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The equality problem for rational series
with multiplicities in the tropical semiring
is undecidable

Daniel KROB

LACIM and CNRS(Institut Blaise Pascal; LITP) *

0 Introduction

The tropical semiring is the semiring denoted by M which has support NU {400} and
operations a ® b = min{a,b} and a ® b = a + b. It was first introduced in the context
of cost minimization in Operations Research. However it appeared that M plays in fact
a central role in several decision problems concerning rational languages (see [8] for a
survey of the tropical semiring theory and of its applications). For instance, I. Simon
showed that the finite power property for recognizable languages can be reduced to the
limitedness problem for the tropical semiring (cf [8]).

One of the main open questions in the theory of the tropical semiring was to see if
it is possible to decide whether two given M-rational series are equal or not (cf [8, 9]).
We offer here an answer to this problem since we show in this paper that the equality
problem for M-rational series over an alphabet with at least two letters is undecidable.
One should notice that most people thought that a decision procedure existed (cf [8] for
instance) and our result is indeed based on a rather surprising encoding of a 10th Hilbert
problem.

It is also interesting to precise the structure of the proof of our undecidability result.
Indeed it appears that we use as a main tool the tropical “ring” Z = (zZU {400}, min, +)
which is just the extension of M to arbitrary integers. The importance of Z comes
from the equivalence with respect to decidability of the equality problems for M and
Z. According to this result, we can reduce our problem to showing that the equality
problem for Z-rational series over an alphabet with at least two letters is undecidable. To
prove this last result, we show in fact that the decidability of the equality problem for Z is
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equivalent to the decidability of the local inequality problem for Z. Using this equivalence
and a reduction to a 10th Hilbert problem, we prove then the undecidability of the equality
problem for Z-rational series over an alphabet with at least two letters. Hence this allows
us to obtain the undecidability of the same problem for M-rational series. Moreover
our methods give us also immediately other decidability and undecidability results for
connected problems. In particular, we solve also another open question (cf [9]) by showing
that the equality problem for rational series over an alphabet with at least two letters
and with multiplicities in the semiring /' = (N U {—o0}, max, +) is undecidable.

1 Preliminaries

The tropical “ring” is the commutative semiring denoted by Z which has ZU{+oc0} as
support, whose addition @ is defined by a & b = min{a, b} and whose product ® is given
by a ® b = a+b. The operations of Z are extended to Z in the usual natural way and the
units for @ and ® are respectively +0co and 0. The tropical semiring is the subsemiring
of Z denoted by M which has NU {+o0} as support. Let us also introduce the “dual”
semiring A of M which is the semiring whose support is NU {—oc0}, whose addition & is
given by a®b = max{a, b} and whose product ® is defined by a ® b = a+b. Finally let us
consider the subsemiring Z~ of Z whose support is Z~ U {4+00}. Note that Z~ is clearly
isomorphic to NV, an effective isomorphism beeing obtained by the mapping r — —x from
Z~ into V.

We refer to [2] for all generalities concerning series and rational series with multipli-
cities in an arbitrary semiring K. We will denote here by K << A >> the K-algebra of
series over A with multiplicities in K and by K'Rat(A) the K-algebra of K-rational series.
Let us also recall that a K-representation of order n of a free monoid A* is just a monoid
morphism from A* into the monoid of square matrices of order n with entries in K. Then
a K-automaton of order n is a triple (I, u, T) where u is a K-representation of order n of
A* and where I and T are respectively a row and a column vector of order n with entries
in K (see [2] for more details).

Let us now precise some notions concerning K-rational series that we will use in the
sequel. First we will denote by L the characteristic series of any language L C A* which
is the series of K << A >> defined by

T T
Note that L is always a K-rational series when L is a rational language (cf [2]). We also
denote here as usually by S ® T the Hadamard product of two series S, T which is the
series defined by (S ® T'|w) = (S|w)(T'|w) for every w € A*. We recall that S ® T is a
K-rational series when S and 7" are K-rational series (see [2] for more details). Finally
the constant K-rational series whose every coefficient is equal to k, will be always denoted

by k.

Let us now recall the following result which is folklore (it is in fact a general property
of positive semirings).



PROPOSITION 1.1 : Let S be a rational series of ZRat(A). Then the set
{we A", (Slw) =400}
is a constructible rational language of Rat(A).
Proof : Let 7 be the morphism of semirings from Z into the boolean semiring B defined

by 7m(+00) = 0 and 7(z) = 1 for every z € Z—{+00}. We also denote by 7 its natural
extension as an algebra morphism from Z << A>> into B<<A>>. Then we have

{weA, (Sjw)=+o0} ={weA, (7(S)w)=0}
Our result follows now since 7(S) is clearly a constructible B-recognizable series. g

Note : It follows also from proposition 1.1 that it is decidable whether a recognizable
series of ZRat(A) is equal to +o00 or whether it has a coefficient equal to +oo.

Finally let us recall the following result of Adler (cf [1, 5]) :

THEOREM 1.2 : Every diophantine equation is equivalent to an equation of the form
P(zy,...,z,) =1

where P is an homogeneous polynomial of degree 4 of some Z-algebra Z[x1, ..., x,].

2 Some relations between decidability problems

Let K be a totally ordered semiring. Let us then consider the four problems of equality,
inequality, local inequality and local equality for K-rational series over A :
P,Q € KRat(A), P=@Q 7 (Eq)
P,Q € KRat(A), P<@ 7 (Ineq)
P,Q € KRat(4), Jwe A", (Plw) < (Qw) ? (LocallIneq)
P,Q € KRat(A), Jwe A*, (Plw)=(Qlw) ? (Local Eq)
In general, these problems are not connected. > However it appears that the three

first above problems are equivalent with respect to decidability when K is the tropical
“ring” or semiring.

PROPOSITION 2.1 : Let K = Z or K = M. Then the three following assertions
that deal with decidability problems for K-rational series, are equivalent :

1. The equality problem (Eq) is decidable.

2. The inequality problem (Ineq) is decidable.

3. The local inequality problem (Locallneq) is decidable.

2 For instance, when K = N, the equality problem is decidable and the inequality problem is undeci-
dable (see [6]).



Proof : The fact that assertion 2 implies assertion 1 is immediate since we have

P<Q

Q<P

The fact that assertion 1 implies assertion 2 follows also immediately from the relation
P<Q < P=P&dQ=min(P,Q)

P:Q¢${

Let us now show that assertion 3 implies assertion 2. Hence let P, () be two K-rational
series where K = M or K = Z. Then the set [ = { w € A*, (Q|w) = 400 } is rational
and constructible according to proposition 1.1. Let us now consider the series P defined
by

- . _ 0 itwel

which is clearly K-rational. We can define in the same way the series (). Then we have

P<Q < P<Q
— YweA", (Plw)<(Qw)
— YweA*, Plw)< Quw)+1

this last equivalence coming from the fact that () has no value equal to +oo. It follows
immediately from these relations that we have

P<Q < -(FweA, (Plw)>(Qo1w))
Hence it follows clearly from this last equivalence that assertion 3 implies assertion 2.

Let us now show that assertion 2 implies assertion 3. Thus let P, () be two K-rational
series. According to proposition 1.1, the set I = { w € A*, (Q|w) = +oo } is an effective
rational language. Hence we can decide if I is empty or not. If I is non-empty, the local
inequality problem has obviously a positive answer since every word w € [ satisfies to
(LocalIneq). On the other hand, if I is empty, we have

(Locallneq) <= —-(Ywe A", (Plw) >
— -(Vwe A", (Plw)>(Qw)+1)
— ~(P>Qo1)
Note that the second above equivalence follows from the fact that I = (). Hence it follows

immediately from these last equivalences that assertion 2 implies assertion 3. This ends
the proof of our proposition. -

PROPOSITION 2.2 : Let K = Z or K = M. Then the decidability of the local
equality problem (LocalEq) for K-rational series implies the decidability of the local
inequality problem (Locallneq) for K-rational series.

Proof : It is immediate since we clearly have
Jw e A", (Plw) < (Qw) <= FJwe A", (Plw)=(P®Qlw) =min((Plw), (Qw))

Hence our proposition is proved. -



3 Undecidability of the equality problem for Z

This section is devoted to the proof of the undecidability of the equality problem for
Z-rational series over alphabets with at least two letters. This result implies in fact the
undecidability of the same problem for M-rational series as we will see later.

THEOREM 3.1 : Let A be any alphabet with at least 2 letters. Then the equality
problem is undecidable for Z-rational series over A.

Proof : We should first notice that the decidability of the equality problem for K-
rational series on an arbitrary semiring K and over a k-letter alphabet Ay is equivalent
to the decidability of the same problem for a [-letter alphabet A; when k,[ > 2.

Indeed, it suffices to use an adapted encoding of Aj over A; in order to prove this
result. For instance, let a,b be two letters of A; and let o be the monoid morphism from
i into A} defined by o(a;) = a'b for every a; € Ay = {a1,...,ax}. Then we can also
denote by o its extension as a K-algebra morphism from K << Ay >> into K << A; >>.
It is easy to see that o is injective and preserves rationality. Hence deciding whether two
K-rational series F, I’ of K << A}, >> are equal, is equivalent to deciding whether the two
K-rational series o(FE), o(F') of K <<A;>> are equal. This proves our claim.

Our undecidability proof is based on a reduction to Adler’s restriction of Hilbert’s
tenth problem (see theorem 1.2). Let now P(z) be an homogeneous polynomial of degree
4 in several indeterminates of Z[z]. 3 By distinguishing all variables, it is easily seen that
the equation P(x) = 1 can be transformed in an equivalent way as a system of the form :

Z ple $2i $3 %(1) =1
\ (z,j,k,l) c K, m,(;) fxl()

where K is some subset of [1,p]x[1,p] x[1,4] x[1,4] and where (p;);=1._, is a family of
integers of Z. But this last system can also be transformed into the single equation

- | z piay ool =1 = ¥ |a’ =2l =0 (HD)
(i.j.k)eK
Hence, according to Adler’s theorem (cf theorem 1.1) and to the undecidability of Hilbert’s
tenth problem (cf [5]), it follows from our reduction process that it is undecidable to see
whether an equation of the form (H D) has a solution in positive integers.

Let now A = {a,b,c,d, e} be a five letter alphabet. According to proposition 2.1 and
to our first remark, it suffices to show that the local inequality problem for Z-rational
series over A is undecidable in order to prove our theorem. We will show this fact by a
suitable encoding of equations (H D) in terms of Z-rational series. But let us now give
some lemmas that will allow us to construct this encoding.

LEMMA 3.2 : Let k € Z. Then the series Coef f(k) defined by

3 Here z denotes of course a vector of variables x = (z1,...,z,).



kningnsng if w = (((a™b)"2c)"3d)™ with (nq,n9,n3,n4) € N*

(Coef f(k)|lw) = { 0 if w ¢ (((a*b)*c)*d)*

is a Z-rational series of ZRat(a,b,c,d).

Proof : Using the Z-representation p of order 1 of A* defined by
pula) = (k) and VYV ae{bcd}, pla)=(0)
it can easily be shown that the series
S(k,a)= Y klwl,w
weA*

is Z-rational. Let now L be the rational language L = (((a*b)*c)*d)*. It is then easy to
see that Coef f(k) = (L ® S(k,a)) & A*—L which is hence a Z-rational series. n

LEMMA 3.3 : Let k € [1,4] and € € {—1,+1}. Then the series Var(k, €) defined by
eny if w=(((a™b)™2c)"3d)™ with (ny,ng, ng,ny) € N*

(Var(k, e)|w) = { 0  ifw §é (((a*b)*c)*d)*
is a Z-rational series of ZRat(a,b,c,d).

Proof : Suppose first that £ = 4. Then, arguing as in lemma 3.2, it is easy to see that
> elwlgw
weA*
is a Z-rational series. Hence it can be clearly shown that Var(4,¢) is a Z-rational series
by using the same argument than in lemma 3.2.

We will suppose now that k& € [1,3]. Then let us denote a; = a,as = b,a3 = c,ay = d
and let us consider the Z-representation p of A* of order 2 defined by p(a;) = Idy for
every i ¢ {k,k+ 1} and by

(a)—( € +oo) and  pi(a )_<+oo 0)
plag) = 400 0 P Ogy1) = 100 0
The reader will then easily check that we have for every n € N

n +00 €n

which is an idempotent matrix. Hence it follows immediately from this last relation that
we have for every (ni,ns, ns,ny) € N*

(0 +o0) u(((@b)=eredy) (50 ) = em,

Thus, if S(k,€) denotes the Z-rational series defined by (S(k,€)|w) = p(w),2 for every
w € A*, we clearly have Var(k,e) = (S(k,e) ® L) ® A*— L where L denotes the rational
language (((a*b)*c)*d)*. It follows immediately that Var(k,€) is a Z-rational series. This
ends the proof of our lemma. g

LEMMA 3.4 : Let M be a square matrix of order n and let p € N. Let us then denote
by E,, and N (M, p) the square matrices of order np defined by



n{+oo ... +oo Id, n{ M +oco ... 4

n| Id, ... +oo 4o n| +oo Id, ... 4o
np = . ) : . and N(M,p) = : : : , :

n\+oo ... Id, -+ n\+oo —+oo ... Id,

Let now (N;);—1..., be a family of square matrices of order n. Then we have

.....

n{ N 4o ... 4
n|+oo Ny ... +o0
N<Nl>p)En,pN(N2>p)En,p N<NN>p)En,p = . . . . .
n\+oo +oo ... N,
Proof : It is an easy verification that we leave to the reader. -

Let us now consider an equation of the form (H D). Note that we will use in the sequel
the notations used in the definition of this equation. Let us then introduce the rational
language C' over A = {a, b, c,d, e} defined by

C = (((a"b) ) d) e )’ = f[ (@) c)"d)" e

i=1
Any word w of C can described as follows

(1) ( (1) (1) (p) (p) (p) (p)

w=wn) = (@ b)) ) e ... (@) )8 ayn” e
where n denotes the vector (ngl),ng), I I I 2 O nip)) of N*7. Let now

(I,p,T) be an Z-automaton of order n that recognizes the series Coef f(k) of lemma 3.2.
Then we can define a Z-representation v of A* order n p as follows

Vae{ab,cd}, via)=N((a),p) and v(e)=FE,,

where we took the notations of lemma 3.4. Then, according to lemma 3.2 and to lemma
3.4, it is easy to see that we have

il +00 (D), @) @) @)
(. 400 T 400 . )w(w) | T |& _{knl n20n3n4 ;ig;g(n)GC

400
where each symbol 400 denotes in fact a block of order n. Hence it follows immediately
that the series Pol;(k) defined by (Pol;(k)|w) = 0 when w ¢ C and by
(Pol;(k)|w) = ke n$I S ntd)

when w = w(n) € C'is a Z-rational series. Hence the series Pol™ = Poly(p1) ® Pola(p2) ®
... ® Pol,(p,) ® —1 is Z-rational and we clearly have



p ) ) N
> b nInn{n) — 1 when w=w(n) € C
=1

-1 when w ¢ C

(Pol™|w) =

In the same way, the series Pol™ = Poli(—p;) ® Poly(—ps) © ... ® Pol,(—pn) ©® 1 is
Z-rational and we have

Z —pi "l 1 when w = w(n) € C

1 when w ¢ C

(Pol™|w) =

Hence the series Pol = Pol~ @ Pol™ is Z-rational and we clearly have
(Pol|lw) = — | Z pi n{nSn{n? -1

when w = w(n) is in C and (Pol|w) = —1 when w ¢ C. Arguing as above, but now
with lemma 3.3 instead of lemma 3.2, it is not difficult to see that the series Var(i, j, k, 1)
defined by (Var(i, j, k,1)|w) = 0 when w ¢ C and by

)

Var(i,7,k, ) |w) = — |n(k) - ngl) | when w=w(n) e C
is Z-rational for every 7,75 € [1,p] and k, [ € [1,4]. Hence the series HD defined by

HD = Pol ® © Var(i,j, k1)
(i kD) EK

is a Z-rational series. Moreover it is easily checked that (HD|w) = —1 if w ¢ C and that

3 k l
(HD|w) = — | zpml nndn 1] = 3 [n =l
(i,4,k,l€EK

when w = w(n) € C. It follows then immediately that the diophantine equation (H D)
has a solution in positive integers if and only if there exists a word w € A* such that
(HD|w) > 0. Hence it follows from a previous remark that the local inequality problem
for Z-rational series over A is undecidable. Thus, according to our reduction work, this
ends our proof. g

Note : Using the same kind of ideas as in the above proof, it can be shown that any
diophantine equation of degree k can be encoded as a local inequality problem for Z-
rational series over an alphabet with k + 1-letters.

As an immediate corollary of the previous theorem, we obtain according to propositions
2.1 and 2.2 :

COROLLARY 3.5 : Let A be an alphabet with at least 2 letters. Then the equality,
inequality, local equality and local inequality problems are all undecidable questions for
Z-rational series over A.



4 Undecidability of the equality problem for M

4.1 Reduction of decidability problems

In this section, we show that the decidability for M (resp. N) of any problem consid-
ered in section 2 is equivalent to the decidability of the same problem for Z. Let us now
first prove this equivalence for M and Z.

THEOREM 4.1 : Let A be an arbitrary alphabet. Then the equality problem, the
inequality problem, the local equality problem or the local inequality problem for M-
rational series over A is decidable if and only if the same problem is decidable for Z-
rational series over A.

Proof : Since all the proofs are the same, we shall only show here the equivalence
between the decidability of the equality problems for M and Z. Clearly we just have
then to prove that the decidability of the equality problem in M implies the decidability
of the same problem in Z.

Let then R and S be two Z-rational series over the alphabet A. According to the
Kleene-Schiitzenberger theorem, R and S are Z-recognizable series. Let us now consider
two Z-automata (I, u,T) and (J,v, F) of order m and n recognizing respectively R and
S. Let us then consider for every k € Z the new vectors I(k), J(k),T(k), F(k) and the
new Z-representations i and v of A* defined by

Vaec A, pm(a)=(u(a)i;+Fk)i<ijem , vk(a) = (v(a)i; +k)i<ij<n
Ik) =(Li+Fk)ict,m , J(k) =(Ji +k)iz1,n

T(k) = (T; + k )iz

-----

77777

It is easy to see that we have
I p(w) T + 2k + k|w|
J (k) vg(w) F(k) = Jv(w) F + 2k + k|w|

for every word w € A*. Let now Ry and Sy be the two series recognized respectively by
the automata (I(k), ug, T'(k)) and (J(k), vg, F'(k)). It follows immediately from the above
computations that we have S = T iff S, = T}, for any fixed £ € Z. But it is easy to see
that Ty and Sy are M-recognizable series when k is greater than

—min ( p(a)ij, v(a)iy, Li, Ji, Ti, Fi ) € ZU{—o0}.
7

Hence we showed that the equality of two Z-recognizable series is equivalent to the equality
of two M-recognizable series. This ends proving that the decidability of the equality
problem for M-rational series implies the decidability of the same problem for Z-rational
series. Our theorem is then proved. g

Using the same method as in the previous theorem, we can also get the following result
that shows our equivalence result for Z and N.



THEOREM 4.2 : Let A be an arbitrary alphabet. Then the equality problem, the
inequality problem, the local equality problem or the local inequality problem

for N -rational series over A is decidable if and only if the same problem is decidable
for Z-rational series over A.

Proof : Since all the proofs are similar, we shall also only show here the equivalence
between the equality problems for NV and Z. It suffices then clearly to prove that the
decidability of the equality problem for N implies the decidability of the same problem
for Z. But since N is effectively isomorphic to Z~ (cf section 1), we have just to prove
that the decidability of the equality problem for Z~ implies the decidability of the same
problem for Z.

Let us now take the same notations that in the proof of theorem 4.1. It is easy to see
that Sy and R are Z~-recognizable series when k is less than

M = — max ( M(a)i,jay(a)i,jaj”h J17E7E ) €Z
Z?]

where the above maximum is only taken over the values which are not equal to 400
(when every value involved in the above maximum is equal to +oo, we set M = +00).
Hence, arguing as in the proof of the previous theorem, it follows that the equality of
two Z-rational series is equivalent to the equality of two Z~-rational series. This ends
therefore the proof of our theorem. -

4.2 TUndecidability of the equality problem for M and N

As immediate corollaries of the previous results, we get the following undecidability
results. Observe that they solve in particular the open problems we speak of in our
introduction.

COROLLARY 4.3 : Let A be an alphabet with at least two letters. Then the equal-
ity problem, the inequality problem, the local equality problem and the local inequality
problem are all undecidable problems for M or N -rational series over A.

Note : Our undecidability result implies in particular that no “equality theorem” in
the sense of Eilenberg (cf [6] th. VI.8.1) can hold in M. However it is interesting to
notice that this can also be directly proved. Indeed, if we consider the following family of

matrices ]
n
M= 0)

which is indexed by n € N, it is easy to prove that we have

+oo
Sp= > (M, 11@ Zka + Z (n+1)a
k=0 k=n-+1

It follows from this computation that the two distinct series S,, and S,,;1 (both associated
to a M-representation of order 2) coincide up to the order n. Hence we obtain effectively
that no “equality theorem” (cf [6] th. VI.8.1) is possible for the tropical semiring, even
in fact with one-letter series.



Moreover we can also obtain as an application of our methods the following decida-
bility results which make complete our study of the decidability of the four problems
considered in section 2 for Z, M and N.

COROLLARY 4.4 : The equality problem, the inequality problem, the local equality
problem and the local inequality problem are decidable for M, N or Z-rational series
over a one-letter alphabet A = {a}.

Proof : According to theorems 4.1, 4.2 and to propositions 2.1 and 2.2, it suffices to
show that the local equality problem is decidable for M-rational series over a one-letter
alphabet in order to prove our corollary. Using now a classical embedding due to C.
Choffrut, of M into the semiring Rat(b*) of rational languages over a one-letter alphabet
{0}

(cf [3] or [4]), this last problem appears in fact as an intersection problem for special
kinds of rational languages of Rat(a* x b*). The decidability of our result follows now
from the decidability of the intersection problem for Rat(a* x b*) (see [7] for instance).

Note : Using a fine study of the iterated power of a square matrix with entries in Z,

it can also be shown directly that the equality problem for one-letter Z-rational series is
decidable.
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