ Jo

We define also
1 t
10, X, X)), = g/o [Xore = X, ds.

If the limit when & — 0 in probability of [X, X, X|; exists for any ¢, we
denote it by [X, X, X];. If the limiting process [X, X, X| has a continuous

version, we say that X is a finite cubic variation process.

12



If moreover, there is a positive sequence (e, )nen converging to zero such that

supH[X,X,X]E”HT < 00, (3.7)
En

we will say that it X is a (strong) finite cubic variation process. If X
is a (strong) finite cubic variation process such that [X, X, X] = 0, X will

be said (strong) zero finite cubic variation process.

For instance, if X = B a fractional Brownian motion with Hurst index
then X is a finite quadratic variation process if and only if H > %, see 3.
It is a strong zero cubic variation process if and only if H > %, see [f]. On

the other hand B is a zero cubic variation process if and only if H > %,
see [[L3].

It is clear that a finite quadratic variation process is a strong zero cubic
variation process. On the other hand, processes whose paths are Holder
continuous with parameter greater than % are strong zero cubic variation

processes.

As for finite quadratic variation and Dirichlet processes, the Cl-stability
also holds for finite cubic variation processes. The next Proposition is a
particular case of a result contained in [f].

Proposition 3.8 Let X be a strong finite cubic variation process, V a lo-
cally bounded variation process and f : R x R — R of class C'. Then

Z = f(V,X) is again a strong finite cubic variation process and
t
2.2.2) = | 0.5V X)X, X, X,
0
Moreover a Ito chain rule property holds as follows.

Proposition 3.9 Let X be a strong finite cubic variation process, V a

bounded variation process and a cadlag process Y. Let f : R xR — R

13



of class C13.
t t
[yeswx = [vosw.xo.
0 0

t
+ [ o xorx,
0

t
_ i Y o3

:m::vf(‘/;? XS)d[Xv X7 X]S
12 J,

We deduce in particular that a C! transformation of a strong zero cubic

variation process is again a strong zero cubic variation process.

We conclude the section introducing a concept of definite integral via
regularization. If processes X,Y are indexed by the whole real line, a.s.

with compact support, we define

Xeye — X
/YdX:: lim [ Y,22te 8 g (3.8)
R 6—>0+ R &
Xope — Xoo
/nfxzzlm/mJE—iim (3.9)
R e—0+ R 25

where the limit is understood in probability. Integration by parts (Remark
B-J) ¢)), Proposition B.§ and chain rule property (Proposition B.9) can be
immediately adapted to these definite integrals.

4 About the PDE operator L

Let o, b € C°(R) such that o > 0. Without restriction of generality we will
suppose b(0) = 0.
We consider formally a PDE operator of the following type:

2

Lg = %g” +bq. (4.1)

If b is of class C, so that b is continuous, we will say that L is a classical
PDE operator.

For a given mollifier & we denote

02 = (0’ An)x®, by:=(—nA(bVn))*d,.

n

14



We then consider

2
Ly,g = %9” + b, for g € C*(R)
(4.2)

Lou = O+ Lyu, for u € CY2([0, T[xR)
where L,, acts on x. A priori, 02, b, and the operator L, depend on the
mollifier ®.

Previous definitions are slightly different from those in papers [0, but a
great part of the analysis of L and the study of the martingale problem can
be adapted. In those papers there was only regularization but no truncation;

here truncation is used to study associated parabolic equations.

Definition 4.1 A function f € C*(R) is said to be a C'-generalized so-
lution to
Lf=1¢, (4.3)

where £ € C°, if, for any mollifier ®, there are sequences (f,) in C2, (fn) n
C° such that

Lofo="tn, fo—finC', i, —{inC". (4.4)

Proposition 4.2 There is a solution h € C! to Lh = 0 such that h/(x) # 0
for every x € R if and only if

exists in C°, independently from the mollifier. Moreover, in this case, any
solution f to Lf =0 fulfills

f'(@) = e @ f(0). (4.5)

Proof. This result follows in a very similar way the proof of Proposition
2.3 of [I{]: first at the level of regularization and then passing to the limit.
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From now on, throughout the whole paper, we will suppose the existence of

this function . We will consider h € C! such that
h'(z) := exp(—X(z)), h(0) = 0. (4.6)

In particular, h'(0) = 1 holds. Even though in [[0] we discuss the general
case with related non-explosion conditions, here in order to ensure conser-

vativeness we suppose that

0 [e%s)
/ e 2@ dy = / e > dy = +oo
—00 0

0 _3(z) oo X(x)
/ ¢ s—dr = / ¢ 5—dr = +00.
g 0 g

—00

(4.7)

Previous assumptions are of course verified if ¢ is lower bounded by a positive

constant and b is constant outside a compact interval.

The condition ([.7) implies that the image set of h is R.

Remark 4.3 Proposition [[.3 implies uniqueness of the problem
Lf={, [feC', [0)=x, [(0)=m (4.8)

for every {eCO zg,x1 €R.

Remark 4.4 We present four important examples where 3 exists.

a) If b(z) = « <@ — @) for some a €]0,1] then
o?(x
Y(x) = alog (02E0;>

O.Qa(o)
n(z) = .
W= )
If a = 1 the operator L can formally be expressed in divergence form
as Lf = (% f')'.

b) Suppose that b is locally of bounded variation. Then we get

“p T dba(y)  [* db

O ) du = a

/0 oWy /o 2 " Jo o
1

since dby, — db in the weak-x topology and — is continuous.

and
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¢) If o has bounded variation then we have

N(z) = —2/Oxbd(i)+ 2@y - 2.

In particular, this example contains the case where o =1 for any b.

o2 o2 o2

d) Suppose that o is locally Hélder continuous with parameter vy and b is

locally Hoélder continuous with parameter 8 so that 3+ v > 1. Since

2

o s locally bounded, than o is also locally Hélder continuous with

parameter ~yv. Proposition implies that o2 — o2 in C" and b, — b
in CP for every v’ < v and 3 < (. Since o is strictly positive on each
compact, 0% — (%2 in C7'. By Remark B4, ¥ is well defined and it is

locally Holder continuous with parameter (3.

Again the following lemma can be proved at the level of regularizations, see
also Lemma 2.6 in [[Ld].

Lemma 4.5 The unique solution to problem ([4.8) is given by
f(O) = o,

f'(x) = HW(x) <2/j%dy+xl> :

Remark 4.6 If € CO(R) and f € C*(R) is a classical solution to Lf = ¢

then f is clearly also a C'-generalized solution.

Remark 4.7 Given £ € C', we denote by Tt the unique C'-generalized
solution f to problem (.§) with {=10,29=0,21 =0. The unique solution
to the general problem ([£.§) is given by

f:xo—{—xlh—i—TE
We denote T%4 =Tl + x1h, i.e. the solution with x¢g = 0.
Remark 4.8 Let f € C'. There is at most one £ € C° such that Lf = ¢.

In fact, to see this, it is enough to suppose that f = 0. Lemma [f.] implies
that

T 4
2 ——(y)dy =

consequentlyé is forced to be zero.

17



This consideration allows to define without ambiguity L : Dy, — C°, where
Dy is the set of all f € C'(R) which are C''-generalized solution to Lf = ¢,
for some ¢ € C°. In particular T¢ € Dy.

A direct consequence of Lemma [L. is the following useful result.

Lemma 4.9 Dy, is the set of f € C' such that there is ¢ € C! with f' =
>
e .

In particular it gives us the following density proposition.
Proposition 4.10 Dy, is dense in C*.

Proof. t is enough to show that every C2-function is the C!-limit of a
sequence of functions in Dr. Let () be a sequence in C! converging to
f'e* in CP. It follows that

ful) == £(0) + /0 W)y, T ER

converges to f € C! and f,, € Dy, . [ |

We need now to discuss technical aspects of the way L and its domain Dy,
are transformed by h. We recall that Lh = 0 and A’ is strictly positive.
Condition ({.7) implies that the image set of h is R.

Let L° be the classical PDE operator
5.2
1% =y, pec?, (4.9)
where

Gu(y) = (R) (L~ (y),y € R.

LY is a classical PDE map; however we can also consider it at the formal

level and introduce Djpo.

Proposition 4.11  a) h? € Dy, Lh? = h'?0?,

18



b) DLO - CQ,
¢) ¢ € Dro holds if and only if ¢ o h € Dr,. Moreover, we have
L(¢poh) = (L) oh (4.10)

for every ¢ € C2.

Proof. It follows similarly as for Proposition 2.13 of [[[(].

We will now discuss another operator related to L. Given a function f, we
need to provide a suitable definition of f — fOJC Lf(y)dy, i.e. some primitive
of Lf.

e One possibility is to define that map through previous expression on
Dy,.

e Otherwise we try to define it as linear map on C?2. For this, suppose
first that o’ is continuous. Then, integrating by parts we obtain

T T 0,2
[ = (% -0) s+ 0@ - @0, @)

We remark that the right member of previous expression makes sense

for any f € C? and continuous b. We will so define L : C% — C§ as
. T 0.2
ifi= [(F-0) FWdi+ 0@ - 00, (@412

One may ask if, in the general case, the two definitions f — fom Lf(y)dy on
Dy, and L on C? are compatible. We will see later that, under Assumption

A(vp) this will be the case. However, in general Dy, (| C? may be empty.

So far, we have learnt how to eliminate the first order term in a formal
PDE operator through the transformation h introduced at ({.6); when L is
classical, this was performed by Zvonkin, see [R§]. Now we would like to
introduce a transformation which puts the PDE operator in a divergence

form.

19



Let L be a PDE operator which is formally of type (f.1])
Lg = %29" +byg.
We consider a function of class C', namely k : R — R such that
E(0)=0 and K(z)=o0"2(x)exp(S(z)). (4.13)

According to assumptions ([L.7) k is bijective on R.

Remark 4.12 If there is no drift term, i.e. b = 0, then we have k' (z) =

o~ 2(x).

Lemma 4.13 We consider the formal PDE operator given by

52 72\’ 52
vy =Fa 4 (%) o = (FoY (414)
where
or(z) = (oK) ok™1(2), z€R
Then

(i) g € Dr1 if and only if go k € Dy,

(ii) for every g € Dy1 we have L'g = L(go k) o k~L.

Proof. It is practically the same as in Lemma 2.16 of [I(]]. [ |

We now give a lemma whose proof can be easily established by investigation.
Suppose that L is a classical PDE operator. Then £ = 0; + L is well defined
for C12(]0, T[xR) functions where L acts on the second variable. Given a

function ¢ € C([0,7] x R) from now on we will set ¢ : [0,7] x R — R by
Bt y) = @(t, A (y)).

Lemma 4.14 Let us suppose h € C*(R). We set o, = oh'.
We define the PDE operator L° by L0 = 0y + L% where L° is a classical

operator acting on the space variable x and
~2
o
LO —_ _h /I.
f=y
If f € CY2([0, T[xR) and Lf =~ in the classical sense then LOf = 7.
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We will now formulate a supplementary assumption which will be useful

when we study singular stochastic differential equations in the proper sense

and not only under the form of martingale problem.

Technical Assumption A(v).

Let vy be a topological F-space which is a linear topological subspace of

CY(R) (or eventually an inductive limit of sub F-spaces). The vy-convergence

implies convergence in C° and therefore point-wise convergence.

We say that L fulfills Assumption A(vyp) if

(i)
(i)

(iii)

(v)

C'! C vy which is dense.

For every g € C!(R), the following multiplicative operator ¢ — g¢

maps v into itself.

Let T : CY(R) C vg — C(R) as defined in lemma L., i.e. f = T¢is
such that

F0) = 0,

o) = o5 (2 S )
We recall that f = T solves problem Lf = ¢ with f(0) = f’(0) = 0.

We suppose that T' admits a continuous extension to vg.

Let z; € R. For every f € C2, f(0) = 0, f/(0) = 21, so that Lf = £ we
have ¢ € vy and T*¢ = f, where T™! denotes the continuous extension
of T™* (see Remark [.7) to vy which exists by (iii).

The set LC? is dense in {£ € 1[¢(0) = 0}.

Remark 4.15 Let 1 € R.

(i) Remark [[7] and point (iii) imply that T*' : CY(R) C v9 — CL(R)

prolongates continuously to vy. Moreover

{f € C%If(0) =0, f(0) = 21} C ImT™.

(ii) Point (iv) of the previous Technical Assumption shows that b € vy and

T'b = id where id(z) = z: in fact id(0) = 0,id' (1) = 1 and (.13
implies that Lid=1b .
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(iii) Point (i) is verified for instance if the map T is closable, as a map
from C9 to C'. In that case vy may be defined as the domain of the
closure of C' equipped with the graph topology related to CO x C1.

Below we give some sufficient conditions for the verification of points (iv)

and (v) of the Technical Assumption.

We define by C&O the vector space of functions f € C! such that f’ € vp; it
will be an F-space if equipped with the following topology. A sequence (f},)
will be said to converge to f in C if f,(0) — f(0) and (f},) converges to f’
in vy. In particular a sequence converging according to C&O, also converges
with respect to C'. On the other hand C? C C,}O and a sequence converging
in C?, also converges with respect to C&O. Moreover C? is dense in C&O

because C' is dense in 1.

Lemma 4.16 Suppose that points (i) to (iii) of the previous Technical As-

sumption are fulfilled. We suppose moreover:

a) heCL.

b) For every f € C2,f(0) = 0,f(0) =0, Lf = ¢ we have { € vy and
TC = .

¢) L : C?* — vy is well-defined and it has a continuous extension to Cy,,
still denoted by L. Moreover Lh = 0.

d) ImT C CJ,.

e) LT is the identity map on {¢ € v|¢(0) = 0}.

Then T, T*' for every x1 € R are injective and points (iv), (v), of the Tech-

nical Assumption are verified.

Proof. The injectivity of T follows from point e). The injectivity of 71

is a consequence of Remark [L.7.

We prove point (iv). Point ¢) says that Lh = 0. We set f = f—z1h, f € C2,
where f(0) = 0, f/(0) = x1. Clearly Lf = Lf = ¢ and f(0) = 0, f(0) = 0
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Point b) implies that T¢ = f. Hence T%¢ = T¢ + z1h = f, and (iv) is
satisfied.

Concerning point (v), let £ € vy with £(0) = 0 and set f = T¢. Since f
belongs to C’&O by ¢), f’ belongs to 1. Point (i) of the Technical Assumption
implies that there is a sequence (f/) of C'* functions converging to f’ in the
vp sense, and thus also in C°. Let (f,) be the sequence of primitives of (f/)
(which are of class C2) such that f,,(0) = 0. In particular we have that (f,)
converges to f in the C&O—sense. By c) there exists A in vy being limit of Lf,
in the vp-sense. Observe that, because of b), T(f/fn) = fn. On the other
hand lim,, o fn = f in C1. Applying T and using (iii) of the Technical
Assumption, we obtain
TA= ngrfooT(ﬁfn) = lim fu=[=TL

The injectivity of T" allows to conclude that £ = A.

Remark 4.17 Under the assumptions of Lemma [[.16, we have
e D, CC}:
o Lf = [y Lf(y)dy, f € Dy

In fact, let f € Dr. Without restriction of generality we can suppose f(0) =
0. Let z; = f'(0) and we set f = f + x1h so that f(0) = f'(0) = 0.
Setting ¢ = Lf, Lemma [/.8 implies that f =Tt where ¢ = fom é(y)dy. So
felImT cCL. SinceheCL, feCl

Vo’

by additivity.

0’

On the other hand,

Lf = Lf+aLh=Lf=1,

Lf = Lf+xLh=LT0=1,

because of point e) of Lemma [[.14.

Example 4.18 We provide here a series of four significant examples when
the Technical Assumption A(vy) is verified. We only comment the points

which are not easy to verify.

23



(1)

(i)

First example is simple. It concerns the case when the drift b’ is con-
tinuous. This problem to be studied later corresponds to an ordinary
SDE where

w=CCh = Lf = / Lf(y)dy.
0

L is close to divergence type, i.e. b = w + 0 and (3 is bounded
variation vanishing at zero. The operator is of divergence type plus a
Radon measure term: we have ¥ = In o2 +2 fox ‘j—é In this case we have

vop = C°. Points (i) and (ii) of the Technical Assumption are trivial.

We have in fact

h,(x):e_zzﬁexp<—2/oxi—g>.

T defined at point (iii) of the Technical Assumption is such that T¢ = f
where f(0) =0 and

F(z) = 2:227((;))exp<—2/0$i—§> /Omfl(y)exp (2/Oyi—§> dy. (4.15)

Consequently the prolongation of T to vy = C°, always denoted by this
letter, is given by f = T¢ with f(0) =0 and

Fla) = UQL@){E(x)—2exp(—2/omi—g> (#00)

+ /Oxf(y) exp (2/0y %) U%(y)dﬂ(y»}-

We verify points (iv) and (v) through lemma[{.18. We have C} = C*.
Point a) is obvious since K € C° and so h € C},. Let f € C*. Using

Lebesgue-Stieltjes calculus, we can easily show that

(4.16)

i o*(z)

0.2 T
(o) = L) = T2 0@ - T o+ [ ras @)

This shows that £ € C° = vy and therefore the first part of b). We

remark that we can in fact consider L : C? — 1y because

Lf = L(f — x1h) +x1Lh = L(f — z1h) € w.
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(iii)

The expression of ﬁf prolongates continuously to f € C1, which yields
the first part of point ¢). Moreover inserting the expression of h' into

f"in ([13), one shows Lh = 0.

Suppose now in expression [{17) f € C? f(0) = 0,f(0) = 0. A
simple investigation shows that T{ = f, so the second part of point b)
is fulfilled; point d) is also clear because of ([{-18). Finally point d)
holds because one can prove by inspection that LT is the identity on

co.

We recall the notation DY(R) which indicates the topological vector
space of locally Hélder continuous functions defined on R with param-

eter a > . We recall that D7V(R) is a vector algebra.

Suppose o € D> and b€ O3 (or o € O3 andb € D%) Remark d)
implies that X also belongs to D3. We set vy = D3,

Technical Assumption A(vy) is verified for the following reasons.
Since X € D%, h' = e~ belongs to the same space.

Point (i) follows because of Proposition B.4, point (ii) because Dz is
an algebra. Corollary yields that, for every { € D%, the function
T %

Fia) =0 [125@)aiy), (1.18)

0

is well-defined and it belongs to D3. This shows that T can be contin-

uously extended to vy and point (iii) is established.

Concerning points (iv) and (v), we use again Lemma[{.14. We observe
that
Ch, = {f € C'|f' € D2}.

Point a) is obvious since ' = e~ € D3. Let f € C?. Observing b as
a deterministic process, the definition ofI: as in ([{.13), integration by
parts in Remark [3.4 ¢) and Proposition [3.6 imply

x0,2 T
lz) = /O 7d°f’+ /O fld°b (4.19)

Tz 2 x
U(z) = /0 SV f + /0 f'dWb. (4.20)
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First part of point b) follows because of Proposition 2.3. Of course,
previous expression can be extended to f € C&O and this shows the first
part of point c).

The second part of point c) of Lemma [f.18, consists in verifying Lh =

%

0. Plugging h' = e~ in previous expression, through Proposition 2.3,

we obtain
x 2 x
lz) = — / T e 24wy + / e =dWb = 0.
0o 2 0

Concerning the second part of point b), let f € C? so that f(0) =
1/(0) = 0. We want to show that o = T¥ coincides with f.

Since p(0) = 0, it remains to check ¢' = f'. We recall that

Pl =) (2 [ i@)d@e(y)) |

g

Applying twice the chain rule of Proposition B.3, {{.19), the fact that

z 94wy
ez(ac):/ e” — +1,
0

g

and integration by parts we obtain

o(r) = e_z(x) {/x ezdof/%—/x QZ—jf'd(y)b}

0 0

— e2(x){/Oxezdof'+/omf'd(y)ez}
= e_z(x){/oxezdof'—i-/ow f’doez}

= e (@) {(f'e")(@) — (f'e2)(0)}
= f'(=).
Point b) is therefore completely established.
Point d) follows because in ([.1§), when £ € vy, f' € vy also.

Clearly, as for previous example, ImT C C&O. It remains to show that
LT is the identity map {f € D%|f(0) = 0}.

For this we first remark that
. T 0.2
Lf(z) = / 76—%(@/) (f'e¥) (4.21)
0
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(i)

In fact, by Proposition and integration by parts Remark c), we

obtain N N
f(x)e™®) = £(0) +/ ezd(y)f'+/ fldwe>.
0 0
By the chain rule of Proposition [2.3, we obtain the right member of
770,
At this point, by definition, if f = T¥¢, we have
o=@ — [T 9E 4w
v = 2—dW4.
Pl = [

Therefore ) and Proposition 2.3 allow to conclude
R T 0_2 62

L = T e X987 Wy — _ _

@) /O P9 dV = t(x) ~ £(0)

Suppose b locally with bounded variation. Then the Technical Assump-
tion is verified for vg = BV where BV is the space of continuous real
functions, locally with bounded variation v, equipped with the following

topology. A sequence (v,) in BV converges to v if

{ v, (0) — v(0)

dv, — dv in the weak— * topology.

The arguments for proving that the Technical Assumption is verified
are similar but easier than at previous point. Young type calculus is

replaced by classical Lebesque-Stieltjes calculus.

5 Martingale problem

In this section, we consider a PDE operator satisfying the same properties

as in previous section, i.e.

0.2
Ly =59 +Vy, (5.1)

where ¢ > 0 and b are continuous. In particular, we assume that

Y(xz) = lim Q/Ox i (y) dy (5.2)

n— o0 0'%
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exists in CY, independently from the chosen mollifier. Then h defined by
B (x) := exp(—2(x)) and h(0) = 0, is a solution to Lh = 0 with h’ # 0.

We aim here at introducing different notions of martingale problem trying,
when possible, to clarify also the classical notion. For the next two defini-
tions, we consider the following convention. Let (£, F, P) equipped with a

filtration (F;)>o fulfilling the usual conditions.

Definition 5.1 A process X is said to solve the martingale problem
related to L (with respect to previous filtered probability space), with initial
condition Xg = xg, vg € R, if

t
£ = f(a0) = [ E1(X) s
is an (Fy)e>s-local martingale for f € Dy, and Xy = xo.

More generally, for s > 0, x € R, we say that (X;"*,t > 0) solves the
martingale problem related to L with initial value x at time s if for every
[ €Dy,

t
FOXE) — fla) - / LE(X3)dr, t> s

is an (F)i>s-local martingale.

We remark that X %% solves the martingale problem at time s if and only if

X; := X" solves the martingale problem at time 0.

Definition 5.2 Let (W) be an (F;)-classical Wiener process. An (Fy)-
progressively measurable process X = (Xy) is said to solve the sharp mar-
tingale problem related to L (on the given filtered probability space), with

initial condition Xo = xg, xg € R, if

t t
F(X0) — o) — / LE(X,)dr = / F(X)0 (X, )dW,
0 0
for every f € Dp,

S,T

More generally, for s > 0, x € R, we say that (X", t > s) solves the sharp
martingale problem related to L with initial value x at time s if for every
[ €Dy,

t t
FOXCET) — f(x) — / LE(XS%) dr = / FXE) (X)W, > s
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Remark 5.3 Let (W;) be an (Fi)- Wiener process. If V' is continuous then a
process X solves the (corresponding) sharp martingale problem with respect
to L if and only if it is a classical solution of the SDE

t t
Xt =z —i—/ V(X,)dr —i—/ o(X,)dW,.
0 0

For this, a simple application of the classical Ité formula gives the result.

Remark 5.4 (i) In general, f(x) = x does not belong to Dy, otherwise a
solution to the martingale problem with respect to L would be a semi-
martingale. According to Remark [5.1§, this is generally not the case.
In [{1] we gave necessary and sufficient conditions on b so that X is

a semimartingale.

(i) Given a solution X to the martingale problem related to L, we are

interested in operators
A : Dy — C, given by A(f) = / Lf(Xs)ds
0

and

A:C' = C, given by A(l) = / V' (Xs) ds.
0

where C is the vector algebra of continuous processes.

We may ask whether A and A are closable in C' and in C°, respec-
tively. We will see that A admits a continuous extension to C*. How-
ever, A can be extended continuously to some topological vector sub-

space vy of C°, where vy includes the drift, only when Assumption

A(vy) is verified.

Similarly to the case of classical stochastic differential equations it is possi-
ble to distinguish two types of existence and uniqueness for the martingale
problem. Even, if we could treat initial conditions which are random Fg-
measurable solutions, here we will only discuss deterministic ones. We will
denote by MP(L,xy) (resp. SMP(L,zy)) the martingale problem (resp.
sharp martingale problem) related to L with initial condition zy. The no-
tions will only be formulated with respect to the initial condition at time

0.
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Definition 5.5 (Strong existence) We will say that SM P(L,xo) admits
strong existence if the following holds. Given any probability space (2, F, P),
a filtration (Fi)e>0, an (Fi)e=0- Brownian motion (Wy)i>0,x0 € R, there is
a process (Xi)i>0 which is solution to the sharp martingale problem with

respect to L and initial condition xg.

Definition 5.6 (Path-wise uniqueness) We will say that SMP(L,x)
admits path-wise uniqueness if the following property is fulfilled.

Let (Q,F,P) be a probability space, a filtration (Fi)i>0, an (Fi)i>0 Brow-
nian motion (Wi)i>o. If two processes X, X are two solutions of the sharp

martingale problem with respect to L and xg, such that Xg = Xg = z¢ a.s.,
then X and X coincide.

Definition 5.7 (Existence in law or weak existence) We will say that
MP(L;zg) admits weak existence if there is a probability space (Q,F,P),
a filtration (F¢)i>0, and a process (Xi)i>o which is a solution to the corre-

sponding martingale problem.

We say that M P(L) admits weak existence if M P(L;xo) admits weak exis-

tence for every xg.

Definition 5.8 (Uniqueness in law) We say that M P(L;xq) has a unique
solution in law if the following holds. We consider an arbitrary probability

space (Q, F, P) and a filtration (Fi)i>0 and a solution X of the correspond-

ing martingale problem. We also consider another probability space (Q, F, 15)

equipped with another filtration (ﬁt)tzo and a solution X. We suppose that

Xo = 20, P- a.s. and Xy = xg, P- a.s. Then X and X must have the same

law as r.v. with values in E = C(Ry) (or C[0,T]).

We say that M P(L) has a unique solution in law if M P(L,xo) has a unique

solution in law for every xg.

Remark 5.9 Let us suppose b’ to be a continuous function, and we do not

suppose o to be strictly positive (only continuous).
(i) Then the SMP(L,xo) admits strong existence and path-wise unique-
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ness if the corresponding classical SDE

t t
X =120 +/ o(Xs)dWs + / v (Xs)ds
0 0

admits strong existence and path-wise uniqueness. In this case Dy =

C? and to establish this, it is enough to use classical Ité formula.

(ii) It is well-known, see [24, [[4], that weak existence (resp. uniqueness in
law) of the martingale problem is equivalent to weak existence (resp.

uniqueness in law) of the corresponding SDE.

For the rest of the section, let s € [0,T], o € R. Moreover let (2, (F;), P)
be a fixed filtered probability space fulfilling the usual conditions.

The first result on solutions to the martingale problem related to L is the

following.

Proposition 5.10 Let yg = h(xo).

(i) A process X solves the martingale problem related to L with initial
condition x at time s if and only if Y = h(X) is a local martingale

which solves on the same probability space
¢
Yi=w+ [ oa(vaw, (53)
S

where G1,(y) = (oh')(h~ (y)) and (W) is an (F;)-classical Brownian

motion.

(ii) Let (W) be an (F)-classical Brownian motion. IfY is a solution to
equation ([5.3), then X = h=1(Y) is a solution to the sharp martingale

problem with respect to L with initial condition x at time s.

Remark 5.11 Let X be a solution to the martingale problem with respect
to L and set Y = h(X) as at point (i). Since Y is a local martingale, we
know from Remark B (iv) that X = h=Y(Y) is a (F;)-Dirichlet process with

martingale part

= [y
0
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In particular, X is a finite quadratic variation process with

(X, X] :[MX,MX]t:/O o?(X,) ds.

Proof (of Proposition p.10).
For simplicity we will set s = 0.

First, let X be a solution to the martingale problem related to L. Since
h € Dr, and Lh = 0, we know that Y = h(X) is an (F;)-local martingale.
In order to calculate its bracket we recall that h? € Dy, and Lh? = o2(h')?
hold by Proposition a). Thus,

2 B tazz s
B2(X,) /0< WY2(X,)d

is an (F;)-local martingale. This implies

vl= [enPat s = [ o) as

Finally, Y is a solution to the SDE (p.3) with respect to the standard Fy-

Brownian motion W given by

to]
W :/ v,
! 0 Uh(Ys)

where Fy is the canonical filtration generated by Y.

Now, let Y = h(X) be a solution to (5.3) and f € Dy. Proposition c)
says that ¢ := foh™! € Do = C?, where

L% = %’2%" = (Lf)oh L. (5.4)

So we can apply Ito formula to evaluate ¢(Y') which coincides with f(X).
This gives

! / 1 ! /1
o00) = o) + [ SO0 v+ 5 [ @)y
Using d[Y,Y]s = 62(Ys) ds and taking into account (B.4), we conclude
¢ t
fO0) = 500+ [ (P aw+ [ Lie)ds 659)
0 0

This establishes the proposition. ]
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Remark 5.12 From Proposition in particular we have the following.

Let (2, (F¢), P) be a filtered probability space fulfilling the usual conditions.
Let g € R and X be a solution to the martingale problem related to L with
initial condition xo. Then, there is a classical Brownian motion (W) so
that X s a solution to the sharp martingale problem related to L with initial

condition xg.

Corollary 5.13 Let X be a solution to the martingale problem related to L
with initial condition xo. Then, map A admits a continuous extension from
Dy, to C* with values in C which we will denote again by A. Moreover, A(f)

is a zero quadratic variation process for every f € C™.

Proof. A has a continuous extension because of (5.§). A(f) is a zero
quadratic variation process because X is a Dirichlet process with martingale
part [, o(X,)dWs and because of Remark B.5. ]

Remark 5.14 The extension of (p.4) to C! gives

F00) = F(50) + [ ()X dW, + (). (56)
Choosing f = id in ([5.8), we get

t
X, = Xo+ / o(X,) dW, + A(id).
0

We will see that, if there is a subspace vy of C° such that Technical As-
sumption A(vp) is verified then operator A will be extended to vy. If b
is an element of that space, then it will be possible to write Lid = b and
A(id) = A(b). In that case we will be able to indicate that X is a solution of
the generalized SDE with diffusion coefficient o and distributional drift &'.

A similar result to Proposition can be deduced for the case of a trans-

formation through function k£ and the divergence type operator introduced

at (.13
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Proposition 5.15 We consider the application k and the PDE operator L'
introduced at ({.13) and in Lemma [[.13.

A process X solves the martingale problem related to L with initial condition
xo at time s if and only if Z = k(X)) solves the martingale problem related

to LY with initial condition k(xq) at time s.
Proof. It is an easy consequence of Lemma [1.13. [ |

Let 29 € R,y = h(zg). Let 0,b,3, h as in section 4.
We set Gj, = (e =) o h™L.

From Proposition the following yields.

Corollary 5.16 (i) Strong existence (resp. path-wise uniqueness) holds
for MP(L,xq) if and only if strong existence (resp. path-wise unique-
ness) holds for the SDE

dYy = op(Yy) AWy,
with initial condition Yo = h(zo).
(ii) An analogous equivalence holds for weak existence (resp. uniqueness

in law).

From Proposition we can deduce two other corollaries concerning well-

posedness of our martingale problem.

Corollary 5.17 Under the same assumptions as the previous corollary,

MP(L,x0) admits weak existence and uniqueness in law.

Proof. The statement follows from point (i) of Corollary p.1§ and from
the fact that the SDE (5.3) admits weak existence and uniqueness in law
because &, > 0, see Th. 5.7, ch. 5 of [[4] or [{]. ]

Remark 5.18 e By Corollary 5.11 of [I1], it is immediate to see that
the solution is a semimartingale for each initial condition if and only

if ¥ is locally of bounded variation.
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o [f L is in divergence form, see Remark a) with o = 1, then the

solution corresponds to the process constructed and studied for instance

by [24].

Corollary 5.19 Suppose that either (o,b) € (D%,C%) or (b,o) € (D%,C’%)
and moreover (. 1)is satisfied. Then SMP(L,xzo) admits strong existence

and path-wise uniqueness.

Proof. In this case ¥ is well defined, see Remark [1.4 d) and o belongs to
D3. Since h=! is of class C', &3, is Holder continuous with parameter %
The SDE (f.3) admits path-wise uniqueness because of Theorem 3.5 ii) of
BQ] and weak existence again through Th. 5.7 of [[4]. Yamada-Watanabe

theorem, see [[4] Corollary 3.23, ch. 5., implies also strong existence for

(B-3). The result follows from point (i) of Corollary p.16. |

6 A significant stochastic differential equation with
distributional drift.

In this section we will discuss the case where the martingale problem is
equivalent to a stochastic differential equation to be specified. First of all
one would need to give a precise sense to the generalized drift fo b (Xs)ds, b

being a continuous function.

We will introduce a property related to a general process X. First we con-
sider the linear map A~ : £ — [ £/(X)ds defined on C*(R) with values in
C.

Definition 6.1 Let vy be a topological F-space (or eventually an inductive
limit of F-spaces) which is a topological linear subspace of C°(R), and vy D
CL(R). We will say that X has the extended local time regularity with

respect to vq if

o AX admits a continuous extension to vy, which will still be denoted by

the same symbol;

° /5 g(X)d=AX () ewists for every g € C? and every £ € vy.
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Remark 6.2 The terminology related to local time is natural in this context.
To illustrate this, we consider a general continuous process X having a local
time (Li(a),t € [0,T],a € R) with respect to Lebesgue measure, i.e. fulfilling

the following density occupation identity:

/ o(X.)ds = / o(a)Ly(a)da, 1€ [0,T],
0 R

for every positive Borel function . X has trivially the extended local time
reqularity, at least with respect to v; = C*.
Let £ € C'. Suppose for a moment that (L¢(a)) is a semimartingale in a, for

instance if X is a classical Brownian motion. In that case, one would have

/Ot (Xs)ds = /Ot V' (a)Li(a)da = — /RE(CL)Lt(da).

Clearly, the right member can be extended continuously in probability to any
¢ € CY, which implies that X has also the extended local time regularity
related to v = C°. We remark that [J] gives general conditions on semi-
martingales X under which Ly(da) is a good integrator, even if (L(a)) is

not necessarily a semimartingale in a.

Definition 6.3 Let (92, (F;), P) be a filtered probability space, (Wy) be a
classical (F;)-Brownian motion, Z be an Fy-measurable random variable. A

process X will be called vy-solution of the SDE

dXt = bl(Xt)dt+U(Xt)th
X, = Z

e X has the extended local time reqularity with respect to vy,
o Xy =Z+ [ o(X)dW; + AX(b),,

e X is a finite quadratic variation process.

Remark 6.4 e Suppose that b € v1. If 11 C vy, a Vi-solution is also a

v -solution.

36



e Previous definition is also new in the classical case, i.e. when b is
a continuous function. A vy-solution with 11 = C' corresponds to a
solution to the SDE in the classical sense. On the other hand a v1-
solution with vy strictly including C', is a solution whose local time

has a certain additional regularity.

Even in this generalized framework it is possible to introduce the notion
of strong vy-existence, weak vy -existence, path-wise vy -uniqueness and v-
uniqueness in law. This can be done similarly as in Definition p.§ according
to the fact that the filtered probability space with the classical Brownian

motion is fixed a priori or not.

Lemma 6.5 We suppose that Technical Assumption A(vy) is verified. If X
1 a solution to a martingale problem related to a PDE operator L then it

fulfills the extended local time reqularity with respect to v1 = vy.

Proof. Let ¢ € C'. Since X solves the martingale problem with respect
to L, setting f = T¥, it follows

AX(0); = /Oe’(Xs)ds:/O Lf(X,)ds
= £ = FX0) = [ P ol )aw,

Continuity of 7' on v imply that AX can be extended to 1.

Let now ¢ € vg and f = T € C'. Since f(X) equals a local martingale plus

AX(¢), it remains to show that

| otod o) (6.1

0

exists for any g € C2. Integrating by parts, previous integral (B.1]) equals

(@)(X) — (9f)(Xo) - /0 FX)dg(X) — [£(X), (X))

Remark B.d b), f) tells that the right member is well-defined. [
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Lemma 6.6 Let X be a process having the extended local time reqularity
with respect to some space F'- space (or inductive limit) vi. Suppose that for
fired g € C' the application ¢ — gl is continuous from vy to vi. Then, for
every g € C? and every { € vy, we have

| oa 4% = 4 (@(5.0) (62)

where

(g, 0)(x) = (g)(x) — (9£)(0) — /0 m(fg’)(y) dy (6.3)

Proof. The Banach-Steinhaus type Theorem .5 implies that, for every
geC?

= / g(X)d~AX(0) (6.4)
0
is continuous from v to C. In fact, expression (f.4) is ucp limit of

. X P, ¢
lim g(Xs)A (6)84‘6 A (6)8
e—0+ 0 g

ds.

Note that ® is a continuous bilinear map from C! x vy to ;. Since AX :
v) — C is continuous, the mapping £ — AX(®(g,¥)) is also continuous from
v1 to C. In order to conclude the proof, we need to check identity (f.2) for

¢ € C'. In that case, since

B(g,0)(x) = /0 “(0)(w) dy

both members of (f.9) equal

[ arcxas

0

We are now going to explore the relation between the martingale problem
associated with L and the stochastic differential equations with distributional
drift.

Proposition 6.7 Let xg € R. Suppose that L fulfills Technical Assumption
A(vg). Let (Q,(F), P) be a filtered probability space, fulfilling the usual

conditions and (W) be a classical (Ft)-Brownian motion.
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If X solves the sharp martingale problem with respect to L with initial con-

dition xg, then X is a vy-solution to the stochastic differential equation

{ dX; = V(Xy)dt+ o(Xe)dWy (6.5)

X() = i)

Remark 6.8 In particular, if L is close to divergence type as in Example

(ii) then X is a CO-solution to previous equation with b = (’2—2 +5— 022(0) )

Proof. Let X be a solution to the martingale problem related to L. We
know by Lemma p.J that X fulfills the extended local time regularity with
respect to 1. On the other hand, by Remark f.11], X is a finite quadratic

variation process. It remains to show

t
X, =X+ / o(X,) dW,s + AX(b);. (6.6)
0
Let ¢ € C! and set f = T'/. By definition of a sharp martingale problem
we have
t
TL(X,) = TH(Xo) + / (T o) (X)W, + AX(0),  (6.7)
0

According to Remark (i), which states the continuity of the map T :

vy — C', previous expression can be extended to any ¢ € vy.

By Remark (ii) £ = b € 1y and f = T = id. Replacing this in (6.7
we obtain

t
X; :x0+/ o(Xs) dW, + AX(b).
0

Since Xy = Z proof is completed. [ |

Corollary 6.9 Let xqg € R. Suppose that L fulfills Technical Assumption
A(vg). If MP(L,xo) (resp. SMP(L,xo)) admits weak (resp. strong) exis-
tence then the SDE ) also admits weak (resp. strong) existence.

Proof. The statement about strong solutions is obvious. Concerning weak
solutions, let us admit the existence of a filtered probability space, where
there is a solution to the martingale problem with respect to L with initial
condition zp. Then, according to Remark f.13, the mentioned solution is

also a solution to a sharp martingale problem and the result follows. ]
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If X is some vj-solution to (6.6), is it a solution to the (sharp) martingale
problem related to some operator L? The answer is delicate. In the following

proposition we only provide the converse of Proposition .7 as partial answer.

Proposition 6.10 Suppose the PDE operator L fulfills Technical Assump-
tion A(vy). Let (2, (Ft), P) be a filtered probability space, fulfilling the usual
conditions and (Wy) be a classical (F;)-Brownian motion. Let X be a pro-

gressively measurable process.

X solves the sharp martingale problem related to L with respect to some ini-
tial condition xq if and only if it is a vy-solution to the stochastic differential

equation

{ dX: = V(Xy)dt+ o(Xe)dWy (6.8)

X() = i)

Corollary 6.11 Let zo € R. Suppose that L fulfills Technical Assumption
A(vg). Then weak existence and uniqueness in law (resp. strong existence

and path-wise uniqueness) holds for equation (6.8) if and only if the same
holds for M P(L,xq) (resp. SMP(L,x)) .

Proof (of the Proposition).

Suppose that X is a vp-solution to (B.§). Then it is a finite quadratic varia-
tion process. Let f € C3. Since X solves (b.6) and Jo f'(Xs) d~ X, always ex-
ists by the classical It6 formula (see Remark B.J e) of section 1), we know that
Jo J/(X) d= A% (b) also exists and is equal to [, f/(X)d~X — [;(f'o)(X) dW.
Therefore, this It6 formula says that

FX) = f(Xo) /f 2w, +/f X)d~ A% )

w5 [ 1o as

holds.
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By Lemma [6.6, the linearity of mapping AX and (.12), we get

Jo F1(X)d= AX(b) + 3 [0 (f"0?)(X,)ds
= AX(R(f',b)), + 1 [ (f"0?)(X,)ds
= JUZ =B (X)) " (Xs)ds + AX(bf") = AX(Lf)

This shows
F(X0) — F(Xo) — /O (f'o)(Xa)dW, = AX (L), (6.9)

for every f € C3. In reality it is possible to show the previous equality for any
f € C?. In fact, the left member extends continuously to C2, and even to C.
The right member is also allowed to be prolongated to C? for the following
reason. For f € C2, let (f,) be a sequence of functions in C? converging to
f when n — oo, according to the C? topology. In particular the convergence
also holds in C’,}O. Since L is continuous with respect to the C’,}O topology
with values in vy, we have Lf, — Lf in vy. Finally AX(Lf,) — AX(Lf)

ucp because of the extended local time regularity with respect to vy.

We will use in fact the validity of (F.9) for f € C? with f(0) = 0. We set
x1 = f(0). We set £ = Lf. According to Technical Assumption A(vg) (iv),
we have f = T*1¢. Therefore (b.9) gives

T™(X,) = T™0(Xo) + / t((Tfle)'a)(Xs)dWS + A% ().
0

Using again the extended local time regularity with respect to vy, and the
continuity of T%! we can state the validity of previous expression to each
{ € vy with £(0) = 0, in particular for £ € C* with £(0) = 0. But in this case,
for any f € Dy with f(0) =0 and ¢ = Lf, we obtain

t ¢

F00) = F(¥0) + [ (oW + [ Lr(Xas

This shows the validity of the identity in Definition p.9 for f € Dy and
f(0) =z and zg = 0. If xg # 0, we replace f by f — x¢ in previous identity,
we use that L(f —xg) = Lf for any f € D.
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It follows that X fulfills a sharp martingale problem with respect to L.

This shows the reversed sense of the statement. The direct implication was

proved in Proposition [.7. [

Corollary 6.12 We suppose o € D3 and b€ C? oro € C3 and b € D3
with conditions (. 7). We set vy = Dz,

Then equation ([6.8) admits vo-strong existence and path-wise uniqueness.

Proof. The result follows from Corollaries and . [ |

7 About Cg— generalized solutions of parabolic equa-

tions

In this section we want to discuss the related parabolic Cauchy problem
with final condition, associated with our stochastic differential equations
with distributional drift.

We will make the same assumptions and conventions as in section 4. We
consider the formal operator £ = 0; + L where L will act, from now on, on

the second variable.

Definition 7.1 Let A be an element of CP([0,T] x R) and u° € CP(R). A
function u € CY([0,T] x R) will be said to be a CP-generalized solution

{ufTu-) ~ )

to

if the following is verified.

(i) For any sequence (\,) in CY([0,T] x R), converging to X in a bounded

way,

0

(ii) for any sequence (ub) in CP(R) converging in a bounded way to u°,

(iii) such there are classical solutions (uy) in CP ([0, T)xR) of class C*2([0, T[xR)
to Loty = A, un(T, ) = ul,

42



then (u,) converges in a bounded way to w.

Remark 7.2 a) u is said to solve Lu = X if there is u® € CP(R) such that
({71) holds.

b) Previous definition depends in principle on the mollifier but it could be

easily adapted so as not to depend on it.

¢) The regularized problem admits a solution: ifud € C3(R), A, € CI?’l([O,T]x
R) there is a classical solution u, in C12([0,T] x R) of

Lov = A\,
o(T,:) = ug
For this it is enough to apply Theorem 5.19 of [13].

We now state a result concerning the case when operator L is classical. Even
if next proposition could be stated when the drift ¥’ is a continuous function,

we will suppose it to be zero. In fact it will be later applied to L = LO.

Proposition 7.3 We suppose that b = 0. Let p,0, € CP(R), g,9n €
CY([0,T] x R),n € N, such that ¢, — ¢, go — g in a bounded way
on R and [0,T] x R.

Let 0 be a strictly positive real continuous function.

Suppose there exist u, € CL2([0, T[xR) (N CP([0,T] x R) such that

{ Ly, = Ggn
un(T,)) = ¢n
Then (uy) will converge to u € CY([0,T] x R) in a bounded way to the

function u defined by
T

u(s,z) =E (@(Y;’m) +/

S

g(r, Y:,f’m)dr> (7.2)
where Y = Y% is the unique solution (in law) to
t
Y=+ / o (X,)dW,. (7.3)

and (Wy) is a classical Brownian motion on some suitable filtered probability

space.
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Remark 7.4 o Usual Ito calculus implies that

o) =B (nlV ) + [ gl Vi)

where Y (n) = Y5%(n) is the unique solution in law to problem
t
Yi(n) =z + / o (Yo () AWV (75)

e Theorem 5.4 ch. 5 of [[4], affirms it is possible to construct a solution
(unique in law) Y = Y*% to the SDE ([7.3), resp. Y(n) = Y*%(n) to

3.

e Suppose that L is a classical PDE operator. Let u € CY2([0, T[xR)
bounded and continuous on [0,T] x R. Again Ité calculus shows that u
can be represented by (7.3) and ([.3). In particular a classical solution

u to Lu =g is also a Cg—genemlized solution.

Proof (of Proposition [[.J). We fix s € [0, 7],z € R. Using the Engelbert-
Schmidt construction, see for instance the proof of Theorem 5.4 ch.5 and
5.7 of [[14], it is possible to construct a solution ¥ = Y*? of the SDE on
some fixed probability space which solves ([7.J) with respect to some clas-
sical Wiener process (W;). We set s = 0 for simplicity. The procedure is
based as follows. One fixes a standard Brownian motion (B;) on some fixed

probability space and one sets

t du
R := _ .
t /0 o?(x + By)

R is a.s. an homeomorphism on R and one defines A as the inverse of R.
A solution Y will be then given by Y; = x + By,; in fact it is possible to

show that the quadratic variation of the local martingale Y is
t
<Y)Y >t:/ o?(Ys)ds;
0

The Brownian motion W is constructed a posteriori and it is adapted to the

t dYs
0 o(Ys)"

natural filtration of Y by setting W, =
So, on the same probability space we can set Yi(n) = z + By,n), A(n)

being the inverse of R(n) where R(n);; = fg %.
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Consequently, on the same probability space we construct Yt( ) = z+DBa,m)
where A(n) is the inverse of R(n) and R(n fo Pt e $+B 7 Y (n) solves

equation ([.5) with respect to a Brownian motion depending on n.

By construction, the family Y,"*(n) converges a.s. to Y'*, Using Lebesgue
dominated convergence theorems and the bounded convergence of (¢,) and
(gn), we can take the limit when n — oo in expression ([[.4) and obtain the

desired result. [ ]

Remark 7.5 In particular the corresponding laws of random variables (Y% (n))

are tight.

Again, we will make the same conventions as at section 4.

We set 05, = oh’ and L is the classical operator defined at (.9). Let us

consider £° = 9; + L° as formal operator.

Corollary 7.6 Let g € CP([0,T]xR),p € CP(R). There is a Cp-generalized
solution u to L = g, u(T,-) = . This solution is unique and it is given

by (7.3).

We go now back to the original PDE operator £ with distributional drift.
We denote again by h the same application defined at section 5 and discuss
existence and uniqueness of Cg—generalized solutions of related parabolic

Cauchy problems.

A useful consequence of Proposition [7.3 is the following.

Theorem 7.7 For ¢ € C°([0,T] x R) or C°(R) we set again ¢ = ¢ o h™1
according to the conventions of section 2. Let again L0 = 0, + L° as formal
operator.
Let A € CP([0,T) x R), u® € CP(R).
There is a unique solution u € CP([0,T] x R) to
L = A
i (7.6)
u(T,:) = u?

Moreover u solves



Proof. In accordance with section 4, let (h,)nen be an approximating
sequence which is related to Lh = 0. Let us consider the PDE operators
L, defined at ({.9). Let (A,)nen be a sequence in CP([0,T) x R), such that

0 in a bounded way, for which there are classical solutions

Lo, = M
un(T,) = u°

n

A — A ud — u

Uy, of

We recall that those sequences always exist because of Remark .3 c).

We set

Jn = )\nohgl, on = goohgl, Uy = unohgl.
By Lemma [£.14], we have

ﬁgvn = On
Un(T7') = ¥n

where
Loy(t,y) = Op(t,y) +ap o hy ' (t,y)92,0(t,y)

By Proposition [[.3 and Corollary [[.§ v,, — 7 in a bounded way, where

L9 = X
w(T,) = .
This concludes the proof of the proposition. [ |

Now we discuss how Cg—generalized solutions are transformed under the
action of function k introduced at (f.1J). A similar result to Lemma

for the elliptic case, is the following.

Proposition 7.8 For ¢ € C°([0,T] x R) or C°(R) we set ¢ = po k1.

We set o, = ok’ and consider the formal operator
1 1
Lf = 0f + 500050 + 5(01) O f.
Informally we can write

£ = 0f + 50,301,
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Let A € CP([0,T) x R), u® € CP(R).
Let u be the unique Cp-generalized solution in CP([0,T] x R) to

{uéu» ~ 79

Ll = A
a(T,) = a°.

Proof. Let v be the unique solution to

Llv = X
o(T,) = aY,

which exists because of Theorem [.7 taking £ = L.

Then u solves

We define H : R — R such that
H(0)=0, H'(z)=—(z).
Again ([£7) implies that H is bijective on R. This case corresponds to
Example a) in Remark [l.4 with o = 1.
We set & = vo H~'. By Theorem [.7 again, we have
L% = AoH™!
o(T,) = uo(k™toH™)
where L0 f = %8%1]” and

1
a= (o H)oH 1= —oH L
Ok

Since
o
op=(ck) ok = — ok,
o

it yields
a= (0'672) o(Hok) L.

On the other hand H o k = h since
Hok(0) = 0=h(0)
1
(Hok(@)) = H(@)F (@)= k(@) = o= =
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We can therefore conclude that £%! = £9. Since problem (7.7) has a unique

solution then @ = @ where u solves (7.6) and @ = u o h~!. Finally

v = doH=@oH=uoHoh™!

= uok '=ua.

Proposition 7.9 The unique Cl?— generalized solution to ([7.4) admits a

probabilistic representation in the sense that

u(s, ) = E <u0(X;f) + / Y X;;l“)dr> (7.9)

where X 5% is the solution to the martingale problem related to L at time s

and point x.

Proof. It follows from Theorem [.7, Corollary [[.§ and Proposition
which implies the following: if X is a solution to the martingale problem
related to L at point x at time s, then Y = h(X) solves the stochastic
differential equation (f.J) with initial condition h(z) at time s. ]

8 Density of the associated semi-groups

We discuss now the existence of a law density for the solutions X®* of the
martingale problem related to L. First of all we suppose that L is an operator
in divergence form with Lf = (("2—2 f’)" and there are positive constants such
that ¢ < 02 < C. We will say in this case that L has the Aronson form.
This denomination refers to the fundamental paper [] about exponential
estimates of fundamental solutions of non-degenerate parabolic equations.
We start with some properties (partly classical) stated in [[Ll]. We just
observe that point (ix) is slightly modified with respect to [LT]] but this new
asset can be immediately deduced from the proof in [[L1]. This preparatory

work will be applied for the operator L! introduced in (.14).

Lemma 8.1 We suppose 0 < ¢ < 02> < C. Let 0,, n € N, be smooth

functions such that 0 < ¢ < 02 < C and 02 — o2 in C° as at the beginning
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of Section 4. We set L,g = (%g/)'. There exists a family of probability
measures (vi(dz,y),t > 0,y € R), resp. (v]'(dz,y),t > 0,y € R), enjoying
the following properties:

(1) vi(da,y) = pe(x,y) dx, vi'(dz,y) = pi(z,y) dy.

(ii) (Aronson estimates) There exists M > 0, only depending on constants
¢, C with

1 ( M\x—y\2> < ol y) < M ( \x—y\2>
exp | ————Z— z,y) < —exp | — )
M\/% b ; =~ Pt Yy \/% b Mt

(i1i) We have

8tVt(',y) = LVt('ay)7 VO('ay) = 5@/ (81)
and
81?”1?('72/) = Lnygl(-’y% V(?(7y) = 5@/-

v (resp. v") is called the fundamental solution related to the previous

parabolic linear equation.
(iv) We have
o (z,-) = Lv(z,-)
o (xz,:) = Lpv"(z,-)
(v) The map (t,z,y) — pi(x,y) is continuous from |0, 00[xR? to R.
(vi) The p™ are smooth on )0, co[xR2.

(vii) We have lim,, o pi(x,y) = pi(x,y) uniformly on each compact subset
of 10, co[xR2.

(viii) pi(x,y) = pe(y,x) holds for every t > 0 and every z,y € R.
1
(i) I sup, ( fo |0upi(r,v)[de )" dt < oo.

Previous lemma allows to establish the following.
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Theorem 8.2 Let Z%% be the solution to the martingale problem related to

L at time s and point x. Suppose L to be of divergence type having the

Aronson form. Then, there is fundamental solution vy = r¢(z,y) of

atVt('ay) = Lyt('ay)’ VO("y) = 63/'

with the following properties.

(i) Let g € CY([0,T] x R),p € Cp(R). The CP-generalized solution u to

Lu=g, u(T, )= is given by

T
u(s, ) =/R<p(y)rT—s(w7y)dy+/ dr/Rg(ny)v"T—r(m,y)dy- (8.2)

(it) The law of Z3* has rp_s(z,-) as density with respect to Lebesgue.

Proof. Let (r{'(x,y)) be the fundamental solution corresponding to the

2 g1
parabolic equation associated with the L, f(x) = (%)’ as introduced at

section 4. We observe that (02) converges in a bounded way to o2.

(i)

(i)

We define

T
tin(5,2) = /R o) (e, y)dy + / dr /R g(r gy (e, y)dy. (83)

Point (vi) and (ii) of Lemma B.1] imply that functions wu, belong to

C12(]0, T[xR) so they are classical solutions to

Loy, = g,

{ un(T,-) = uP.
According to points (ii) and (vii) of the same lemma, one can prove
that u,, converges in a bounded way to u defined by (B.9). In fact the
coefficients o2 are lower and upper bounded with a common constant,
related to ¢ and C. Therefore this u is the CP- generalized solution of

the considered Cauchy problem, which is known to exist. By unique-

ness, point (i) is established.

Setting g = 0, point (i) implies that u(s,z) = [ @(y)rr—s(z,y)dy
is the Cp-generalized solution to Lu = 0 with u(T,z) = ¢(x). By

Proposition [.g, in particular using the probabilistic representation,

we get E (o(Z77)) = [po()rr—s(x,y)dy.
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Remark 8.3 If L is in the divergence form as before then Dy = {f € C*
such that there is g € C' with f' = 0—92} This is a consequence of Lemma
[/-9 and that e = 0—12

From now on, we will consider a general PDE operator L with distributional
drift, as in section 4, for which the Assumption (Aronson) below
o
(Aronson) c<— <C.
o
We observe that the PDE operator in divergence form of the type L'f =
2 r
(%)’ , where o, = (0k’) o k=! has the Aronson form and so previous The-

orem can be applied.

Theorem 8.4 Let X*% be the solution to the martingale problem related
to L at time s and point x. Suppose that L fulfills Assumption (Aronson).
Then there is a kernel py(x,y) such that

(i) The law of X;”* has pi—s(x,-) as density with respect to Lebesgue for
each t €]s,T].

(i) Let g € CP([0,T] x R), € CP(R). The CP-generalized solution u to
Lu=g, u(T, )= is given by
T
u(s, ) = /R P(Y)pr—s(2, y)dy + / dr /R 9(r,y)pr—r(z,y)dy. (8.4)
Proof.

(i) Proposition says that Z%% = k(X*®7) solves the martingale prob-
lem with respect to L'. Let r;(x,y) be the fundamental solution asso-
ciated with the parabolic PDE £! = 9; + L'. The first point follows

then from next observation.

Remark 8.5 By a change of variable it is easy to see that the law
density of X;"* equals

™

pu(w,21) = (@), K(z))K (21) = 7 k() k(21)) = (21).

o2
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(ii) This is a consequence of point (i), Fubini theorem and Proposition [7.9.

At this point we need a lemma which extends to the kernel p;(z,z;) the
integrability property of the kernel r4(x,z7) stated in (B.J) concerning the

divergence case.

Lemma 8.6 Let pi(x,z1) be the kernel introduced in Theorem [8.4. Then
(i) it is continuous in all variables (t,z,x1) €]0, T[xR?;
(i) it fulfills Aronson estimates;

(ii1) fOT(supxl Jz Bupr(m, 1)2dz) 2 dt < 00.

Proof.

We recall by Remark B.§ that

pe(x, 1) = re(k(x), k(z1))K (1)

where 7¢(z,21) is the fundamental solution associated with the operator
2

LYf = (3f), K= i—i This, and point (v) of Lemma B.1 directly imply

the validity of first point.

Taking in account Assumption (Aronson), Aronson estimates for (r¢(z, z1))

and )
|k(z) — k(z1)| = /0 K (az + (1 — a)z1)dalz — 2],
result (ii) follows easily.
With the same conventions as before, we have
Oupr(w, 1) = Ore(K(2), k(1)K (2) (21).

So, for x € R,

(/ <a,cpt<a:,:c1>>2dac)é - (v [ <am<z,k(scn))?dz)é

< VC'sup (/Rdz(azrt(z, Zl))2>

21

N
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(iii) follows after integration with respect to ¢ and because of Lemma [8.]]

(ix). [ |

Proposition 8.7 Let g € CP([0, T)xR) (N L' ([0, T]xR), ¢ € CY(R)( L' (R)
Let u: [0,T) x R — R be the CP-generalized solution to Lu = g,u(T,-) = .
Then

a) fOT dt [ u?(t,z)dz < oo.

b) x — u(t,x) is absolutely continuous and

/OT dt < /R ((9mu)2(t,x)dw> .

In particular for a.e. t € [0,T], Oyu(t,-) is square integrable.

NI

Remark 8.8 Previous assumptions imply that g and ¢ are also square in-

tegrable.

Proof. We recall the expression given in Theorem [8.4:

T
u(t, x) :/Rgo(xl)th(x,xl)dxl—{—/t dr/Rg(r,xl)pTr(x,xl)dxl.

Using Lemma and classical integration theorems, we have

Opu(t,x) = /ch(ml)axpgp_t(m,xl)dml
(8.5)

T
+ / dr/dsg(s,xl)apr_S(x,xl)dml.
t R
Using Jensen inequality we have
T
lu(t, z)|? g/gp(azl)2pTt(x,xl)dxl—{—(T—t)/ ds/g2(s,x1)st(x,x1)dx1.
R t R

Therefore

/Ru2(t,x)dx =

/Rdxlgp(xl)Q/RdxpTt(x,xl)—}—/tTds(T—t)/Rdxl/gQ(S,xl)/]RdxpTs(ﬂ;,xl).
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Using Aronson estimates, this quantity is bounded by

const (/ dz1p(x1)? \/Tl_t <31:i61t>

/ds/dxl/ (s,21) dw\/T_S (j;i))

where p is the Gaussian N(0,1) density. This is clearly equal to

const </ dxlgp(xl)z—i—/ ds/dmlgz(s,x1)>
R 0 R

This establishes point a).

Concerning point b), in order not to over-charge the notations we will sup-

pose g = 0. Expression @) implies

8xu(t,x):/@(xl)awpgp_t(x,xl)dxl.
R

Jensen inequality implies

auit.a < ( [ annletenlOupr-i(ea)) [ dnloto)

Integrating with respect to x and taking the square root, we get

/ dzdyult, z)? \/ / wl)\dm\/ / dp(a1)] / d2)0upr—o(@, 1) 2
R R
dwllw x1) I\/sup/ |0,pe (2, 21)|2dx

Integrating with respect to t, it gives

/ dt||O0zu(t, )| 2w _/dwl\w 71 \/ dt\/sup/axpt z,x1)?
0

This quantity is finite because of Lemma (iii). [

IN

IN

9 Relation with weak solutions of stochastic par-

tial differential equations

As in previous section, we will make assumption (Aronson). At this point
we wish to investigate the link between C’g—generalized solutions and the

notion of SPDE’s weak solutions for a corresponding Cauchy problem.
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We will use the same conventions as in Section 4. In this section we will
suppose that coeflicients o, b are realizations of stochastic processes indexed
by R. Let us consider the formal operator £ = 0; + L where L acts on the

second variable.
We consider the equation

{u(cTu.) Z u?] (9.1)

The aim of this section is to show that a C,?—generalized solution to (@)
provides, when o = 1, a solution to the (stochastic) PDE of the type ([.])
as defined in the introduction, i.e. with the help of symmetric integral via
regularization defined at section 3. We denote by D(R) the linear space of

C™ real functions with compact support.

The link between the SPDE ([L.1)) and ([.9) is given in the following.
Proposition 9.1 Let u(t,z),v(t,z),t € [0,T],z € R be two continuous ran-

dom fields a.s. in C%1(]0,T[xR) such that v(t,z) = u(T — t,z). v is a
solution to the SPDE if and only if v is a solution to the SPDE ([1.3)

Proof. We observe that 0,v(t,z) = —0,u(T — t,x). The proof is elemen-
tary. The only point to check is the following:

/R d°n(z)a(z) ( /t Tdsaxu(s,x)> =— /R d°n(z)a(z) ( /0 tds@w(s,x)).

This follows by the definition of symmetric integral and the following obvious

/R dz 77(:c+6)2—€77(:v —s)a(m) (/tT dsaxu(37x)> )
/Rdmn(x + 6)2—877(33 — 6)a(x) (/Ot dsaxv(s,x)> ,

for every € > 0. [ |

identity

We go on with a lemma, still supposing ¢ to be general.
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Lemma 9.2 Let A\ (resp. u°) be a random field with parameter (t,z) €
[0,T] xR (resp. x € R) whose paths are bounded and continuous. Let o,b be
continuous stochastic processes such that ¥ is defined a.s. and Assumption
(Aronson) is verified. Let u be the random field being a.s. the C,?—genemlz’zed
solution to ([9.1). Then it holds

/R dr «afx) <u(t,x) —ul(z) + /tT A(s,x)ds)

- /RGE@ (/tT dsamu(s,x)> d° <a%zez(x)>,

for every a € D(R).

Proof. We fix a realization w. Theorem B.4 says that the unique solution

to equation (9.1)) is given by

T
u(s, x) Z/Ruo(y)st(w,y)der/s dr/RA(T,y)pTr(w,y)dy- (9.2)

where (p¢(x,y)) is the law density of the solution to the martingale problem

related to L at point x at time s.
Proposition .7 b) implies that d,u exists and it is integrable on ]0, T[xR.

According to Proposition [7.§ we know that
alt, ) = u(t, k7 (2))

is a Cg—generalized solution to

L
{MET ) = o

I
>

where

At, z) = A(t, k:fl(z)),ﬂo(z) = uo(kfl(z)).

On the other hand @ can be represented via (B.J) in Theorem B.4 through

fundamental solutions (1) = (r¢(z,y)) of

atyt('ay) :Llyt(.7y)’ VO('7y) :531'
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Since previous equation holds in the Schwartz distribution sense, by inspec-
tion, it is not difficult to show that @ is a solution (in the sense of distribu-

tions) to (P.3)), which means the following:

/()(() tzdz——/ds/ 2)0,u(s, z)o /ds/ 2)A(s
R
9.4)
for every test function aw € D(R),t € [0,7]. We recall in particular that 0,
is in L1(]0, T[xR).
We set
T i (2)
D(t,z) = d.u(s,z)ds, D(t,z) = D(t, z) 5
t
Expression (P.4) shows that
d.D(t,-) = —a" + u(t / A(s (9.5)

in the sense of distributions. So, for each t € [0,T], D is of class C*.

Fort € [0,7] and z € R, we set A(t,x) = ftT (s, x)ds, A(t,z) = A(t, z)e>®).
We remind that

u(s,z) = (s, k(z)), Oyu(s,x) = 0u(s, k(z))k (z).

Therefore
A(t,x) = D(t, k(x))K (x)
so that
F@) o
Ak~ P )
= 2D(t, k(x))e =@,

A(t,z) = 2D(t,k(x))
Therefore A(t,x) = 2D(t, k(x)) and so A is of class C*.
Since 9, A(t, z) = 20,D(t, k(z))k'(z), (PH) gives

T b
0, A(t,x) = (—uo(x) + u(t, x) —i—/t A(s,x)ds) 22_—2(1'). (9.6)
Consequently
T 2
u(t, x) / A(s,z)ds = (62(95)/ ds@xu(s,x)> e =@ 2 2@)
t
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We integrate previous expression against a test function o € D(R) to get

/Rdxa(x) (u(t,m) —u(z) + /tT A(s,m)ds) =

/R dra(x) {&B (ew /t ! ds@xu(s,x)> e—=(@) 022(95)}

Remark B.1] and integration by parts for the symmetric integral provided by

Remark B.g c¢) allow to conclude the proof of the lemma. [

Finally we are able to state the theorem concerning existence of weak solu-
tions for the SPDE.

Theorem 9.3 Let \ (resp. u®) be a random field with parameter in (t,z) €
[0,7] xR (resp. € R) whose paths are bounded and continuous.

We suppose that o = 1 and n being a (two-sided) zero strong cubic variation
process such that there are two finite and strictly positive random variables
Z1, 4y a.s. with Z7 < e"®) < 7y a.s.

Let u be the random field which is w a.s. Cg—genemlized solution to ([9.1),
for b =n(w). We set v(t,z) = u(T —t,z). Then, v is a (weak) solution of
the SPDE ([[1).

Proof. Proposition P.1] says that it will be enough to verify

_/Ra(x)u(t,x)dm + /Ra(x)uo(x)dx— %/Ro/(m) (/tTdsaxu(s,x)> dx
+ /Ra(x) </T ds@xu(s,m)> d°n(zx)

_ /t " s /R dza()A(s, 7).

for every test function o and ¢ € [0, 7.

After identification b = n(w), previous Lemma P.3 says

/R dr  ofz) <u(t,x)—uo(ﬂz)—i—/tT)\(s,:U)ds)

_ /R 20(@) < /t ! ds(?mu(s,:v))> & <O‘62 " (m))
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Since 7 is a zero strong cubic variation process, Proposition B.§ implies that
e is also a zero strong cubic variation process. Then It6 chain rule of
Proposition B.g applied with F(z,n(x)) = a(z)e"™, and Remark B.1 say

that the right member of previous expression gives

% /R ( /t Tdsaxu(s,x)> (e~ = % /R ( /t Tds@u(s,x)) ¢20()

(o (@)e (@) + afa)de 1)

_ %A(ATdsamu(s,x)> o (z)dz
_ /R ( /t Tds@u(s,x)) a(2)dn(z).

This concludes the proof. [ |
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