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Abstract

This paper studies the existence of competitive market equilibrium under asym-
metric information. There are two agents involved in the trading of the risky asset:
an “informed” trader and an “ordinary” trader. The market is competitive and the
ordinary agent can infer the insider information from the risky asset’s price dynamics.
The definition of market equilibrium is based on the law of supply-demand as described
by a Rational Expectations Equilibrium of the Grossman and Stiglitz (1980) model.
We show that equilibrium can be attained by linear dynamics of an admissible price
process of the risky asset for a given linear supply dynamics.
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1 Introduction

In recent years, financial mathematicians have been focusing on the model of asymmetric
information. Asymmetric information arises when agents in the market do not have the
same information filtration. They generally make an assumption regarding the extra infor-
mation that is accessible uniquely by the “informed trader” or the “insider trader”. This
extra information could be, for example, the future liquidation price of the risky asset. Us-
ing the results of enlargement of filtration first developed by Jeulin and then Jacod, many
papers such as those of Pikovsky and Karatzas and Grorud and Pontier focused on solving
utility maximisation problems in a security market where two investors have different in-
formation levels. In these papers, the security prices are assumed to evolve according to an
exogenous diffusion. In Hillairet [6], different types of asymmetric information, including
“initial strong”, “progressive strong” and “weak” information are studied. However, the
drawback of the above models is that “ordinary” or “uninformed” agents cannot infer the
insider information.

On the other hand, in Kyle [7] and Back [1], the market is competitive and the ordinary
agents can obtain feedbacks from the market regarding the insider information. There
have also been several other studies, published in the economic literature, on the impact
of asymmetric information on stock price. The first such paper is the seminal paper of
Grossman-Stiglitz [5], followed by those of Glosten-Milgrom [3]. In [2], we may find a very
insightful survey of the literature on these areas, including those cited above. In [5], the
agents are competitive and market is Walrasian, ie. price equals supply and demand. The
only exogenous part of this model may come from irrational traders, often called noise
traders. In [2], the objective is to analyse the price formation in a dynamic version of
Grossman and Stilglitz model where the stochastic control techniques can be used.

In the same framework, in our paper, we consider a financial market consisting of two
traders, an “ordinary” agent and an “informed” agent and noise traders. While the ordinary
agent can only observe the risky asset’s price dynamics, the “informed” agent has also access
to the total supply of the risky asset. As in Back [1], based on the observation of risky
asset’s price dynamics, “the ordinary” agent can infer the additional information of the
“informed” agent. The purpose of the study is to see whether an equilibrium condition can
be attained by linear dynamics of an admissible price process of the risky asset for a given
linear supply dynamics. Like in the Grossman-Stiglitz model, the market is Walsarian, ie.
the agents involved in the market are competitive agents.

Our studies show that the existence of linear competitive market equilibrium under
asymmetric information is directly related to the existence of solution to some associated
nonlinear equations. Indeed, the equilibrium condition can be explicitly expressed in the
form of a system of nonlinear equations. However, we may not determine whether the
associated system of nonlinear equations leads to a nonempty set of solution. We never-
theless find that in the particular case where the total supply is a Brownian motion, the
equilibrium can be reached and we explicitly obtain the linear dynamics of an admissible
price process.



The plan of the paper is organised as follows. We define the model and the equilib-
rium condition in the first section, while in the second section, we use stochastic control
techniques and filtering theory to solve agents’ CARA optimisation problem and then de-
termine their optimal trading portfolio. In the third and fourth sections, we express the
characterisation of a potential equilibrium price and explicitly calculate the linear dynamics
of an admissible price process in the particular case where the total supply dynamics is a
Brownian motion.

2 The model

We consider a financial market with a risky stock and a risk-free bond. The risk-free interest
rate is assumed to be zero. We are given a standard Brownian motion, W=(W})sc[o,1) on
a filtered probability space (2, F,F = (F)icpo,1, P) satisfying the usual conditions. 7' is a
fixed time at which all transactions are liquidated.

2.1 Information and agents
There are two rational competitive traders:

e The first one is an “informed” trader (insider trader), agent I, whose information is
described by the filtration, F, as he can observe both the risky asset price S = (S})
and the total supply of the risky asset Z = (Z;). He has a constant absolute risk
aversion (CARA) with coefficient n, > 0, ie. his utility function is equal to U, (v) =

- eXP(—ﬁzv)‘

e The second trader is an ordinary economic agent, agent O, whose information is only
given by the price observation. We denote by F” the structure of his filtration. He
also has a constant absolute risk-aversion (CARA) with coefficient 7, > 0, i.e. his
utility function is in the form : U, (v) = —exp(—n,v).

We assume that the supply Z of the risky asset is a gaussian process, governed by the s.d.e:
dZ;y = (a(t)Zy + b(t)) dt +~y(t)dWr, Zo =z €R (2.1)

where a, b, and « are deterministic continuous functions from [0, 7] into R.

2.2 Admissible price function

The purpose of this study is to find out whether an equilibrium condition can be attained
by linear admissible price processes of the risky asset for a given linear supply dynamics as
defined in (2.1). An admissible price process under is a process in the form of :

dS, = S, [(a(t)Z, + B(t))dt +o(t)dW;], 0<t<T (2.2)

where « and (3 are continuous functions from [0,7] into R, and o a continuous function
from [0, 7] into R%. We define S as the set of admissible price processes of risky asset.

The purpose is therefore to determine all set of functions (a, 3, 0), ie. admissible price
processes, satisfying an equilibrium condition.



2.3 Equilibrium

Given an admissible price process S, a trading strategy for the “informed” agent (resp.
the ordinary agent) is a F (resp. FO)—predictable process X integrable with respect to S.
X = (X}) represents here the amount invested in the stocks at time ¢. We denote by A(F)
(resp. A(FO)) this set of trading strategies, X = (X;)o<t<7, which satisfy the integrability
criteria:

T
/0 |X¢|?dt < 00, Pa.s. (2.3)

Each rational agent’s goal, with its own filtration, is to maximize his expected utility
from terminal wealth. We now formulate the definition of market equilibrium based on the
law of supply-demand as described by a Rational Expectations Equilibrium of the Grossman
and Stiglitz model.

Definition 2.1 A market equilibrium is a pair (XI, Xo) and an element S € S such that :

(i) X" is the solution of the insider agent’s optimization problem :

T d At
UI 'UI +/ Xt = y
0 St
where v, € R s the initial capital of the insider.
(ii) X7 is the solution of the ordinary agent’s optimization problem :

T N
(o 28]
0 St

where v, € R is the initial capital of the ordinary agent.

max [E
XeA(F)

max E
X€A(FO)

(iii) the market clearing conditions hold :

XI+X, = Z, 0<t<T.

A~

If (XI,XO, 5’) is @ market equilibrium, then we say that S is an equilibrium pricing rule.

3 CARA utility maximisation

In this section, we determine the optimal trading portfolio of the ordinary and insider
agents.
3.1 “Informed” agent’s optimisation problem
Given an admissible price process S, the self-financed wealth process of the investor with
a trading portfolio X € A(F) has a dynamics given by :

dV, = Xi\—



The investor with initial wealth v, and constant risk aversion 7, > 0 has to solve the
optimization problem :

J(v;) = sup E[—exp(-nVr)]. (3.1)
XEA(F)

We consider the related dynamic optimization problem : for all (t,v,z) € [0,7] x R x R,

J, (t,v,z) = sup E[—exp(—n,Vr)|Vi=v,2Z; = 7], (3.2)
XeA(F)

so that
\71(”1) = ‘]I(Ovvnzo)'

The nonlinear dynamic programming equation associated to the stochastic control problem
(3.2) is :

oJ
L(t,v,2) +sup L, (t,v,2) = 0, (3.3)
ot z€eR
together with the terminal condition J,(T,v,z) = —exp(—n,v). Here £* is the second

order linear differential operator associated to the diffusion (V, Z) for the constant control
X=uz:

01 1 5 20, 02J LT

1 I
0z 27 7 ov? +ao

aJ 1
x _ I 9
£, = aloz+Blg L+ az + 1] Tovaz 27 a2

We make the logarithm transformation:

J, (t,v,z) = —exp[—n,v — ¢(t, 2)].

Then the Bellman equation (3.3) becomes:

o 1 o6 |2
G +Lzotsup na(az +8) — 5 mao 4G [ =0 (3.4)
together with the terminal condition :
¢(Ta Z) = 0, (35)

Here L7 is the second order linear operator associated to the diffusion Z :

0¢ 1 ,0?
Lz = (az—l—b)a—f+§72a—;§.

The maximum in (3.4) is attained for :

z(t, z)

Substituting into (3.4) gives :

0 1
¢+Ez¢+2<a2+ﬂ—afy
20

oo\* 1, 9¢
ot >_ 8z

9z
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0
This is a semi-linear equation for ¢ but with a quadratic term in 874) We are therefore
z

looking for a quadratic solution :
1 2
¢(t, Z) = ipl(t)z +Q1(t)Z+XI(t)

where P,, (),, and x, are deterministic functions valued in R. By substituting and cancelling
quadratic terms in z, we see that (3.7) holds iff P,, ), and x, satisfy:

_ yo @
0 = PI—|—2[a—U}PI+U2 (3.8)
P] (T) = 07
0 = Q,+ [a—%] Ql—i—g[a—’yaPI]—i—bPl (3.9)
QI(T) - 07
. 52 VB 1 5
0 = XI+W+|:_J:|QI+2’7PI (310)
X1 (T) = 0.
By solving these differential equations, we obtain:
T o
P,(t) = exp [Q/t <a - 7) (u)du} (3.11)
T 2 T
/t %(s) exp [2/8 (a - %) (u)du] ds,
T
Q,(t) = exp [/t (a — %) (u)du] (3.12)
T T
/t [:é(a — P yo) + ij} (s)exp {/S (a — E) (u)du} ds,
s s 1
x,(t) = /t 292 + [b - C;] Q, + 272]31] (u)du. (3.13)

The main result of this section can then be stated as follows:

Theorem 3.1 The value function for problem (3.2) is equal to:

Hitw) = e (o= 3P0 - Q02 - x,0).

where P,, Q, and x, are expressed in (3.11), (3.12), and (3.13). Moreover, the optimal
trading portfolio for problem (3.2) is given by XtI =z,(t,2;), 0 <t <T, where z,(t, z) is



defined on [0,T] x R by :

B(t2) = @)+ H,0), (3.14)
1
B,(0) = g (al) =P, 0). (3.15)
1
H ) = e (30~ o000, 0). (3.16)
Proof. See Appendix 1. O

3.2 Ordinary agent’s optimisation problem

We now focus on the ordinary agent’s optimisation problem. To do so, we need to decom-
pose the price process (S¢); in its own filtration F° = (.7-}0 )telo,r], Which is generated by
the price process, fto =0(Ss, s <t).

Let us define:
Z, = E<Zt|~7:to>>
rt) = E [(Zt - Zt)ﬂ .

From Kalman Bucy filter results (see Theorem 10.3 in [8]), Z; and Ty are solution of the
systems of equations:

dZ; = [a(t)Z, + b(t)]dt + Uét)[a(t)y(t) +a®TE)])dW;, (3.17)

070 + O OF +7() (3.18)

where W° a (P, ]P‘O)—Brownian motion, the so-called innovation process.

I(t) = 2a(t)L(t) —

We may obtain the expression of I'(¢) by solving the Riccati equation (3.18) (See [9], page
4-7):

WP( Jy [20 ?““8} )

') = T(0) . (3.19)
Y(wa(u)
1+1(0) [} 0= < fo { u) + 2500 }du)ds
The dynamics of an admissible price process under (P, IFO) is then given by :
s, = 8, [(a(t)Zt + ﬂ(t)) dt + o(t)tho} . (3.20)

The equivalent optimisation problem for the ordinary agent with an initial wealth v, and
constant risk aversion 7, > 0 is :

Jo(v,) = sup  E[—exp(—n,Vr)]. (3.21)
XeAF)
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We consider the related dynamic optimization problem : for all (¢,v,2) € [0,7] x R x R,

J,(tv,z) = sup E[—exp(—n, V)| Vi =v,2Z; = 7], (3.22)
XeA(F?)
so that J,(v,) = J,(0,v,,2,)-
Using the same arguments as in Theorem 3.1, we obtain the following results for ordinary
agent:

Theorem 3.2 The optimal trading portfolio for problem (3.21) is given by Xf =2,(t,Zy),
0<t<T, where &,(t,z) is defined on [0,T] x R by :

Bo(t2) = B () +H, (1), (3.23)
1 _

e, t) = m (aft) - U(t)’Y(t)Po t), (3.24)
1 _

Ho (t) = 7700'2(t) (5(t) - U(t)’y(t)Qo (t))7 (3'25)

o(t)

I
@
=
o}
| ——|
)
a\
~
N
Q
|
=2
a3
S~
=

/tT :i P [2 /ST (“ - ?) (U)dU} (s)ds, (3.26)
2 = eo[ [ (a=22) ] [ [Sta-rr+ £

T Yo
exp [/ (a - 1) (u)du] (s)ds, (3.27)
with
() = U(lt)[ff(t)v(t) +a(t)I()]. (3.28)

4 Characterisation of the equilibrium price

In this section, we give a characterisation of a market equilibrium as defined in Definition
2.1. Using the optimal strategy of each agent determined in the previous section, we find
that the equilibrium condition can be explicitly expressed as a nonlinear system.

Theorem 4.1 The equilibrium condition is equivalent to the following nonlinear system of
at most three equations with three unknown variables, o, B, and o :

L B() — o WFQo ()] + - [3() - () Q0] = 0,
e [a(t) — o (D (1) P (1)] - - o, (4.1)
[a(t) — o(t)3(t) P, ()] Var(Z > S



Proof. The equilibrium pricing rule is given by
X, (t,Ze) + X, (t, Z) = Zy. (4.2)

To simplify the calculations, we assume w.l.o.g. that the gaussian process (Z; — Z, Zt) is
centered. The equilibrium (4.2) is equivalent to

E[X,(t, Z:) + X, (t, Z:)] = E[Z], 23)
Var [XI (t. Z0) + X, (t, Zt)] — Var(Z). '
Using (3.14) and (3.23), the equilibrium condition becomes:
Ho(t)"’_Hl(t) = 0,
(@, @) -re =0 (4.4)
(®,(t)+P,(t) —1)Var(Z;) = 0.
Since I'(t) > 0, the above equilibrium condition is also written as:
Hy(t) + H,(t) = 0,
(@, () -1 =0, (4.5)
o, (t)Var(Z;) = 0.

and the required results are obtained by substituting the expression of H,,H,, ®,, and ®,.
O

Remark 4.1 While the explicit expression of the equilibrium condition is in the form of a
nonlinear system, we do not know whether this system leads to a nonempty set of solution.
Recall that Q,, Q,, P,, P,, and ¥ are dependent on the unknown variables o, 3, and o,
see (3.11), (3.12), (3.26), and (3.27).

5 Equilibrium in the case: Z;, = W,
We take the particular case of Z; = Wiy, ie. a(t) = b(t) = 0 and y(t) = 1.

Proposition 5.1 In the case of Zy = Wy, the equilibrium is reached and the linear dynamics
of an admissible price process is given by

with
o = — |u = — — , :
ur 3y e
a(t) = o(t)u(d), (5.8)
where
wu(t) = % and pu,.is any arbitrary positive constant.



Remark 5.2 The equilibrium condition does not depend on the CARA coefficient of the
ordinary agent. In economic sense, this means that the “informed” agent defines his trading
strateqy in order to maximise his expected utility from terminal wealth and imposes his
optimal trading strategy upon the ordinary trader.

Proof of proposition 5.1. Let us set pu(t) = % From (3.28), (3.18), and (3.8), we

obtain :

7)) = L+ p(OL(),
O ~ L+ pOT ()P, (59)
0 2 Fortultf2u0 - pOTC) P

While (3.17) becomes:
dZ, = [1+ p@)TE)]dW, . (5.10)
Thus

Var(Z;) = /0 [1+ u(s)T(s))%ds. (5.11)

The equilibrium pricing rule becomes :

L [5() = (D1 + HOTO)Q, (0] + - [3) ~ ()@, (0] = 0. (5.12
1
0t = (L+ (T ()P, (0] Var(Z) = 0. (5.14)
The latter equation (5.14) allows us to obtain the expression of x(t). Indeed, it is equivalent
to:
plt) = (L+ pOI @) Po(t) = 0,
or (5.15)
1+ p(t)T(t) = 0.

By deriving any of the two above equations and using the relationship we had on I, and
PO, we obtain the same following equation for pu:

plt)
W2

t€0,T) (5.16)

As such,

1

u(t) = he o (T =1 (5.17)

which raises no problem of definition in the case of p, > 0.
From equation (5.12) and (5.13),we obtain the explicit expression of o and 3, and therefore
a.
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o(t)

at
At
p(t

where

)
) =
)

We check that when p, > 0, u and o are positive for t € [0,T].

Appendix 1

Proof of Theorem 3.1

We set:

Where P,, Q,, and x, are expressed as above [see(3.11), (3.12), (3.13)]

o(t, 2)
g(t,v,z)

By differentiating, we obtain:

99

99 _
ot

LRI04 Q,(0)z 4 x, (1)

-V = Qb(tv Z)

dg

dg

., 99 _ 99
at'ov . Moz o
L =—n(az+B)r—L,d

By applying Itd’s formula to g(t, Vi, Z;) for any X € A(F) between ¢t and T', we obtain :

g(Ta VT7 ZT)

ov

9(t, Vi, Zy) + /tT (

ot

g
a._ us Zu Bu
S (. Ve, Z,)d

9¢

ot
99

99 + EX“g> (w, Vi, Zy)du

Trp
g(t,vt,zm/ (
t

T )
+/ (P xo+(
t

- (=Xt - () Zutw) ) a,

T
g(t,Vt,Zt)—/ <8¢
t

ot
9¢

_ /T <nIXua(u) +(5,)(w, Zu)v(U)> dBy

11

1
+ Ly +n,Xu(0Z +8) -

Lyp—nX(aZ+ ﬂ)) (u, Zy)du

¢
771XU + 7&

2
) (u, Zy)du

(5.22)



We now consider the exponential local (P, F)-martingale for any X € A(F) :

& = eXp{—/tT <?71Xuo(u) + (gi)(u,zu)y(u)> dB,

_1/T ¢ [*
2 J;

1, X0 + 7&
From PDE (3.4) satisfied by ¢, relation (5.22) yields for all X € A(F) :

(u, Zu)du.} .

(T Zr) 2 e o011 20) S (5.23
Since g(T, v, z) = —n,v and &% is a (P, F)-supermartingale, we obtain by taking conditional
expectation in the previous inequality :
E[—exp (—n,Vr)|Vi=0v,Y: =y] < —exp(g(t,v,2)),
for all X € A(F) and so :
Jr(t,v,z) < —exp(g(t,v,z)). (5.24)

Consider now the control strategy X; = #(t, Z;), 0 <t < T, where # is defined in (3.6)
or more explicitly in (3.14). Then, we clearly have X € A(F), and we have now equality in
(5.23) since Z attains the supremum in the PDE (3.4) :

%
exp (9(T, Vi, Zr)) = exp(g(t,vt,zt».? (5.25)
Observe that :
UIXuU(U)+($)(UaZu)7(U) = Zu(n,®(u)o(u) + P, (u)y(u)) +

n H(uwo(u) + Q, (u)y(u).

Since Z is a Gaussian process, it follows that for some § > 0, we have :

2
exp ((5 (u, Zu))

Therefore by Liptser, Shiryaev (1977, p.220), EX is a (P,F)-martingale and so by taking
conditional expectation in (5.25), we have :

9¢

E nIXua—i-’y&

< ©o0.

E[—exp (_771VT)| Vi=wv,Zy = Z] = —exp (g(t,v,z)),

for the wealth process V' controlled by the trading portfolio X. This last equality combined
with (5.24) ends the proof. O
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