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V. Bergelson*, A. Leibman* and E. Lesigne**
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Abstract

We introduce two notions of complexity of a system of polynomials p1,...,pr € Z[n]
and apply them to characterize the limits of the expressions of the form pu(AgNT P (M AN

.. .ﬂT_p’“(”)Ar) where T is a skew-product transformation of a torus T? and A; C T? are
measurable sets. The obtained dynamical results allow us to construct subsets of integers
with specific combinatorial properties related to the polynomial Szemerédi theorem.
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0. Introduction

The Szemerédi theorem on arithmetic progressions states that given r € N =
{1,2,...}, any set of integers of positive upper density contains an arithmetic progres-
sion {a,a+n,a+2n,...,a+rn} with a € Z, n € N ([Sz]).

A polynomial is said to be integral if it takes on integer values on the integers. The
polynomial Szemerédi theorem says that given a system {p1, ..., p,} of integral polynomials
with zero constant term, any set of positive upper density in Z contains a configuration of
the form {a,a + p1(n),...,a+p,(n)} with a € Z, n € N ([BL]).

Of course, this polynomial Szemerédi theorem does not necessarily hold for polynomi-
als with non-zero constant term. For instance, “the odd Szemerédi theorem” is not true:
not every set E C Z of positive density contains an arithmetic progression with an odd dif-
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ference, that is, configurations of the form {a,a+ (2n+1),a+2(2n+1),...,a+7r(2n+1)},
a,n € Z. On the other hand, one can construct, for any r and m, a set £ C Z of
positive density that contains “many” length r progressions with differences of the form
mn + [ and no progressions of length r + 1 with differences mn + [ for | # Omodm.
More generally, one would like to know whether, given two sets of integral polynomi-
als {p1,...,pr} and {q1,...,qs}, there exist sets of integers having many configurations
of the form {a,a + pi(mn +1),...,a + p.(mn + 1)} and no configurations of the form
{a,a+q1(mn+l),...,a—i—qs(mn—i—l)}.

The Szemerédi-type theorems can be proved using dynamics (see [F1], [BL].) Dy-
namics may also be used to address the above question. Here is how it works. Let
P ={p1,...,pr}, where p; are integral polynomials (or, at this stage, just integer valued
sequences). Let (X, u,T) be an invertible ergodic Borel probability measure preserving
system on a compact space X, A be a measurable set in X with pu(A) > 0 and 2y € X.
Define F = {n eN:T"xy € A}. Then for a,n € N we have

ac EN(E—-pi(n))n...n(E—p;(n)iff a,a+pi(n),...,a+pr(n) € E
iff Toxy, ToHPr (Mg . TotPrMgg € Aiff TOzg € ANT P MWAN.. . NTP(MA,

Thus, for any n € N, the set E,, = {a ca,a+pi(n),...,a+p.(n) € E} is the same as
{a: Ty e ANT AN, .. AT-P(M A},

Let Axri1 = {<w>, T € X} be the diagonal in X"*!. Consider the “polynomial

€T

xo 0
. Tr1(n) . ~
action” g(n) (ml) = < : xl), n € N, on X" corresponding to the system P =
Ly Tpr(n)xn

{0,p1,...,p} and let O(P, Axri1) = Unen 9(n)Axri1 be the orbit of Axr1 under this
action. Then, for n € N,

Tz, TP M g, TOFPrM g e AN 2, TPr (Mg . TPy e A for z = T

iff g(n) (m) € A+ only if g(n)Axre1 N AT £ () only if O(P, Axrir) N AT £ 0.
So, a configuration of the form a,a + p1(n),...,a + p,(n) is contained in FE only if
O(P, AXT+1) NA™+! =+ 0.

On the other hand, let ya . ,, be the measure on Axr+1 induced by the measure u
on X, that is, pa ., (Ao X A1 x ... x Ap) = p(AgNA1N...NA;), A; € X. Suppose that
ap(Agx...xA;) =limy_ 0 % 25:1 g(n)uAXTH (Apx...x A,) exists for any measurable
Ag, ..., A, € X (it does if P is a system of polynomials); then fip is a probability measure
on X" ! supported by the topological closure (9(]3, Axrt1) of (9(]3, Axr+1). Now assume

that the set A™™1 “has good intersection with (9(]3, Axri1)”, that is, ip(A™) =4 > 0.
This means that limy o & S0, B i (g(n)"TATTY) =6, or equivalently,

N
: 1 - n - n
lim = > p(ANTMAN. AT A) =4

N—oco
n=1



For S C Z let d(S) denote, if it exists, the density of S, d(S) = limy—oo + [SN{1,..., N}|.
Choose our point xg so that for any set B of the form B =T AN...NT“A, ¢q,...,¢ € Z,
one has d({a : T%z¢ € B}) = p(B). (This is always possible when T is ergodic.) Then for

everyn € N, d(E,,) = u(AﬂT_pl(”)Aﬂ. ..NT~Pr™M A) and so, imy .o & 27{:;1 d(E,) = 9.
So, not only F contains configurations of the form {a, a+pi(n),...,a+p.(n) }, but contains
many such configurations, and they occur in E quite regularly.

This hints how one can attempt to construct a set £ C Z which contains many
configurations of the form {a, a+pi(n),...,a+p, (n)} and no configurations of the form
{a,a+qi(n),...,a+qs(n)} for another system @ = {g1,...,qs} of integral polynomials:
it suffices to find a dynamical system (X,T) and a set A C X such that ip(A""!) > 0

whereas A5T1N (’)(@, Axs+1) = (). Then we choose a “typical” point xg of A and define E
as the set of return times of xg to A.

In this paper we confine ourselves to Weyl systems. A Weyl system is defined by
a unipotent affine transformation of a compact commutative Lie group (which is either
a torus or the product of a torus and of a finite commutative group). Given a system
P ={py,...,p.} of integral polynomials with zero constant term, we find the closure of the
orbit (9(]3, Axr+1) of the diagonal in a Weyl system under the action of P= {0,p1,...,pr}.
We then introduce two parameters of this orbit, W(P) and V(P), and call them the Weyl
complexity and the Vandermonde complexity of P. To make the discussion more concrete,
let us consider a standard Weyl system (X,T): X is the d-dimensional torus T¢ and
T(z1,z9,...,2q) = (x1 + @,22 + x1,..., 24 + Tg-1), (1,...,24) € X, where a € T is

irrational. The closure O(P,Axr+1) of the orbit of Ay, under the action of P is a
subtorus of X"+ = T4+ For k =0,...,d+1, let Ly = {(0,...,0,z,...,24) € X }.
The Weyl complexity W(P) of P is then the minimal k such that the torus L' is

contained in (9(]3, Axr+1). (Of course, this k& does not exceed d; we assume that d is
large enough not to affect our considerations.) The Vandermonde complexity V (P) of P is
defined as the minimal k such that the natural projection X"+! — LZH maps the torus

O(P, Axri1) onto LT Clearly, V(P) < W(P).

The meaning of the Weyl complexity of a system of polynomials P is that it is the
minimal integer k& for which, in the terminology introduced by H. Furstenberg (see [F1]
and [F4]), the torus Xy_1 = X/Ly is a characteristic factor for P. A measure preserving
system (X', p/,T") is said to be a factor of a measure preserving system (X, i, T'), or just
of X, if one has a measure preserving mapping m: X — X’ such that 7oT = T’om. The
transformation 77 may be viewed as “the restriction” of T on X’ and we will denote it by
the same letter T'. For a function f € L}(X), E(f|X’) € L(X’) denotes the conditional
expectation of f with respect to X’ (for f € L*(X), E(f|X’) is merely the orthogonal
projection of f to the subspace 7*(L?(X')) of L?(X)). A measurable subset A of X is said
to be independent of X' if E(14) is a constant. A factor (X', p/,T) of (X, u, T) is said to be
characteristic for a system of polynomials (or just a system of sequences of integers) P =

{p1,...,pr} if the limit behaviour of the averages + 22]:1 Ix fo e () f e () f dp,
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fi € L>®(X), only depends on the X’-projections of f;, that is, if

N—o0

N
1
lim (— /f R ON N ¢ SOF A 17
(N; 0 !

Z E fO‘X Tpl(”)E(fl‘X’) . Tpr(n)E(fT‘X/) dﬂl) —0.

Remark. Finding characteristic factors of dynamical systems is an important task, because
it reduces the study of convergence of the multiple averages % Eivzl Jx fo- TP f)
TP f, du to the study of their “image” in a simpler system X’. Characteristic factors
for “linear systems” {pi,...,p,} where p;(n) = ¢;n, i = 1,...,r, have been described by
Host and Kra ([HK1]) and by Ziegler ([Z]); they will be called here HKZ factors. HKZ
factors are essentially translations on nilmanifolds. One can show that HKZ factors are
characteristic for general polynomial systems as well (see [HK2], [L]). In a Weyl dynamical
system X, HKZ factors are just the natural factors X described above.

Let, again, (X, u,T) be a (standard) Weyl system and P = {p1,...,p.} be a system
of integral polynomials with zero constant term. Since X, 1 = X/Lj is a characteristic
factor for P, we have:

Theorem 0.1. (See Proposition 5.2 below.) Let k = W (P) and let Ao, ..., A, be measur-
able subsets of X independent of Xy_1. Then

N r
1 —pi(n —p,(n
NIEI}X)N E_ p(AoNT i g TP )Ar):[[u(A

One can also show (see Lemma 5.3) that the (k — 1)st factor X;_; is “optimal” in this
theorem and cannot be replaced by Xx_o.

The next, k-dimensional factor-torus Xy = X/Ly41 of X is characteristic for P in a
stronger sense:

Theorem 0.2. (See Proposition 5.5 below.) Let k = W (P) and let Ao, ..., A, be measur-
able subsets of X independent of Xy. Then

lim p(AgNT™ nmAin...n T_p’"(")Ar) = H,u(A

N—oo

Lemma 5.7 says that, again, X cannot be replaced by X;_; in this theorem.
Turning to the Vandermonde complexity, we have the following:
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Theorem 0.3. (See Proposition 5.9 below.) Let k = V(P) and let A; = X1 X I;,

1=0,...,7, where Iy, ..., I. are subsets of Ly of positive measure. Then
1N
Jim = Z:l (AN TP MA N nTPrMA) > 0.

Again, X;_o does not work for this theorem, at least for a nonconnected Weyl system:;
this follows from Proposition 6.5.

The Weyl and Vandermonde complexities induce a hierarchy on the set of all systems
of polynomials so that, applying the described dynamical method to a suitable Weyl sys-
tem, one constructs a set of integers which contains many configurations corresponding to
systems of smaller complexities and no configurations of a certain form corresponding to a
system of larger complexity. In order to give a more precise formulation of our result let us
first introduce some notions expressing the “largness” and the “regularity” of occurences
of polynomial configurations in a set of integers.

For a set of integers F, we will say that E has uniform density o and write UD(E) = «
|Eﬂ<I>N|
[P ]
sequence of real numbers «,, we will write UC-lim «,, = v is limy _, oo ﬁ >

n

if the limit limpy o0 exists and equals « for every Folner sequence {® y} in Z. For a

nedy On = Q
for any Fglner sequence {®x} in Z. Let E C Z have positive uniform density. Let
P = {p1,...,p+} be a system of integral polynomials. We will say that E is UC-positive

with respect to P (“UC” for “Uniform Cesaro”) if
UC;;limUD({a €Z:a,a+pi(n),...,a+pr(n) € E}) >0,
that is, this limit exists and is positive. (In particular, this implies that there exists 6 > 0
such that the set of n for which
UD({a €Z:a,a+pi(n),...,a+pr(n) € E}) >0

is syndetic, that is, has bounded gaps, in Z.)
We will say that E is UC-balanced with respect to P if

UClmUD({a €Z:a,a+pi(n),...,a+p.(n) € E}) =UD(E)"

(In particular, this implies that for any € > 0 the set of n for which
UD({a€Z:a,a+pi(n),...,a+pr(n) € E}) >UD(E) " —¢
is syndetic in Z.)
Finally, we will say that F is balanced with respect to P if
lim UD({a €Z:a,a+pi(n),...,a+p,(n) € E}) =UD(E) !

n—oo

(this implies that for any £ > 0 one has
UD({CL €Z:a,a+pi(n),...,a+pr(n) € E}) > UD(E)H'l _

for all but finitely many n € Z).
Our main combinatorial result is that using Weyl systems one can construct a set E
of integers with strong combinatorial properties:
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Theorem 0.4. (See Theorem 6.1 below.) Let {p1,...,p-} be a system of integral poly-

nomials with zero constant term and let k = V (p1,...,p.). There exists a set E C Z of
positive uniform density such that
(i) for any system {qi,...,qs} of integral polynomials with zero constant term and with

V(gi,...,qs) < k and any nonconstant integral polynomial h the set E is UC-positive with
respect to the system {qi(h(n)),...,qs(h(n))};

(ii) for any system {qi,...,qs} of integral polynomials with zero constant term and with
Wi(q,--.,qs) < k, any nonconstant integral polynomial h and any integers c1,...,cs the
set E is UC-balanced with respect to the system {qi(h(n)) + c1,...,qs(h(n)) + ¢s};

(iii) for any system {qi,...,qs} of integral polynomials with zero constant term and with
Wiqi,...,qs) < k—1, any nonconstant integral polynomial h and any integers cy, ..., Cs
the set E is balanced with respect to the system {qi(h(n)) + c1,...,qs(h(n)) + ¢ };

(iv) there exist nonzero integers m and l such that E contains no configuration of the form
{a,a+pi(mn+1),....,a+p.(mn+1)}, a,n € Z.

Remark. The reader may notice that the assertion (i) of Theorem 0.4 is “weaker” than
the assertions (ii) and (iii), since the “shifting” constants ¢; are absent in it. It is not clear
whether a “shifted” version of (i) is true; the methods employed in this paper do not allow
one to get such a result. (See the remark after Proposition 5.9 below.)

The integers m and [ appearing in the formulation of Theorem 0.4 are not arbitrary
(for instance, [ cannot be divisible by m because in this case the polynomial Szemerédi
theorem guarantees the existence of corresponding configurations). These m and [ depend
on the system P = {p1,...,pr} (see Theorem 6.2). For the “linear” case p;(n) = in,
i=1,...,r,all pairs (m,1) with m not dividing [ suit; for the system P = {n,2n,...,rn}
one has W(P) = V(P) = r, and we have

Theorem 0.5. (See Corollary 6.4 below.) For any r,m > 2 there exists a set E C Z of
positive uniform density such that

(i) for any system {q1,...,qs} of integral polynomials with zero constant term and with
V(gi,...,qs) <1 and any nonconstant integral polynomial h the set E is UC-positive with
respect to the system {qi(h(n)),...,qs(h(n))};

(ii) for any system {qi,...,qs} of integral polynomials with zero constant term and with
Wiq,...,qs) < r, any nonconstant integral polynomial h and any integers cq,...,cs the
set E is UC-balanced with respect to the system {qi(h(n)) + c1,...,qs(h(n)) + ¢s};

(iii) for any system {qi,...,qs} of integral polynomials with zero constant term and with
Wiqi,...,qs) < r —1, any nonconstant integral polynomial h and any integers cy, ..., Cs
the set E is balanced with respect to the system {qi(h(n)) + c1,...,qs(h(n)) + cs };

(iv) E contains no arithmetic progressions of the form {a,a+(mn+1),...,a+r(mn+1)},
a,n,l € Z, with | not divisible by m.

Examples of calculation of the complexitites of systems of polynomials are given in
Section 4. Note that the minimal complexity V' = W =1 is achieved by linearly indepen-
dent systems of polynomials. Roughly speaking, more there are linear relations between
polynomials p, ..., p, and their powers p¥, ..., p¥ k € N, higher is the complexity of the
system {p1,...,p-}, and more it will be difficult to see associated configurations in a given
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set of integers.

The paper is organized as follows. In Section 1 we introduce some linear algebraic
notation related to a system of polynomials. In Section 2 we define Weyl dynamical
systems and discuss their elementary properties. In Section 3 we introduce the Weyl
and the Vandermonde complexitites of a system of integral polynomials; in Section 4 we
describe their properties and give examples. In Section 5 we obtain measure-theoretical
results similar to Theorems 0.1 — 0.3. In Section 6 we prove (somehow more precise versions
of) Theorems 0.4 and 0.5.

1. Span and Rank of a system of polynomials

Let us first introduce some linear algebra notation. For a system of vectors

a1 a1k
o), |t ) € RT we define
Ar 1 Qr k
a1 a1,2 ... a1k a1 ai,2 ai kg
span { : : —=Sspan | : +span | + ...+ span :
Ar;1 Ar2 ... Qr k Qr 1 Ar 2 Ar Kk

and, as usual,
a1 a1,2 ... a1k a1 a1,2 ... 01k
rank [ @ ¢ | =dimspan | ¢ N
Ar;1 Qpr2 ... Qr L Ar;1 Ar2 ... Qr K

Given r real-valued polynomials ¢, ..., g with zero constant term, we will denote by
q1

q
Span < : ) the subspace of R" spanned by the range of ( §1>:
qr qr

g1 q1(z)
Span(i)zspan{( : ),xER}.
ar ar ()

For polynomials ¢; j, 1 =1,...,7, 7 =1,...,k, with zero constant term, we define
q1,1 91,2 --- 91,k q1,1 q1,2 q1,k
Span<§ : E):Span(§)+8pan<§)+...+Span(§)
dr,1 4r,2 --- 4r Kk dr,1 qr,2 dr k

91,1 91,2 --- 91,k q1,1 91,2 --- 91,k
Rank | : ¢ | =dimSpan| : : P

qdr,1 4r,2 --- 4r k qdr,1 4r,2 --- 4r k

and

Clearly, we have

q1,1 91,2 --- 41,k
Lemma 1.1. The Span and Rank of a polynomial matrix < I : ) are invariant
dr,1 4r,2 --- 4r Kk

under column operations (that is, multiplying a column by a nonzero constant or a nonzero
polynomial, and adding one column to another) on the matriz.

The following lemmas will be utilized below for finding the Span of a polynomial
matrix:



Lemma 1.2. Let g; ; be polynomials with zero constant term and degq; ; < d for all i,j.
Then
q1,1 91,2 --- 41,k

(i) Span < : : ) is spanned by the values of (

qr,1 4r,2 --- qrk

q1,1(x) q1,2(2) .. q1,6(x)

: : ) at any distinct
qr,1(x) qr2(x) .. gr k()
NONzero ri,...,xrq € R:

q1,1 91,2 - 91,k qi,1(z1) - q1 k(1) q11(22) v g1 k(z2) -0 q11(2q) - q1,k(zq)
Span(i : E)zspan( : : : : : : )

qT71 qT72 q'r,k qr’l(ar;l) q,ﬂyk(ar;l) qr’l(xg) q'r,k:(xQ) coo qnl(af;d) q,nyk(:(:d)

91,1 91,2 --- 91,k q1,1 91,2 --- 91,k

(ii) Span( : : ) is spanned by the coefficients of ( P : ) if gij(x) =

dr,1 4r,2 --- 4r Kk qr,1 4r,2 --- 4rk
d
Cij 1T+ ...+ CijdT", Cij1 € R, then

q1,1 91,2 --- 41,k ¢1,1,1 --- C1,1,d €1,2,1 ---C1,2,d ---C1,k,1 --- C1,k,d
Span | : : | =span : : : : : N

qr,1 4r,2 --- qrk Cr,1,1 ++- Cr1,d Cr,2,1 ++- Cr2.d +++Crk,1 -+ Crk.d

(iii) Let hy,...,h; be linearly independent polynomials without constant term such that
q1,---,qr are their linear combinations: q; j = b; j1hi + ...+ b; j1hi, b; ;0 € R. Then

q1,1 91,2 --- 91,k bi,i,1-ob11,0b1,2,1 b1 20 cea bR DLk
Span | : i | =span| : : : : : S

qr,1 4r,2 --- 4r Kk br,l,l b'r,l,l br’g’l b'r‘,2,l "'b'r,k,l b’r‘,k),l

Proof. (i) follows from Lagrange’s interpolation formula for polynomials of degree < d.
(ii) is a special case of (iii).

bi,j,1 .- b1

Here is the proof of (iii): for j =1,...,k define B; = ( ) Then

brj1 e brj

q1,j 1,5 () hi(x)
Span(i)zspan{( : ),xER}:span{Bj< : ),xER}
qr,j qr.i () hi(z)

hi(z)
:Bjspan{( : ), xER}:Ble:spanBj.
hl(.'E)

So,
S 91,1 91,2 --- 91,k k S q1,1 k
an| ¢ : = an | = span B; = span(Bi|...|Bx).
pon (500 = 2o () = D wen 3, =spnBi.. 121

qr,1 4r,2 j:1

As a corollary, we get:
Lemma 1.3. Let ¢;; be polynomials with zero constant term, let h be a moncon-
di,1 --- 41,k
stant polynomial and let §; ;(x) = ¢ ;(h(x)) — ¢ ;(h(0)). Then Span( : : ) =

q1,1 --- 91,k
Span | : co.
qr,1 --- Qr Kk

qr;1 .- ‘ir,k



Proof. It is enough to check this for k = 1, that is, to show that, for integral polynomials
q q

q; with zero constant term, Span 21 = Span < 31). It follows from Lemma 1.2(i) that
q qr

G1 q1(z+h(0))—q1(h(0))

Span | i ) = Span : , and we have

qr
qr QT(w‘Fh(O).)_qr(h(O))
q1(z+h(0))—q1(h(0)) q1(z)—q1(h(0))
span : , r € R» =span : , r€eR
qr(z+h(0))—gr(h(0)) qr(x)—gqr(h(0))

q1(x)—q1(0) q1(z) ¢
:Span{( : ),xGR}:span{( : ),xGR}:Span(i>.
qr(z)—qr(0) qr(z) qr

2. Weyl dynamical systems

A Weyl system is a dynamical system (X, T) where X is a compact commutative Lie
group (which can be thought of as the direct product of a torus and a finite commutative
group) and T is an affine unipotent transformation of X (that is, Tz = p(x) + a where
a € X and ¢ is an automorphism of X satisfying (¢ — Idx)? = 0 for some d). A natural
example of a Weyl system is given by the system (X,7T) where X = T! x Z, T = R/Z and
Z is a finite abelian group, and

-1
T(xy,...,21,2) = ($1 +or, xo+monTr F oo, Y M oy, 2 +w>,

a; € T, mj; € Z and w € Z. Any closed subgroup M of X is, topologically, either a torus
or a union of finitely many tori, and is a single torus if connected. We will call a subtorus
of X any translate x + M of a closed connected subgroup M of X.

Clearly, the product of several Weyl systems is a Weyl system.

A Weyl system possesses a sequence of natural factors: for k = 1,...,d let Ly =
ker(¢ — Idx )9 **! and X;_; = X/L; then the projection maps mp: X — Xg, k =
0,...,d — 1, commute with the action of T'. Note that the factors X, £k = 1,...,d, are
just the HKZ factors for the system (X, 7).

A Weyl system (X, T') has good ergodic properties: if T' is ergodic, then the orbit of
every point is uniformly dense in X; if T is not ergodic, then the closure of the orbit of
any point is a closed subgroup of X, and the orbit is well distributed in this subgroup.
Moreover, “polynomial orbits” of points, and even of subtori of X, also possess an analogous
property.

Let us be more precise. Recall that for a set £ C Z we write UD(E) = «

if the limit limy_ o |E|‘gi’|\" exists and equals « for every Fglner sequence {®y} in
Z, and for a sequence {f3,}ncz of real numbers we write UC-lim (3, = [ if the limit
n

limy oo @LN' > newy Pn exists and equals 3 for every Folner sequence {®y} in Z. For a

torus (or, more generally, a compact commutative Lie group) M we will denote by pps the
normalized Haar measure on M if M is a closed subgroup of X and = € X, we will denote
by fiz+a the image of pups by the translation by x. We will say that a sequence {z, }nez
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(in a, potentially, “larger” space X D M) is well distributed in M if x,, € M for all n, and
for any continuous function f on M one has UC-lim f(z,) = [ a J dpar. More generally,

we will say that a sequence of tori {D,, }nez is well distributed on M if D, C M for all n,
and for any continuous function f on M one has UC-lim fD fdup, = fM fdup.

Let P = {p1,...,pr} be a system of integral polynomials with zero constant term.
For a point y € X" we will denote by O(P,y) the orbit of y under the action of P, that
TPr1(n)
is, O(P,y) = {( : )y} . For a torus D C X" we will denote by O(P, D) the orbit
TP'I‘('"') nez

TP1(")
of D under the action of P, that is, O(P,D) = |,z ( : )D. O(P, D) will stand

Tpr(n)

for the topological closure of O(P, D). We will also denote by P the “extended system”
Idx

{0,p1,...,p-} and by (9(]3, y) and O(ﬁ, D) the orbits { (Tplz(n)> y} and, respectively,
nez

e (n)
Id x
T7r1(n) D
UnGZ :
Tpr(”)

We have:

Proposition 2.1. Let (X,T) be a Weyl system and let p1,...,p, be integral polynomials.
For any y = (x1,...,2,.) € X" the closure M = O(P,y) of the orbit of y under the action
of P is a subtorus of X" or a union of finitely many subtori of X". If M 1is a single

Tr1(n)
subtorus, the sequence { < )y} 1s well distributed in M.
nez

TPr(n)
And, more generally,

Proposition 2.2. Let (X,T) be a Weyl system and let p1,...,p, be integral polynomials.

For any subtorus D of X" the closure M = O(P, D) of the orbit of D under the action of
P is a subtrous of X" or a union of finitely many subtori of X". If M is a single subtorus,

TP1(n)
the sequence D,, = { < : )D} 1s well distributed in M.
TPT(") TLEZ

For a vector u € R? we will denote by umod 1 the image of u in T¢ = R?/Z?. If N
is a rational subspace of R? (that is, a subspace defined by linear equations with rational
coefficients), then N mod 1 is a subtorus of T<.

Propositions 2.1 and 2.2 are corollaries of the following fundamental fact, which is a
direct consequence of the classical Weyl’s work on distribution modulo 1 ([We]).

Theorem 2.3. Let qq,...,qq be real-valued polynomials with zero constant term. If the

q1(n)

sequence {( : ) mod 1} is not contained in a proper closed subgroup of T%, then it
qga(n) nez

is well distributed in TY.

Here is another corollary:
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Corollary 2.4. Let aq,...,ax be rationally independent elements of T and let q; ;, © =
1,....k, 7 = 1,...,d, be integral polynomials with zero constant term. The sequence

q1,1(n)ar+...4qr,1(n)oy q1,1 --- qk,1
{( : )} is well distributed in the subtorus Span ( : : ) mod 1
nez

q1,a(n)ai+...4+qi,a(n)ayg d1,d --- 4k,d
of T¢.
q1,1 --- 9k,1

Proof. Let L = Span | : : ) and let M = Lmod1l. For any ¢ and any n € Z,

q1,d --- 9k,d

qi,1(n) q1.1(n)ar+...+qr,1(n)ag
( : )EL,SO( : )EMforalln.

gi,a(n) q1,a(n)ar~+...4qr,a(n)o
Assume that x is a character on T? (with values in the additive torus T),
d q1,1(n)ar+...Aqr 1(n)ag
x(z1,...,2q) :ijlajxj with aq,...,aq € Z, such that X( : ) =0
q1,a(n)ar+...+qr a(n)og
for all n. Then, in T, we have

(i aquj(n))Oél +...+ (i ank:,j(’ﬂ))Oék =0

for all n, and since a4, . . ., aj are rationally independent in T, we deduce that Z;l:l a;qi,;(n)
=0 for all n and for all « = 1, ..., k. This implies that Z;l:l a;jq;j =0foralli=1,... k,
and thus X[ =0
gi,1(n)ar+...4qr,1(n)ay
We have established that the sequence { < : ) } is not contained
q1,a(n)ar+...+qi a(n)ay nez
in a proper subgroup of M; by Theorem 2.3, it is well distributed in M. g

To achieve the goals formulated in the introduction, it will be sufficient to deal with
Weyl systems of a special form. A standard Weyl system (of depth d) is the system (X, T)
with X = T¢ and

T(x1,z2,...,2q4) = (xl—|—a,x2+x1,x3+x2,...,xd+xd_1), x=(x1,...,2q9) € X,

for an irrational « € T. By [F2] Proposition 3.11, (X,T) is ergodic. A quasi-standard
Weyl system of depth d is a system (X, T) where X = T% and

d—1
T(x1,...,2q) = (xl +on, 22 F Mot oo, Tg D MaiT; + Oéd),

with o; € T, m;; € Z, vy is irrational and m; ;1 # Oforall j = 2,...,d. A quasi-standard
Weyl system is also ergodic. For a standard or a quasi-standard Weyl system the natural
factors Xy, have form X} = X/Ljq1 where Ly = {(O, cos 0, Zp41, .., q), T € T}.

Lemma 2.5. Any quasi-standard Weyl system is a factor, n: X — X, of a standard Weyl
system (X, T) of the same depth; n has finite fibers and commutes with the projections my,
k=0,...,d—1, onto the natural factors.
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Rather than formally proving this lemma we illustrate it on a simple example: the
quasi-standard Weyl system (T3, T') where

T(z,y,2) = (x + a1,y + 22 + ag, 2 + 4z + 3y + a3)

is the factor of the standard Weyl system (T3, T)

T(x,y,z):(x—f—al,y—l—a:,z—i—y)

via the factor map
(x,y,2) — (x+a,2y+ 2+ b,62+ Ty + x)

with a,b € T satisfying 2a = a1 — ag and 3b = —a; + 2a — as.

The following theorem (see [FK]) indicates that the standard Weyl system is, in a
sense, the most “complicated” one, so that dealing with it we do not loose any generality:

Theorem 2.6. Any ergodic connected Weyl system is a factor of a product of several
standard Weyl systems.

Disconnected Weyl system do not provide much novelty: any disconnected ergodic
Weyl system (Y, R) is a union Y = XM U...UX ™) of m > 2 isomorphic tori; R cyclically

permutes these tori and, for each ¢ =1,...,m, (X(i), Rm‘X(i)) is a connected Weyl system.

3. Weyl and Vandermonde complexities

We fix a standard Weyl system (X, T'), where X = T¢ and
T(z1,z2,...,2q4) = (xl —l—a,xg+x1,x3+x2,...,xd+xd_1), x=(x1,...,2q9) € X,

with an irrational o € T; we will always assume that d is large enough so that not in-
terfere in our further computations. For k = 0,...,d we define subtori L = {(O, .0,
Thy- ooy Tq), Ti € ']I'} Cc T, F, = {(0,...,0,xk,0,...,0), r, € T} C TY, a factor torus
Xy = X/Lgy1, and let m: X — X}, be the projection map. We will also denote by Fj, the
image of F}, under 7, so that if we identify X}, with T*, we identify F}, with the subgroup
Fr, ={(0,...,0,21), x € T} of T*.

Let now P = {p1,...,p,} be a system of integral polynomials with zero constant term.
One checks by induction that for any n € Z,

T™ (21,22, ..., 2q) = (z1 + no,zo +ney + (H)a, .. za + >0 (Daai + () ).

For a polynomial p and k € N we will write p*! for (g) = %p(p —1)...(p—k+1), and
Idx

pl% = 1. Let g(n) = (Tpls(n)>, n € Z. For x = (x1,x2,...,24) € X, the orbit (’)(ﬁ,i‘) =
Tpr(n)

12



{g(n)Z}nez € X" H! of the point T = (x

xT

) under the action of P = {0,p1,...,pr} is

L1, T2, y Ld
1+ pi(n)a, 2+ pi(n)z1 + pi(n )2 ]oz g+ 3 pi(n) }xd—i + p1(n)la

21 + pr(n)a, To + pr(n)zr + pr(n)¥a, o za + 20 po(n) }xd—i +p(m)da) ),

(3.1)
By Corollary 2.4, when x1,...,z4 and « are rationally independent in T, O(P, z) is well
distributed (and hence, dense) in the subtorus
Ty 0 0 0 ... 00
1 p1 0 0 ... 00
1 pr 0 0 0 0
o 0 0 0 ... 00
w.z p[lz] p1 0 ... 0 O
@2 P2 p 0 .. 0 0
: + Span : ¢ [ mod1
Ta_1 0 0 0 ... 00
xdfl p[ldfl] p[1d72] p[1d73] i p1 O
Pl pl 2 IS, 0
T4 0 0 0 ... 00
Td p[ld] P L
Td p[rd] pld=t pld=2l . pllp,
d . . . . . .
of X"l ~ (']I'(T“)) (and is contained in this subtorus if zq,..., x4, are rationally

dependent). The closure of the orbit (’)(]3, Axr+1) of the entire diagonal A yr+1 = {Z, x €
X} of X" is therefore the subtorus

H = (’)(]3, Axri1) = Span©gmod1 C X711
where for each k € N we define ©, as the (r + 1)k x 2k matrix

10..00 O 0 0 ... 00
10...00 p; 0 0 ... 00
10...00 p. 0 0 0 0
01..00 O 0 0 ... 00
01..00 pi¥  p 0 ... 00
01..00 pl2&  p, 0 ... 00
Op=|:: 11 : : Do
00..10 0O 0 0 ... 00
00...10p tomtl plk=2l plk=31 pi 0
00...10ka—1] plF=2 plk=3l p. 0
00..01 O 0 0 ... 00
k k— k—
00...01 p[l] p[1 1 p[1 2] p[lz] P1
00...01 ka] ka 1] ka 2l .. p?] Dr
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For k < d, let Hy = 7, "' (H) C X '; identifying X, with T* and X' with (T(’"“))k,
we get
Hj, = Span ©; mod 1 C X; 1. (3.2)

If we supress the 1-st and the (k + 1)-st columns from the matrix ©y41, we obtain the

matrix ( 0 ) Hence we have
Oy

Hjy11 O Span <(§ ) mod 1. (3.3)
k

Assume now that for some k < d one has F,*' C Hj,. Using formula (3.3), this implies
that Fl:i'll C Hyy1, and of course FZH'1 C H, for all [ > k, which gives H D LZH. Let us
call the minimal k with this property the Weyl complexity of P and denote it by W (P) or

W(p17"'7p7”>'
We note that the first component X of X"! actually plays no role in determining

W(P). For k <d let

p1 0 0 ... 0O
pr 0 0 ... 00
p[12] P1 0 ... 0 O
p?] Dr 0 ... 0 O
Ap=1 + &
[1k71] p[1k72] p[lkfi’:] . p 0
kafl] ka72] p[kai’:] .o Dy 0
P P P
pyc] ka—l] ka—2] pf] o

The subtorus M = Span Agmod 1 C X7 is the (translated to 0) orbit of a “generic” point

Z of the diagonal A xr under the action of P: M = O(P,z) — & where T = ) and 2 is a

point of X whose coordinates and « are rationally independent. For k£ < d lemt
My, = m,(M) = Span Ay mod 1 C X;.

Then Hy = Ayr+1 @ ({0} x My) C Xy, x X It follows that FI:H C Hy iff F C Mj,. Put
k
wp(P) = 0 and for each k € N let

wi (P) = dim M}, = Rank Ay,

Since wi (P) = wi—1(P) + dim(My N F}), we have F] C Hy, iff wi(P) — wi—1(P) =7r. We
obtain:

Proposition 3.1. The Weyl complezity W (P) equals the minimal k for which My O FY,
and the minimal k for which wy(P) —wk_1(P) = 1.
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We will now introduce one more parameter for our system P. Let 74 be the projection
of X to Fy; we define the Vandermonde complezity of P, V(P) or V(p1,...,p,), as the
minimal k for which 7, ! (H) = F/*'. Identifying the subtorus F} ™' of X"*+! with T"*!
we have

10 0 0 ... 0 0 100 .. 0 0 0
) L plFl pl=1] ple=2l ) Lpr p? oo o2 phet b
" (Hy) =Span | .7} . T ! %l modl=Span (.. " Lo P mod 1.
L e N Lprp} . P72 pk=! pl
p1p7 ... pF 2 ph Tl ph

Define vy (P) = Rank ( : : ), k € N; then 7, T (Hy) = F{ T iff 77 (My,) =
k-2 k-1 _k

2
DPr Py --o Pp DL Dy

F} iff v (P) = r. We see that

Proposition 3.2. V(P) equals the minimal k for which 1], (My) = F}., and the minimal
k for which vi(P) =r.

4. Properties of Vandermonde and Weyl complexities and examples

We start with the Vandermonde complexity.

Lemma 4.1. For any system P = {p1,...,p.} of r integral polynomials with zero constant
term, V(P) <.

Proof. We have

™

det (pl B mpf) =@ I] i—p)) #0.

2
Pr Dy - Py i=1 j=i+1

(This is the Vandermonde determinant, which explains our terminology.) Thus, the vectors

p1(x) pi(z)
( : ) yeees ( 13 ) are linearly independent for all but finitely many x and so, v,.(P) = 7.
pr(x) pr.(z)
|
Here are some properties of the Vandermonde complexity, which are clear from the
definition and Proposition 3.2:

Proposition 4.2. Let {p1,...,p.} be a system of integral polynomials with zero constant
term.

() If{q1,--- a5} C{p1,---,0r}, then V(qr,...,qs) < V(p1,...,pr)-

(ii)) V(p1,-.-,pr) = L iff p1,...,pr are linearly independent.

(iii) If p1,...,pr are all linear, V(p1,...,pr) = 7.

(iv) V' is invariant under polynomial substitutions: for any nonzero integral polynomial h
with zero constant term, V (p1(h(x)),...,pr(h(x))) =V (p1(2),...,pr(2)).

(v) For any nonzero integer m # 0, V(mp1,...,mp.) =V (p1,...,pr).
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Examples of computation of Vandermonde complexity.
Consider the system P = {z,2z,2%}. Using the “coefficient method” from
Lemma 1.2(ii), we get

v1(P) = Rank (%) = rank (% 8) =2

T 01
and ,
T x 1010
va(P) = Rank [ 22 422 | = rank (2 04 0) =3,
22 ah 0101
so V(P) =2.
For the system P = {z, 22,z + 22,z + 222} we have
2 10
_ _ 1) _
v1(P) = Rank | . ,> | =rank <(1) 1) =2
w—|—2x2 12
and
e o 07001
va(P) =Rank | T 2 2 a4 | =rank|j;]57) =4,
24222 224423 142t 12144
so V(P) =2.
For the system P = {x, 22 x + 2%, 2 + 222,z + 322},
xT
z2 10
v1(P) =Rank | z+2° | =rank |11 ] =2,
4222 12
24322 13
2
z z, 10100
T, 01001
vo(P) = Rank | z+2® 2®+22°+2* | =rank [ 11121 | =4
z+222 2244234424 12144
g Lo ETE 13169
z+3x° x°+6x°+9x
and
2 3
z z, z 10100100 0
L A, 01001000 1
v3(P) = Rank | z+2® 22422°+2*  2+32*+32° 4 =rank 11121133 1 | =5,
w4222 224423 +42% 23 +624+12254+82° 121441612 8
g g T A TOT 5 6 13169192727
z+3x° x°4+6x°+9x" x°4+9x"4+27x°+27x
so V(P) = 3.
The Weyl complexity has properties similar to those of the Vandermonde complexity:
Proposition 4.3. Let {p1,...,p.} be a system of integral polynomials with zero constant
term.

(1> ]f {q17 s 7QS} g {plv s 7p7"}; then W(Ql, c '7QS) S W(p17 s 7p7“)'

(ii) W(p1,...,pr) = 1 iff p1,...,pr are linearly independent.

(iii) If all p1,...,py are linear, W(p1,...,p,) = 1.

(iv) For any nonzero integral polynomial h with zero constant term, W (py(h(x)),...
pr(h(fL’))) = W(pl(fL’), cee 7p7“(x>)'

(v) For any nonzero integer m, W(mp1,...,mp.) = W(p1,...,pr).

(vi) W(p1,...,pr) > V(p1,...,0r).
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Proof. (i) is clear from the definition. (ii) and (vi) follow from Proposition 3.1. It follows
from formula (3.2) and Lemma 1.2(i) that for the system P(h) = {p1(h()),...,pr(h(z))}
we have O(P(h), Axr1) = O(P, Axr+1); this implies (iv). We postpone the proof of (iii)
and of (v). m

Remark. The fact that W (P) is finite for any system of integral polynomials P is a
consequence of the general study of HKZ factors, and will not be described here. W (P)
may be strictly larger than V' (P) as an example at the end of this section demonstrates.
An interesting question that we leave open is whether W (py,...,p,) is always < r.

The definition of the Weyl complexity via the standard Weyl system is, actually,
inconvenient for practical usage. We will modify it a little bit by replacing the standard
Weyl system by a quasi-standard one. Let (X,T) be a quasi-standard Weyl system, let
Ly = {(0,...,0,z,...,2a) }, X = X/Liy1, Fr, = {(0,...,0,2)} C X, m be the
projection of X to X and 7 be the projection of X to Fi, k = 1,...,d; let Axry1 =
{ <$> , T E X} be the diagonal of X" ! and let Z be a “generic” point of the diagonal of X .
Letxp = {p1,...,pr} be a system of integral polynomials with zero constant term and with
W(P) <k,let H=O(P,Axr1) C X", M = O(P,2)—% C X", Hy = "' (H) € X; "
and M = 7 (M) C Xp, k=1,...,d Let (X,T) be a standard Weyl system for which
(X,T) is a factor, n: X — X, as in Lemma 2.5, and let H M Lk, Fk, H;, and Mk,
k=1,...,d, be the corresponding subtori of X”’l, XT, X, Xk, X]:“ and X}; respectively.
Then for all k, F, = n(Fy), Hy = n(ﬁk) and Mj, = n(M},). So, H D Lyt iff HD ErH
M D Ly iff M D LY, Hy D FfYYiff H, D Frt! and My, D Fj iff My, D FY. Since 7 has
finite fibers, dim Hy = dim H r and dim M = dim M k. We obtain that for computing the
Weyl complexity of the system {p1,...,p,} any quasi-standard Weyl system can be used:

Proposition 4.4. W(P) equals the minimal k for which H O L7,;+1, the minimal k
for which M 2O Lj, the minimal k for which Hj 2O F,:H, and the minimal k for which
My, O F; wi(P) = dim M}, for all k.

An analogous fact holds for the Vandermonde complexity:

Proposition 4.5. For any quasi-standard Weyl system, vy (P) = dim 7] (M) for all k;
V(P) equals the minimal k for which 7,7 (H) = F,™" and the minimal k for which
(M) = F.

Proof. For any quasi-standard Weyl system (X, T),

1 0 0
7_]2’+1<H) — Span (1 hk(pl) hy— 1(}?1) hl(;”l)) mod 1,
1 hk(p'r') hy— 1(pr) ... hi(pr)

where for each i = 1,..., k, h; is a polynomial of degree i with zero constant term. (Under
h(p) we understand the polynomial h(p(zx)).) Performing suitable column transformations

1 0 0 .. 0
1hk(p1)hk 1(p1)~-~h1(.p1)> _

of the last matrix and using Lemma 1.1, we come to Span < :
1 hk(pr) hi—1(pr) ... h1(pr)
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10 0 ...0

1pf pi ™" ;1

Span | . . L :

1pf p’:71 e P
Similarly,

. hi(p1) hi—1(p1) - ha(p1) PrPy T P
Tk(M):Span( : : : )modlepan P : | mod1.

hi(pr) he—1(pr) ... h1(pr) pFpF=t L p,

(To clarify what we mean under “suitable column transformations” let us consider an
example. For the Weyl system (T3, T) where

T(x1,22,73) = ($1 + o, 2 + 3w, 23 + 22 + 221 + Oé),
one checks that
T (x1,x9,23) = (xl—l—noz,x2+3nx1+%n(n—1)a,x3+nx2—|—%(3n2+n)x1+%(n3—n2+2n)a>,

n € Z, and so,

3 (PT—pi+2p1) 3(3pT+p1) P P} p m
74 (M) = Span : : i |modl=Span| : : i | modl.)

L(pE—p2+2p,) 2(3p2+p,) pr P2 p2 pr

Now we may also get:

Proof of Proposition 4.3(v). Let (X, T) be a standard Weyl system and m be a nonzero
integer. Put R =T™; (X, R) is then a quasi-standard Weyl system. Let P = {p1,...,p,}
be a system of integral polynomials with zero constant term and let mP = {mp1, ..., mp,}.
Using an index to specify what transformation we consider, we have O R(ﬁ,A xr+1) =
OT(mﬁ, Axr+1). Since the first orbit is responsible for W (py, ..., p,) and the second orbit
is responsible for W (mps, ..., mp,), these two numbers coincide. g

Consider the quasi-standard Weyl system
T(x1,...,xq) = (xl + o, 0+ 201+, .., g+ Zf:_ll (‘j)xz +a>.
For n € Z one has
T™(x1, %2, ..., Tq) = (acl +no, o + 2nz; +nla, ..., xq + Zf:_ll (‘;)nixd_i + nda>.

For this system,
M), = Span A}, mod 1 (4.1)
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where

and by Proposition 4.4,

0 0 0
0 O 0
0 0 0
0 O 0
TPy e (k=1)p1 0
k=2 (5213 (k—1)p, 0
If_l (kﬁ2)p11€—2 (g)P? kpl
L ()P e (S ke

wy (P) = dim M}, = Rank A},

(4.2)

for all £k € N. We will use this definition of the numbers wy(P) in our computations.

Proof of Proposition 4.3(iii). If p; are linear, p;(x) = ¢z, i

(4.1) takes form

010

M;, = span

o
e S0

=]
o
N

=span | . T

and one has F}, C My, ifft k > r.

[

Cr ven

2¢c1 ...

2¢,

0 e 0
0 e 0
0 0
0 0
(ki )c’f_l kcq
k \ k— )
(k—l)cr ! ch
.0
.0
.0
Y 1 mod 1,
.. C1
.. Cp
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Examples of computation of Weyl complexity.
Consider the system P = {x,2x,2?}. Using the formula (4.2) and Lemma 1.2(ii) we
get
w1 (P) = Rank (%) = rank (% §> =2,

x
€T

10000
2z 8 20000
T
wa(P)=Rank | 72 , | =rank [ 31399 =4,
412 4x 04040
24 942 00102
T 0 0
20 0 0 1000000000
2 0 o0 200000 0000
Y om0 0100000000
010002 0000
w3(P) = Rank | 42® 42 0 | =rank [ 040004 0000 | =7 =wy + 3,
z* 222 0 0001002000
3 a2 0010003 030
et Bat dw 00800012060
82" 122° Gx 0000100303
z° 3x” 3x
and thus, W (P) = 3. (Recall that V(P) = 2.)
In contrast, for the system P = {z,2x, 2%},
x 10
wy (P) = Rank (22 ) =rank (20) = 2,
x3 0 01
xT
100000
2z 8 200000
_ z _ 001000 | _
wo(P) =Rank | 2 o | =rank [ §95020 | =5,
4z? Ag 040040
26 243 000102

and therefore, W(P) = 2.

One can also check the following examples: let a, b, ¢,d € Z with (a,b) # (¢,d). Then
V(x,ax + bx?, cx + dx?) = 2 if at least one of b, d is nonzero;
W (z, ax + bx?, cx + do?) = 2 when both b and d are nonzero, W (z, ax, cx + dz?) = 3.

5. Characteristic factors and large intersections

We begin this Section by a simple example of what we develop in the sequel. Let us
consider the quasi-standard Weyl system on X = T4,
T(.Tl, Z2,x3, ',I;4) = ('Tl + Q, T2 + 2:171 + «, T3 + 3$2 + 3:171 + Q, Ty + 4$3 + 6$2 + 41’171 + O{),

where o € T is irrational, and the system of polynomials P = {n,2n,n?}, for which we
know that V(P) = 2 and W(P) = 3. Let Ao, A1, A2, A3 be four measurable subsets of X
with positive measure. We have the following results:

(i) If the sets A; do not depend on the first coordinate z; (that is, each A; = T x I; with
I; C T3), then

UC-lim px (Ao N T~ ™Ay NT 2" A3 N T~ Ag) > 0.
(ii) If the sets A; are independent of the algebra of subsets which depend only on z1, x5 (that
is, pr2 (A; N Ly 2y) = px (4;), where Ly, », = {(z1,22)} X T2, for almost all (z1,xs) € T?)
then

UC-limpx (AgNT A1 NT " Ay N T_”2A3) = px (Ao)px (A1) px (A2)px (As).
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(iii) If the sets A; are independent of the algebra of subsets which depend only on x1, x5, 3
then

lim pix (AgNT ™A NT "4 N T‘”2A3) = px (Ao)px (A1) px (Az)px (As).

It can be shown (see Lemmas 5.3 and 5.7 and Proposition 6.5 below) that in each of these
three statements, the hypothesis of the independence of the sets A; of the corresponding
algebras cannot be weakened. Moreover, each of these results still holds if the variable n
is replaced by any nonconstant integral polynomial h(n) (see Propositions 5.12-5.14).

We now move to the general situation. During this section let P = {p1,...,p,} be a
system of integral polynomials with zero constant term.

Let X and X’ be compact commutative Lie groups with normalized Haar measures p x
and px thereon, and let m: X — X’ be a surjective (and continuous) homomorphism.
Denote by F,, z € X', the fibers of m, F, = m~1(z). For a function f € LY(X), the
conditional expectation E(f|X') of f with respect to X' is the function on X’ defined by

BUIX)@) = [ fdur = [ 1+ o) dur o)
F. Fo

(For f € L*(X), E(f|X’) is the orthogonal projection of f onto the subspace 7*(L?(X"))
of L?(X).) We will consider E(f|X’) as a function on X, as well as on X".

We say that a measurable set A C X is independent of X' if E(14|X") = pux(A); this
is equivalent to saying that for almost all fibers F,, z € Z, of m one has up (A) = px(A).
If Ay,..., A, are subsets of X independent of X', then [[;_; 4; € X" is independent of
(X"

We say that a measurable set B C X originates from X' if B = 7~ (B’) for some
B’ C X'  If By,...,B, C X originate from X’ then [[,_, B; C X" originates from (X')".
If B is a closed subgroup of X that originates from X’ then B = 7w~ (B’) for the subgroup
B’ =m(B) of X', and for any f € C(X) one has [, fdup = [5 E(f|X') dup.

Let (X, T) be a quasi-standard Weyl system. We will first show that if W (P) < k, then

Tdx
Xj—1 is the characteristic factor for P. (Cf. [F1], §10 and [F3], p.54.) Put g(n) = (Tplz(n)>
Tpr(”)

and D, = g(n)Axr+1, n € Z. By Proposition 4.4, the torus H = |J,,c;, D C X+l

contains LZH. Thus, H = (ﬁzt})_l(Hk_l) so that H originates from X,:ﬂ Let fo,..., fr
be continuous functions on X and let f = @;_, f; (that is, f is the function on X"*
defined by f(zo,...,2,) = fo(xo) ... fr(x;)). Since H originates from X,:”_Li, we have

[ taun= [ G dun,
H Hy 4
Since the sequence {D,, }nez is well distributed in H, UC-lim [, fdup, = [,; fdpg and
UC-lim/D E(fIX;*) dup, = /HE(f\X;:ﬂ)duH = / E(fIXi*) dum, -
" n ch—l
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. 1
For any Z = (20,...,2,) € X, 1,

mexMazj

Z4LH

fo®...@frdpzypre = H/ fidpziin, = [ B Xe1)(20),
i—0/% i=0

i+Lg

so E(fIX;T1) = Q;_o E(fi|Xx—1). For any n we have

/and,an:/A

and similarly

g<n)fd,u/AXr+1 :/ fO 'Tpl(n)fl e 'Tpr(n)fr d“X?
X

xr+1

| B dun, = [ omBUIXT ) dna
D'n AXT+1 k—1

k—1

N / E(folXx—1) - TP E(fi|Xk-1) - .- TP E(fo | Xpo1) dpx, -
Xg—1
Thus,

UC—lim/ fo TP fre TP M) f oy
" b'e

= UC-lim E(folXp—1) TP E(fi| Xp—1) ... - TP E(fr| Xeo1) dpx,_, -
" Xk_1

Since continuous functions are dense in L>°(X) in L!-topology, we obtain that X} _; is a
characteristic factor for the system P:

Proposition 5.1. Let (X,T) be a quasi-standard Weyl system, let W(P) < k and let
fos.ooy fr € L=(X). Then

UC-lim / For TP fy o TP fdpy
" X

= UC-lim E(folXp—1) - TP E(f1|Xp—1) - ... - TP E(f,| Xp1) dpx, .-

Xk1

It now follows from Theorem 2.6 that Xj_; is a characteristic factor for any (not only
quasi-standard) Weyl system.

Applying this proposition to the characteristic functions 14,,...,14, of subsets
Ag, ..., A, of X independent of X _; we get

Proposition 5.2. Let (X,T) be a quasi-standard Weyl system, let W(P) < k and let
Ag, ..., A, be measurable subsets of X independent of Xi_1. Then UC-limpux (AO N

T_pl(n)Al Nn...N T—pr(n)Ar) = H;:O Hx (Al)

To be sure that Xj_1, the (k—1)-st natural factor of X, is the “optimal” characteristic
factor for a system of Weyl complexity k, we have to check that X5 is not characteristic.
This is so indeed:

22



Lemma 5.3. Let (X,T) be a quasi-standard Weyl system of depth d > k — 1 and let
W(P) > k. Then there exist functions fo,..., fr € L>=(X) such that

UC-lim / fo TP fy TP fodp
n X

# UC-lim E(folXp_2) - TP E(f1|Xp_2) - ... - TP E(fr|Xp_2) dpx, .

X2

Proof. By Proposition 4.4, H does not contain L;tll Thus there exists =z =

(o, T1,...,x,) € L;tll \ H. For each i =0,1,...,r fix a nonnegative continuous function
fi on X such that fi(z;) >0and fo® f1®...® fy|y = 0. The function fo® f1®...® f-
is zero on g(n)Axr+1 for all n, thus

/ fo TP TP f dpy =0
X

for all n. On the other hand, each function E(f;|Xx_2) is positive in a neighborhood of
the point 0 in Hy_», so

/ E(folXk—2) ® E(f1| Xk2) ® .. ® E(fo| Xp—2) dpizr,_, > 0.
Hy o

Since the sequence {g(n)A yr+1 }nez is well distributed in Hj,_o, the last expression is equal
k—2
to

UC-lim E(folXg—2) - TP E(fi|Xg—2) ... TP E(f,| Xp—2) dux, -
" Xi_o2

In the case W(P) < k, X,_1 is characteristic for the system P in a stronger sense:

Proposition 5.4. Let (X,T) be a quasi-standard Weyl system, let W(P) < k and let
fos.ooy fr € L™(X). Then

lim [ fo TP f . TP ™ f duy

n—oo X

= lim E(folXp_1) TP E(f1|Xp—1) - ... - TP E(fr| Xpo1) dpx,_, -

n—oo Xk: N

In particular, we obtain:

Proposition 5.5. Let (X,T) be a quasi-standard Weyl system, let W (P) < k and let
Ag, ..., A, be measurable subsets of X independent of Xp_1. Then lim, . pux (AO N

T-rmA N AT P MAY) =TT, ux (A).

To prove Proposition 5.4 we need to show that if at least one of the functions
fo,- .., [r € L=(X) is orthogonal to the subspace L?(X;_1) of L?(X) then limy, oo [y fo-
TP fe TP f dy = 0. This follows from the following fact:
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Lemma 5.6. If fy,..., f. are characters on X of which at least one is orthogonal to
L?(Xy_1) then Jx fo- TP £ TP f dp =0 for all but finitely many n € Z.

Proof. We may and, for simplicity, will assume that (X,T) is a standard Weyl system:
X =T T(xy,29...,24) = (1 +a, 20 +21,...,24+2q_1) (though the proof is the same
for any quasi-standard system). Let f; = exp(2m’(miylx1 + ...+ mi’dxd))(*), m;; € Z,
1=20,...,7. Then

TPi(™) £, = exp (27Ti(mi,1(:1:1 + pi(n)a) +my 2 (2 + pi(n)z1 + pi(n) [Z]a) +...
d—1

+m; a(xq + Zpi(n)[j]xd—j —l—Pi(n)[d]Oé)),
j=1
1=0,...,r, and
T pi(n) £. ; T d o (1]
fo- H¢:1 T fi =exp <27”($1 (mO,l + Zi:1 Ej:l mz,jpz(n) )

+aa(moa + )iy Z?ZQ mi jpi(n)V=2) + ...
+aq(moa+ Y iy mia) Y, Z?:l mg jpi(n) [j]>7

n € Z. Thus, fX fo-TPr™) f1 . TP £, dy = 0 whenever at least one of the coefficients

r d i—1 r d i—92 r
Mo+ iy ijl m;,jpi(n) =1, mo2 + D iy ijg m; jpi(n) =2 mMo,d+ D iq Mid
mo,1
m;",l
is nonzero, that is, when N (n)m # 0 where m is the vector | @ | and N(n) is the matrix
mo,d
My q
11...10pi(n)...pr(n)0 p1(n)[2] pr(n)m Opl(n)[g] pr(n)m ...... Op1(n)[d71] pr(n)[dfl]
00..01 1 .. 1 0 pi(n) ... pr(n) 0pr () ... p.(n) ... ... 0p1(n)l4=2 . p.(n)ld=2
00..00 0 .. 0 1 1 .. 1 0 pi(n) ... pr(n) v ... 0p1(m)l4=3 L p.(n)@=3 |,
00..00 0 .. 0 0 0O .. 0 0 0 .. 0 ... 11 .1

n € Z. Assume that N(n)m = 0 for infinitely many n € Z. Since the condition N (n)m =0
is polynomial in n, we then have N(n)m = 0 for all n € Z. In particular, N(0)m = 0,

_ N(0) _
— = Z. h
therefore (N (n) — N(0))m = 0 and <N(n) ~N(O) )m for all n € Z. We have
11..100...000...000...0 ... ... 00...0
N(Q):(OO 011..100..000..0 ... ... 00 0),
00...000...000...000...0 ... ... 11...1
(*) In the expression “2mwi”, 7 is not a projection but 3.14..., and i is not the index

appearing in the rest of the formula but /—1.
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SO

11..10 0 ... 0 O 0 0 ... .. 0 0 0

00...01 1 .. 1 O 0 0o ... ... 0 0 0

00..00 0 .. 0 0 0 .. 0 ... 11 .1
00...00p1(n) ... pr(n) 0 p1(n) . p.(m)B ... ... 0p1 ()= . p.(n)ld-1 1 = 0
00...00 0 ... 0 O pi(n) ... pr(n) ... ... 0p1 ()2 . p.(n)ld=2

00..00 0 ... 0 0 0 ... 0 .. .. 0 pi(n) ... pr(n)

00..00 O .. 0 O 0 0 ... ... 0 0 0

11 1 0 0 0 eer s 0 0 0
0 0 0 1 1 1 0 0 0
000 .. 00 0 ... 0 .. 1 1 1
0p1(n) ... pr(n) 0 pr ()PP . pr(m)PP Lo 0p1(m)*= p.(m)l M =0
0 0 ... 0 0 pi(n) ... pr(n) oo ... 0p1 ()42 . p.(n)ld—2
00 .. 00 0 .. 0 ... 0 pi(n) ... pr(n)
mo,2
M2
for all n € Z, where m = : e RU-D+D - After introducing the standard inner
mo,d
ms.q

product on the space R(4=D(+1) e interprete this identity as the fact that the vector m
is orthogonal to the subspace

10..0 O 0 ...0
10...0 p; 0 ...0
10...0 pnr 0 ... 0
01..0 0 0 ...0
0o1..0 p?'  p .0
H=Span |01..0 p!Z p. .. 0
00...1 0 0 ...0
OO...lp[ld_l] p[ld_Q] e P1
OO...lpLd_l] pLd_2] e Pr

of R4=D(+1) - Comparing this formula with the formula (3.2) we see that Hmod 1 = Hy_;.
If W(p1,...,pr) < k—1then H contains LZfll, and thus H contains the subspace Lr_1 =
{(0, ey 0, Uo,k—1y -y Ur k—1,---,U0,d—1y- - - ,und_1>, Uj, g € R} of R(d_l)(r+1). But if fz is
orthogonal to X}, for some 7 then m; ; # 0 for some j > k and thus m is not orthogonal
to ['k:—l- [}

The following lemma shows that the assumption W (P) < k in Proposition 5.4 cannot
be weakened:
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Lemma 5.7. Let (X, T) be a quasi-standard Weyl system of depth d > k and let W (P) >
k. Then there exist functions fo, ..., fr € L*(X) such that

lim [ fo TP f - TP f dux
X

n—oo

# lim E(folXp_1) TP E(f1| Xp—1) ... - TP E(fr| Xeo1) dpx,_, -

n—oo Xk 1

Proof. In the notation of the proof of Lemma 5.6, if W (P) > k then H does not contain

mo,2
™My
L;T1, and thus there exists a vector m = : € ZU4=D0+) with m,, j, # 0 for some
mo,d
My
0
0
mo,2
io and some jo > k and orthogonal to H. For the vector m = | mi.. | € Z4 D we then
mo,d
mya

have N(n)m = 0 for all n. Put f; = exp(27ri(mi71x1 +...+ mwxd)), i =20,...,r; then
fo-TPr() fy.. TP f =1 for any n € Z. On the other hand, since Mg j, 7 0 with jo > k,
we have E(f;,|Xx_1) = 0, and thus E(fo| Xp_1)- TP E(f1| Xk 1)-.. . TPrE(f| X 1) =
OforallneZ. g

We now turn to the Vandermonde complexity; let us assume that V(P) < k. To
simplify notation, assume also that X has depth k (that is, X = X = T*). Let functions
fi € LY(X),i=0,...,r, be nonnegative, with fX fidux > 0, and independent of X 1 in
a very strong sense: assume that they only depend on the last, kth coordinate of X. Then

Proposition 5.8. If V(p1,...,p;) <k then UC-lim [y fo- TP fy- .. TP-™) £ dpy > 0.

Proposition 5.8 is equivalent to the following:

Proposition 5.9. Let V(p1,...,p,) < k and let A; = Xp—1 X I;, i = 0,...,7, where
Iy, ..., I, are subsets of F}, of positive measure. Then UC-lim px (AO NT—P™MAN...N

TP A,) > 0.

Proof. We may assume that Iy, ..., I, are open intervals in F, ~ T. Let A = szo A;.
Since 7,1 (H) = F/ ™', there is a point # € H with 7,t"(Z) € Iy x ... x I,. Thus,
ANH # (. Since AN H is open in H, ug(AN H) > 0. Since the sequence D,, is well
distributed in H,

UC-limpx (AgNT P ™A N...nTPMA,) =UC-limpup, (ANDy) = up(ANH) > 0.
|
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Remark. If a set A is independent of X1 then so is the set T A for any ¢ € Z; this implies
that the assertions of Proposition 5.2 and Proposition 5.5 remain true if the intersection
AoNT P MA N .NTPMA, is replaced by AgNT P14, 0. . AT P)-crg
with arbitrary ¢; € Z (see also Proposition 5.15 and Proposition 5.17 below). A similar
extension of Proposition 5.9 does not hold: one can construct an explicit example of a
system of integer polynomials P = {p1,...,p,} with V(P) = 2, integers cy, ..., ¢,, a quasi-
standard Weyl system (T?2,7T) and intervals Iy, ..., I,. in T such that for A; = T x I; C T?
one has (Ao x [[/_; T~ A;) N H = 0.

We will now obtain further refinements of the preceding results by considering the sys-
tem of integral polynomials P(h) = {p1(h(n)),...,p;(h(n))}, where h is any nonconstant
integral polynomial. If hA(0) = 0, by Proposition 4.3 the system P(h) has the same Weyl

Idx
complexity as P. Let, again, g(n) = (Tplz(n)>, n € Z; then even if h(0) # 0, we have:
e (n)
Lemma 5.10. For any mnonconstant integral polynomial h the sequence

{g(h(n))Axm}neZ is well distributed in H.

Proof. By Proposition 2.2, the sequence g(h(n))Axr+1, n € Z, is well distributed in H if
it is dense in H. Let = be a “generic” point of X, that is, let the coordinates of  and the
elements a; € T in the definition of the quasi-standard Weyl system be rationally indepen-
dent. Then the closure H, = {g(n)Z, n € Z} C X"*! of the orbit of Z under g has form
Z + Span Q mod 1 for some polynomial matrix Q). The closure K, = {g(h(n))z, n € Z} C
X" of the orbit of Z under g(h) has form g(h(0))z + Span(Q(h) — Q(h(0))) mod 1. Since
g(h(0))z € H, and Span(Q(h) — Q(h(0))) = Span @ by Lemma 1.3, we obtain K, = H,.

Hence,

U 9(h(m)Axrss = | ) Ko = | Ho = H.

nez reX reX

We may now strengthen Proposition 5.1:

Proposition 5.11. Let W(P) < k and let fo,..., fr € L>(X). For any nonconstant
integral polynomial h one has

UC-lim / fo PP g opee () gy
n X
= UC—lim/ E(fo|Xp—1) - TP PO E(f|Xp_y) ... - TP B(F X)) dux, -
n Xp_1
Applying this to f; = 14,, we get

Proposition 5.12. Let W(P) < k and let Ay, ..., A, be measurable subsets of X inde-
pendent of Xy_1. For any nonconstant integral polynomial h one has

UC-lim pux (Agn TP A TP ALy =TT i (As).
=0
When W(P) < k, Lemma 5.6 immediately implies:
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Proposition 5.13. IfW(P) < k and Ay, ..., A, are measurable subsets of X independent
of Xk_1, then for any nonconstant integral polynomial h one has

lim px (AgNT 7D A A AT PP ALY =TT px (A)).
1=0

(We will no longer deal with functions on X but only with subsets of X, though our
statements can, of course, be easily reformulated in the language of functions.) Assuming
that X has depth k, directly from Lemma 5.10 we get

Proposition 5.14. Let V(P) <k and let A; = X1 x I;, i =0,...,r, where Iy, ..., I,
are subsets of Fy of positive measure. Then for any nonconstant integral polynomaial h,

UC-im px (Ao NT P4 0 TP 4 > 0.

Let m > 2 and Z,,, = Z/mZ. We will now investigate the non-connected Weyl system
(Y,R) where Y = X X Z,,, and R:Y — Y is defined by R(z,j) = (T'z,j + 1); for further
generality, we will also add, when possible, “shifting constants” c¢; in the formulation of
our results:

Proposition 5.15. Let W (P) < k, and let B be a measurable subset of Y independent
of Xgx—1 X Zy,. Then for any nonconstant integral polynomial h and any c1,...,c, € Z,

UC-limpy (BN R PMMImeapn g Rpr(hm)=er B) = 11y (B)" .

Proof. Let B = UjGZm(Aj x {j}). Then Ay,...,A,,—1 are independent of Xj;_;, and
NX(AO) == MX(Am—l) = NY<B)' Put Bj = Aj X {J}a J € L.

For I € {0,...,m — 1}, consider the system P(h(mn + 1) = {pi(h(mn + 1)) +
C1y .-y pr(h(mn + 1)) + cr} of polynomials in the variable n. For any ¢ and j,
Rpilhmnth)=eip. C X x {j —d;} for all n € Z, where d; = p;(h(l)) + ¢; modm. Thus,
for jo, 41, .-y Jr € Zm, if j; = jo +d; for all i =0, ..., r then by Proposition 5.12

UC-lim piy (Bj, N R-Pr(rmnth)=es g, o gmpr(h(mnt)=er g
= L UC-im px (A, nT-PrhimntiD=er g, o pope(hlmnti)=e- 4.
= LUC-impux (Aj, n TPt (per g,y e (hmndD) (pmen 4, )

= LT nx (@ 4;) = L []ux(4;) = Luy (B,
=0 =0

and otherwise Bj, N R~P1(hmnth)=eip. .0 R=pr(k(mnth)=cr B. = () for all n. Thus,
UC-lim puy (BN R7PMmnth)=es gy gmpr(h(mnth)=er B)

= Y UClmpy(Bj, nRPMmmt=ap; n . qgrrttmti)=ep, )
jOr“:jTeZm
= Y UClimpy (B, n ROty g 0. REPOmD=erBg g )

jOeZm
= Ly () = v (B,
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Since this is true for every [ =0,1,...,m — 1, we get

UC-lim py (BN R PMMImeapn g Rpr(hm)=er B) = 1y (B)" 1.

Remark. A similar proof allows one to get a more general result:

Proposition 5.16. Let W(P) < k, and let By, ..., B be measurable subsets of Y
independent of Xi_1 X Zy,. Then for any nonconstant integral polynomial h

UC-lim py (B(o) N R_pl(h(n))B(l) N...nRPrh(n) )B( ) H,uy B(z)

(This proposition gives Proposition 5.15 if we apply it to Byy = B and B(;) = R™“B,
i=1,...,r.) Same remark applies also to Proposition 5.17 and, with certain modifications,
to Proposition 5.18 below.

If in the proof of Proposition 5.15 we replace UC-lim by lim and Proposition 5.12 by
Proposition 5.13, we get

Proposition 5.17. If W(P) < k and B is a measurable subset of Y independent of

X1 X L, then for any nonconstant integral polynomial h and any cq,...,c. € Z,

lim py (BN R P =ea g, qRPr()=erBY = 1y (BT

n—oo

In the notation of Proposition 5.15, assume now that V(P) < k, X has depth k£ and
B =Ujez, Bi =U,ez,, (4 x{j}) where each A; has form Xy x I; for I; C F, j € Z,
of positive measure Then, in the same way, we obtain from Proposition 5.14

Proposition 5.18. For any nonconstant integral polynomial h,

UC-lim py (BN R P . .n R MIB) > 0.

6. Combinatorics

Let E C Z with UD(FE) > 0 (that is, the uniform density U D(F) exists and is positive)
and let P = {p1,...,p,} be a system of integral polynomials (with not necessarily zero
constant term). For n € Z, define

E,={a€Z:a,a+pi(n),...,a+p(n) € E} = EN(E —pi(n))N...N0(E —p(n)).

We say that E is UC-positive with respect to P if UC-limUD(E,,) > 0; that E is UC-
balanced with respect to P if UC-lim UD(E, ) = UD(E)"™!; and that E is balanced with
respect to P if lim,,,.o UD(E,,) = UD(E)" 1.
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Theorem 6.1. For any k € N and any system {p1,...,pr} of integral polynomials with

zero constant term and with V(p1,...,p,) > k, there is a set E C Z of positive uniform
density such that
(i) for any system of integral polynomials {q1,...,qs} with zero constant term and with

V(gi,...,qs) < k and any nonconstant integral polynomial h the set E is UC-positive with
respect to the system {qi(h(n)),...,qs(h(n))};

(ii) for any system {qi,...,qs} of integral polynomials with zero constant term and with
Wi(q,--.,qs) <k, any nonconstant integral polynomial h and any integers c1,...,cs the
set E is UC-balanced with respect to the system {qi(h(n)) + c1,...,qs(h(n)) + ¢s};

(iii) for any system {qi,...,qs} of integral polynomials with zero constant term and with
Wiq,...,qs) <k, any nonconstant integral polynomial h and any integers cq,...,cs the
set E is balanced with respect to the system {qi(h(n)) + c1,...,qs(h(n)) + ¢ };

(iv) there exist nonzero integers m and l such that E contains no configuration of the form
{a,a+pi(mn+1),....,a+p(mn+1)}, a,n € Z.

It is possible to characterize the pairs (m,!) that work for (iv). For fixed m and [,

consider the vectors u; = (ugo),...,ugr)) € Rt j =0,...,m — 1, where ug-i) =1 if

pi(l) = jmodm and ugi) = 0 otherwise; we assume here pg = 0. Let us say that the pair
100..0
1 2 . pk

(m, 1) separates py,...,p, on the level k if u; ¢ Span | . psl psl psl for some j. This may
1p,p2...pk

only be the case when k < V(p1,...,p-). On the other hand, for m large enough there
exists | such that 0,p1(l),...,p-(l) are all different modulo m, and then the pair (m,[)
separates pi,...,p, on the level k for all k < V(p1,...,pr).

1
Example. For the system {z, 22 z + 22,2 + 222}, m = 2 and | = 1 we have ug = (8)
. 0
and u; = (i) Since
1
Lo 198
ug ¢ Span } wiwz = span <i (%) i>’

the pair (2,1) separates z, 2, x + 22, x + 222 on the level 1.

For the same system and (m,l) = (3,1) we have ug = (

—OOOF

0 0

1 0

Uy = 11 U = | 0
) O 9 1 )

0 0

and so, the pair (3, 1) also separates z, 2%,z + 22, x + 222 on the level 1.
We may now strengthen Theorem 6.1:

Theorem 6.2. For any k € N, any system {p1,...,pr} of integral polynomials with zero
constant term and with V(p1,...,pr) > k and integers m,ly, ... 1, such that each of the
pairs (m,ly),...,(m,l,) separates p1,...,p, on the level k there is a set E C Z of positive
uniform density such that
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(i), (ii), (iii) as in Theorem 6.1;
(iv) E contains no configuration of the form {a,a + pi(mn +1),...,a + p.(mn + 1)},
a,n € Z, with 1 € {l1,...,1,}.

Example. Consider the system {z,2z,...,rz}. The Vandermonde complexity of this
Log.. o 100 ... 0
1p1py .- py 111 ... 1

system equals r, and Span | 1p2p3 ... p;”’l = span [ 122%..2"7" | is the hyperplane de-
. o L2 ot

i:v.rp Dy,
scribed by the equation > (—1)*(")ul® = 0. For m = 2 and [ = 1, the vector
uo = (1,0,1,0,...,10r0) is not contained in this hyperplane, and thus the pair (2,1)
separates the polynomials z, 2z, ..., rz on the level r — 1. Actually, the following holds:

Lemma 6.3. For any r,m,l with | not divisible by m, the pair (m,l) separates the poly-
nomials x,2x,...,rx on the level r — 1.

Proof. For any m and any [ not divisible by m, the nonzero vectors u; corresponding to

these m, | and the system {z,2z,...,rx} are
1 0 0
0 1 0
: 0 :
0 0
1 0 1
0 1 0
: b 0 Y . )
0 : 0
1 0 1
0 1 0

they are periodic with same distance b = m/ ged(l, m) between “1”s. We therefore have

to check that for some j € {0,...,b— 1} the number ¢; = > ¢<i<r (—1)(}) is nonzero.
1=j mod b
Let A be a primitive root of unity of degree b; then we have

T

0#A=1)7" =) (=)' (Hr "= Z >« X“J—Zejxﬂ

=0 j=0 0<iZr
1=j mod b

and thus one of e; must be nonzero. g
Since V (z,2z,...,7x) = 7, we obtain:

Corollary 6.4. For any r,m > 2 there is a set E C Z of positive uniform density such
that

(i) for any system {qi,...,qs} of integral polynomials with zero constant term and with
V(gi,...,qs) <1 —1 and any nonconstant integral polynomial h, the set E is UC-positive
with respect to the system {q1(h(n)),...,qs(h(n))};

(ii) for any system {qi,...,qs} of integral polynomials with zero constant term and with
Wi(q,-..,qs) < r—1, any nonconstant integral polynomial h and any integers c1,...,Cs,
the set E is UC- balanced with respect to the system {q1 n))+eci,...,qs(h(n)) + cs};
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(iii) for any system {qi,...,qs} of integral polynomials with zero constant term and with

Wiqi,...,qs) <r—1, any nonconstant integral polynomial h and any integers cy,...,cCs,
the set E is balanced with respect to the system {qi(h(n)) + c1,...,qs(h(n)) + ¢ };
(iv) E contains no arithmetic progressions of the form {a,a+(mn+1),...,a+r(mn+1)},

a,n,l € Z, with | not divisible by m.

Let {p1,...,pr} be a system of integral polynomials with zero constant term and
with V(p1,...,pr) > k and let integers m,ly,...,l, be such that each of the pairs
(m,ly),...,(m,l,) separates these polynomials on the level k. Consider the system (Y, R)
introduced at the end of the previous section, namely, Y = X xZ,, and R(z,1) = (Tz,i+1),
where (X, T) is a quasi-standard Weyl system of depth k. We keep the notation of the
preceding section. Let, again, B = ;cz  Bj = Uz, (A; x {j}) where A; = Xj_1 x I},
I; are open intervals in Fy, j € Z,,. The dynamical reason for Theorem 6.2 being true is
the following proposition:

Proposition 6.5. The intervals I; can be chosen so that B N RPimrthB N
R Prmnt)B = ( foralln € Z and alll =14,...,1,.

Proof. Let | be one of l1,...,l, Let d; = p;(l)modm € Zy,, i = 0,...,7. Let u; =
(ug.o), e ugr)) e R™, j € Z,,, where ug.l) =1ifd; =7 and ug.z) = 0 otherwise. We have

U = span(u;, j € Zyp,)mod1 = {(to,tay,...,taq,), t; €T, j € Ly} C T 1.

Since (m,l) separates {p1,...,p,} on the level k, U is not contained in the subtorus
T,:H(H) of FTle (where 7y, is, again, the projection of X to Fj, and where we identify Fj
with T). Hence the preimage of 7, ' (H) in T™ under the mapping (to,t1, ..., tm_1)
(to,tdys---»ta,) € Fy "1 is a proper subtorus of T™. Thus, there exist elements t; € T for
jE Ly, Such that not only (to,ta,,---,ta,) & T’Ll( ), but also (t,(0ysto(dy)s -+ to(d,)) &
£+1(H) for any permutation o of Zm. Moreover, t;, j € Z,, can be chosen so that this
will hold for each [ =1y,...,l,. Put I; = (t; —0,t; +0) C T = Fy, j € Zy,, where 6 > 0 is
small enough to ensure I,y X I5(q,) X ... X I5(q,) N TT+1<H) = () for all o, and, again, for
any choice of [ € {ly,...,1,}. Now deﬁne Aj = X1 x1; C X. Then for any permutation

o of Zp,, AJ(O) X Ag(dl) X ... X Aa(dr) N H = 0.
Let [ € {ll, .. .,ly}. Put Bj = Aj X {j} cY,j€Zy,and B = UjGZm Bj. Let Ayri1

be the diagonal in Y"1, One has BN R P+t BN AR P (m+)B = for all n € Z

Idy Idy
if BN (Rpl(mnH))AyrH = foralln € Z. Let K = U, (RPI(TLH))AYTH. Put
Rpr (mntD) R (mn+l)
Z=(2...,2) € (Zpn)" and A, = Axri1 X Z, 2 € L. Then Ayri1 =, A, and
Idy
K = UzeZm H., where H, = |,z (Rpl(?nﬂ))Az, 2 € L. By Lemma 5.10, for each
Rpr(mntl)

2 €L, H, = H X (2,dy + 2z,...,d. + 2), and so
B NH, = (B, xBg,4> % ...x Bg,+,) N H,
_ ((AzxAd1+Z><...xAdT+z)mH) X (zydy + 2, ... dp+ 2) = 0,
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Example. Consider the polynomial system {z,2z,3x,4x}. We have V(z,2z,3z,4x) =

4, and the pair (2,1) separates x,2z,3z,4x on the level 3.

uo = (1,0,1,0,1) and w3 = (0,1,0,1,0) are not contained in Span

0
1
8

1

1 )
Span 1 .
p 1 2

141664

WO
Ok H=O
J

(Indeed, the vectors
10 0 0

1z 2° z3

12z (22)2 (22)% | —
13z (3x)? (3z)3

14z (4z)? (4z)3

Consider the Weyl system (Y, R) where Y = X xZy with X = T? and R(z1, z2, 73,1) =
(1 4+ o, 9 + x1,x3 + x2,i + 1) with an irrational . For this system we have

10 0 0

10 O 0

1 2z 22 213 1z 22 3 %(1)(1) (1)
Té)(f{) — Span | 1 2= 2z)® (22)B | — Span | 1 2= (2x)% (22)° | — span (124 8 | C F35 —T5
13z (3z) (32)P 13z (3z)? (3z)° % Z 196 %Z
14z (4z)3 (42)B 14z (4x)? (42)®
10 to
01 t1 . . .
The space U = span{ug,u;} = span (1)(1) = to |, to,t1 € T ) is not contained in
t
10 t(l)
to t
th to
75(H), thus we can choose tg,t; € T such that o], |6 ¢ 75(H) (this is so when
1 0
to t1

to # t1). Next we choose § > 0 such that for Iy = (to — d,tp + J) and I} = (t1 — d,t1 + )
one has

(IoxIi x Iy x Iy x Ip) N75(H) =0 and  (Iy x Iy x Iy x Ip x I) N 75(H) = 0.

For Ag = XoxIy C X and A; = XoxI; C X we then have (AOXA1 X Agx Aq XAO)DH =0
and (A1 x Ag x Ay x Ag x A1) NH = 0. Finally, we put B = (4o x {0}) U (4; x {1}) C Y.
Idy
R2n+1
R2(2n+1)
R3(2n+1)
R4(2n+1)

Hy=H x{0,1,0,1,0} and H; = H x {1,0,1,0,1}. Since

Let now K = (J Ayrin CY? = X% x 7Z3. Then K = Hy U H; where

B° N (X°x{0,1,0,1,0}) = (Ag x A x Ag x Ay x Ag) x {0,1,0,1,0}
and B° N (X° x {1,0,1,0,1}) = (A1 x Ag x A1 x Ay x A1) x {1,0,1,0,1},

we obtain B> N K = (. This implies B N R~V B n R—2@+1)B n R—3@n+1)B n
R4Crt) B — () for all n € Z.
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Proof of Theorem 6.2. In the notation of Proposition 6.5, take any point y € Y. Since
(Y, R) is an ergodic Weyl system, it is uniquely ergodic and so, U D ({a €Z:R € C}) =
py (C) for any open C' C Y with py (0C) = 0. Define E = {a € Z : R% € B}. Then
UD(FE) = puy(B) > 0, and for any s € Nand a,¢1,...,¢s € Zone has a,a+cq,...,a+cs €
E iff Ry, Rt 1y, ... Ry ec Bif Ry e BNR “*BN...N R °DB.

Since BARPmntOpBn . AR P+ B = for alln € Zand [ € {l,...,1,}, the
set E does not contain configurations of the form a,a + p1(mn +1),...,a+ p,(mn +1).

Let {q1,...,qs} be a system of integral polynomials with zero constant term. Let
Wi(q,...,qs) <k, let h be a nonconstant integral polynomial and let ¢y,...,¢s € Z. By
Proposition 5.15

UC-limpy (BN R0 =erpn  q Rme=M)=cB) = ) (B)*T!,

Forn € Zput E, = {a € Z:a,a+ q(h(n)) +c1,...,a+ gs(h(n)) + ¢cs € E}. We have
UD(E,) = py (BN R-atm)-aapn . R=e:(hm)=c:B) and so, UC-limUD(E,) =
,uy(B>S+1 — UD(E)S+1.

If W(g1,...,q9s) < k, then by Proposition 5.17 we obtain lim, .., UD(E,) =
py (B)ST = UD(E)**1.

Finally, let V(q1,...,qs) < k, and let h be a nonconstant integral polynomial. Put
E,={a€Z:a,a+ q(h(n)),...,a+qs(h(n)) € E}, n € Z. By Proposition 5.18,

UC-limUD(E,) = UC-limuy (BN R ") pn . .nR-="M)B) > .
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