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A multilayered piezoelectric shell theory

Claire Ossadzow-David **, Maurice Touratier
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This paper presents a two-dimensional theory for the analysis of piezoelectric shells. The theory is based on an hybrid approach in
which the continuity conditions for both mechanical and electric unknowns at layer interfaces as well as the imposed conditions on
the bounding surfaces and at the interfaces are independently satisfied. Then, the piezoelectric boundary-value problem is stated
using such kind of mechanical displacements and electrostatic potential, in conjunction with the coupled piezoelectric constitutive
law. The accuracy of the proposed theory is assessed through investigation of significant problems, for which an exact three-

dimensional solution is known.
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1. Introduction

The development of the so-called ““‘smart-structures™,
e.g., made of piezoelectric composites, require nowadays
more and more precision in their design and sizing. The
importance of efficient models has, so far, led to nu-
merous theories.

The modeling of piezoelectric shells mostly concerns
cases attached to specific geometries (cylindrical and
spherical): Toupin [1] studied the static response of a
radially polarized spherical piezoelectric shell; Adelman
and Stavsky [2,3] examined cases involving hollow pie-
zoelectric cylinders. Sun and Chen [4] and Karlash [5]
studied wave propagation in layered piezoelectric cyl-
inders; Paul et al. [6,7] examined free vibration prob-
lems. Siao et al. [8] proposed a semi-analytic model for
layered piezoelectric cylinders taking into account a
layerwise behavior of the composite.

Analytic solutions for laminated piezoelectric cylin-
ders were proposed by Mitchell et al. [9], Xu and Noor
[10], Heyliger [11] and Dumir et al. [12].

Drumheller and Kalnins [13] used classical shell the-
ory for free vibrations of shells of revolution. Haskins
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and Kalnins [14] proposed the development of electrical
and mechanical quantities as expansions of the thickness
variable. Tzou and Garde [15] used the Kirchhoff-Love
hypothesis to derive the governing equations for thin
shells, but did not take into account the charge equa-
tion. It was done by Tzou and Zhong [16], this time with
a shear-deformation theory. Other piezoelectric shell
models and finite element approximations, based on
single-layer models, were also developed by Tzou [17].
A Reissner-Mindlin shear-deformation shell finite
element with surface bonded piezoelectric layers was
developed by Lammering [18]. Koconis et al. [19] used
a Ritz method for three-layered shells with embedded
piezoelectric actuators.

Tzou and Yee [20] proposed a coupled theory where
the piezoelectric shells are considered as a layerwise as-
sembly of curvilinear solid piezoelectric triangular ele-
ments. Heyliger et al. [21] developed a finite-element for
laminated piezoelectric shells. Saravanos [22] used a
coupled mixed theory for curvilinear composite piezo-
electric laminates with the first-order shear deformation
theory hypothesis and a layerwise approximation of the
electrostatic potential, along with the corresponding fi-
nite element for piezoelectric shells.

We propose here a new two-dimensional theory for
the modeling of deep multilayered piezoelectric shells. It



Nomenclature

Vv space occupied by the shell

h total thickness of the shell

R radius of curvature of the shell

S top surface of the shell

So bottom surface of the shell

S; interface between the ith and (i + 1)th layer

A lateral surface of the shell

(x,,x,,z) Cartesian coordinate system of the shell

z; distance between S, and S;

Zig, distance between S, and the midsurface of the

. ith layer

C,E’f components of the elastic stiffness tensor of
the ith layer

Sk shear-strains

! derivation with respect to the thickness co-
ordinate z

@ electrostatic potential

extends our previous works on plates and shells [23,24]
to piezoelectricity by combining our previous equivalent
single-layer approach for the displacement field, with
quadratic variations of the electrostatic potential
through the piezoelectric layers. Both quantities are
automatically continued at layer interfaces. In addition,
transverse shear stresses as well as the electric displace-
ment are independently continued, using at the first
stage uncoupled constitutive law for those two fields.
Refinements of the shear and membrane terms are taken
into account, in the displacement field, by means of
trigonometric functions. Moreover, we allow values for
the electrostatic potential to be imposed either on the
top and bottom surfaces of the structure, or at layer
interfaces.

Finally, the piezoelectric boundary-value problem is
constructed using the consistent coupled constitutive
law, in conjunction with the above displacements and
electrostatic potential fields. The proposed piezoelectric
shell model is evaluated for significant problems, for
which the exact three-dimensional solution is known [12].

2. The piezoelectric shell model
2.1. Geometric considerations for shells

We consider an undeformed laminated shell of con-
stant thickness 4, consisting of an arrangement of a fi-
nite number N of piezoelectric layers (see Fig. 1). The
space occupied by the shell will be denoted V. The
boundary of the shell is the reunion of the upper surface
Sy, the lower surface Sy, and the edge faces 4.

The interface between the ith and (i + 1)th layer is
denoted by S;, the distance between Sy and S, 1, z;.

¢'B(x,, 1) electrostatic potential on S,

@V *1B(x,, 1) electrostatic potential on S},

¢™B(x,,t) electrostatic potential on S;

¢ (x,,t) electrostatic potential on S;;,

e™(x,, 1) electrostatic potential on the midsurface of
the ith layer

E, components of the electric field

Dy components of the electric displacement

e,(f,) components of the rotated piezoelectric ten-

‘ sor of the ith layer

,s,i’,) components of the dielectric tensor of the ith
layer

o mass density

0 variational operator
differentiation with respect to time ¢

£ permittivity of vacuum (g = 8.85 x 1072 F/m)

The reference surface coincides with the bottom sur-
face of the shell Sy.

In this paper, the Einsteinian summation convention
applies to repeated indices, where Latin indices range
from 1 to 3 while Greek indices range from 1 to 2.

The Cartesian coordinate system of the shell will be
denoted by (x;,x2,z).

A point M out of the reference surface being given, let
us denote P the point of the reference surface closest to
M. Covariant base vectors (d,), (g;) and contravariant
base vectors (@), (') in the undeformed state of the
shell are introduced such as:

- - aNad R N
Zl’a:P,a, a3:#, (al/\a2>-a3>0,
@ na
= / P P - Sy = o (1)
g&=M,; (gl/\gz) &3>0, a -dg=0p
=, T g—g &=
Differentiation with respect to x; is denoted by *;”, [55]

being the identity tensor.
It is recalled that

M = P + zd;. (2)

The above equations ensure the following relations (see,
for instance [25]):
o—1=p

goc = :uga[ia gfs = 537 g’a = _,uﬁ a,
goz :gdﬁgﬁa gm :gMﬂgﬁa

=23 _ =3
g =a,

51 = aaﬂﬁﬁ, ar = a“ﬁd'/;.

3)
The components of the shifter tensor are denoted by
py = 6 — zby, 4)

those of the curvature tensor by

byp = dnp - @, (5)
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Fig. 1. The multilayered piezoelectric shell.

and its mixed components by
by = —dsp-ad". (6)

The surface metrics o; and o, are related to the a,s co-
efficients via

(aoc)z = Ay (7)

(no summation on o« index).

In the following, the curvilinear coordinates (or shell
coordinates) are assumed orthogonal, and are such that
the x;- and x;-curves are lines of curvature on the ref-
erence surface z = 0; z-curves are straight lines perpen-
dicular to the surface z = 0. R; and R, are the values of
the principal radii of curvature of the reference surface.

The distance ds between two points P(xj,xz,0),
P'(x1 + dxy,x; + dx;, 0) of the reference surface Sy of the
shell is given by

(ds)* = o (dx1)” + 05 (dxz)”, (8)

where o, and o, are the surface metrics

7= (&) () ®

The distance dS between two points M(x;,x;,z),
M (x; + dx1,xp + dxy,z 4+ dz) out of the reference sur-
face is given by

(dS)* = Li(dxi)” + L3(dvo)” + L3(d2)’, (10)

where L, L, and L; are the so-called Lamé coefficients:

V4 z
L]:OC|<1—|-R—1>7 L2=d2<1+R—2>, Lzzl (11)

2.2. Kinematic assumptions

Geometric linear shells are considered, including an
elastic-linear behaviour for laminates. The transverse
normal stress is ignored and it is assumed that no tan-
gential tractions are exerted on the upper and lower
surfaces of the shell.

The components of the displacement field of any
point M (x;,x;,z) of the volume occupied by the shell
(¥), expressed for sake of commodity in the contra-
variant basis (g%, g), are assumed in the following form:

Uy =y + 20, + (2, + 8(2))0

AN iy, (2 — 2 H (2 — 20), (12)
U3 =w,
where (as suggested in [26] for f(z)):
ho. h
fe)==sin (), glz) == cos (7)), (13)

H being the Heaviside step function, defined by:

1 forz>z,,
H(Z_Z"’)_{O for z < z,,. (14)

This step function has been previously used among
others in Di Sciuva [27] and He [28].

Also, as in Touratier [26], the choice for f(z) can be
justified in a discrete-layer approach from the three-di-
mensional works of Cheng [29] for thick plates.

In this displacement field, u, are membrane dis-
placements, 7 are the components of the transverse
shear strain vector at z = 0, w is the transverse deflection
of the shell.



The n, and , are functions to be determined using
the boundary conditions for the transverse shear stresses
on the top and bottom surfaces of the shell. With the
help of the u,) , which represent the generalized “dis-
placements per layer” the continuity of the displace-
ments at layer interfaces are automatically satisfied from
the Heaviside function. The generalized displacements
per layer are then determined from the continuity con-
ditions on the transverse shear stresses at the interfaces.
The transverse shear-stresses in each layer are given by
the classic uncoupled constitutive law

(i) ncoupled

oV =Y ses i=1,...,N—1, a=12,

(15)
where the Cé’lx are the corresponding stiffness compo-
nent, and s¢_, the shear strains.

The boundary conditions allow one to eliminate the
n, and y,, from the following system:

, h
Ny = 71//1 - W\‘l - b; |:u" + TCV?:| 3

N—
2y, + hb'W, — b‘ 0+ Z — B2z, ) gy, =0
(16)
or
v, = dﬁv,;+Zf" Um), s (17)
where
(%) = [hbf — mﬁlPﬁw}
T (18)

7] = bt =288 32 — =),
[d”] being the tensor of components d”, given by the first
relation of the above equation.

The transverse shear stresses can then be expressed as
functions of u,) , 79.

The continuity conditions for transverse shear stres-
ses lead thus to a system of 2(N — 1) equations with the
2(N — 1) unknowns ) .

Those latter functions can then be expressed in terms
of the 9,

Ugm), = Am), 7" (no summation on a), (19)

where the 2,
ous system.
The final form of the displacement field is given by:

_ are given by the resolution of the previ-

U, = Wiug — 2w, + hi),
{%_W (20)

where A are functions of the global thickness coordinate
25

N
+ Z |:f<(€ﬂ)¢ + (Z - Zm)H(Z - Zm)ég )L(m)/;' (21)

All those formulae will be referred to as Kinematic Field
(K.F.).

This kinematic field has been developed in Ossadzow
et al. [23,24].

2.3. The electrostatic potential

Within a standard variational procedure when for-
mulating any piezoelectric boundary-value problem, it is
easy to show that the piezoelectric constitutive law given
by Eq. (35) introduces a strong coupling, including be-
sides derivatives. This does not allow to exactly solve all
the interfaces and boundary equations that could be
used to reduce the number of unknowns (see an example
in elasticity for thick plates in [30]).

Therefore, to approximate the electrostatic potential,
we consider the purely electric state of the shell, as above
in elasticity, in order to write interface conditions and
boundary conditions at the top and bottom surfaces of
the shell. Then, when formulating the piezoelectric
boundary-value problem, we will include coupled elec-
tromechanical constitutive laws. Eventually, throughout
several examples, we will show that using the uncoupled
law just when building the displacement and electro-
static fields has not any significative influence on the
distributions of stresses and electrostatic potential.

So, the electrostatic potential ¢ is approximated un-
der the following form:

Zqo x1,%2,2,8)7 (2), (22)

xl;x27z t

where the ¢’ are the potentials “per layer”, and y’ the

characteristic ith-layer function,

i1 ifze [z, z],
X(z)_{O if z¢& [z, z+1]. (23)

~Introducing, for each layer, the thickness coordinate
&' (see Fig. 2), given by
2(z — Zi(o))

h; ’
where z;, is the distance between Sy and the midsurface
of the ith layer, the ¢’ are taken as
1gi

@' (xj,1) =5¢'(& = 1)<P'B(xaat)+(1—(Ei)z)wiM(xa>f)
+38 (@D (1) (i=1,...,N),  (25)

¢™(x,,t) is the electrostatic potential on the bottom
surface S;, ¢’ (x,, t) the electrostatic potential on the top
surface S;,1, and @™ (x,,?) the electrostatic potential on
the midsurface of the ith layer (see Fig. 2), so that

-1, = (24)



Fig. 2. Configuration of the ith layer.

QDi(xomZi? t) = (piB(xzxv t),

(,Di(meiJrlvt) = (;DiT(xot7t)7 (26)
goi(xq,zi+12_ Z",t) —oM(x,,t)  (i=1,...,N).

Since

OB (xy, 21, 1) = @ (x4, 20 1) (i=0,...,N) (27)

it is worth noting that the continuity of the electrostatic
potential at layer interfaces is automatically satisfied, as
it can be seen in Fig. 2.

Starting from the first layer, we choose to keep
@™ (x,, 1) and @™ (x,,?) as unknowns.

The ¢’ can then be written as

O'(xj, 1) = 3E(E = 1™ (xs, 1) + (1 = (£)) ™ (x5 1)
+E(E+ D)o B (x,0) (i=1,...,N),
(28)

where ¢'B(x,,7) is the electrostatic potential on S,
@V *+1B(x,, 1) the electrostatic potential on S, (see Fig. 2).

For future applications, we suppose that p values for
the electrostatic potential are given, which means that p
values for the ¢™(x,, ), are imposed, depending on the
kind of electric boundary conditions. These values can
be given on the top and bottom surfaces of the plate, or
at layer interfaces.

The uncoupled piezoelectric constitutive law gives

D;ncourﬂed =&k = —e330;. (29)
The continuity of the purely electric D; at layer inter-
faces and the boundary conditions on top and bottom
surfaces and at the p layer interfaces lead to a system of
N + p — 1 equations which allow to eliminate part of the
@™ and @M, as it can be seen in the examples developed
in Parts II and III.

The ¢™® which are chosen to remain unknown will be
denoted {@"B, ... ¢"B}.

The ¢ which are chosen to remain unknown will be
denoted {@™, ... @M},
It can be noted that

in+jm:2N+1—(N—1+p):N—p+2. (30)

The electrostatic potential can then be written under
the following form:

¢ = iQ"qu"B+f:QfM¢’M, (31)

i=i) J=h

where the O and '™ are polynomial functions of the
global thickness coordinate z (see examples Part II),
coming from the imposed boundary conditions for the
potential, as described before.

After solving as explained hereafter in Section 2.5 any
boundary-value problem, both all the mechanical un-
knowns, and the unknowns electrostatic potential are
the obtained. The only electric quantity that cannot be
obtained without a post-processing correction is the fi-
nal (coupled) electric displacement: we recall that the
coupled piezoelectric constitutive law gives

Dgoupled = 833E3 -+ €3;8;. (32)

It is very important to note that the ¢;3F; term are very
small compared to the ess; terms; hence, if the final
value of the electric displacement is not corrected in a
post-processing phase, the es;s; terms will prevail on the
e33F;3 term. The ey;s; terms are not continued at layer
interfaces (see (29)). Thus, the final electric displacement
requires such a correction. This correction leads to the
following corrected value, which satisfies continuity at
layer interfaces

~coupled
D3 = 833E3 + €3;8;

¢ 1
— |5 @) - el Vs D @) ).



where the (k) exponent characterizes the quantities re-
lated to the kth layer and the (k+ 1) exponent the
quantities related to the (k 4 1)th layer.

For sake of commodity, we will denote by DuPled the
final (coupled) electric displacement field (only its third
component being of course corrected).

Therefore, at the kth layer interface, the continuity of
the modified coupled electric displacement Dgoupled is
satisfied (¢33E3) being continuous, from Egs. (17)—(20),
since we have:

: ~coupled __ 1: (k) (k)
lim D3 = lim 833E3 + €3;8; — e3j Sj (Zk)
z=zp z—zy N—
z<z, z<zy 0
= lim{s33E3}
z—zZk
. (k+1) (k+1)
= lim 833E3 + €3;8; — €3j S; (Zk)
=z
z>z) 0

(34)

Hereafter, depending on the kind of electric boundary
conditions, we will show how to build the potential field,
since our method is new as it is possible to check, and
different from a usual layerwise method, which does not
exploit all the boundary conditions. It allows to reduce
the size of any boundary-value problem.

2.4. The linear-piezoelectric constitutive law

The constitutive law of a piezoelectric material,
adopted in our model, has been given by Tiersten [31],
and is expressed by:

upled
{O'I?O pled __ Ciij — enkEr, (35)

D = gyE + ewsi,
where o, are the components of the stress tensor, C;; the
elastic stiffness components, s; the components of small
strain, e, the piezoelectric coefficients, £; the compo-
nents of the electric field, D, the components of the
electric displacement, and ¢, are the dielectric constants.
The standard contracted notation, with i,7=1,...,6
and k,/ = 1,...,3, has been used in these equations. The
poling direction is coincident with the z-axis.

Using results stated in Section 2.3, the electric-field is
related to the electrostatic potential ¢ through the re-
lation

- o Jm
E = —gradp = — Zgrad (0% — Zgrad [OMeM].
i=i) J=h
(36)
For the materials used in this study, we assume that
the nonzero components of the rotated piezoelectric

tensor ey, the elastic stiffness tensor Cj;, and the com-
ponents of the dielectric tensor ¢ are those of ortho-
rhombic crystal. The nonzero elements of those two
latter tensors will be taken as es;, es, ess, e, €5 and
&11, €22, €33.

Taking, as usually for plates, into account a zero
value of the transverse normal stress, the constitutive
law ““per layer” can be written as follows:

coupled __ 2D 2D coupled __ 2D 2D
a; =C,’s;j— e, Ex, Dy =&y E1+ ¢ s;, (37)

where
G, ;3
CP =C,—Cr—L, &P =¢;,—Ch—=
ij 1 1 C33 bl kl 1 1 C33 )
e
2D
&y = €rl + e ——. (38)
Cs;

2.5. The two-dimensional boundary-value problem

The equations of motion and the natural boundary
conditions are derived via Hamilton’s principle:

t g . "
/ {/af(ss,.dVJr/D,.a(p,,.dVJr /fv~5(7dV
0 JV JV JV

+/f_g--5l7dA+/ (*Ph#h+Po)dS+/W5q0dV}dt
J4 Js

Js

—0. (39)

A superposed dot is used for differentiation with respect
to time #; p is the mass density, and ¢ the variational
operator; f! are components of body forces; f7 the
prescribed components of the load on the undeformed
lateral surface of the shell, py and p, the prescribed
components of traction on the surfaces S, and S,. W is
the density of electric forces. y;, is the value of the de-
terminant of the shifter tensor at z = A.

Performing numerical integration through the thick-
ness of the shell, the following equations of motion are
deduced from Eq. (39), (K.F.), and (31):

N, + N = iy — B + I35,

Ney+Mpy) +M(/;2‘;Uh‘ = Dy — LaWyu + 1275, + 10,
8+, ] = R0
NB ) =0, i€ {ir,....in},

NM Lt =0, JEL1, o ndu} (2=1,2).

We introduce

Ay =1- & (41)

We will denote by u the determinant of the shifter
tensor.



In Eq. (40):

o the generalized stresses are given by:
h
N :_/0 {Cjs;— esuEs p i pdz;
. h
NE = _/ Cos8sdiptt; 1 p0dz;
0
h
N(3) = —/O [{qusj _eerE3},ll;bm + C6.6S6Afxﬂ,ll;bvﬁha} ,udz;
h
Na):/ {C6_).,6_;,S6_;,—ekyé_;'Ek}[’uﬁhi}__~_b2hﬂudz;
0
i h
Né/iz_/ {Cijs;— esEs f b udz
N(%/; / Ce 656 A;p105H5 ndz;
M) :_/0 [{ Cojs; — e34E5 } i1}, + Co 686 Auppty | uzdz;
B
M(BZ\; = _/0 Co.6564uppt,zpdz;
. h o
JV’B:/ Ese0® udz, i€ {ir,...,in};
0
. h -
*/‘”"M:/ EyenQ™ pdz, j€ {1, jnk;
0
h

%iBi = {Exsm"&_ekzxsmx}QiBﬂdZv i€ {ilv‘”ain};
0

h
M™ :_/ {E“SW—Fekasm}Q’M,udz, je{jla"'vjm};
0

(42)
e the generalized external mechanical forces by:

h h
Fl = / fondz F2=— / frozpds:
0 0

h h
Fi=/ Jo,hapdz, =/ Jusudz; P =—py+ po;
0 0

(43)
o the generalized external electrostatic forces by:
h
:/ WOBudz, i€ {i,... i,};
0
. (44)
:/0 WQ/MludZa je{jla"'7jm};
e and the inertia terms by:
h h
L= / ppudz, L= / pzpdz,
0 0
h h
= / ph,(z)udz, Iy = / pz pudz, (45)
0 0

h h
1= [ hiendz, 1 = [ pei(oud
0 0

The boundary conditions for the shell leading to a
“regular problem” are:

[Nl ny + N, ’jnﬁ} F1 or oJu, =0,
[Mf‘l +M<”2ﬁ } F. or ow=0,
N“f = or 80 =0,
[ n,c—i—M } F, or ow,=0;
M, =WB or 59 =0, ie{il,...,i,,};
MM, = WM or So™M =0, e i, . jn}
(46)

The equations of motion are deduced from Eq. (40)
including the constitutive law given by Egs. (35)-(38),
(K.F.), Egs. (31) and (42).

3. Validation of the piezoelectric shell model

In order to assess the accuracy of the present theory,
we have considered problems for which a three-dimen-
sional solution exists:

o first, the free vibrations of five-layered piezoelectric
plates;
e second, a cylindrical orthotropic panel under pressure.

We recall that the electric-field is related to the elec-
trostatic potential ¢ through the relation

E = —grado, (47)
which gives here:
B 0o B Op _ O
E = (R+2z)ox,’ B = (R+ z)dx,’ By = oz’
(48)

The piezoelectric and dielectric coefficients being very
small compared to the elastic constants, we introduce
non-dimensional quantities:

o — Csz/‘D 2w _ ey 207 _ g2 G &l 49
i TG, € = OCO’ ] 0C,” (49)

where

Co = C}, (50)

and

E; = 10" V/m. (51)

Then the generalized displacements and potentials are
written as follows:

o _m i CO(PIB CO(D]M
(”mawayaa¢B7Q”]M) (COMMCOW CO'}’W EO ; EO .

(52)

3.1. Free vibrations of five-layered piezoelectric plates

For this example, we consider a square, simply sup-
ported five-layered piezoelectric plate, in closed circuit
(¢ = 0 at the top and bottom surfaces of the plates).

The simple support conditions for a square plate of
length a are simulated by:



uy (x1,0,2,8) = uy(x1,a,z,t) =0,

p(0,x2,2,t) = up(a,xp,2,t) =0,
w(x10,z,1) = w(xy,a,z,t) =0,

(x10,2,2) = w(xy ) (53)
w(0,x,2, 1) = w(a,x,,z,t) =0,

P (x1,0,2,8) = y)(x1,a,2,t) = 0,
y2(07x2a27 t) = Vg(aa-x2127 t) = 0

The height of the plate is fixed at # = 0.01 m.

The external layers are made of PZT4, the three in-
ternal ones being a symmetric elastic Epoxy 0/90/0 cross-
ply (see Table 1 for all the piezoelectric properties of
those materials, g being the permittivity of vacuum).
The same unit mass density will be used for all materials.

The piezoelectric coefficients of the three internal
layers are identical; as for the dielectric coefficients, the
three elastic layers have the same ¢33. The ¢;; and &, are
very close. We therefore consider that those three layers
behave, on the electric point of view, as a single layer. The
five-layered plate will thus be modelled as a three-layered
elastic one, its core being the elastic-epoxy cross-ply.

From Egs. (22) and (25), the approximation of the
electrostatic potential becomes thus:

Ple01) = | 38 (€ = D™ () + (1= (V)™ (1)

1
+5E(E + 1D)e™ (x| 7!

{38 = D00t + (1= ()™ (501

]
+58(E + 1D (0 t) |1

— 1)@ (1) + (1 = (€)) 9™ (x,, 1)

+-EE + )" (1) | 1. (54)

Table 1
Elastic, piezoelectric and dielectric properties of PZT4, PVDF and
Epoxy

Moduli PZT4 PVDF Graphite-Epoxy
Ciun (GPa) 139 238.24 134.86
Cxa (GPa) 139 23.6 14.352
Cs333 (GPa) 115 10.64 14.352
Ci3; (GPa) 74.3 2.19 5.1563
Crs (GPa) 74.3 1.92 7.1329
Corns (GPa) 25.6 2.15 3.606
C1313 (GPa) 25.6 4.4 5.654
Cia12 (GPa) 30.6 6.43 5.654
ey (C/m?) -52 ~0.13 0

ey (C/m?) =52 —-0.145 0

es; (C/m?) 15.1 -0.276 0

ey (C/m?) 12.7 -0.009 0
811/80 1475 12.5 3.5
en/eo 1475 11.98 3.0

The plate being in closed circuit,

QDIB(xocvt) = §04B(xow t)=0. (55)
Moreover, the symmetry allows to impose:

(.DZB(xomt) = 903B(x1at)7 QDIM(xaut) = QSM(xaut)’ (56)
This results in

0(5,1) = [(1 ()M () L@ 4 1)402‘*@«“,0} .

e GRS RY (R G g
3EE 0] 2
+ 38 = D0 ) + (1= )00 2

(57)

Due to the symmetries, the continuity of the uncoupled
electric displacement Ds at layer interfaces is written at
the first interface:

—e3,0% (%0, 21,0), (58)

where &}, is the dielectric coefficient corresponding to the
ith layer.

This leads to an equation which allows to express ¢2B
in terms of '™ and @M

(sz(xm l) _ /«LZB lM(le(xM l) =+ /123'2M(P2M(xfx, t), (59)

where 222™ and 1*** are the coefficients given by the
resolution of the system (58).

The electrostatic potential can then be written under
the following form:

(P(xja t) = Q1M<Z)§01M(xdvt) + QZM(Z)(PzM(xmt)a (60)

where

78;390713()61,21,1) =

Q1M(z) = [(1 _ (51)2) + ff](fl + I)Azg,lM} Xl

+ %52(52_ 1))&2B71M +252(52+1)12BA1M:|X2

+ (1 _ (53)2) +%£3(é3 _ 1)/{2B71M:| X3,

61 (él + 1)}v2B,2M:| Xl

22— 1M (1 - (52)2)

2(62 + 1)/128,2M:| XZ + [_63(63 _ 1)/12B‘2M:| XB-

(61)

The mechanical generalized displacements remaining
unknowns are u,, w, yg. The electrical generalized un-
knowns are o™, M.

The solution of Egs. (40)-(46), including Egs. (20),
(37), (60), in terms of the generalized unknowns given by
Eq. (52), is searched under the form:



uy (X“, t) = A1 ej"” COS p1x Sil’lpzxz7
U (x“, t) =A, el Sil’lpl)C1 COS prxy,
fv(xa, [) = Beju”sinpj)qsinpgxz, (62)
?1 (X(x, t) = Cl ej“” COS p1xy SiIlpz)Cz,
?2 (xi, t) = CZ ej‘”‘ Sinp1x1 COS prXx>

and

o™ (x,,1) = @, & sin pyx; sin pox,, (63)
™M (x,,1) = P, sin pyx; sin px,,

where

p=p=m1/a, (64)

which characterizes the propagation of harmonic plane-
waves. The boundary conditions (the plate is simply
supported) are satisfied.

Substituting these expressions into the equations of
motion given by Eq. (40) with Egs. (42)—(46) and (K.
F.), (37), (60), for free motions, seven linear equations in
terms of 41, 4>, B, Cy, C,, ®; and @, are obtained. For a
nontrivial solution, the determinant of the matrix of
coefficients 41,45, B, C;, C», ®; and @, must vanish,
resulting in the following frequency equation:

det[K' — w’M] = 0. (65)

The coefficients of the corresponding stiffness matrix K
and mass matrix M are given in Appendix A.

The circular frequencies corresponding to the two
first thickness modes are shown in Table 2.

They can be compared to those of the exact solution
of Heyliger [32].

A good accuracy of our model can be noted for a
thick plate (a/h = 4).

We conclude that since our model is in very good
agreement with the exact three-dimensional solution, it
is efficient, because for this five-layered piezoelectric
plate it keeps only five generalized displacements and
two generalized electrostatic potentials as unknowns.

3.2. Single-layered shell

For this example, we consider an infinitely long,
simply supported, orthotropic, piezoelectric, radially
polarized, circular cylindrical shell panel in cylindrical
bending, under pressure, in closed circuit. We denote by

Table 2
Frequency parameters for the five-layered piezoelectric plates

y = /100 (rad/s)

Model Exact solution
alh=4 194,903 191,301
251,763 250,769
a/h =50 15592.3 15,681
209,479 209,704

R its mean radius, by # its thickness, and « its angular
span (see Fig. 3). We will denote by 0 the angular co-
ordinate.

Its lateral surfaces are subjected to electrical (closed
circuit) and traction (pressure on its top face) boundary
conditions independent of the thickness coordinate.

The stresses, strains, displacements, electric field and
potential do not depend on the x, variable. The dis-
placement U, playing no role, it can be cancelled out.

The height of the panel is fixed at 2 = 0.01 m, and its
angular span to o = n/3.

The simple support conditions for the panel are
simulated by:

700 =0) =9}(0 =0) =0,

w(@=0)=wl=0a)=0. (66)

The panel is subjected to a simply sinusoidal force
density on its top face,

plx1) = posinpixy, (67)
where
pr=r/a (68)

and is in closed circuit. The value of py is set to 10 N/m?
The shear stresses on the top and bottom faces are
specified to be zero.

The properties of the materials used in this example
(PZT4) are shown in Table 1.

From Eq. (28), the approximation of the electrostatic
potential becomes thus

Ply) =58 (€ = Dp™(x) + (1~ ()9™ (x,)

1

458+ Do (). (69)
The shell being in closed circuit,
0P (x,) = ¢ (x,) = 0. (70)
This results in
o(x) = (1= ("))e™(x,) (71)
which can be written under the following form:
o (x;) = 0™(2)0™ (x,) (72)
with
oM(z) = (1-(&")) (73)

The mechanical generalized displacements remaining
unknowns are u;, w, 7Y, while the electrical generalized
unknown is ™,

The solution, in terms of the generalized unknowns, is
searched under the following form:

1 (x1) = A cos pyxy,
W(X]) =B sinplxl, (74)
??(Xl) = Cl COSpl)Cl



Fig. 3. The cylindrical panels.

and

Q_DIM(XI) = Ql Sinplxl.

(75)
Substituting these expressions into the equilibrium
equations given by Egs. (40)—(46), with Egs. (20), (37),

(72), a linear system of the following form:

K*X? =B? (76)
is obtained, where
X? = (41,B,Cy, Py). (77)

The coefficients of K? and B* are given in Appendix B.
This system is solved using the LinearSolve procedure
of Mathematica [33].
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Fig. 4. Thickness distribution of the normalized electrostatic potential

@, single-layered shell, R =4 h.
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With Eqgs. (20), (36) and (37), the displacement, strain
and stress components, and the electrostatic potential
can be calculated.

Through the thickness distribution of the normalized
electrostatic potential

#(2) = ;’jEZ:% (79)
the normalized shear-stress
7o) = 2200 (19)
7

0.8}

0.61

0.4t

0.2}
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0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Model
PX ¢ Exact solution
Fig. 5. Thickness distribution of the normalized electrostatic potential
@, single-layered shell, R = 10 h.



and the normalized in plane stress
6’11(Z (80)
for different values of the ratio R/h, are shown in
Figs. 4-12. The results obtained with our model are

compared to the exact three-dimensional solution
referred to by Dumir [12].

o
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Model
Exact solution

_._ H

Fig. 6. Thickness distribution of the normalized electrostatic potential
@, single-layered shell, R = 100 h.
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Fig. 7. Thickness distribution of the normalized shear-stress 3, single-
layered shell, R =4 h.
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Fig. 8. Thickness distribution of the normalized shear-stress 3, single-
layered shell, R = 10 h.
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Fig. 9. Thickness distribution of the normalized shear-stress 3, single-
layered shell, R = 100 h.

It can be noted that our model yields very accurate re-
sults as concerns the electrostatic potential, as it can be
seen in Figs. 4-6. As for the transverse shear-stress, the
expected gap due to the effects of curvature can be ob-
served, in Figs. 7-9. The results become closer of the
three-dimensional solution as the shell grows thinner, as
it could be expected.
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4. Application of the piezoelectric shell model

We present here another application of our piezo-
electric shell model. For the case we present, there is not
any exact solution. Results we obtain appear in fact as
extensions of results obtained for similar cases with
plates [34].
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Fig. 12. Thickness distribution of the normalized in-plane-stress &,
single-layered shell, R = 100 h.

For this example, we consider infinitely long, simply
supported, two-layered, orthotropic, piezoelectric, radi-
ally polarized, circular cylindrical shell panels in cylin-
drical bending, under pressure and electrostatic
excitation. We denote by R their mean radius, by 4 their
thickness, and « their angular span (see Fig. 3).

Their lateral surfaces are subjected to electrical and
traction boundary conditions independent of the thick-
ness coordinate.

The stresses, strains, displacements, electric field and
potential do not depend on the x, variable. The dis-
placement U, playing no role, it can be cancelled out.

The height of the panels is fixed at # = 0.01 m and
their angular span to o = nt/3.

The simple support conditions for the panel are
simulated as in Eq. (66).

We consider here a piezoelectric bimorph shell, made
of PZT4 material (see properties Table 1). The shell is
supposed to be simply supported, and subject to an
applied electrostatic potential on the top (+7) and
bottom faces (—V) (see Fig. 13):

V(x1) = Vosinpyxi, (81)
where
P =T/o. (82)

The shear stresses on the top and bottom faces are
specified to be zero.

The approximation of the electrostatic potential is
given by Egs. (22)—(25).

The prescribed conditions on the electrostatic po-
tential are



h
(plB<xo<) =-7, ¢3B(xa<> =V (83)
Moreover, the symmetry allows to write
() =0, ¢™M(x,) = —9"™(x,). (84)

Thus, the potential is given by

o) = | = 38 =07+ (1= @)™

# [ 0- @e™M) +38E + DY ]2
9

The dielectric coefficients of the two layers being iden-
tical, no continuity of the uncoupled electrical dis-
placement needs to be taken into account.

As for the preceding problem, the mechanical gen-
eralized displacements remaining unknowns are u;, w, y?.

From Eq. (85), it is evident that the electrical gen-
eralized unknown is @M.

The solution of the corresponding boundary-value
problem, in terms of the generalized unkowns given by
Eq. (52), is searched under the same form as the one
stated in Eqgs. (74) and (75).

Substituting these expressions into the equilibrium
equations given by Eqgs. (40)—(46), with Egs. (20), (37) and
(89), a linear system of the following form is obtained:

K*X =B, (86)
where
XZ:(AlaBaCh@l)' (87)

The coefficients of K? and B” are given in Appendix B.
With Egs. (20), (36) and (37), the displacement, strain
and stress components, and the electrostatic potential
can be calculated.
The through the thickness distribution of the nor-
malized electrostatic potential

13

+V

-V
p0=3%z
(z2) = (ffh)v (88)
¢(0=3,h)
the normalized longitudinal displacement at x; = 0,
= _ Ul (9 = O,Z)
UI(Z) - U1(0:070)7 (89)
the normalized transverse shear-stress
_ 0'13(0 = O,Z)
=—=< 90
613(2 013(9:07%)7 ( )
and the normalized in plane stress
an(0=%,z
G1i(2) = % (91)
gy (0 = 5‘,0)

are shown in Figs. 14-17, aill) being the in plane stress
calculated in the first layer.

Results obtained for this case represents an extension
of similar results obtained in the case of plates [34]. As
expected, the general aspect of the curves is the same,
with of course the effect of the curvature. The adequa-
tion to those results, added to the fact that we have

(4
l,
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-1

Fig. 14. Thickness distribution of the normalized electrostatic potential
@, bimorph shell, R =4 h.
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Fig. 17. Thickness distribution of the normalized in-plane stress 7,
bimorph.

presented tough cases, i.c., deep shells (R = 44), show
that our model can be used to study piezoelectric
structures submitted to different kinds of electrome-
chanical loadings.

5. Conclusion
In this paper, a new refined two-dimensional piezo-

electric shell theory, which allows to satisfy the com-
patibility conditions for displacements and the

electrostatic potential at layer interfaces, as well as the
boundary conditions, is proposed. This theory also takes
into account refinements of the shear and membrane
terms, by means of trigonometric functions. The accu-
racy of the model is assessed by applying the theory to
problems for which exists a three-dimensional solution:
first, a multilayered plate, second, a single-layered shell.
Applications are then proposed: bimorph shells with
imposed electrostatic potentials. It appears that the
present model is of simple use, incorporating only five
independent generalized displacements and one or two
independent generalized electrostatic potentials as un-
knowns. This is obtained from the exact “satisfaction”
of boundary and interface conditions independently for
mechanics and electricity (potential and electric dis-
placement), which is the first time within a layer-wise
approach. It results in reducing the number of un-
knowns. Then, the coupled piezoelectric model is de-
duced from the boundary-value problem, where we use
the coupled piezoelectric law for the above mechanical
and electric fields satisfying separately all the boundary
conditions. This is the novelty of our approach linked to
a refined multilayered shell theory. Results show that
this approach is numerically consistent with prescribed
interface and boundary conditions. Eventually, they are
in very good agreement with the exact three-dimensional
solution. It is important to note that our model is
probably the one that incorporates the fewest unknowns
(independent generalized displacements and electrostatic
potentials).

Appendix A

The stiffness matrix XK' used for example 3.1 is given
by
(Kii K, Ky Ky Kis Kjg Kjj ]
Ky Ky Ky Ky Ky Ky

1
K = K4{4 Kis Kis K4{7 )
Kis Ki Ky
SYM Kl K
L Kj, |
where

h
% 1 sk
K, :/O {pzc11 +2q2C66}dz,
1 g - 1
K, = / {qufz + quCg}} dz,
0

h
K :/o { = p[P’Cl + ¢°CLy] — pg’Cig }2dz,



1
Ky

1
KlS

1
K16

1
Kl7

1
K22

1
K23

1
K24

1
K25

1
K26

1
K27

1
K34

1
K35

1
K36

1
K37

1
Ky

1
Kys

1
K46

1
K47

1
KSS

h
- [ e+ icimie
h
= /0 {PaCly + PaCis}ha(2) dz,
h ,
[ pes0™ e
h !
_ /0 e 0 (2)dz,
h
:/0 {qZC;‘Z +p2C26}dZ,
h
=/0 { —q[P’Ch, + ¢°C,) — qp’Cig 2 dz,
h
=/0 {paCi, + paCig }hi(2) dz,
h
:/0 {4°C3, + P*Cis }a(2) dz,
h !
[ a0

h
- / 4e 0™ (2)dz,
0
h
= /0 { -p'Cly = pg*Cy, — pqngé}zhl(z) dz,
h
= [ =i rach - Paci ) e

h

i {Pey, + e, O™ (2) dz,

h
= /0 {Pze; + qzegz}QZM (z)dz,

1 *
Py Cssh/l2 (2)

h
= /0 {[poi‘lerqC&]h?(ZHz

e
h
- / {p4C}s + paCi hn (2)ha(2) dz,
h !
= —/0 pe;; O™ (2)hy (z) dz,

h
_ / e OV () (2) dz.

" * 1 * * 7/
= /0 { {qzczz + EP‘IC()G] h%(z) + C44h22(z)}d2a

15

h
Ksg=— / qe, 0™ (2)hy(2) dz,
0
h !
K517 = _/o qengZM (2)ha(z2) dz,
1 h ) 2 M2 1M"”
Kig== [ {I7sh +#5)0™ @) + 5,0 @)}

h
K== [ {7+ szlo™@0™E)
+ 8,0 ()07 (2) | dz.

h
Ky, = _/0 {[pZEE +q’eh,] o™ () + 8§3Q2M2(z)}dz,

where O™ O°M are given in Section 3, coefficients K},
of this matrix being computed by the numerical inte-
gration of Gauss.

The mass matrix M used in example 3.1 is given by

[, 0 —pl, 1Y 0 00

I —ql, 0 10 0

L+ @+ —pl —ql? 0 0

M = 1 0 0
P00

SYM 0 0

L 0 0]

Inertia coefficients in M, calculated from Eq. (45), are
integrated numerically using the Gauss rule.
Appendix B

The stiffness matrix K> used for the example 3.1 is
given by:

KKy Ky K
eo| KoK K
Ky Ky,
SYM K3,
where

h
K, =/ piCip’dz,
0
h
K122:/ { = piCl izt + piChbupt} dz,
0

h
K = / PC (2 dz,
0

h
K124 = _/ Ple;QlM,(Z)lﬁdZ’
0



h
K3, = /0 {plC1\Z1’ — pICi bnzid’ + pi Gl b7 i } dz,
h
= [{-ricien@u + ncim
0

h
K3, Z/ {Pfeﬁl ™M(2)zp” — pre;, O™ (Z)bnﬂz}dza
0

h 2
k= [ e + el + o) oo
h !
K= [ { e 0™ @mene
. OM(2)
+pleZ4R—+zhl(2) ,uh’l(z)—l—bihl(z) updz,
2 " > & w2 1M
Ky = _/0 {le—HQ (2) + 3,0 (z)},udz
and
B
v | B2 — poly,
B = |7
B,

h
B, :/ 15,0 (2) o’ dz,
0
h — —
B =~ [ {phes 0 @)t ~ ;e 0, ()b &,

h
B3 = _/ { - 15,0y (2) Vo (2)u?
0

s B2 2+ 0]}

R+z
h
B4:/ {p
0

+ e;3Q‘M<z>Q;<z>%}udz,

oM@ @

where Vj = Cg—:“
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