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Abstract

We study the observability and some of its consequences (controllabil-
ity, identification of diffusion coefficients) for one-dimensional heat equa-
tions with discontinuous coefficients (piecewise ¢'). The observability,
for a linear equation, is obtained by a Carleman-type estimate. This kind
of observability inequality yields controllability results for a semi-linear
equation as well as a stability result for the identification of the diffusion
coefficient.

AMS 2000 subject classification: 93B05, 93B07, 35K05, 35K55, 35R30.
Keywords: Carleman estimate, observability, non-smooth coefficients,
parabolic equations, control.

0 Introduction and settings

The question of controllability of partial differential systems with discontin-
uous coefficients and its dual counterpart, observability, are not fully solved
yet. Recently, a result of controllability for a semi-linear heat equation with
discontinuous coefficients was proved in [7] by means of a Carleman observabil-
ity estimate. Roughly speaking, as in the case of hyperbolic systems (see e.g.
[15, page 357]), the authors of [7] proved their controllability result in the case
where the control is supported in the region where the diffusion coefficient is the
‘lowest’. In both cases, however, the approximate controllability, and its dual
counterpart, uniqueness, are true without any restriction on the monotonicity
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of the coefficients. It is then natural to question whether or not an observability
estimate holds in the case of non-smooth coefficients and arbitrary observation
location.

In the one-dimensional case, the controllability result for linear parabolic equa-
tions was proved for BV coefficients in [11]. The proof relies on Russel’s method
[17]. However, the question of the existence of a Carleman-type observability
estimate was open. The present paper provides a positive answer in the case of
piecewise €' coefficients.

Carleman estimates for parabolic equations with smooth coefficients were proved
in [12]. The proof is based on the construction of suitable weight functions [
which gradient is non-zero in the complementary of the observation region.
In particular the function 8 is chosen smooth. In [7], the authors introduce
non-smooth weight functions assuming that they satisfy the same transmission
condition as the solution. To conclude to the observability, they have to add the
assumptions on the monotonicity of the coefficients mentioned above. In this
paper, we also consider non-smooth weight functions. However, we can relax
the monotonicity condition on the coefficient by introducing ad hoc transmission
conditions on /3 (see Lemma 1.1): the function £ is fully defined by the jumps of
its derivative at the singular points of the coefficient. The n—dimensional case,
n > 2, remains to our knowledge open.

We consider the operator formally defined by 9,(cd,) on L?(f2) in the one
dimensional bounded domain 2 = (0,1) c R. We let a,b € Q, a < b, and we set
Qo = (a,b) and Q1 := (0,a) U (b,1). The diffusion coefficient ¢ is assumed to
be piecewise regular such that

(01) 0< Cmin < €< Cmazx,

C1 in Ql,
C = .
Co 1In QQ.

with ¢; € €1(Q;), i =0, 1.

Let T > 0. We shall use the following notations ' = Qo U Qy, Q = (0,T) x £,
Q =(0,T)x, Q= (0,T)x, i =0,1, T ={0,1}, and ¥ = (0,T) x . We
also denote S = {a, b}.

We shall study the following parabolic problem

aty - ar(caaﬂy) = f in Q,v

0.2) y(t,z) =0 on %,
. transmission conditions (TC) on S x [0, T,

y(0,z) = yo(x), in Q,

(real valued coefficients and solutions) for yo € L?(Q) and f € L?(Q) and

y(a™) =yla®), yb7)=y"),
(T0) {C(a‘)azy(a‘) = c(a)dpy(a®t), c(b7)dpy(b™) = c(bT)duy(bT),



which provides continuity for y and for the associated flux at a and b.

In the case (cg);s < (c1))5, @ global Carleman estimate was achieved in [7] with
an ‘observation’ in w € Qy. In the case (¢p)s = (c1)s, they achieved such
a global Carleman with an ‘observation’ in w € ;. Thus, the ‘observation’
region w has to be partly located in the region where the coefficient is the
‘lowest’ at the interface S. Note however that the results of [7] are for the
multidimensional heat equation. Here, we show that for the one-dimensional
problem we can achieve a Carleman estimate for the operators d; + 0, (cO,)

without any restriction on the observation region w.

With such a Carleman estimate at hand, we treat the problem of the null con-
trollability for the semi-linear parabolic system of the form

5753/ - 695(68363/) + g(y) =1,v in Qv
(0.3) y(t,z) =0 on X,
y(0,2) = yo(x) in Q,

where ¢ : R — R is locally Lipschitz and ¢(0) = 0. This implies that
9(s) = sg(s), seR,

with g in L7? (R). We shall obtain the local null controllability for system (0.3),
i.e. that for all positive time 7" and for all yo € L?(Q2) , lyoll2(q) sufficiently

small, there exists a control v, in L?(Q), such that the corresponding solution
satisfies y(7T") = 0 (Theorem 3.4-1).

With the following assumption, we shall obtain the global null controllability for
system (0.3), i.e. that for all positive time T" and for all yo € L?(£2), there exists
a control function v, in L?(Q), such that the corresponding solution satisfies
y(T) = 0 (Theorem 3.4-2).

Assumption 0.1. The function ¢ satisfies

o E)l
im —
Isl>0 15| In3/2(1 + |s)

(0.4)

1 A global Carleman estimate

We shall first introduce a particular type of weight functions, which are con-
structed using the following lemma.

Lemma 1.1. Let wy € Qg be a non-empty open set. Then, there exists a function
B €€ (Q) such that

=\ Bo in o,
ﬁ(x) B {El m ﬁ17

with B; € €%(Q;), i = 0,1,

B3>0inQ, B=0onT, B, +#0inQ, B +0inQ\wo,



and the function E satisfies the following trace properties, for some a > 0,
(1.1) (Au,u) > oful?,  (Bu,u) = oul*, wueR?

with the matrices A and B defined by

(Bl paDfla

. ﬂ@Wﬂhﬂ@ﬂkﬁﬂﬂﬁ%y

p_(B% _ BOBL )
‘DB BB+ [ )

where [plz = p(z™) — p(z7) for x € (0,1).

The conditions imposed on the function 5 in Lemma 1.1 are technical and may
first look peculiar. They shall however turn out to be of use in the derivation
of the Carleman estimate below. Figure 1 illustrates a typical shape for such a
weight function.

Proof. We first construct the function 3 on [0,a]U[b, 1] so that E(O) = 3(1) =0,

with 5> 0 on (0,a]U[b,1), Eof class €2 on [0,a] U [b,1], and 3’ non-vanishing
on [0,a] U b, 1].

The matrix A is definite positive if and only if

(1.2) [6']a >0, and det(A4) > 0.

The determinant of A follows as

det(A) = [Fa[*(F)*]a = B ()3 (a7)[cH 2.

Observe then that it is a fourth-order polynomial with respect to E’(a*) with
a positive leading order coefficient. Since E’(a‘) has already been chosen and
is positive, it suffices to chose E’(a““) positive and sufficiently large to satisfy
condition (1.2). A similar reasoning yields the choice of 5’(1)‘) negative and
sufficiently small such that det(B) > 0 and [3], > 0.

To construct the function E on the interval (a,b) we can simply chose E to be
affine in Qg \ wo. [ |

Remark 1.2. Observe that in the case
(1.3) c(a”) > c(a™), and c(b7) < c(bh),

the conditions introduced in [7] on 3, that is

(1.4) (c0xB)(a”) = (cBufB)(a™),  (cOxB)(b7) = (cOB)(bT),

yield a weight function that satisfies the properties listed in Lemma 1.1. If (1.3)
is not satisfied, a weight function satisfying (1.4) however fails to fulfill those
properties.



Figure 1: Sketch of a typical shape for the function Bconstructed in Lemma 1.1.

Let wg € w € Qop; choosing a function 3, as in the previous lemma, we introduce

6= EJr K with K = m||[7||oo and m > 1. For A > 0 and t € (0,T), we define
the following weight functions

B (@) A8 _ AB()

(1'5) (p(l‘,t) = t(T— t)7 77(1%75) = W7

with B = 2m||Blle (see [7],[9]). Observe that the function 7 is positive and that
we have the following relations in @’

e =-AB'p, O =AB'p,
#-T , _ 2-T
-1 T T -
13(2t-T)% + T2

2 2(T-1)?2

o =n

On=n

We introduce
N={1€€(QR)q, €€*(Qy), i=0,1, gy =0
and ¢ satisfies (TC) for all ¢ € (0, T)}
Theorem 1.3. Let w @ Qg be a non-empty open set. There exist A\ = A1 (Q,w) >

0, s1 = s1(M\1,T) > 0 and a positive constant C = C(Q,w) so that the following
estimate holds

(1.6) M (e™"q)lI7 >0y + IM2(e7"q)172

+ sA? ff e 2w |0,q* drdt + s3\* ff e 253 g? dadt
Q Q

< 0[53)\4 ff e 253 g dadt + ff e 10, + 0, (cOpq)* dadt],
(0,T)xw Q

for s = s1, A = A\ and for all g € N, with My and My to be defined below (see
(1.10) and (1.11)).



Proof. We consider s > 0, A > 1 and ¢ € X. The proof is written here for 0; +
0. (c0y). Tt is similar for the operator 0y —9,(c0,). Let us set f = 9yq+ 02 (cdrq),
then f € L?(Q). We set ¢ = e *"q. We observe that 1(0,.) = (T,.) = 0 and,
since ¢ satisfies transmission conditions (TC), we have

(17) 1/)0\5(757-) :wl\s(tv')v
(1.8) (€O (t,.)]a = sAp(t,a)i(t, a)[cf]a,
(19) [Caﬂ/ﬁa )]b = S)‘Sp(tv bW(E b) [Cﬁ/]b'

The function v satisfies in @Q’

My + Moy = fsa

with

(1.10) My = 95 (c0s) + 82 X% (')t + (9,

(1.11) Mytp = O — 28 pc3 i) — 25X pc(8) %),

(1.12) fs = e f 4+ shp(cB) 1 = sXpc(3') 4.

We have

(113) M1l Te gy + IM2¥l72 gy + 2(Mit, Mat) 12y = sl 2 (-

With the same notations as in [7, Theorem 3.3], we write (M1v), Mav)) 2 () as
a sum of 9 terms I;;, 1 < 4,5 < 3, where I;; is the inner product of the i term
in the expression of M1 and the j*" term in the expression of Myt above.

The term I1; follows as, with an integration by parts,

. f f Da(cOp)) Oyt ddt

T
_ f fQ Db 0(0,) ddt + fo [t o] dt,

where, for a function p,

[plsur = p(1) = p(a™) + p(a™) = p(b™) + p(b7) = p(0)
= p(1) = [pla — [pls — p(0).

Observing that 0,1 0:(0.1)) = %5t|81¢|2 we find that the volume integral above
vanishes since 9,9(0,.) = 9,9 (T,.) = 0 from the definition of the weight func-
tion 7 in (1.5). As 9yt is continuous at a and b, the term I thus becomes

T
Iy = - fo ([cOutp(t, )]a Db(t,a) + [cOxtb(t, )]y Dptb(t, b)) dt

~ Lo ' 0 3 [ep b) 0 DI?) [ef]s) d
— -1 f (4(t,@) B0 (t @)P) e8] + 9(t,5) Dt ) [cF),) dt

using (1.8) and (1.9), which after an integration by parts with respect to ¢ yields

1 T
(L14) Dy = 5s) fo (Drp(t, @) e altb(t, @) + Dyp(t, b)[cB ol (2, b)) dt,



since 9(0,.) = (T, .) = 0.
The term I15 is given by

Tip = =25\ ff 00y (cOx) e Opth dadt

:—s/\ff 0B 0y ( |ca,z/}| ) dxdt
T
= s\ f f 0:(pB') 1c0? dxdt — sA f [gaﬁ' IcawaQ]SuF dt,
Q 0

which yields, since 0, = A\p[’,
(1.15) Iy = s\? ff )2 1c0p 0 dadt + X1o
T
—aF () f Pt DI, (1,1) e+ 575 0) [ t,0)cd, v (10) at
0 0

T T
S\ f o(t,0) [ 1eDubP(E D dt + 57 f S(4,5) (8 16002 (t, )]y dt,
0 0

Xp2 = s\ f f (B O dadt.
Q/

The term I3 is given by

where

(1.16) I3 = —2s)\? ff 0z (cOp)pc(B)* dadt
o

= 25)\2 f f lcO 2 p(B)2dxdt + X3,
with

(1.17) X153 = 2s\3 f f (0x10)p(B) dadt

+25\2 f f (0u0)p(c(B)?) dadt

T 26N? f ot @)t a) () POu(t, ] di

T
L 2eX? f (6 DY(E.D) ()2 Ou(t, ]y dt,

using that 9, = Apf’ and ¥(¢,0) = (¢, 1) = 0.
The term I is given by

(1 18)
21 = 52\? f f V2epdptp dadt = —s?\? f f cp(0p0) ()21 dadt.
Q/



The term I55 is given by

(1.19)

Ipp = —253)\3 ff V3c2p(0,1)) dadt = 353\1 ff Ve dxdt

+s3>\3f 3(t,a)b(t, a)l? [P (B)?]a dt
0
T
#6002 de+ Xan
0
by integration by parts, using again that ¢ (¢,0) = ¢(¢,1) = 0, and with

(1.20) Xop = %23 f f 3Yp? dxdt.

The terms I»3 and I3 are given by

(1.21) = —253)\1 f f Vel dedt,

and

(1.22) Iy = sff@(am)q/;(atw) dadt = —g ff@ (@22 dudt.

The terms I35 is given by

(1.23) I35 = —25%\ ff ©(Om) e P (0:1)) dadt

ff c(OmW)? dxdt — s* ff (0p0)(B))2chpl? dadt
+ 82Aff w(cB') (D)l dadt
QI

FES fo o(t, a)(0m) (t, ) (L, )P [c]a dt

T
L2 f (. 5) (Bem) &, I (L, D) [eB]s dt,

where we have used that 0,n = -\§"¢.

Finally, the term I33 is given by

(1.24) = —252)\2 f f 0c(0m) (B[] dxdt.



Adding the nine terms together to form (M1, Mav)) 2 in (1.13) leads to
(1.25) ||M1¢||2LQ(Q,) + ||M2¢||22(Q,) + 65)\? fj;? @(B')? 1O dadt

+ 253\ f f (B ey dadt
Q/

T T
~200 (1) [ ol DB, UP (1) i+ 250510) [ 0D, v (10) dt
0 0
T T
+25A f o(t,a) [B" 1O, 0P(t, . )]a dt + 25 f o(t,) [6" O P (L, )]s dt
0 0

T T
+253)\3 [02(5')3]af O3 (t,a)lp(t, a)l? dt+2s3\3 [02(6’)3]1,[ O3 (t, b)(t, b)) dt
0 0

= ”fs”iz(Q/) =2[I11 + X2 + Xuz + o1 + Xog + I31 + 32 + I33].

Observe that the coeflicients in front of the integrals involving trace terms at 0
and 1 in the Lh.s. in (1.25) are positive because of properties of the function 3,
as given in Lemma 1.1.

We now focus our attention on the trace term at b in the Lh.s. of (1.25) and set

T T
M= 3>‘f (P(tv b) [ﬁ, |03m1/)|2(t7 )]b dt + $3>\3[02(ﬂ’)3]bf 903(t7b) W)(tv b)|2 dt.
0 0
Applying transmission condition (1.9) we obtain
(8" 1c0z g (t, )b = [0 e(b7) 0t (£, 07) + s2A%0% (£, 0) 3" (bF) [} 1o (2, b
+ 28Mp(t,0) 3" (b7)[e']b (cDup) (, b7 )10(t, D),

which gives

= [ o(e )| (B0,
+ 82N (1,0) (B () [eB]; + [*(8)°]s) lo(t,b)

= s\ ' o(t,b) (Bu(t,b), u(t, b)) dt,
0

with u(t,b) = (c(b)0x2(t,b7), sAp(t, b)1)(t, b)) and the symmetric matrix B
given by
o B[],
BB B OB +1(B)% )
From the choice made for the weight function 8 in Lemma 1.1 we find that

T

T
1> ash f (6, B)Ie()0ub (1, 5 dt + asN? f S D)L D) dt,
0

0



with a > 0. In a similar fashion, we find that the trace term at a in the Lh.s.
of (1.25) satisfies

T T
vi= s\ f p(t, a) [B"1cd P (t, )]a dt + s° N[ (6')]a f @ (t, a)l(t,a)P dt
0 0
T
= SAf o(t, a) (Au(t,a),u(t,a)) dt
0
T T
Zas/\f o(t, a)lc(a™)dpah(t, a”)? dt+a53)\3f ©*(t, a)ly(t, a)l* dt.
0 0
We thus obtain
(1.26)  IML9IZ ) + Mol + 65N f L ()2 1D, dudt
+ 25304 ff (8 ey dadt
Q/
T
+2s)\af (gp(t,a)lc(a‘)&zw(t, a” ) + ot b)lc(b‘)@ﬂl)(t,b—ﬂ?) dt
0

T
+2$3)\3af(; (gp?’(t,a)|77/1(t,a)I2 +<p3(t,b)|z/;(t,b)|2) dt

< ||fs||%2(Q,) = 2[I11 + X124+ Xu3 + o1 + Xoo + I31 + I30 + I33].

We now estimate the r.h.s. terms in (1.26). Properties of the gradient of S,
and positivity of the diffusion coefficient ¢, imply the existence of a constant
C = C(w,c) > 0 such that the following estimates hold

| X12] < C s\ ff 0|0, 1? dadt,

|Xao| < Os®\? f f O [P dadt,

|X13] < CsA? f f QY dadt + esA\? f f O ? dadt
Q @

T
+aa02 ¥ f (b2t ) ((69)2) @) ((e0r) 1,27)

r=a,b
+sAp(t, x)(t, x)[cﬂ’}w) - (02([3’)28%1/))(25,1“’)) dt,

where we have used Young’s inequality and have made use of transmission con-

10



ditions (1.8)—(1.9). We obtain

|X13] < CesA? f f QY drdt + esA? f f O * dadt

+2532 ¥[8 f ot ) (8, ) (D) (1,27

r=a,b 0

T
1 252)3 Z (c(3)) (@) [eF ) fo O (t, 2)p(t, z)* dt.

r=a,b

Observing that we have p < CT*¢3 and p? < CT?p?, we obtain

| X135 < C.T*sA\* f f O3 dedt 4 esA\? f f |0 dadt

+((CT)sA? + CT?5°X7) f ) [¢°(t, )t @) + &7 (1, D) (¢, B)P] e
0

T
+ersh [ [plt.aidabtta )P + ot 010,000
0

and C” is a constant that depends only on the diffusion coefficient ¢ and the
choice made for the weight function S.

Noting that [7, equations (89)—(91)]
0:el < TP, 10 < T?, 107l < 2T°¢7,

we obtain
1] < s*A*CT ff Ol dadt,
|31 < sCT? ff GA? dedt,
Q/
Il < 2A2CT f f S dadt,
Q!
and

[I32] < s°A°CT f f PP dzdt

T T
L PACT f St () dt + SACT f SO dt,

0 0

and

T T
[I11] < sACT? f O (t,a)l(t,a)l? dt + sACT? f O (t,b)p(t, b)* dt,
0 0

where we have used that 1 < T?p/4, which gives |0;¢| < CT3¢3. Finally we
have the estimate

1B g < CIe g+ XCT? [[[ o ot

11



Exploiting that 5’ # 0 on Q \ wy we obtain, from (1.26),

T
MO g + Il g +53° [ [ los0 doa
0 Q\WO

T
+ 5301 f f Ol dadt
0 JQ\wqo
T
+ 2s)a f (ot ale(a )b (t,a™) 2 + o(t, b)le(b)Dati(t, b)) dt
0
T
r2¥ [ (Pl + o) d
0
< Clle ™ fl 2 gy + C (X + €C”s)?) f f Q10U dudt
+ O (%A% + S2(AT? 4+ A2T) + s(N'T'C + T2)) f f P dudt
T
+C,E$Af ((t, a)@ut,a ) + (t, )12 (t,b7)2) dt
0
+C(eC's* NP + 2AT + s(AT® + CA*TY))
T
[ (Pamiar + oo n7)
0

If we choose € sufficiently small and we take A > \g = Ag(Q,w,¢) and s > 59 =
00(,w, ¢, \g)(T? + T), we obtain

+ 53\ ff GO dadt
T T
SCIIe’S"fIIQLQ(Q,)—FC’s/\Q f f |00 dzdt + Cs3\* f f Q32 dadt.
0 Jwoy 0 Jwo

Recalling that ¢ = e *"q, we have
€ 0:q = Ox1p — sApf'p, in Q'
which yields
sA2pe M0, q? < Cs\2pld,01* + Cs3 N3 %, in Q7
to be used in the Lh.s. of (1.27), and

s)\250|5‘m1/)|2 < C’s>\2goe_2s”lé)mq|2 + Cs?’)\4g03|w|2, in Q'

12



to be used in the r.h.s. of (1.27). Consequently, we obtain

ML 2 gy + IMatlIT 2 ) + 5N f f pe 2 M0ql? dwdt

+ 30 ff e Mg dadt < C’Ile’s”flliz(Q,)

T T
+ Cs\? ff e 25M0,q)* dxdt + 053)\4ff ©3e 2 g dadt.
0 Jwy 0 Jwo

As in [7, Estimate (100)], we have the following estimate

T
(1.28) s\ ff e 20, ql? dodt < C’Ile’s”fIIQLQ(Q,) + 0(83/\4
0 Jw
’ T
+52A2(AN2T2 4+ T) + s\* (AT + AT? + 7)) f f ©Pe gl dadt.
0 Jw
For A > \(Q,w,c) and s > 51 = 01(Q,w,c, A\ )(T? + T), we then obtain the

sought Carleman estimate (1.6). [ |

Remark 1.4. 1. An inspection of the proof of the Carleman estimate we ob-
tained in Theorem 1.3 show that it can actually be achieved uniformly for
diffusion coefficients that remain in an interval [¢in, Cmaz], With ¢pmin > 0,
and such that their restrictions to €;, i = 0, 1, remain in bounded domains
of %1 (Qz)

2. We can also incorporate in the Lh.s. of the Carleman estimate the following
higher-order terms, as is done classically (see e.g. [9]):

st f f e 207 (104g 4 10:(cOpq)?) dadt.
Q

3. By a density argument, we see that the Carleman estimate (1.6) remains
valid for ¢ (weak) solution to

atq * am(CaIQ) = f in Qa
g=0 on X,

q(T,z) = qr(x) (resp. q(0,x) = qo(z)) in £,
with f € L?(Q) and g7 (resp. qo) in L?(2).

4. We have actually obtained a Carleman estimate which includes estimates
of the traces of both the function ¢ and its derivative d,q at the points of

13



discontinuities of ¢, namely

(1.29)  IMy(e"q)I22 0 + IMa (€012

+ sA\? ff €25 |0,q* dadt + s> M\* ff e 253 |1 dadt
Q Q

T
+28) f (ot a)e 18 D10,q(¢, a7) + o (t, b)e >0, (¢, b)) dt
0

T
+25°X\° f (¢ (t a)e 2D Ng(t, a) + @P (¢, b)e "B Dlg(, b)) dt
0

< 0[53)\4 ff e 2513 |gI? dadt + ff e 2 10,q — 0, (cOpq) I dxdt],
(0,T)xw Q

for ¢ € X and s > s3, A > A;. Note also that such an inequality with

these pointwise terms in the lLh.s of the Carleman estimates can still be
obtained in the case of a smooth coefficient by simply choosing the weight
function § to have a jump condition for its derivative and satisfying the
properties given by Lemma 1.1. We thus have the following proposition

Proposition 1.5. Let ¢ be in €1(Q). Let w € Q be a non-empty open set and
let a € Q. There exist A\ = \(Q,w) > 0, s1 = s1(A1,T) > 0 and a positive
constant C' = C(,w) so that the Carleman estimate

(1.30) s7* ff e 2™ (104q + 10, (c02q)1?) dadt
Q

+ sA? ff e 2w |0,q% drdt + s3\* ff e 253 g dadt
Q Q
T

T
+2s)\f o(t,a)e 21D, q(t, a2 dt+233)\3f O3 (t,a)e 21D g (t, ) dt

0 0
< 0[53)\4 ff e 253 g dadt + ff e~ |9y + D, (cOpq)* dadt],
(0,T)xw Q

holds for all q € €2(Q).

2 Generalization to a finite number of discontinuities and to
a boundary observation

From the results and proofs given in Section 1, it is possible to generalize the
previous Carleman estimate to the case of a piecewise €' diffusion coefficient
with a finite number of singularities. We shall thus here assume that 0 = a¢ <
a1 < ag < -+ < a, =1 and Clajarey) € ¢*(lai,aiz1]), i = 0,...,n = 1. Let
j €1{0,...,n—1} be fixed in the sequel and wy € w € (a;,a;41) be a non-empty
open set. Adapting the proof of Lemma 1.1 we have

Lemma 2.1. There exists a function 5 € €(Q) such that Blasiasin) € €¢*([aiyaiv1]),
1=0,...,n—1, satisfying

B>0inQ, [=0onl, (5, .

jraj+1l
Basar ) #0, i€, m), i # ],

)/ ;'é 0 mn [aj,aj+1] \wo,

ait1]
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0 ay as 7 Qj41 Ap—-1 1

Figure 2: Sketch of a typical shape for the function E for an ‘observation’ in
(aj,a;41).

and the function E satisfies the following trace properties, for some a > 0,
(2.1) (Aju,u) = oful?, ueR?

with the matrices A;, defined by

Figure 2 illustrates a typical shape for the function ﬁ With the function E we
can define the weight functions 3, ¢ and 7 as in (1.5) along with

o = g€ €(QR); Gy ryup, oy € G20, T X [a1,0:41]), i =0, =1,
g = 0, and g satisfies (TC,,), for all t € (O,T)},

with, in this case,
(TCn)  ala;) = qla)), ela;)dzq(a7) = e(af)drq(af), i=0,...,n~1,
and obtain

Theorem 2.2. Let wy € w € (aj,a;11); there exist Ay = A\ (Qw) > 0, 51 =
s1(A1,T) > 0 and a positive constant C = C(Q,w) so that the Carleman esti-
mate (1.6) holds for s > s1, A > X1 and for all g € N,,.

With the same piecewise ¢! diffusion coefficient, ¢, we may also make the choice
of a boundary observation. Let us make the choice of a left observation, i.e. at
0. An inspection of the proof of Theorem 1.3 indicates that the weight function
[ should be chosen with 3" < 0. We use the following lemma

Lemma 2.3. There exists a function 8 € €() such that E[aivai+1] € ¢*([ai,ais1)),
1=0,...,n—1, satisfying

B>0inQ, B(1)=0, (B

)Y <v<0,ie{l,...,n—1},

a;,a;41]
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0 a1 as Ap-q 1

Figure 3: Sketch of a typical shape for the function E for a boundary ‘observa-
tion’ at 0.

and the function E satisfies the following trace properties, for some o > 0,
(2.2) (Aju,u) > oful?, uweR?
with the matrices A;, defined by

a(Ple B
FaDed e Ba))]

C
C

Figure 3 illustrates a typical shape for the function E With the same weight
functions as before we then obtain

Theorem 2.4. There exist Ay = A\ () > 0, s1 = s1(A\1,T) > 0 and a positive
constant C' = C(Q) so that the following Carleman estimate holds

(2.3) IMi(e )17y + IM2(e™" )72

+ sA\? ff e 20 |0,q% drdt + s3\* ff e 253 |g|? dadt
Q Q

T
sc[sA f (£, 0)e 200, (¢, 0) dt + f f 2 (0, £ 0, (cuq)” dadt|,
Q

0

for s >s1, A=A and for all g € X,,.

Proof. Observe that the ‘side-observation’ term originates form the term I;5 in
the computation of (Miv, Mat))r2(q). Here, there is no term with a volume
integral on some subdomain of €2 in the r.h.s. of the estimates since |3'| > |v]| > 0.
The proof of the estimate then becomes shorter since there is no need to have
an estimate of the form of (1.28). |

Remark 2.5. For a boundary observation at 1, we would make the choice of a
weight function 3 such that 5’ > v > 0 and obtain a similar Carleman estimate.
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3 Controllability results

The Carleman estimates proved in the previous section allow to give observabil-
ity estimates that yield null controllability results for classes of semi-linear heat
equations.

As above, we place ourselves in the case of a piecewise ¢! diffusion coefficient
with n — 1 points of discontinuities, ai,...,an-1, With 0 = a9 < a1 < -+ <
an-1 < 1 = a,. Weletw € (aj,a;41) be an non-empty open set for some
jef0,...,n—1}.

We first state an observability result with an L? observation. We let a be in
L*(Q) and g € L*(Q). From Carleman estimate (1.6) we obtain

Proposition 3.1. The solution q to

—0tq — 0 (c0,q) +ag =0 in Q,

(3.1) ¢=0 on X,
a(T) =qr in Q,
satisfies
(3.2) lg(O)II7» ) < KTl f f g dadt,
(0, T)xw
where
1
(3.3) K(T llalls) = 1+ o + Tllalls + llall2/?.

The proof of this proposition can be found in [9, 7, 6].

Let us now consider the following linear system

aty - a:r(caa:y) +ay = l,v in Qu
(3.4) y=0 on X,
y(0) = yo in €,

with a in L®(Q) and yo € L*(©2). We consider its unique weak solution in
(10, T], L*(2)) N L?(0, T, H}(£2)) [16, 5]. We have the following null controlla-
bility result for (3.4).

Theorem 3.2. For all T > 0, there exists v € L?((0,T) X w), such that the
solution y, to (3.4) satisfies y,(T") = 0. Moreover, the control v can be chosen
such that

CK(Tllalls

(3.5) Wiz (0,1)xw) < € Niyollzz (),

with K(T,llallw) as given in (3.3).

The proof is a simplified version of that of Theorem 5.1 in [7], which is based
on the argument developed in [8]. See also the argument given in the proof of
Theorem 1.1 [9].
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For the null controllability of the semi-linear heat equation we shall need esti-
mates for the solution to the following system

Oy — ax(caxy) +ay=f inQ,
(3.6) y=20 on X,
y(0) = yo in Q,

with a in L®(Q), yo € L?(Q) and f € L?(Q). We have the following classical
estimates

Proposition 3.3. The solution y to system (3.6) satisfies

(3-7) My(O72 () + 10241132 ) + 1072
< K1 (T, llallo) (11152 ) + Iy (O)72(0))s 0t <T,

with K1(T, llalle) = eCAFT+Tlals) - If yo € HY(Q) then y € €([0,T], HL(Q)) and

(3:8) 10:y(D7 2y +10eYlI7 2 ) + 102 (cOey)I7 2 )
< Ko (T, llallo) 1172y + Iy (O ) 0<t<T,

with Ko (T, ||alle) = eCAFTHTHTlalls)

We are now ready to prove the null controllability result for system (0.3) which
is based on a fixed point argument.

Theorem 3.4. Let ¢ be a piecewise €1 diffusion coefficient with n — 1 points of
discontinuities, 0 < a1 < -+ < ap—1 < 1. Weletw € (aj,a;41) be an non-empty
open set and we assume that & is locally Lipschitz. Let T >0 :

1. Local null controllability: There exists ¢ > 0 such that for all yo in L*(£2)
with lyollz2(q) < €, there exists a control v € L*((0,T) X w) such that the
corresponding solution to system (0.3) satisfies y(T) = 0.

2. Global null controllability: Let¥ satisfy in addition Assumption 0.1. Then
for all yo in L*(Q), there exists v € L2((0,T) X w) such that the solution
to system (0.3) satisfies y(T') = 0.

As compared to the result in [7], taking advantage of the one-dimensional sit-
uation, observe that we only need to invoke a control v in L?((0,7) X w). The
proof is classical and is along the same lines as those that in [6, 7] and originates
from [10].

Proof. We shall first assume that g is continuous. We let R > 0. The truncation
function T'g is defined as

s if |s| < R,
TR(S):{ s

Rsgn(s) otherwise.
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For z € L?(Q) we consider the following linear system

atyz,v - am(camyz,v) + g(TR(Z))yz,v - ]-wv in Qa

(3.9) Yro =10 on Y,
Y2(0) = yo in Q.
Since g is continuous, we see that a, := ¢g(Tr(z)) is in L®(Q). Observe also

that a, is bounded in L® uniformly w.r.t. z with a bound solely depending
on R and g. If yo € L?(Q) and if v = 0 for ¢t € [0,5], § > 0, we obtain
Y.0(0) € H(2). Without any loss of generality we may thus assume that
Yo € H&(Q) The previous results thus apply to system (3.9). We set T, =

min(7, lla-l27"%, laI57*). Observe that 0 < Cr < T, < €. Then we have

(CRTNo:) < & and Ky (T, la.llo) < & with & = e T for K and
K the constants in (3.5) and (3.8). According to Theorem 3.2, there exists v,
in L?(Q) such that v, and the associated solution to (3.9), with v = v, satisfy

Yz0(T) =0 and

(3.10) lvzllz2 0,10y < Dllyollzz(a),

(3.11)  lyzplle@) < ClOzyzll=(0,7,22(02)) + CllOy=llL2(Q) < Hllyollmp ()

with §) of the same form as &, making use of the continuous injection H&(Q) —
L>(Q) in the one-dimensional case.

We now set

Uz) = fo € L2((0.T) xw); y2,,(T) =0, (3.10) holds}

and A(z) = {yz,v; veU(z), (3.11) holds}.

The map 2z — A(2) from L?(Q) into Z(L?(Q)), the power set of L?(Q), satisfies
the following properties

1. for all z € L?(Q), A(z) is a non-empty bounded closed convex set. Bound-
edness is however uniform w.r.t. to z (and only depends on R);

2. there exists a compact set K € L%(Q), such that A(z) c K: by (3.11), A(2)
is uniformly bounded in L*(0,7T, H}(2)) n H(0, T, L*(£2)), which injects
compactly in L?(Q) [14, Theorem 5.1, Chapter 1];

3. adapting the method of [6, pages 811-812] to the present case, we obtain

that the map A is upper hemicontinuous; the argument uses the continuity
of g.

These properties allow us to apply Kakutani’s fixed point theorem [3, Theorem
1, Chapter 15, Section 3] to the map A.

Result 1 follows by choosing e sufficiently small such that the (essential) supre-
mum on @ of the obtained fixed point is less than R by (3.11).

Result 2 follows if we prove that R can be chosen greater that the (essential)
supremum on @ of the obtained fixed point. This is done exactly as in [6, page
813] and makes use of the form of § and Assumption 0.1 on ¥.

19



To treat the case where g is not continuous, we adapt the argument of [6,
Section 3.2.1] to the present cases, for both the local and global controllability
results. [

Arguing as in [12] or e.g. [6] we can actually prove the following null controlla-
bility result with a boundary control from Theorem 3.4 :

Theorem 3.5. Let ¢ be a piecewise €' diffusion coefficient and assume 4 is
locally Lipschitz. Let v = {0} or {1}. Let T > 0.

1. Local null controllability: There exists ¢ > 0 such that for all yo in L?(£2)
with IIyOIILz(Q) < g, there exists a controlv € L2(07 T) such that the solution

to system
Oy = 0u(cay) +9(y) =0 in Q,
(3.12) y=20 on X\,
y=v on 7,
y(0) = yo in €,

satisfies y(T) = 0.

2. Global null controllability: Assume the function 9 satisfies in addition
Assumption 0.1. Then for all yo in L*(Q), there exists v € L*(0,T) such
that the solution to system (3.12) satisfies y(T') = 0.

Remark 3.6. Note that as usual, one can replace y(T') = 0 by y(T) = y*(T)
in the previous statements, where y* is any trajectory defined in [0, 7] of sys-
tem (0.3) (resp. (3.12)), corresponding to some initial data y; and any v* in
L2((0,T) X w) (resp. L?(0,T)). For the local controllability result, one has to
assume ||yo — ySIILz(Q) < g, with ¢ sufficiently small.

Remark 3.7. We can actually interpret the previous result to prove controlla-
bility for the following coupled system

Oty = Oz (c10,y1) = 0 in Q,
Oty = Ox(c20:y2) = 0 in Q,
yi(t, 1) = y2(t,0) in [0, 77,
c1(1)0xy1(t, 1) = ¢2(0)0y2(t,0)  in [0, T7,
y1(£,0) = u(t) in [0, 7],
y2(t,1) =0 in [0, 7],
y1(0,.) = y0,1(-), ¥2(0,.) =wo2 inQ,

where u is a boundary control. This is a system of two parabolic equations with
different diffusion coefficients, coupled at the boundary and partially controlled,
in the sense that the control only acts on one of the equations. The question of
the controllability of parabolic coupled system by acting only on some equations
is not solved yet. The case in which the control is distributed in a part of the
domain is partially understood (e.g. [2], [1]). In the case of a boundary control
there were no positive answer and there are some counterexamples [13].
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4 Stability for a discontinuous diffusion coefficients

In [4], the authors establish a uniqueness result for the discontinuous diffusion
coefficient ¢ as well as a stability inequality. This inequality estimates the dis-
crepancy in the coefficients ¢ and ¢ of two materials (with the same geometry)
with an upper bound given by some Sobolev norms of the difference between
the solutions y and 7 to

Oy — 0,(cO,y) =0 in Q,
(4.1) y(t,x) = h(t,z) on X,
y(oa 1') = E’J(J(x) in Qa

and

aty - aa:(caa:y) =0 in Q7
(4.2) y(t,x) = h(t, ) on X,
y(0,x) = yo(x) in Q.

They set u =y —y and ¢ = dyu. Then ¢ is solution to the following problem

Orq — 02 (c0rq) = 0:((c = ¢)0,0yy) in @,
q=0 on X,

transmission conditions (TCy) on S x[0,T7,

with

q(z7) = q(=*),
) {<camq><x-> = (0:4)(a™) + g(x,1),

where z € {a1,...,a,_1}, the set of singularities for both ¢ and ¢, and

9(z,t) = (= ©)0:0y)(z") = ((c = €)% 04y) (7).

If the solutions y and y to (4.1)—(4.2) satisfy some (regularity) conditions (that
can be achieved with some choices of boundary conditions h and initial condi-
tions yo and o in L?(Q) — see [4] for details) we have

Theorem 4.1. We assume that the diffusion coefficients ¢ and ¢ piecewise con-
stant with the same singularity locations. Then there exists a constant C' such
that

(4.3) le =TT < ClO2(0y = 0Y) (- )22 .1
+CIAY(T, ) = AT(T' )N s

where €’ is the open set {2 with the singularities of ¢ removed. A Carleman esti-
mate was the key ingredient in the proof of such a stability estimate. In [4], this
Carleman estimate was proved in any dimension but with an additional mono-
tonicity assumption on the discontinuous diffusion coefficient. In the present
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case, we can establish such a Carleman estimate for general piecewise ¢! diffu-
sion coefficient. We have to carry out the same computations as in the proof of
Theorem 2.4 and Theorem 1.3 of the present paper, with a weight function g
corresponding to a boundary observation on x = 0 (see Lemma 2.3), and to take
into account the additional terms originating from the term ¢ in transmission
conditions (TCy). As in the proof of Theorem 1.3 in [4] these terms are dealt
with by using Young inequality. This yields

Theorem 4.2. Let ty > 0, in (0,7) and g € H'(ty,T). There exists \; > 1,
s1=81(A1) > 0 and a positive constant C' so that the following estimate holds

(44) IMi(eq) 22 o+ IMa(e) 2 ) + 572 f f e 010,ql? da dt
Q

T
+ s\ ff “25n3 gl da dt < C’[s)\f e 1o 10,1 (t,0)dt
—2sm 2 —2sn 2
ff |0:q + 0y (cOq)I* dz dt + S)\ff lgl® do dt
to
ff e 2 g1? do dt +s” ff e 20, g|*do dt]
tO to S

for s = s1, A > X1 and for all ¢ € Xy, with My and M,y as in (1.10)-(1.11) and
Ny is given by

Ng = {q € Hl(tmT, Hé(Q)), € LQ(tO,T, Hz((ai,ai+1)),

ql(to,T)X(aqnaier

i=0,...,n—-1, ¢y =0 and g satisfies (TC,) a.e. w.r.t. t }

Remark 4.3. Observe that in Theorem 4.1 and Theorem 4.2, we need not as-
sume that jumps for ¢ are greater than some positive constants A at its points
of discontinuities, as is done in [4]. This is due to the choice made on the weight
function § in Lemma 2.3. This remark is to be connected to Remark 1.4-4 and
the proof of Theorem 1.3 in [4, estimate (1.16) and following arguments].
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