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Ivan Gentil, Arnaud Guillin and Laurent Miclo

3rd January 2006

Abstract

We present a new logarithmic Sobolev inequality adapted to a
log-concave measure on R between the exponential and the Gaussian
measure. More precisely, assume that ® is a symmetric convex func-
tion on R satisfying (14¢)®(z) < 2®'(x) < (2—e)®(z) for z > 0 large
enough and with ¢ €]0,1/2]. We prove that the probability measure
on R pe(dzr) = e ®@) /Zydx satisfies a modified and adapted loga-
rithmic Sobolev inequality: there exist three constants A, B,C > 0
such that for all smooth functions f > 0,

Ent pq> f2 /H<I>< >f2d,u‘<1>>

22 if 2| < C,
Heo() _{ ®*(Bz) if |z| > C,

with

where ®* is the Legendre-Fenchel transform of .

Mathematics Subject Classification 2000: 26D99, 60E15, 39B72.
Keywords: Logarithmic Sobolev inequality - Poincaré inequality - Concen-
tration inequality - Log-concave Measure.

1 Introduction

A probability measure p on R™ satisfies a logarithmic Sobolev inequality if
there exists C' > 0 such that, for every smooth enough functions f on R",

But, (%) < C [ 197dg, 1)



where
Entu(f2) = /f2 log f2dp — /fzd,u log/f2d,u
and where |V f| is the Euclidean length of the gradient V f of f.

Gross in [Gro75] defines this inequality and shows that the canonical Gaus-
sian measure with density (27)~"/ 2¢~121*/2 with respect to the Lebesgue mea-
sure on R™ is the basic example of measure p satisfying (1) with the optimal
constant C' = 2. Since then, many results have presented measures satisfy-
ing such an inequality, among them the famous Bakry—Emery I>-criterion,
that we recall now in our particular case. Let ® a C? function on R™ and
note pg(dz) = exp (—®(x))/Zspdx, Zs being the normalization constant so
that ue is a probability measure on R™. Assume that there exists A > 0
such that,

Vo € R", Hess(®(z)) > Ad, (2)

in the sense of symmetric matrix. Then Bakry and Emery proved that p is
satisfying inequality (1) with an optimal constant C' € [0,2/)\]. We refer to
[BES5, Bak94] for the B-criterion and to [ABCT00, Led99] for a review on
logarithmic Sobolev inequality.

The interest of this paper is to give a logarithmic Sobolev inequality when
the probability measure g on R defined before does not satisfy (2) but
®"(z) > 0, Vr € R. A first answer is given for the following particular
measure: let o > 1 and define the probability measure p, on R by

1 o

fio(d) = Z—ae_'””' da, (3)
where Z, = [e7#I"dz.

The authors prove, in [GGMO5], that for 1 < a < 2, the measure p,, satisfies
the following inequalities, for all smooth functions such that f > 0 and
f f2d,ua =1,

f/ B

f

where A and B are some constants, o' + 37! =1 and

Var,, (1) = [ fd - ( / fdua)Q-

It is well-known that the probability measure p, satisfies (still for a > 1)
a Poincaré inequality (or spectral gap inequality), i.e. for every smooth
enough function f,

Ent, (f*) < AVar, (f)+ B/ fPdpia, (4)

F22

Var, (f) < C / IV Pt (5)
2



where 0 < C' < o0.
Then using (5) and (4) we get that p,, satisfies also this modified logarithmic
Sobolev inequality for all smooth and positive function f,

Ent,(f?) < C/HM <f7) fdu, (6)

here and in the whole paper the convention that 0 - oco = 0 is assumed,
otherwise stated where a and C' are positive constants and

{ 7? if |z| < a,

H —
«@ = il >a

with 1/a 4 1/ = 1. This version of logarithmic Sobolev inequality admits
a n dimensional version, for all smooth function f on R",

Vf "
El’ltugn (f2) < C/Ha@ (7)f2d,ug 5 (7)
where by definition we have taken

L()En )

Note that Bobkov and Ledoux gave in [BL97] a corresponding result for the
critical (exponential) case, when a = 1.

Our main purpose here will be to establish the generalization of inequali-
ties (4), (6) and (7) when the measure on R is only a log-concave measure
between el and e=**. More precisely, let ® be a function on R, we say
that ® satisfies the property (H) if this two properties are satisfied:

e & is a C%, symmetric and strictly convex on R.
e There exits M > 0 and 0 < ¢ < 1/2 such that ®(M) > 0 and
Ve > M, (1+4e)®(z) <2d'(x) < (2—2)0(x).

We assume along the article that the function ® on R verifies hypothesis
(H).

Remark 1.1 The assumption (H) implies that there exists my, my > 0 such
that
Vo = M, mya'/079) < O(x) < mox®.

This remark explains why, under the hypothesis (H), the function ® lies
between e\ and e



Due to Remark 1.1, [ e ®@dr < co. Then we define the probability mea-
sure pg on R by

where Zg = [ e @ dx.
The main result of this article is the following theorem:

Theorem 1.2 Assume (H) then there exist constants A, A’ B, D > 0 and
k > 0 such that for any smooth functions f > 0 satisfying [ f*dpe =1 we
have

Ent,, (1) < AVar,, (/) + 4 [ Ha(5) Pla )
where > el < D
x*  if x| < D,

1@ ={ sy 15D 1o

where ®* is the Legendre-Fenchel transform of the function ®, ®*(z) =
sup,ep {7 -y — (y)}-

It is well known that the measure ug satisfies a Poincaré inequality (inequal-
ity (5) for the measure g, see for example Chapter 6 of [ABC*00]). Then
we obtain the following corollary:

Corollary 1.3 Let ® satisfying the property (H) then there exists A, B, D >
0 such that for any smooth functions f > 0 we have

Ent,, (/%) < A/H¢ (J%) fdue, (11)

where Hg is defined on (10).

In [GGMO5] we investigate some particular example, where we have ®(x) =
|z|*log” ||, for @ €]1,2[ and # € R. Theorem 1.2 gives the result in the
general case.

Definition 1.4 Let pu a probability measure on R". p satisfies a Modified
Logarithmic Sobolev Inequality (M LSI) of function Hg (defined on (10)) if
there exists A > 0 such that for any smooth functions f > 0 we have

Ent,, (/%) < A / Hg (va) e, (MLSI)

(7= 3(5)

where




The M LST of function Hg is the n-dimensional version of inequality (11).

In Section 2 we will give the proof of Theorem 1.2. The proof is done in two
steps, Proposition 2.4 and 2.9. In Subsection 2.1, we will describe the case
where the entropy is large and in Subsection 2.2 we will study the other case,
when the entropy is small. This two cases exhibit very different behavior as
we will see in the next sections but they are connected via the common use
of Hardy’s inequality we recall now.

Let p, v be Borel measures on R*. Then the best constant A so that every
smooth functions f satisfy

| 0@ - 10duw < a [ (12)
0 0
is finite if and only if

B=p {mw, i) [ (dgfc)_ldt} (13

is finite, where ¢ is the absolutely continuous part of v with respect to pu.
Moreover, we have (even if A or B is infinite),

B < A<4B.
We refer to [Muc72] or [BG99, ABC*00] for a review in this domain.

In Section 3 we will explain some classical properties of this particular log-
arithmic Sobolev inequality. We explain briefly how, as in the classical
logarithmic Sobolev inequality of Gross,

e the MLSI of function Hg satisfies the tensorization and the pertur-
bation properties,

e the MLST of function Hg implies also Poincaré inequality.

The last application is the concentration property for probability measure
satisfying inequality (11). Indeed, we obtain Hoeffding’s type inequality:
assume that a measure p on R satisfies inequality (11) and let f be a Lips-
chitz function on R with || f||L;, < 1, then, for some constants A, B, D > 0
independent of the dimension n,

1 2exp (—nAP(B))) if A > D,
P(E >>\> S { 2 exp (—nA)\2) ifo0< AL D,

(14)

Zf(Xk) — n(f)




or equivalently,

1
o

> f(X) = plf)

>)\><
A

_ 2 N>
2 exp ( nAd (B\/ﬁ)) it A\ > Dy/n, (15)
2exp (—AN?) if 0 <A< Dy/n.

Inequality (15) is interesting as for large enough n we find the Gaussian con-
centration, this is natural due to the convergence of ﬁ(ZZﬁ F(Xe) — u(f))
to the Gaussian distribution. This result is not a new one, Talagrand ex-
plains it in [Tal95], see also [LedO1] for a large review on this topic, the
interest of this part is to observe this phenomenon via Logarithmic Sobolev
inequality. Note also that it implies control of Laplace functionals which
have applications for example in statistics.

Note finally that Barthe, Cattiaux and Roberto [BCRO6] have studied the
same sort of log-concave measure, they prove functional inequalities with an
other point of view, namely Beckner type inequalities or ®-Sobolev inequal-
ities, in particular one of their results is concentration inequalities for the
same measure [g.

2 Proof of the Modified logarithmic Sobolev
inequality (Theorem 1.2)

Let us first give a lemma stating classical properties satisfied by the function
® under (H).

Lemma 2.1 Assume that ® satisfies assumption (H) then there exists C >
0 such that for large enough x > 0,

? < CO*(x), (16)
e (P (z)) < P*(z) < (1 —&)@(P ' (z)), (17)
R G 19

The proof of Lemma 2.1 is an easy consequence of the property (H).

For this we will note by smooth function a locally absolutely continuous
function on R. This is the regularity needed for the use of Hardy inequality
in our case.



2.1 Large entropy

The proof of M LST for large entropy is based on the next lemma, we give
a M LSI saturate on the left, with some weighted type energy.

Lemma 2.2 There exists Cy, = 0 and M > 0 such that for every smooth
functions g we have

But,, (%) < Cs [ ohis (19)

where h is defined as follows

1 iflzel < M
h(m):{ N (20)

Proof

< We use Theorem 3 of [BR03] which is a refinement of the criterion of a
Bobkov-Gétze theorem (see Theorem 5.3 of [BG99)).

The constant C), satisfies max(b_,b,) < C), < max(B_, B;) where

1 T €CI>(t)
b, =su r,+ool)log (1 + ————— /Z ——dt,
+ = sup pa([z, Fool) g( 2u¢<[x,+oo[>)o " hD

b log (1 ! OZ ewd
_=su — 00, x])lo + ——dt,
up a(] = o0, 7)) g( 2u¢<1—oo,x1>)/x 0

B = sup ue([z, +o0[) log (1 + WQD) /Ox Z¢%dt,

>0 T, +00

B = suppa(] = 00, 2]) log (1 + ﬁ;w) /; Z¢%dt.

An easy approximation proves that for large positive x

1 —d(t) 1 —®(x)
o)) = [ — dt ~o @), 21
l’l’@([x7 D A Z(I) € Z@CI)’(J}) € ( )

and

x 6<1>(t) Zq>
Zp—rrdt ~voy e e@)
/0 T h(t) h(z)® (x)

and one may prove similar behaviors for negative x.
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Then, there is K and M such that for x > M,

o (1)

pa([z, +00]) log (1 + m) /Ox Zq,mdt <
Ko = ()

The right hand term is bounded by the assumption (H).
A simple calculation then yields that constants b, , b_, B, and B_ are finite
and the lemma is proved. >

Remark 2.3 Note that this lemma can be proved in a more general case,
when © does not satisfy hypothesis (H).

Proposition 2.4 There exist A, B, D, A’ > 0 such that for any functions
f = 0 satisfying
/ fPdpe =1 and Ent,,, (%) > 1

we have
Ent,, (/%) < A'Var,,(f) + A Hg (L
f2>2

f)f2duq>, (22)

where

B z?  if x| < D,
Ho() = { &*(Bx) if 2| > D.

As we will see in the proof, A" does not depend on the function ®.
Proof of Proposition 2.4

<A Let f > 0 satisfying [ f2dus = 1.

A careful study of the function

r— —2’logz® +5(x — 1) + 2% — 1 + (z — 2)3 log(x — 2)2
proves that for every x > 0
2?logz® < 5(x — 1) + 2% — 1+ (z — 2)2 log(z — 2).

We know that [(f — 1)*due < 2Var,,(f), recalling that [ f2dus = 1 and
f=0,

[roe e < 5 [ 17dus+ [07 = Vs
+/(f—2)2+10g(f—2)iduq>

< 10Van, (1) + (7 - 2% Dol ~ 2 d.

8



Since [ f?due =1, one can easily prove that
(=2 <1

then [(f —2)2 log(f — 2)2due < Ent, ((f 2)1) , and
Entlkb (f ) < 1ovarﬂ<1> (f) + Ent,uq> ((f - 2)3—) :
Lemma 2.2 with g = (f — 2), gives

El’ltu@ ((f — 2)3_) < Oh /(f — 2)Ehdu¢ = Ch f/2hd,uq>. (23)

F22

Due to the assumption (H), the function h(z) = x?/®(z), is increasing on
[M, oo[ and
lim A(x) = oco.

r—00

We can assume that ®(M) > 0. We note m = h(M) > 0 Let us define the
function 7 as follow

_ | 2®(h7(m))/(8Cym) if0 <z <m
m#) = { S(h=(x))/(8C}) iz > m (24)

For all x > M, we have 7(h(x)) = ®(x)/(8C}) and then, an easy calculus
gives that 7 is increasing on [0, co
Let u > 0,

Ch f’?hdu¢:ch/>2u(f') " e

22 22 NS

<ch/f>2f{ (%) }f dns +/f>20m(§)f2duq>

For every function f such that | f2due = 1 and for every measurable func-
tion ¢ such that [ f2gdue exists we get

/ngd,u < Ent,, (f2) +log/egd,uq,.

Indeed, this inequality is also true for all function g > 0 even if the above
integrals are infinite.
We apply the previous inequality with g = 4C),7(h/u) and we obtain

/f>2ChT(u)f dpe < i/40h7( )fzdlhb

E(En% (%) +10g/€4c”(5)duq>)-



4ChT(%)

If u = 1 we have, by construction, [e dpe < 0o, then we get

lim 640“(%)(1#@ =1.

U— 00

Then, by the bounded convergence theorem, there exists uy such that we

get feth(%)duq, <e.
Thus we have

2 \? 2 1 2y, 1
Entuq>((f—2)+ ) < Ch/f>27'*{u0(7) }f d,[tq;-f-zEnt“q)(f ) +Z

Ent,, (f?) > 1, implies

Ent,, (/%) < 20Var (f)—l—QC/ *{ (L/)Q} 2
J7s X 77 h >2T Uo f f d,u<1>'

f

Then Lemma 2.5 gives the proof of inequality (22). >

Lemma 2.5 There exist constants A, B,C, D > 0 such that

(o2 Ba? ifx < D,
v 20, (@) < { AD*(Cx) ifz < D.
Proof
< Let > 0, then 7%(x) = sup,>q {7y — 7(y)}. Let now m = h(M) > 0,
then

7' (z) = max { sup {zy —7(y)},sup {zy — T(y)}},

y€[0,m] y=m

< sup {xy —7(y)} +sup {zy — 7(y)}.
ye0,m| y=m

We have sup {xy — 7(y)} < xm, because 7 is positive. Then the definition
y€[0,m]
of 7 implies that

_ _ ¥y <1>(y)}
sup {ey —7(y)} = s {x@(y) [
Let define 9, (y) = zy?/®(y) — ®(y)/(8C}) for y > M. We have

20(y) —y®'(y)  ¥'(y)

Vo (y) = xy 50y T

10



Due to the property (H), there is D > 0 such that

2
y P (y.)
Ve > D, sup{ay— 7 =r— - ,
sp Loy =W =150, 5 7 56,
where 1, > M satisfies
1 ' (y,) 2% (y.)

T = .
The assumption (H) implies that

1—¢
1+¢

ey P (o) < 20(ys) — P’ (y2) < v P (y.),

then using the last inequality and again the assumption (H) one get

1 1

% (y,) € v < = P*(1). 25
S —9e—9" W STSgaara® W) (25)
We get with the assumption (H),
Vo> D, sup oy — (1) < —— o2y~ L)
= 7 - T X 5~ /1 . N xX - o xr
pom T TSR e () 80,
(2-¢)?

<2 p(y).
8Che(1+ 2) (v)

Equation (25) gives,

Yo S (I)/_l( \ C:L’)

where C' > 0. Then we get

Ve > D, sgg {zy—7(y)} < %@(qy—l(@))'

We obtain, using inequality (17) of Lemma 2.1,

1
= — < ——— P .
o> D by =70} < gy (VOR)

then,
Ve > D, 7(x) <zm+ K@*(\/C’x).

Using inequality (16) of Lemma 2.1 we get
Ve > D, 7"(x) < K'®” <v C’x),

11



for some K’ > 0.
On the other hand, the function 7 is non-negative and satisfy 7(0) = 0 then
7%(0) = 0. 7* is also a convex function, then there exists m’ such that

Ve €[0,D], 7°(x) < axm/,

which proves the lemma. >

Corollary 2.6 For any smooth functions f > 0 on R satisfying

/f2du¢, =1, and Ent,,, (f2) >1

we have
Bat, (1) < C [ Ha( L) P,
where ) ‘Lo
x®  af x| < D,
Ha(w) = { ©*(Bx) if|el > D,
and B, D > 0.
Proof

< Due to the property (H) the measure pg satisfies a Spectral Gap inequal-
ity,
Var,,,(f) < CSG/deMq»

with Csg = 0. We apply inequality (22) to get the result. >

2.2 Small entropy
Lemma 2.7 Let A > 0 and define the function 1 by

Y(x) = {(@)t(\logx)} .

Then for all X > 0 there exists Ay > 0 such that the function v is well
defined, positive, increasing, concave on [Ay,oo[ and satisfies 1(Ay) > 1.

Proof

< Let A > 0 be fixed. Classical property of the Legendre-Frenchel transform
implies that ®* is convex. Due to the property (H), (®*) " (Alogz) is well
defined for x > M; with M; > 0. Then we get on [M;, oo,

A
Y'(z) = 2g'(Mlog x)g(Alog x);,

12



and
2

A
V" (x) = 2g(Mogx)

12

, g(Mogz)  ¢*(Aogz)
1 _
<g (Moga) = ==+ loa )

where, for simplicity, we have noted g = (®*) "

For z large enough ¢ is non-negative and increasing and then v is increasing
on [My, oo, with My > 0.
An easy estimation gives that as x goes to infinity,

= 0o0(1), (26)

then since (®*)™" is concave, for all large enough x, ¥”(z) < 0. Then one
can find A, > 0 such that properties on the Lemma 2.7 are true. >

The proof of M LST for small entropy is based on the next lemma, we give
a MLSI saturate on the right.

Lemma 2.8 Let 17,15 € R such that Ty < Ty. Then there exists A > 0
which depends on the function ® such that for all g defined on [T, co[ with
T € [T1, T3], and verifying that

9(T) =/ Ax, g = /Ay and / Pl < 245 + 2,
T

where Ay is defined on Lemma 2.7.
Then we get

/ (9 — VAN2Y(g*) s < 01/ 9" dua, (27)
T [T',00(

where 1 is defined on Lemma 2.7.
The constant Cy depends on ® and X\ but does not depend on the value of
T e [Th,T3).

Proof

< Let use Hardy’s inequality as explained in the introduction. We have
g(T) = Ax. We apply inequality (12) on [T, oo| with the function (g—+/Ay)+
and the following measures

dp = (g*)dpe and v = pig.
Then the constant C' in inequality (27) is finite if and only if

B = sup / Mt / (g dpe,

2T JT

13



is finite.
By Lemma 2.7, v is concave on [A,, oo then by Jensen inequality, for all
x =T we get

f;o gdue
M@([ZE, OOD ) .

/ " (@) dus < pua(fe ooDw(

Then we have
v D(t) fzoo g2d,u<1>
B [ maloocte (e ) %)

Due to the property (H) there exists K > 1 such that

(I)/(x)e<b(:c) < 6K<I>(x)7 (29)
and . @) oo o)
/ 2@ gt < Ke , / e~ ®M gt < ¢ ,
T () v ()

1

for large enough z. By (29) we get also for large enough z that
o~ K®(x) foo e~ 2®) 1t
< .
Zp Zp
Then for large enough x, uniformly in the previous g, one have

[ e atyao. ol ( ;{T[iiin) < @,Z e (ffo sy 6K¢<w>) |

1

For x large enough,
fmoo 9dpe
K
Then, by definition of v, for large enough z,

/m e‘P(t)dtu@([x, oo[)1 <M) < K<®*_1(>\Kq’(9f)))2.

T pia ([, 00) o'(x)

<1

There is also C¢ such that, for x large enough
o !(z) < (27 (C)),

as one can see from equation (17).

Then one can choose A = 1/(KC,) and the lemma is proved. Note that A
depends only on the function .

The constant B on (28) is bounded by K which does not depend on 7" on
11, T5]. >

14



Proposition 2.9 There exists A, A', B, D, Ay > 0 such that for any func-
tions f > 0 satisfying

/f2dua =1 and Ent,,, (f2) <1,

we have
Ent,, (fz) < AVar,, (f) + Al/ Hg (L
22A5

; f)f dﬂ@?

where 2 i lal < D
x || < LD,
Ho(x) = { &*(Bx) if |« > D.

Note that contrary to Proposition 2.4, constant A depends on the function
.

Proof
<A Let f > 0 satisfying [ f?du, = 1.
We can assume that Ay > 2. A careful study of the function

z— —2?logz® + Az — 1) + 2% — 1+ (z — /AL log(z — /AN)2

proves that there exists A such that for every z € R™
?loga® < Az —1)2 + 22 — 1+ (z — VAy) 2 log(z — /Ay
Then we get
Ent, (f*) = /f2 log f2du, < AVar,, (f) +
[ (5= V) 108 P, 30

where /A, is defined as in Lemma 2.8.

Fix A as in Lemma 2.8. We define the function K on [Ay, co[ by

K(z) = 1/%.

Let now define 77 < T5 such that

palloo, Ti) = 2, pal(T3, To) = ; and pa([T, +oo) = 2.

15



Since [ f?due =1 there exists T' € [T}, Ty] such that f(T) < A,.
Let us define g on [T, o0] as follow

g—\/i—l—(f \/7>+ ) on [T, 0.

Function g satisfies g(T)) = v/A, and g(x) > /A, for all x > T. Then we
have

/ GPdug < 2A, +2/ PPE*(f)dpe
T

[T1,00[N{f22Ax}

<245+ 2/ f*log(f*)dpa (31)

[Thoo[
<24, 42,

where we are using the growth of ¢ on [Ay, 0o[ and ¥(A)) > 1
Assumptions on Lemma 2.8 are satisfied, we obtain by inequality (27)

/ (9 — VAN2¥(g*)dus < Cy / ¢ dus.

T [T,00[N{f?>Ax}

Let us compare the various terms now.
Due to the property (H), K is lower bounded on [\/A,, oo[ by a > 1 (maybe
for A, larger), then we get firstly

VA (f=VA) K2 VA+(F=VA) azF o {f>4)
Then
(9= VA) () > (F = VA) KGR = (- VA log f*
by the definition of K, then we obtain
/Too(f — VAV log f2dpe < /;O(g — VA (G )dpe.  (32)
Secondly we have on {f > /A, }
g = FE§)+(f-VA) FE ()

o= ) 5

But we have, for x > /A,

1+ (z — /A ];((f)) Ka)

ég’()\Q log x)
x g(A\2logx) |

<1+

log

16



where g(x) = & !(z). Using the estimation (26) we obtain that there exists
C > 0 such that for all z > \/Aj,

'1+(x—@)§((g

N

We get then
g? <OfPK*(f) on {f*> A},

for some C < oo and then

/ ?due < C/ 2K (f)dps. (33)
[T,00[N{f2=Ax}

[T,00[N{f?2Ax}

By equation (32) and (33) we obtain

/oo(f — /Ay log fAdpe < O/ PR (f)dps.
T

[T,00[N{f?>Ax}

Let ug > 0,

/T (f = VA2 log fdus <

N\ 2 2
K
C 75 | uo <—f) f2d,u¢+/ T2< (f))f2dﬂ<1>7
[T,00[N{f2>Ax} f [T,00[N{f2>Ax} Uo

where the function 7, is defined as in equation (24) by

1—ce¢
2®(h~'(m)) ifo<z<m
T(z) = ot 1 g)\em . (34)
( (93)) ) if x >m,

where h is defined on equation (20) and m on equation (24). The function
Ty is equal to 7 up to a constant factor.
Using Lemma 2.10 we get

/ T = VA log e <
T

N 2
1
c 7 U0<£) Pgo+35 [ 1108 da.
[T,00ln {234} f 2 Jircolnifz=Ax)
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The same method can be used on | — 0o, T] and then there is C’ < oo such
that

T
/ (f = /A2 log fdus <

\ \? 1
c [ 7 uo(— Fdpa+ 1 10g Fdpia.
|00 TIN {2342} f 2 J) o Tn{f22A5)

And then we get

/ (f = VA2 log fdus <

2
/! * ! 1
{f22A\} f {12245}

Note that constants C' and C” do not depend on 1" € [T7, Th).
Then by inequality (30) and Lemma 2.5, Proposition 2.9 is proved. >

Lemma 2.10 There exists ug > 0 such that, for all x > Ay we have
K? 1
Ty (ﬂ) < = log2®.
Ug 2

Proof
< Let kK =2M\/(1 —¢). For all x > M, where M is defined on equation (24),
we have

n(h(r) = 2.

~(a) =

Ty is increasing, then due to the property (H) we have for x > M

P(z) O(x)
2
7'2((1 +€) CD’(J:)Q) < —
Using now inequality (17) one has

1L 1
'(z) ~ (1 - ) P(x))’

then for all z > M,

2 P(z) P(z)
w0+ 5 gy) <o

18



Take now z = (1 — €)®(x),

Tz((11+_ 622¢*_f(z>2) <o

to finish take x = exp <(1_Z€)R) to obtain

log 2

2
o*-1 <@ log x2>

1
| (1+ €’k < §logx2.

Recall that A = (1 — €)x/2 and let take uy = 1/((1 + €)?k), to obtain the
result for z > C, where C' is a constant depending on ®.
If we have Ay < C, one can change the value of uy to obtain also the result

on [A)\, O] >

Proof of Theorem 1.2

< To give the proof of the theorem we need to give an other result like
Proposition 2.4. By the same argument as in Proposition 2.4 one can also
prove that there exists A, A", B, D > 0 such that for any functions f > 0
satisfying

/f2d,ua =1 and Ent,_ (f2) > 1

we have for some C’'(A,), C(A,)

!/

Bnt,, (1) < O Var, () + €y [ () P, 39

where Hg is defined on (10) and A, on the Proposition 2.9.
Then the proof of the theorem is a simple consequence of (35) and Propo-
sition 2.9. >

3 Classical properties and applications

Let us give here properties inherited directly from the methodology known
for classical logarithmic Sobolev inequalities.

Proposition 3.1 1 This property is known under the name of tensoriza-
tion.

Let py and ps two probability measures on R™ and R™. Suppose that pi;
(resp. ua) satisfies the a M LST with function He and constant Ay (resp.
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with constant Ay) then the probability p1y & pig on R™ "2 satisfies a MLST
with function He and constant max {A;, As}.

2 This property is known under the name of perturbation.

Let p a measure on R™ a M LST with function He and constant A. Let h
a bounded function on R™ and defined [i as

where Z = [ e"dpu.

Then the measure ji satisfies a M LST with function He and the constant
D = Ae?5M) where osc(h) = sup(h) — inf(h).

3 Link between M LS of function He with Poincaré inequality.

Let pn a measure on R™. If p satisfies a MLSI with function He and
constant A, then p satisfies a Poincaré inequality with the constant A.
Let us recall that p satisfies a Poincaré inequality with constant A if

Var,(f) < A / IV 2,

for all smooth function f.
Proof
<1 One can find the details of the proof of the properties of tensorization
and perturbation and the implication of the Poincaré inequality in chapters

1 and 3 of [ABCT00] (Section 1.2.6., Theorem 3.2.1 and Theorem 3.4.3). ©>

Proposition 3.2 Assume that the probability measure i on R satisfies a
MLST with function He and constant A. Then there exists three constants
B,C,D > 0, independent of n such that: if F' is a function on R™ such that
Vi, [|0;F | <, then we get for A >0,

P (|F = ™ (F)| = )
2exp —nBo (C’i)) if A\ >nDC(,
s n6 (36)
Qexp C2) if 0 < A< nDC.

Proof
< Let us first present the proof when n = 1. Assume, without loss of

20



generality, that [ Fdy = 0. Due to the homogeneous property of (36) on
can suppose that ¢ = 1.

Let us recall briefly Herbst’s argument (see Chapter 7 of [ABC*00] for more
details). Denote ¢(t) = [ e'Fdu, and remark that MLST of function Hg
applied to f2? = e'f', using basic properties of Hg, yields to

, t
() = () log 1) < AHa ( 5) (0 (37)
which, denoting K (t) = (1/t)log)(t), entails
A [t
e (2)
Then, integrating, and using K(0) = [ Fdu = 0, we obtain

D(t) < exp (At /Ot éHq, (g) ds) . (38)

Then we get using Markov inequality

“1 s
— > < 1 — — —
w(|F — p(F)| = \) < 2exp <rtnl(1)q{At/0 S2H¢, <2>d3 )\t}).

P

Let note, for t > 0,

b1 5

An easy study proves that G' admits a minimum on R* on the value ¢, which
satisfies for A > 0 G'(tg) = 0. Then due to the definition of Hg we get that

min {G(t)} = an

50 —Z, 1f>\<AD

Assume now that A > AD then we obtain after derivation

>0 2

to 1 S to
Mo = Ato/o ?Hq)(i)ds + AH, (5)

We first prove that there exists C' > 0 such that for all ¢, large enough

to 1 S to
to/o EHq)(i)ds < CHs <5) (40)

21
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For k > 0 large enough and ty > k we get using then inequality (17) we get

w [ a(S)as<cn [ Ge(e(5))as

with C' > 0. Then by a change of variables and integration by parts, for
large enough t,

t

to /,:O i(b((b’ 1<2>>d3 = to " 1(2)20) 5((2)) " (u)du

(0 (/2)
/2))
)

(K 1
S5 W ‘1) (to/2)
< Cto® ' (to/2

for some other C' > 0. Then we get, using inequality (18), for ¢q large
enough,

fo 1 S 1—1 ! o *
o §H¢<§)ds < Cto® 1 (t0)2) < C'®*(ty/2).
0

for some constant C” > 0 and for ¢, large enough. Then inequality (40) is
proved. By (40) and (39) one get for ¢y large enough,

o< o (%),

for some constant A’ > 0. But, using inequality (18) and property (H) we
get then, for other constants C,C’, A,

' (AN) < Cty,
fggl{G( )} < AP (B (CN)) < —AD*(D'(C'N)),

if A is large enough and for some other constants A, B,C,C’ > 0. Using
inequality (17), we obtain the result in dimension 1.

For the n-dimensional extension, use the tensorization property of M LST of

function Hg and
_ t t
He| =0, F ) <nHg| = ).
> te(0r ) <nite5)

Then we can use the case of dimension 1 with the constant A replaced by
An. >
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Remark 3.3 Let us present a simple application of the preceding proposition
to deviation inequality of the empirical mean of a function. Consider the
real valued function f, with |f'| < 1. Let apply Proposition 3.2 with the two
functions

1 & 1 «
F(xy,...,x,) = — Zf(a:k) and  F(x1,..,2,) = —= Zf(zz)
"= v k=1
We obtain then

1
p<_
n

2 exp (—nA)\z) if o< A<D,

S A = ulf)

- >\> < { 2exp (—mA®(BN)) if A > D,

1 n
P <ﬁ 2 S(Xk) — u(f)| > A)
< 2exp | —nAd (B%)) if A = Dy/n,
2exp (—AN?) if 0 <A< Dy/n.
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