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Abstract

Let R be a real closed field. The Pierce-Birkhoff conjecture says that any piecewise
polynomial function f on R™ can be obtained from the polynomial ring R[x1,...,x,] by
iterating the operations of maximum and minimum. The purpose of this paper is twofold.
First, we state a new conjecture, called the Connectedness conjecture, which asserts the
existence of connected sets in the real spectrum of R[x1, ..., 2,] satisfying certain conditions.
We prove that the Connectedness conjecture implies the Pierce-Birkhoff conjecture.

Secondly, we construct a class of connected sets in the real spectrum which, though not in
itself enough for the proof of the Pierce-Birkhoff conjecture, is the first and simplest example
of the sort of connected sets we really need, and which constitutes a crucial step on the
way to a proof of the Pierce-Birkhoff conjecture in dimension greater than 2, to appear in a
subsequent paper.

1 Introduction

All the rings in this paper will be commutative with 1.

Throughout this paper, R will denote a real closed field and A the polynomial ring
R[z1,...,x,], unless otherwise specified.

The Pierce-Birkhoff conjecture asserts that any piecewise-polynomial function f : R — R
can be expressed as a maximum of minima of a finite family of polynomials (see below for the
definitions and a precise statement of the conjecture). This is the first in a series of three papers
whose purpose is to prove the Pierce-Birkhoff conjecture in its full generality (the best result up
to now is due to Louis Mahé [I1], who proved the conjecture for n = 2).

We start by stating the Pierce-Birkhoff conjecture in its original form as it first appeared in
the 1962 paper [5] by M. Henriksen and H. Isbell.

Definition 1.1 A function f : R™ — R is said to be piecewise polynomial if R" can be covered
by a finite collection of closed semi-algebraic sets P; such that for all i there exists a polynomial

fi € A satisfying f\pl. = fz"Pi-



Clearly, such a function is continuous. Piecewise polynomial functions form a ring, containing
A, which is denoted by PW (A).

On the other hand, one can consider the (lattice-ordered) ring of all the functions obtained
from A by iterating the operations of sup and inf. Since applying the operations of sup and
inf to polynomials produces functions which are piecewise polynomial, this ring is contained in
PW (A) (this latter ring is closed under sup and inf). It is natural to ask whether the two rings
coincide. The precise statement of the conjecture is:

Conjecture 1 (Pierce-Birkhoff) If f : R — R is in PW(A), then there exists a finite
family of polynomials g;; € A such that f = supinf(g;;) (in other words, for all x € R",
i J

f(z) = sup il}f(gij(w)))-

In 1989 J.J. Madden [J] reformulated this conjecture in terms of the real spectrum of A and
separating ideals. We will now recall Madden’s formulation together with the relevant definitions.

Let B be a ring. A point « in the real spectrum of B is, by definition, the data of a prime
ideal p of B, and a total ordering < of the quotient ring B/p, or, equivalently, of the field of
fractions of B/p. Another way of defining the point « is as a homomorphism from B to a real
closed field, where two homomorphisms are identified if they have the same kernel p and induce
the same total ordering on B/p.

The ideal p is called the support of « and denoted by p,, the quotient ring B/p, by Bla],
its field of fractions by B(«) and the real closure of B(«) by k(a). The total ordering of B(«)
is denoted by <,. Sometimes we write o = (po, <q)-

Definition 1.2 The real spectrum of B, denoted by Sper B, is the collection of all pairs a =
(Pas <a), where pq is a prime ideal of B and <, is a total ordering of B/pq.

The real spectrum Sper B is endowed with two natural topologies. The first one, called the
spectral (or Harrisson) topology, has basic open sets of the form

U(f17---7fn):{a ’ fl(a) >07"'7fn(a) >0}

with f1,..., f, € B. Here and below, we commit the following standard abuse of notation: for
an element f € B, f(a) stands for the natural image of f in Bla] and the inequality f(«) > 0
really means f(a) >4 0.

The second is the constructible topology whose basic open sets are of the form

V(fi,-- oy fnyg) ={a | fila) >0,..., fu(a) > 0,9() = 0},

where f1, ..., fn,g € B. Sets of the form V (f1,..., fu, g) are called constructible sets of Sper B.
In what follows, it will be important to distinguish between two types of points in Sper B:

Definition 1.3 Let B be an R-algebra and o a point of Sper B. We say that o is bounded if
for anyy € Bla] there exists N € R such that |y| < N. Otherwise, we say that o is unbounded.

Notation: The subspace of Sper B consisting of all the bounded points will be denoted by
Sper*B.
Next, we recall the notion of separating ideal, introduced by Madden in [9].

Definition 1.4 Let B be a ring. For v, € Sper B, the separating tdeal of v and 6, denoted
by <, >, is the ideal of B generated by all the elements f € B which change sign between ~y
et 0, that is, all the f such that f(v) > 0 and f(0) < 0.



Let f be a piecewise polynomial function on R™ and « € Sper A. Let the notation be as in
Definition [l The covering R™ = | J P; induces a corresponding covering Sper A = |J P; of the
i i

real spectrum. Pick and fix an ¢ such that « € P,. We set fa :== fi. We refer to f, as a local
polynomial representative of f at «. In general, the choice of i is not uniquely determined
by «. Implicit in the notation f, is the fact that one such choice has been made.

In [9], Madden reduced the Pierce-Birkhoff conjecture to a purely local statement about
separating ideals and the real spectrum. Namely, he showed that the Pierce-Birkhoff conjecture
is equivalent to

Conjecture 2 (Pierce-Birkhoff conjecture, the abstract version) Let f be a piecewise
polynomial function and o, 8 points in Sper A. Let fo € A be a local representative of f at «
and fg € A a local representative of f at 3. Then fo — fz €< o, 3 >.

The following statement, nominally weaker than the Pierce-Birkhoff conjecture, has proved to
be an extremely useful stepping stone on the way to its proof (we give the contrapositive of
Madden’s original statement, since it is better adapted to our needs).

Conjecture 3 (the separation conjecture) Let g € A and let a, 3 € Sper A be two points
such that g& < «, 8 >. Then o and (3 lie in the same connected component of the set Sper A\{g =

0}.

(this statement follows from Conjecture it suffices to let f be the piecewise polynomial
function which is equal to ¢g on the connected component of Sper A\ {¢g = 0} containing « and
f =0 elsewhere).

We now state

Conjecture 4 (the Connectedness conjecture) Let «, 3 € Sper A and let g1,...,9s be a
finite collection of elements of A, not belonging to < a, 3 >. Then there exists a connected set
C C Sper A such that a, 3 € C and CN{g; =0} =0 fori e {1,...,s} (in other words, « and
B belong to the same connected component of the set Sper A\ {g1...g9s =0} ).

The advantage of the Connectedness conjecture is that it is a statement about polynomials
which makes no mention of piecewise polynomial functions.

The purpose of this paper is twofold. First, we prove () that the Connectedness con-
jecture implies the Pierce-Birkhoff conjecture. This reduces the Pierce-Birkhoff conjecture to
constructing, for each «, 3 € Sper A, connected sets in Sper A having certain properties.

Secondly, we construct a class of connected subsets of Sper A which, though not in itself
enough for the proof of the Pierce-Birkhoff conjecture, is the first and simplest example of the
sort of connected sets we really need, and which constitutes a crucial step in our proof of the
Pierce-Birkhoff conjecture in dimension greater than 2, the subject of the forthcoming paper [§].
The precise relation of the main connectedness theorem of the present paper (Theorem [ to
the Pierce-Birkhoff conjecture, that is, the part of the proof of the conjecture relegated to [g],
is explained in more detail later in this introduction.

The rest of this paper is organized as follows. In §8l we define the valuation v, associated to
a point « of the real spectrum. We also explain the geometric interpretation of a point of the
real spectrum as a semi-curvette.

In @ we study the behaviour of certain subsets of the real spectrum under blowing up.

In g0 we recall and adapt to our context some known results on resolution of singularities
of a purely combinatorial nature. These results can be considered as a special case of the
desingularization of toric varieties or Hironaka’s game [I4]. Since they are easy to prove, we
chose to include complete proofs. The conclusion of this section is an algorithm for resolving



singularities of any binomial by iterating combinatorial (toric) blowings up along non-singular
centers.

Finally, §6lis devoted to the proof of the main theorem. Let A = R|[x1,...,x,] be a polyno-
mial ring and let w;j,0; € Q,i € {1,...,n},j €{l,..., ¢}, L €{1,...,u}. Let

hj(vs(z)) = Zwijw(xi) for j € {1,...,q},
i=1

and

zi(vs(x)) = 292-11/5(@) for Il e {1,...,u}.
i=1

Let v5 be the valuation associated to the point 6 € Sper(A), defined in §8

Theorem 1.1 The sets
S ={0 € Sper(A) | z; >0,i € {1,...,n}, hj(vs(z)) >0,57€{1,...,q},

zi(vs(x)) =0,1 € {1,...,u}t}

and

S* = SN Sper*A (1)
are connected in the spectral topology.

In other words, subsets of Sper A and Sper* A defined by finitely many Q-linear equations and
strict inequalities on v(z1),...,v(z,) are connected.
In the forthcoming paper [8] we develop the theory of approximate roots of a valuation. Given
a ring A and a valuation v, non-negative on A, a family of approximate roots is a collection
{Q;}, finite or countable, of elements of A. A generalized monomial (with respect to a given
collection {Q;} of approximate roots) is, by definition, an element of A of the form HQ;-Yj,
J

v; € N. The main defining properties of the approximate roots are the fact that every v-ideal
I in A is generated by generalized monomials contained in it, that is, generalized monomials

I1 Q;-Yj satisfying
J

2 v(Qs) = v(l),

and the fact that for each i, Q); is described by an explicit formula in terms of Q1,...,Q;—1. In
particular, the valuation v is completely determined by the set {Q;} and the values v(Q;). In [§]
we give an explicit description of the set of generalized monomials which generate the separating
ideal < a, 8 > for a pair of points «, 3 € Sper A,,, where A,, is the localization of A at the
common center m of the valuations v, and vg.

We then show that every element g € A can be written as a finite sum of the form

N
g=cQ’+> ¢Q%, (2)

Jj=1

where ¢ and ¢; are units of A, and Q? and Q% are generalized monomials such that

V<Q€> <I/<Q5j> for 1 <j < N. (3)



Then the sign of g is determined by the sign of its leading coefficient ¢. In particular, if the
inequalities (@) hold on a certain set C' C Sper A and ¢ does not change sign on C' then g does
not change sign on C. Saying that g¢ < «, 3 > is equivalent to saying that

v(Q') <v@) (4)

for any generalized monomial Q7 €< «,( >. Both types of inequalities ([Bl) and ) can be
viewed as linear inequalities on v(Q1),. .., (Q:) with integer coefficients.

In [8] we construct the connected set C' required in the Connectedness conjecture; this set
has the form

n
C = {5 € Sper(A) ‘ Qi > 0,0 €{l,... .t} > wivs(Qi) >0, € {1,...,q}},
i=1
where w;; are certain explicitly given integers and {Q1,...,Q:} is an (also explicitly given) finite
n
subset of the set of approximate roots. The inequalities ) w;;5(Q;) > 0 are nothing but the
i=1
inequalities of the form (@) and (@), applied to each of the elements g1, ..., gs, appearing in the
statement of the Connectedness conjecture.
The only delicate part of the proof is proving the connectedness of C'. The connectedness
theorem of the present paper is the special case of the desired result in which the finite set

{Q1,...,Q:} is a subset of the set of variables {z1,...,2,}. In [8] we reduce the general case
to the special one using sequences of blowings up of the form described in §&t we construct a
sequence 7 of blowings up such that the total transform of each Q;, ¢ € {1,...,t} is a usual

monomial with respect to new coordinates times a unit. The preimage of C' under 7 has the
form () in the new coordinates. This will reduce the connectedness of C' to that of sets of the
form S* proved in this paper, completing our proof of the Connectedness and the Pierce-Birkhoff
conjectures.

We thank the CNRS and the University of Angers for supporting J. Madden’s stay in Angers
during a crucial stage of our work on this paper.

2 The Connectedness conjecture implies the Pierce-Birkhoff
conjecture

Theorem 2.1 The Connectedness conjecture implies the Pierce-Birkhoff conjecture.

Proof: We will assume the Connectedness conjecture and deduce the Pierce-Birkhoff conjecture
in the form of Conjecture @l Let f € PW(A) and let {f;};_, denote the elements of A which



represent f on the various closed semi-algebraic subsets P; C Sper A. Let o, 8 € Sper A and let

T={{i, 5y c{l,....;r} | fi— [;€d <o, 08>} (5)

We apply the Connectedness conjecture to the finite collection {f; — f; | (¢,7) € T'} of elements
of A. By the Connectedness conjecture, there exists a connected subset C' C Sper A such that
a, 3 € C and

Cn{fi—f;j=0}=0forall (i,j) € T. (6)

Let J C {1,...,r} be the set of all indices j having the following property: there exist
i1,...,15 € {1,...,7} such that

fa = fil (7)
fi =1 (8)
and for each ¢ € {1,...,s — 1}, we have
cn {fiq — fiq+1 = 0} # 0. (9)
Let F = |J (PN C). We have a € F' by definition.

Jj€J
Claim: F = C; in particular, 8 € F.
Proof of Claim. Let J°={1,...,r}\Jand G = |J (P;NC). Clearly
jeJe

C=FUG (10)

and both sets F' and G are closed in the induced topology of C' (since all the P; are closed).
Moreover, FF'N G = (), so the union in () is a disjoint union. Indeed, if 6 € F' N G then there
exist j € J and j' € J¢ such that § € P;N Pj. But then f;() = f;(d), so 6 € CN{f;— f; =0},
hence j’ € J, a contradiction.

Now, since C' is connected and F # () (since a € F), the expression () of C as a disjoint
union of closed sets implies that G = (). Hence 3 € F, which completes the proof of the Claim.

Let j € J be such that 8 € P, so that f; = fg. Let iy,...,is be as in [@d)—), expressing the
fact that j € J. Together, (), (@) and () imply that f;, —f; ., €<, >forallq € {1,...,s—1}.
In view of (@) and @), we obtain f, — fg €< «, 3 >, as desired. O

3 The valuation associated to a point in the real spectrum

Let B be a ring and « a point in Sper B. In this section we define the valuation v, of B(«),
associated to a. We also give a geometric interpretation of points in Sper B as semi-curvettes.
First, we define the valuation ring R, by

R, ={x € B(a) | 3z € Blal, |z| <4 2z}

That R, is, in fact, a valuation ring, follows because for any © € B(«), either x € R, or % € R,.
The maximal ideal of R is My = {z | |z] < 1 vz € Bla]}; its residue field k,,, comes equipped
with a total ordering, induced by <,. By definition, we have a natural ring homomorphism

B — R, (11)

whose kernel is pg.



Remark: Conversely, the point o can be reconstructed from the ring R,, by specifying a certain
number of sign conditions (finitely many conditions when B is noetherian), as we now explain.
Take a prime ideal p C B and a valuation v of x(p) := %, with value group I'. Let

r = dimp, (T/2T)

(if B is not noetherian, it may happen that r = oo). Let z1,...,2, be elements of x(p) such
that v(z1),...,v(z,) induce a basis of the Fy-vector space I'/2I". Then for every = € B(a),
there exists f € B(a), and a unit u of R, such that z = ua{' ---z& 2 with ¢; € {0,1} (to see
this, note that for a suitable choice of f and ¢; the value of the quotient u of x by the product
it alr f 2 i5 0, hence u is invertible in R,). Now, specifying a point o € Sper B supported at
p amounts to specifying a valuation v of %, whose residue field &, comes equipped with a total
ordering, and the sign data sgn z1,...,sgn z,. For xdp, the sign of = is given by the product
sgn(x1) -+ sgn(z,)"sgn(u), where sgn(u) is determined by the ordering of k,.

Remark: Assume that o € Sper*B (Definition [3)). Then
R, ={r € B(a) | AN € R, |z| <, N}. (12)

Thus for points in Sper* B the valuation v, of B(«) depends on the ordering <, but not on the
ring Bla] (this is precisely the reason why bounded points of Sper A will be important in this

paper).

Points of Sper B admit the following geometric interpretation.

Definition 3.1 Let k be a field and I' an ordered abelian group. The generalized formal power
series Ting k Htr]] is the ring formed by elements of the form Y ayt7, a, € k such that the set
¥

{7 | ay # 0} is well ordered.

The ring k Htr H is equipped with the natural t-adic valuation v with values in I, defined by
u(f) = inf{ay | ay # 0} for f = > ast? € k Htr]] Specifying a total ordering on k and
¥

dimp, (I'/2I) sign conditions defines a total ordering on & [[¢']]. In this ordering |¢| is smaller
than any element of k. For example, if 7 > 0 for any vy € I' then f > 0 if and only if a, ) > 0.

For an ordered field k, let k denote the real closure of k. The following result is a slight
variation on a theorem of Kaplansky for valued fields equipped with a total ordering, whose
proof carries over almost verbatim from Kaplansky’s original proof.

Theorem 3.1 (Kaplansky, [6]) Let K be a real valued field, with residue field k and value
group I'. There exists an injection K — k ((tr)) of real valued fields.

Let a € Sper B and let I' be the value group of v,. In view of ([Il) and the Remark above,
specifying a point a € Sper B is equivalent to specifying a morphism

Bla] = kv, [[t']]

and dimp, (I'/2T") sign conditions as above.

We may pass to usual spectra to obtain a morphism
Spec (kv Htrﬂ) — Spec Bla] — Spec B.

In particular, if I' = Z, we obtain a formal curve in Spec B (an analytic curve if the series are
convergent). This motivates the following definition:



Definition 3.2 A k-curvette in A is a morphism o : B — k [[tp]] (where T is an ordered
group). A k-semi-curvette is a k-curvette « together with a choice of the sign data sgn x1,...,
sgn x,, where x1,...,x, are elements of B whose t-adic values induce an Fa-basis of T'/2T.

We have thus shown how to associate to a point « of Sper B a k(p,)-semi-curvette. Conversely,
given an ordered field k, a k-semi-curvette a determines a prime ideal p, (the ideal of all
the elements of B which vanish identically on «) and a total ordering on B/p, induced by
the ordering of the ring k Htr]] of formal power series. These two operations are inverse to
each other. This establishes a one-to-one correspondence between semi-curvettes and points of
Sper B.

Below, we will often describe points in the real spectrum by specifying corresponding
curvettes.
Example: Consider the curvette R[x,y] — R[[t]] defined by = + t2, y +— 3, and the semi-
curvette given by declaring, in addition, that ¢ is positive. We obtain the upper branch of the
cusp.

4 Affine monomial blowings up

In this section we define one of our main technical tools — affine monomial blowing up — and
show that bounded points of the real spectrum behave particularly well under such blowings
up, more precisely, that the valuation v, is preserved under blowing up whenever o € Sper* A.

Notation. For a subset J C {1,...,n}, z; will stand for the set {z, | ¢ € J}.
Let G be an ordered group. For an n-tuple a = (ay,...,a,) € G™ of elements of G, we define

rat.rk a = dimg Z Qa; C G ®z Q.
j=1

Consider a set J C {1,...,n}. Fix an element j € J. Let

Ty = 14 if g=jor qdJ (13)
x . .
—T pged\ (). (14)
Ly
Let z = (z1,...,2y), ' = (2,...,2],) and A’ = R[2’]. We have a natural ring homomorphism

m: A— A" and the corresponding maps of real spectra 7* : Sper A’ — Sper A.

Remark: Since the variables x are monomials in the 2’ and vice versa, we have

rat.rk(v(zy),. .., v(x,)) = ratok(v(x)), ..., v(z))). (15)

Definition 4.1 The map 7 is called an affine monomial blowing up of Sper A (along the
ideal (z5)). The choice of j € J is referred to as the choice of a coordinate chart. Finally,
let p be a prime ideal of A, not containing any of x1,...,x,. Let v be a valuation of %. We say
that 7 is affine monomial blowing up with respect to v if

v(zj mod p) = min{v(z, mod p) | g € J}. (16)



!

Condition (@) is equivalent to saying that v is non-negative on %, where p’ is the strict transform
of p in Spec A.

We consider the coordinates x’ as part of the data of the affine monomial blowing up 7. An
affine monomial blowing up is completely determined by the choice of J and j as above.

Let OGM be the following category. An object in OGM is an ordered abelian group G
together with n fixed generators ay,...,a, (such an object will be denoted by (G,aq,...,a,)).
A morphism from (G,ay,...,a,) to (G',d},...,a),) is a homomorphism G — G’ of ordered
group sending a; to a;- for each j.

Notation: Let us denote by I' the ordered group R}! . The reason for this definition is that by
Abhyankar’s inequality we have rank v, < dim A = n for all a € Sper A, so the value group T,
can be embedded into I' as an ordered subgroup (of course, this embedding is far from being
unique). Let 'y be the semigroup of non-negative elements of T
Take an element
a=(ai,...,a,) €I}

Let G C T be the ordered group generated by (ai,...,a,). Then (G,aq,...,a,) € Ob(OGM).
For each § € Sper(A), let I's denote the value group of the associated valuation vs and I'j
the subgroup of I's generated by vs(x1), ..., vs(x,). In this way, we associate to ¢ the object
(5, vs(x1),. .., vs(xpn)) € Ob(OGM).

We will use the following notation. For a set £ C I}, let

Sgp=1{d € Sper(4) | x; >50,i € {1,...,n},Ja = (a1,...,a,) € E such that

(5, vs(z1), ... vs(x1)) = (Gyar,...,an)}.

and
S ={0 € Sper*(4) | z; >50,i € {1,...,n},3Ja = (a1,...,a,) € E such that

(T5,vs(x1), ... vs(z1)) =2 (Gyag,...,an)}

In particular, for a € I'"} we will write

Se:={0 € Sper(A) | x; >50,i € {1,...,n}, (5, vs(x1),...,v5(x1)) = (G,a1,...,an)}
and

Sy ={d e Sper"(A4) | x; >50,i € {1,...,n},(T5,vs(x1),...,v5(x1)) = (G, a1,...,an)}.

We will need the following comparison result which says that blowing up induces a homeomor-
phism on sets of the form S7,.

Let E be a subset of I'". Take a subset J C {1,...,n}. Pick a j € J and consider the affine
monomial blowing up

m:A— A= R[],

determined by J and j. Assume that 7 is an affine monomial blowing up with respect to all
vs, 0 € S}, (in other words, vs(z;) = min{v;(zq)tqes for all 6 € Sh; we have vs(z) > 0 for all
deSpandie{l,...,n}).

For a € T}, let a’ be the element of I'"} defined by

a, = aq if g¢dJorq=13j (17)

= a,-a; ifged\{j} (18)

/
q
/
aq



Let E' ={d' | a € E} and let S}, denote the corresponding subset of Sper*A’. Let
7 : Sper A’ — Sper A

be the map of real spectra induced by m. It is well known and easy to see that 7* is a homeo-
morphism away from the zero set V(z ) of the ideal (x ;). Since Sj, is disjoint from V(zy), 7*
induces a homeomorphism 7*[g: (m*)71(S%) = Sp. For § € Sper A\ V(z,), let § denote the
unique preimage of § in Sper A’.

Proposition 4.1 Take a € I'} and § € Sper*A. Then
Vs = Uy (19)

and
§eS < deSi. (20)

Proof: Since ¢ is bounded, () follows immeadiately from ([Z): in fact, [[2) characterizes v
(resp. vg) purely in terms of the ordering <5, which is the same as <g, without any reference
to the rings A or A’. [20) follows from the equations ([3)-([Id) and () [TJ). O

Corollary 4.1 We have n*(Sy,) = S3, and the restriction of ™ to S}, is a homeomorphism.

Definition 4.2 The point §' is called the transform of §. Similarly, o', E' and S}, are called
transforms of a, £ and S3,, respectively.

For future reference, we will also define the transform of a Q-linear relation on vg(z1),. .., vs(xy,).
Consider a Q-linear equality of the form

i=1

7

Definition 4.3 The transform of (ZI) under 7 is the equality . 0la, = 0, where
i=1

0= 0, if i # j (22)
= Y0, ifi=j. (23)

qeJ

The transforms of all the above objects under sequences of blowings up are defined in the obvious
way (that is, as iterated transforms) by induction on the length of the blowing up sequence.

Example: This example shows that Proposition EETl and Corollary Bl are false for unbounded
points of Sper A. Let n = 2 and a = (1,1), where we view 1 as an element of I' via the
embedding R < (0)@®R = T". Consider the points «, § € Sper A given by the curvettes 6 = (¢, 1)
and a = (t10 1 OD) Let J = {1,2}, j = 1, 2| = 21, 2 = 22. Since v5(z1) = vs(x2), the
corresponding blowing up A — A’ is a blowing up with respect to vs (but not with respect to
Vo). The point o/ is defined by the ordering of R(x1,x2) in which 0 < z} < ¢ < af, for any
positive real constant ¢. We have Ry = R(4)[21](5,), Vo (2h) = 0, Vo () = 1, 50 v # Vo We
have o’ € Sy but a€S,, so the analogues of (20 and Corollary BTl do not hold for unbounded
points.
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5 Desingularization of binomials by monomial blowings up

In this section, we recall and adapt to our context a result from the theory of resolution of
singularities.

Proposition 5.1 Consider two n-tuples o, v € N and the corresponding monomials x® and
xY. Then there exist finitely many sequences m; : A — A, 1 <1i < s, of affine monomial blowings
up, having the following properties:

(1) for eachi € {1,...,s}, one of x® and 7 divides each other in A
(2) for any prime ideal p of A not containing x1,...,T,, and any valuation v of %, there
exists i € {1,...,s} such that m; is a sequence of affine monomial blowings up with respect to v.

Remarks: (1) Proposition Bl is a special case of [I4]. We give a proof here since it is much
simpler than that of [I4].

(2) Let v be a valuation as in Proposition B, and i € {1,...,s} and index satisfying the
conclusion (2) of the Proposition for v. Then v is non-negative on A. If v(z®) < v (z7), we
know which of x%, z7 divides the other in A}, namely, ® | 27 (and not the other way around).
Proof of Proposition B.IF We will define a numerical character 7(c,7), associated to the
unordered pair (c,~y) and consisting of a pair of non-negative integers. If one of 2%, 27 divides
the other, there is nothing to prove. Assume that neither of %, 7 divides the other. We will
describe a subset J C {1,...,n}, such that for any choice of j € J and the corresponding affine
o 7 in the new coordinates, we have

monomial blowing up A — A’, writing 2% = 2/, 27 = 2/

7 (o) < 7(a) (24)

in the lexicographical ordering. Proposition 1] will follow immediately by iterating the above
procedure.
We start by defining the numerical character 7(ca, ). Let

(a1,...,a,) and (25)
Y= (717"'7'7”)' (26)
Let 6, = min{ag, v4}, 1 < ¢ < n;let 6 := (61,...,0

n
a and 7, if necessary, we may assume that |&| < |5
the components). Put

). Let & :==a — 0,7 =~ — 6. Interchanging
| (here and below, | | stands for the sum of

(e, ) == (lal, [7]).-

Note that if & = (0,...,0) ( <= |&| = 0) then 2% | 27 in A. Assume that |&| > 0. We will
now describe a subset J C {1,...,n}, such that for any choice of j € J and the corresponding
affine monomial blowing up 7 : A — A’ along (), the inequality [4]) holds.

Write & = (@1,...,0,), ¥ = (31,...,7). Renumbering the variables, we may assume that
there exists a, 1 < a < n, such that &; =0 fora < j <n and 7; =0 for 1 < j < a. In other
words,

a = (a,...,0q, 0,...,0) (27)
N—_——
n—a zeroes
5/ :(07"'a07’7a+17"'a§/n)' (28)
——
a zeroes
We may also assume that
a; >0 forl<i<a. (29)

11



Let J denote a minimal subset of {1,...,n} (in the sense of inclusion), having the following
properties:

{1,...;a} CcJ and (30)

ZJ’Yq > |al (31)
qe

Remark: (BI) means that the numerical character |&| is constant on the subscheme
Y; C Spec A,

defined by (zs). This is equivalent to saying that the hypersurface of Spec A, defined by the
binomial % — z7, is normally flat along Y (we will not need this in the sequel).

Pick a j € J subject to condition ([G). Let m : A — A’ be the affine monomial blowing up
along (z7), associated to j and J. We will now write out the monomials z* and 27 in the new
coordinates and observe that the numerical character 7 has decreased. Define the non-negative
integers &y and 7,, 1 < ¢ < n, as follows:

&, =dy, if ¢ # 7 (32)
=0 ifg=j (33)
Yo = ifq#j (34)
=2 9 —la if ¢ =3j. (35)

qeJ

Put &/ = (&),...,4d,), ¥ = (3],...,7,). Let ¢ denote the n-vector obtained from ¢ by adding
|&| to the j-th component; that is,

§ = ((51, R ,(5]'_1,5]' + ]d],6j+1, R 75n)

With these definitions, we have

Puto =0 +a',v =0 +74.
Lemma 5.1 We have 7(o/,7') < 7(a, ) in the lexicographical ordering.

Proof: There are two possibilities: either j € {1,...,a}orje{a+1,...,n}. Ifje{1,...,a}

then (29), B2) and [B3) imply that
&'| = |a] — a; < |al. (38)

Suppose that j € {a +1,...,n}. Then by [B2),

We will prove that |3'| < |7|. Indeed, by the minimality of J,

Y A <ld (40)

q€J\{j}

12



(otherwise we could replace J by J \ {j}). Now, by [B4), (B3) and {0),

n n

Fl= D tvi= Y At F—ldl
g=a+1 g=a-+1 =
qFJ qF#J

= > A+ D Aw-lal < > A =Nl (41)

g=a+1 a€\{7} g=a+l1
To summarize, (BY), (BY) and {I) say that
(16, 15') < (al, |7l) = (e, 7) (42)

in the lexicographical ordering. If |&/| < |3/| then according to our definitions

(o) = (1&'], 1)),

and the Lemma follows from @2). If |3| < |&/| then 7(</,~") = (|7|,|&]) < (|&'],]7]), and,
again, the Lemma follows from ([#Z). This completes the proof of Lemma Bl O

Unless one of %, 7 divides the other, we can iterate the construction of Lemma BJl Since
7 cannot decrease indefinitely, this process must stop after finitely many steps. Therefore after
a finite number of steps we will arrive at the situation when one of 2’% , 2’7 divides the other.
In other words, one of %, 27 divides the other in A’.

Of course, the above construction is not unique: at each step we made an arbitrary choice of
a coordinate chart. The inequality ([24]) and hence the final conclusion that one of %, 27 divides
the other hold for all the possible choices of j. Now let {m; : A — Al}1<i<s be the totality of
all the blowing up sequences constructed above for all the possible choices of coordinate charts,
such that one of 2, 27 divides the other in A/ for all ¢ € {1,..., s} (since the number of choices
of coordinate charts is finite at each step and each sequence stops after finitely many steps,
the overall set is finite). Since for each valuation v there always exists a choice of coordinate
chart satisfying ([[G) at each step, the set {m; : A — Al}i<;<s satisfies the conclusion of the
Proposition. ]

Let E be a subset of Sper A, such that all 6 € E satisfy v Q-linearly independent equations
of the form

> Oavs(wi) = 0,1 € {1,...,u}, (43)
=1
where 6;; € Q. Let r :=n — u.

Corollary 5.1 There exist finitely many sequences m; : A — AL = k[z;1,..., 2], 1 <i <s, of
affine monomial blowings up, such that for each § € E the following conditions hold:
(1) for each i € {1,...,s}, we have

Vs (Xipq1) =+ = Vs (Tin) = 0. (44)

(2) there exists i € {1,...,s} such that 7; is a sequence of affine monomial blowings up with
respect to vs.

13



Proof: If r = n, there is nothing to prove. Assume that r < n. Then the existence of a
non-trivial Q-linear relation

> Oavs(z;) =0, (45)
i=1

implies that there exist two monomials ® and 7 with non-negative integer exponents such that
vs (x%) = vs(a?) for all 6 € E. Let A — A’ = k[x),..., 2] be one of the sequences of affine
monomial blowings up, appearing in the conclusion of Proposition Bl for % and z7. We have

. o ~y . o, . . .
either Z= € A’ or 5 € A’. Since Z5 is a monomial in the 2z’ and since

a vy
() = () o
xY x

one of the vs (:17;) is equal to zero. Renumbering the x;, if necessary, we may assume that
vs(a},) = 0 for all 6 € E. Moreover, vs(x}),...vs (x],_;) satisfy u — 1 linearly independent
relations Q-linear relations (namely, the transforms of the relations (A3])). Next, repeat the

above procedure with the ring A replaced by k[, ...,a]_;]. After u repetitions, we arrive at

the situation where (@) holds. O

Corollary 5.2 Let the notation be as in Corollary [l Take 6 € E such that
r = rat.rk(vs(z1), ..., vs(xn)) (46)
and an index i € {1,...,s}. Then vs(z;y1), ..., vs(xy) are Q-linearly independent.

Proof: This follows immediately from ([[H) and EG).

6 A connectedness theorem

As usual, let us denote by I' the ordered group R}! and by I'y the semigroup of non-negative
elements of I'. Let w;j,6; € Q,i € {1,...,n},7 € {1,...,¢}, I € {1,...,u} and consider the
subset E of I'"! defined by

E:{(al,...,an)elﬁ Zwijai>0,j6{1,...,q},29,~lai:0,l€{1,...,u}}. (47)
i=1 =1

Theorem 6.1 Let A = Rx1,...,z,] be a polynomial ring. Then the sets Sg and Sy, are
connected for the spectral topology of Sper(A).

A proof of Theorem will be given after a few lemmas.

Lemma 6.1 Let X be a topological space, normal and compact (not necessarily Hausdorff)

and let F be a filter of non-empty closed connected sets. Then the intersection C = (| F is
FeF

non-empty, closed and connected.

Proof: That C' is non-empty and closed is well known and easy to see. To prove connectedness,

suppose C' = X [[ X2, X1, X2 closed. By normality, there are two open sets U; D X, Uz D Xa,

UyNUy=10. For any F € F, Let G = F \ (U; UUs). We have G # () because F is connected.

By the compactness of X, we have (| G # (. Take an element € (| G. Then
FeF FeF

S ﬂ G C ﬂF:XlﬂXQ,

FeF FeF
but 2¢U; U Uz D X [ X2, which is a contradiction. O
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Lemma 6.2 Let B be any ring and S a closed connected subset of Sper(B). Then S is the
intersection of a filter of closed connected constructible sets.

Proof: Consider the filter F of all the closed connected constructible sets containing S. We

want to show that S = ()| F. Suppose that S & (] F and take a point « € (| F'\ S. Then
FeF FeF FeF
there exists a basic open set U > « and such that U NS = (). Then the connected component

C of the complement of U, containing S, is a constructible closed connected set containing S,

hence a member of F. But agC, contradicting a« € [ F. O
FeF

Lemma 6.3 (the Projection lemma) Let 1 <s<n—1 and let
p:Sper R[z1, ..., Tplay..zn — SpET RT1, ..., 5]z .

be the canonical projection. Fiz a strictly positive constant N € R. If Cy is a closed connected
subset of Sper R[x1,...,%Ts|ay. x., then the sets

Cni={6ep(Co) | 0<mi(d) < Nyie {1,...,n}},

and

C = p_l(éo) N Sper*R[x1, ..., Tnley.

are connected in Sper R[x1,...,Tnley. 2 -

Remark: We will see later that the set p‘l(?o) is also connected. However, from the point of
view of the Pierce-Birkhoff conjecture, p~'(Co) N Sper*R[z1, ..., Zn)s,..z, is the more natural
object of the two.

Proof of Lemma Let Cy denote the preimage of Cy in the maximal spectrum R®\ {z; =
-+ =xs = 0}. According to the previous Lemma, we can write Cy as the intersection of a filter
of closed connected constructible sets F' € F. Take an F' € F. Since F is connected in the real
spectrum, its preimage F in the maximal spectrum R*\{x; = --- = x4 = 0} is semi-algebraically
connected ([3], Proposition 7.5.1, p. 130). By abuse of notation, we will denote the restriction
of p to maximal spectra also by p. Let

CN:: {(ylv"'ayn)eRn|(ylv"-ays)60070<yi§N7i6{17'-'>n}}7 (48)
Dy:= {6€Sper Rlx1,...,Tpley.z, | 0 <z <N,ie{l,...,n}}, (49)
and let Dy denote the preimage of ~lN?N in the maximal spectrum R"\ {z; =--- =z, = 0}. Let

pn be the restriction of p to both Dy and Dy.

We claim that the closed semi-algebraic subset p]_Vl(F ) C Dy is semi-algebraically con-
nected. Indeed, py|p, has semi-algebraically connected fibers (in fact, each fiber of py|p, is
the cube defined by the inequalities 0 < z; < N, j € {1,...,n}). Suppose pz_\,l(F) were not
semi-algebraically connected. Then there would exist open semi-algebraic sets U,V such that
p]_\,1 (F) =U]JV. Since py|p, has connected fibers, U and V' can be written as U = p]_Vl(Uo),
V = pyt(Vo), where Up,Vp are disjoint open sets in R®\ {#; = --- = x, = 0}, such that
F =Uy[]Vb. Then F =10, I Vi which contradicts the connectedness of F.

Since p]}l (F) is closed in Dy, semi-algebraic and semi-algebraically connected, p]_vl (F) is
also connected for the spectral topology (applying Proposition 7.5.1 of [3] once again). Since

CN(N = ﬂ p]_\fl(ﬁ’)a
FerF
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~ ~ ~ e8] ~
C'y is connected by Lemma Bl The set C' can be written as a nested union C' = |J Cy, hence
N=1

it, too, is connected. O

Lemma 6.4 (the fiber connectedness lemma) Fiz an element a = (a1,...,a,) € I'Y. The
set Si is connected in Sper(A).

Remark: We will see later that S, is also connected. Again, S} is the more important object
of the two for the Pierce-Birkhoff conjecture.

Proof of Lemma Let r = rat.rk a. Take a subset J C {1,...,n} and let
vy ={z, | q € J}.

Let j € J be such that a; = min{a,},cs and consider the affine monomial blowing up
m:A— A= R[],

determined by J and j:
Ty = Tg, Gy = aq if g¢dJ or q=13j

q
X : 1
0= = ag=ag—aj if g€ J\ {j}.

(here and below, we will sometimes say that 7 is an affine monomial blowing up with respect to
a).

Let (G',d},...,a],) be the ordered group generated by the a} (actually G’ = G) and let S,
be the corresponding subset of Sper(A’). Then S} = 5% by Proposition EETl and Corollary EZT1

We now iterate the above procedure. By Corollaries Bl and (where we take E = {a}),
after a succession of such transformations we may assume (after passing to the new coordinates)
that aq,...,a, are Q-linearly independent and a1 =--- =a, = 0. As ay,...,a, are Q-linearly
independent, there exists a unique point

a=(t",...,t) € Sper R[z1,...,Zr]|ay..,
such that z; >, 0 and vo(z;) = a; for ¢ € {1,...,r}: because of the linear independence, the
support of « is the zero ideal of R[z1,...,z,] and the ordering <, of R(z1,...,z,) is completely

described by the inequalities
27 < 20 = Z')/jaj > Zéjaj. (50)

The fact that aq,...,a, are Q-linearly independent implies that (B imposes a total ordering on
the set of monomials and hence on R(z1,...,z,). This point « is closed in the relative topology
of Sper R[z1,..., %] . 2, because o has no non-trivial specializations. We have

Sk =p({a}),

where p is the projection Sper*R[z1,...,Tnle,. 2, — Sper*R[z1, ..., %]z, »,. Then S} is con-
nected by the Projection lemma. O

Corollary 6.1 Let ST be a connected component of ST and a an element of I'"t. Then either

S c St or S*N St =0. There exists a subset ET C E such that ST = Tt
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The main idea of the proof of Theorem [B1lis the following. Taking two points o and § in S, let
a=(ai,...,ap) = (Vo(z1),...,Va(zyn)) and b= (by,...,b,) := (vg(x1),...,va(xy)). We join «
and 0 by a “staircase” in I'™ where each stair lies completely in a connected component. Two
examples at the end of the paper show that we have to do this with some care.

First, we reduce the Theorem to the case when u = 0, that is, when FE is defined by strict
inequalities (and no equalities). Indeed, without loss of generality, we may assume that the
equalities

D 0qai =0, le{l,... u} (51)
=1

are linearly independent.

Lemma 6.5 If Theorem [6 is true for u = 0 (that is, no equalities in the definition of E) then
it 1s true in general.

Proof: Assume the Theorem for u = 0. Apply Corollary BEIlto the set E. For eachi € {1,...,s},
let E; = {a € E | m is a sequence of blowings up with respect to a}. By Corollary Bl (2),

s

E = |J E;. Let E! denote the transform of E; under m; (by the choice of E;, E! is well
i=1

defined). By construction, EZ’ is contained in the plane a;,+1 = --- = a;, = 0, and is defined

in I't N {a;r41 = -+ = ajp = 0} by finitely many strict Q-linear inequalities — the transforms
n

of the inequalities ) wj;ja; > 0. Let ¢ : I — I'" denote the natural inclusion of the plane
i=1

Qipg1 = - = ajp = 0 in I™. Let E;r = . }(E!). The set S7., is the preimage of SET under

the natural projection Sper R[zi1,...,Tinlzy. 2, — SPEr R[Til, ..\ Tirlzy ..z - Now: S;T is
connected by the u = 0 case of Theorem Its preimage S7, is connected by the projection

Lemma. Hence S}, is connected by Corollary ELI1
Let N; denote the number of affine monomial blowings up composing 7; and let

N = max {Ni}.
To complete the proof of Lemma B0 we will now show that £ is connected by induction on N.
Let J C {1,...,n} be such that the first blowing up in each of the sequences 7; is a blowing
up along J. There are #.J possible choices of coordinate charts, one for each element j € J.
Let mp; : A — A; denote the affine monomial blowing up, defined by J and j. Let Ey; C E
be defined by Ey; = {a € E | m; is a blowing up with respect to a} and let Eéj denote the

transform of Ep; under 7. By the induction assumption, Sy, is connected.
0j

Take two indices j,j € J. Assume that both Ep; and Ey; are not empty. This means that
there exist a,a € E such that

IN A

(E2) and (B3) imply that there exists b € E such that b; = bs. Then both mg; and m,; are blowings

up with respect to b, so b € Ep; N on; in particular, S*on N S*Eo”- # (). To summarize, each S*on
J

is connected and whenever two such sets are non-empty, they have a non-empty intersection.

This implies that J SEOJ_ is connected, as desired. This completes the proof of Lemma O
jeJ

From now on, we will assume that v = 0 in Theorem BTl
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The next two Lemmas are the basic building blocks of all the connectedness results of this
paper.

Consider an element b € I'"! such that by, ..., b, are Q-linearly independent. Then S} consists
of a single point §(b).

Lemma 6.6 Let U be a basic open set for the spectral topology of Sper A, containing 0(b).
There exists a subset V. C I}, defined by strict Q-linear inequalities, such that b € V and for
any a €'V, we have S; C U.

Proof: Let U = {a | fi(a) >0,..., fs(a) > 0}. Write

fi=Y cjpa” (54)

yeEN™
Let M(j) = jﬁ(j):ﬂ(j) be the monomial of f; of smallest valuation (which exists because
b1,...,b, are Q-linearly independent).
For any j, 1 <j <s,
Vs(v) (ﬂf’m> < gy (27) (55)

for all v such that cj, # 0. Writing v = (y1,...,7), Y(4) = (71(4), - -, (4)), B is equivalent

to saying that (74 — v4(J))bg > 0. Let V be the subset of I'}, defined by the inequalities
q=1

> (v —74(4))aqg > 0 for all v with ¢j, # 0. Take an element a € V' and a point § € S;. By

q=1

construction, each f; has the same dominant monomial at § as at §(b). Then S; C U, as desired.

(]

Let r € {1,...,n — 1}. Consider an element b € I'! such that b,41 = --- = b, = 0 and

bi,...,b, are Q-linearly independent. For 1 < j < r, write b; = (bj1,...,bjn) with bj, € R.
Consider the (r x n)-matrix (qu)Ef]E;. If this matrix contains a column v consisting entirely

of zeroes, permuting the columns so as to move v to the right of the matrix does not change

the set S;. Moving all such zero columns to the right, if necessary, we will assume, in addition,

that the (r x r) matrix (qu)}égg is non-singular.

Define b* = (b3,...,b5) by b3 = b;,i #r + 1 and by, = (0,...,0,1,0,...,0). We have
——

T

beE = V€ E (56)

because, by the non-singularity of the matrix (qu)%gé:, the presence of b}, does not affect

the strict inequalities defining E: any integer multiple of b7, is infinitesimal in absolute value
compared to any Z-linear combination of by, ..., b,.

Lemma 6.7 We have Sy ﬂS_Z. # 0. In particular, if b (and hence b*®) belongs to E then S} and
Spe lie in the same connected component of S%,.

Proof: Pick a point in Spe, for example,
a® = <tb1, ST .,1)
(here we are representing o® by a parametrized semi-curvette in R" - see §). Let

U={a| fi(a) >0,..., fs(a) >0}
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be a basic open set such that U > o®. It remains to prove that U N S} # (). Write

fi= 2 en@Tay (57)
7:(7777“"1)
where T = (21,...,2,;) and T = (242, ...,2,). Let M(j) = jﬁ(j)fﬂj)x:fll(j) be the monomial

of f; of smallest valuation (which exists because b5, ...,b},; are Q-linearly independent).
To say that M (j) is the monomial of f; of smallest valuation means that for any j, 1 < j <'s,

v (79 <v (@) (58)
for all v = (¥, 7,+1) such that c¢;, # 0 and if equality holds in (&) then
’Yr-i—l(j) < Yr41- (59)
Take € € R sufficiently small so that for all j € {1,...,s} we have
@)L 1)6%“(”( > > |5, ) (Lo, D]
y

Yra1 > Yra1(J)
Now let o = (71, ... tb e, 1,...,1), then « € U N Sy, as desired. O

Lemma 6.8 For any connected component Sy, of Sg, there exists b € E' such that
rat.rk(b) = n.
Proof: Take b € ET such that rat.rk(b) = max {rat.rk(b") | b € ET}. Suppose
rat.rk(b) = r < n.
We will now construct b* € I'"} such that
Spe NS;#0 (60)

and
rat.rk(b®) = r + 1. (61)
This will contradict the maximality of 7.

Let A — A’ be a sequence of affine monomial blowings up, constructed in §8 such that,
denoting by ¥’ the transform of b by 7, b,..., b are Q-linearly independent and

r i
r—i—l_"'_bn_o‘

Since the natural map 7* : Sper A — A’ is continuous and preserves rational rank, we may
replace A by A’ and b by ¥': if the conditions ([B0) and (1) are satisfied in Sper A’, they will
still be satisfied after applying 7* to everything in sight. From now on, we drop the primes and

assume that b1, ...,b, are Q-linearly independent and b,,1 = --- = b, = 0.
Now, in view of (Bf), b* of Lemma B satisfies (B). This completes the proof of the Lemma.
O
For a = (ai,...,a,), write a; = (aj1,...,a;,). Take a € E such that (ai1,...,a,1) are
Q-linearly independent, in particular, rat.rk a = dimg(I'} ® Q) = n (such an @ exists because
the n-tuples (a1, ..., a,1) such that ajq,...,a,; are Q-linearly independent are dense in R™).

Now suppose that S% is not connected and let S 1), 5@ be two open and closed sets such
that S = SW[S® with SU) containing S}. Let E(), E?) be the subsets of F such that
S = Sty and S = Sty EW and E@ exist by Corollary B
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Lemma 6.9 There exists b* € E® such that aqy, ... ,Gn1, b3, ...,00 are Q-linearly indepen-
dent.

Proof: According to the preceding lemma, we can find b € E?) such that rat.rk(b) = n. Then
Sy consists of a single point. Let U be a basic open set containing S; and such that

uns® =g. (62)
Let V' C I'} be a set satisfying the conclusion of Lemma Since the n-tuples (b3y,...,b%;)
such that (ai1,...,an1,b%1,...,0%;) are Q-linearly independent are dense in R", there exists
b* € ENV such that (aii,...,an1,b%y,...,b5,) are Q-linearly independent. By Lemma B8]
Sp. C U. By @), v* € E® | as desired. O

Let a € EM, b e E® be such that aiq,...,an1,b11,...,by1 are Q-linearly independent.

Remark: If \,u € Q, A # pu, then Aaj; + (1 — N)bi1, ..., an1 + (1 — N)bp1, pa; + (1 —
w)bi1, ..., pany + (1 — p)byy are Q-linearly independent.

. 1
In the sequel, let N be a large natural number and \ = %, = s .

Lemma 6.10 For N € N sufficiently large we have

(%au + (1 — %) b11,0, ... ,0)

(waj—11+ (1~ %) j-1,150,...,0)
(e + (1= ) b.0,.0) €k

(Hlay + (1 - %1) bot,0,...,0)

forallie{0,...,N —1} and all j € {1,...,n}.

n

Proof: Since ai1,...,a,1 are Q-linearly independent, saying that > wya; >0, [ € {1,...,q} is
i=1

equivalent to saying that

n
Zwilail >0,1¢€ {1,... ,q}.
i=1

Similarly, we have

n
Zwilbil >0, 1€ {1,...,q}.
i=1

n
The set of n-tuples (c11,...,¢p1) € R™ such that Y wyen >0, 1€ {1,...,q}, is open and convex
i=1
and contains both (ai1,...,a,1) and (by1,...,b,1). Then for N sufficiently large we have

S () e (450

szl< a21+<1__> 21>+szz< il—%bi1>>0,

I €{1,...,q}. This completes the proof of the Lemma. O
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For each i € {0,...,N — 1} and j € {1,...,n}, consider the pair

(%au + (1 — %) b11,0, ...

,0)

RPN EORNNTI ST g
a(i,j —1) (Haj + (1 - 51) b;1,0,...,0) (63)
(Sam + (1= 54 bu 0, 0)
(%all + (1 — ﬁ) b11,0, 70)
) (s + (1= )00
= ' 7 ) : !
ali 7) (%aj+1,1 + (1 - % bjt1,1,0,... ’0) o

(%anl + ( - %) bn1,0, ... ,O)
of elements of I'". The point of the next Proposition is to show that for each i € {0,..., N —1}

and j € {1,...,n} these 2 points belong to the same set E(®).

Take ¢ = (c1,...,¢,),d = (d1,...,dy) € E such that ¢; = d; for j € {1,...,n —1}. We
1
define the segment [c,d] as [c,d] = { | cn < e, <d,}. Let
Cn—1
€n

S[*c,d}:{O‘GS* (cl,...,cn_l,en)e[c,d]}.

(617"'76717176%)

Proposition 6.1 Take c,d € E such that :

(1) ¢; =d; forje{l,...,n—1}

(2) cn1 < dni

(8) cpp=dp =0 forl e {2,...,n}.

(4) c11y - -+ cn1,dpy are Q-linearly independent.
Then Si;d] is connected.

For the moment, let us assume Proposition and finish proving the connectedness of S7,.
Take i € {0,...,N — 1} and j € {1,...,n}. Up to renumbering the components ci, ..., c,, the
pair of points ¢ = a(i,j — 1) and d = a(i, j) satisfy the hypotheses of Proposition Then
Proposition says that SZ(L i-1) and SZ(L j) are contained in the same connected component

of S}, s0 a(i,j — 1) and a(i, j) belong to the same set E®) s=1,2.

Since b € E® and Sy =S4, . by linear independence of b1y, ..., by1, we must have
(b11,0,...,0)
birune = S E®,
(bnl,O,- e ,0)

Since byrune = a(0,n) and a(i,j — 1) and a(i, j) belong to the same set E®) for all i, j, we have
a(i,j) € E® for all i,j by induction on (i,n — j) in the lexicographical ordering (note that
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a(i,0) = a(i+ 1,n)). Then

(a11,0,...,0)
a(N —1,0) = appune := : e E®@
(anl,O,... ,0)

so, finally, a € E® which contradicts the fact that @ was chosen in E(!). Thus, the connectedness
of S} is reduced to proving Proposition Bl

Proof of Proposition Suppose S[*c d is not connected. By Corollary we can write

lc,d] = By H By (65)

and
St = X1 [ [ X, (66)

*

such that X = Sp and Xo = Sp are open and closed in the relative topology of S[C d-
In view of assumption (1) of Proposition Bl (BH) induces a decomposition of the segment

[Cna dn] - Bln H B2n'
Consider the segment [c,,1,dy1] of the real line.

Lemma 6.11 Every point en1 € [cp1,dn1] can be covered by a set V (1), open in the topology
induced on [cp1,dp1] by the Euclidean topology of R, having the following property. Let V' be the
subset of I'"t defined by

V={e€ed]|eneV(1)} (67)

Then all of St,e € V are contained in the same set X, s =1,2.

Lemma B.TT] implies Proposition and with it the connectedness of S},. Indeed, assume
Lemma BT and consider the decomposition (B0). By LemmalETIT (B6]) induces a decomposition
[n1,dn1] = Wi ][ W5 into two disjoint open sets in the Euclidean topology of R, which gives the
desired contradiction since [c,1, dp1] is connected.

It remains to prove Lemma
Proof of Lemma:LBlﬂ:I]:

Case 1: €€ > Qcji. Let e, = (€p1,0,...,0) and e = (c1,...,cn—1,€,). Without loss of

i=1

J
generality, we may assume that S C X; (the set S}, consists of a single point). Take a basic

open set U of Sper A, containing S¥ and disjoint from X5. The existence of V(1) with the
desired properties follows immediately from Lemma [G0l

n—1
Case 2 : ep1 € Y, Qcjr.
j=1

Let m: A — A’ be a sequence of affine monomial blowings up, constructed in §8 such that,
denoting by €’ the transform of e by 7, e};,...,¢€],,_; are Q-linearly independent and

/ —
e, = 0.

Moreover, assuming e,, # d,, we can choose 7 to be a sequence of blowings up with respect to a
small half-open interval of the form I = [e,h) C [¢,d]; in other words, for any b € [e, h), and any
a € S}, we have that v, is non-negative on A’. For any such b, we have S}, = S} by Proposition
ED

Since the natural map 7* : Sper A — Sper A’ is continuous and preserves rational rank, we
will work with A’, ¢, d’, e’ instead of A, c,d, e.
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The decomposition (0)) induces a decomposition of I and hence also a decomposition
I'= B[] B,

such that SEQ and Sgé are open and closed in the induced topology of S7,.

Let e) = (0,1,0,...,0), e®* = (e},...,e,,_1,er). Without loss of generality, assume that
e® € B]. Let U be a basic open set of Sper A having non-empty intersection with S% and
disjoint from Sgé. Now Lemma B shows that S’ NS, # () and Lemma shows that for a

sufficiently small interval V(1) = (0,€) of the real line, € > 0, if b, € V(1) then S;, C U. Let
Vi(1) =[0,€) and let Vi ={e’ € [¢,d'] | e, € V4(1)}. This proves that |J S} C S*i'
VeV,
Coming back to the original interval [c,1, dp1] (that is, before doing the blowing up sequence
7), we have shown that all the S; for b € [e, h) lie in the same connected component of S7,
provided we take h,; sufficiently close and to the right of e,;. Now, assuming e, # c,, let
J be a small half-open interval of the form (v,e] with v < e. Repeating the above reasoning

with I replaced by J, we obtain that for V. = (v,h), J Sy C Sgi, so the open interval
eV
V(1) = (vn1, hn1) satisfies the conclusion of the Lemma.
This completes the proof of Lemma EI1, Proposition and the connectedness of S7,. [

To complete the proof of Theorem [G], it remains to prove the connectedness of Sg. Since the
connectedness of S}, is already known, it is sufficient to prove the connectedness of S,. If a; > 0
for all j € {1,...,n} then S} =S, and there is nothing to prove. Assume that some of the a;
are 0. Without loss of generality, we may assume that for some p, 1 <p<n,a;=---=a, =0
and apy1 >0,...,a, > 0. Let

yj = xzj forje{p+1,...,n}, (68)
= é for je{1,...,p}. (69)

Let B = R[y1,...,yn]. For a €'}, let
S;,B = {5 € Sper*(B) | Yi >4 072 € {17 .. an}7 (F§7V5($1)7 v aVé(xl)) = (G7 at, ... aan)}v

where vs is the valuation associated to 0 in Sper B. Consider the set S, N Sper B. For any
6 € S, N Sper B, all of the y; are bounded by some real constant, hence S, N Sper B = S;B,
which we already know to be connected. Since both S and S, N Sper B are connected,

Sq = S; U (S, N Sper B)

and since the union is not disjoint (it contains, for example, the curvette (1,...,1,t%+1 ... t%))
——
[ ones
the connectedness of S, follows. This completes the proof of Theorem O

The next two examples show that the intuition that “convex sets in I'"! give rise to connected
sets in Sper A” is not completely accurate.
Example 1: Let n = 2. Let ¢ = (0,0),d = (0,1) € RZ . Then Sle,q) 1s not connected: we
have S[*Q q= Sy HS]*C’ d and both S and S}*Q 4 are open and closed. In particular, Lemma
is false without the assumption that c¢i1,...,¢,1,dn1 are linearly independent. Another way of
interpreting this example is that intervals consisting only of rank 1 valuations do not give rise
to connected sets in Sper A.
Example 2: In this example, higher rank valuations appear, but, again, ci1,...,¢,1,d,1 are

Q-linearly independent. Let n = 3 and take ¢; = d; = e; = (1,0,0),c0 = dy = e2 = (0,1,0),
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C3 = (0, 0,0), d3 == (1,0, 0), €3 — (631, €32, 633), C3 S €3 § dg. Then C11, 621,631,d31 are Q-linearly
dependent and the segment [c31, d31] is a disjoint union of v = {e3; = 0} and V@ = {e3; > 0}.
The decomposition [c31,d3;] = VI ]V induces a decomposition Sie.a) = Sy [155 into
two disjoint sets which are both open and closed in the induced topology. To see this, note that
S‘*/(l) may be written as the union of basic open sets {f > 0} where f is of the form z3 — 23,
q € Q4, while S;k/(z) is the union of basic open sets {f > 0} where f is of the form f =z — 2,

q € Q.
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