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On some ordinal models for decison making

under uncertainty

Denis Bouyssou *, Marc Pirlot f

Abstract

Inthefield of Artificial Intelligence many models for decision making under un-
certainty have been proposed that deviate from the traditional models used in Deci-
sion Theory, i.e. the Subjective Expected Utility (SEU) model and its many variants.
These models aim at obtaining simple decision rules that can be implemented by
efficient algorithms while based on inputs that are less rich than what is required in
traditional models. One of these models, called the likely dominance (LD) model,
consistsin declaring that an act is preferred to another as soon as the set of states on
which the first act gives a better outcome than the second act is judged more likely
than the set of states on which the second act is preferable. The LD model isat much
variance with the SEU model. Indeed, it has a definite ordina flavor and it may
lead to preference relations between acts that are not transitive. This paper proposes
ageneral model for decision making under uncertainty tolerating intransitive and/or
incomplete preferences that will contain both the SEU and the LD models as particu-
lar cases. Within the framework of this general model, we propose a characterization
of the preference relations that can be obtained with the LD model. This characteri-
zation shows that the main distinctive feature of such relations lies in the very poor
relation comparing preference differences that they induce on the set of outcomes.

Key words: Decision under uncertainty, Subjective Expected Utility, Conjoint mea
surement, Nontransitive preferences, Likely Dominance model.
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On some ordinal models for decision making under uncertainty

1 Introduction

The specific needs of Artificial Intelligence techniques have led many Computer Scien-
tists to propose models for decision under uncertainty that are at variance with the classi-
cal modelsused in Decision Theory, i.e. the Subjective Expected Utility (SEU) model and
its many variants (see Fishburn, 1988; Wakker, 1989, for overviews). This givesrise to
what is often called “ qualitative decision theory” (see Boutilier, 1994; Brafman and Ten-
nenholtz, 1997, 2000; Doyle and Thomason, 1999; Dubois et al., 1997, 2001; Lehmann,
1996; Tan and Pearl, 1994, for overviews). These modelsaim at obtaining simple decision
rules that can be implemented by efficient algorithms while based on inputs that are less
rich than what isrequired in traditional models. This can be achieved, e.g. comparing acts
only on the basis of their consequences in the most plausible states (Boutilier, 1994; Tan
and Pearl, 1994) or refining the classical criteria (Luce and Raiffa, 1957; Milnor, 1954) for
decision making under complete ignorance (see Brafman and Tennenholtz, 2000; Dubois
et a., 2001).

One such model, called the “likely dominance” (LD) model, was recently proposed
by Dubois et a. (1997) and later studied in Dubois et al. (20033, 2002) and Fargier and
Perny (1999). It consists in declaring that an act a is preferred to an act b as soon as the
set of states for which a gives a better outcome than b is judged “more likely” than the
set of states for which b gives a better outcome than a. Such away of comparing acts has
a definite ordina flavor. It rests on a ssimple “voting” analogy and can be implemented
as soon as a preference relation on the set of outcomes and a likelihood relation between
subsets of states (i.e. events) are known. Contrary to the other models mentioned above,
simple examples inspired from Condorcet’s paradox (see Sen, 1986) show that the LD
model does not always lead to preference relations between acts that are complete or
transitive. Such relations are therefore quite different from the ones usually dealt with in
Decision Theory.

Previous characterizations (see Dubois et a., 20033, 2002; Fargier and Perny, 1999)
of the relations that can be obtained using the LD model (of, for short, LD relations)
have emphasized their “ordinal” character viathe use of variants of a*“noncompensation”
condition introduced in Fishburn (1975, 1976, 1978) that have been thoroughly studied in
the area of multiple criteria decision making (see Bouyssou, 1986, 1992; Bouyssou and
Vansnick, 1986; Dubois et a., 2003b; Fargier and Perny, 2001; Vansnick, 1986). Since
this condition iswholly specific to such relations, these characterizations are not perfectly
suited to capture their essential distinctive features within a more general framework that
would also include more traditional preference relations.

The purpose of this paper is twofold. We first introduce a general axiomatic frame-
work for decision under uncertainty that will contain both the SEU and LD models as
particular cases. This general framework tolerating incomplete and/or intransitive pref-
erences is based on related work in the area of conjoint measurement (see Bouyssou and
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Pirlot, 2002). The second aim of this paper isto propose an alternative characterization of
the preference relations that can be obtained using the likely dominance rule within this
genera framework. This characterization will allow us to emphasize the main distinctive
feature of such relations, i.e. the poor relation comparing preference differences that they
induce on the set of outcomes. This analysis specializes the one in Bouyssou and Pirlot
(2004b) to the case of decision making under uncertainty.

It should be noticed that the interest of studying models tolerating intransitive pref-
erences was forcefully argued by Fishburn (1991). It has already generated much work
(see, e.g. Fishburn, 1982, 1984, 1988, 1989, 1990, 1991, Fishburn and Lavalle, 1987a,b,
1988; Lavalle and Fishburn, 1987; Loomes and Sugden, 1982; Nakamura, 1998; Sugden,
1993). These models all use some form of an additive nontransitive model. The orig-
inality of our approach is to replace additivity by a mere decomposability requirement
which, at the cost of much weaker unigueness results, allows for a very simple axiomatic
treatment.

This paper is organized as follows. Section 2 introduces our setting and notation. The
LD model isintroduced in section 3. Our general framework for decision making under
uncertainty is presented and analyzed in section 4. Section 5 characterize the relations
that can be obtained using the LD model within our general framework. A final section
discusses our results and presents several extensions of our analysis. An appendix con-
tains examples showing the independence of the conditions used in the paper. The rest of
this section is devoted to our, classical, vocabulary concerning binary relations.

A binary relation R on aset X isasubset of X x X; we write a R b instead of
(a,b) € R. A binary relation R on X issaid to be:

reflexiveif [a R al,

completeif [a R borb R al,

symmetric if [a R b] = [b R al,

asymmetric if [a R b] = [Not[b R al],

transitiveif a R bandb R ¢] = [a R ¢],
Ferrers if (a Rbandc R d) = (a R dor ¢ R b)),
semi-transitiveif [(a R bandb R ¢) = (a R dord R ¢)]

foral a,b,c,d € X.

A weak order (resp. an equivalence) is acomplete and transitive (resp. reflexive, sym-
metric and transitive) binary relation. If R isan equivalence on X, X/ R will denote the
set of equivalence classes of R on X. Aninterval order isacomplete and Ferrers binary
relation. A semiorder isasemi-transitive interval order.
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On some ordinal models for decision making under uncertainty

2 Thesetting

We adopt a classical setting for decision under uncertainty with afinite number of states.
LetT' = {a,f,7,...} betheset of outcomesand N = {1,2,...,n} bethe set of states.
It is understood that the elements of N are exhaustive and mutually exclusive: one and
only one state will turn out to be true. An act is afunction from N to I". The set of all
actsis denoted by A = I'V. Acts will be denoted by lowercase letters a, b, ¢, d, . ... An
act a € A therefore associates to each state i € N an outcome a(i) € I'. We often abuse
notation and write a; instead of (7).

Among the elements of A are constant acts, i.e. acts giving the same outcome in all
states. We denote @ the constant act giving the outcome o € I' in al states: € N. Let
E C Nanda,b € A. Wedenote apb theact ¢c € A suchthat ¢; = a;, foral i € E and
¢; = b, foralie N\ E. Smilarly agb will denote the act d € A such that d; = «, for
dlie Fandd; =b;,forali e N\ E. When E = {i} wewrite a;b and «;b instead of
a{i}b and a{i}b.

In this paper >~ will always denote a binary relation on the set .A. The binary relation
>~ isinterpreted as an “at least as good as’ preference relation between acts. We note -
(resp. ~) the asymmetric (resp. symmetric) part of 2—. A similar convention holds when
> is starred, superscripted and/or subscripted. The relation - induces a relation >— on
the set I" of outcomes via the comparison of constant acts letting:

azrﬁﬁaijﬁ

Let £ be a nonempty subset of V. We define the relation =~z on A letting, for all
a,be A,

aZpbs lape Z bge, fordl c € A

When £ = {i} wewrite =7, instead of ;.
If, for al a,b € A, agc = bgc, forsomec € A, impliesa —g b, we say that =~ is

independent for E. If =~ isindependent for all nonempty subsets of states we say that -
isindependent. It is not difficult to see that a binary relation isindependent if and only if
itisindependent for V \ {i}, for all i € N (see Wakker, 1989). Independence as defined
here is therefore nothing else than the Sure Thing Principle (postulate P2) introduced by

Savage (1954).

We say that state: € N isinfluent (for 20) if thereare a, 5,v,0 € 'and a, b € A such
that c;a 22 3;b and Not[y;a 7Z ;0] and degenerate otherwise. It is clear that a degenerate
state has no influence whatsoever on the comparison of the elements of .4 and may be
suppressed from N. In order to avoid unnecessary minor complications, we suppose
henceforth that all statesin N are influent. Note that this does not rule out the existence
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of null events £ C N, i.e. suchthat agc ~ bgc, for dl a,b,c € A. Thisis exemplified
below.

Example 1
Let N ={1,2,3,4} andT" = R. Let p; = p» = p3 = ps = 1/4. Define Z on A letting

arzbs Z D > Z p; — 1/4.

i € S(ab) j € S(bya)

foral a,b € A, where S(a,b) = {i € N : a; > b;}. With such arelation, it is easy to
seethat all states are influent while they are al null. Observe that - is complete but is not
transitive. We shall shortly see that this relation can be obtained withthe LD model. <

3 Thelikely dominance model

The following definition, building on Dubois et a. (1997) and Fargier and Perny (1999),
formalizes the idea of a LD relation, i.e., of a preference relation that has been obtained
comparing acts by pairson the basis of the“likelihood” of the states favoring each element
of the pair.

Definition 1 (LD relations)
Let — be areflexive binary relation on .A. We say that 7~ isa LD relation if there are:

e acomplete binary relation S on T,

e a binary relation > between subsets of NV having N for union that is monotonic
w.r.t. inclusion, i.e. such that for all A, B,C, D C N,

[A>B,C2AB2D,CUD=N|]=CBD, (1)

such that, for all a,b € A,
aZb<s 8(a,b) > 8(b,a), 2

where 8(a,b) = {i € N : a; 8 b;}. Wesay that (>, §) is a representation of .

Hence, when - is a LD relation, the preference between a and b only depends on the
subsets of states favoring a or b in terms of the complete relation S. It does not depend
on “preference differences’ between outcomes besides what is indicated by 8. A mgor
advantage of the LD model is that it can be applied to compare acts as soon as thereis a
binary relation allowing to compare outcomes and a relation alowing to compare events
in terms of likelihood.
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Let >~ be a LD relation with a representation (>, S). We denote by J (resp. P) the
symmetric part (resp. asymmetric part) of S. Forall A, B C N, wedefinetherelations £,
> and > between subsets of N having N for union letting: A £ B < [A > Band B >
Al,A> B< [A> Band Not[B > Al]], A B < [Not[A > B] and Not[B > A]].

The following lemma takes note of some elementary properties of LD relations; it
uses the hypothesis that all states are influent.

Lemmal
If - isa LD relation with a representation (>, §), then:

1. P isnonempty,

2. forall A, B C N suchthat AU B = N exactlyoneof A> B, B> A, A £ B and
A B holdsand wehave N £ N,

forall AC N, N> A,
N> @,

>~ isindependent,

o o &~ w

>~ ismarginally complete, i.e, for all i € N,all o, € 'andall a € A, o;a = Bia
or fa 7 wa,

7. 8="rr,
8. foralli € Nandall a,b € A, eithera 7-; b < a; S b; or a ~; b,

9. ~ hasa unigue representation.

PROOF
Part 1. If P isempty, then, since S is complete, S(a,b) = N, for al a,b € A. Hence, for
dlie N,dla,3,v,0 e T',andal a,b € A,

S(aia, ﬂﬂ)) = S(’}/Z'CL, (5zb) and
8(Bib, aza) = 8(d:b, via).

Thisimplies, using (2), that state i € N is degenerate, contrarily to our hypothesis.

Part 2. Since the relation P is nonempty and S is complete, for all A, B C N such
that AU B = N, therearea,b € A such that 8(a,b) = A and 8(b,a) = B. We have,
by construction, exactly one of @ > b, b > a, a ~ b and [Not[a 77 b] and Not[b - al].
Hence, using (2), we have exactly oneof A > B, B> A, A 2 B and A > B. Sincethe
relation 8 is complete, we have §(a,a) = N. Using the reflexivity of ~—, we know that
a ~ a,sothat (2) impliesN £ N.
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Parts3and 4. Let A C N. Because N £ N, the monotonicity of > implies N > A.
Suppose that @ > N. Then the monotonicity of > would imply that A > B, for all
A, B C N suchthat AU B = N. Thiswould contradict the fact that each state isinfluent.

Part 5. Using the completeness of S, we have, for al «, 3,v,0 € "'and dl a,b € A,

S(Oéia, azb) = S(ﬁia, sz) and
S(Oéib, ozia) = S(BZb, ﬁla)

Using (2), thisimpliesthat, for all i € N, dl o, € T'and dl a,b € A, aya 7 a;b &
Bia 2 B;b. Therefore, 7~ isindependent for N \ {i} and, hence, independent.

Part 6 follows from the fact that § is complete, N = N and N > N \ {i}, for all
1€ N.
Part 7. Suppose that o« >-r 3 sothat @ =, 3 and Not|a 8§ 3]. Since § is complete, we

have 3 P a. Using (2) and N > @, we have 3 >~ @, acontradiction. Conversely, if ' 8 3
we obtain, using (2) and thefact that vV > A, foral A C N,a - f sothat o 7 (.

Part 8. Leti € N. Weknowthat N = Nand N > N\ {i}. If N £ N\ {i}, then (2)
impliesa =—; b for dl a,b € A. Otherwisewehave N > N \ {i} and N = N. It follows
thata S f=>a =, fanda P 3= a >, (5. Since $ and >—; are complete, it follows that
S=r

Part 9. Suppose that ~~ isa LD relation with arepresentation (&>, §). Suppose that -
has another representation (&', 8). Using part 7, we know that § = 8§’ = 7. Using (2),
it follows that > = >’. O

4 A general framework for decision under uncertainty
tolerating intransitive preferences

We consider in this section binary relations 7~ on .4 that can be represented as:
a2 b F(p(ar,b),plaz, bs), ..., plan,bn)) >0 (UM)

where p is a real-valued function on I'? that is skew symmetric (i.e. such that p(«, 3) =
—p(B,a), fordl a, 8 € T') and F is areal-valued function on [}, p(I'"*) being nonde-
creasing in all its arguments and such that, abusing notation, F'(0) > 0.

It isuseful to interpret p as afunction measuring preference differences between out-
comes. The fact that p is supposed to be skew symmetric means that the preference
difference between « and (3 is the opposite of the preference difference between 5 and «,
which seems a reasonable hypothesis for preference differences. With this interpretation
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in mind, the acts a and b are compared as follows. In each state i € N, the preference
difference between a,; and b; is computed. The synthesis of these preference differencesis
performed applying the function F'. If this synthesisis positive, we conclude that a - b.
Given this interpretation, it seems reasonable to suppose that £ is nondecreasing in each
of its arguments. The fact that £(0) > 0 simply means that the synthesis of null prefer-
ence differencesin each state should be nonnegative; this ensuresthat >~ will be reflexive.
Model (UM) is the speciaization to the case of decision making under uncertainty of
conjoint measurement models studied in Bouyssou and Pirlot (2002).

It is not difficult to see that model (UM) encompasses preference relations ~—~ on A
that are neither transitive nor complete. It is worth noting that this model is sufficiently
flexible to contain many others as particular cases including:

e the SEU model (see, e.g. Wakker, 1989) in which:
azbs Z wiu(a;) > Zwiu(bi) (SEU)
=1 =1

where w; are nonnegative real numbers that add up to one and « is a real-valued
functionon T,

e the Skew Symmetric Additive model (SSA) (see Fishburn, 1988, 1990) in which
azbe Y wdlanb) >0 (SSA)
=1

where w; are nonnegative real numbersthat add up to one and ¢ is a skew symmet-
ric (®(a, 8) = —®(3, a)) real-valued function on I'2.

We will show in the next section that model (UM) aso contains all LD relations. As
shown below, model (UM) implies that - is independent. It is therefore not suited to
cope with violations of the Sure Thing Principle that have been widely documented in
the literature (Allais, 1953; Ellsberg, 1961; Kahneman and Tversky, 1979), which can be
done, e.g. using Choquet Expected Utility or Cumulative Prospect Theory (see Chew and
Karni, 1994; Gilboa, 1987; Karni and Schmeidler, 1991; Luce, 2000; Nakamura, 1990;
Schmeidler, 1989; Wakker, 1989, 1994, 1996; Wakker and Tversky, 1993).

The flexibility of model (UM) may obscure some of its properties. We summarize
what appears to be the most important ones in the following.

Lemma 2
Let >~ beabinary relation on A that has a representation in model (UM). Then:

1. = isreflexive, independent and marginally complete,
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2. [a>;bforallie JC N|=[a>;0],

3. ~r iscomplete.

~Y

PROOF

Part 1. The reflexivity of =~ follows from the skew symmetry of p and £ (0) > 0. In-
dependence follows from the fact that p(a, ) = 0, for all « € T'. Not[wa 7 ;a] and
Not[f;a 7 ca) imply, abusing notation, F([p(a, 8)];, [0]-) < 0 and F([p(3, )]s, [0]-,)
< 0. Since F(0) > 0 and F' is nondecreasing, we have p(a, ) < 0 and p(3,a) < 0,
which contradicts the skew symmetry of p. Hence, 7~ is marginally complete.

Part 2. Observethat o >-; g isequivalentto F'([p(«, 3)]:, [0]-;) > 0 and F([p(5, )],
[0]_;) < 0. Since F'(0) > 0 we know that p(3, a) < 0 using the nondecreasingness of £
The skew symmetry of p implies p(a, 3) > 0 > p(3, «) and the desired property easily
follows using the nondecreasingness of F.

Part 3. Because p is skew symmetric, we have, for al o, 3 € T, p(a,3) > 0 or
p(B,«) > 0. Since F'(0) > 0, the completeness of >~ follows from the nondecreasing-
ness of F. O

The analysis of model (UM) heavily rests on the study of induced relations comparing
preference differences on the set of outcomes. The interest of such relations was already
powerfully stressed by Wakker (1988, 1989) (note however that, although we use similar
notation, our definitions differs from his).

Definition 2 (Relations comparing preference differences)
Let =~ be a binary relation on .A. We define the binary relations >—* and = ** on I'? letting,
foral a,3,v,6 €T,

(o, B) ZZ* (,0) < [forall a,b € Aandall i € N,v;a = 6;b = aa = 5;b],

(@, 3) T (7,0) & [(a, B) Z7 (v, 0) and (6,7) =" (5, )]

The asymmetric and symmetric parts of —* are respectively denoted by >-* and ~*, a
similar convention holding for 7~**. By construction, ~~* and 7-** are reflexive and transi-
tive. Therefore, ~* and ~** are equivalence relations. Note that, by construction, —** is
reversible, i.e. (o, 5) 72" (7,0) < (0,7) =™ (B, a).

We note a few useful connections between —* and - in the following lemma.

Lemma3
1. 7 isindependent if and only if (iff) (a, o) ~* (3, 5),foral o, 5 € T

53



On some ordinal models for decision making under uncertainty

2. Forall a,b,c,de A,alli € Nandall o, € T
[CL i_j b and (CZ‘, dz> >~ (Cbi, bz)] = c;a ?\: dzb, (3)

~Y

[(Cj,dj) ~* (aj,bj), for a.lleN]:> [aib@cid} (4)

PROOF

Part 1. It isclear that [ isindependent] < [~ isindependent for NV \ {i}, foral i € N].
Observe that |- isindependent for N \ {i}, for al i € N| < [a,a 72 ;b < Gia 72 Bib,
forala,f el dlic Nanddla,be A] & [(a,a) ~* (,0) fordl o, 5 €T'].

Part 2. (3) is clear from the definition of —*, (4) follows. O

The following conditions are an adaptation to the case of decision making under uncer-
tainty of conditions used in Bouyssou and Pirlot (2002) in the context of conjoint mea-
surement. They will prove will prove central in what follows.

Definition 3 (Conditions URC1 and URC2)
Let - beabinary relation on A. Thisrelation is said to satisfy:

o;a i Bib it i ;b
URC1 if and = or

’)/jC r>\: 5jd OéjC i: ﬁjd,

aza 7 Bib yia 7 6;b
URC2if and = or

Bic Z a;d djc Z v;d,

forali,j € N,ala,b,c,d e Aandall o, 3,7,0 € T.

Condition URCL1 suggests that, independently of the state i € N, either the difference
(o, ) is @t least aslarge asthe difference (v, 0) of vice versa. Indeed, suppose that v;a -
B;b and Not[y;a 7Z 0;b]. Thisisthe sign that the preference difference between o and
appears to be larger than the preference difference between v and §. Therefore if v;c
d;d, we should have a;c 7 3;d, whichis URCL. Similarly, condition URC2 suggests that
the preference difference (o, 3) is linked to the “opposite” preference difference (3, «).
Indeed if «;a 7 ;b and Not|v;a = 6;b], so that the difference between + and § is not
larger than the difference between o and 3, URC2 implies that 3;c =2 «;d should imply
d;c 7 7;d, so that the difference between ¢ and v is not smaller than the difference
between 5 and «. The following lemma summarizes the main consequences of URC1
and URC2.

Lemma4
1. URC1 < [Z* iscomplete],

2. URC2 &
[for all o, 3,v,0 € T', Not[(a, B) ZZ* (7,0)] = (B, ) =* (6,7)],
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3. [URC1 and URC2| < [Z** is complete].
4. Inthe class of reflexive relations, URC1 and URC2 are independent conditions.

5. URC2 = [~ isindependent].

PROOF
Part 1. Suppose that URCL1 is violated so that «;a 75 5;b, vj¢ 22 0;d, Not|v;a 77 6;b] and
Not|ajc 77 B;d]. Thisiseguivalent to Not[(«, 5) z2* (v,9)] and Not[(~, ) Z* («, §)].
Part 2. Suppose that URC2 is violated so that «i;a 22 3;b, B¢ 7o ad, Not[v,a 7 ;0]
and Not[d;c - v;d]. Thisisequivalent to Not[(v, ) =* (o, B)] and Not[(d,v) Z* (6, a)].
Part 3 easily follows from parts 1 and 2.
Part 4: see examples 2 and 3 in appendix.

Part 5. Supposethat a;a 7~ a;b. Using URC2 implies G;a =~ 3;b, foral 5 € T'. Hence,
> isindependent. O

The following lemma shows that all relations satisfying model (UM) satisfy URC1 and
URC?2; this should be no surprise since within model (UM) the skew symmetric function
p induces on I'? areversible weak order.

Lemma5
Let —~ beabinaryrelation on A. If >~ hasarepresentation in model (UM) then - satisfies
URC1 and URC2.

PROOF
[URC1]. Suppose that «;a 27 ;b and ;¢ 27 §;d. Using model (UM) we have:
E([p(e, B)]i, [p(ak, bi)]kzi) = 0 @nd F([p(7,)];, [p(ce, de)lers) = 0,

with [-]; denoting the ith argument of F. If p(«,3) > p(v,d) then using the nonde-
creasingness of F, we have F([p(a, 5);, [p(ce, dr)]exj) > 0 so that a;e 22 f;d. |If
p(e, B) < p(v,6) we have F([p(y,0)l:, [p(ak, bk)]wz:) = 0 so that y;a 5 6;b. Hence
URC1 holds.

[URC?2]. Similarly, supposethat a;a 27 3;b and ;¢ 77 a;d. We thus have:
If p(a, B) > p(7,0), the skew symmetry of p impliesp(d,~) > p(5, o). Using the nonde-
creasingness of F', we have F'([p(6,7)];, [p(ce, de)]exj) > 0, sothat §;¢ 2 v;d. Similarly,

if p(cv, B) < p(7, ), wehave, using the nondecreasingness of £, F'([p(7, 6):, [p(ak, bk)|kzi)
> 0 sothat v;a - §;b. Hence URC2 holds. O
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It turns out that conditions URC1 and URC2 alow to completely characterize model
(UM) when T'/ ~** isfinite or countably infinite.

Theorem 1
Let 7~ be a binary relation on A. If '/ ~** is finite or countably infinite, then =~ has a
representation (UM) iff it isreflexive and satisfies URC1 and URC2.

PROOF
Necessity follows from lemmas 2 and 5. We establish sufficiency.

Since URC1 and URC2 hold, we know from lemma 4 that ~~** is complete so that it
isaweak order. Thisimpliesthat >—* isawesk order. SinceI'/ ~** isfinite or countably
infinite, itisclear that I'/ ~* isfinite or countably infinite. Therefore, thereisareal-valued
function ¢ on I'? such that, for al o, 5,7,6 € T, (o, B) =* (7,6) < q(a, B) > q(7,0).
Given a particular numerical representation ¢ of 2=*, let p(«a, 8) = q(«, 8) — q(5, ). Itis
obvious that p is skew symmetric and represents =~ **.

Define F' asfollows:

n b if @ >
Flptan b plas b, plenb)) = { _S2ZPesl)) e b
The well-definedness of £ follows from (4). To show that F' is nondecreasing, suppose
that p(a, B) > p(7,9), i.e that (o, 3) =™ (v,0). If y,a 7 §;b, we know from (3) that
a;a 77 (3;b and the conclusion follows from the definition of £. If Not|v,a 77 0;b], we
have either Not|w;a 7 ;0] or a;a 77 5;b. In either case, the conclusion follows from the
definition of F'. Since 77 isreflexive, we have F'(0) > 0, asrequired. This completes the
proof. O

Remark 1

Following Bouyssou and Pirlot (2002), it is not difficult to extend theorem 1 to sets of
arbitrary cardinality adding a, necessary, condition implying that the weak order >—* (and,
hence, 7~**) has a numerical representation. Thiswill not be useful here and we leave the
details to the interested reader.

We refer to Bouyssou and Pirlot (2002) for an analysis of the, obviously quite weak,
uniqueness properties of the numerical representation of model (UM). Observe that, if -
has a representation in model (UM), we must have that:

(a,3) = (7,0) = p(e, B) > p(7,0). (5)
Hence, the number of distinct values taken by p in arepresentation in model (UM) isan
upper bound of the number of distinct equivalence classes of 7—**. °

Remark 2
Following the analysisin Bouyssou and Pirlot (2002), it is not difficult to analyze variants
of model (UM). For instance, when I" isfinite or countably infinite:
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¢ the weakening of model (UM) obtained considering a function p that may not be
skew symmetric but is such that p(a, o) = 0, for all o € T', isequivalent to suppos-
ing that - is reflexive, independent and satisfies URCL,

¢ the weakening of model (UM) obtained considering a function F' that may not be
nondecreasing is equivalent to supposing that - is reflexive and independent,

e the strengthening of model (UM) obtained considering a function F' that is odd
(F(x) = —F(x)) isequivalent to supposing that - is complete and satisfies URC1
and URC2.

In Bouyssou and Pirlot (2004c), we study the strengthening of model (UM) obtained
requiring that F' that is odd and strictly increasing in each of its arguments. In the finite
or countably infinite case, this model is shown to be characterized by the completeness
of 7~ and the“Cardina Coordinate Independence” condition introduced in Wakker (1984,
1988, 1989) in order to derive the SEU model. This condition implies both URC1 and
URC2 for complete relations.

All the above results are easily generalized to cover the case of an arbitrary set of
consequences adding appropriate conditions guaranteeing that ~~* has a numerical repre-
sentation (on these conditions, see Fishburn, 1970; Krantz et al., 1971) °

5 A new characterization of LD relations

We have analyzed in Bouyssou and Pirlot (2004c) the relations between model (UM)
and models (SEU) and (SSA). We show here what has to be added to the conditions of
theorem 1 in order to characterize LD relations. The basic intuition behind this analysis
is quite simple. Consider a binary relation = that has a representation in model (UM)
in which the function p takes at most three distinct values, i.e. a positive value, a null
value and a negative value. In such a case, it is tempting to define the relation S letting
aPp s plap) >0andal < pla,) = 0. Since p takes only three distinct
values, the relation 8 summarizes without any |oss the information contained in the skew
symmetric function p. This brings us quite close to a LD relation. We formalize this
intuition below. Thiswill require the introduction of conditions that will limit the number
of equivalence classes of ~* and, therefore, ~**.
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Definition 4 (Conditions UM 1 and UM 2)
Let - beabinary relation on a set A. Thisrelation is said to satisfy:

Bia i a;b

a;a 7 Bib or

Y5€ i 5jd or
ajc 7 Bid,
ﬁi(l f>\: Ozib

a,;a i__, 6117 or
Bjc z ayd or
i¢ % 05d,

forall i, € N,al a,b,c,d e Aandall o, 3,7v,0 € T.

In order to analyze these two conditions, it will be useful to introduce the following two

conditions:
a;a i', Bib ﬁz‘a ?\3 a;b
and = or (6)
’)/jC i__, 5jd O./jC r>\_’ ﬁjd,
a;a f, ;b Bia ,?, a;b
and = or (7)
Bic Z a;d ¢ % 05d,

forali,j € N,dl a,bc,d e Aandal «,5,v,6 € I'. Condition (6) has a smple
interpretation. Suppose that «;a 77 ;b and Not[5;a 7 o;b]. This is the sign that the
preference difference between « and j3 is strictly larger than the preference difference
between 3 and .. Because with LD relations there can be only three types of preference
differences (positive, null and negative) and preference differences are compared in a
reversible way, this implies that the preference difference between o and 5 must be at
least aslarge as any other preference difference. In particular, if v;c 2 6;d, it must follow
that ojc 27 B;d. Thisiswhat condition (6) implies. Condition (7) has an obvious dual
interpretation: if adifferenceisstrictly smaller than its opposite then any other preference
must be at least as large as this difference. Conditions UM1 and UM?2 are respectively
deduced from (6) and (7) by adding a conclusion to these conditions. This additional
conclusion ensures that these new conditions are independent from URC1 and URC2.
Thisisformalized below.

Lemmab6
1. (6) & [Not[(B8,a) Z* (o, B)] = (o, B) 2" (7, 6)],

2. (7) < [Not[(8,0) 2 (a, B)] = (7,0) =" (B, a)],
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(6) = UML,
(7) = UM2,
URC2 and UM1 = (6),
URC1 and UM2 = (7),

N o g M ®w

[URC1, URC2,UM1 and UM2] = [-** isa weak order having at most three equiv-
alence classes|.

8. In the class of reflexive relations, URC1, URC2, UM1 and UM2 are independent
conditions.

PROOF

Part 1. We clearly have Not[(6)] < [Not[(8,a) Z* (o, B)] and Not[(«, 5) 7* (7,0)]].
The proof of part 2 issimilar. Parts 3 and 4 are obvious since UM 1 (resp. UM 2) amounts
to adding a possible conclusion to (6) (resp. (7)).

Part 5. Suppose that «;a 22 ;b and ;¢ 7 6;d. If Not[d;a - v;0], UML implies
ﬁia i a;b or o c i ﬁ]d Suppose now that (5]'61 i ")/Jb USIﬂg URC2 5ia i ’}/,Lb and
v;a Z 6;bimply ;a7 a;b or aja 27 5;b. Hence, (6) holds.

Part 6. Suppose that a;a 77 G;b and Sic 77 ayd. If Not[v,a 27 ;b], UM2 implies
Bia 7 ;b or yic 7 0;d. Suppose now that v,a 7 9;b. Using URC1 ~;a 2 §;b and
Bjc Z a;dimply Bia 22 a;b or ¢ 7 6;d. Hence, (7) holds.

Part 7. Since URC1 and URC2 hold, we know that -~** is complete. Since ~** is
reversible, the conclusion will be false iff there are a, 3,~,0 € T such that (a, 3) =**

(7,0) =™ (o, ).

1. Suppose that (o, 3) =* (v,0) and (v,d) =* (a, ). Using URC2, we know that
(o, ) zZ* (0,7). Using the transitivity of —* we have (y,0) >=* (J,7v). Since
(cr, B) >* (v, 6), this contradicts (6).

2. Suppose that (a, 3) =* (v,0) and (a, ) >=* (6,7). Using URC2, we know that
(7,0) Z* (a,a). Using the trangitivity of —* we have (v,d) =* (J,7). Since
(o, B) =* (7, 0), this contradicts (6).

3. Suppose that (4,v) ~* (8,«) and (v,9) >=* (o, ). Using URC2, we know that
(v, c0) 7 (6,7y) sothat (v,d) =* (4,7). Since (d,v) >=* (8, «), this contradicts (7).

4. Supposethat (d,7) > ( a) and (a, ) >=* (9,7). Using URC2 we have (v, d) -
(o, ) sothat (,9) =* (9,7). Since (d,v) =* (5, «), this contradicts (7).

Part 8: see examples 4, 5, 6 and 7 in appendix. O
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In view of the above lemma, conditions UM1 and UM2 seem to adequately capture the
ordinal character of the aggregation at work in a LD relation within the framework of
model (UM). Indeed, the following lemma shows that all LD relations satisfy UM1 and
UM2 while having arepresentation in model (UM).

Lemma7
Let - beabinary relation on A. If 77 isa LD relation then,

1. - satisfies URC1 and URC2,

2. - satisfies UM1 and UM2.
PROOF
Let (>, 8) bethe representation of -.

Part 1. Let us show that URC1 holds, i.e. that «a 5 ;0 and ¢ 2 0,;d imply
i ?\: 0;b or e71¢ t 5jd

There are 9 cases to envisage:

yPO ~4T6 §P~y
aPp () @iy (i)
aldp  (iv) (v (W)
BPa (i) (viii) (iX)

Cases (i), (v) and (ix) clearly follow from (2). All other cases easily follow from (2) and
the monotonicity of >. The proof for URC2 is similar.

Part 2. Let usshow that UM1 holds, i.e. that oi;a 7 ;b and v;c 22 6;dimply Sa 22 a;b
or v;a i: 5,() or (671& ?\: ﬁ]d

If o P 3 then, using (2) and the monotonicity of >, v,c = 0,d implies ajc 2 B;d.
If 5 P « then, using (2) and the monotonicity of >, a;a = 5;b implies G;a = «;b. If
aJ B, then 8 J « so that, using (2), aa = 5;b implies B;a =~ «;b. The proof for UM2 is
similar. O

We are now in position to present the main result of this section.

Theorem 2
Let ~~ be a binary relation on .A. Then - isa LD relation iff it is reflexive and satisfies
URC1, URC2, UM1 and UM2.

PROOF

Necessity follows from lemma 7 and the definition of a LD relation. We show that if
> satisfies URC1 and URC2 and is such that ~** has at most three distinct equivalence
classesthen 7~ isa LD relation. In view of lemma 6, thiswill establish sufficiency.
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Define 8 letting, for all o, 8 € ', o 8§ B < (o, ) 2™ (B, 5). By hypothesis, we
know that ~—~** is complete and - isindependent. It easily follows that S is complete.

Therelation ~—* being complete, theinfluenceof i € N impliesthat thereare~, J, «, 3 €

I such that (o, 8) =* (v,d). Since Z—** is complete, thisimplies (a, ) =** (v,4). If
(0, ) =™ (5, 8) then . P B. If not, then (5,5) =* (a, §) so that (8, 8) =** (7,0)
and, using the reversibility of 2-** and the independence of -, 6 P ~. This shows that P
is not empty. Thisimplies that ~—** has exactly three distinct equivalence classes, since
aP s (a,f0) = (8,8) < (B,5) = (B,«a). Therefore, a P Fiff («, 3) belongs
to the first equivalence class of ~** and (3, o) to its last equivalence class. Consider any
two subsets A, B C N suchthat AU B = N and let:

AD> B & [a b forsomea,b € Asuchthat 8(a,b) = Aand8(b,a) = B].

If @ = b then, by construction, we have S(a,b) > 8(b,a). Suppose now that $(a,b) >
8(b,a), so that thereare ¢,b € A suchthat ¢ - d and (¢;, d;) ~** (a;,b;), forali € N.
Using (4), we have a =~ b. Hence (2) holds. The monotonicity of > easily follows from
(3). This completes the proof. O

We have therefore obtained a complete characterization of LD relation within the
genera framework of model (UM). Conditions UM1 and UM2 implying that ~~** has at
most three distinct equivalence classes appear as the main distinctive characteristic of LD
relations. Clearly abinary relation - having a representation in models (SEU) or (SSA)
will, in general, have amuch richer relation —**.

6 Discussion and extensions

The purpose of this paper was twofold. We have first introduced a general axiomatic
framework for decision under uncertainty that contains both the SEU and the LD models
as particular cases. This model, while tolerating intransitive and/or incomplete prefer-
ences, has a simple and intuitive interpretation in terms of preference differences. It
is nontrivia unlike, e.g., the general model introduced in Chu and Halpern (2003). We
showed that it can be characterized using simple conditions, while avoiding the use of any
unnecessary structural assumptions. The second aim of this paper was to put our genera
framework to work, using it to propose an alternative characterization of the preference
relations that can be obtained using the likely dominance rule. This characterization has
emphasized the main specific feature of LD relations, i.e. the fact that they use a very
poor information concerning preference differences admitting only “ positive”, “null” and
“negative” differences.
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6.1 Comparison with Fargier and Perny (1999) and Dubois et al.
(2003a)

We compare below our characterization of LD relations with the one proposed in Fargier
and Perny (1999); closely related results are found in Dubois et a. (2003a, 2002). Their
characterization is based on acondition called “ qualitative independence” (and later called
“ordinal invariance” in Dubois et a. (20033, 2002)) that isa dlight variant (using a reflex-
iverelation instead of an asymmetric one) of the “noncompensation” condition introduced
in Fishburn (1975, 1976, 1978) which, in turn, isa “single profile’ analogue of the inde-
pendence condition used in Arrow’s theorem (see Sen, 1986).

Since our definition of LD relations differs from the one used in Fargier and Perny
(1999) (they do not impose that &> is necessarily monotonic w.r.t. inclusion) we reformu-
late their result below. For any a,b € A, let R(a,b) ={i € N :a; Zr b;}.

Definition 5
Let >~ be a binary relation on 4. This relation is said to satisfy monotonic qualitative
independence (MQI) if,

R(a,b) O R(c,d)
and = [cmd=azbl]
R(b,a) C R(d,c)

for all a,b,c,d € A.

Condition MQI is strengthens the “qualitative independence”’ condition used in Fargier
and Perny (1999) (this condition is obtained replacing inclusions by equalities in the ex-
pression of MQI; as observed in Dubois et a. (2003a, 2002), it is also possible to use
instead of MQI the original qualitative independence condition together with a condition
imposing that >~ is monotonic w.r.t. >—r) to include an idea of monotonicity. Condition
MQI is a“single profile” analogue of the NIM (i.e., Neutrality, Independence, Mono-
tonicity) condition that is classical in Socia Choice Theory (see Sen, 1986, p. 1086).

As shown below, in what is an adaptation of Fargier and Perny (1999, proposition 5),
this condition allows for avery simple characterization of LD relations.

Proposition 1
Let ~~ beabinary relation on 4. Therelation 77 isa LD relation iff

o - isreflexive,
e ~r iscomplete,

e - satisfiesMQI.
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PROOF

Necessity. Reflexivity holds by definition of a LD relation. That >~ must be complete
follows from part 3 of lemma 2. The necessity of MQI follows from (2), using the mono-
tonicity of > and part 7 of lemma 1.

Sufficiency. Let S = ~—r. By hypothesis, S is complete. If > is empty, we have
R(a,b) = N fordl a,b € A. Using the reflexivity of - and M QI this implies that
a 7, b, foral a,b € Aand, hence, that all statesi € N are degenerate, contrary to our
hypothesis. Hence >~ = P is nonempty.

Let A, B C N suchthat AU B = N. Since P is nonempty there are a, b € A such
that S(a,b) = Aand 8(b,a) = B. Define > letting:

AP> B & [a b forsomea,b € Asuchthat 8(a,b) = Aand§(b,a) = B.

If @ 7 b then, by construction, we have S(a,b) > 8(b,a). Suppose now that $(a,b) >
8(b,a). By construction, there are ¢,d € A such that ¢ 77 d and S(¢,d) = A and
8(d,c) = B. Using MQI, it follows that « = b. That &> is monotonic w.r.t. inclusion
clearly follows from MQI. O

We refer to Dubois et al. (2002); Fargier and Perny (1999) for a thorough analysis of this
result, including a careful comparison of the above conditions with the classical ones used
in Savage (1954).

Although proposition 1 offers a simple characterization of LD relations, condition
MQI appears at the same time quite strong (thiswill be apparent if onetriesto reformulate
MQI interms of ~-) and wholly specific to LD relations. In our view, the characterization
of LD relations within model (UM) proposed above allows to better isolate what appears
to be the specific features of LD relations while showing their links with more classical
preference relations used in the field of decision under uncertainty.

It should also be stressed that the characterization of LD relations is far from be-
ing the only objective of the above-mentioned papers. Rather, their aim is to study the,
drastic, consequences of supposing that >~ isa LD relation and has nice transitivity prop-
erties (e.g. >~ being transitive or without circuits). Thisanalysis, that is closely related to
Arrow-like theoremsin Social Choice Theory (see Campbell and Kelly, 2002; Sen, 1986,
for overviews), illuminates the relations between the LD rule, possibility theory and non-
monotonic reasoning. Such an analysisis clearly independent from the path followed to
characterize LD relations.

6.2 Extensions

As aready mentioned, model (UM) is the specialization to the case of decision making
under uncertainty of the conjoint measurement models proposed in Bouyssou and Pirlot
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(2002). It is not difficult to see that model (UM) not only allows for intransitive relations
>~ between acts but also for intransitive relation >~ between outcomes. This may be
seen as a limitation of model (UM). Indeed, whereas intransitivities are not unlikely
when comparing acts (see Fishburn, 1991), one would expect a much more well behaved
relation when it turns to comparing outcomes. We show in this section how to extend
our results to cover this case. Before doing so, let us stress that it is quite remarkable
that any transitivity hypothesis is unnecessary to obtain a complete characterization of
LD relations. Asforcefully argued in Saari (1998), this seems to be an essential feature
of “ordina” models.

Adapting the analysis in Bouyssou and Pirlot (20044) to the case of decision under
uncertainty, let usfirst show that it is possible to specialize model (UM) in order introduce
alinear arrangement of the elements of I'. We consider binary relations >~ on A that can
be represented as:

aZ b Fe(u(ar),ulbr)), .., e(ulan), u(bn))) = 0 (UM¥)

where v is areal-valued function on T, ¢ is areal-valued function on u(T")? that is skew
symmetric, nondecreasing initsfirst argument (and, therefore, nonincreasing in its second
argument) and F is areal-valued function on ", ©(u(T")?) being nondecreasing in all
its arguments and such that £'(0) > 0.

Comparing models (UM*) and (UM), it is clear that (UM?*) is the special case of
model (UM) in which the function p measuring preference differences between outcomes
may be factorised using a function « measuring the “utility” of the outcomes and a skew
symmetric function ¢ measuring preference differences between outcomes on the basis of
u. Itiseasy to seethat model (UM*) impliesthat =~ iscomplete and that > istransitive.
The analysis below will, in fact, show that model (UM*) impliesthat - isasemiorder.

The analysis of model (UM*) will require the introduction of three new conditions
inspired from Bouyssou and Pirlot (2004a).

Definition 6 (Conditions UAC1, UAC2 and UAC3)

W\e say that - satisfies:
aza b Bia = b
UAC1lif and = or

a;c i: d,

a 7 o;b a - 3:b
UAC2if and = or

¢z Bid ¢ 2 a;d,

a7 a;b a = Bib
UACS if and = or

e d Bjc 2z d,
forall a,b,c,d € A,alli,j € Nandall o, €T.
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Condition UAC1 suggests that the elements of I" can be linearly ordered considering “up-
ward dominance”: if « “upward dominates’ 5 then (;a - b entails c;a = b, for al
a,b € Aandal i € N. Condition UAC2 has a similar interpretation considering now
“downward dominance’. Condition UAC3 ensuresthat the linear arrangements of the ele-
ments of I" obtained considering upward and downward dominance are not incompatible.
The study of theimpact of these new conditions on model (UM) will require an additional
definition borrowed from Doignon et al. (1988).

Definition 7 (Linearity)
Let R be a binary relation on a set X2. We say that:
e R isright-linear iff [Not[(y,z) R (z,2)] = (z,w) R (y,w)],
e R isleft-linear iff [Not[(z,z) R (z,v)] = (w,y) R (w,x)],
e R isstrongly linear iff [Not[(y, z) R (z,2)] or Not[(z,z) R (z,v)]] = [(z,w) R
(y,w) and (w,y) R (w,z)],

foral z,y,z,w € X.

The impact of our new conditions on the relations ~—* and ~~** comparing preference
differences between outcomes are noted bel ow.

Lemmas8
1. UAC1 & Z* isright-linear,

2. UAC2 < =" isleft-linear,

3. UAC3 < [[Not[(a,v) =" (B,7)] for some~ € T = [(6,«) ZZ* (9, 5), for all
§ e 1],

4. [UACL, UAC2 and UAC3] < —*isstrongly linear < —** isstrongly linear.

5. In the class of reflexive relations satisfying URC1 and URC2, UAC1, UAC2 and
UAC3 are independent conditions.

PROOF
Part 1. ~—* is not right-linear iff for some «, 3,7,0 € T, we have Not[(v, 3) 72" (a, B)]
and Not[(a, 0) 7Z* (7, 9)]. Thisequivalent to

[aa 7, B;b] and Not[v;a 7 3;b] and
[vie Z 6;d] and Not[aje ZZ 6;d],

for somea,b,c,d € Aand somei,j € N. Thisisexactly Not|UAC1|. Parts2 and 3 are
established similarly.
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Part 4. The first equivalence isimmediate from parts 1 to 3. The second equivalence
directly results from the definitions of —* and 7~**.

Part 5. see examples 8, 9 and 10 in appendix. O

We summarize some useful consequences of model (UM*) in the following:

Lemma9
Let - beabinary relation on A. If - hasa representation in (UM*) then:

1. it satisfies URC1 and URC2,
2. it satisfies UAC1, UAC2 and UACS3,

3. thebinaryrelation T on I' defined by o T' 8 < (o, ) 75** (o, o) iS @ semiordey.

PROOF
Part 1 follows from the definition of model (UM*) and theorem 1.

Part 2. Suppose that o;a 7 b and 3;c 7 d. Thisimplies, abusing notation,

(i)l [o(u(ar), w(be))]rz)
F(lpu(B), uld)))];: [p(ulee), ulde))]ezs)

If u(3) < u(«), Since p isnondecreasing in its first argument and £’ is nondecreasing in
all its arguments, we obtain

F(lp(u(a), u(d;))];, [e(ulee), ulde))lez;) = 0,

0 and
0.

=
6
=
S
IS

>
>

so that ajc 77 d. If u(3) > u(a), Since ¢ is nondecreasing in its first argument and F' is
nondecreasing in all its arguments, we obtain

F([p(u(B), u(bi))]i, [p(ular), u(be))lkzi) = 0,

so that 3;a 77 b. Hence, UAC1 holds. The proof is similar for UAC2 and UAC3.

Part 3. Since URC1 and URC2 hold, we know from lemma 4 that —** is complete. It
is reversible by construction. From lemma 8, we know that ~** is strongly linear. From
the proof of theorem 2, we know that 7" is complete. It remains to show that it is Ferrers
and semi-transitive.

[Ferrers]. Supposethat o« 7" fand v T § so that (o, B) =** (3,5) and (v, d) =™
(0,9). In contradiction with the thesis, suppose that Not[a T" 6] and Not[y T' 3] so that
(0,0) =** («,0) and (5,3) = (v,0). Using the fact that -** is a weak order, this

implies (o, 8) =** (v, ) and (v, ) =** (a, d). Thisviolates the strong linearity of 7~**.
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[Semi-transitivity]. Suppose that o 7" 5 and 5 T ~ so that (o, 5) =™ (8,5)
and (3,v) =** (v,7). In contradiction with the thesis, suppose that Not[« T 4] and
Not[d T' ~] so that (9,5) =** (a,d) and (y,7) =** (4,7). Using the fact that 7-** isa
reversible weak order, we obtain («, 5) = (o, d) and (5,~y) =** (J,7). Thisviolates
the strong linearity of ~**. Hence, T is semi-transitive. O

The conditions introduced so far allow us to characterize model (UM*) when I" and,
hence, A, is at most denumerable.

Theorem 3
Suppose that T isfinite or countably infinite and let >~ be a binary relation on A. Then
> has a representation (UM*) iff it is reflexive and satisfies URC1, URC2, UAC1, UAC2
and UAC3.

PROOF
Necessity results from lemmas 2, 5 and 9. The proof of sufficiency rests on the following
claim proved in Bouyssou and Pirlot (2004a, Proposition 2).

CLAIM Let R be aweak order on afinite or countably infinite set X2. Thereis areal-
valued function « on X and area-valued function ¢ on u(X)? being nondecreasing in its
first argument and nonincreasing in its second argument, such that, for all =, y, z, w € X,

(z,9) R (2,0) & p(u(z),uly)) = p(u(z), u(w))

iff R isstrongly linear. In addition, the function  can be chosen to be skew-symmetric
iff R isreversible.

Sufficiency follows from combining theorem 1 with lemma 8 and the above claim. O

Remark 3

The above result can be extended without much difficulty to sets of arbitrary cardinality.
Note however that, contrary to theorem 1, theorem 3 isonly stated herefor finite or count-
ably infinite sets 4. Thisis no mistake. In fact, as shown in Fishburn (1973, Theorem
A(ii)), it may well happen that R is a strongly linear weak order on X2, that the set of
equivalence classes induced by R is finite or countably infinite while the above claim
fails. o

We now use the framework of model (UM*) to analyze LD relations in which 8 is a
semiorder. Let usfirst show that all such relations have arepresentation in model (UM*).

Lemma 10
Let 2~ be a binary relation on A. If - isa LD relation with a representation (>, S) in
which § isa semiorder then - satisfies UAC1, UAC2 and UACS.
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PROOF
[UAC1]. Suppose that o;a 27 b and §c 7 d. We want to show that either ;a = b or
a;e 2z d.

If b, P a or d; P 3, the conclusion follows from the monotonicity of >.

If a P b, and 3 P d;, we have, using the fact that P is Ferrers, o« P d; or 5 P b;. In
either case the desired conclusion follows using the fact that — isa LD relation.

Thisleaves three exclusive cases: [aJ b; and 3 P d;] or [ P b; and 3 J d;], or [ T b;
and $ J d;]. Using Ferrers, either case impliesa § d; or 8 8 b;. If either o P d; or
B3 P b;, the desired conclusion follows from monotonicity. Suppose therefore that o J d;
and 3 J b;. Since we have either o J b; or 8 J d;, the conclusion follows using the fact
that — isaLD relation.

Hence UAC1 holds. The proof for UAC2 is similar, using Ferrers.

[UACS3]. Supposethat a - a;b and a;c 77 d. We want to show that either a 77 3;b or
Bjc ?\: d.

If either a P a; or d; P «, the conclusion follows from monotonicity.

If a; P aand o P d;, then semi-transitivity impliesa;, P 3 or 3 P d;. In either case,
the conclusion follows from monotonicity.

This leaves three exclusive cases: [a; J aanda P d;] or [a; P canda I d;] or
la; J aand a I d;]. In either case, semi-transitivity impliesa; § g or 3 § d;. If either
a; P por 3P d;. thedesired conclusion follows from monotonicity. Suppose therefore
that a; J 5 or 3 J d;. Sincein each of the remaining cases we have either a; J acor o J d,
the conclusion follows because >~ isa LD relation. O

Although lemma 8 shows that in the class of reflexive binary relations satisfying URC1
and URC2, UAC1, UAC2 and UAC3 are independent conditions, the situation is more
delicate when we bring conditions UM1 and UM2 into the picture since they impose
strong requirements on >—* and ~**. We have:

Lemma 11
1. Let 7 be areflexive binary relation on A satisfying URC1, URC2, UM1 and UM2.
Then - satisfies UAC1 iff it satisfies UAC2.

2. In the class of reflexive binary relations satisfying URC1, URC2, UM1 and UM2,
conditions UAC1 and UAC3 are independent.

PROOF
Part 1. The proof uses the following claim.

CLAIM When URC1, URC2, UM 1 and UM2 hold then we have one of the following:
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1. (a,8) =" (8,8) =* (B,a),fordl o, 3 € T such that («, 3) =** (3, ),
2. (a,0) =* (8,0) and (8, 3) ~* (B, ), foradl o, 3 € T suchthat («, ) =** (8, 3),
3. (o, 3) ~* (8,08)and (5, 5) =* (B,«), foradl o, 5 € T such that (o, 5) =** (5, ),

PROOF OF THE CLAIM

Using part 3 of lemma4 and part 8 of lemma 8, we know that 7~** isaweak order having
at most three distinct equivalence classes. Let «, 5 € T" be such that (o, 5) =** (8, 3).
By construction, we have either («, 3) >=* (5,05) or (5,5) »=* (5,«). There are three
cases to examine.

1. Suppose first that (o, 5) =* (5,5) and (5, 3) >=* (3, «). Consider v, € I' such
that (v,d) =** (0,9). If either (v,d) ~* (§,0) or (5,) ~* (9,9), itiseasy to see,
using the independence of - and the definition of >-**, that we must have:

(a, B) =7 (7,0) =" (B, 8) =™ (6,7) =™ (B, ),

violating the fact that ~** has at most three distinct equivalence classes. Hence we
have, for al v, 6 € I" suchthat (v, §) =** (9, 9), (v,d) =* (§,d) and (6,0) =* (J, 7).

2. Supposethat (o, 3) =* (5, 5) and (3, 5) ~* (5, «) and consider any -, § € I' such
that (v,0) = (4,0). If (v,9) =* (5,0) and (4,6) =* (0,7), we have, using the
independence of >~ and the definition of ~—**,

(7,6) =" (o, B) =7 (B, 8) =™ (B, ) =7 (6,7),

violating the fact that ~** has at most three distinct equivalence classes. If (v, §) ~*
(0,0) and (0,9) =* (0,7), then URC2 is violated since we have (a, 3) >=* (7, 9)
and (3, ) =* (4,7). Hence, it must be true that (v, d) =** (,0) |mpll%(7,5) —*

(0,9) and (9,6) ~* (5,7).

3. Supposethat (o, 5) ~* (8,3) and (3, 3) =* (8, «) and consider any v, 6 € I' such
that (v,0) >=** (9,9). If (v,9) =* (4,9) and (0,9) =* (9,7), we have, using the
independence of - and the definition of ~~**,

(7,0) =" (o, B) =7 (B, 8) =™ (B, ) =7 (8,7),

violating the fact that ~** has at most three distinct equivalence classes. If (v
(0,0) and (0,9) ~* (9,7), then URC2 is violated since we have (vy,d) >*
and (6,7) =* (B, «). Hence, it must be true that (v, ) >=** (4, ) implies (v, )
(0,0) and (4,5) =* (0,7).

-
)

This provesthe claim.
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We prove that UAC1 = UAC?2, the proof of the reverse implication being similar.
Suppose UAC2 is violated so that, for some a,b,c,d € A and some «, 3 € T', we have
a 7 ;b e 7 Bid, Notla 77 B;b], Notlc 72 a;d.

This implies (o, 3) =* («,6) and (v,9) =* (v,03), so that (a, 3) =** (a,0) and
(7,0) =" (7, 3)-

Because, URC1, URC2, UM1 and UM2 hold, we know that we must be in one of the
cases of the above claim.

If either of the last two cases hold, ~~* has at most two distinct equivalence classes, so
that (o, ) ~* (,0) and («r,0) ~* (v, 3). Thisimplies (v,d) >=* («,9) and («, 5) >*
(v, 3). Since UAC1 implies the right-linearity of ==*, (v,d) =* («,d) implies (v, 3) =*
(«, 8), acontradiction.

Suppose that the first case holds true. We distinguish several subcases.

1. If both (a, 3) and (v, d) belong to the middle equivalence class of -*, we have
[(a, B) ~* (7,0)] =* [(e, 8) ~* (7, B)]. Asshown above, this|eads to a contradic-
tion.

2. Suppose that both («, 5) and (v, ) belong to the first equivalence class of 7-*. We
therefore have (a, B) ~* (v,9), (a, B) =* (v, 0) and (v, 0) =* (=, 3). Thisimplies
(o, B) =* (7, 8). Using UAC1, we have («, d) 7* (7, 0), acontradiction.

3. Supposethat («, 3) belongsto thefirst equivalence classof 7—* and (-, ) belongsto
the central class of ~—*. Thisimplies, using the reversibility of ~~** and the fact that
it has at most three equivalence classes, [(«, ) ~* (5,7)] =" [(7,0) ~* (6,7)] >~
[(7,8) ~* (B,«a)]. Hence, we have (5,7) >=* (J,v) and using UAC1, we have
(6, ) zZ* (9, ), acontradiction.

Part 2: see examples 11 and 12 in appendix O

This leads to a characterization of LD relationsin which 8 is a semiorder.

Theorem 4

Let ~ beabinary relation on .A. Then - isa LD relation having a representation (>, 8)
in which 8 is a semiorder iff it is reflexive and satisfies URC2, UM1, UM2, UAC1 and
UACS.

PROOF
The proof of theorem 4 follows from combining lemmas 9, 10 and 11 with the resultsin
section 5. O
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Let usfinaly mention that in our definition of LD relationsin section 3, the only remark-
able property imposed on > is monotonicity w.r.t. inclusion. In most instances, we would
expect > to be transitive aswell. It is easy to devise conditions that imply the transitivity
of >. We leave the details to the interested reader.

Appendices

A Examplesrelated to model (UM)

Example 2 (URC2, Not[URC1])
LetT = {a,8,v}and N = {1,2}. Let = on A identical to .A* except that, using obvious
notation, NOt[Oél’}/Q r>\: ﬁlag] and NOt[’YlCYQ r>\: Oélﬁg].

It is easy to see that ~~ is complete (and, hence, reflexive). It violates URC1 since
arag 7 BB and vz Z arap but neither agy, 27 Bras NOr yias 2 aqfo.

It is not difficult to check that we have:
o [(a,a),(B,8),(7:7), (a,7), (B, ), (B,7), (v, )] =* («, 3) and
o [(a, ), (B,8),(7:7): (@, 7), (B, @), (B,7), (v, B)] =" (7, @),

while («, 3) and (v, «) are incomparable in terms of ~—*. Using part 2 of lemma4, it is
easy to check that 7~ satisfies URC2. &

Example 3 (URC1, Not[URC2))
LetI' = {a, 3} and N = {1,2}. Let - on A be such that:

a b« plag,by) + plag, ba) >0,

where p is areal valued function on I'? defined by the following table (to be read from
line to column):

B
—1
1

™ R |3
— ol

It is easy to see that - is complete (and hence, reflexive) and satisfies URC1 (we have:
[(B,5) ~* (B,a)] =* (a,a) =* (e, B)). Therelation 7 is not independent since 5;ay 7
0132 but Not[ayan) 77 ar B2]. Hence, URC2 isviolated in view of part 5 of lemma4. <
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B Examplesrelated to LD relations

Example 4 (URC1, URC2, UM2, Not[UM1])
LetT' = {a, 3,7} and N = {1,2}. Let 77 on A be such that:

aZb< pi(ay,by) + pa(ag, by) >0,

where p; and p, are real valued functions on I"? defined by the following table:

pla B o p| o B~
al0 4 0 al 0 0 0
310 0 0 3l-3 0 0
vl 0o 0 0 vl =3 =3 0

Therelation - is clearly complete. It is not difficult to see that ~~* is such that:
(Oé, /8> >* [(057 a)? (/87 /8)7 (77 7)7 (Oé’ 7)7 (57 ’7)] }* [(/67 a)? (77 a)? (77 /6)]

This shows, in view of lemma 4, that URC1 and URC2 are satisfied. It is easy to
check that (7) holds, so that the same is true for UM2. We have (a, ) =* (v, «) but
Not[(a,7y) =* («, 3)]. Thisshowsthat (6) isviolated. Since URC2 holds, this shows that
UM1isviolated in view of part 5 of lemma6. &

Example 5 (URC1, URC2, UM 1, Not[UM2])
LetT'={a, 3,7} and N = {1,2}. Let - on A be such that:

a7 b g(pi(ar,b1) + pa(az, b2)) > 0,

where p; and p, are real valued functions on I"? defined by the following table:

]91’04 s

v p| o B 4
al 0 2 2 al 0 0 0
3l—2 0 2 gl—2 0 0
vyl —4 =2 0 vyl =2 =2 0

and g is such that:

g(x):{ zif |z| > 2,

0 otherwise.

Therelation - is clearly complete. It is not difficult to see that ~* is such that:

(e, @), (8, 8), (7,7, (e, B), (e, ), (B,7)] =7 [(8, @), (v, B)] =7 (7, ).
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This shows, in view of lemma 4, that URC1 and URC2 are satisfied. It is easy to
check that (6) holds, so that the same is true for UM1. We have («, 5) >* (5, «) but
Not|[(~y,a) =* (3, «)]. Thisshowsthat (7) isviolated. Since URCL1 holds, this shows that

~

UMZ2 isviolated in view of part 6 of lemma 6. <&

Example 6 (URC1, UM 1, UM2, Not[URC2))

LetT' = {a, 8} and N = {1,2}. Let - on.A beidentical .A? except that Not[3, 32 = a1
and Not (132 77 an32]. Thisrelation is clearly complete. It is not independent, so that
URC2 is violated in view of lemma 4. We have: [(a, ), (o, 3)] =* (3,0) =* (5, «).
Since —* is complete, URCL holds. In view of parts 1 and 2 of lemma 6, we know that
(6) and (7) hold. Hence, UM1 and UM2 hold. &

Example 7 (URC2, UM 1, UM2, Not[URC1))

LetT = {a, 3,7} and N = {1,2,3}. Let = on A be identical to .42 except that the
following 25 relations are missing: ajasas 72 Y1073, Q1asas 7 Y1027Y3, 1anas 2
TY2Y3, caBes T iz, aqfeas T Browys, aifeas T V1w, aifeas Y1523,
Q1203 7 V1V273, Q123 2 V10273, Q120 2 V15273, Q1Yels 7 Y1723y B
aapas, BBaz i o33, Bifaas i 1073, B0 i Braays, Bifaas i Y1G273,
B1B2fB3 7 e, BiBef3 5 B3, 5153 T aranys, Bifeys T canwas, Bifays I

a3, 12y 22 ianys, 11Peas T anqays, Mifeas L Biawys and yifaas Z yi1ans.
It is not difficult to check that - is complete. We have:

(e, @), (B, B), (7,7), (B ), (v, @), (7, B), (v, B)] =" («r,7) and
(o, ), (B,8), (7,7), (B,7), (v, @), (7, B), (7, B)] =~ (B, ),

while (o, ) and (3, «) are nor comparable in terms of ~—*. This shows that URC1 is
violated. Using part 2 of lemma 4, it is easy to check that URC2 holds. Using part 1 of
lemma6, it is easy to check that (6) holds. In view of part 3 of lemma 6, this shows that
UM1 issatisfied. It remains to check that UM2 holds.

It is not difficult to check that Gya 7~ asb implies rwa 77 o9b, for al a,b € A and al
(r,0) € T2 Furthermore, for al (7,0), (x,%) € T?\ (3, @), x2a = ¥ab & Taa 7 o9b.
Similarly, it is easy to check that asa - ~3b implies 13a 7 o3b, for al a,b € A and all
(1,0) € T'2. Furthermore, for al (7,0), (x,v) € T%\ (a,7), x3a 7 ¥3b < 13a 7 o3b.

The two premises of UM2 are that 7,a 7 o;b and ;¢ 7 7;d. The three possible
conclusions of UM2 arethat o;a 27 ;b or x;a 2Z ;b of xjc 2 v;d.

Suppose first that (7, o) isdistinct from (v, ) and («, ). In this case, we know that
(o,7) =% (1,0), so that 7;a 2Z o;b implies o,a - 7;b. Hence, the first conclusion of UM2
will hold.

Suppose henceforth that (7,0) = (v,«). If i = 2, we know that y2a =~ axb <
asa 7, Y2b, so that the first conclusion of UM2 will hold.
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Suppose that i = 3. If j = 3, the second premise of UM2 becomes asc - y3d. This
implies y3¢ - «sd so that the last conclusion of UM2 will hold. A similar reasoning
shows that the last conclusion of UM2 will hold if j = 1. Suppose that ; = 2. The two
premises of UM2 are that y3a 7~ a3b and asc - v2d. The three desired conclusions are
that either y3a =~ asb or xsa 7 ¥sb OF xac 7 ed. If (x, 1) isdistinct from (5, o), we
know that asc 27— vod < xoc 7 1od SO that the last conclusion of UM2 will hold. Now if
(x, %) = (B, ), we havethat F3a 7 a3b o that the second conclusion of UM2 holds.

Supposethat i = 1. If (x,¢) isdistinct from (3, «), y1a 7 cnbwill imply xqa 22 11D,
so that the second conclusion of UM2 will hold. If (x,v) = (3, «), it is easy to check
that thereisno a, b € A such that vi1a - anb, Not[aqa = v1b] and Not[B1a 7Z aqb]. This
shows that UM2 cannot be violated.

Hence, we have shown that UM2 holds if (7,0) = (v, ). A similar reasoning shows
that UM2 holdsif (7,0) = («, ). &

C Examplesrelated to mode (UM*)

Throughout the remaining examples, we use the following notation:

aZ® B [(a,y) 27 (8,7) and (5,8) Z* (0,a),¥y,0 €17,

azt Be[(a,y) " (B,7),VyeT],
ar” e 0,8) ZF (0,a),¥6 €T

The reader will easily check that:

UAC1 < =t iscomplete,
UAC2 & =~ iscomplete,
UAC3 < [a =T = Not[3 =~ a]].

It isaso interesting to note that:

arnt e [Bicrd= aicmd Ve, de A,
ar” e ldn ae=dr fic,Ve,d € A,
0%t G ot fanda s Al

Example 8 (URC1, URC2, UAC2, UAC3, Not[UAC1))
LetT' = {«a,3,v,0} and N = {1,2}. Let =~ on A be such that:

aZ b g(plar,br) + plaz, be)) > 0,
where p isareal valued function on I'? defined by the following table:
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pl o B v 0
« 0o -3 -1 2
15} 3 0 1 2
yl1 -1 0 2
60| -2 -2 =2 0

and ¢ is such that:
(z) = xif |z > 2,
I\ =9 0 otherwise

The relation - is clearly complete and satisfies URC1 and URC2. It is not difficult to
check that we have:

B="v>="a>=" 0.

Wehave 5 =" v, v =" aand v =T ¢ but neither o =+ § (because o,y 7=, (Gran but
Notlonas 72 fras]) nor § =T « (because ajag 7= a7y, but Not[dian 77 ay7s]). This

~Y

shows that UAC2 and UAC3 hold but that UAC1 isviolated. &

Example 9 (URC1, URC2, UAC1, UAC3, Not[UAC2))
LetI' ={a,3,v,0}and N = {1,2}. Let =~ on A be such that:

azb< gp(ar,by) + plag,be)) >0,

where p isareal valued function on I'? defined by the following table:

p|l a vy ¢
Q 0 3 1 -2
61-3 0 —1 =2
vyl -1 1 0 -2
) 2 2 2 0

and g isasin example 8.

The relation - is clearly complete and satisfies URC1 and URC2. Observe that p is
defined via the transposition of the table used in example 8. This interchanges the roles
of UAC1 and UAC2. Infact it is not difficult to see that we have:

S=Tax=Tvy=Tp5

Wehave: § =~ v, a =" ~,~v >~ [ but neither « 2= d nor § =~~ «. This shows that
UAC1 and UAC3 hold but that UAC2 is violated. &
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Example 10 (URC1, URC2, UAC1, UAC2, Not[UAC3))
LetT' = {«a,3,v,0}and N = {1,2}. Let =~ on A be such that:

a r>\: b& g(p(a’hbl) +p(a27b2)) Z 07

where p isareal valued function on I'? defined by the following table:

pla B v 0
al 0 =5 0 -2
Bl5 0 1 2
vl0 =1 0 0
512 =2 0 0

and g isasin example 8.
Therelation - is clearly complete and satisfies URC1 and URC2. We have:

B=T~y=T§="aand
B="0=" v+ «a.

This shows that UAC1 and UAC2 hold but that UAC3 is violated since v =1 § but
0 =" . &

D ExamplesrelatedtoL D relationsin which 8 isasemiorder

Example 11 (URC1, URC2, UM 1, UM2, UAC1, UAC2, Not[UAC3))
LetI' = {a,3,v,0}and N = {1,2}. Let =~ on A be such that:

a i: b = g(p(ahbl) +p(a27b2)) Z 07

where p isareal valued function on I'? defined by the following table:

pla B v 4
al0 =2 0 =2
gl2 00 2
~10 0 0 0
612 -2 0 O

and g isasin example 8.
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The relation - is clearly complete and satisfies URC1 and URC2. Since p takes 3
distinct values, it is easy to see that UM1 and UM2 holds. We have:

3,7] =% 0 =1 aand
B0 [v,al.

This shows that UAC1 and UAC2 hold but that UAC3 is violated since v =1 4 but
0 =" . &

Example 12 (URC1, URC2, UM 1, UM 2, UAC3, Not[UAC1], Not[UAC2))
LetI' ={a,3,v,0} and N = {1,2}. Let - on A be such that:

a r>\: b& g(p(a’hbl) +p(a27b2)) Z 07

where p isareal valued function on I'? defined by the following table:

pl a B 4 4
al 0 —2 —2 2
gl 2 0 0 0
vyl 2 0 0 2
sl—2 0 -2 0

and g isasin example 8.

The relation - is clearly complete and satisfies URC1 and URC2. Since p takes 3
distinct values, it is easy to see that UM 1 and UM2 holds. It is easy to seethat: 5 ~T ~,
Bt a,B="6,v="av="0,butnethera =% 6 nor & =" «. Similarly we obtain:
vye="a,y =" B,y =" 6, a="0,0 =" 0 butnether « 7z~ G nor 5 =~ «. Hence
UAC3 holds but UAC1 and UAC2 are violated. &
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