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Abstract

We establish residual a posteriori error estimates for lowest-order Raviart—Thomas mixed finite
element discretizations of convection—diffusion—reaction equations on simplicial meshes in two
or three space dimensions. The upwind-mixed scheme is considered as well and the emphasis is
put on the presence of an inhomogeneous and anisotropic diffusion—dispersion tensor and on a
possible convection dominance. Global upper bounds in the energy norm for the approximation
error are derived, where in particular all constants are evaluated explicitly, so that the estimators
are fully computable. Our estimators give local lower bounds for the error as well, hold from
the cases where convection or reaction are not present to convection-dominated problems, and
their efficiency only depends on local variations in the coefficients and is shown to be optimal
as the local Péclet number gets small. The main idea of the proof is a construction of a new
scalar variable based on a simple local postprocessing in each element and a subsequent use of
the abstract framework arising from the primal weak formulation of the continuous problem.
An interesting particular consequence is that the postprocessed variable coincides with the
exact solution for one-dimensional pure diffusion problems with piecewise constant coefficients.
Numerical experiments confirm the efficiency and robustness of the derived estimators.

Key words: convection—diffusion—reaction equation, mixed finite element method, upwind weight-
ing, a posteriori error estimates, convection dominance, inhomogeneous and anisotropic diffusion
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1 Introduction
We consider in this paper the convection—diffusion—reaction problem

—V-(SVp)+V-(pw)+rp = f inQ, (1.1a)
p = 0 on 09, (1.1b)

where S is in general an inhomogeneous and anisotropic (nonconstant full-matrix) diffusion—
dispersion tensor, w is a (dominating) velocity field, r a reaction function, f a source term, and
Q c R? d =23, is a polygonal (polyhedral) domain (open, bounded, and connected set). Our
purpose is to derive a posteriori error estimates for the lowest-order Raviart—Thomas mixed finite
element discretization of the problem (1.1a)—(1.1b) on simplicial meshes (consisting of triangles if



d = 2 and tetrahedra if d = 3), as well as for its upwind variant, cf. Douglas and Roberts [16, 17]
and Dawson [14], Dawson and Aizinger [15], and Jaffré [26].

A posteriori error estimates, pioneered by Babuska and Rheinboldt [5], are nowadays well
established for primal discretizations of second-order elliptic problems only involving a diffusion
term, cf. for example the survey by Verfiirth [36] for the conforming finite element method, Hoppe
and Wohlmuth [24] for the nonconforming finite element method, Nicaise [30] for the finite volume
method, and Karakashian and Pascal [27] for the discontinuous Galerkin method. In the majority
of the cases the analysis is only given for S being an identity matrix; an in-depth analysis for the
general inhomogeneous and anisotropic diffusion tensor in the frame of the finite element method
was presented by Bernardi and Verfiirth [7]. Similar results for the finite volume box scheme (in the
given case actually equivalent to the lowest-order Raviart—Thomas mixed finite element one) have
been obtained by El Alaoui and Ern in [19]. In recent years a posteriori error estimates have been
extended to convection—diffusion problems as well. We cite in particular Verfiirth [37], who derived
estimates in the appropriate energy norm for the conforming Galerkin method and its stabilized
version (the SUPG method of Franca et al [23]). His estimates are both reliable (yielding a global
upper bound on the error between the exact and approximate solutions) and efficient (giving a local
lower bound) and the lower and upper bounds differ by constants whose dependence on the local
mesh discretization parameter vanishes as this approaches the ratio of the smallest eigenvalue
of S and the local size of the velocity field (i.e. when the local Péclet number gets sufficiently
small). Similar estimates are presented by El Alaoui and Ern in [20] for the nonconforming finite
element method or (this time however without a careful analysis of the convection-dominated case)
by Lazarov and Tomov [29] for the finite volume element method. Finally, a different approach,
yielding an estimate in the L'-norm, independent of the size of the diffusion tensor, is given by
Ohlberger [31] in the frame of the vertex-centered finite volume method.

In comparison with primal methods, the literature on a posteriori error estimates in the mixed
finite element method is much less extensive. Most of the results have been obtained for the Poisson
equation (i.e. r =w = 0in (1.1a)—(1.1b)) in two space dimensions: Alonso [3] derived estimates for
the error in the flux u := —SVp of the scalar variable p and either Raviart-Thomas [33] or Brezzi-
Douglas—Marini [9] mixed finite elements. Braess and Verfiirth [8] proved estimates for both u and
p for Raviart-Thomas elements, based on mesh-dependent norms and a saturation assumption.
Carstensen [11] derived optimal estimates for various mixed finite element schemes and for both u
and p. Achchab et al [1] can imbed Raviart-Thomas elements in their hierarchical a posteriori error
estimates, whereas Carstensen and Bartels [12] give an upper bound using averaging techniques.
Kirby [28] proposed simple residual-based estimates for Raviart-Thomas elements, where however
the flux estimator is not proved to yield a lower bound and is moreover obtained under a saturation
assumption. Recently, Wheeler and Yotov [41] were able to obtain a posteriori error estimates for
the mortar version of all families of mixed finite elements, also including the three-dimensional
case; saturation assumption was however necessary for the velocity estimate. Finally, Hoppe and
Wohlmuth [25] treat a diffusion-reaction problem in two space dimensions and use the relation
of lowest-order Raviart-Thomas mixed finite elements to certain nonconforming finite elements
derived by Arnold and Brezzi in [4] in order to control, under a saturation assumption, the L2-
norm error in the primal variable p. A comparison of various estimators is given by Wohlmuth
and Hoppe in [42].

To the author’s knowledge, no estimates for mixed finite element discretizations of convection—
diffusion(-reaction) problems have been presented in the literature so far. We do this in Section 4
of this paper, after stating the assumptions on the data and formulating the continuous problem in
Section 2 and after defining the lowest-order Raviart-Thomas mixed and upwind-mixed schemes
in Section 3. The estimates are derived in the energy norm for a new, locally (on each element)



postprocessed scalar variable py such that its flux —SVpy, is equal to u, and such that its mean
on each element is equal to ps. By this construction, we actually have the L?(2) control over both
up — u and pp — p. Our estimates in particular do not include any undetermined multiplicative
constants, so that the upper bound for the error between the exact and approximate solutions
is fully (and easily) computable. They represent local lower bounds for the error as well with
the efficiency constants of the form ¢y + ¢ min{Pe, Q}, where Pe (the local Péclet number) and
o are given below by (4.3) and where ¢, ¢y only depend on local variations in S (i.e. on local
inhomogeneities and anisotropies), on local variations in V - w and r, and on the shape-regularity
parameter of the mesh. Our estimates are thus in particular optimally efficient as the local Péclet
number gets sufficiently small. They are finally robust from the cases where convection or reaction
are not present to convection-dominated problems. The above-cited results seem to in addition have
very interesting consequences for mixed finite element discretizations of pure diffusion problems
with piecewise constant coefficients. The lowest-order mixed finite elements namely reveal as
an exact three-point scheme in one space dimension and in two or three space dimensions, the
approximation is shown to be exact with respect to some generalized continuous solution. All these
issues are in detail discussed in Section 5. Next, Section 6 presents some discrete properties of the
schemes and of the postprocessed scalar variable p,. We namely show that py, is nonconforming in
the sense that py, & H&(Q), but we prove that the means of its traces are continuous across interior
sides (edges if d = 2, faces if d = 3) and equal to zero on exterior sides of the mesh; they are in
fact shown to equal to the Lagrange multipliers from the hybridized forms of the schemes. The
actual proofs of our a posteriori error estimates and of their efficiency are then given in Section 7.
They rely on the use of the abstract framework (cf. [37]) arising from the primal weak formulation
of the continuous problem for p,. The nonconformity of pj is then treated by the techniques
developed in [2, 19]. No additional regularity of the weak solution is needed. Finally, we illustrate
the robustness of the derived estimates in Section 8 on several numerical examples and conclude
by some technical lemmas in Section 9.

We only focus in this paper on lowest-order methods since they are almost exclusively used in
practice and hence we believe they deserve a special treatment; we mention that we on the other
hand do cover the three-dimensional case. Moreover, we have shown in previous works (cf. [38, 40])
that lowest-order mixed finite element schemes are equivalent to particular finite volume schemes
and that they can namely be implemented with only one unknown per element, which enables to
significantly decrease their traditional increased computational cost. The extension to higher-order
schemes is an ongoing work.

2 Notation, assumptions, and the continuous problem

We first introduce here the notation, then define admissible triangulations to which the space
Wo(7;,) and data will be related, and finally give details on the continuous problem (1.1a)—(1.1b).

2.1 Notation

For a domain S C R? we denote by LP(S) and LP(S) = [LP(S)]? the Lebesgue spaces, by
(-,)s the L*(S) or L?(S) inner product, and by | - ||s the associated norm; |S| stands for the
d-dimensional Lebesgue measure of S. Next, H'(S) and H}(S) are the Sobolev spaces of func-
tions with square-integrable weak derivatives and H(div, S) is the space of vector functions with
square-integrable weak divergences, H(div, S) = {v € L2(S); V-v € L?(S)}, and (-, )55 stands for
(d —1)-dimensional inner product on 9 or the duality pairing between H 3 (0S) and H 2 (05). In
the subsequent text we conceptually denote by C 4, c4 constants only dependent on a quantity A.



2.2 Triangulation, Poincaré and Friedrichs inequalities, and the space Wy(7,)

We now define admissible partitions 7, of the domain ; the data of the problem (1.1a)—(1.1b)
will be directly related to a basic partition 7y, (whose all 7, will be refinements) and we will in the
sequel work with approximate solutions and the function space Wy(7},) likewise related to 7j,.
We suppose that 7;, for all h > 0 consists of closed simplices such that Q = [ J ket K and such
that if K, L € 7, K # L, then K N L is either an empty set or a common face, edge, or vertex
of K and L. Let hg denote the diameter of K and let h := maxge7, hx. We make the following
shape regularity assumption on the family of triangulations {73}, denoting rx := |K|/h%:

Assumption (A) (Shape regularity of the meshes)

There exists a constant k7 > 0 such that

min K > K Vh > 0.
KeT, K ="hT

Let px denote the diameter of the largest ball inscribed in K. Then using the inequalities
K| > h%pxc /(d—1)/d, |K| < (d+ 1)h%  pr/(d — 1)/d following from geometrical properties of
a triangle (tetrahedron) K, Assumption (A) is equivalent to the more common requirement of the
existence of a constant 67 > 0 such that

h
max —K§97 Vh > 0.
KeTy, PK

We next denote by &), the set of all sides of 7}, by £ ,ilnt the set of interior, by £ the set of exterior,
and by £k the set of all the sides of an element K € 7. Let h, stand for the diameter of o € &},.

Let K € Tj, and let p € H'(K). Two inequalities will play an essential role in the derivation
of our a posteriori error estimates. First, the Poincaré inequality states that

le — e li < Coh%k|Vellk (2.1)

where ¢ is the mean of ¢ over K given by ¢k := (p,1)x/|K| and where the constant Cp can
for a simplex (using its convexity) be evaluated as d/m, cf. [32, 6]. Next, the following generalized
Friedrichs inequalities have been proved in [39, Lemma 4.1]:
h2
K

(o — ¢g)* < CF@@IIWH%, le = ¢ollk < CrahklVelk (2.2)

where ¢, is the mean of ¢ over o € £k given by ¢, := (¢, 1)s/|o| and where Cy g = 3d. Similarly,
~  hg

le = eolls < Craz—hi|Vellk (2.3)
ag

has been shown in [30, Lemma 3.5] with 5F7d ~ 1.55416 for d = 2 and éF,d ~ 11.53557 for d = 3.

We finally define the space Wy(7},) of functions locally in H*(K) on each K € 7}, such that the
mean values of their traces on interior sides coincide and that the mean values of their traces on
exterior sides are equal to zero,

Wo(Th) == {p € L*(Q);¢lx € HYK) VKEeT,,
(elk = @le, og, = 0 Vogpe&™, (2.4)
(p, 1) = 0 Vo € SﬁXt} ,
and recall the discrete Friedrichs inequality
el < Cor Y [IVelk Ve € Wo(Tn), VA >0, (2.5)
KeT,

where the constant Cpr only depends on x7 and infy pa{thicky(2)}, cf. [39, Theorem 5.4].
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2.3 Data

We suppose that there exists a basic triangulation ’i}l of Q such that the data of the problem (1.1a)—
(1.1b) are related to 7, in the following way:

Assumption (B) (Data)

(B1) Sk = S|k is a constant, symmetric, bounded, and uniformly positive definite tensor for all
K €Ty, ie.

Skv-v>csgVv-v,csg >0 VVE]R{d,VKEﬁ,
ISkl =Csx, Csx >0 VK € Tp;
(B2) w € RT°(T},) satisfies |Wik| < Cw i, Cw,x >0, for all K € Th;
(B3) vk :=7|K is a constant for all K € Th:
(B4) (%V'W+T)|K = Cw,r,k and ‘(V'W—H“)\K‘ =Cwr K, cwrk >0, Cwrix >0, forall K € Th;
(B5) flKk is a polynomial of degree at most k on each K € ’Z~}L;
(B6) if cwrx =0, then Cw g = 1K = 0.

The assumptions that S and r are piecewise constant on ’Z~71, that w € RTO(’Z~71) (cf. Section 3.1
below for the definition of this space), and that f is a piecewise polynomial are made for the sake
of simplicity and are usually satisfied in practice. Likewise, the homogeneous Dirichlet boundary
condition (1.1b) is only considered for the sake of clarity of the exposition. Finally, note that
Assumption (B6) allows cw . xk = 0 (but w|x # 0), in contrast to the assumptions made in [20, 37].

2.4 Continuous problem

Let 7; be, as throughout the whole paper, a refinement of ’Z~}L We define a bilinear form B by
Blp, o)=Y {(SVp,Vo)k + (V- (oW), )k + (rp,0)k} Do € Wo(Ta)  (2.6)
KETh

and the corresponding energy norm by

lelld == > el Nellk = csxlVelk + ewrrlleli € Wo(Th).- (2.7)

KETh
In this way B(-,-) and ||| - |||o are well-defined for p,p € H'(Q) as well as for p, o that are only
piecewise regular. Remark also that ||| - ||| is a norm on Wy(7},) even if there exists K € 7, such

that cw,x = 0. The weak formulation of the problem (1.1a)—(1.1b) is then to find p € HE(Q)
such that

B(p,y) = (fi9)a Vo€ Hy(Q). (2.8)
Assumptions (B1)—(B5), the Green theorem, and the Cauchy—Schwarz inequality imply that
Ble,o) > lle iy Ve € Hy(®) (2.9)
and
CS K Cw rK
B < : 2
.0 < (e {22 ]+ { S22 ) o el
+ amax { Sk e e llell Yp, € Wo(Tn) (2.10)
Ken | osk Pl llelia b, ¥ ol4n) - .

Problem (2.8) under Assumption (B) in particular admits a unique solution.

5



Remark 2.1 (Notation). In estimate (2.10), if cwr ik = 0, the term Cy ., k/cwr Kk should be
evaluated as zero; since Assumption (B6) for this case gives Cyw rx = 0, the term with Cy r
in fact does not even enter the estimate. To simplify notation, we will systematically use the
convention 0/0 = 0 throughout the text.

3 Mixed finite element schemes

We define in this section the centered and upwind-weighted mixed finite element schemes.

3.1 Function spaces

In the sequel we will use the spaces RTY | (7;) and RT?(7},) for the approximation of the vector
variable u and ®(7;,) for the approximation of the scalar variable p. The space RTY(7},) is the
space of elementwise linear vector functions uj, such that

. ax + dgx . .
uh|K—< b + iy ) forall K e T if d=2, (3.1a)
ag +dgx
uh]K: b + diy forall K € 7, if d = 3. (3.1b)
cx +diz

The Raviart-Thomas Nédélec space RT?(7},) then imposes the continuity of the normal trace
across all o € &, on the functions from RT",(7;) and is given by RT%(7;) := RT%,(7;) N
H(div, Q). There is one basis function v, associated with each o € &,. For an interior side ok 1,
shared by simplices K and L, v, (x) = ﬁ(x — Vi), x € K, Vo, (X) = ﬁ(VL -x),x €L,
\C (x) = 0 otherwise, where Vi is the vertex of K opposite to o and V7, the vertex of L opposite
to 0. We suppose that the orientation of v, ,, i.e. the order of K and L, is fixed. For a boundary
side o, the support of v, only consists of K € 7, such that ¢ € £x. The space ®(7}) finally
consists of elementwise constant scalar functions; we denote p,|x = px for pp € ®(7;). Recall
that V -uy, € ®(73,) for each u;, € RTY | (73,).

3.2 Centered scheme

The centered mixed finite element scheme reads (cf. [16, 17]): find u;, € RT(7;,) and pj, € ®(7T3,)
such that

(S_luh,vh)Q —(pn, V- -vp)a=0 Vv € RTO('];L) , (3.2a)
(V- dn)a — (ST upw, dp)a + (r+ V- W)pn, ¢n)g = (f.dn)e Vo € (7). (3.2b)

3.3 Upwind-weighted scheme

The upwind-weighted mixed finite element scheme reads: find u;, € RT%(7},) and p, € ®(7},) such
that

(S_luh,vh)g —(pn, V- -vp)a=0 Vv € RTO(’]}L) ) (3.3a)
(Voundn)o+ D> Y Powkoedr + (ron,dn)a = (frén)a  Von € By, (3.3b)
KeTy, o€l



where wg » = (w-1n,1),, 0 € £k, with n being the unit normal vector of the side o, outward to
K, and p, is the weighted upwind value defined by

5 . (1 - Va)pK + VoPrL if WK, o >0 (3 4)
. (1 =vo)pL +vopr  if wr s <0 :
if o is an interior side between elements K and L and
A (1—-vy)pr if WK,e > 0
Do = { Vopr i wiey < 0 (3.5)

if o is a boundary side. Here, v, € [0,1/2] is the coefficient of the amount of upstream weighting.
The full-upwind scheme (with v, = 0 for all o € &) has been studied in [14, 15]. The introduction
of the parameter v, has been motivated by its successful use in finite volume or combined finite
volume—finite element schemes, cf. [22]. In the present case a reasonable choice for v, to still
guarantee the stability of the scheme while reducing the excessive numerical diffusion added by
the full upstream weighting may be (for wg , # 0)

. o] 1
o = oo (s 3.6
y mm{cs, Rt (3.6)

where cg  is the harmonic average of cs g and cg f, if 0 = 0K N 0L and cg i otherwise.

4 A posteriori error estimates

We summarize in this section our a posteriori estimates on the error between the weak solution p
and a postprocessed variable pj which we shall define first.

4.1 A postprocessed scalar variable py

We define in the section a new postprocessed scalar variable py, which will serve as the basis for
our a posteriori error estimates.

In standard mixed finite element theory (see e.g. Brezzi and Fortin [10] or Roberts and
Thomas [35]) the two variables pj, and uy, are considered as independent. The basis for our a
posteriori error estimates is however a construction of a postprocessed scalar variable p; which
links p, and uy, of (3.2a)—(3.2b), (3.3a)—(3.3b) respectively, on each simplex in the following way:

—SKVﬁh’K = uh]K VKE’]}L, (4.1&)
Dh, 1
% = px VKET,. (4.1b)

Note that in particular if Sx = Id, one immediately has the existence of such p, and pp|x =
—di /2 (2 +y?) —axz—bry—ex if d =2 and Py | = —di /2 (22 +y? +2%) —axr —bgy—crz—ex
if d = 3. Here ag—dg are the coefficients from (3.1a)—(3.1b) and eg is given so that (4.1b) was
satisfied. If Sk # Id, then py verifying (4.1a)—(4.1b) still exists due to the symmetry of S and is
this time a full second-order polynomial on each K € 7. The new variable pj, is nonconforming in
the sense that it is in general not included in H}(€2), but, by Lemma 6.1 below, p, € Wy(73), i.e.
its means on interior sides are continuous and its means on exterior sides are equal to zero. In fact,
by Lemma 6.4 below, these means coincide with the Lagrange multipliers of hybridized schemes
(see (6.2a)—(6.2c) and (6.3a)—(6.3c) below). Moreover, the centered scheme can equivalently be
rewritten with the help of Py, see Lemma 6.2 below, which corresponds to the employment of
the Lagrange multipliers in the discretization of the convection term. Note that the proposed
postprocessing is local on each element and hence its cost is negligible.



4.2 A modified Oswald interpolation operator

We will need below an interpolation operator associating to py a continuous (conforming, included
in Hol(Q)) function that preserves the means of py over the sides. We now modify for this purpose
the Oswald interpolation operator.

Let P;(7;,) denote the space of polynomials of degree at most [ on each simplex, not necessary
continuous. The Oswald interpolation operator Zg : P;(75) — Py(7;,) N HE () has been considered
n [24, 27], as well as in [2, 19]. Given a function ¢, € Pi(73), Zo(pp) is given at the Lagrangian
nodes (degrees of freedom, cf. [13, Section 2.2]) of P;(7) N HE () by the average of the values of
wp at this node.

The modified Oswald interpolation operator Zyio : Po(75)NWo(71,) — Pa(7,)NHE () is defined
as follows: at all Lagrangian nodes (degrees of freedom) of Py(7;,) N H} (), except of those lying
at the barycentres of the sides, the value of Zyio(pp) is given by the average of the values of ¢y,
at this node (i.e. in the same way as in the standard Oswald interpolation operator). The values
at the barycentres of the sides are then established so that the means of Zyio(pp) over the sides
were given by the means of ¢, (the space Py(7,) N H} () in three space dimensions does not have
Lagrangian nodes at sides barycentres; this is the reason to use P3(7;) N H(Q) in this case). It
is easily verified that as in the case of the Oswald interpolation operator, Zno(pp) is uniquely
defined piecewise polynomial continuous function. Let [p}] be the jump of a function ¢, across a
side o: if 0 = 0K NOL, then [py) is the difference of the value of ¢p in K and L, and if o € &,
then [¢r] = @n. Then the following lemma is an easy modification of [27, Theorem 2.2] (c N K # ()
when o contains a vertex of K):

Lemma 4.1 (Modified Oswald interpolation operator). Let ¢, € Po(75)NWo(71,) and let o (en)
be constructed as described above. Then

IV (en = Zmoler)) % < C1 Y hglllenll
o;0NK #£)

where the constant Cy only depends on the space dimension d and on the shape reqularity param-
eter K.
4.3 A posteriori error estimates

We now finally state the a posteriori error estimates. Let us first put

h3 2
mi = min{Cp—K }

7
CS, K Cw,r,K

for all K € 7;,. We define the residual estimator ng associated with an element K by
nNK = mKHf—I—V-SKVﬁh—V-(ﬁhW)—rﬁhHK. (4.2)
Let the local Péclet number Pegx and ox be given by

Cw Cw
Pex = hg K , OK = WK (43)

s K VowrK\/CGSK

We next denote

Cs Kk 2 Cl .k
5 e Ww,T,
Oy | 1= 28, K + 4cs Kk (—c + QK> v Bek = 20wk F 470 ,
S,K w,r, K
2 2
Cs K T
9y K
y K = 2cs K +4cs Kk <C +PexCar | » Bpr = 2CwrK + 4C ;
S, K w,r, K

8



where "
Cax =/Cra+ Y CraT (4.4)

h )
o€k g

and define, for p € H'(K),
ell? i = Vel + Burlielk,  Nellhx = arxl Vel + Berllelk -
The nonconformity estimator (i associated with an element K is then given by

Cx = min{|[|pn — Znio (Bn) |+, 15n — Znio (Bn) 14,k } - (4.5)

Finally, let

m2:=2(d+1) min{ max {(d Cr.ahi }

1
, 4.6
K;oelk — 1)/€KCS,K K{%Eé)é'cx {(d— ]-)HKhKCw,r,K}} ( )

for all o € &,. We put p, := (Pp, 1)s/|o|, the mean of the postprocessed scalar variable pj over a
side o € &, recall that p, is the upwind value given by (3.4) or (3.5), and define the upwinding
estimator 1, associated with a side o by

No := Me||(Po — Po)W - 1|g - (4.7)
We have the following a posteriori error estimates:

Theorem 4.2 (A posteriori error estimate for the centered mixed finite element scheme). Let p
be the weak solution of the problem (1.1a)—(1.1b) given by (2.8) and let py, be the postprocessed
solution of the mized finite element scheme (3.2a)—(3.2b) given by (4.1a)—(4.1b). Then

o vl < { 3 77%(}; +{ 5 c%(};.

KeTy, KeTy,

Theorem 4.3 (A posteriori error estimate for the upwind-weighted mixed finite element scheme).
Let p be the weak solution of the problem (1.1a)—(1.1b) given by (2.8) and let py, be the postprocessed
solution of the mized finite element scheme (3.3a)—(3.3b) given by (4.1a)—(4.1b). Then

i~ pnllo < { 3 77%}; . { 5 @}é +{z 77(2,}%.

KETh KETh aeé‘h
4.4 Efficiency of the estimates
The theorem below discusses the efficiency of the a posteriori error estimators of Section 4.3.

Theorem 4.4 (Efficiency of the a posteriori error estimators). For the residual estimator ng,
there holds

_ C C, .
nx < Colllp—pnllx {(CS’K + M) —|—m1n{PeK,QK}} )

S, K Cw,r, K



where the constant Co is independent of hi, S, w, and r (see Lemma 7.5 below). Next, for the
nonconformity estimator Cx, we have

o . h2
(% < Csmin ——K | min buk ; B’T’K b ;
min cs.J, min Gy r.L min cs.J,
LiINK#) LiLNK#) 77 LiLOK#D
2
T e . ﬁ# K ﬁ#,KhK 501112
—————— +min ;- > e -5nll7
min csy, min - Cw ., min cs
LiLNK#) LiLNK#£) 77 L:LNK#) L LNK#0
. 2
+C3 max{f k, By K } inf > lp—silli,
sp€P2(T,)NHg () L;LNK #0)

where the constant C3 only depends on the space dimension d and on the shape reqularity param-
eter kKt (see Lemma 7.6 below). Finally, we only have for the upwinding estimators 1,

C
S 0 < Coma o, pua gKmm{Q > Ml gy DF}

o€y KeT, W
where
cs.Q = min cs g 4.8
) KETh ) Y ( )
2
max Cs K max C L
. Kioelk ~ . 9 o L;LNK €&y, o
Oo ‘= ) Q0K ‘= Imin (PGK) ) (QK) . )
min cg g min _ Cwr
Kioelk L;LNKeEy,

Cpr is the constant from the discrete Friedrichs inequality (2.5), and where the constant Cy only
depends on d and k1 (see Lemma 7.7 below).

5 Various remarks

We give several remarks in this section.

5.1 Nature of the estimates

The basis for the a posteriori error estimates derived in this paper is the construction of the
postprocessed scalar variable p;, and the consequent application of the abstract framework arising
from the primal weak formulation (2.8) of the continuous problem. The variable py,, an elementwise
quadratic polynomial, has the crucial advantage over Galerkin finite element approximations that
the normal traces of its flux —SVp,, (which is by (4.1a) nothing else than the mixed finite element
vector variable uy,) are continuous across interior sides. Hence the edge error estimators penalizing
the mass balance common in Galerkin finite element methods (cf. [37]) do not appear here at all.
This advantage is however compensated by the fact that p; is nonconforming in the sense that
it is not included in H{ (), so that the estimators known from nonconforming and discontinuous
Galerkin finite elements (cf. [24, 27]) come in place. However, the means of p;, do are continuous
on interior sides and equal to zero on exterior sides, which in particular enabled us to derive lower
and upper bounds for the discretization error in the convection-dominated case whose ratio is well
bounded provided that the local Péclet number is sufficiently small. Next, whereas in the lowest-
order Galerkin finite element method, V - S Vpy|x is always equal to zero on all K € Tp, the
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element residuals (4.2) give a good sense even for the lowest-order mixed finite element method.
Finally, the upwind residuals for the upwind-mixed scheme are similar to the ones arising in e.g.
the finite volume element method, cf. [29]. We also notice that using (2.7), (4.1a), and (2.5),

o=l = > {esuclS™ = w)llk + cwricllp - Bullk} (5.1)
KETh
CS,K || e— - cs,0 -
> S SIS - W)l + ewrrcllp = Bl b+ 5o lp = Al
= 2 2Cpr

so that we have the usual mixed finite element control over both u — u; and p — py. This holds
true even if ¢y, g = 0 for some K € 7,

5.2 The estimates and their efficiency with respect to S and w

We discuss in this remark our a posteriori error estimates and their efficiency with respect to
inhomogeneities, anisotropies, and the convection dominance.

The residual estimator ng (4.2) does not possess any direct dependence on inhomogeneities and
anisotropies. When cyw , x > 0, the minimum in its definition prevents it from growing to extreme
values on coarse elements with a small value cg i. Its efficiency only depends on anisotropy in
its element expressed by the ratio Cs /cs x and there is no dependency on inhomogeneities.
Next, under the given assumptions, V- w is constant on each K € 7}, and hence Cyy . k' /Cw rx < 2
whenever r i is nonnegative, so this term may usually not be very important. Finally, the minimum
of the local Péclet number Pex and px may well be ok if cw -k # 0 and if h is large. However,
refining so as Pex = 2 brings the overall efficiency of nx to optimal values.

The nonconformity estimator (x (4.5) gives the efficiency up to higher-order terms if ¢y . g # 0.
It depends on anisotropy in the given K by the ratio C's i /cg k', but there is no direct dependence
on inhomogeneities. The minimum in its definition prevents it from exploding when cw , x = 0
but Cyw g # 0. Its efficiency is shown to be a function of a local (meaning all elements sharing a
vertex with the given one) maximal ratio of inhomogeneities. El Alaoui and Ern were able to show
the dependency on the ratios only across adjacent sides, however for the price of a hypothesis of
“monotonicity around vertices” on the distribution of the inhomogeneities (see [19, Hypotheses 3.1
and 3.7]). An interesting comparison is with the results of Bernardi and Verfiirth for the Galerkin
finite element method as well. It seems that for this method, the dependency on the inhomogeneity
ratios across adjacent sides is rather already in the estimator itself than in its efficiency, see [7,
Theorem 2.9|, derived however again under a “monotonicity” hypothesis. Finally, the efficiency
with respect to anisotropy stays controlled in each element by the ratio C's i /cs i and it gets into
optimal values with respect to convection dominance as Pe g gets sufficiently small. For additional
comments on possible nonconformity estimates, see Section 5.3 below.

The fact that the upwinding estimator 7, (4.7) cannot in general give a lower bound for the
error is quite obvious: it is not hard to imagine a situation where p = pj, whereas (P, — po),
the difference of the mean value of p;, on a side o and of the combination of the mean values
of pp on the elements sharing o, is generally nonzero. We however at least show that there is
an upper bound for the contributions of this estimator, which moreover decreases with the local
Péclet numbers as O(h). Whereas it is a quadratic function of the largest inhomogeneity over a
side in the mesh, it does not depend on anisotropy. It should however be noted that this estimator
does not change the limit optimality of the schemes and estimates—as the local Péclet number
gets sufficiently small, we can switch from the upwind-weighted to the centered scheme and hence
the upwinding estimator disappears. A proposition for a smooth transition from the one scheme
to the other is given below in Section 5.5.
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5.3 The nonconformity estimate: an alternative form

Using estimate (2.10) instead of estimate (7.2) in Lemma 7.3 below, the nonconformity term can

alternatively be bounded by
Cne inf  lpn = sl
seH} (D)

where

Cs Kk Cw,r K . VCFr Cw,K
Cne = | 1 4+ max + max { ——— p +min 4 max g, —— max { ——— ,
KeTy, CS7K KeT, CW,T‘,K KeTy, A /CS7Q KeT, A /CS7K
using that s € H}(£2) in Lemma 7.1 was chosen arbitrarily. Here Cr is the constant in the Friedrichs

inequality [|¢]|3, < Cr||[Vel3, ¢ € H}(Q). This immediately leads to the efficiency of this estimate
with the constant CNc, since

Cne inf |l|pr = sllle < Cnc [ 5r —Plllo -
s€H}(Q)

This estimate is of course hardly computable, so we can change it into (cf. the averaging a posteriori

error estimates e.g. in [12])

C inf Dy, — S
v nt i sl

where V(7},) is some finite-dimensional subspace of H(f2), which then may be efficient up to
higher-order terms,

Cne Shelgf,[h) 1pr = snllle < Cxe Il pr = p lllo +Cnc Shel‘r/lfTh)lllp sh lla - (5.2)
To evaluate this estimate however still requires a computational effort comparable to that of solving
the original discretized problem, it explodes in the convection-dominated case, and finally, we only
have a global (not local) lower bound for the error between the exact and approximate solutions.
Two aspects however make this estimate interesting. First, provided that max xe7;, 0k represents
the minimum in the definition of Cxc, the estimate and its efficiency only depend on anisotropy
and local ratios of convection, reaction, and diffusion in each single element, there is no dependence
on the ratios between different elements. And secondly, shall Cnc be small, which will in particular
be the case for pure diffusion problems with small anisotropy (but however large inhomogeneity),
it tends to be almost asymptotically exact.

5.4 The estimate for pure diffusion problems

Let us now consider the pure diffusion problem, i.e. 7 = w = 0 in (1.1a)—(1.1b). Using that in
this case =V - SgVpp|xk = V - uy|g = fi for all K € 7y, where fg is the mean value of f over
K, frk = (f,1)k/|K]|, the analysis for the convection—diffusion-reaction case simplifies to the a
posteriori error estimate

Il p = Brlle < { > 77%} +{ > C%} ; (5.3)

KETh KeTh
where
2 h%{ 2
e = CoBff - gk 654
CS,K
Cs,k)* _ _
G o= (2esn 220 ) 190~ TG0 55)
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and where 7 : Py(7;,) — HE(R) is e.g. the Oswald or the modified Oswald interpolation operator
(see Section 4.2). Note that since V- (u —up)|x = f — fx is fully computable for all K € Tj, the
control over [[u —upllq + |V - (u — up)|lq immediately follows using (5.1).

Let us now remark that in the pure diffusion case, we actually have (compare with (2.9))

Blo,o) > llella Ve € Wo(Th)- (5.6)

This leads us to the following considerations. Let us first generalize the classical weak solution to
a function p € Wy(7p,) (only satisfying the continuity of the means of the traces at interior sides
and the equality of the means of the traces to zero at exterior sides) such that

Inequalities (5.6) and (2.10) together with the discrete Friedrichs inequality (2.5) assure the exis-
tence of a unique solution of (5.7). Next,

B(p—ph,p_ph) sup B(ﬁ_ﬁh,gp)?

|||15_ﬁh|||§l < |||~ ~ ||| —
D — prlllQ PEWo(Tn), lllelllo=1

using (5.6). We further estimate, similarly as in the proof of Lemma 7.1 below,

B(p—pny) = (Hie)a+ Y {(V-SVin¢)k — (SVih -, @)ax }

KETh
= > (F=-Vowe)k+ Y, (wng ek =l + Y, (Unn,9),
KETh UK,Leg;iLm o.eggxt
= Z(f_vuh7‘P)K:Z(f_vuh7<P_SDK)K7
KeTy, KeT,

using the bilinearity of B(-,-), the definition (5.7) of the generalized weak solution p, the Green
theorem in each K € 7j, the relation (4.1a) between pj, and uy, reordering the summation over
the boundaries of elements to the summation over the sides, using the continuity of the normal
trace of uy, expressed by uy|x - ng = —uy|r -0 on ok g, € Slilnt, the fact that uy, - n is moreover
constant on all sides o € &, and the definition (2.4) of the space Wy(7},), and finally the second
equation (3.2b) of the definition of the mixed finite element scheme (px is the mean of ¢ over
K). Next, estimate (9.1) from Lemma 9.1 below holds true also in this case, so that finally the
Cauchy—Schwarz inequality leads to

1
2
15 — Bnllla < { > n%}

KETh

with ng given by (5.4).

First, this is a completely data-dependent a posteriori error estimate and secondly, this is in
fact an a priori error estimate as well: it shows that the mixed finite element solutions p; and
uy, (cf. (5.1) which still holds true) converge both as O(h?) in the L2(€2), L2(f2) respectively,
norms to the generalized weak solution p given by (5.7) and its flux u, u|x := —SVp|x (for e.g.
f € HY(K) on all K € T},). Moreover, as soon as f is piecewise constant, py, is directly equal to
the generalized solution! We emphasize that these results hold true for S piecewise constant but
arbitrarily inhomogeneous and anisotropic; they apparently confirm the observations of a very good
behavior of mixed methods in these circumstances. There are also very interesting consequences
in one space dimension, cf. Section 5.7 below. Finally, it should be noted that the above results
hold independently of the convexity of 2 and of the additional regularity of the weak solution.
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5.5 A combination of the centered and upwind-weighted schemes

The upwind scheme (3.3a)—(3.3b) guarantees stability in the convection-dominated case, but the
additional a posteriori error estimator 7, given by (4.7) is unfortunately not efficient, even with the
introduction of the local Péclet upstream weighting (3.6) (see the discussion in Section 5.2). On
the other hand, the centered scheme, however precise if h is sufficiently small, may give completely
wrong results for coarse meshes. Hence a good idea may be a smooth transition from the one
scheme to the other under the form

(S~ tup,vi)a — (pr, V- vi)a =0 Vv, € RTY(Tp),
(V-up, éK)K + Z {(hobs + (1 = po)Po)wk oK } + (rpn, 0Kk = (f,0x)x VK €T,

o€EK

where p, is the upstream value and where the parameter p, is set to 1 —2v, with v, given by (3.6).
Hence p, will be close to 1 (and thus the scheme to the upwind one) in the convection-dominated
regime, while when the local Péclet number (4.3) gets smaller than 2, u, will equal to 0 (and thus
the scheme to the centered one). Notice finally that such scheme is fully rewritable in terms of the
original unknowns py, up, using that > o oWk oPrx = (PpW -1, ¢k )ox and Lemma 6.2 below.

5.6 Implementation with one unknown per element

It is shown in [40] (cf. alternatively the abbreviated version [38]) that in the lowest-order mixed
finite element scheme for pure diffusion problems, as well as in the upwind-weighted scheme (3.3a)—
(3.3b), there exist local flux expressions. Hence these schemes are in fact equivalent to particular
finite volume schemes and can namely be implemented with only one unknown (pg) per element.
The associated matrices are then in the majority of the cases (in dependence on the mesh 7}, and
the tensor S) positive definite, although in general nonsymmetric. It is shown in these references
that one can in this way considerably reduce the CPU time necessary to solve the liner systems
arising from these mixed finite element schemes. The same results hold true as well for a centered
scheme in the form: find u;, € RTY(7},) and p;, € ®(7;,) such that

(S_luh’vh)ﬂ - (ph’ V- Vh)Q - (phW, S_lvh)Q =0 vVh € RTO(%)’
(V-up, ¢n)a + (rpn, ¢n)a = (fidn)e  Von € ®(Th).

The centered scheme (3.2a)—(3.2b) is different from the above one (although the are actually very
close namely in case that V - w = 0; then their system matrices are only transposed). It may
however be possible to use the same approach as well.

5.7 The estimates in one space dimension

It appears that the above results have interesting consequences in one space dimension, where the
two schemes (3.2a)—(3.2b) and (3.3a)—(3.3b) can likewise be defined.

5.7.1 One dimension: no nonconformity

First of all, Lemma 6.1 below reduces in one space dimension to the assertion that the postprocessed
variable Py, given by (4.1a)—(4.1b) is continuous, i.e. that in this case p, € HZ (). An immediate
consequence is that the parts of the a posteriori error estimates of Theorems 4.2-4.3 because of
nonconformity disappear.
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5.7.2 Lowest-order mixed finite elements: an exact three-point scheme for one-
dimensional diffusion problems with piecewise constant coefficients

Another quite interesting consequence is related to the remarks of Sections 5.4 and 5.6. As there
is no nonconformity, the superconvergence O(h?) of both j; and uy, (this time towards the weak
solution, coinciding with the generalized one) holds always true, and moreover, it appears that in
one space dimension, one can always rewrite the schemes with only px, K € 73, as unknowns.
Hence the lowest-order mixed finite elements represent a scheme with a three-point stencil (there
are at most three nonzero entries on each matrix row), which is exact for one-dimensional pure
diffusion problems, where the diffusion tensor S (this time a scalar function) and the right-hand
side f are piecewise constant (and hence possibly arbitrarily discontinuous). This should namely
be compared to the known results for the finite volume/finite difference method. In particular, the
(best known?) scheme proposed by Ewing et al in [21] is only exact when the right-hand side is
constant (the diffusion tensor may be piecewise constant), cf. Remark 2.4 in the above reference.
It would be interesting to investigate in detail the relation between these two schemes.

6 Discrete properties of the schemes

We prove in this section different properties of the schemes (3.2a)—(3.2b) and (3.3a)—(3.3b) and of
the postprocessed scalar variable py needed in the paper.

Lemma 6.1 (Continuity of the means of the traces of py). It holds that pp, € Wo(7y,), i.e.

int

(Pnlx — Pnle, Vog, = 0 Vo, € &,
(Pny Vo 0 Voe&*.

ProOF:
Let us consider a side ok 1, € E,ilnt. Then taking vj, equal to the basis function Vo (cf. Section 3.1)
in (3.2a) or (3.3a) yields

0 = —(VDh,Vog)kuL — (Pns V * Vor 1 )kuL = —(Vogp * 0, Dh)or — (Vo - T, Ph)oL
= (Vorr DK, Pr|L — PulK)oxp »
using the definition (4.1a)-(4.1b) of py, the fact that V - v, for v;, € RT%(7},) is constant in each
simplex (which allows us to replace pp by pp), the Green theorem, and the fact that Vo has
a nonzero normal flux only through o ;. The first assertion of the lemma follows by the fact

that vy, - n for v, € RTO(’]}L) is constant on each side o € &£,. The proof for boundary sides is
completely similar. [

Lemma 6.2 (Equivalent form of the centered scheme). The centered scheme (3.2a)—(3.2b) can be
equivalently written: find u;, € RT%(73) and py, € ®(7,) such that

(S_luh,vh)Q — P,V -vp)a=0 Vv € RTO('];L) , (6.1a)
(Vup, o)k + (PrW -0, 0K )ox + (1Ph, ¢ )k = (f¢x)xk VK €T, (6.1b)
where py, is defined by (4.1a)—(4.1b).
PrROOF:

Since V - v}, for v, € RTY(7;,) is constant in each simplex and since r was supposed piecewise
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constant as well, one can replace pj, by py in the terms (pp, V - vp)q and (rpp, ¢ )k using (4.1b).
Similarly, using in addition the Green theorem,

— (S ww, ¢k + (V- W, 0K)k = (VPrwW, ¢x)k + (BnV - W, bk ) K
= (V- (paw),¢x)k = (PpW -0, 0r)ox - O

Remark 6.3 (Hybridization of the schemes). Mized finite element schemes can equivalently be
reformulated while relaxing the continuity of the normal trace of uy, required in the definition of the
space RTO(’E) and imposing it instead with the help of Lagrange multipliers \,, o € S}lnt, cf. [10,
Section V.1.2]. The centered scheme (3.2a)—(3.2b), taking into account its equivalent form given
by Lemma 6.2, then changes to: find u, € RTY(T3,), pn € ®(Ty), and Ny, o € EM, with py
defined by (4.1a)—(4.1b), such that

Z {(S_luh,vh)K - (ﬁh,v . Vh)K + Z <Vh -n, >\0>a} =0 Vvy € RTo_l('Z;l) ,(6.2&)

KeTy, oEc‘fKﬂE;L"t
(V-up, )k + (PrW - 0, 0 )or + (1P, 9x )k = ([, 0x)xk VK €Ty, (6.2b)
<(uh ’ n)|K + (uh ’ n)|L’ AUK,L>UK,L =0 VO-K,L € g}lnt ) (6'2C)

whereas the upwind-weighted scheme (3.3a)—(3.3b) then writes: find uj, € RT,(73), pn € ®(T3),
and Ny, 0 € EPY, such that

> {(S_luh,Vh)K —(on, Vv + Y (vi-m, )\o>o} =0  Vvi,€RTY(7,),(6.3a)

KeT, TEERNEN
(V- wn, ¢x)k + Y Powk obi + (rpn, oK)k = (f,6x)x VK €Ty, (6.3b)
o€EK
((up )|k + (W 0) [, Ao )oge, =0 Vorr € & (6.3¢)

Lemma 6.4 (Relation of p;, to the Lagrange multipliers A,). It holds that

<]5h7 1>0

o]

Ao = Py = Vo € Eint,

PROOF:

The proof is similar to that of Lemma 6.1. Let K € 7;, and 0 € Eg N E,ilnt. Then taking v;, = v,
in (6.2a) or (6.3a), we have

0= _(vﬁh’VU)K - (ﬁha V- VO')K + <Vo -1, >\o>o = <V0' -, )\0 - ﬁh>oa

using the definition (4.1a)—(4.1b) of py, the fact that V - v, is constant in each simplex, the fact
that v, has a nonzero normal flux only through o, and the Green theorem. The assertion of the
lemma, follows by the fact that v, - n is constant on o. O

Lemma 6.5 (A priori estimate for the upwind-weighted scheme). Let uy, pp be the solutions

of the upwind-weighted scheme (3.3a)—(3.3b) and let pj, be the postprocessed scalar variable given
by (4.1a)—(4.1b). Then

a1 AR
> qesrlVanlk + Sewnrclpali p <5 - 2

KeT, KeT, WK
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if cwr, i >0 for all K € Tj, and
1 f CDF
Z {ECS k[ Vinl% + Cwr K ”ph”K} H QHQ B
KeTy, SQ

where cgq is given by (4.8) and where Cpy is the constant from the discrete Friedrichs inequal-
ity (2.5).

PROOF:
Let us put ¢, = pp, in (3.3b). We then can rewrite the first term of the left-hand side of (3.3b) as

> (Veounpr)k = Y {—(n Vi) + (wh - n,prlox } = > (SkVin, Vin)k

KETh KETh KeTh
+ > (weng Pl = Baln)or, + Y (Whmpr)e = Y es il Vinlk
UK,Leg;iLm o.eggxt KeTh

using the fact that V - uy is constant on each K € 7;, and we thus can replace py by pp employ-
ing (4.1b), the Green theorem, (4.1a), the fact that uy - n is constant on each o € &, and the
continuity of the means of the traces of p; given by Lemma 6.1. Next,

Z Z ﬁawK,apK = Z {ﬁawK,apK +ﬁawL,0pL} + Z ﬁawK,apK

KeT, oelk 0}(@652‘“ O'KESQXt
= > wio (Pk(PK —pL) = VoL — PK)®) + D PoWk.oPK
0K7L€5i"t,w1<,020 O'KESEXt
1 1
= 3 > wr ok —p1)+ Y, |wkel(pr —pK)2(§ - Vo>
oKk, LEEM Wi >0 ok, EEN
1 1
+ Z { pKwKa—i-\wKa’PK(z—Va)} Z5 Z pk(V - w, 1)k
TR EER KeT,

where we have rewritten the summation over the sides and fixed denotation of K, L € 7}, sharing
a side ok 1, € E,ilnt such that wi , > 0, used that wi , = —wr 4, the definition (3.4)—(3.5) of p,,
and the relation 2a(a — b) = (a — b)? + a® — b%, estimated using 0 < v, < 1/2, rewritten the
summation back over the elements and their sides, and finally employed the Green theorem giving
Yocer WKo = (V- w,1) k. Finally,

(rpnspr)a =Y pk(r )k

KeT,
The right-hand side of (3.3b) with ¢;, = p;, can be estimated either by
VCw,r K Lf117
(Foomdo < 3 I e < 5 3 D 4 257 ol
KeT, Ve rez, Cvnk 2 E

or by

If1& Cor | eso llonlld _ IIf1I3 Cor L 680 -
(f;pn)a < | fllellpalle < =5 + €< 2 > IVinlk
2 ¢so Cpr 2 2 CSQ KeT,

using the Cauchy-Schwarz, ab < ea®/2 + b2/(2¢), € > 0, ||pullx < ||Pnllx, and the discrete
Friedrichs (2.5) inequalities. The assertion follows by combining the above estimates. O
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Remark 6.6 (Existence and uniqueness for the upwind-weighted scheme). From Lemma 6.5,
existence and uniqueness for the upwind-weighted scheme (3.3a)—(3.3b) easily follows. Indeed, let
f=0. Then pp, =0 and up, = —SgVpy =0 for all K € Ty,

Remark 6.7 (Existence and uniqueness for the centered scheme). In contrast with the upwind-
weighted scheme, existence and uniqueness for the centered scheme (3.2a)—(3.2b) is in [17] only
guaranteed for “h sufficiently small”. Alternatively, there exists a unique solution if Cw r <

2(1 — pu)\/CS K\/Cw,r Kk for some p € (0,1) and all K € T}, where (V- w +7)|x = Cwrx > 0,
which corresponds to the case that is not convection-dominated.

7 Proofs of the a posteriori error estimates and of their efficiency

We shall prove in this section the a posteriori error estimates stated by Theorems 4.2—4.3, as well
as their efficiency discussed in Theorem 4.4.

7.1 Proofs of the a posteriori error estimates

To begin with, the following bound for the error ||[p — pn|||q holds:

Lemma 7.1 (Abstract framework). Let p be the weak solution of the problem (1.1a)—(1.1b) given
by (2.8) and let s € HE(Q) be arbitrary. If py, is the postprocessed solution of the centered mized
finite element scheme (3.2a)—(3.2b), given by (4.1a)—~(4.1b), then

llp = Bulle < llls =pnlla+  sup — {Tr(p) +Tnc(p)},
e} @), ll¢llla=1

and if py, is the postprocessed solution of the upwind-weighted mized finite element scheme (3.3a)—
(3.3b), given by (4.1a)—(4.1b), then

lp = Brllle < llIs — pn llla + sup {Tr() + Tu(p) + Tncle) }
eeHF (), lello=1
where

Tr(p) = Z (f+V -SkVpy— V- (PpW) — TPh, ¢ — PK) ¢ »

KeT,
Ine(e) = B(r—s,9),

TU(QD) = Z Z <(]§0 - ﬁh)w -1, ()OK>U ;

KeT;, o€k

and where @ is the mean of ¢ over K, px = (¢, 1)k /| K|.
PROOF:
The triangle inequality implies

llp— e < o — s lla+ Il s ~ 5l

Now since (p — s) € H} (), we can use the coercivity of the form B(-,-) given by (2.9), so that

Bp—s,p—s
lp—slle < B2=2P=9) o gy B s
llp=slle  ~ geni@), lello=1
= sup {B(p = pn, @) + B(pn — 5,0)} - (7.1)

peH (), llello=1
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Let us consider an arbitrary ¢ € H}(£2). We have, using the bilinearity of B(-, -), the definition (2.8)
of the weak solution p, and the Green theorem in each K € 7},

Blp—pne) = (f.0)a— Y {8V Ve)k + (V- (Buw),9)  + (P, 0)x |

KeTy,
= Z (f+V - SkVpy =V - (PpW) — 1Dh, @) ;o — Z (SkVph -1, 0)sK
KeTy, KeT;,
= > (FH+V- SV =V (paw) — 15n,0)

KeTy,

Note that we have in particular used the continuity of the normal trace of SVp; (i.e., by (4.1a),
the typical mixed finite element continuity of the normal trace of uy) yielding

((SVBr 0|k + (SVBh 1)L, P)osr, = (0,9)or,, =0 Vorp €

(the fact that (SVpy, - n, ), = 0 for o € EX follows by ¢ € HE(Q)).

Now the second equation (6.1b) of the equivalent form of the centered scheme by the definition
of pp (4.1a)—(4.1b) and by the Green theorem implies that (recall that ¢ is the constant mean
of ¢ over K)

(f+V-SkVpn—V - (brw) = 1Pn, ¢k ) =0 VK €Tp.

Hence in the case of the centered scheme,

Blp—pnp) = Y (f+V-SkVin— V- (5rW) — rbn, ¢ — k) = Tr(p).
KeT,

For the upwind-weighted scheme, there occurs an additional term

> (e —Br)wW 1, 0K)0 = Tu(e) -

KeT, o€k
The nonconformity term Tnc(y¢) appears directly as the second term of (7.1). O

We now estimate the terms TR, Tnc, and Ty separately.

Lemma 7.2 (Residual estimate). There holds

1

sup Tr(p) < {ZUK} ;

PeH; (), llelllo=1 KET,
where ng s given by (4.2).

PROOF:

Let ¢ € H}(Q) be arbitrary. Then by the Cauchy—Schwarz inequality and by Lemma 9.1 from
Section 9 below,

2
Tr(p) < Y |[f + VSV — V- (5aw) — rn | i Il — exll i < { > n%} e lle - O
KeTy, KeT;,
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Lemma 7.3 (Nonconformity estimate). Let us put s = Iyio(pr) in Lemma 7.1. Then

1
2
IIs = Bn llle + sup Tne(p) < { > C?(} ;

QOEH%(Q), |||90H|Q:1 KETh
where (g is given by (4.5).

PROOF:
Let ¢ € H}(Q) be arbitrary and let us denote v := pj, — Zyvo (pr). Then, for each K € Tp,

(SVu, V) + (V- (vw), p)k + (10, ) K
Cs, x|Vl |IVellk + Cw k IVVl| k¢l k + Cw i llv] i ol &

Cs i Cw.K Cor K
<<¢cs;<+¢cw = 9ol + 222l ) e s
) w,T, —_

Remark that this estimate would stay valid for an arbitrary s € H} () instead of s = Zyo ().
We next estimate the term (V- (vw), ¢) i, by the Green theorem equal to —(vw, Vo) i + (vw -
n, Y)gk, in a different way. First,

|(vw, Vo) k| < Co kvl Vel x = Cuw i llv — vl IVl k < /CraCw,khi IVl Vel Kk

noticing that vy := (v,1),/|o| = 0 since the modified Oswald interpolation operator of Section 4.2
preserves the means of p, over the sides and applying the generalized Friedrichs inequality (2.2).
Next, for each o € £k,

IN

IN

(ow-n, ) = (VW -N,0—@5)0 = ((V— Vo)W 1,0 — 05)s
~ hK
< Cwillv—vsllslle —¢olls < Cw ka7~ h IVl Vel k
(oa

where ¢, 1= (p,1),/|o], using that (vw-n, ¢,), = 0 since w - n and ¢, are constants and v, = 0,
and finally applying the generalized Friedrichs inequality (2.3). Thus, applying the above estimate
to each of the sides of K,

(V- (W), 0) k| < Cw chiCa i |Vl [Vl i
with Cy i given by (4.4). This implies an alternative estimate

(SVu, V) + (V- (vw), )k + (rv,0) K
< (Cs.x + Cw.khkCar) [Vl Vol k + [rllvlix el x
Csxk  CwirhrCix TK
(( " ) Vol + Q||v||K) Il ellx
v/ CS,K VCS,K v Cw,r, K

for each K € 7j,. Hence using the definition of Tnc(y) in Lemma 7.1, that of B(-,-) by (2.6), the
Cauchy-Schwarz inequality, and the inequality (a + b)? < 2(a? + b?),

<

. CS,K Cw,K 2 2 C\?v,r,K 2
Tvo(p) < {3 min{2 (2 4 2w ) gy 2wy 2 (72)
KeT, \/ S, K \/ w,r, K w,T,
1
Cskx | CwrhxCax’ 2 e |
2 + Vol +2 [oll% e llle -
v/ CS,K v/ CS,K Cw,r, K

Adding the term |[||v]||q, using once more the inequality (a + b)? < 2(a? + b?), and noticing the
definition of (x by (4.5) concludes the proof. O
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Lemma 7.4 (Upwinding estimate). There holds

sup Tu(p) < {Z 773} :

P€HG (), llello=1
where 1, is given by (4.7).

PrROOF:
We have, for an arbitrary ¢ € HE (),

Tu(yp) = Z <(]/?\UK,L - ﬁUK,L)W R LT QDL>0K,L + Z ((Po = Pox )W - 1, 0K oy

ok, EEM o EEPE

using that w - n is constant on each o € &, and Lemma 6.1. Let ox € S,ilnt and let us put
Pog,, = (o, 1>0K,L/|UK,L|- Then

ok — SDLHJK,L < llex — SDJK,LHUK,L + ller — SDJK,LHUK,L

{ Cr.ahm
(

2
<
< max d—1)/<;Mcs,M} (e Mllz + el )

M={K,L}

by the triangle inequality and the first estimate of Lemma 9.2 from Section 9 below. At the same
time,

1 2
- (o < o o S )
lox = erllan < lexlows +ILlo.. M“i%@fL}{u_nthcw,r,M} (e e + 1l ell)

using the triangle inequality and the second estimate of Lemma 9.2. Similar estimates on ||¢x ||ox
for o € E* follow directly from Lemma 9.2 using that ¢,, =0 by ¢ € H&(Q) Hence

Toly) < U%{H(ﬁa— - ﬁgejg el |
{Zu ~ oW num“} {Z ) 2|||so|uK} {Zni}%lllwlllﬂ

o€}, o€e&, K;0€lk o€l

with m, and 7, given respectively by (4.6) and (4.7), using the Cauchy—Schwarz inequality, the
inequality (a+ b)? < 2a% + 2b? and the fact that each side is shared by at most two simplices, and
the fact that each simplex has exactly d + 1 sides. [J

Lemmas 7.1-7.4 together prove Theorems 4.2—4.3.

7.2 Proofs of the efficiency of the estimates

Lemma 7.5 (Efficiency of the residual estimator). Let K € T}, and let ng be the residual estimator
given by (4.2). There holds

- Cskg C i
nic < Ca ll o= llx {( L9 W—K) +mm{PeK,gK}} |
CS K Cw,r, K

where Peg and o are given by (4.3) and where the constant Co is independent of hyi, S, w,
and r.
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PROOF:

The proof follows the one given in [37]. Let ¢ i by the bubble function on K, given as the product
of the d 4+ 1 linear functions that take the value 1 at one vertex of K and vanish at the other
vertices, and let us denote v := (f +V-SgVpp — V- (ppw) — rpp) (note that v is a polynomial in
K). Then an appropriate modification of [37, Lemma 3.3] gives

(Ua wK/U)K 3

[0l

cllllf <
[¥rolx <

hi 1 7!
< Cmi
el < Cmin{ b el

with the constants ¢ and C' depending on the polynomial degree k of f, d, and i but independent
of hie, S, w, and r. Next, we immediately have (cf. the proof of Lemma 7.1)

B(p — pr, ¥xv) = (v, Vxv) K

and, using (2.10),

CW,K

VCS, K

CS,K + CW,T,K

S, K Cw,r, K

B(p = pn, ¥rv) < < > 1P = Pn [l lxo e + Il = b & [[¢rvllx -

Combining the above estimates, one comes to

_ Csxk  Cwrk . hx 1 1 Owk
ol < o=l ol § (S22 + S22 ) omin { 2 g Gt
CS K Cw,r,K VCS, K +/Cw,rK \/CS, K
Considering the definition of nx by (4.2) and of Pex and ox by (4.3) concludes the proof. [J

Lemma 7.6 (Efficiency of the nonconformity estimator). Let K € 7, and let (x be the noncon-
formity estimator given by (4.5). There holds

a . h?
(2 < Cymind ——% 4 min .ﬁ*’K ; ﬁ’f’K K ;
min cs.j, min  Cewr [, min cs.j,
L;LNK#0 L;iLNK#) L;:LNK#)
2
K : B k¢ Bk i _ o
- -+ min : ) . Z llp = Bn Iz
min cs.J, min  Cw.r. L, min cs.r,
LiLNK#) LiLNK#) 77 L;LNK#) L;LNK#0
: 2
+Cymax{fon, By} i S p—sillf,
ShGPQ(Th)ﬂHO (Q) L'LﬂK;ﬁ@

where the constants oy i, Ber, ox i, and Bu i, K € Ty, are defined in Section 4.3 and where
the constant Cs only depends on the space dimension d and on the shape reqularity parameter k.

PROOF:

Throughout this proof, let C' denote a constant only depending on d and on k7, not necessarily
the same at each occurrence. We first show that

Il Bn — Tno (Br) 2 ¢ < C(Oé*,K Yo hMBRIE + B Y ha”@h]”i) : (7.3)

o;0NK#() o;0NK )
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The first part of the estimate follows directly from Lemma 4.1 and the definition of ||| - |||+ x. To
estimate By i ||[prn —Zmo(Pr)||%, we notice that the means of pj, — Inio(pr) over all sides of a simplex
K € T;, are by the construction of the modified Oswald interpolation operator equal to 0. Hence

1Br — Ino(Br) 17 < Crahk ||V (Br — Tno (Bn)) |1 %

by the generalized Friedrichs inequality (2.2). The fact that hg/hy for K N o # () only depends
on k7, which will be used in the sequel as well, and another use of Lemma 4.1 proves the second
part of the estimate.

We will next use the inequality

_1
he 2 Bulle <C > IVBL — @)L
Lio€e&y,
established in [2, Theorem 10] for an arbitrary ¢ € H{ (). This inequality implies that

N hytt N
RIBR]IIZ < C Z es,LlIV(Brn — )7, (7.4)

ming,.qeg; Cs,L Liocts

where we put v = —1,1. Next, for an arbitrary s, € Po(7;) N H (),

1
el < heC > VG —sn)lle <C > holV@En —sn)lle <C > lpn — snlle

Lioe&y, L;oe&y, Lioe&y,
< C Y pn—plle+C D llp—sule,
Lio€&r, Lioe&y,

using the inverse inequality given by [13, Theorem 3.2.6] and the triangle inequality. Hence

1 )
Yo cwrrlBn—pl2+C Y lp—silli (7.5)

mingy,. c
Lioe&r, Cw,r,L Licesy, Lio€e&y,

hollBnlll; < ©

holds as well, which gives a sense when all ¢y, 1, for L such that ¢ € £, are nonzero. Combining
estimates (7.3)—(7.5) while estimating miny,.,cg, pr, for a side o such that o N K # () from below

by ming, ;~x gz concludes the proof for |||pn, — o (Pn) |||+, x - The proof for [||pn — o (Pn) Il 4, x
is completely similar. [J

Lemma 7.7 ((Non)efficiency of the upwinding estimator). Let n,, o € &, be the upwinding
estimators given by (4.7). Then

2 1 W s Cor
Z n? < Cy max g, max Jx ming o Z . 7HfHQC ;
€& 7= " KeTy, won K 5,8

where 05, 0K, and cgqo are given by (4.8), Cpr is the constant from the discrete Friedrichs in-
equality (2.5), and where the constant Cy only depends on the space dimension d and on the shape
reqularity parameter K.

PROOF:

Using the definition of p, for o € £ by (3.4), the fact that 0 < v, < 1/2, and the estimate (9.2)
from Lemma 9.2 below, we have

195 = Polle < (1 = vo)(px = Po) + vo(pL — Po)llo

1
Cr ahk 2 B _
< R AT (v %
— KI,I;EEL?K{(C[— I)HK} (H thK+ || thL)

23



for suitable denotation K, L of the two elements sharing . For o € £5**, a similar estimate holds.
Hence, for o € £,

9 Cr.q 2 112 min hx maxhyx maxcs g
ny < 4(d+1)| —= | max{ — p min - . —,
d—1 max cs, ¢ minhx mincs g

1 Max Cw K

} min{Cw,K}2 min hg mz.ix e
m

min g Max Cw,r, x MiN Cy r K inhg

Cra\> 1 \? (maxhg\? max Cw,r, K
4(d+1) (d—71> max{—} < ) ngin{min{PeK}Q,min{QK}zi”}

KK min hg min cw . K

(IVBrll% + IVBrlL)

IN

(cs, i |Vl % + e, VDnll7) ,

where, if the minimum or maximum is not specified, it is understood over {K;o € £k}, i.e. over
the two elements sharing o. This estimate holds true for o € £** as well. The assertion of the
lemma follows by observing that max hx / min hg for neighboring elements only depends on k7,
that each simplex has (d 4 1) sides, and reordering the sum over sides to a sum over elements, so
that the term >y 7 cs. k|| VPn|% appeared, and by estimating this term using Lemma 6.5. OJ

Lemmas 7.5-7.7 together prove Theorem 4.4.

8 Numerical experiments

We test our a posteriori error estimates on two model problems in this section. The first problem
contains a strongly inhomogeneous diffusion—dispersion tensor and the second one is convection-
dominated. In both cases, the analytical solution is known.

8.1 Model problem with strongly inhomogeneous diffusion—dispersion tensor

This model problem is taken from [34, 18] and is motivated by the fact that in real applications,
the diffusion—dispersion tensor S may be discontinuous and strongly inhomogeneous. We consider
in particular Q@ = (—1,1) x (—1,1) and the equation (1.1a) with w = 0, » = 0, and f = 0. We
suppose that Q is divided into four subdomains €2; corresponding to the axis quadrants (in the
counterclockwise direction) and that S is constant and equal to s; Id in §2;. Under such conditions,
analytical solution writing

p(r,0) = r%(a; sin(ad) + b; cos(ah))

in each Q; can be found. Here (r,0) are the polar coordinates in €, a; and b; are constants
depending on €2;, and « is a parameter. This solution is continuous across the interfaces but only
the normal component of its flux u = —SVp is continuous; it finally exhibits a singularity in the
origin. We assume Dirichlet boundary conditions given by this solution and consider two different
sets of the coefficients:

a = 0.53544095 o = 0.12690207
a; = 0.44721360 b= 1 ap = 0.1 b= 1
az = —0.74535599 by = 2.33333333 az = —9.60396040 by = 2.96039604
a3z = —0.94411759 bs = 0.55555556 a3z = —0.48035487 bs = —0.88275659
aq = —2.40170264 by = —0.48148148 a4 = 7.70156488 by = —6.45646175 .
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Figure 1: Estimated (left) and real (right) error distribution, a@ = 0.53544095 (the maximum is
attained at the origin)

y -1 - X

Figure 2: Approximate solution and the corresponding adaptively refined mesh, o = 0.12690207

In the first case, s1 = s3 = 5, s9 = s4 = 1, whereas in the second one, s1 = s3 = 100,
s9 = s4 = 1. The original grid consisted of 24 right-angled triangles and we have refined it either
uniformly (up to 5 refinements) or adaptively on the basis of our estimator. In the latter case,
we refine each element where the estimated ||| - |||q-error is greater than the half of the maximum
of the estimators regularly into four sub-elements and than use the “longest edge” refinement to
recover an admissible mesh. The estimate (5.3) for pure diffusion problems was used. In fact, in
the given case, the residual estimators nx (5.4) are zero for each K € 7}, (recall that this would
be the case for general piecewise constant f, cf. Section 5.4), and hence the a posteriori error
estimate is entirely given by the nonconformity estimators (x (5.5).

We give in Figure 1 an example of our a posteriori estimate on the error and its distribution
and the actual error and its distribution on an adaptively refined mesh for the first test case. We
can see that the predicted distribution is excellent and that in particular even in this case where
the solution is smoother, the singularity is well recognized. Next, Figure 2 gives an example of the
approximate solution on an adaptively refined mesh and this mesh in the second test case. Here,
the singularity is much more important and consequently the grid is highly refined around the
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Figure 3: Estimated and real error against the number of elements in uniformly /adaptively refined
meshes for a = 0.53544095 (left) and o = 0.12690207 (right)
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Figure 4: Overall efficiency of the a posteriori error estimates against the number of elements in
uniformly /adaptively refined meshes for o = 0.53544095 (left) and a = 0.12690207 (right)

origin (for an adaptively refined grid of 1800 triangles, the diameter of the smallest triangles near
the origin is 10716 and 73% of the triangles are contained in the circle of radius 0.1). Figure 3 then
reports the estimated and actual errors of the numerical solutions on uniformly/adaptively refined
grids in the two test cases. The energy norm (2.7) was approximated with a 7-point quadrature
formula in each triangle. It can be seen from these plots that one can substantially reduce the
number of unknowns necessary to attain the prescribed precision using the derived a posteriori
error estimates and adaptively refined grids. Finally, we can see in Figure 4 the efficiency plots for
the two cases, giving the ratio of the estimated || - |||q-error to the real ||| - [[|-error. This quantity
simply expresses how many times we have overestimated the actual error—recall that there are
no undetermined multiplicative constants in our estimates. These plots show that our estimator
is almost asymptotically exact, and this even for the cases with strong inhomogeneities. Recall
that we are able to prove this property theoretically for the alternative form of the nonconformity
estimate, cf. Section 5.3. In the present case, instead of evaluating the infimum (5.2), we simply
use an interpolate (the modified Oswald one, cf. Section 4.2), but it shows to be sufficient.

26



10° £ T T T T T 0 6.5 T T T T T
F —e— error uniform A \ —— efficiency uniform \
F —a— estimate uniform [
L ] 61— —
1 L —
107" - 55
5] C 3 >
5 I 1 8
5 1 3 5 N
b | ] &
i}
107 - 45 —
L ] 4 —
-3 ‘ ‘ ‘ | Lol 1 1 \\HH‘ | | \\HH‘ | | \\HH‘ | Lol
10 | Lo Ll | Lol | Lol 35
10' 10° 10° 10* 10° 10’ 10° 10° 10* 10°
Number of triangles Number of triangles

Figure 5: Estimated and real error (left) and overall efficiency (right) against the number of
elements, e =1, a =0.5

8.2 Convection-dominated model problem

This problem is a modification of a problem considered in [20]. We put Q@ = (0,1) x (0,1),
w = (0,1), and » = 1 in (1.1a) and consider three cases with S = ¢ I'd and ¢ equal to, respectively,
1, 1072, and 10~%. The right-hand side term f, Neumann boundary conditions on the upper side,
and Dirichlet boundary conditions elsewhere are chosen such that the solution was

p(z,y) = 0.5 (1 - tanh<0'5 - x)) .

a

This solution is in fact one-dimensional and possesses an internal layer of width a which we set,
respectively, equal to 0.5, 0.05, and 0.02. We start the computations from an unstructured grid of
) consisting of 46 triangles and refine it either uniformly (up to 5 refinements) or adaptively. We
use the scheme described in Section 5.5.

For ¢ = 1 and a = 0.5 (diffusion-dominated regime), our estimator reproduced very precisely
the distribution of the error. Estimated and actual errors in the energy norm (2.7) as well as the
efficiency are reported in Figure 5. For ¢ = 1072 and a = 0.05 (convection-dominated regime on
coarse meshes and diffusion-dominated regime with progressive refinement), still the distribution
of the error is predicted very well, cf. Figure 6. Note in particular the correct localization of the
error away from the center of the shock, as well as the sensitivity of our estimator to the shape
of the elements. Next, an example of an adaptively refined mesh for ¢ = 10™* and a = 0.02 is
given in Figure 7. For the two last test cases, the estimated and real errors are plotted against
the number of elements in uniformly/adaptively refined meshes in Figure 8. Again, one can see
that we can substantially reduce the number of unknowns necessary to attain the prescribed
precision using the derived a posteriori error estimates and adaptively refined grids. For the
given examples, our estimator tends to slightly overestimate the error in the shock region in the
strongly convection-dominated regime, in great part thanks to the upwinding estimator. Once
the local Péclet number (4.3) gets smaller than 2, the upwinding estimator disappears (thanks to
using the combination of the centered and upwind-weighted schemes, cf. Section 5.5), and the
biggest part of the estimated error passes to the nonconformity estimator, which itself is again
asymptotically almost optimal (the residual estimator is only significant on rough grids). The
efficiency for ¢ = 1072 and a = 0.05 and the finest grids is approximately 20 (and continues to
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Figure 7: Approximate solution and the corresponding adaptively refined mesh, ¢ = 1074, a = 0.02
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Figure 8: Estimated and real error against the number of elements in uniformly/adaptively refined
meshes for ¢ = 1072, a = 0.05 (left) and ¢ = 1074, a = 0.02 (right)
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decrease), whereas the efficiency for ¢ = 107 and @ = 0.02 only starts to decrease for the finest
adaptively refined grids, where it is roughly equal to 320, as the elements in the shock region start
to leave the convection-dominated regime.

9 Auxiliary results

We give in this section several auxiliary results that were needed in the paper.

Lemma 9.1. Let K € Ty, let o € H'(K), and let o be the mean of ¢ over K given by px =
S pdx/|K|. Then

) h? 2
e — ¢k [i < min{ C . b Il 7

) ’ CW7T7
PROOF:
The Poincaré inequality (2.1) and the definition of ||| - ||| x by (2.7) imply

h2
le — i < Cohk Vel < CPCS—KK e ll% - (9.1)
Next, the estimate
2
le — ek < 2lellik < —— ll@ll%
CW7T‘7

follows from the triangle and Cauchy—Schwarz inequalities and the definition of ||| - ||| x by (2.7). O

Lemma 9.2. Let K € T, let o € HY(K), and let o be the mean of ¢ over K given by pk =
[r 0 dx/|K| and g be the mean of ¢ over o € Ex given by ¢, = [ @dy(x)/|o|, respectively.

Then .
Cr.ahk }5
— Vollo S - -z -
low = ol < { et gl
and .
1 2
< .
lewle < { G| el
PROOF:
We have
o] ) 2 C 3
1 o F.d
lex = ¢olloe = lox — wollo]? < hi {CF,dﬁ} IVelx < hk {m} IVelx, (9.2)

using the generalized Friedrichs inequality (2.2), the fact that |o| < h%!/(d—1), and the definition
of kK from Assumption (A). Using the definition of ||| - ||| x by (2.7) concludes the proof of the first
estimate.

For the second estimate, we have

o]

1 ; L
= 2 < - <=
lowll = lewliolt <ol {1z b < { o ol

by virtue of o] < h%1/(d — 1) and of the definition of xx from Assumption (A). Using the
definition of ||| - [[[x by (2.7) concludes the proof of the second estimate. [J
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