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Abstract. In this paper, we extend a result of Kesten and Spitzer [15]. Let us consider an invertible
probability dynamical system (M,F,v,T) and f : M — R some function with null expectation. We
define the stationary sequence (& = f o T*)pez. Let (Sn)n>0 be a simple symmetric random walk on Z
independent of (&x)rez. We are interested in the study of the sequence of random variables of the form
(Y he18),51- We give examples of partially hyperbolic dynamical systems (M, F,v,T) and of functions

f such that (% Sorey fsk) converges in distribution.
n4 n>1

1 Introduction

Let us consider two sequences of random variables (£;)¢cz (with values in R) and (Sy,),>1 (with values in
Z). We suppose that these two sequences are independent one to the other. Let us define W,, = >~/'_, &,
This random variable can be understood as the cumulative amount got at time n if one starts from 0 at
time 0 and get the amount & if he is at position £ = S at time k. In [15], Kesten and Spitzer consider
the situation when (&;)¢ez and (S, — Sn—1)n>1 are two sequences of independent identically distributed
random variables, with distributions in the attraction basin of some stable distributions. They got
different results depending on the limit stable distributions. In particular, ({)scz is centered and square

integrable and if (S, ),>1 is the simple symmetric random walk on Z, they prove that (% PR Sk)
= n4 n>1
converges in distribution and they identify the limit distribution.

Our idea is to prove that this result of Kesten and Spitzer remains true in some situations where
(&0)eez is stationary but satifies strong conditions of decorrelation. In this paper, (S,), will be the
simple symmetric random walk on Z and (&)scz will satisfy a central limit theorem. Before presenting
our result, let us mention some extensions of the results of Kesten and Spitzer we are interested in.

Extension of the Kesten-Spitzer result to higher dimension have been done by Boltausen in [1] (for
2-dimensional) and by Revesz and Shi in [20] (d > 3). In [16], approximation results are given. Extensions
to transient random walk and stationary (&)scz are also given by Guillotin-Plantard and Schneider [10].
Another possible extension is to get rid off the independence condition for the variables S, — S,,_1. This
has been done for some cases in [17] in order to give examples of non-standard limit theorem for regular
invertible dynamical systems. Other related works are [19], Deo 1973 + Dehling 1980.

In the present paper, (S, )n>1 and (&¢)ecz are still supposed to be independent one to the other. Here
(Sn)n>1 is still the simple symmetric random walk on Z. But we do not suppose anymore that (£¢)sez
is a sequence of independent variables. We suppose that (&)scz is a stationary sequence of random
variables satisfying some strong decorrelation properties. This applies to situations when (£ )rez is a
stationary sequence of random variables given by a dynamical system with some hyperbolic properties.
More precisely, we study the cases when (&, = foT*)rez, with f a v-centered Holder continuous function
and when (M, F,v,T) is one of the following dynamical systems :

e the transformation 7' is an ergodic algebraic automorphism of the torus M = T% endowed with its



normalised Haar measure v (for some dy > 2);

e the transformation 7 is a diagonal transformation on a compact quotient M of Sl4, (R) by a discrete
subgroup, M being endowed with a natural T-invariant probability measure v;

e the transformation T is the Sinai billiard transformation.

In these situations, we prove that (% Dy §Sk) converges in distribution to the random variable
n4 n>1

V2 omez Eléo&m] A1, where A; has the limit distribution of (% Dy ésk) obtained by Kesten and
n4 n>1

Spitzer when (fm)m is a sequence of independent identically distributed random variables with null
expectation and with variance 1. Let us notice that, in our cases, ) ., E[§o&n] is well defined and is

nonnegative since it is the limit of the variance of ﬁ 27;01 & as n goes to infinity.

We also get the same result of convergence in distribution for the following sequence (& )rez. Let us
consider the same examples of dynamical systems (M, F,v,T). Instead of taking & = foT*, we suppose
that, conditionally to w € M, (& )rez is an independent sequence of random variables with values in
{—1;1}. We suppose that, conditionally to w € M, & (w,-) is equal to 1 with probability h o T*(w),

1

for some nonnegative Holder continuous function h with expectation 5. This model is envisaged by

Guillotin-Plantard and Le Ny in [9] for other questions and with other hypotheses on (M, F,v,T) and
on f.

Moreover we generalize this to the case when & takes p values (conditionally to w € M, (&)kez is
an independent sequence of random variables, & being equal to 6; with probability f; o T' k(w), with
fi+ ...+ fp =1 and with f1,..., f, are nonnegative Hélder continuous functions).

In section 2, we state a general result under technical hypotheses of decorrelation (our theorem 1).
Section 5 is devoted to the proof of this result (the idea of the proof is inspired by one step of an inductive
method of Jan [12, 13] used in [18]).

In section 3, we give some applications of our abstract theorem 1. We apply our theorem 1 to the
examples mentionned previously (ergodic algebraic automorphisms of the torus, diagonal transformation
of a compact quotient of Slg,(R), billiard transformation). The proofs of the results of section 3 are done
in sections 3 and 4.

2 A technical result

Theorem 1. Let (Sy)n>1 and (€x)kez be two sequences of random variables defined on the same proba-
bility space (R, T,P) such that :

1. (Sp)n>0 and (&k)kez are independent one of the other;

2. (Sn)n>0 is a simple symmetric random walk on Z;

3. (&k)kez is a stationary sequence of centered random variables admitting moments of the fourth

order;
4. we have :
S VT F Pl ]| < oo
p>0
and sup N2 Z IE €k, Era s Erall < +00.

Nzl k1 ko, ks, ka=0,...,N—1

5. There exists some C > 0, some (ps)p,sen and some integer v > 1 such that :

Y(p,s) € NZ, Op+1,s < @ps and lixf Vsprss =0
S—+00



and such that, for all integers ny,no,ng,ng with 0 < n; < ny < ng < nyg, for all real numbers
Qnys ooy Ony AN Bry, ..; Bny, we have :

‘CO’U (ei Z:inl ak'fk’eiz;:in:; 5k£k>

na na
<C (1 + Z |ovk| + Z |5k|> Pnz—na,na—ns-

k:’ﬂl k:’ﬂg
Then, the sequence of random variables (% Yoy §Sk> converges in distribution to />, El§o&p] A1,
n4 n>1

where A = fR L1(z) dBy, where (By)ger and (by)i>o “are two independent standard brownian motions
and (L¢(x))i>0 is the local time at x of (b)i>0, i.e. Ly(x) = lim. o 2% fg L(z—c,ote)(bs) ds.

3 Applications

Now we’ll give some examples of stationary sequences (£ )i satisfying our theorem 1.

We say that (M, F,v,T) is an invertible dynamical system if (M, F,v) is a probability space endowed
with an invertible bi-measurable transformation 7": M — M.

Definition 2. We say that an invertible dynamical system (M,F,v,T) is strongly mixing if there
exists Co > 0, there exist two real sequences (pn)n>0 and (Km)m>o0 and, for any function g : M — C,
there exist Kél) € [0; +o0] and Kf) € [0; +00] such that, for all bounded functions g,h : M — C :

1. for all integer n > 0, we have : |Cov,(g,hoT™)| < ¢y (HgHOOHhHOo + ||h|\OOK£§1) + ||g||ooK}(L2)) On;

2. for all integer m > 0, we have : K;?T,m < coKél);

3. for all integer m > 0, we have : K}(Li)T < cOK,(f)(l + Km);

1 1
we have : K;X)h < ||9||ooK;(L )+ HhHoch(zl);

we have : Kéi)h < ||g||ooK}(L2) + Hh||ooK§2);

S v

the sequence (o )n>0 s decreasing, the sequence (K )m>o @S increasing and there exists an integer
7 > 1 such that : sup,,>; nO(1 + Kp)@nr < +00.

For some hyperbolic or partially hyperbolic transformations, such properties are satisfied with K él)
some Holder constant of g along the unstable manifolds and K i(f) some Holder constant of h along the
stable-central manifolds, with ¢, = o™ for some « €]0;1[ and &,, = m”® for some 3 > 0. Let us mention,
for example, the ergodic algebraic automorphisms of the torus as well as the diagonal transformation on
compact quotient of Sl (R) (cf. [14]). Moreover, in the case of the Sinai (citeSin70 billiard transforma-
tion, these properties will come from estimations got in [7, 6].

Theorem 3. Let (M, F,v,T) be a strongly mixing dynamical system. Let one define the sequence (&)
in one of the three following way.

(a) Let us suppose that f : M — R bounded, v-centered, function such that KW < 100 and K? < +o0.

We suppose that there exists some real number ¢y > 0 such that, for any real number o, we have :
1 2

Kéxi)(mf) < ci)a| and Kéxij(mf) < ol

(b) Let us suppose that f takes its values in [0;1] and that fM fdv = % Moreover let us suppose that
there exists some c¢1 > 0 such that, for any a,b € C, we have K((l})er < cilal and Kézf)er < cilal.
Let (9 :=]0; 1[%, Fy == (B(J0; 1[))*%, vy := A®%) where X is the Lebesque measure on ]0;1[. We
define (& )kez on the product (g := M X Q1, Fo:=F Q F1,v5 :=v Q14) as follows :

§e(w, (2m)mez) = Q'I{ZkaOTk(W)} -1



(c) Let us fix an integer p > 2. Let us fix p real numbers 61, ...,0, (and 0y := 0) and p non-negative
functions f1,.., fp : M — [0;1] such that [,,(01f1+...4+0,fp) dv =0 and fi+...+ f, = 1 and such
that there exists ca > 0 such that, for all complex numbers ay, ...,ap—1,b, we have

(1) (2)
max(Ky v vay o fyoato By futbag 1 fyoapn) S C2(lar] + 4 fap—a).

Let (Qq :=]0; 1[%, Fy := (B(]0;1[))®%, 11 := A®%) where X is the Lebesgue measure on 0;1[. We
define (& )kez on the product (Na := M X Qq, Fo :=F Q F1,v0 :=v ® v1) as follows :

p
gk(w Zm mEZ Z 9l_91 1 1{Zk<zl fi(Tk(w))}-
=1

Then, if S, is a simple symmetric random walk on 7 independent of (&), the sequence of random
variables (ni% Sy fsk>n>1 converges in distribution to 1/21962 [Eo&p] A1, where Ay = fR Ly(z)dB,,
where (Bg)zer and (bt)tza are two independent standard brownian motions and (L(z))¢>o is the local
time at x of (bt)i>0, i.e. Ly(z) = lim. o é fot 1(z—c,zte)(bs) ds.

Let us make some comments on the point (b). Conditionally to w € M, (§k(w,))kez is a sequence of
independent random variables with values in {—1;1} and & (w, -) is equal to 1 with probability foT"(w).
This model is envisaged by Guillotin-Plantard and Le Ny in [9].

The case (¢) is a generalization of the case (b) to the case when & takes p values (conditionally to
w € M, & (w,-) is equal to 0; with probability f; o T*(w)).

Now we give some examples of strongly mixing dynamical systems.

Proposition 4. Let us consider an integer dy > 2. The following two dynamical systems (M,F,v,T)
are strongly mizing :

(i) M is the do-dimensional torus T% = R% /Z% endowed with its Borel o-algebra F and with the
normalised Haar measure v on T% and T is an algebraic automorphism of T given by a matriz
S € Sl4,(Z) the eigenvalues of which are not root of the unity. We endow T with the metric d
induced by the natural metric on R%.

(i) M is a compact quotient of Sla,(R) by a discrete subgroup T' of Slg, (R) : M := {aT'; x € Slg,(R)};
endowed with the normalised measure v induced by the Haar measure on Slg,(R). The transfor-
mation T corresponds to the multiplication on the left by a diagonal matriz S = diag(Ty, ..., Ta,) €
Sla, (R) not equal to the identity and such that, for alli=1,...,dy — 1, T; > T;41 > 0. We endow
M with the metric d induced by a right-translations invariant riemanian metric on SLg, (R).

Proof. Let > 0. Let us denote by I'(*:¢) the set of stable-central manifolds and by I'* the set of unstable
manifolds. In [14], each v* € T'* is endowed with some metric d* and each 7€) € 7€) is endowed with
some metric d(*¢) such that there exist ¢ > 0, €]0;1[ and S > 0 such that, for any integer n > 0, for
any 7% € T* and any v(5¢) € T'(5:¢) we have :

e For any y,z € v*, d"(y, z) > d(y, z) and for any ¢/, 2" € v, d=9)(y/, 2") > d(y/, 7).

e For any y,z € 4, there exists ) such that T "(y) and T~ "™(z) belong to V(n) and we have :
d"(T"(y), T7"(2)) < ¢o(do)"d" (y, 2)-

e For any y,z € 7€), there exists ’y((:;’)e) such that T™(y) and T™(z) belong to 'y((Z’)e) and we have :
A>T (y), T"(2)) < (1 +n?)d*)(y, 2).



Let us define :

K}l) = sup sup 7”(%) — /)] and K](f) (= sup sup 7”((1/))_ f)l .

YUEDY y,zEy % 1yF#2 (d (y7 Z))n (s:e) el (s:0) y zey(s:e)iy#z (d e (:% Z)>n
Hence, points 2, 3, 4 and 5 of the definition of strongly mixing dynamical systems are satisfied with
kn = nf. Moreover, these two quantities are less than the Holder constant of order n of f. In [14],

the point 1 is proved in the particular case (4). The same proof can be used in the case (i). We get a
sequence (), decreasing exponentially fast (cf. lemme 1.3.1 in [14]). O

For the billiard transformation, we prove the following (see appendix for details and for the proof) :

Proposition 5. Let (M, F,v,T) be the time-discrete dynamical system given by the discrete Sinai billiard
(corresponding to the reflection times on a scatterer). We suppose that the billiard domain is D =

T2\ (Ule Oi) , where the scatterers O; are open convex subsets of T2, the closures of which are pairwise

disjoint and the boundaries of which are C* smooth with non-null curvature. Then the system (M, F,v,T)
is strongly mizing.

Proposition 6. If ({k)kez is a stationary sequence of bounded random variables satisfying the following
a-mixing condition

supna,, < 400, with a,:= sup sup sup |P(AN B) —P(A)P(B)|,
n>1 p>0; m>0 A€o (é_p,....,60) BET(Enyeeosbntm)

then points 3, 4 and 5 of theorem 1 hold.

Proof. According to [11], lemma 1.2, the defintion of a strongly dynamical system is satisfied with the
following choice of KW and of K?. 1f g is 0(&, k < 0)-measurable, we have K,gl) := 1; otherwise we

have Kél) :=00. If his o(&, k > 0)-measurable, we have K}(f) := 1; otherwise we have K,(f) = 0o. We
conclude with theorem 3, ged.

Let us observe that, in the case of proposition 5, we can take the function f constant on each atom
of C,, for some integer m > 0. For example f = 1{¢>%7k(%2} — 1{¢<*%+ﬁ} satisfies the case (a) of
theorem ?7 for the Sinai billiard ( with the notation kg of [6] page 5). In the case (¢) of theorem ?7?, we
can takep = 3, 91 = 1, 92 = —1, 93:(), fl = 1{¢>7r 1 b f2 = 1{‘P<_%+k(%2} and f3 = 1—f1 —f2 in the

27 ko2

case of the Sinai billiard (with again the notations of [6] page 5).

4 Proof of theorem 3

In the cases (a), (b) and (c), it is easy to see that (£x)x is a stationary sequence of bounded random
variables

4.1 Proof of (a)

We have :

D VI+pEES] = Y VI+pIEff T

p=>0 p>0

< collflloe (Iflloe + K57 + K ) S 3/ T+ pigy < oo,
p2>0

Let us consider an integer N > 1. We have :

1 24

N2 > E[€k: Eka Ehs Eral | < N2 > B [Es s o]l -
ki,k2,ks,ks=0,....N—1 0<ky <ks<ks<ks<N-—1



Let us consider the set E](\}) of (ky, ka, ks, kq) such that 0 < kg < kg < ks <ks < N—1and kg —k3 > N3
We have :

> B[Sk, Ekalisbia]l = > |Cov,, (f o™ ks forhehsf, foqhs=hs)]
(kl,k27k3,k4)€E§\}> (k1,k2,k37k4)€E1(\}>
<

2 1
colV* (£l + IF1% (K + 30K (™) ) o

A

colV? (|If 115 + 115 (57 + Beo§)) supmCi.

n>1

Let us consider the set EI(\?) of (ki, ko, ks, kq) such that 0 < ky < ko < ks <ky < N—1and ky—k3 < N3
and ks — ko > rN3. We have :

Z |CO”U (§k1§k2,£k3§k4)| = Z |CO”UV (fOTlﬁszf, (f.fOTk4fk3)oTk37k2){
(k1,k2,k3.ka)EES (k1 ,k2,k3,ka)€ES
2 1
< N (1715 + 26l AR RS + K§D) (1t ),
< 2N (If11% + 2e0 [ IR (K + KD ) supn® (1 + k) orn.

n>1

Moreover, we have :

2
> E[€ky &ry | E[Eks Ery]| < > E[Eky Eks |
(k1,k2,k3 k1) EEY 0<ki<kz<N-1
2
< (N [EffoTH]
k>0
2
< N e (IF1% + 1l (K + K)o

k>0

Let us consider the set EJ(\“;’) of (ky,ka, ks, kq) such that 0 < kg < kg <ks <ks < N—1land ky—k;3 < N3
and ks — ky < *N5 and ke — k; > r(l1+ r)N%. By the same method, we get :

Z |IE [§k1§k2€k3§k4]| S
(kl,k27k377€4)€E1(\?)
Since the number of (k1, ko, k3, k4) such that 0 < k; < ko < ks < k4 < N — 1 and that do not belong to
E](\}) U E](\?) U EJ(\?) is bounded by N22(r +1)3, we get :
1
Sup — > B[Sk, ks Shall < +00.

N2
NZLN k) ko kg ka=0,...,N—1

2 6026
(1+7r)S

(171 + Beoll I (KT + K (7)) supn (1 + ).

n>1

Now, let us prove the point 5. Let ni, ns, nz and ng be four integers such that 0 < n; < ny < n3z < ng.
Let us consider any real numbers oy, , .., @p, and By, ..., Bn,. We have :

. . L —(ny—k . k—n
‘CO’U (elzkinl ak&k,el Tk 'Bkgk)‘ = ‘COUU (elzkinl ak foT ("2 ), (elzking Bi foT 3) o Tn3—n2)

1+ K® _
exp Zk " ap foT —(n2— ’“)) + exp(iZZinS ﬁkaTk_"Li) Pnz—n,

Uz
(2)
= (1 exp(zakfoT (n2—k)) + Z Kexp(i[ﬂfoT’“"B)) ¥Pnz—na

< ¢

k=n1 k=ng3

IN

1+ Z coct|ag| + Z coCt|Brl (1 + Fin,— n3)> Pra—na-

knl k’ng



We conclude by taking ¢, s := (1 4 Ks)@p.

4.2 Proof of (b) and of (¢)

Let us consider (¢) which is an extension of the case (b) (by taking p =2, 0, =1, 60, = -1, f; = f
and fo = 1 — f). Let us define the function g := Z?Zl 0;f; (in the case (b), we have : g = 2f —1).
This function is v-centered. More generally, for any integer m > 1, let us define : g, := ?:1 0;" f;.
These functions satisfy K 5}2 + K éi} < 400 We observe that, conditionally to w € M, the expectation
of (&x(w,-))™ is equal to g,, o T*(w). Using the Fubini theorem and starting by integrating over €,
we observe that, for any integers p > 1, we have : E[§,] = E,[g.g o T?] and that, for any integers
k1, ko, ks, ka, we have : E [, " €y ks 2k, ] = Eb [szl Gn, © ka] Hence, we can prove the point 4
of theorem 1 as we proved it for (a).

Now, let us prove the point 5 of theorem 1. We observe that, conditionally to w € M, the & are
independent and that the expectation of exp(iuy (w, -)) is hy,oT* with (b, = Y_7_, e®* f;). This function
can be rewritten : h, = % + Zf;ll (e“’l“ — ewpu) fi- The modulus of this function is bounded by 1
and we have :

max (Kl(zi)’Kf(i)) < co2p max 16| |ul.
§=0,....p

Let ny1, no, ng and ng be four integers such that 0 < ny < ny < ng < ng. Let us consider any real
numbers oy, , .., 0y, and By, ..., Bn,. We have :

‘COU (eiZZinl bl i Z:in:; ﬁkfk)‘ _
b)

Cov, ( ﬁ Py oTk, ﬁ hg, oTk>|

k:n1 k‘:ng
no ng
< w <1+00022Pj1%a><p|9j| (Z EDS ﬁk|>)<1+nn4n3>%n2.
T k=n1 k=7l3

5 Proof of theorem 1

To prove our result of convergence in distribution, we use characteristic functions. Let us fix some real

number ¢t. We will show that :
=E |exp | it |Y E[&&]A
peEL

) it —
s (o)

Let us notice that we have (cf [15] lemma 5, for example) :

2

E [exp (iuA1)] = E {exp (—“2 /]R (L1 (2))? dxﬂ .

Hence, it is enough to prove that :

it —
lim E —
2 o (17350 )

In the following, for any integer m > 1 and any integer k, we define :

2
=& e |~ S Eloty) /R (L1(2))? da

PEZL

Ny (k) :=Card{j =1,...m : S; = k}.



We notice that, for any integer n > 1, we have :

Zssj =" &N (k).

keZ

In the step 1 of our proof, we will use the following facts :

Cy := sup sup K2n~'P ( max |Sp| > K) < 400,
n>1K>0 m= n

=1,...,

C1 = supsupn ™ 2||N,, (k) |6 < +oo,
n>1keZ

Cy = sup sup 1N (6) = N (k)]l2
n>1keez \/1+|0—k ni

The first fact comes from the Kolmogorov inequality. The second fact comes from [15] lemma 1. The
third fact comes from [15] lemmas 2 and 3.

< +o00.

5.1 Step 1 : Technical part

This is the big part of our proof. In this part, we prove that the following quantity goes to zero as n goes

to 400 :
E [exp (ii 3 @an))

N ez,

2
—E |exp | — t§ Z E[&fk]Nn(z)z

N2y kez

Let us fix ¢ > 0. We will prove that, if n is large enough, this quantity is less than €.

Our proof is inspired by a method used by Jan to establish central limit theorem with rate of conver-
gence (cf. [13], [12], method also used in [18]). More precisely, we adapt the idea of the first step of the
inductive method of Jan.

e For any K > 1 and any integer n > 1, we have :

> < = —.
P (s 80l 2 KA) < T =

Let us fix K > 1 such that 2% < 1%. Then, we have

it i TR Co e
Elexp|—5 Y &Na(@) || —Elexp | — > &Na(0) <25 <35 (1)
" tez " =K
and :
t2 t2 [K\/m €
Elexp | ——5 > EE&INa(0)? || —Elexp | ——5 Y > E[&&]Na(0)? <1
Iz e "2 e [Kym] kEZ
(2)
Hence we have to estimate :
i 2 [EVA
Ap=E|exp | — > &Nu(0) || —E |exp ~53 > D RN ) || (3)
e l=—[K+/n] ne (=—[K+/n] kEL

e In the following, L will be some real number bigger than 8 and large enough and n any integer
2KV > T, We will have : Kz/ﬁ < FFK\?PHJ < SKL‘/E.

bigger than 1 and large enough so that : ==



e We split our sums ZrK‘f;{ N in L sums over {%J terms and one sum over less than L
terms and so over less than [%J terms. Let us introduce the following notation :

k) = X(kn,L) =

—[K\/ﬁ]—kkLL‘ém“J if k=0,..L
(K| +1 if k=L+1

For all £k =0, ..., L, we define :

2 A(ry1)—1

Q= oxp | = > D EGekk]N,

= Q) kEZ

and
A1) —1

bk,n,L = €exp Z €(N
l=ay)

Let us notice that, for any k =0, ..., L, we have : |ag, | <1 and |bg ] < 1. We have :

L

L
H br.n,L — H ak,n,L‘|
k=0 k=0
L k—1 L
Z E (H bm,n,L) (bk,n,L - ak,n,L) H am’,n,L] .

k=0 m=0 m’'=k+1

E

(4)

e Now we explain how we can restrict our study to the sum over the k such that (r+1)3 <k < L—1.
Indeed, the number of k that do not satisfy this is equal to (r + 1)® + 1. Let us consider any
k=0,...,L. We have :

1] k1)1
Eflbgn,c — 1] < 3E D GNu(0)
t=a)
and :
(k41— 1

2
Ellans < 5B (| 3 3 ElbnlNa(e)

l=a(y mEZL

But, for any integers o and 8 with 8 > 1, we have :

2

a+f a+B  a+pB
(Z &NM)) < S S Bkl BN (€N (m)]]
l=a+1 l=a+1m=a+1
atB  a+tp
< 0> Bl INa(@)]l2]Nn(m) 2
l=a+1m=a+1
< (C)’nB Y [Eléobmll-
mEZ
From which, we get :
Bl 1] < 1 o™V S i)
n4 meZ
< e sk S Bl

f mEeZ



Moreover we have :

«@ —1
t2 (k+1)
Ellagne =1 < S—E > Y El&lm]Na(0)?
nz= @I(M(k) meZ
t2 5K+/n
< 5 fZE[songOl)?n
2n2 mGZ
5t2K
<
meZ

Let L1 > 8 be such that, for all L > L, we have :

((r+ 1P+ DR 5K S [Elgotl <

mEZ

and

5tKC
12 K(C)*

((r+1)% + ZEgogm <7

mEeZ

Then, if we have L > L1 and n > 1 such that % > L, we have :

(r+1)3—1
EllbLnr —arnLl|] + Z E[|bkn,L — tkmrl] < 10 (5)

It remains to estimate :

L—-1 k—1 L
Z (H bm,n,L) (bk,n,L - ak,n,L) H am’,n,L‘| . (6)
k=(r+1)3 m=0 m’'=k+1
o We estimate :
L—-1 k—(r+1)3 k—(r+1)2
Bn,L = Z E H bm,,n,L H bm,,n,L —1]x
k=(r+1)3 m=0 m=k—(r+1)3+1
k—r—1 k—1 L
X H bm,n,L -1 ( H bm’,n,L) (bk,n,L - ak,n,L) H Am/' n,L
m=k—(r+1)2+1 m/=k—r m/=k+1
We have :
L—1 k—(r+1)2 k—r—1
Bn,L < Z H bm,n,L -1 H bm,n,L -1 ku,n,L - ak,n,LHg .
k=(r+1)3 m=k—(r+1)3+1 3 m=k—(r+1)2+1 3
— We have :
| | a(k+1)_1
Ibinr — 1< 415" e
=0 3
For any integers o and 8 with § > 1, we have :
a+B 4 o+
( > fean)) < > E [ Enete]] (C1)*n?
l=a+1 £y,2,03,Ly=a+1
< (Cy)'n2CyB2. (7)

10



with Cf :=supys1 N 7220 ko ko kaeon N—1 [ BlEky €k Ery] |- Hence, we have

.....

! (e ()

bk m, — 1|3 <
4
1 5K
< JtC (Cy)*F T
— We have :
lagn, —1lls < Z N, (
keZ 3
< Z [RAG]F
2 kez
5K n
< SN
keZ
5t2 K
< 5 D Elg&] T (C
keZ
— Using formula (7),we get :
k—(r+1)2 1] X—(r1)241) "1
H bm,n,L -1 S 3 Z gan(g)
4
TTL:]C—(T‘+1)3+1 3 n Z:a(k_(r+1)3+1) 3
1
2\ 1
t 5K
< 1 <<cl>4n205<r<r+1>2>2( ) )
na
5K
< OVl + 1)y T

— Analogously, we get :

k—r—1
1 5K
H 1T b, | — 1| < [HC1(C)FVr(r+1)
m=k

=k—(r+1)2+1 3 L

Hence, we have :

1 2
Bui < L<|t|cl<cg>if <r+1>\/?) <|tcl (ANRVELIEL ) ¥ AL )
kEZ
1 2
< WPC)ACy i+ 15K <|t|cl ARV L) o VAL STEN )
kEZ

Let L} > Ly be such that, for all L > L/, the right term of this last inequality is less than 10
Then, for any L > L} and any n > 1 such that % > L, we have : By, , < {5-
e In the following, we suppose L > L} and % > L. It remains to estimate :

L—-1

E Cniri13+Cniri2+Cnir2s
k=(r+1)3+1

11



where Cy, 1,1, jo,5, is the following quantity :

k—(r+1)71 k—1 L
E H bm,n,L H bm,n,L (bk,n,L - ak,n,L) H Am/' n,L
m=0 m=k—(r+1)J04+1 m/=k+1

o Let jo, j1 be fixed. We estimate C,, 1, We have :

2JosJ1:

Cnk,Lojojr < Dnk,Lojo.jn + Enk,Ljo.j1s

where :
L
Do join = |E |Covis,),no (Anirgi Turgo) ] am',n,Ll
m/=k+1
and
L
BnkLijosn =B |E[AnkLil (Sp)p20l E[Tnk ol (Sp)pzol ] am',n,L] :
m/=k+1

. k—(r+1)71 k—1
Wlth Anak:L7j1 = Hm:(O ) bm;'"uL and Fn:k7La.j0 = (Hm:k*(’r+1)j0+1 bm;n7L) (bk:,n,L - ak:,n,L)~

e Control of the terms with the product of the expectations.

Let jo, j1 be fixed. Let k = (r+1)3,..., L —1. We can notice that Ey k.L.jo,j: 18 bounded from above
by the following quantity :

k k—1
Fogr,jog =E | |E 11 b,n,L — 11 b,n, L | @,z (Sp)p>0
m=k—(r+1)J0+1 m=k—(r+1)70+1

We use the Taylor expansions of the exponential function.
— Let us show that, in F,, 1. j,.,, We can replace

k Ary1)—1

H bm,n,L = exp Li Z f@Nn(£>

m=k—(r+1)70+41 Ly,

(k—(r+1)70+1)

by the formula given by the Taylor expansion of the exponential function at the second order :

it A(rt1)—1 12 g1y —1 2
1+ — Ny (€) — NL(0) ] - 8
S DR 2 A O > &N (8)

14 14

Tk (r+1)70 41) Tk (r+1)70 41)

Indeed the L'-norm of the error between these two quantities is less than :

3
Qg -1
| ‘3 (k1)

E S &N

=«

6nt
(k—(r+1)7041)
which, according to formula (7), is less than :

3

° n\ )" 3 3 , 3
(aljl% <(Cl>4n2(1§ (((7“+ 1)j°)5[(£f> ) = %(01)3(05)1 ((r+ 1);05?) .

Hence, the sum over k = (r +1),..., L — 1 of the L'-norm of these errors is less than :

1t

VL 6

Let us consider Ly > L) such that, for all L > Lo, this last quantity is less than %

3
2

(CH)F(C1)? ((r + 1)05K) % .

12



— Let us introduce Y}, := ?ﬁ’gfl &N,(0) and Zy, = Za“’“)fl > mez Elée&m]

=X k= (r+1)70 41) t=aam
We show that, in F,, 1. j,.5., We can replace

k—1

it t?
H bm;ﬂ,L Qk.n, I, = €XP <3Y/€ - 9 3 Zk?)

. 4 2
m=k—(r41)io+1 n n

N (0)2.

by the formula given by the Taylor expansion of the exponential function at the second order :

it £2 1 (it 2 ?
1+3Yk—3Z;€—|—<3Yk— 3Zk) s
na o2n2 2 \ni 2nz

Indeed, the L'-norm of the error between these two quantities is less than :

1]t 2 P a2 )
-E || =Y. — =L < =E||—=Ys| + =2k
6 ni oIn: 3 ni nz
According to formula (7), we have :
Mty [P A 5K\ 2
SE || 2y | < eyrept (erom ™)
3 n4 L
Moreover, we have :
4 2 3 3 ok =L
-E A = E[¢oém N, (01)2 N, (62)N,, (£3)?
3 |57 %% (Z [€0§ ) > (1)" Ny (£2)"Nn(€3)
mEZ L1la,l3=cu()
<

o (Sroe) (BE)

The sum over k = (r + 1)3,..., L — 1 of the L'-norm of these errors is less than :

1 4pt)?
VL 3

Let us consider L5 > Ly such that, for all L > Lj, this last quantity is less than 5.

(CHHC)? ((r + 1)P5K)* + (Z Eléo6n] ) 5K)* (1)

MEZL

— Now we show that, in formula (9), we can ommit the term with (Z;)?. Indeed, we have :

1
-E
2

< 8 (Z Elgo&m] )2 (M(L\/HY (Cr)*n?

mEeEZ

2
Z
<2n2 k)

The sum over k = (r + 1)3,..., L — 1 of the L'-norm of these errors is less than :

i (Z Eléoém ) 5K)? (C1)*.

meZ

Let us consider Lj > LY such that, for all L > LY, this last quantlty is less than 5.

— From now, we fix L := L and we consider an integer n >

4K2
— Hence, it remains to estimate the following quantity called G, k.1 o5, :
it 2 it 2
E |: E [S(Yk + Wk) - 3 (Yk + Wk)z — TY]@ + 5 Zp+
na nz n4 2nz
2 2
P02+ Stz 5, |
2’/7,2 2nz

13
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Using the fact that the & are centered and independent of

with Wy := 350071 €N, (6). Usi
(Sp)p, We get :
t2 t2 t2 9
G’I’L,’C,L,j07j1 = E E 3 (Yk + Wk) 3 3 (Yk> (SP)P
n2 2nz 2nz
H { +2W;€Yk—Z;€‘(S)H.

= 3
n-2

(6)?

2+2 ) ElggalN

Let us notice that we have
m<fl—1

Akt1)—1
Zk = Z [(5@) n
l=ay)
(m)

Let us show that, in the last expression of Gy, k.1 j,.5., We can replace Zi by
n n

0?42 Y E[&m]Na(O)N,

Q1)1
E[(£0)*] Nn(
m<fl—1

Zy = Z

=0

E[ge&m]| [|Nn(O)][2]| Nn(m) — Nu(€)]2

Indeed, we have :
l=ap)y m<l-—1
> IE[0&,]|C1v/nCant /1 +

<[z 4]
2 5Kf

IN

3
n2

<
n p>1
The sum over k = (r + 1) L — 1 of these quantities is less than
—5K016’2 > V14 B[S,
p>1
177z such that, for

which goes to zero when n goes to infinity. Hence, there exists some ng > ;
£
70.

any integer n > ng, this sum is less than
HE [(Wy) +2WkYk| (Sp)p] *ZkH

Hence we have to estimate

Gk, L,jo,ja %

(£)Nn(m)

-1
2+2 Z E[&Z&m]N

Mm=0o(g)

We have :
A(ry1)—1
= > | ElE)(Na(

E [(Wi)?] (Sp)s]
=ow)

£—1

>

(k—(r+1)70+1)

E[(€0)*](Nn(0))* + 2

Aky1)—1
(W) + 20 Ya| (Sp)p] = >
£=ar)

Aky1)—1
-1

We get :
t2
—E | >
l=a m<a(k (r+1)70 41)

Hence we have

CrkLjoqs =
n2
* 5K\f Z

m>r

§0§m ( )

\F

IN

n2
14



The sum over k = (r + 1)3,..., L — 1 of these quantities is less than :
5K Y [El&én][(Cr)?,

m>r—r— ‘F

which goes to zero when n goes to infinity. Hence, there exists some nj, > ng such that, for any

integer n > ng, this sum is less than %

e Control of the covariance terms.
Let jo,j1 be fixed. Let k = (r +1)3,..., L — 1. We have :

k—(r+1)71 k L
Dn,k,L,jo,jl < |E C1OU|(SI,)2{, H bm,n,Lv H bm,n,L H Am/ n,L ||+
m=0 m=k—(r+1)J04+1 m’/=k+1 i
k—(r41)71 k-1 i
+ |E C1O’U|(S,[,)p H bm,n,La H bm,n,L H m/ n,L
m=0 m=k—(r+1)J0+1 m/=k

But we have :

a+p —fKﬁ]+(a+ﬁ+l)[%J—l

H an,n,L = €Xp % Z é.[Nn(g)

t=—[Kv/n]+a| 2HTLEL |

Therefore, according to point 4 of the hypothesis of our theorem, we have :

1
t K 2
Dy k,L,jo,jn < 2E (1 + u ZN ) (T \/ﬁ) SUp  V/S¢rs.s

’I’L4 Kyn
LeZ s>r =5yt

Hence, we have :
L-1 _1
2

1.n 4
> Dukbiog 2CLVICO +]inf) == swp mm

k=(r+1)3 s>

which goes to zero as n goes to inﬁnity. Hence, there exists some Ny > ng such that, for any integer
n > ng, this sum is less than 1—0

Therefore, there exists Ny (depending on ¢t and on ¢) such that, for any integer n > Ny, we have :

[exp < ZQN ) —E |exp | — Z E[&e&x] N, <e.
LET INIYA
This ends the step 1 of our proof.
5.2 Step 2 : Conclusion
In the previous section we proved that :
ngrfoo E lexp ( ZﬁgN ) — exp Z E[£ek] N, =0.
ez ® tken

According to [15] lemma 6, we know that : (ni% D oiez Nn(é)z)n>1 converges in distribution to Z; :=

Jo(L1(x))? dz. Hence, we get :

s (2 )] - (s ]

LET keZ
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A Sinai billiard

The billiard domain is D := T2\ (Ule Oi>, where the scatterers O; are open convex subsets of T2,

the closures of which are pairwise disjoint and the boundaries of which are C® smooth with non-null
curvature. In this domain, we consider a point-particle moving with unit speed. with elastic reflections
off 9D. Now, as in [21], let us define the billiard system (M, F,v,T) corresponding at reflection times :

e The set of reflected vectors at a reflection time will be identified with its parametrization given by :

I

_ . R
M= 1M with M® .= ({idx — — w1 —x/2:7/2[).
Z,Zul M U Tengt@onz ! — /%2

The configuration of a particle at a reflection time is parametrised by (i,7, ) € M if the particle
is on the obstacle 7, at the point ¢ with curvilinear absciss r and if the reflected vector makes an
angle ¢ with the unit vector 7(q) normal to 9D at ¢ directed to the inside of D.

e We endow M with a metric such that :
d((i, 7, 0), (4,7, ¢") = lr = 7| + o = ¢'].

o We endow M with its Borel o-algebra F.

e The transformation T': M — M maps a configuration = to the configuration T'(x) corresponding
to the next reflection time.

e This transformation preserves the probability measure v on M proportional to cos(¢) drde.

We use the parametrisation by (r,¢) introduced by Sinai in [21] and we denote by d the natural corre-
sponding metric. We can define g — Kél) and g — K 52) such that hypothesis 77 is true and such that,

for any bounded g : M — C, Kél) and K;Q) are dominated by the following quantity :

C{g'r],'rn) = sup su |g(a:) — g(y>|

ceCnm w,yEC,pa:;éy max(d(Tk (I)a " (y))a k= —m, .., m)ﬁ 7
for some integer m > 0, with C,, = {ANB; A€ &y, B €&} with £ and &, as in [6] (page 7). (We
recall that, for any k = —m,...,m, the map 7% si C' on each atom of C,,).

Let us mention that, since the earliest work of Sinai [21], this billiard system has been studied by
many authors ([2, 3, 4, 5, 8] and others).

The study of this system is complicated by the discontinuities of the transformation 7. But it is
known that T is Cl-regular on M \ (Ro UT~'(Ry)), where the set Ry := {(i,r,¢) € M : |p| = 7/2}
corresponds to tangent vectors.

To prove proposition 5. We will need some results of [7, 6].

Proof. We will use the notations of Chernov in [6] We take ky large enough (as in [6]). Let us define
S = Upsp {&m0) €M ¢ o] =7/2 - 7z} Let us recall the definition of homogeneus stable curves
and homogeneous unstable curves :

e A homogeneous stable curve is a C! curve v of M contained in M \ (UmZO T-™ (RoU S)) .

e A homogeneous unstable curve is a C' curve v of M contained in M \ (Um>0 T™ (Ro U S)) .

16



Let us consider an integer m > 0. We denote by &2, the partition of M \ (U;”:O TP (RyU S)) in con-

nected components. Analogously, we denote by ¥ the partition of M \ (U;nzo TP (Ry U S)) in connected

components.

Let us consider the set I'* of homogeneous stable curves and the set I'* of homogeneous unstable
curves (see [6] page 7 for the definition of these curves). We recall that there exist two constants ¢; > 0
and 67 €]0;1[ such that :

e let y and z belonging to the same homogeneous unstable curve. Then, for any integer n > 0, T~"(y)
and T7"(z) belong to a same homogeneous unstable curve and we have : d(T"(y), T "(z)) <
101", Moreover, for any integer p > 0, y and z belong to the same atom of ;. Moreover, if y and
z belong to the same atom of £2,, then T™(y) and T™(z) belong to a same homogeneous unstable
curve.

e let y and z belonging to the same homogeneous stable curve. Then, for any integer n > 0, T"(y)
and T"(z) belong to a same homogeneous stable curve and we have : d(T"(y),T"(2)) < c16,".
Moreover, for any integer p > 0, y and z belong to the same atom of {;. Moreover, if y and z belong
to the same atom of &, then T-™(y) and T~ (z) belong to a same homogeneous stable curve.

In [6], for any y, z, Chernov defines : sy (z,y) :=min{n >0 : y & & (x)} and s_(x,y) := min{n >0 :
y & 4 (x)}, where & () (resp. &%(x)) is the atom of £ (resp. £¥) containing the point z.

Following Chernov in [6] (page 15), let us introduce the following quantities :

EP = sup  sup f(y) = f(2)]
yuels yzeyuygz (1)1 )

and
2 £ (y) — £ (2)]

KY .= sup sup .
d o€l yzeyiyzz (01)19-(W3)

In the definition of [6], the suprema are taken over all unstable and stable curves instead of homogeneous
unstable and stable curves. However, in the proofs of theorems 4.1, 4.2 and 4.3 of [6], Chernov only
uses Holder continuity on homogeneous stable and unstable curves. We observe that we have : K J(cz) <

2| Fllocds ™™™ + K, with :

Kj(cl) = sup sup M_.(f(z)ﬂ
YHEDY y zey yF£2;sy (y,2) >m+1 (61)n5+(,2
and
1£(0) ~ )

KJ([2) = sup sup o
YEEDS y,zeyyF#2;s (y,2) >m+1 (01)n5-(w:2

With these definitions, we have :
K < ()71 D (o)™ and K< (8y) 710 ()10,

Let us prove the first inequality. Let two points y and z belonging to the same homogeneous unstable
curve such that st (y,z) > m + 1. Then ¢/ := T5+®2)~1(y) and 2’ := T*+¥*)~1(2) belong to the same

homogeneous unstable curve. Therefore, for any k = —m, ..., m, we have :
d(T*(y), T"(z)) = d(T~Cr@D7 1R (y) P @a=1m0 )
< 01513+(y72)—1—k
< 65+ WA= (mAL),

Hence, since y and z belong to the same atom of C,,, we have :

If(y) — f(2)| < C}"’m)(01)7751’75+(yyz)517n(m+1)'

17



The proof of the second inequality is analogous.

Let two points y and z. If y and 2z belong to the same homogeneous unstable curve, then, for any
integer n > 0, we have s (T "(y), T "(2)) = s+(y,2) + n. In the same way, if y and z belong to the
same homogeneous stable curve, then for any integer n > 0, we have s_(T"(y),T"(2)) = s_(y, z) + n.

Hence, we get points 2, 3, 4 and 5 of hypothesis 7?7 with x,, = 1.

Moreover, Chernov establishes the existence of c¢5 > 0 and of a3 €]0; 1] such that, for any integer
n > 0, for any bounded C-valued functions f and g, we have :

(Cov(f,90T")| < e5 (1l llglloe + 1o K§ + gl k) (a5)"

(cf. theorem 4.3 in [6] and the remark after theorem 4.3 in [6]). This gives points 1 and 5 of our hypothesis
77, 0
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