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Functional quantization rate and mean pathwise
regularity of processes with an application to Lévy
processes

HARALD LUSCHGY*, AND  GILLES PAGES |

January 2006

Abstract

We investigate the connections between the mean pathwise regularity of stochastic pro-
cesses and their L"(IP)-functional quantization rate as random variables taking values in some
L?([0,T1],dt)-spaces (< Op < r). Our main tool is the Haar basis. We then emphasize that the
derived functional quantization rate may be optimal (like for the Brownian motion) or not (like
for the Poisson process). Then, we focus on the specific family of Lévy processes for which we
derive a general quantization rate based on the regular variation properties of its Lévy measure
at 0. The case of compound Poisson processes which appears as degenerate in the former ap-
proach, are studied specifically: one observes some rates which are in-between finite dimensional
and infinite dimensional “usual” rates.

Key words: Functional quantization, Gaussian process, Haar basis, Lévy process, Poisson process
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1 Introduction

In this paper, we investigate the connection between the functional L"(IP)-quantization rate for
a process X = (X¢)eo,r) and the L"(IP)-mean pathwise regularity of the mapping ¢ — X; from
[0,7] — L"(P) in an abstract setting with a constructive approach (we mean that all the rates are
established using some explicit sequences of quantizers).

First let us briefly recall what functional quantization is and how it was introduced. Let (E, || . ||)
denote a finite-dimensional (E = R or R¢) or infinite-dimensional (E = LP([0,T],dt), C([0,T]),...)
separable Banach space and let o C E be a finite subset of size card(a) < N, N > 1. The Voronoi
quantization of an E-valued random vector X : (Q, A, P) — E with respect to the codebook « is
simply the projection of X onto « following the nearest neighbour rule i.e.

X = 10 (X)

where
T = Z 1Ca(a)7
aca
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(Ca())aca Borel partition of E satisfying for every a € «

Cola) CQueE : |lu—al| < min [ju—29b| ;.
bea\{a}

Then, the L™-mean quantization error is defined by

1
X - X2y = (Emin1X - al)

(this quantity is finite as soon as X € L7,(PP)). The set « is called N-codebook or N-quantizer. One
shows that such random vectors X are the best approximation of X among all a-valued random
vectors. The minimal N** quantization error of X is then defined by

eN,'r

(X, FE) = inf{(Egleig |X —a||")V/": a € E,card(a) < N}. (1.1)
When E = LP(]0,T],dt) (with its usual norm denoted |.| L, from now on) or C([0,7T]) (endowed
with || .|| = ||. || is an infinite dimensional Banach space of functions, an E-valued random variable
X is but a (bi-measurable) stochastic process X = (X¢).e[o,7] defined on the product space (£2 x
[0,T],A® B([0,T]),P @ dt) whose trajectories (X¢(w))o<t<r (almost) all belong to LP(]0,T7], dt).
The L"-integrability assumption then reads

E ((/OT th\Py) < +oo.

It is still an open question whether L™-optimal N-quantizers for Gaussian random vectors always
exist (see [11]) in an abstract Banach setting. However in many situations of interest for process,
including all the LP([0,T],dt)-spaces, 1 < p < 400, the existence of at least one such L"-optimal
codebook has been established (provided E|| X||" < +00). Note however that this is not the case
for the space C(I) of continuous functions. For more details on the existence problem for optimal
quantizers we refer to [11].

On the other hand, optimal L"-quantizers always exist when F = R? d > 1. In this finite
dimensional setting this problem is known as optimal vector quantization and has been extensively
investigated since the early 1950’ with some applications to Signal processing and transmission
(see [7] or [8]). In d-dimension the convergence rate of ey, is ruled by the so-called Zador theorem

1 d i
lim Niey,(X,R%) = J.4 </ gd_“(@d&)
N ' R4

where g denotes the density of the absolutely continuous part of the distribution P, of X.

Since the early 2000’s much attention has been paid to the infinite dimensional case. This is the
so-called functional quantization problem for stochastic processes: the aim is to quantize some pro-
cesses viewed as random vectors taking values in their path-spaces, supposed to be an LP([0, T, dt)
space, 1 < p < +o0o. Many results have been obtained for several families of processes with a
special attention paid to gaussian processes and (Brownian) diffusion processes by several authors.
Thus, in the purely Hilbert setting (r = 2, E = L?([0,T],dt)) the sharp rate of quantization of the
Brownian motion (W;),c(0.7] is given (see [15]) by

V2T

€ 2 ~
N,T(I/VaL ([O’T]’dt)) 7T(10gN)

(1.2)
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The existence of such a sharp rate for Brownian motion has been extended to LP([0,T1],dt) spaces
for 1 < p < oo (see [6]). Similar sharp rates hold for a wide class of Gaussian processes including
the fractional Brownian motions with rate

c¢(H,T)

6N7T(WH,L2([O,T],dt)) ~ (10g N)H

where H denotes the Hurst parameter of the fractional Brownian motion W, the Ornstein-
Uhlenbeck process, the Brownian sheet, etc, in the purely Hilbert setting (see [15]). The exact
rate has also been established in [14] for a wider class of Gaussian processes. In [14, 15], these
results are based on the (sharp or exact) asymptotic behaviour of the eigenvalues of high order of
the Karhunen-Loeéve expansion of the Gaussian process. As a by-product, this approach provides
very simple explicit sequences of rate optimal asymptotic quantizers (provided the Karhunen-Loeve
expansion of the process itself is accessible). Their numerical implementation has lead to some unex-
pectedly promising numerical applications in Finance, especially for the pricing of path-dependent
options like Asian options in several popular models of asset dynamics (Black-Scholes, stochastic
volatility Heston and SABR models, etc). For these aspects we refer to [18] or [20].

Still for Gaussian processes an important connection with small ball probability problem has
been made (see [4, 10]). Some exact or sharp rates of convergence for different classes of Brownian

diffusions have also been proved recently (see [17], [5]) with a rate driven by (log N )7%

The common feature shared by all these results is that there is a one-to-one correspondence
between the exponent a that rules the (L"(IP), LP(dt))-quantization rate of these processes in the
log(N)~% scale and their mean pathwise regularity i.e. the lowest exponent a that satisfies

Vs, te [0,T), || X; — Xillr < Colt — 5| (1.3)

Although such a correspondence is not really surprising given the connection between quantiza-
tion rate and small ball probabilities in the Gaussian setting, this leads naturally to try deriving a
general abstract result that connects these two features of a process. This is the aim of the Section 2
of this paper in which we show that the mean pathwise regularity always provide an upper-bound
for the (L(IP), LP(dt))-quantization rate (0 < p < r). We retrieve then the rate obtained by more
specific approaches for the all processes mentioned above. We also extend, to general Brownian
diffusion processes and even general It6 processes the rate formerly obtained for specific classes of
diffusions in [5, 16]. We also obtain some first quantization rates for some classes of Lévy processes
like a-stable processes. The main tool is to expand a process on the simplest unconditional wavelet
basis — the Haar basis — and to use a uniform version of the Zador theorem (coming out as a slight
improvement of the Pierce Lemma, see [9])

At this point, the next question is to wonder conversely whether this always provide the true
quantization rate. In this naive form, the answer to this question is clearly no because equation (1.3)
only takes into account the mean-pathwise Holder regularity of a process and one can trivially build
(see [14]) some processes which smoother mean-pathwise regularity (like processes with C*, k > 1
trajectories). We did not extend our approach in that direction for the sake of simplicity but there
is no doubt that developing similar techniques as those used in Section 2 one can connect higher
order mean pathwise regularity and quantization rate like in the Holder setting. In fact we point out
in section 3 devoted to general Lévy processes that the answer maybe negative — the quantization
rate can be infinitely faster than the mean pathwise regularity — for different reasons in connection
with the dimensionality of process: a Poisson process is in some sense an almost finite dimensional
random which induces a very fast quantization rate which does not take place in the log(N)~ scale
although the mean-pathwise L" (IP)-regularity of a Poisson process is Holder (and depends on r, see
e.g. (2.12) and (2.13)).



The main result of Section 3 is Theorem 2 which provides a functional quantization for a general
Lévy process X: this rate is ruled by the behaviour of the Lévy measure v around 0. As an example
for Lévy processes which do have infinitely many small jumps, if the Lévy measure satisfies

C
dec>0, 1,q(z)v(dz) < Wl(od (x)dz

for some € > 0, then, for every p, r such that 0 < p < r and X; € L"(P)

IS

VT’, pe (O,T*), carii%f;]\/' || |X - X|L§-,Hr = O((IOgN)_

).

A more general result is established that connects the quantization rate with the regular variation
index of the zero tail function z — v([—1,1] \ [-z,z]°) as x goes to 0. This result is obtained
by applying the result of Section 2 to the dominating term for quantization which turns out to
be a non-homogeneous mlartingale processes with independent increments which “excludes” the

jumps of X with a rate t£ as t goes to 0 (when looking at the process in a backward way). We
also establish some quantization rates for compound Poisson processes and show they are infinitely
faster than the above ones. To this end, we design an explicit sequence of quantizers which can
clearly be implemented for numerical purposes. In fact the whole proof is constructive provided
the Lévy measure is “tractable” enough

The paper is organized as follows: Section 2 is devoted to the abstract connection between mean-
pathwise regularity and quantization rate of processes, with some applications to various families
of processes. As far as we know, some of this rates are new. Its main result is Theorem 1. Section 3
provides an upper-bound for the quantization rate of general Lévy process in connection with the
behaviour of the Lévy measure around 0. The main results are Theorem 2 and Proposition 4.

NOTATIONS: o L2 := LP([0,T),dt) and [f|;p = (i [F(t)lPdt)5.

e Let (an)n>0 and (by)n>0 be two sequences of positive real numbers. The symbol a,, ~ b, means
ap, = by + 0(by).

e [z] denotes the integral part of the real number x and , = max(z,0) its positive part.

2 Mean pathwise regularity and quantization error rate: an upper
bound

In this section, we derive in full generality an upper-bound for the (L"(P), L2 )-quantization error
en,(X, LP) based on the path regularity of the mapping ¢ +— X; from [0, 7] to L#(IP). The main
result of this section is Theorem 1 below. Then we will illustrate on several examples that this rate
may be optimal or not.

One key of the proof is the following extension of Pierce Lemma (see [9], p. 82) which is the main
step of Zador’s Theorem for unbounded random variables. Its proof relies on random quantization.

Proposition 1 (Pierce Lemma) Let v,0 > 0. There exists a real constant C, 5 such that, for every
random variable X : (2, A) — (R,B(R)),

N>1 X RY =  inf [ X - X < Xl N7L
v - 9 BNJ‘( I ) Cardl(rOlé)SNH ||'r — CT,(SH Hr+6



Proof: It follows from the original Pierce Lemma as stated that there exists a universal real
constant C > 0 and an integer N, s > 1 such that, for every random variable X : (Q,A) —
(R, B(R)),

VN > N,s, inf E|X — X" <C%(1+E|[X|"T)N.
’ card(a)<N ’

Using the scaling property of quantization: for every A > 0,
~ 1 —
IX' = X, = SINAX) = AX .

where Ao = {Aa, a € a}, one derives from Pierce Lemma by considering X /|| X||,4+s and setting
A:=1/||X||,., that

r+48

VN > Ny, inf [ X — X%, <27C%]|X||,,, N1

card(a)<N o

Now, for every N e {1,..., N, s — 1}, setting a := {0} yields

inf_ | X = X9, < [IX], < NogllX]

card(a)<N T+6

Combining the last two inequalities and setting Cr,gzmax(Q%Cg 5> Nr.s) completes the proof.
Let (e, )n>0 denote the Haar basis defined as the restrictions on [0, T of the following functions

1 1 n
ey = T2 1[O,T]a el = T_E(]-[O,T/Z) — 1[T/27T})a € = 2561(2n. —k?T), n > 0, ke {O, . ,2” — 1}

With this normalization, it makes up an orthonormal basis of the Hilbert space (L2([0, T}, dt), (.|.),)
where (f|g), = fOT fg(t)dt. Furthermore, it clearly satisfies for every p > 0,

2" —1

T
vnz0, [ (Fleamiermn(t)Pdr = 275 1*-Z|f|ezn+k (2.1)
k=0

The second key to establish a general connection between quantization rate and mean pathwise
regularity is the following standard properties of the Haar basis: for every fe& L2([0, 7], dt),

" 1 (2k+1)T2~ (n+1) (k+1)T2— 7™
(fleantr) = 22Tz (/ f(u)du—/ f(u)du>
ET2-n (2k+1)T2—(n+1)
T2~ (n+1)
= 95T 3 (FT2™ +u) = f(2k+ )72 fw)) du. (2:2)
0

Let (Xt)iepo,7] be a cadlag (right continuous, left limited) process defined on a probability space
(Q, A,P) (or more generally a bi-measurable process with P-almost all paths lying in Li) such that
X € LP(P) for every t€ [0,T] for seome positive real exponent p > 0.

We make the following ¢-Lipschitz assumption on the map t — X; from [0, 7] into L”(P): there
is a non-decreasing function ¢: (0, +00) — R, continuous at 0 with ¢(0)=0 such that

Vs, te [0,T], E|X;— Xs|? < (ot —s]))” if p>1,
(Ly,p) = . (2.3)
Vhe (0.ho),  E(supcscqinnr 1Xs — Xil?) < (o(R)? £0<p<1.
Note that this assumption implies that E(]X]",) < 400 so that, in particular, that, P(dw)-a.s.,
T
t — X¢(w) lies in L?. (note this implies that the paths are L2-valued if p > 2).



We make a reqularly varying assumption on ¢ at 0 with index b > 0 i.e. for every ¢t > 0

t
lim pltz)

__4b
lim S =0 (2.4)

In accordance with the literature (see [2]) this means that = — ¢(1/z) is regularly varying at
infinity with index —b (which is a more usual notion in that field).

Let r, p€ (0, p). Our aim is to evaluate the L"(PP)-quantization rate of the process X viewed as
an LP -valued random variable induced by the “Haar product quantizations” of X defined by

2" —1

g oy “Non

X = éévoeo + Z Z £2n2+gk€2n+k (25)
n>0 k=0

where &, == (X|ep,), € LP(P), k > 0, and £V denotes an N-quantization (N > 1) of the (real-valued)
random variable ¢ i.e. a quantization of X by a codebook a¥ having N elements. A quantization

~]

taking finitely many values, this implies that Non,; = 1 and {gf_tgk = 0 for large enough n (which

may be a non optimal 1-quantizer for {;Yf:z’“)

We will see that this local behaviour of ¢ at 0 induces an upper-bound for the functional
quantization error rate of X (regardless of the values of r and p except for constants).
Relying on the following two well-known inequalities:

flog < TV f) L <y
for every Borel functions f : [0,7] — R and
1Zl < NZ0s <
for every random variables Z : 2 — R, one may assume without loss of generality that, either
1<p=r<p or O<p=r<p<l
Theorem 1 Let be X = (Xy)ic[o,1] a bi-measurable process defined on a probability space (§2, A, IP)

T
such that / E|X|Pdt < +oo for an exponent p > 0. Assume that X satisfies the p-Lipschitz

0
assumption (2.3) for this exponent p where ¢ is reqularly varying (in the sense of (2.4)) with index
b>0 at0. If b= 0 assume moreover f01+ gp(ﬁ)% < 4o00. Then

©(1/log N) if b>0,
¥(1/log N) if b=0,
with Y(z) = [ p(€)/&d€. In particular if p(u) = ub, b > 0, then
ens (X, L2) = O((log N) ™). (2.6)

Vr, pe (0,p), ens (X, LY) < Cnp{

Proof. CAsE 1 < p=1r < p: Let N > 1 be a fixed integer. One considers a Haar product
quantization X of X with a (product) codebook having at most N elements i.e. such that Ny x
1,k Nonyr < N. Its characteristics will be be specified further on. Then,

on_1
S 11 2N, 2N
X = X|p < T772|6 = &°1+ D0 | D (Congr — Eont i )ean
n>0 | k=0 I
T
1
11 “No 11 n(i—1) gl Nomy i1 i
n>0 k=0



so that, both ||.||, and ||.||; being norms,

1

I 11 N 11 11 ~N. "
[ Rl 1, € T g0 G011, 47 Yt (Zr§2n+k w)
n>0
™
1
on_1 >
1_1 2Ny 1_1 n(l_l)
= T2 &= &0 Il #7772 D27 Y [Eank — &%)
n>0 k=0 1
< T3 ENo ||y ez S o) (on %
< T2 & —&° |, +T7 an>o 2T 0;,3%%’5 1H|52”+k 24k |||

T

11 ~ 1.1 n FN.
= TR G0+ TR 28 e [l -G
n2

0<k<2n—1

1_1 N 1_1 n “Non
= T G- &0 L +T Y028 maxlen i — & (27)
n>

0<k<2n—1

Let 6 := p —r. It follows from Proposition 1 (Pierce Lemma) that, for every N > N, ,, and
every r.v. £€ L"(P),
f &, <o N~
cardl(%z <N 1€ — &I, rollEll
Now, using the monotony of the LP-norms with respect to the probability measure 27! L a-(n+n7) (t)dt)T,
Fubini’s Theorem, the yp-Lipschitz continuity assumption (2.3) and (2.2), yields

Blensl” = El(Xlexi)l”

y 2—(n+1) p
5P —p/2 _
< 23T IR /O X s — Xasp oy Jdu

2—(n+h)p
S 2520 2_(n+1)PTP/2 ]E </O |X2%T+u - X%TJruV) 2n+1dU/T>
1p/2—1 27T
— —2o4n+ —

< 27PamaRrTnTITR /0 E’XQL,LTW_X%Tm’pdu

. 2-(r+0)
< 2*2p+n+17pr/271/0 ((P(T/Qn+1))p du

—Zp n+1y\"”

< Cxpp2 B (p(1/2)" (2.8)

At this stage, we assume a priori that that the size sequence (Nani)n>0 k=0, 2n-1 of the
marginal codebooks is nonincreasing as 2" + k increases and satisfies

1< [ Ne <N
k>0

We assume that all the quantizations induced by these codebooks are L™-optimal up to n < m i.e.

_a — inf _ ¢
l62n 41 — Eonpre|, Card(al)I;NQnMH&wk Eonyill,

and that &n; = 0 otherwise. Then combining (2.7), (2.8) and Proposition 1 yiclds

| |X—X|L’"T I < Cxrirp ( Z N2"+1

n>0



S me( Syt 2T/(2”+1+/<:))>

n>0 k=0 N2n+1+k
1 1« ®(27T/k)
- C = _Z
XTirp (z\f(fLTk>2 Ni )

where ®(z) := z¢(z), € (0,400). This function @ is regularly varying (at 0) with index b + 1.
This implies in particular that there is a real constant ¢ > 0 such that ®(T/k) < c¢®(1/(k+1)) for
every k > 2. Hence, inserting for convenience the term ®(1/2)/N; and modifying the real constant
Cx,1rp in an appropriate way finally yields

~ /k)
X — X|rr < C E
H | |LT H XTTPk>1 Nk 1

Now set for convenience vy = ®(T'/k), k > 1. Consequently an upper-bound for the quantization
rate is given by the solution of the following optimal allocation problem

. Vg,
inf |[|X = X|i ||, <C min —, Ny <N, Ng>-->Np>--->1
aCLy,,card uz)’< ’L H e {]; N1 kl;lo b= 0= = Vg Z = }

k>m+1 0<k<m-—1

SCX,T,npmin{ZNk 1+Zuk, [IN:<N, Noz---sz_lz1}.(2.9)

The rest of the proof follows the approach developed in [14] (Section 4.1, especially Lemma
4.2, Theorem 4.6 (i)-(i7i) and its proof) and [15]. However, one must be be aware that we had to
modify some notations.

Proposition 2 (See [14] for a proof) Assume v, = ®(1/k), k > 1, where ®(z) = z ¢( :
(0,400) is an increasing, reqularly varying function at 0 with index b > 0 (with fol v <p(§)% < +o0
when b=0). Then

(4) limg vy /vp1 = 1,

n o
11) (H I/k> ~ ey,
k=1

(7i1) Z v +nvg ~cyp(l/n) wherec=1+1/bifb>0andc=1if b=0 and
k=n-+1
. v ag .
Y(x)=¢(x) if b>0 and P(x) ::/0 Lp({)? if b=0.
Set m =m*(N) = max le:N#Vm(HV]‘) >1p,
j=1
and Nik_1 = Nr_1(N) := N#Vk (H yj) >1, k=1,....m
j=1



It follows from Proposition 2 (ii) that

log N
m=m"(N) ~ o8 as N — oo.
b+1
1
m Vi 1 m "
Then, Z N < rlglgf((1+1/Nk,1)m m Hl/j
k=1 j=1
JEP "
< 2me Tm Hl/j
j=1
< 2mvuy,.

Consequently using this time (iii) in Proposition 2

ZNZk1+ Z k= C(me+k>Z+1Vk)
— O((1/log N))

so that R
X = X]pze ||, = O(1(1/log N)).

CASE 2 (p <1). One relies this time on the pseudo-triangular inequality
. ” < . ™ 7 T
\f + gl <IflL: +l9lz:

which follows from the elementary inequality (u + v)" < u” 4+ v".

2n_1 T
A I ~

X = X[ < TV 3& = &0+ D0 | Y (Gonn — & Jezn
n>0 | k=0 Lr,

2m—1
= TV — &+ T Y 220G ST ey —
n>0 k=0

so that,

- . -
X =Xl I = T2 X - X[, b

< TVE| | - &) |, + T ] 2D

2" —1 N,

“INon
Y [Gompn = S
k=0

n>0 1
_r N, _r r_ ~N.
= TR G- GO+ 202 el - ST
n>0 - =
_ 1-Z No T 1-Z nr FNon g
= T3 & &0+ T 2222“%1H|@n+k—£2n+k| 1

~] T

_ 1-Z _ ¢Noyr 1-Z nr _ FNongyg
= TG - T2 e - &30
n>

(2.10)

This inequality replaces (2.7). Then, one concludes like in the case p > 1.



Remarks. e When p > p > r, the (L"(IP), L? )-quantization problem remains consistent. But
there is a price to be paid for considering a p exponent higher than p. Thus, if p(u) := u® with
b+ % - % > 0 the same approach yields the rate

Cxrar,
eNW(X, Lg) S —errlp,l .
(log N)”"»r

We do not know whether it comes from our approach or if it is the best possible rate.

2.1 Applications and examples

In this section, we give some examples which illustrate that the upper-bound derived from the
mean pathwise regularity may be optimal or not.

2.1.1 Application to Ité processes and d-dimensional diffusion processes

e Let W denote an R%valued standard Brownian motion defined on a probability space (€2, A, IP)
and let FV denote its natural filtration (completed with all the P-negligible sets). Let X be a
1-dimensional 1t6 process defined by

dXt = Ht dt + Kt.th, X(] =xp€E R

where (Ht)te[QT} is a real-valued process and (Kt)te[O,T] is an R%valued process, both assumed
F}V -progressively measurable. Assume there exists a real number p > 2 such that

sup E|H:? + sup E|K|? < 4o0. (2.11)
t€[0,T] t€[0,T]

Then, it is classical background, see e.g. [3], that Assumption (2.3) is satisfied with ¢(u) ws. Tt

follows from Theorem 1

vr,pe (0.p), I [Xl I, = O ((log N)~'/2).

e Let X = (X',..., X% be an R%valued diffusion process defined by
dX; = b(t, X;)dt + o(t, X;)dW;,  Xo=x0€ R?
where b: [0,7] x R — R% 5 : [0,T] x R? — M(d x q,R) are Borel functions satisfying
Vte[0,T], Vee RY,  |b(t,z)| +|o(t,z)| < C(1+ |z|)
and W is an Rq—valued standard Brownian motion(!). Then, every component X° is an It process
(with Hy = b'(t, X¢) and Ky := o"(t, X)) for which Assumption (2.11) is satisfied for every p > 0

(see e.g. [3]). On the other hand, if (u',...,u?) denotes the canonical basis of R? and |.| denotes
any norm on R?, then for every f =Y cjcq fiu’ : [0,7] — RY,

d
’f’L;d([O,T},dt) < ; FAIZAAE

IThe above assumption does not imply that such a diffusion process X exists. The existence holds as soon as b
and o are Lipschitz in  uniformly with respect to ¢t € [0, 7]
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Now, one can quantize each It process (X}), i = 1,...,d using an (L", LP)-optimal quantizer a®
of size [V/N]. It is clear that the resulting product quantizer %, a(® of size [V/N]¢ < N induces
an (L", Lt ([0, T], dt))-quantization error O ((log N)_l/z) (see e.g. [17]). Combining these obvious
remarks finally yields

Vr,p>0, en (X, L ([0,T],dt)) = O ((1Og N)71/2) ‘

As far as quantization rate is concerned, this extends to general d-dimensional diffusions a first
result obtained in [17] by stochastic calculus techniques for a more restricted class of Brownian
diffusions (which included 1-dimensional ones). This also extends (the upper bound part of the)
the result obtained in [5] for another class of (possibly multi-dimensional) Brownian diffusions. For
the class investigated in [17] it is shown that under a mild ellipticity assumption on o, this rate is
optimal. In [5], still with an ellipticity assumption, the rate is sharp. This leads us to conjecture
that this rate is optimal for non too degenerate Brownian diffusions.

2.1.2 Application to fractional Brownian motion

The Fractional Brownian Motion B with Hurst constant H € (0, 1] is a Gaussian process satisfying
for every p > 0,

E Wi —wWie = Cyylt — s/’ and  (WH)ocucy % 7 (WH)o<ozr.

S
So, using Theorem 1, we obtain ey, (WH, L2) = O((log N)~*) as an (L"(P),|. |2, )-quantization
rate. This rate is known to be optimal: a sharp rate is established (see [15] when p = r = 2 or [6]).
2.1.3 Stationary processes

Let X be a centered weakly (square integrable) stationary process. Then
E|X; — X, = E[X;—s — Xo|> = 2 Var(Xo)(1 — c(|t — s|))

where c¢(t) denotes the correlation between X; and Xj. Hence if

clu) =1—ku*®

then the L"(PP)-rate for LP-quantization, 0 < p,r < 2, will be O((log(N))~¢). If furthermore, X is
a Gaussian process, then this O((log(N))~%) rate holds for any r, p > 0 since for every pe N*,

EIX, — X.JP = EIX,_, — Xol? = Cp(Var(Xo)(1 — (]t — 5[)))°/”.

2.1.4 Lévy processes: a first approach

A Lévy process — or Process with Stationary Independent Increments — is characterized by its so-
called local characteristics appearing in the Lévy-Khintchine formula. These characteristics depend
on the way the “big” jumps are truncated. We will adopt in the following the convention that the
truncation occurs at size 1. So that

E(e™Xt) = ™™ where  (u) = —iua + 1J2u2 - / (e —1 — iuzly|z<1y)v(dr)
2 R\{0} -

where a, 0 € R, v is a non-negative measure on R\ {0} such that v(2? A1) < 4+o00. The measure v
is called the Lévy measure of the process. One shows that a Lévy process is a compound Poisson
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process if and only if v is a finite measure and has finite variation if and only if |z|v(dx) <
{l=|<1}
+o00. Furthermore

X € LP(P) if and only if / |z|Pv(dz) < +oo.
{lz=1}

As concerns Assumption (2.3) note that the very definition of a Lévy process implies that

E | X;— X, =E | X¢—s|P and E sup |X;—XP=E sup |X,|f
sE[t,t+h] s€[0,h]

so that we may focus on the distribution of X; and Xj := sup,cjo4 |Xs|. Finally, note that it
follows from the usual symmetry principle that for any Lévy process, P(X} > u +v) < P(|Xy| >
u)/P(X} < v/2) so that E|X;|" and E|X/|" are simultaneously finite or infinite when 0 < r < 2.

e The a-stable processes The a-stable processes are families of Lévy processes indexed by
a€ (0,2) satisfying a self-similarity property, namely

Vte Ry, X, A4Y°X,  and sup |Xs|r€t1/o‘ sup | X/
0<s<t 0<s<1

Furthermore,

sup{r such that E( sup |X|") < +o0} =« and E|X1]* = 4+o0.
0<s<1

Consequently it follows from Theorem 1 that

1
Vp, re (0,a), eny (X, V) =0 —— .
pre@a)  onrlXile) <<log<N>>a>

Although we have no evidence for it in this paper, it is clear that this rate is optimal.

e The I'-processes These are Lévy processes whose distribution Px, at time ¢ is a vy(a,t)-

distribution

at

Px,(dz) = m 1(0,00) (:U)xtflefaxdx.

So, easy computations show that for every p > 1,

L't +p) L'(p)
E| X = t~ t t— 0.
Xl = eyt~ ar !t T
Consequently it follows from Theorem 1 that
Wre [l 400), Vp € (0,7,  enn(X,I7) =0 —F ).
’ ’ (log(N))+*
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e Compound Poisson processes from the pathwise regularity viewpoint One considers
a compound Poisson process

N
N =3 Uk,
k=0

where N = (Ni)icpo,r] denotes a standard Poisson process with intensity A = 1 defined on a
probability space (€2, A, P) and (Uk)g>1 an i.i.d. sequence of random variables defined on the same
probability space, with Uy € LP(IP). Then, standard computations show that,

Ny p Nt
E sup U < EX |JUGP =t|th]" if0<p<1, (2.12)
O<s<tp=1 k=1
Ny p . th=1p
ED Ul < tlUnllf x e o if p> 1, (2.13)
k=1 k>1
Ny P Ny P N p—1
ED Uy —tEUY| < E|D Uyl +207' |E)D Us| t|E Up] +t°|E U]
k=1 k=1 k=1
= C,t+O(t*") if p > 1.

The inequality for the compensated process follows from the second one and from the elementary
inequality (u + v)? < w? + 271 (w?~tv +v?) (p > 1). Besides, it is clear that (N);>¢ and its
compensated counterpart N — t[E(U;) have the same quantization rate since t — ¢tEU; lies in
any LP (when p > 1). Consequently, Assumption (2.3) is fulfilled with ¢(u) = u®, b=1/(p V 1).
Theorem 2 then yields

Vr,p€ (0,p),  ens(NY,LP) = O((log N)/ VD),

These rates are very far from optimality as we will see further on (in Section 3 some sharper
rates are established by a completely different approach based on the almost finite-dimensional
feature of the paths of such elementary jump processes). This means that the mean pathwise
regularity of ¢ — X is not the only parameter that rules the quantization rate.

3 A general quantization rate for Lévy processes

One aim of this section is to prove the following theorem for Lévy processes having no Brownian
component.

Theorem 2 Let X = (Xt)te[O,T} be a Lévy process with Lévy measure v without Brownian compo-
nent. Set

0 := inf {6 : /{xgl} |z|%v(dzx) < —i—oo} € [0,2], (3.14)

r = sup{@ : / |CC|€I/(d$) < +OO} <+ (3.15)
{l=|>1}

and assume r* > 0

(a) If the Lévy measure satisfies

C
de > 0, 1(070] (fE)I/(d(E) S Wl(&d (,I)dﬂ? (316)
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then

Vi pe (0,%),  enp(X,L7) = O((log N) 1), (3.17)

When 0 = 0, the right hand side of (3.17) reads O((log N)=%), a > 0.

(b) If the tail function of the Lévy measure v: u — v(°[—c,c] \ [—u,u]) defined on Ry \{0} has
reqular variation with index —b (as w — 0), then b = 0. If furthermore

6€(0,2) and lignionftgy(t)>0, (3.18)

then,

Wr, pe (0, +00), eN,T(X,Lg):o<(1ogN)% g((logN)1)> (3.19)

1
where £(t) :=tv(t2) is a slowly varying function.

Remark: When € = 2, the right hand part of Assumption (3.18) cannot be satisfied: if it were
then

/x%(dx) = /002 v(y/s)ds > 0/002 % = 400.

The complete proof of this theorem is deferred to Section 3.2. The reason is that it relies on
a specific decomposition of X and on several quantization rate results of the processes involved in
this decomposition.

Note that, in case of equality in (3.16), claim (a) is a sub-case of claim (b) corresponding to a
(non-zero) constant function ¢. In general claim (a) yields a result when Assumption (3.18) fails
e.g. when v(dz) = k2™ (—Inx) "1 3y (2)dz, a > 0.

Note that rate (3.19) coincides for stable processes with that obtained in Section 2.1.4 and is
most likely optimal.

On the other hand when § = 0, which includes the case of compound Poisson processes, (3.19)
only shows that the quantization rate is faster than any negative power of log N. A sharper result
is given in Section 3.1.1.

3.1 Lévy processes with bounded jumps

We consider in this section a Lévy process X without Brownian component (o0 = 0) and whose
jumps are bounded by a real constant ¢ > 0 which is not a Poisson process. This means in term of
the Lévy measure v of X that

v(¢[—e,c]) =0 and Vee (0,¢), v([—c, )\ [—¢,¢]) > 0. (3.20)

Furthermore for every p > 0 and every ¢t > 0, X; € L?(P). In Proposition 3 below we show that
Theorem 2 is true in that setting.

Proposition 3 let (Xi)eo,r) be a Lévy process satisfying (3.20). Then claims (a) and (b) in
Theorem 2 both hold true with r* = oo.

Proof. The proof of this proposition is decomposed into several steps. First note that we may
assume p,r > 1.

STEP 1 (Decomposition of (X;) and the quantization error): We consider 6 as defined in Theorem 1
Note that in the present setting § = inf{6 : [, . |z|%v(dz) < +oo}. Assume first that § > 0.
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The starting idea si to part the “small” and the “big” jumps jumps of X in a non homogeneous

1
way with respect to the function s — s2. Indeed one may decompose X as follows

X =)+ x2 + m? (3.21)
t
where ) = tE(Xy) — / ds / 1 azv(dz) is a continuous deterministic function,
0 {s2<|z|<c}
x9 — AX.1 .
! 0<Zs§t "ax,>sT)
Mt(g) is a martingale with (non-homogeneous) independent increments

with a predictable conditional variance process given by

t
<M® >t:/ds/ 1 2?u(dr).
0 Hlal<s?}

Note that (Xt@) is well defined (and has finite variations on [0,77]) since
t
/ds/ , | (dz) = / 12| ([ A £)u(de) < / 2|0 (dz) < +oc.
0 s?<|z|<c} {lz[<c} {lz]<c}

Our aim is to prove that the martingale is the dominating term as far as quantization is
concerned. First note that the deterministic function £ does not affect the quantization rate since
it is invariant by translation (provided £ € LP as a continuous function).

This follows from the following general fact: for any N-quantizer, 3 C LP and any {€ L?.

- — _&+B
X = XP1rll, = X+ = (X +6)" [ell,

with  {+0={{+f, fe B}
Consequently, one derives from (3.21) that, for every N > 1,
en (X, 12) < min{en, o(X@, L2) + en, o(MD, I2), Ny, Ny > 1, Ny Ny < N | (3.22)

STEP 2 (Time reversal argument): One easily checks that for any Lévy process X = (Xi)o<t<r

has the same distribution — as a process — as Y defined by

Yi=X, — X, , ,te0,T].
(see e.g. [1]). On the other hand
X0 _x©@  — AY,1 1 , te [0,7).
’ - 0;@ T {r-s)t <Y<}
so that, setting V! := X§Q) — ng),t) , yields the identity
© _ w0 _ T
X =XO-vI . telo,T]
This implies that for ever p > 1 and every z€ R, g€ L% that
X — (2 —g((T - N < X© 2|+ YD —g((T - )

= |X© —g|+ YT - g(-f)ng
= |X© g+ ¥T - g|L,%. (3.23)
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where we used that the mapping s — T — s leaves the Lebesgue measure on [0, 7] invariant. Then,

using that X £ Y, one gets for every r > 1
en (XD, 10) <inf {en, o (X0) + en, o (X7, IE), N1, Ny > 1, Ny N < N} (3.24)
where

Xr'=3 axg1 .
' 0<Zs§t ’ {(T-s5)2<|AX |<c}

Since the random variable Xﬁg) lies in every L"(PP) it follows from Pierce Lemma that

eNl,T(X§Q)) < CT,QN1_1- (3.25)

STEP 3 (Quantization of the martingale term): In this step we will evaluate

Lemma 1 For every 0 € (0,+00), set kg := max{k : 2% < 6}.

ko+1 t . o
Vt>0, E < sup \MS@]G> <Cp ). (/ ds/ ; x? y(dx)) . (3.26)
0<s<t =1 \Jo {lz|<s?}

Proof: Note that 2F¢ < § < 2ke+1 Tt follows from the combination of the Burkholder-Davis-Gundy
inequality and the more elementary inequality (u + v)® < 2471 (u® +v?), (u, v >0, a > 1) that

0<s<t 0<s<t

2
B M®)P < o E AX)*1
sup [MP" < GyE| > (AX) N

[

2 g
t 2 t 2
< Cy </ ds/ 1 1‘2V(d.%')> +E (AX,)%1 1 —/ds/ 1 2?v(dx)
0 {lz]<s2} 0<s<t {lax;|<s®} Joo J{jal<s2}

“ (</0t ds /{:L“Ssé} xQV(dx)) E </0t * /{sté} xQQV(dw)f)

where Cy is a real constant depending on 6 that may vary from line to line. Then introducing
successively the martingales

N

IN

t
Ny = (AX)*1 1 —/ ds/ 1 |zPv(de), k< ke,
t ogzsgt {laxs|>s2}  Jo {lz|<sZy}

and applying again the Burkhdélder-Davis-Gundy inequality finally yields

0 _0__
t L 2k kot 1 2ho 1
i ’Mé@‘g =@ Z </0 ds/{x<sl o V(dx)> HaE ( Z (AXS)Q 9 1{\AX <sé}>

[
0<s<t k>1.9k <0 Z} 0<s<t

ko+1

6
t ok
= Oy /ds/ 1 xzky(dx)> . (3.27)
kz::l < 0 {lz[<s2} ¢

This lemma yields the following result for the martingale term.
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Lemma 2 (a) If the Lévy measure satisfies Assumption (3.16) then

IS

Vr, pe (0,400),  en (MY LP) =O((logN) ). (3.28)

(b) Assume that the function u — v(u) = v([—c,c| \ [—u,u]) defined on Ry \ {0} has regular
variation with index —b. Then b = 0. If furthermore Assumption (3.18) holds then,

|-

Vr, pe (0, 400), eN,T(M@LLg):o(aogN) g(aogN)l)) (3.29)

1
where £(t) :=ty(t2) is a slowly varying function.

Proof: (a) When 6 > 0, the result follows by inspecting all the integrals in (3.27). When
Junderline = 0, one checks that the first three steps are still true by replacing @ by a arbitrary
same € > 0.

(b) It follows from Theorem 1.4.1 in [2] that v(u) = u~%/(u) where £ is a (non-negative) slowly
varying function. Consequently by the Markov inequality, one has, for every 8 > 0 and every u > 0

u=b0(u) < / |z|%v(dx).
{lz|>u}

Assume b # 0. Now, the left hand side of the above inequality goes to co as u — 0 as soon as 6§ < b
since ¢ has slow variations (see Proposition 1.3.6 in [2]). Consequently 6 < §. Letting 6 go to b
implies that b < 6.

The rest of the proof makes use of the following easy equality which follows from the very
definition of v: for every non-negative Borel function f,

/flfﬂl (dz) /f )dy(z (3.30)

In particular, for every x € (0, c| and every a > 0,

/{luZm} uf(du) = = /x utdy(u)

Assume b < . Then, it follows from Theorem 1.6.4 in [2] that for every a€ (b,8),

¢ b b
/ udy(u) ~ 2 zv(z) = mxafbé(:c) —0 as z—0,

—a

since ¢ is slowly varying. This contradicts [ |u|*v(du) = +oo. Consequently b = 6.
Now, Theorem 1.6.5 in [2] implies that for any a > 6

/ lu|*v(du) = —/ udy(u) ~ 0 zv(x) as x—0.
{jul<z) (0.2] a—9

Since 6 # 2, one may apply that with a = 2%, k =1,..., kg + 1. This yields yields

which in turn implies that

0 t ok 1
/ds/xqé}x v(dz) ~ Q—2k/ sTy(sl)ds as t— 0.
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IODI»—‘

The function s — v(s?2) has regular variation with index —1, hence Theorem 1.6.1 in [2] implies
that for every kK =1,... kg + 1,

/ds/ ; a? ydx) ngkt@H (t2) as t—0.
{l|<s?}

IS

Finally, still for every k =1,..., kg + 1,

t & Qi’C 1 1 0
/ ds / @ u(dn) )~ Cogn (te (ﬁ(t))zk) as - 0. (3.31)
0 Jyelzsty ‘

1
If liminf; o tr(t2) > 0, then it follows from (3.31) that the dominating term in the right hand side
of (3.26) is obtained with k£ = 1. Consequently for every te [0, T,

N 0
E ( sup |Ms@|€> <Crpp (tQ E(t)) .
0<s<t

1
One concludes by applying Theorem 1 with the function with regular variation p(t) = t2+/£(t). o

STEP 4 (Quantization of XT): First we introduce
U(t) = / (2 =), v(dz), >0
{lz|<c) "

The function ¥ is non-negative, non-increasing and convex, ¥(0) = [|z/%v(dz) < +o0, ¥(0) > 0,
_2_
U(t) < +ooif t > 0 since V() <t ¢ ! [2?v(dx) < +oo. It follows from (3.20) that ¥(t) = 0 if
te [c? 4+00) and ¥(t) > 0 on [0,c?). Consequently ¥ is a decreasing homeomorphism from [0, c?]
onto [0, ¥(0)] (with the convention ¥~1(0) = 400 if ¥(0) = +00).
An alternate expression for ¥ using identity (3.30) and an integration by parts can be derived:

IS

[
cl
v = [ usis, e o.ct)
t
which shows that W is a slowly varying function as ¢ — 0 since it is the antiderivative of a regularly
varying function with index —1.
Now, the compensate formula shows that, for every t€ [0,T),

S 1, :/ (2l = T+ 1), v(dx) = U(T — t) < +oo.
—ol<iaxi<e ) Jyel<e

0<s<t {r

Consequently, the jump times of the process (X'tT )¢ make up an increasing sequence converging
toward T if ¥(0) = 400 and X7 admits the following representation

= Unl{s,<u(T—0)} te [0,T]

n>1

where (Uy,)n>1 is a sequences of independent random variables bounded by c and S,, = Z;1+-- -+ Z,,,
(Zk)k>1, ii.d., Z1 ~ Exp(1). We will start from this representation to quantize X7 by considering
some appropriate quantizations of the random variables U,, and R,. As concerns U,, we consider
for every n > 1, a rate optimal L>(IP)-quantization U,, of size N!. As concerns S,, we first set for
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every n > 1, R, := T AN~ (S,, A ¥(0))). These random variables are [0, T.]-valued where we set
T, :=T A ¢ for notational convenience. Then, we set

gn = ¢(§n)a n > 1a

where R, is a rate optimal L>®(P)-quantization of R,, of size N, taking its values in (0, T,) so that
Sy, is a positive finite random variable. Finally, we define the (non Voronoi) quantization process
~T _

X of XT by

~T o~
X, = 2Un1{§ngwpt)}’ te [0,T] (3.32)

At this stage, note that Pierce lemma in the L% (IP)-setting is trivial in the sense that for any
random variable Z : Q — [m, M|

—m

~ M
Z,R%) = inf P- Z(w) - Z*w)| < inf in|¢ —a| <
6N7OO( ’ ) aC[m,M}l,Iclard(a)egsgfsupweQ| (w) (W)| B aC[m,M]l,rclard(a)SN ‘SCTSP;IC?EIS |< CL| - 2N

(3.33)
This is obtained by considering o := {m + (M —m)(2i — 1)/(2N), i = 1,..., N which produces a
rate optimal (m, M )-valued quantization Z¢ of Z.
It follows from (3.33) that, P(dw)-a.s. (in fact for every we ),

C
N

[Un(w) — ﬁn(‘*})‘ < and Ry (w) — En(w)‘ <

It follows from Minkowski’s inequality applied with the Lf norm that

~T ST ~ o~
’X - X ‘Lz% < ; ‘Un - Unul{SnS\P(T*.)}’L? + ; ’UnHl{SnS\P(Tf.)} - 1{§n§\p(T,_)}‘Lz%

Now, using the invariance of the Lebesgue measure by s — T — s, that U(t) < ¥(0) for every
t€(0,T], ¥(t) =0on [, T) and 1o ¥ = Idy, .07, one has on the event {S, > 0},

T
s, <wr—nlt, = Msaawo<wmr-yP, :/0 15, Aw(0)<w()}dt
T T
T.
= /0 Lis,nwo)<w()ydt

Te
= /0 Liw-1(5,Aw(0)>t} A
= TAUT(S, AT(0))
— R,

Similar arguments show that on the event {S,, > 0},
’1{SnS\II(T7.)} - 1{§n§q,(T_.)}‘I£;% = ‘T N \I}_l(Sn A \P(O)) - (T N \Il_l(gn A \II(O)))’
= |R, — R.|.

This finally yields

SA L

P-a.s.

B =

~T _
X - X7

IN

R, ~
C§|NVIL|J —|—Z|Rn—Rn|

LP
T n>1
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Consequently, for every r > 1 (setting ' = r/p)

72 H”

X" —XT!Lp Il <ed’ + 3 IRy = Ry Hp- (3.34)
n>1 n n>1

Now, using that {¥~1(S,, A ¥(0)) > s} = {S,, < ¥(T — s)} and the expression for the p.d.f. of
the v(n) distribution, one easily checks that

/ Te /
ER, = P(R, > s)s" lds
0

T. )
= 7 P(T~1(S, A W(0)) > 5)s" lds
0

< 7 /T P(S,, A W(0) < U(s))s" ~'ds
— / P(S, < W(s))s" " ds

= / Tl*l/ u e du ds.
n — 1

Let € > 0. Since the function ¥ is slowly varying, there is a real constant C. > 0 such that
U(t) < Ket™©, te (0,77].

As a consequence, as soon as n > -

7/ r’ T r'—1 et n—1_-u
ER, < O / s / u" e duds
n — ! 0

/ +o00 (22) AT ,
= ( r 1) / -1 _u/ s" Vdsdu
n_

+00
< /15 / ulE e*“du
(n - 1)! 0
2 D(n— L)
< € 13
ST
< Repm <. (3.35)

On can change the real constant k., so that (3.35) holds true for every n > 1. On the other
hand, |R,| < T, < T, consequently the L version of the Pierce Lemma implies the existence of a
positive real constant K. ,» 7 such that

_1
HRNHT’ < Kz—:,r’,Tn g, n > 1.
As concerns HRn—]?ZnHT/, it follows again from the above computations, the Pierce Lemma and (3.35)
applied with ' 4+ ¢ that
1
1>

n > 1.
Rpz

~ 1
R — Rl , SClRul . o5 < Keprgs,r
+ NS
n

STEP 3 Optimization: Using (3.34) and (3.25), the N-level quantization problem (3.24) for the
process X @ amounts to considering the following two problems:

My
. 1
(U)Emln{g + E —, mj >1, N1U><---><N,E,L]U§N{}

n=1 NU?”LEP n>m

U



and

MR
. 1 1
(R) Emln{g — + E E —, mj >1, Nﬁx...xNﬁRSN{'}.

1,1
n=1 (Nrjb%ng)p n>mp+1ln>my+1 1P
with the constraint N{ x N’ x Ny < N.
The usual optimal allocation procedure (see [14, 15] or Section 2) leads to the rates

C, .. (log(N})' "= d C (log(N7))'~
U,e,r’,p Og 1 an R,e,r'+6,p Og 1

for problems (U) and (R) respectively. Then setting N| = NJ = Ny = [N'/3] yields, for every
N > 1,
0 1y <0 log(N))! "% + N3
eer( B T) S R,E,r,é},p(( Og( )) P + 3)'

Since this holds true for arbitrary € > 0, it follows that, for every n > 0,
ens(XO 1) = o((log N)"7)  as N — oc. (3.36)

STEP 5 (Quantization of X): Combining the result obtained for the martingale M @ in Lemma 2
and the above rate (3.36) for X@ finally yields

eN,T()?(Q),LI;) ==0 ((log N) ; £((log N)—1)> as N — oo. o

Remark. In fact we made absolutely no use if the independence of (Uy,) et (S,,).

3.1.1 Compound Poisson process

In this section we consider a compound Poisson process (X;); defined by

Xt = Z Unl{SnS)\T}’ t Z 0.

n>1

where S, = Z1 + -+ + Zy, (Zp)n>1 1s an i.i.d. sequence of &rp(1) distributed random variables,
(Un)n>1 is an i.i.d. sequence of random variables, independent of (Z,,),>1 with Uy € L?, p > 0 and
A > 0 is the the jump intensity. For convenience we also introduce the underlying standard Poisson
process (N¢)i>o defined by

Nt = Z l{SnS)\T}’ t > 0.

n>1

so that (with the convention that } 3 = 0)
N
X => U (3.37)
k=1

Proposition 4 Let X be a compound Poisson process. Then for every p,r€ (0,7%), p <r,

Ve >0, eny (X, L) =0 (exp (— (3.38)

ﬁ\/log(m 10g2(N)>> .

Furthermore when X is a standard Poisson process, then, one van replace p+1+¢ by p+¢ in (3.38).
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Remark. In fact the rate obtained in the above proposition holds as soon as X has the form (3.37)
where (Z,,) is as above and (U,,) is L"(IP)-bounded for every r < r*, independent of (U, )n>1.

Proof. We divide the proof in two steps, one is devoted to the standard Poisson process, the second
one to the general case. We will assume that r* > 1 throughout the proof so that, so that as it
was already emphasized in the proof of Theorem 1 we may assume without loss of generality that
r, p€ (0,7*) N [1,+00). The case r* < 1 is left to the reader but can be treated by replacing the
“triangular” Minkowski inequality by the pseudo-triangular inequalities | f + g|z£,% <|f |z£,% +] g|1£;% .
and [|X + Y[[7 < [[ X7 + [[Y][}

STEP 1: One quantizes the standard Poisson N in a very natural way by setting
Ny=>_ g oy 120,
n>1

with

N ——am

Sp == 5p
where o, = o, U{AT}, o, is an L" -optimal (N,, —1)-quantization of S := S, 1(s,<ary and 7’
Furthermore, one assume that the sequence (N, ) is non-increasing and satisfies [[, NV, < N (so

that N, = 1 for large enough n). Then, for every p > 1, it follows from the (extended) Minkowski
inequality

IN = Nlpp <> 1s,on) = L5, anylin
n>1

Now

T
‘I{Sng)\t} - 1{§n§)\t}‘i% = /0 ‘I{Sng)\t} - 1{§n§)\t} ’pdt
1 ~ 1 ~
= ISWAOT) = Sy AOT)| = 5 180 A OT) = 5.

Now {S,, > AT} C {S,, = AT’} since max a, = AT so that and S,, = AT on {S, > AT'}. On the
other hand S,, = S on {S,, < AT’} so that

S0 A (AT) = Syl = [Sn A (AT) — §n|1{5n§>\T} =|S) — §§|1{Sn§)\T} < |8t — Strl.

Also note that when N, = 1, S, = AT so that |S,, A (AT) — Sp| = (AT — S,,)1. Consequently, for
every 7 > 1,

N =Nl < 3 IHigs,eny - Lig.<nylezlls

n>1
1 1

< > IS AT = Sull5
AP p>1
1 r

1 D S LR SR VAN
AP \p N, >2 n,Np=1

1
< —;(Z |Sir — g HP+ > AT =S, +”)

AP\ N, >2 n,Np=1

The extended Pierce Lemma 1 yields that, for every n > 1 such that N, > 2,

/

o B
1S =St "I < 1S s, Crps Nn = 117

2||Sn1{Sn§>\T}||TT+5Cr,p,5 N

IN
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Set p:=r —|—5/p——sothat,up—r—|—5

~ 1 1
N =Nl < Cors—r | D HSnl{snng}H}: T+ Y AT =Sy +H”
P \n,Np>2 NP n,Np=1

< Cprs T (Z (P(S, < AT))# 11) _

n Nrf

Now, standard computations show that

P({S, < A\T}) = (fj\f)ln)! /01 ule gy < ()\Z!)n

so that

(P(S, < )\T))u_lp < (AT") wp < A

- () (nl)iw

-

where A = (A\T)) P V1. Finally, this leads to the following optimal integral “bit allocation” problem

min{z *, N, >1 HN <N} (3.39)

n>1 (nl) w NP

Temporarily set a, = —4—. This sequence is non-increasing for n > ny and converges to 0.
(n!)mp
Consequently one may assume furthermore that for every n > ng, a, = minj<g<y aj. Then let

m > ng be an integer. We set

1
N, = [(L

E], 1<n<m, N,=1, n>m+1.
ngkgmak)’”

The sequence N,,1 < n < m, is nonincreasing too for n > ng. We wish to choose m > ng as a
function of NV so that

1
anN7m > | T x| - (3.40)
1<k<m

This will ensure that
N, > N, > 1, 1<n<m.

Inequality (3.40) reads, using that [];<j<,, A¥ = A™mAD/2 and taking log, to

1
logA+ —logN > — | log(m!) — — Zlog (k")
pm #p Mz

We will make use of the following classical expansions

log(T(t+1)) = m(logt—1)+ %logt + log(V2r) + L +O0(t™?) as t— oo (3.41)

12¢
and 1 Z log(k!) = m (% logm — %) +logm +log(v2m) — 1+ O(log(m)/m) as m {3.42)
m S—

Then, the above inequality reads

1 1 1 1
log A+ u—ml()gN > ” (% logm — % — ilog(m) +1+ O(log(m)/m)) .
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If one sets (this is probably not optimal)

9 log N
m =
a logy N
then the above inequality is satisfied, at least for large enough N. With N,, and m settled as above
and using that z < 2 for every > 1, one gets

[z]
1
A" 1M (H1<k<m ak) " A"
1 < 1 + Z 1
n>1 (nl)e N Nopm ne>m+1 (n!)we

It follows from (3.41) that for every h > 1 and every ¢> 1,

D(t4+1) = CyhiT (%4—1) (1+0(1))

Y

¢ t
hrl'| - +1
Chhn <h+ >

1
where C}, is a real constant only depending on h. One derives that if B = A x (up) #» there is a
real constant C' depending on A, T', p, r, d, ..., (that may vary from line to line) such that

A" B"
2w = O TE

n>m+1 (n')ﬁ n>m+1
B™
m

T(Z 1)

1
< Cexp <—ﬁ(logm —log By) — = log m>
Kp 2

< C

so that finally

A" 1 logz N
<C ——/plog N 1 N{1+0O 3.43
T eXp( pu VOB R ( - (10gzN))) (3.43)

n>m+1 (n!)we

Let us pass now to the first term: using the second expansion in (3.41) yields

1

m m+l
m (H1gkgm ak) C mA2 exp (—j% Zlgkgm log k!)
N B Nr
1 3 1 1
< Cexp <——m(logm——)+mlogA+(1——)logm——logN>
2pp 27 2 PP pm

1 logs N
< (Cex <—— log N lo N<1—|—O<7)>) 3.44
P (=, V#log Nlog, log, N (3.44)

Note that p\/p = \/p-pit = +/p(r + 6). Finally this yields in particular that for every ¢ > 0,

. 1
1N = Nl . = 0 (exp (—ﬁ\/logzvlo@ N)).

STEP 2 (General case): Starting from Equation (3.37), it is natural to quantize X by setting
X => U
k=1
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where N is a N (_quantization of the standard Poisson process N as described in Step 1 and, for
every n > 1, U, is an L"-optimal N( )—quantlzatlon of U, with 1 < N@ x ... x N,SQ) L. < NO
and N N®) < N. Then, setting NtU Zktl Uy and NU Zkil Uk, one gets

ING =NV < DO NUl s,y = Lig capylin

n>1
. 1 7 S :
so that X — NU|L’% I, < — Z IOK[L 1S A AT) = S 1 ()\T)H%
P n>1
Supn fjn T g ;
= 2 Ol S5, A ) = B AT
P n>1

where we used that the sequences (U,) and (S,,) being independent, so are (U,,) and (S,,). Using
1Tall, < 1Un = Tall, + U1,

shows that sup,,>4 |U, ]|, < 400. Hence, it follows from Step 1 that, for every ¢ < \/—,

11X = 81151, = 0 (exp (= log(N D) logy (V) )

On the other hand, with obvious notations, and using that (U, — U,) and (S,) are independent

11X =N, = INU=D |,
< DU = Uall 1t gs,<xylen Il
n>1
1 N 1
= > U = Unll, [IAT = Sn) 41l
P n>1
( )l .
pr
< —ZHU — Unll,
AP p>1 (n )%
AT
< X, - G, AT
n>1 (nh)7

Now, it follows from the (extended) Pierce Theorem that

i AT ™
NY _ NV < Cuy,.r (7
H’ ‘L’}Hr = Us, n;l( ');N(g)

= O<exp<——\/log 2)) logo (N ())>>.

The rate follows from the resolution of the optimal bit allocation problem (3.39) obtained by setting
formally pp = r and p = 1. Then, note that, on the one hand

11X = Rz ll, < 11X = NO|gp l, + 1INT = 80| ..
and on the other hand

(2)
N/ = ZUN” Lon_
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can take at most
[IVONE < NO x N& < N

n>1

rc? 1
values. Let ¢ < \/%. Setting N = [N+ ], N®) = [N1+] yields a rate

11X = X[z ], =0 <exp (—ﬁwag(m 1og2<N>))

i.e.

Ve >0, [ X’L‘}”r =0 (exp (‘\/ﬁ\/bg(]\[) 10g2(N)>> : ¢

3.2 Proof of Theorem 2

Any Lévy process X can be decomposed as the sum of two (independent) Lévy processes, one having
bounded jumps and one being a compound Poisson process — according to the decomposition of its
Lévy measure

V(d.%') = 1{m§1}u(d.%') + 1{m>1}y(d.%').

1
The rate O((log N) 2) is given by the “small jump” component whereas the maximal integrability
level r* is given by the moment of the “big jump” (Poisson) component of the Lévy measure. This
completes the proof of Theorem 2.
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