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Noncommutative symmetric functions |V:
Quantum linear groups and Hecke algebras at ¢ = 0

Daniel KrROB *and Jean-Yves THIBON T#

Abstract

We present representation theoretical interpretations of quasi-symmetric functions and
noncommutative symmetric functions in terms of quantum linear groups and Hecke algebras
at ¢ = 0. We obtain in this way a noncommutative realization of quasi-symmetric functions
analogous to the plactic symmetric functions of Lascoux and Schiitzenberger. The generic
case leads to a notion of quantum Schur function.

1 Introduction

This paper, which is intended as a sequel to [9, 21, 6], is devoted to the representation theoretical
interpretation of noncommutative symmetric functions and quasi-symmetric functions. These
objects, which are two different generalizations of ordinary symmetric functions [10, 9], build up
two Hopf algebras dual to each other, and have been shown to provide a Frobenius type theory
for Hecke algebras of type A at ¢ = 0, playing the same role as the classical correspondence
between symmetric functions and characters of symmetric groups [7] (which extends to the case
of the generic Hecke algebra).

In the classical case, the interpretation of symmetric functions in terms of representations of
symmetric groups is equivalent, via Schur-Weyl duality, to the fact that Schur functions are the
characters of the irreducible polynomial representations of general linear groups. Equivalently,
instead of working with polynomial representations of GL(n), one can use comodules over the
Hopf algebra of polynomial functions over GL(n) [11]. This Hopf algebra is known to admit
interesting ¢-deformations (quantized function algebras; see [8] for instance) to which Schur-
Weyl duality can be extended for generic values of ¢, the symmetric group being replaced by
the Hecke algebra.

The standard version of the quantum linear group is not defined for ¢ = 0. The theory
of crystal bases [16], which allows to “take the limit ¢ — 0” in certain modules by working
with renormalized operators modulo a lattice, describes the combinatorial aspects of the generic
case, and provides illuminating interpretations of classical constructions such as the Robinson-
Schensted correspondence, the Littlewood-Richardson rule and the plactic monoid [3, 17, 24, 26].

However, another version exists [4] which plays an equivalent role for generic values of ¢, but
in which one can specialize g to 0. This specialization is quite different of what is obtained with
crystal bases, and leads to an new interpretation of quasi-symmetric functions and noncom-
mutative symmetric functions analogous to the interpretation of ordinary symmetric functions
as polynomial characters of GL(n). Moreover, this interpretation allows to give a realization
of quasi-symmetric functions similar to the plactic interpretation of symmetric functions (see
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dinary roung tabléauXx one nas to use SKEw tabl€auX OI ripbon sihape€, and dual ObJects Called
quasi-ribbons, for which Schensted type algorithms can be constructed. In fact, most aspects
of the classical theory can be adapted to this highly degenerate case. As this is an example of
a non-semisimple case for which everything can be worked out explicitely, one can expect that
this treatment could serve as a guide for understanding the more complicated degeneracies at
roots of unity.

This paper is structured as follows. We first recall the basic definitions concerning non-
commutative symmetric functions and quasisymmetric functions (Section 2) and review the
Frobenius correspondence for the generic Hecke algebras (Section 3). Next we introduce the
Dipper-Donkin version of the quantized function algebra of the space of n x n matrices (Section
4). We describe some interesting subspaces (Sections 4.5 and 4.6), and prove that the ¢ = 0
specialization of the diagonal subalgebra is a quotient of the plactic algebra, which we call the
hypoplactic algebra (Section 4.7). Next, we review the representation theory of the 0-Hecke
algebra and its interpretation in terms of quasi-symmetric functions and noncommutative sym-
metric functions, providing the details which were omitted in [7]. In Section 6, we introduce a
notion of noncommutative character for A,(n)-comodules, and prove that these characters live
in the diagonal subalgebra. For generic ¢, the characters of irreducible comodules are quantum
analogues of Schur functions. For ¢ = 0, we show that hypoplactic analogues of the fundamental
quasi-symmetric functions F7 (quasi-ribbons) can be obtained as the characters of irreducible
Ap(n) comodules, and give a similar construction for the ribbon Schur functions. These con-
structions lead to degenerate versions of the Robinson-Schensted correspondence, which are
discussed in Section 7.

2 Noncommutative symmetric functions and quasi-symmetric
functions

2.1 Noncommutative symmetric functions

The algebra of noncommutative symmetric functions [9] is the free associative algebra Sym =
Q(S1,52,...) generated by an infinite sequence of noncommutative indeterminates Sy, called
the complete symmetric functions. One defines ST = Si, Siy ... S, for any composition I =
(i1,72,--.,i,) € (N*)". The family (S7) is a linear basis of Sym. Although it is convenient to
define Sym as an abstract algebra, a useful realisation can be obtained by taking an infinite
alphabet A = {a1,aq,...} and defining its complete homogeneous symmetric functions by

—

[ @—ta)™" = > t"Su(A) (1)
i>1 n>0
Although these elements are not symmetric for the usual action of permutations on the free
algebra, they are invariant under the Lascoux-Schiitzenberger action of the symmetric group
[25], which can now be interpreted as a particular case of Kashiwara’s action of the Weyl group
on the Ug(sl,)-crystal graph of the tensor algebra [24].
The set of all compositions of a given integer n is equipped with the reverse refinement order,
denoted <. For instance, the compositions J of 4 such that J < (1,2,1) are exactly (1,2,1),
(3,1), (1,3) and (4). The ribbon Schur functions (Ry) can then be defined by

S'=3N" Ry, o0 Ri= )Y (-1)AIgl
J=I J=I

where ¢(I) denotes the length of I. The family (R;) is another homogenous basis of Sym.



TlC Iunction j obtained by applylng to £/ tne algebra morpiisim winici maps op to the complete
homogeneous function h,, (our notations for commutative symmetric functions will be those of
[28]). The ribbon Schur function R; is then mapped to the corresponding ordinary ribbon Schur
function, which will be denoted by ;.

Ordinary symmetric functions are endowed with an extra product *, called the internal
product, which corresponds to the multiplication of central functions on the symmetric group.
A noncommutative analog of this product can be defined, the character ring of &,, being replaced
by its descent algebra [35] (see also below) .

Recall that i is said to be a descent of 0 € &, if 0(i) > o(i + 1). The set Des (o) of these
integers is called the descent setof o. If I = (i1, ...,1,) is a composition of n, one associates with
it the subset D(I) = {dy,...,dy—1} of [I,n — 1] defined by dy, = i1 + ...+ i) for k € [1,r — 1].
Let D be the sum in Z[&,] of all permutations with descent set D(I). As shown by Solomon
[35], the D form a basis of a subalgebra of Z[&,,] called the descent algebra of &,, and denoted
by ¥,. One can define an isomorphism of graded vector spaces

a: Sym:@ Sym, — E:@ Yin
n>0 n>0

by setting a(Ry) = D;. Observe that a(S7) is then equal to Dcy, i.e.to the sum of all permu-
tations of &,, whose descent set is contained in D(I).
2.2 Quasi-symmetric functions

As proved in [29] (see also [9]), the algebra of noncommutative symmetric functions is in natural
duality with the algebra of quasi-symmetric functions, introduced by Gessel in [10]. Let X =

{x1,29,...,2 ...} be a totally ordered set of commutative indeterminates. An element f €
C[X] is said to be a quasi-symmetric function if for each composition K = (ki,..., k) all
k1 ko . km

the monomials @yl with 41 < 49 < ... < iy, have the same coefficient in f. The

quasi-symmetric functions form a subalgebra QSym of C[X].

One associates with a composition I = (i1, ..., i, ) the quasi-monomial function
— i1 im
M = Z T X
1< <Jm

The family of quasi-monomial functions is clearly a basis of QSym. Another important basis of
QSym is formed by quasi-ribbon functions which are defined by

F]: Z MJ7
=J

e.g. Fiao = Migo + Mi112 + Mi211 + Mi1111. The pairing (-, ) between Sym and QSym [29]
is then defined by (ST, M) = &1 or equivalently by (R, F;) = ;7. This duality is essentially
equivalent to the noncommutative Cauchy identity

ﬁ ( ﬁ (1 —wa;)" ) = Y Fr(X)Ri(4), (2)
i>1 jz1 I

and can also be interpreted as the canonical duality between Grothendieck groups asociated to
0-Hecke algebras [7] (see Section 5).



3.1 Hecke algebras

The Hecke algebra Hpy(q) of type An_1 is the C(g)-algebra generated by N — 1 elements
(T3)i=1,N—1 with relations

T2 = (g-ULitq foric[LN-1],
TiTinaTi = TimaTiTiq forie[1,N —2],
T = T T; for i — j| > 1.

The Hecke algebra Hp(q) is a deformation of the C-algebra of the symmetric group & (obtained
for ¢ = 1). For generic complex values of g, it is isomorphic to C[Sy] (and hence semi-simple)
except when ¢ = 0 or when ¢ is a root of unity. The first relation is often replaced by

TP =(—q¢")Ti+1 (3)
which is invariant under the substitution ¢ — —¢~! and is more convenient for working with
Kazhdan-Lusztig polynomials and canonical bases. However the convention adopted here, i.e.

T} =(q—1)Ti+q, (4)

is the natural one when ¢ is interpreted as the cardinality of a finite field and Hy(q) as the
endomorphism algebra of the permutation representation of GLy(F,) on the set on complete
flags [14]. Moreover one can specialize ¢ = 0 in relation (4). In the modular representation
theory of GLn(F,), the Hecke algebra corresponding to this specialization occurs when ¢ is a
power of the characteristic of the ground field. For this reason, among others, it is interesting
to consider the 0-Hecke algebra Hx(0) which is the C-algebra obtained by specialization of the
generic Hecke algebra Hy(q) at ¢ = 0. This algebra is therefore presented by

T? = ~T; forie[1,N —1],
TiTinTi = TimiTiTiq forie[l,N —-2],
LT, = T; T, for i —j] > 1.

The representation theory of Hy(0) was investigated by Norton who obtained a fairly complete
picture [31]. Important specific features of the type A are described by Carter in [1]. The 0-Hecke
algebra can also be realized as an algebra of operators acting on the equivariant Grothendieck
ring of the flag manifold [22].

3.2 The Frobenius correspondence

We will see that the 0-Hecke algebra is the right object for giving a representation theoreti-
cal interpretation of noncommutative symmetric functions and of quasi-symmetric functions.
To emphasize the parallel with the well-known correspondence between representations of the
symmetric group and symmetric functions, we first recall the main points of the classical theory.

Let Sym be the ring of symmetric functions and let

R[6]= P R[6w]

N>0

be the ring of equivalence classes of finitely generated C[& y]-modules (with sum and product
corresponding to direct sum and induction product). We know from the work of Frobenius that



map J- ¢ O] — Oy wiliChl Se€nds tne Class oI a dSpecit modaule vy to the Scnur runction sy.
The first point is that F is a ring homomorphism. That is,

F(U®V] 1eNEe,,) = F(U) F(V])

for a & y-module U and a &j;-module V. The second one is the character formula, which can be
stated as follows: for any finite dimensional &y-module V', the value of the chararacter of V' on
a permutation of the conjugacy class labelled by the partition u is equal to the scalar product

x(u) = (F(V),pu)

where p,, is the product of power sums p,, -+ py,.

This theory can be extended to the Hecke algebra Hx(g) when ¢ is neither 0 nor a root of
unity. The characteristic map is independent of ¢, and still maps the g-Specht module V) (q) to
the Schur function sy. The induction formula remains valid and the character formula has to
be modified as follows (see [2, 18, 19, 32, 36, 37]). Define for a partition pu = (u1, g2, - - ., pir) of
N the element

Wy = (o1 ... U,ul—l) (JH1+1 e JH1+H2—1) s (0-/-"1"!‘---“!‘#7“71“!‘1 e JN—l)

(where o; is the elementary transposition (i i+1)). The character formula for Hy(q) gives the
value X,’) on Ty, of the character of the irreducible g-Specht module V)(q). It reads

Xi = () (Tw,) = (FVA(@), Cu(@)) = (3, Cr(a))

where C,(q) = (¢ — 1)!®™ h#((¢ — 1)X) (in A-ring notation, h*((¢ — 1)X) denotes the image of
the homogeneous symmetric function h#(X) under the ring homomorphism py, — (¢* — 1) ).

4 The quantum coordinate ring A,(n)

4.1 Tensor representations of Hy(q)

Let E = {e1,...,en} be a finite set and let

n

V=6 Clg)e

=1

be the C(q)-vector space with basis (e;). For v=r¢e, ®...®er, € V¥ and i € [I, N—1], we
define v by setting

o
Vii=ep Q... ek, Deg Qek , ... eky -

Following [15, 4, 5], one defines a right action of Hy(g) on V¥ by

v-T, = v7i if by < ki1,
v-T, = qv if ki = ki1,
v-T; = qV”i—i—(q—l)v ifki>ki+1.

This is a variant of Jimbo’s action [15] itself defined by

v-T, = g2 v if ky < kjyq1,
V-E == qv ifki:kiiJrl,
v-T, = ¢"/?v5i4+(g—1)v if k> ki .



on (v )= 1s given by

T o= q(v*)7 if ki < kg1,
T qv* if k; = ki1,
LT = (v*)"i + (q — 1) v* if k; > ki—i—l .

Example 4.1 Let V' = C(q)e1 ® C(q) e2. The matrices describing the right action of 77 on
V ®V and on V* ® V* in the canonical bases of these spaces are

aolt
Il
— O

q—1

o= OO
o |l e O

0
0 .
0
q

O OO
O OO
ol O O
_ O O O

0
We also need the left actions of Hy(q) on VEV and (V*)®V defined by

Ti-v = —qv-T;" = —~v-Ti+(q-1)v,
T - v = —qV*-Ti_1 = Vv Ti+(g—1)v*.

Equivalently, for v=ez, ®...® ey € (V)N and v =¢f, © ... ® €ry € (V*)oN,

T,-v=—-vli4(qg-—1)v , T, -vi = —q(v)7 +(qg—1)v* it ki < kit
T -v = -V , T - v = —v* if ki = ki1,
T -v = —qv7 , T vt o= — (v*) if ki > kip1 .

4.2 The Hopf algebra A,(n)

The quantum group A,(n) is the C(g)-algebra generated by the n? elements (z;;)1<i j<n subject
to the defining relations

TjpTil = qTq Tk fori<yj, k<I,
Tik Tip =  Ti Tik for every i, k, 1 ,
Tjp T — Tk Ty = (¢—1) gz fori<yj, k<l.

This algebra is a quantization of the Hopf algebra of polynomial functions on the variety of
n X n matrices introduced by Dipper and Donkin in [4]. It is not isomorphic to the classical
quantization of Faddeev-Reshetikin-Takhtadzhyan [8], and although for generic values of ¢ both
versions play essentially the same role, an essential difference is that the Dipper-Donkin algebra
is defined for ¢ = 0.

Ay(n) is a Hopf algebra with comultiplication A defined by
A(‘TU) = Z Tik ®$kj .
k=1
Moreover one can define a left coaction § of A,(n) on VOV by
d(e;) = Z Tij Qe
j=1

and the following property shows that A,(n) is related to the Hecke algebras in a similar way
as GL, and the symmetric groups.



rinN(qg) on Vv = . 1hat s, the jollowing atagram s commulative

QN
yen 0 Ag(n) @ VEN
h Id® h
VON SN Aq(n) ® VeN

for every element h € Hy(q) considered as an endomorphism of VEN.

This property still holds for ¢ = 0. Thus, for any h € Hy(0), VEN h will be a sub-Ag(n)-
comodule of VN This is this property which will allow us to define a plactic-like realization
of quasi-symmetric functions. For later reference, note that the defining relations of Ay(n) are

zigkrgy = 0 fori<yj, k<1,
Tik Til = Ti Tik for every i,k,1l , (5)
Tj Tk = TikTj — Ty Tjk fori<yj, k<l.

4.3 Some notations for the elements of A,(n)

Each generator z;; of Ay(n) will be identified with a two row array and with an element of
V @ V* modulo certain relations as described below:

Z’ *
Tij = [j]:€i®€j.

Fori= (i1,...,ir),J = (j1,..-,Jr) €[L,n]", let e; = €;; ®...®e;, and €] =€} ®...®e] . One
can then identify the monomial x;; = 24,5, ... 24, of Ag(n) with the two row array

iy ... iy
Jvod2 o dr |

itself regarded as the class of the tensor e; @ e € T"(V ® V*) modulo the relations

e e = " ® (e}‘ -T)) for each r such that i, > i,41 , ©)
ei®e; = 60 (63‘)"* for each r such that i, = 4,41 .
These relations are equivalent to
e ® e:i“ = —T  ® (le‘)UT for each r such that j, < j,.41 . (7)

4.4 Linear bases of A,(n)

For every i = (i1,...,i,) € [1,n]", let I(i) € N" be defined by
I(i), = Card{ iy, k€ [1,r],ir=p}

for p € [1,n]. For I,J € N", set

Ay, J) = _Z C(q) =5 -



A monomial basis compatible with this grading is constructed in [4]. The basis vectors,
which are labelled by matrices M = (m;;)1<ij<n € Mp(N) are

zy = (21 2)5? o) o (et ey xpen) € Ag(n) .

It will be useful to introduce another monomial basis (z™) of A,(n), labelled by the same
matrices, and defined by

M:( Min .M2n man) L ( mi1 M2l mn1) EAq(n).

X l‘ln ﬂ?2n “e . .'Bnn $11 3521 “e . "B’nl

Proposition 4.3 For any q € C, the family (wM)MGMn(N) is a homogeneous linear basis of

Aq(n).

Proof — 1t is clearly sufficient to prove that each basis element x;; can be expressed in terms
of the 2. Using the array and tensor notations, such an element can be represented by
2y = Lo —a@e,
‘e J1r 12 ...

where j; is the maximal element of the second row of this array and where iy < i9. The
maximality of j; and relation (7) imply

DT, i1 ... gy ...
(D OT e e — [ ay
o = (CD) e ® ¢ ( 1d Jioe e

for some permutation . By induction on the length of x5/, there exists some other permutation
T such that
| (=D T, i1 e Ay e kL. ks
M= 1d B T A O
Going back to the definition of the left action of Hy(g) and to relations (6), this implies that
x s is a Z[g]-linear combination of elements of the form

% R P IR 7
n ... n ... 1 ... 1 ’

from which the conclusion follows immediately. O

4.5 The standard subspace of A4,(n)

The restrictions to the standard component of A,4(n) of the transition matrices between the two
bases (x37) and (z) have an interesting description.

Definition 4.4 The standard subspace S,(n) of A4(n) is

Sq(n) = 4,(1",1") = P C(a)zo

UGGTL

where Ty = T145(1) T25(2) - -+ Tna(n) for o € Gp.

The following result is an immediate consequence of Proposition 4.3.



Qe\) = & @)

O'GGn

where 17 = Tomyn - -+ To(2)2 To(1)1-

The elements of the transition matrices between the two bases (z,)scs, and (27)yes, of
Sq(n) are R-polynomials. Recall that the family (R;,(q))s res, of R-polynomials is defined by

(Tcrfl)_l :5<U) q—l(a) Z 5(7—) RT,U(Q) T: € Hn(Q)

7<o

for o € &,, (cf. [13]). The R-polynomial R, ,(¢) is in Z[q], has degree [(c) —I(7) and its constant
term is e(oT).

Proposition 4.6 The bases (z7) and (z,) are related by

7= 2 Reolq) dur and 2o= 3 Brgl=q) 2

<o <o
where w = (n n—1 ... 1) and where < is the Bruhat order.
Proof — In the notation of Section 4.3, we can write
27 = e, ®e, = efy ,Ve = en.,®e, T,

= e12.n® (—q)l(cr) T[;l1 el = e1.n® ( Z e(7) R;+(q) Tr) ek

<o
= €12.29® ( Z RT,O‘(q) 627—) = Z RT,U(q) Twr -
<o T<o
The second relation can be proved in the same way. O

Corollary 4.7 In Ag(n), one has

A Z e(oT) Twr and xz, = Z e(oT) Twr

<o <o

4.6 Decomposition of left and right standard subspaces at ¢ =0

In the array notation, the standard subspace is spanned by arrays whose both rows are per-
mutations. If one requires one row to be a fixed permutation o, one obtains the left and right
subcomodules of A,(n) which are independent of ¢ for generic ¢, but not for ¢ = 0.

Definition 4.8 The left and right standard subspaces of A4(n), respectively denoted by Lq(n)
and Rq(n), are defined by

Ly(n) = P C(q) T1,jy T2,j5 « -+ Ty 5
J:(]17’JH)GNTL

Ry(n) = EB C(q) Tipn -+ Tin2Tiy 1 -

I=(i1,...,irJENT



Ly(n;o) = > C(q) To(1),1 To(2).4o - - Lo(n)jn -
J=(41,--s4n) EN"

Ry(n;o) = > C(qQ) Ti o(n) - -+ Tig,0(2) Tiy,o(1) -
I=(i1,...,i)ENT

For generic ¢, all the left (resp. right) subspaces are the same.

Proposition 4.9 If g € C is nonzero and not a root of unity,

Ly(n;0) = Lg(n) and Rg(n;o) = Ry(n) .

Proof — Using the tensor notation of Section 4.3, we can write
o @es=ely nQei=enn@es T =(e12.n®e) (Id®T,-1)

for every J € N", so that Ly(n;0) C Ly(n). Moreover the asumptions on ¢ imply that 7,,-1 is
invertible. The previous relation can therefore be read as

er2.n@eh = (e, @eh) - (Id® (T,-1)7 ),
from which we get that Ly(n) C Ly(n;0). The second equality is obtained in the same way. O

When ¢ = 0, the subspaces Lo(n; o) and Ry(n; o) are not equal to Lo(n) and Ry(n). However,
the proof of Proposition 4.9 shows that Lo(n;o) C Lo(n) and Ro(n;o) C Ro(n). The subspaces
Lo(n;o) (resp. Ro(n;o) are right (resp. left) sub-Ag(n)-comodules of Lo(n) (resp. Ro(n)), of
which they form a filtration with respect to the weak order on the symmetric group. To prove
this, let us introduce some notations. We associate to an integer vector I = (iy,...,1,) of N”
the two sets
), 1<k<i<n-1, ik>il},

v (1) = { (k.1
Pos(I)={(k0), 1<k<l<n—1, iy<il.

Proposition 4.10 For every permutation o € &,,, one has

Lomio)= D  Cowu - To(min -
J=(J1,+53n)
Inv (o)CInv (J)
Ro(n;0) = D CZipo(n) -+ Tiro(1) -
T=(i1,..-yin)
Pos (I)CPos (o)
Proof — We only show the first identity, the second one being proved in the same way.

Lemma 4.11 Let > 1 be such that (i) > o(i+1) and j; < jiyi. Then, in Ag(n)

xU(Z):]l e xo'(i+l),ji+z =0.

10



result noids 10or ¢ — 1. 1 WO Cases are to be considered.

1)o(i+1—1)>0(i+1). If jit;—1 < jiti, one clearly has

Lo(i),gi ++ Lolitl),jipr = Lo(i),gi - Lo(i+l—1)jipi—1 Lo(itl),jiprs — 0.

On the other hand, if j;1;—1 > ji41, we can write

To(i),ji » * Tol(itl),jirr — Tol(@),gi  +* To(it),jipi To(iHl—1)digi—1 — To(i)ji -+ - Lo(i+l)jiyi—1 Lo (i+H—1),ji1 -
We have here j; < j;1;—1 so that the right hand side is zero, as required.

2)o(it+1—-1) < o(i+1). Thus o(i) > o(i + 1 — 1) and we just have to check the case
Ji > Jiti—1- Then, ji1; 1 < jiqg so that
Lo(i),gs - Lo(itl)jir = Lo(i)gi -+ To(it) gy Lo(iH—1)gipi-1 T Lo(@)gs - Lo(iH—=1)ji 1 Lo(i+) i1

which is indeed zero by induction. O

It follows from the lemma that

Lo(mso) = > CZ(yg - Tomn -
J:(]177Jn)
Inv (o)ClInv (J)

and it remains to prove that the sum is direct. Let J = (j1,...,jn) € N such that Inv (0) C
Inv (J). Using the same argument as in the proof of Proposition 4.6 we can write

— *x O ko * o
To() gy -+ To(n)jn =Co @€y =€y n@er=e1a.n®@ (e Ty1)= Y el07)e12.0 @ esr
<o

where < is the Bruhat order on &,, and J -7 = (j-(1),- - -,Jr(n))- This last formula clearly shows
that the family (xg(l)’jl e xo‘(n),jn)Inv (o)CInv (J) is free. d

We can now prove that the “left cells” Ly(n; o) form a filtration of the right comodule Lg(n)
with respect to the weak order.

Proposition 4.12 Let o € G,, and let i € [1,n — 1] such that (i) > o(i+1). Then Lo(n;o) is
strictly included into Ly(n;o 0;).

Proof — The inclusion Lg(n;o) C Lo(n;o0;) is immediate. Thus it suffices to show that
this inclusion is strict. One can easily construct an element x € Ly(n;o 0;) of the form x =

- To(i1),k To(i)k - - - Using the formalism of Section 4.3, one checks that (T; ® Id)-x = —x # 0.
On the other hand, (T; ® Id) - Lo(n;0) = 0. Thus x ¢ Lo(n;0). O

4.7 The diagonal subalgebra and the quantum pseudoplactic algebra
Definition 4.13 The quantum diagonal algebra Ay(n) is the subalgebra of Ay(n) generated by

T1ly--+3sTpn -

The character theory of A,(n)-comodules described in Section 6 will show that the noncom-
mutative algebra Ay(n) contains a subalgebra isomorphic to the algebra of ordinary symmetric
polynomials, exactly as in the case of the plactic algebra.

11



" Ltg(A) 15 the quotient of L{g){A) 0Y Lhe TELaLions

gaab—(¢g+1)aba+baa = 0 fora<b,
gabb—(¢g+1)baa+bba = 0 fora<b,
cab—acb—bca+bac = 0 fora<b<ec.

The third relation is the Lie relation [[a,c],b] = 0 where [z,y] is the usual commutator

xy —yx. For ¢ =1, the first two relations become |a, [a, b]] = [b, [b,a]] = 0 and PPIl;(A) is the
universal enveloping algebra of the Lie algebra defined by these relations.

It should be noted that the classical plactic algebra is not obtained by any specialization of
PPIl,(A). The motivation for the introduction of PPI,;(A) comes from the following conjecture.

Conjecture 4.15 Let A = {ay,...,a,} be a totally ordered alphabet of cardinality n. For
generic q, the mapping ¢ : a; — xj; induces an isomorphism between PPly(A) and the diagonal
algebra Agy(n).

Our conjecture is stated for generic values of ¢, i.e. when ¢ is considered as a free variable,
or avoiding a discrete set in C. It is clearly not true for arbitrary complex values of q. For
example, for ¢ = 1, the diagonal algebra Aj(n) is an algebra of commutative polynomials. The
diagonal algebra at ¢ = 0 is also particularly interesting, and its structure will be investigated
in the forthcoming section.

4.8 The hypoplactic algebra

Let again A be a totally ordered alphabet. We recall that the plactic algebra on A is the C-algebra
PI(A), quotient of C(A) by the relations

{ aba = baa , bba = bab fora <b,

acb = cab , bca = bac fora<b<c.

These relations, which were obtained by Knuth [20], generate the equivalence relation identi-
fying two words which have the same P-symbol under the Robinson-Schensted correspondence.
Though Schensted had shown that the construction of the P-symbol is an associative operation
on words, the monoid structure on the set of tableaux has been mostly studied by Lascoux and
Schiitzenberger [25] under the name ‘plactic monoid’. These authors showed, for example, that
the Littlewood-Richardson rule is essentially equivalent to the fact that plactic Schur functions,
defined as sums of all tableaux with a given shape, are the basis of a commutative subalgebra of
the plactic algebra. This point of view is now explained by Kashiwara’s theory of crystal bases
[16, 17], which also leads to the definition of plactic algebras associated to all classical simple
Lie algebras [24, 27]. Other interpretations of the Robinson-Schensted correspondence and of
the plactic relations can be found in [3, 26].

Kashiwara’s crystallization process describes the generic situation modulo a certain lattice,
but does not amount to put ¢ = 0 in the defining relations of quantum groups, which is generally
impossible due to the symmetric roles played by ¢ and ¢~!. The specialization ¢ = 0 in A,(n) or
in Hy(q) leads to a different combinatorics, and describes a truly degenerate case, rather than
combinatorial aspects of the generic situation. In particular, the specialization of the diagonal
algebra is a remarkable quotient of the plactic algebra that we shall now introduce.

12



0y the quartic relations

baba = abab , baca = abac fora<b<ec,
cacb = acbc , cbab = bacb fora<b<ec,
badc = dbca , acbd = cdab fora<b<ce<d.

The combinatorial objects playing the role of Young tableaux are the so-called ribbons and
quasi-ribbons. We recall first that a ribbon diagram is a skew Young diagram containing no
2 x 2 block of boxes. A ribbon diagram with n boxes is naturally encoded by a composition
I = (i1,...,i,) of n, called the shape of the diagram, whose parts are the lengths of its rows
(starting from the top). For instance, the following skew diagram is a ribbon diagram of shape
(3,1,3,2,3).

L

Let I be a composition. A quasi-ribbon tableau of shape I is then obtained by filling a ribbon
diagram r of shape I by letters of A in such a way that

e cach row of r is nondecreasing from left to right;
e each column of 7 is strictly increasing from top to bottom.

A word is said to be a quasi-ribbon word of shape I if it can be obtained by reading from bottom
to top and from left to right the columns of a quasi-ribbon diagram of shape I. Observe that
this convention allows to read the shape of a quasi-ribbon word on the word itself.

Example 4.17 The word v = aacbabbac is not a quasi-ribbon word since the planar represen-
tation of u obtained by writing its decreasing factors as columns is not a quasi-ribbon tableau,
as one can see on the picture. On the other hand, the word v = aacbacdcd is a quasi-ribbon
word of shape (3,1,3,2). The quasi-ribbon tableau corresponding to v is also given below.

‘ a | a a ‘ a | a a
b b
b clc
bc] d|d
aacbabbac aacbacdcd

The central result of this section is the following.

Theorem 4.18 The classes of the quasi-ribbon words form a linear basis of the hypoplactic
algebra HPI(A).

Proof — We first prove that every word w of A* is equivalent to some quasi-ribbon word
with respect to the hypoplactic congruence =. It is sufficient to prove this for standard words
(i.e. permutations), since the hypoplactic congruence is compatible with standardization. The
standardized std(w) of a word w is the permutation obtained by the following process. Reading
w from left to right, label 1,2,... the successive occurences of the smallest letter a of w, then

13



labelled letters a; regaraed as €lements o1 the alpnabet A X [N enaowed witil the 1eX1Ccograpiic
order. Then replace each labelled letter by the integers 1,2,... according to its rank in the
lexicographic order, as in the following example:

w = ababca — aibiagbaciaz — std(w) = 142563 .

This standardization process, due to Schensted [34], is compatible with the plactic relations
[25]. One can also check that it is compatible with the quartic hypoplactic relations (used in
connection with the usual plactic relations). The standardization of the first hypoplactic relation
baba = abab leads for instance to bjaibaas = a1byasbe which is a consequence of a plactic relation
(bac = bea) and of the last hypoplactic relation (cdab = acbd) :

blalbgag = b1b2a1a2 = a1b1a2b2 .

The other verifications are done in the same way. This implies therefore that u = v iff std(u) =
std(v).

Thus, if we assume that the theorem holds for standard words, std(w) is equivalent to
some standard quasi-ribbon word . Compatibility with the hypoplactic congruence imply that
w = r’ where r’ is the word obtained from r by replacing each integer i € [1,n] by the letter of
A occupying the i-th position in std(w)~!. But in a standard word, the hypoplactic relations
preserve the relative order of all pairs (i,i + 1). It follows that the image in r’ of a column
of the ribbon diagram of r is still a strictly decreasing sequence of letters, so that r’ is still a
quasi-ribbon word of the same shape as r. Hence w is equivalent to a quasi-ribbon word.

Example 4.19 Let again w = ababca. Then we have std(w) = 142563 and
142563 = 142536 = 124356

(the places where a rewriting rule has been applied are underlined). Hence std(w) is equivalent
to the standard quasi-ribbon word r = 124356 of shape (3,3). The compatibility of the stan-
dardization process with = implies that w = v’ = aababc. The quasi-ribbon representation of r’
is

|a|aa

ool

We now turn back to the standard case. We have to prove that every permutation of &,,
(considered as a word over [1,n]) is equivalent to some (standard) quasi-ribbon word over [1, n].
The proof proceeds by induction on n. Suppose that the result is true up to some n > 1, and
let w = wa be a permutation of &,,11 where |u| =n and a € [1,n + 1]. Applying the induction
hypothesis to u, we can write w = r a where r is a standard quasi-ribbon word over [1,n+1]—{a}.
Decompose r as 7 = ¢1 ... ¢; where ¢; is the word obtained by reading from bottom to top the
i-th column of the quasi-ribbon tableau associated with r. Thus w = ¢; ... ¢ga. Since 7 is a
quasi-ribbon word, the first column ¢; has to be of one of the following two types:

l.cg=775-1 ... 1for some j € [1,n+ 1]. In this case, the conclusion follows by applying
the induction hypothesis to co ... ¢ a.

2.1 =771 ...i+1i—1 ... 1for some j € [1,n+ 1]. In this case, the induction hypothesis
allows us to write ¢3 ... ¢t =ds ... d,, where ds ... d,, is the column decomposition of
some standard quasi-ribbon word. Since ¢ is the minimal letter of this last word, we must
have dy = db i, and the conclusion is implied by the following lemma.

14



(G .ooitli=1 ... 1) (n ... j41d) = (i=1 ... 1) (j ...0) (n ... j+1),

where x ...y denotes the concatenation of the elements of the interval [z,y|, which is the empty
word for x > y.

Proof of the lemma — We argue by induction on n. For n = 3, the two possible situations covered
by the lemma correspond exactly to the two standard plactic relations written as

3 _13 2 3 _ 2
1 2° 2 1-1 3°

The standard quartic hypoplactic relations are also special instances of the lemma:

4 2
2 3=1 4,
1

3 4 1
1
3

2

N W
W

Let now n > 4 and suppose that the lemma holds up to order n — 1. Suppose first that
1 =1. If 5 +1 = n, the formula is obtained by application of a single plactic relation. So, we
can suppose that j + 1 < n. In this case, the result follows by successively applying a plactic
relation, the induction hypothesis and a hypoplactic relation as shown below
(j...2)nn=1 ... j411) = (G ...3)(n2)(n—1 ... j4+11)
= (G ...3n2)(n—1...541) = (J ...21)(nn—1 ... j+11).
Consider now the case ¢ = 2. Suppose first that j = 3. For n = 4, the result to be
proved is exactly one of the standard hypoplactic relations. Thus we can assume that n > 4.

Using successively the fact that (3 1) (n...4 2) is plactically equivalent to (n ... 31)(4 2), a
hypoplactic relation and then a plactic relation, we obtain

Bln...42)=n ...31)42)=n ... 1)3B2)4)=Mn...31)(2)4).
Applying twice the induction hypothesis, we can rewrite the right hand side as
n...31)2)4)=0mn...32)4H)=1)B2)(n ... 4).

If j > 3, we reach the desired conclusion by first applying the induction hypothesis and then
the fact that j ... 1 3 is plactically equivalent to 1 j... 3 as described below

G...30)(n ... j+12)=@G ... H)B2Y)(n ... j+H)=1)({G ... 32)(n ... j+1).
The general case ¢ > 3 follows then by iterated applications of the induction hypothesis as
described below
(G ...i+li=1...20)(n ... j410) = (G ...i+1i—=1 ... 2)(n ... j+1i1)
(i-1...2)G ...0)(n ... j411) = (i-1...2)(G ... i1 (n ... j+1)
= (@—1...20)(¢ ... 9)(n ... j+1).

Od
At this point, we have shown that every word of A* is equivalent to some quasi-ribbon word.

To conclude the proof of the theorem, it remains to show that the hypoplactic classes of quasi-
ribbon words are linearly independent. Again, by the standardization argument, it suffices to
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suppose that A = |1,n| 10r some n -~ 1. 1ne pomt 1s now that the nypoplactiC relations are
satisfied by the generators of the 0-diagonal algebra Ag(n). Hence one can define a morphism
¢ from HPI(A) onto Ag(n) by p(i) = x4 for every i € A = [1,n].

Let w € &, be a standard quasi-ribbon word of length n over [1,n]. By definition, there
exists a strictly increasing sequence 1 = k; < ko2 < ... < kjy1 = n+1such that w =c¢; ... ¢ with
ci =kiy1—1 ... k; for i € [1,1]. Consider the Young subgroup &y = S, gy—1] X - - - X Sy kyy 1]
of &,. Applying Corollary 4.7 to each strictly decreasing word ¢;, one obtains that

UEGw

in the notation of Section 4.3. Observe that w is the unique permutation of maximal length
occuring in the sum. This property implies immediately that ¢(B,,) is free in Ag(n). It follows
that B,, is itself free in HPI(A) as desired. O

Let C (o) be the unique composition I such that D(c) = D(I). By the evaluation ev (w) of
a word w € A*, we mean the vector ev (w) = (Jw|q)aca € N4 whose entries are just the different
numbers of occurences of each letter a € A in w.

As an interesting consequence of the proof of Theorem 4.18 and of Lemma 4.20, we obtain:

Proposition 4.21 Let w be a word over a totally ordered alphabet A, let \ be its evaluation
and let o = std(w). The unique quasi-ribbon word to which w is equivalent with respect to the
hypoplactic congruence is the unique quasi-ribbon word of evaluation X and of shape C(a™1).

Example 4.22 Consider again w = ababca. Then A\ = (3,2,1) and std(w) = o = 142563.
Hence o~ = 136245 and C(o~!) = (3,3). The unique quasi-ribbon word of evaluation (3,2, 1)
and of shape (3, 3) is aababc. Thus w = aababe as already seen in Example 4.19.

The importance of the hypoplactic algebra comes from the following isomorphism, wich
follows directly from the previous considerations.

Theorem 4.23 The ring homomorphism defined by ¢ : a; — x4 s an isomorphism between
the hypoplactic algebra HPI(A) and the crystal limit Ag(n) of the quantum diagonal algebra.

We have already seen that the quantum diagonal algebra A,(n) is not isomorphic to the
quantum plactic algebra when ¢ € {0,1}. We conjecture that these two degenerate cases are
the only exceptions.

5 Characteristics of Hy(0)-modules

5.1 Grothendieck rings associated with finitely generated Hy(0)-modules

Let Go(Hn(q)) be the Grothendieck group of the category of finitely generated Hy(g)-modules
and let Ko(Hy(q)) be the Grothendieck group of equivalence classes of finitely generated pro-
jective Hy(g)-modules. When ¢ is not 0 and not a root of unity, the Hecke algebra Hy(q) is
semi-simple and these two groups coincide. Moreover their direct sum for all n > 0 endowed
with the induction product is isomorphic to the ring Sym of (commutative) symmetric functions.

When ¢ = 0, Hy(0) is not semi-simple. In particular, indecomposable Hy(0)-modules are
not necessarily irreducible, and the Grothendieck rings

G= P Go(Hn(0) and K= @ Ko(Hn(0))

N>0 N>0
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OI quasl-Symimetric runctions and dSyIn Ol noncomimutative syminetric runctions. 1ne duallty
between Sym and QSym (cf. Section 2.2) can therefore be traced back to a general fact in
representation theory.

5.2 Simple Hy(0)-modules

There are 2V~! simple Hy(0)-modules, all of dimension 1 [1, 31]. To see this, it is sufficient

to observe that (T;Tj+1 — Ti41T;)? = 0. Thus, all the commutators [T7, Tj;] are in the radical of
Hy(0). But the quotient of Hy(0) by the ideal generated by these elements is the commutative
algebra generated by N —1 elements t,...,ty_1 subject to t? = —t;. It is easy to check
that this algebra has no nilpotent elements, so that it is Hx(0)/rad (Hx(0)). The irreducible
representations are thus obtained by sending a set of generators to —1 and its complement to 0.
We shall however label these representations by compositions rather than by subsets. Let I be a
composition of N and let D(I) the associated subset of [1, N —1]. The irreducible representation
1 of Hy(0) is then defined by

1 ifieD(),
W(Ti):{ 0 ifi¢ D(I) .

The associated Hy(0)-module will be denoted by C;. These modules (when I runs over all
compositions of N) form a complete system of simple Hx(0)-modules.

The simple modules can also be realized as minimal left ideals of Hy(0). To describe the
generators, we associate with a composition I of N two permutations (/) and w(I) of &y
defined by

e «(I) is the permutation obtained by filling the columns of the skew Young diagram of
ribbon shape I from bottom to top and from left to right with the numbers 1,2,..., N,
i.e. the standard quasi-ribbon word of shape I;

e w(I) is the permutation obtained by filling the rows of the skew Young diagram of ribbon
shape I from left to right and from bottom to top with the numbers 1,2,..., N.

Example 5.1 Consider the composition I = 22113 of 9. The fillings of the ribbon diagram of
shape I corresponding to a(I) and w([) are

[1]3 HE
2|7 6]7
6 5
5] 4]
4]8]9] 1]2]3]
a(22113) w(22113)

Thus «(22113) = 132765489 and w(22113) = 896754123.

Recall that the permutohedron of order N is the Hasse diagram of the weak order on Gy,
that is, the graph whose vertices are the elements of &y and where an edge labelled i € [1, N —1]
between o and 7 means that 7 = ¢; 0.

Lemma 5.2 Let I be a composition of N. The descent class Dy = {o € &n, D(o) = D(I)}
is the interval [a(I),w(I)] for the weak order on Sy .
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02 =0 forie[1l,N—-1],
0,0, =0;0; for i —j]>1,
O Ui O =040 0; O fori e [1,N— 2] .

In particular, the morphism defined by 7; — —0; is an involution of Hx(0). As the O; satisfy
the braid relations, one can associate to each permutation o € Gy the element O, of Hy(0)
defined by O, = 0;, ... O0;, where oy, ... g, is an arbitrary reduced decomposition of o.

For a composition I = (i1,...,i.) we denote by I = (i,...,i1) its mirror image and by I"™ its
conjugate composition, i.e. the composition obtained by writing from right to left the lengths
of the columns of the ribbon diagram of I. For instance, (3,2,1) = (1,2,3) and (3,2,1)~ =
(27 27 17 1)'

Proposition 5.3 The simple Hy(0) module Cy is isomorphic to the minimal left ideal Hn (0) nr
of HN(O) where Ny = Tw(f) Da(IN)-

Proof — Observe first that w(I)™! = w(I) and a(l) = w(I~)wy (where wy is the maximal
permutation of Gy). It follows that Des (w(I)~1) = D(I) and Des (a(I™)™1) = [1,n—1] — D(I).
Thus, taking into account the fact that 7; O; = 0, one checks that 7y is different from 0 and that
_Tw(f) Da([") ifi € D(I) ,

0 if i ¢ D(I) .

Ti T, 1) Bau~) = { =

5.3 Indecomposable projective Hy(0)-modules

The indecomposable projective Hy(0)-modules have also been classified by Norton (cf. [1, 31]).
One associates with a composition I of N the unique indecomposable projective Hy(0)-module
M such that Mj/rad (M) ~ C;. This module can be realized as the left ideal

M[ = HN(O) vr

—n~v

where vy = Tj,(1) 0,7~ Since a(I™)™t = w,w(I), one gets D(a(I7)™Y) = [1,n—1] — D(I). Tt
follows that the generator vy of My is different from 0 and that a basis of My is given by

{ T, 0,7~ Des(o) = D(I) } ={ T, 0, 3~), o € [a(I),w(I)] } ,

according to Lemma 5.2. Hence the dimension of M is equal to the cardinality of the descent
class Dy. Also, every interval of the form [a(),w(])] in the permutohedron can be interpreted
as the “graph” of some indecomposable projective Hx(0)-module (cf. Example 5.4 below). The
family (My)|7—n forms a complete system of projective indecomposable Hy (0)-modules, and

Ha(0)= €@ M. (8)

=N

Example 5.4 Let I = (1,1,2). Then I~ = (1,3), I = (2,1,1), I = (3,1), a(I) = 3214 and
a(I™) = 1243. Hence vi1p = Ty Ty T O3. The module Myo can be described by the following
automaton. An arrow labelled T; going from f to g means that T; - f = ¢, and a loop on the
vertex f labelled T;le (with ¢ = 0 or e = —1) means that T; - f =€ f.
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&)+ 11
T3
GDEE =

T

7110
TyTse) D Tol—1
T3|—1

This is also the graph of the interval [3214,4312] = Djj9 in the permutohedron of &4. The
(—1)-loops correspond to the descents of the inverse permutation.

5.4 A Frobenius type characteristic for finite dimensional Hy(0)-modules

Let M be a finite dimensional Hy(0)-module and consider a composition series for M, i.e.
a decreasing sequence M; = M D My D ... D My D Mpy1 = C of submodules where the
successive quotients M;/M;.; are simple. Therefore each M;/M;y; is isomorphic to some Crp,,
and the Jordan-Hé6lder theorem ensures that the quasi-symmetric function

k
F(M): Z Fy,
=1

is independent of the choice of the composition series. This quasi-symmetric function is called the
characteristic of M. Its properties are quite similar to those of the usual Frobenius characteristic
of a &y-module [7]. However, the characteristic (M) of a Hy(0)-module M does not specify
it up to isomorphism.

The character formula for Hy(0)-modules can be stated in a form similar to the Frobenius
character formula. For a composition I, we denote by Cr(g) the noncommutative symmetric
function C7(q) = (¢ — 1) §T((¢ — 1)A), in the noncommutative A-ring notation introduced in
[21]. Let also w; be the permutation of the Young subgroup &; defined by

wy = (01 . 05,-1) (Tj41 -+ Tjitjo—1) -+ (Tjittjo_i 1 -+ On—1) -

The character of a module M is then determined by its values xa(Tw,) = tr m(Tw,) on the
special elements T, .

Proposition 5.5 [7] (Character formula) The character of M is given by
xm(Tw,) = (F(M), C(0))
where (, ) is the pairing between QSym and Sym.

One can refine F into a graded version of the characteristic, at least when M is a cyclic
module i.e. when M = Hy(0)e. In this case, the length filtration

ay0)® = @ cT,
l(o)>k
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suggests 1o 1mtroduce tne graaca Ccnaracleristic J-q\4HVi) ol vl delined by

FoM)= > ¢" FM®) prk+y
E>0

The ordinary characteristic (M) is then the specialization of F,(M) at ¢ = 1.

The graded characteristic is in particular defined for the modules induced by tensor products
of simple 1-dimensional modules

Hp +"‘+77«7‘(0)
M., =Cn®---®Cy, THni (0)®-®Hp, (0) 7

the characteristic of which being equal to the product Fy, --- F7.. The induction formula can
be stated in terms of the graded characteristic, which leads to a g-analogue of the algebra of
quasi-symmetric functions. This g-analogue is defined in terms of the g-shuffle product [6]. Let
A be an alphabet and let ¢ be an indeterminate commuting with A. The g-shuffle is the bilinear
operation of N[g|](A) denoted by ®, and recursively defined on words by the relations

{ 1®qu:u®qlzu,
(au) @q (bv) = a(u®ybv) +¢™b(au®,v) ,

where 1 is the empty word, u,v € A* and a,b € A. One can show that ©, is associative (cf. [6]).

Example 5.6 Let M(jy) (o) denote the Hy(0)-module obtained by inducing to H4(0) the Ha(0)®
Hj(0)-module C;; ® Cq, identifying H2(0) ® H2(0) with the subalgebra of H4(0) generated by
Ty and T5. This Hy(0)-module is generated by a single element e on which 77 and T3 act by
Ty -e = —e and by T3 - e = 0. The following automaton gives a complete description of this
module. The states (vertices) correspond to the images of e under the action of some element
of Hy(0), which form a linear basis of M) (a).

0

1

nc 2 2
DR 3

Ts

T,[0
(e T3T2€) D To|~1 ————— 4
Ts|—1

The automaton is graded by the distance d(f) of a state f to the initial state e as indicated on the
picture. This grading is precisely the one described by F,. That is, if we associate with each state
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we 11na

Fg(M1,2)) Z ¢ Fy (f) = Fis + ¢ Fa + ¢ (Fii2 + F31) + ¢ Fia1 + ¢* Forp .

This equality can also be read on the g-shuffle of 21 and 34:
21 ©, 34 = 2134 + ¢ 2314 + ¢? 2341 + ¢° 3214 + ¢° 3241 + ¢ 3421 .

One obtains the graded characteristic by replacing each permutation ¢ in this expansion by the
quasi-symmetric function Fg(s).

This example illustrates the general fact that the graded characteristic of an induced module
as above is always given by the g-shuffle. As it is an associative operation, one obtains in this
way a g-deformation of the ring of quasi-symmetric functions.

Proposition 5.7 [7, 6] Let I and J be compositions of N and M. Let also o € SN and T €
S(n+1,n+M] be such that Des (o) = D(I) and Des (1) = D(J). The Hyp(0)-module obtained
by inducing to Hn1ar(0) the Hy(0) ® Hpr(0)-module Cr @ C (identifying Hy(0) @ Hpr(0) to
the subalgebra of Hnyar(0) generated by Ty, ..., Tn—1, Tnt1, -+, TNym—1) is cyclic, and its
graded characteristic is given by

FoCreCylytiosmo = > " Feq

VESN+M

where C(v) denotes the composition associated with the descent set of v and where

0O T = Z ¢y

VESN+M

For ¢ = 1, we obtain the following result [7].

Corollary 5.8 The characteristic F is an isomorphism between G and the Z-algebra of quasi-
symmetric functions.

5.5 A noncommutative characteristic for finite dimensional projective Hy(0)-
modules

Let M be a finite dimensional projective Hx (0)-module. Hence M is isomorphic to a direct sum
of indecomposable projective modules

:@M
=1

The noncommutative Frobenius characteristic of M is the noncommutative symmetric function

R(M) defined by
=Y R
i=1

The characteristic R(M) does characterize every finite dimensional projective Hy(0)-module
M up to isomorphism, and is therefore stronger than F. The following proposition, which is a
reformulation of Carter’s expression of the Cartan invariants of Hy(0) shows in particular how
to compute F (M) from R(M).
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acteristic JS~\() of IV 1S a SYmmetlric Jjunciion wnicn s the commautative mmage of /x\ il ).

Proof — It suffices to prove the result when M = Mj. In this case,

> csFy,

JEN

where the Cartan invariant ¢z is equal to the number of permutations o of &y such that D(o) =
I and D(o~ ') = J (see [1]). On the other hand, by a formula of Gessel [10], we have c;; =
(rr,ry) = (rr, Ry), where (-,-) denotes the usual scalar product of commutative symmetric
functions (see [28]) and where r; is the commutative image of the ribbon Schur function R;.
Using the fact that the quasi-ribbons F; and noncommutative ribbon Schur functions R; are
dual bases, it follows that F(M;j) = r;. O

The induction from a tensor product of projective modules is described by the product of
noncommutative symmetric functions.

Proposition 5.10 Let I = (i1,...,i) and J = (j1,...,js) be compositions of N and M. Then,

R(Mr®@M; THMM@E)?IM(O)) RrRy=Rrj+ Rrpsy 9)

where we set I+ J = (i1,... 00, 01,--.,4s) and I>J = (i1, ..., 0p—1, 0 + J1,J2, -+ Js)-

Proof — The formula for the product of two noncommutative ribbon Schur functions is proved
in [9], and we just have to show that

Hy (0
M; @M, THﬁfoAf@ﬂf}M 0 = Mryj®©Mpy .

Using the duality between simple modules and indecomposable projective modules, we obtain

H 0) ~ . H 0)
M; ® M, THZTO%HM(O) @ dim Homy, (M @M, 1 N+M®HM(O) 7 MK) My .
K+FN+M

By Frobenius reciprocity, we have

Hy21(0) - Hn01(0)
M @My Ty o, o= @ dim Hom by ey ) (MI ®My, Ck lHZ?oAf@@HM(m) M-
KFN+M

Observe now that the description of the family (M) given in Section 5.3 implies that

1 ifI=J,

dim Hom g (o) (MLCI):{ 0 ifI#J

so that

. H
dim Hom g () i, (0) (MI ® My, Ck lHJI\V](+01V1®1L)1M(0))

is equal to 0 if D(K)N[1,N] # D(I) or D(K)N[N+1,N+M| # N+D(J) and equal to 1 when
D(K)N[1,N]=D(I) and D(K)N[N+1,N+M]| = N+D(J),i.e. when K =1-Jor K =1<J

as desired. O

Thus, we have the following interpretation of the algebra of noncommutative symmetric
functions.

Corollary 5.11 The characteristic map R is an isomorphism between the Grothendieck ring K
and the Z-algebra of noncommutative functions.
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6.1 The character of an A,(n)-comodule

Let M be a finite dimensional A,(n)-comodule with coaction 6. Let (m;)i=1,m be a basis of M.
There exists elements (a(4,))1<i,j<m of Ag(n) such that

§(mg) = > ali,j) @ my
j=1
for i € [1,m]. The element

> ali,i)
i=1
of A,(n) is independent of the choice of the basis (m;). It will be denoted by x(M) and called
the character of the Ay(n)-comodule M.
Proposition 6.1 Let M, N,M', M" be Ay(n)-comodules.
1.If 0= M — M — M" — 0 is a short exact sequence, x(M) = x(M') + x(M");
2. x(M @ N) = x(M) x(N);
3. if M ~ N, then x(M) = x(N).

It happens that for generic values of ¢, the character of an A,(n)-comodule is always an
element of the quantum diagonal algebra.

Theorem 6.2 Let g be an indeterminate and let M be an Ay(n)-comodule. Then the character
X(M) belongs to the diagonal algebra Ay(n).

Proof — The basic observation is the following lemma.

Lemma 6.3 The quantum determinant of Aq(n) can be expressed by means of q-commutators
as follows:

Tl T12 ... Tin
r21 I22 ... T2n def
- Z 5(U)xlo(1) ZTno(n)
oceG,
Tpl Tp2 .- Tnn .
= % [Tnns [ - -5 [T22, Z11]q - - gl
(1—q)" q---lqlq

where [P,Qly =PQ —qQP .
Proof of the lemma — Observe first that the lemma is equivalent to the identity
I11 e xl,n—l 11 e $1,n—1 r11 ... $17n
Tnn —q Tnn = (1 —q)
Tpn—-1,1 +++ Tp—1mn—1 Tn—-1,1 +-+ Tp—1n-1 Tnl ... Tnn
Using the tensor notation of Section 4.3, this can be rewritten as

(1-q) ( Z e(0)e12.n @ e ) +(I( Z e(o)eiz.n e, ) = Z e(0) en12.m—1 @ ey

oeSy, oEGH cES,, 1
o(n)=n
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(—1)”_1( Z 5(0)63)-T1T2...Tn,lz(l—q)( Z s(a)e;j)—i—q( Z e(a)e(*,).

oEGH AT oEGn
o(l)=n o(n)=n
This last formula is now easily proved by induction on n. O

As a consequence of Lemma 6.3, we obtain that the character of the r-th exterior power
AL(V) of V' (cf. [4]) is equal to

def 1
X(AZ(V)) = Ar(; D) = W ( Z [Tirips [+ o [Tigins Tivirlq - - -Jalq )
1<i1 <...<ir<n
where A = {211,...,Znpn }. Let now A = (14,...,nl") be a partition of n. It follows then from
Proposition 6.1 that the character of the comodule

My, =V @ A2(V)®2 @ ... Ap(V)*h

is also in the diagonal algebra Ay(n).

On the other hand, it has been shown by Dipper and Donkin [4] that one can associate with
every partition X of n an irreducible A4(n)-comodule L), and that the family (L) 4)x-n forms
a complete system of irreducible A,(n)-comodules. They also proved that for an appropriate
ordering < on partitions of n, the products of exterior powers decompose as

Myg = Lxg @ @au Lyg -
<A
Applying Proposition 6.1, we see that the matrix giving the decomposition of (x (M) ¢))r-n on
(X(Lxq))arn is unitriangular. It follows that the character x(Ly,) is a linear combination of
elements of the family (x (M q))arn. Hence x(Ly4) € Ag(n). O

Note 6.4 The commutative image of x(M) is the formal commutative character introduced in
[4]. But the formal character of Ly 4 is the Schur function Sy. Thus the characters (in our sense)
of the irreducible A,(n)-comodules are quantum analogues of Schur functions.

Note 6.5 Let Charz(g;n) denote the Z-lattice of A, (¢q) spanned by characters of A,(n)-como-
dules. The proof of Theorem 6.2 shows that Charz(g;n) is the subring of A, (q) generated by
the n quantum elementary functions A,(g; A) with 1 < r < n. Moreover since the composition
series of the two Ay(g)-comodules Ap(V) @ Ag(V) and Ag(V) ® Aj(V) are the same, these
quantum elementary functions commute. It follows that C'harz(g; n) is a commutative Z-algebra
isomorphic to the algebra of symmetric functions in n variables.

Note 6.6 Although Theorem 6.2 has been stated for generic values of ¢, it is not difficult to see
that it holds for ¢ € C—{0,1}. In the usual commutative case (i.e. ¢ = 1), the result becomes
false. On the other hand we conjecture that it still holds for ¢ = 0 (cf. Conjecture 6.13).

6.2 A family of irreducible Ay(n)-comodules

Let I be a composition of N. The element n; = Tw(T) Og(r~) of H ~(0) generates the one-dimen-
sional left Hy(0)-module C;. One can use it to construct the Ag(n)-comodule

D[:V®N~77[.

Let A be a noncommutative totally ordered alphabet and let I be a composition. We denote
by Fr(A) the sum of all quasi-ribbon words of shape I. According to a result of Gessel [10], the
commutative image of F7(A) is the quasi-symmetric function Fj.
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|aa |aa ‘ab |bb
b C

Thus Fyi(a, b, c) = aba + aca + acb 4 beb. The commutative image of Fyi(a, b, ¢) is clearly equal
to Ma1 + My11 = Fb1, as desired.

Proposition 6.8 Let I be a composition of N. Then x(Dy) = Fr(z11,- .., Tnn)-

Proof — Let QR(I) be the set of all quasi-ribbon words of shape I. We associate with every
word w = ay, ...ag, of A* the tensor w =ay, @ ... ® ag, of VO™

Lemma 6.9 The family (W -n1)weqr(r) 5 @ linear basis of the Ag(n)-comodule Dy.

Proof of the lemma — Define the natural reading n(r) of a quasi-ribbon tableau r of shape I as
the word obtained by reading r from left to right. If w is the quasi-ribbon word associated with
r, we also denote by n(w) the natural reading of r. For example, n(ababdc) = aabbed is the
natural reading of the quasi-ribbon tableau

|aa
b|b|c
d

Let now i € D(I). By definition of 77, one has T; n; = —n;. Hence, we get

0 it ki = kit1,

vy (V z) nr { —v%i .y if ki < kix1,

for every v=ap, ®...® a, € VEN  In particular,
venr=—v7ny (10)
when k; # k;y1. Suppose now that i ¢ D(I). Then T;n; = 0. Thus we can write
ven =" -T) nr=v7-Ting =0

for every v =ay, ®...®ak, € V&N such that k; > kiyq. It follows that the family of all tensors
of the form (ag, ® ... ® ak,) - nr with k; < kj41 when i ¢ D(I) and k; < ki1 when i € D(I)
spans the comodule D;. In other words, we get a generating family of D; by taking the set R
formed of all w-7; where w runs over the natural readings of all quasi-ribbon tableaux of shape
1. Moreover it is easy to see that these elements are not zero.

Now, there is at most one increasing word of a given evaluation which can be the natural
reading of some quasi-ribbon tableau of shape I. It follows that R is a linear basis of Dj.
Finally, formula (10) shows that w - n; = £ n(w) - n; for a quasi-ribbon word w of shape I. O

We are now in position to compute x(D;y). In the notation of Section 4.3,

w)= Y (weu)ou

ul=|w]

for every w € A*. Hence, according to Proposition 4.2,

S(w-n)= Y (weu)ou-gr,

Jul=|w]
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xWr)=— 2, | 2. wlu ). (11)

weQR(I) Ju|=w]
u-ny=w-ny
Let now w be a quasi-ribbon word of shape I. Let also u = ag, ... ai, be a word distinct

from w such that w-n; = u-n7. Let r(u) be the ribbon diagram of shape I obtained by filling
the boxes from left to right by the letters of u. Let then r’(u) be the quasi-ribbon tableau of
shape I obtained from r(u) by sorting all columns in increasing order from top to bottom. Let
us finally denote by v(u) the word obtained by reading from left to right the letters of r/(u).
Using again the arguments of the proof of Lemma 6.9, we see that v(u) - ny = 0 if v(u) is not
the natural reading of a quasi-ribbon tableau of shape I. It follows that the alphabets of all
columns of r(u) and r(w) must coincide. Since u # w, there must exist integers i < j and k <[

such that
wRU = .
R A B
which is therefore equal to 0. Hence, we have
Y weu=weuw*.
Going back to formula (11), we see that

x(Dy) = Z ww* = Fr(x11,. .., Tnn) - O
weQQR(I)

Note 6.10 The same argument as in Note 6.5 shows that the noncommutative quasi-ribbon
functions F7(A) span a commutative subalgebra of the hypoplactic algebra H PI(A), isomorphic
to the algebra of quasi-symmetric functions over a commutative alphabet of the same cardinality
as A. This property can in fact also be proved in a purely combinatorial way.

Example 6.11 Let n =3, N =4 and I = (3,1). Then nz; = T3 T2 T (1 + T2) (1 + T3) (1 + 1)
and D3y = V®* . 93;. By computing the images under 73; of the canonical basis vectors of V&4,
one gets

D31 =C ajasazas - n31 D C asa2a3a9 - M31 D C ajaiazas - n31 D C ajajasal - n31 b Cajarasa - n31 -
Thus,

X(D31) = xoex11x11211 + +T33T11T11011 + T33T22T22T22 + T33T11211222 + T33T11T227T22

= X11211222211 + +L11X11233T11 + T22X22X33L22 + T11L11X33222 + T11L22L33L22 -

This last expression is exactly the sum of the quasi-ribbons words associated with the five
quasi-ribbon tableaux

[1]1]1 [1]1]1 [1]1]2 [1]2]2 2]2]2
2 3 3 3 3

Hence x(Ds31) = F31(x11, 22, x33) as desired.

Proposition 6.12 The Dy are irreducible, pairwise non-isomorphic Ag(n)-comodules.
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1O prove tiat these comodaules are 1rreduciple. Let 1 be a Ccomposition or fv anda let i be a
nonzero subcomodule of D;. According to Lemma 6.9, there exists a family R of quasi-ribbon
words of shape I and a family (my,)wer of nonzero complex numbers such that

m = Z My W N7 € M .
weR

Using the tensor formalism of Section 4.3, it follows that

sm)= ¥ (L mewsu )@uon € An) @M.
|lu|=N weR

As there is at most one quasi-ribbon word of shape I and of a given evaluation, we deduce by
homogeneity with respect to the first component of Ag(n) that

S(w)y= > (weu)u-n € Ay(n)® M
|u|l=N

for every w € R. Let now w be an arbitrary quasi-ribbon word of R and let u = ay, ...uy, be
a word of length N. Note that w ® u* = 0 if k; < k;j+1 when ¢ € D(I). On the other hand,
u-nr =0if k; > ki1 and ¢ ¢ D(I) according to the proof of Lemma 6.9. Hence

Swy= Y (wou)eu-n.
wEQR(I)

The monomials w ® u*, where u runs over all quasi-ribbon words of shape I, are nonzero and
pairwise distincts elements of Ag(n). Since §(w) € Ap(n) ® M, all the tensors u - 7 are M.
According to Lemma 6.9, this shows that M = Dj. O

Conjecture 6.13 The family (Dy); (where I runs through all compositions) is a complete sys-
tem of irreducible Ag(n)-comodules.

Note 6.14 Conjecture 6.13 would imply that the character of every Ag(n)-comodule is an
element of Ag(n), showing therefore that Theorem 6.2 is still valid when ¢ = 0. Moreover
according to Note 6.10, it would also imply that the character ring C'harz(0;n) is isomorphic to
the Z-algebra of quasi-symmetric functions over an n-letter alphabet. O

6.3 Another family of Ay(n)-comodules

Let I be a composition of N. The element v; = Tj, () Da(7~) of the 0-Hecke algebra generates

the indecomposable projective left H,,(0)-module M;. One can also use to construct the Ag(n)-
comodule N; defined by
N[ = V®N “Ur .

A word will be said to be of ribbon shape I (where I is a composition) if it can be obtained
by reading from left to right and from top to bottom the columns of a skew Young tableau of
ribbon shape I. We denote by R;(A) the sum of all words of A* of ribbon shape I.

Proposition 6.15 Let I be a composition of N. Then x(N;) = Rr(z11,. .., Tnn).

Proof — We use the same notation as in the proof of Proposition 6.8. Let also R(I) be the set
of all words of ribbon shape I.
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Proof of the lemma — Note that T; vy = —vy for i € D(I). It follows that

0 it by = ki1,

V-V[:—(V'Ti)V[: —v% .y itk < ki,

vV-Ur ifki>ki+1 R
fori € D(I) and v =ag, ®@...® ag, € V. Hence we can rewrite (up to a sign) every v - vy
in such a way that k; > k; | for i € D(I). The structure of the right action of Hy(0) on V&N

implies that such an element is equal to w - Da(7~) where we still have w = ay, ... ag, with
ki > kiy1 for i € D(I). Let now i ¢ D(I). Then O, = Ui 0,F~)- Hence

W - Doc(TN) = W - Di DQ(TN) = ng . 112 Di Da(TN) = 0

when k; > k; 1. Every v-vy can therefore be rewritten as +w- Da(7~) where w € R(I). In other
words, the family (w - Da(7~))w€R(1) spans Nj.

Now, it follows from (8) that
VEN = 3" Ny . (12)
IFN

Since any word of AV has a unique ribbon shape, we deduce that

Y IRM)| =dim VN < Y dim Ny < Y |R(T)|
IFN IFN IFN

from which we get that dim N7 is equal to the number of words of ribbon shape 1. O

This argument also shows that decomposition (12) is in fact a direct sum. Arguing as in the
proof of Proposition 6.8, we see that

S(w-Oamy) = >, (weu')u- Oy~

u€R(I)

for w € R(I), whence the theorem. O

Example 6.17 Let n =3, N =4 and I = (1,1,2). Then v110 = T1 T5T1 (1 + T3) and Ny =
VO .y, By computing the action of 1911 on the standard basis of V@ one gets

Ni12 =Caszazajar -vii2 @ Cazazajaz-vii2 @ Cazazaias-vie .

Then,
X(N112) = 33 T22 T11 711 + 33 T22 T11 Ta2 + 33 T22 T11 733 -

This expression is the sum of the ribbon words associated with the 3 ribbon tableaux

3] E 3]
2 2 2
1 1 1

]

and X(N112) = Rug(xu, 929, x33) as desired. O

Note 6.18 Using the same kind of argument as in Section 6.2, one can prove that Ny is an
indecomposable A, (q)-comodule. O
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In the classical case (corresponding to ¢ = 1), the Robinson-Schensted correspondence is the
combinatorial counterpart of the decomposition of V¥V into GL,(C) x & y-bimodules. On the
other hand, for ¢ = 0, there are two natural ways of decomposing V®V into Ag(n) x Hy(0)-
bicomodules. This leads to two different Robinson-Schensted type correspondences, involving
here ribbon and quasi-ribbon diagrams.

7.1 A first Robinson-Schensted type correspondence

The first combinatorial algorithm corresponds to the decomposition

VN = P Ny (13)
IFN

(cf. the proof of Proposition 6.15). Recall that any right Hy(0)-submodule of V¥ can also be
regarded as a left module, the action being given by v1; = —0O; v. It follows then from Lemma
6.16 that Ny is a left Hx(0)-module whose all composition factors are equal to Cz~. This
observation gives us a basis of V¥ indexed by pairs (r, gr) where r is a word of ribbon shape
I and where gr is the (unique) standard quasi-ribbon word of shape I”. The corresponding
Robinson-Schensted map is therefore trivial. It just associates to a word w its ribbon diagram.
It can clearly be recursively defined by an insertion process as follows.

Let r be the ribbon diagram of w, let  be the letter which is in the last box of r and let
a € A. The ribbon diagram of wa is then obtained from r by glueing a at the end of the last row
of r if x < a or under the last box of the last row of r if ¢ < x. For exemple, with w = baccb,
we have

0 5] 5] 5] 5]
- IE - - ac| - aclc’ - alc|cC

b

This construction is clearly bijective (the standard quasi-ribbon does not bring here any supple-
mentary information).

7.2 A second Robinson-Schensted type correspondence

The second Robinson-Schensted type algorithm is related to the composition factors of V&N,
Using Lemmas 6.9 and 6.16, one can see that these compositions factors are exactly the comod-
ules D each of them occuring |QR(I)| times. But Dy considered as a left Hy(0)-module is
isomorphic to Mj. It follows that there exists a basis of V¥V indexed by pairs (Q, R) where @Q
is a quasi-ribbon word of shape I and where R is a standard ribbon word of the same shape.
The corresponding Robinson-Schensted type algorithm which associates to each word w € A*
the pair (@, R) is described below.

Let QQ be a quasi-ribbon diagram and let a € A. Let Q' be the diagram obtained from Q by
deleting its last row and let = (resp. z) be the first (resp. last) letter of the last row of ). The
result Q of the insertion of a in @) is defined by the following rules:

e if z < a, Q is obtained by adding a box containing a at the end of the last row of Q

o if x < a < z, let y be the first letter of the last row of () which is strictly greater than a.
The quasi-ribbon diagram @ is then
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Ql

y o .. |z|;

e if a < x, Q is obtained by inserting a in @’ and glueing under the quasi-ribbon obtained
in this way the last row of Q).

Let w = ay ... a, be a word of length n. The pair (Q, R) associated with w can be defined as
follows. The quasi-ribbon diagram @ is obtained by inserting the letters of w (from left to right),
starting from an empty diagram. The standard ribbon diagram R is iteratively constructed by
putting at each step i € [1,n] of the algorithm the number ¢ in the box that contains at this
moment in () the letter a; inserted at this step. Let us illustrate again this correspondence on
w = bacch.

o

H [a]
((Z)v(b)% IE" — 7 — bC|, 13| .,

cle],[1]3]4] — [b]p] ,[1]5
clc] 3]4]

The correspondence w — (@, R) is clearly a bijection. In fact, the quasi-ribbon diagram @
associated with w is of shape C(o~!) where o = std(w). Going back to Proposition 4.21, this
gives the following property, which is the quasi-ribbon version of Knuth’s theorem [20].

Proposition 7.1 Let u,v € A*. Then, u and v correspond to the same quasi-ribbon Q) under
the second algorithm iff u = v with respect to the hypoplactic congruence.

In other words, the hypoplactic relations play, for quasi-ribbons, the same role as the plactic
relations for Young tableaux.
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