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This article is devoted to the question of the identification of a diffusion co-
efficient, ¢, for a heat transfer problem in a bounded domain, with the main
particularity that c is discontinuous. Such regularity can be encountered in the
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Abstract

We consider the heat equation with a discontinuous diffusion coefficient
and give uniqueness and stability results for both the diffusion coefficient
and the initial condition from a measurement of the solution on an ar-
bitrary part of the boundary and at some arbitrary positive time. The
key ingredient is the derivation of a Carleman-type estimate. The diffu-
sion coefficient is assumed to be discontinuous across an interface with a
monotonicity condition.
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Introduction

case of embedded materials.

Let Q C R” be a bounded connected open set. The set Q is assumed to be a
%? submanifold with boundary in R” (see e.g. [12, Definition 1.2.1.2]). We set

T'=00. Let Qy and ©; be two non-empty open subsets of {2 such that

0 €Q, and Q; = Q\ Q.
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We denote by S = Q¢ N Q; the interface, which is assumed to be 2. We shall
use the following notation Q' = Qg U Q. It should be emphasized here that the
position of the interface itself is not assumed to be known.

Let T > 0. We consider the following transmission problem for the heat equa-
tion:

Oy—V-(cVy)=0 in (0,7) x @,
(0.1) y(t,x) = h(t, z) on (0,T) x T,
’ transmission conditions (TC1) on (0,7) x S,
y(0,2) = yo(x), in Q,
with
(TC1) YI0.T1xSo = Y|[0.T]xS1+ €0OnY|[0,1)x S0 = C10nY|[0,7]x 5, -

where f|, is the trace on S of f|, and where

Co in Qo, ~ EO in Q(),
C = C =
C1 in le El in Ql.
The boundary condition A(t,z) shall be kept fixed. The diffusion coefficient ¢
shall be kept independent of time, ¢t. If we change the diffusion coefficient ¢ into ¢
we let g be the solution of (0.1) associated to ¢ and gg for initial condition. In the

case studied here, the interface remains unchanged when changing coefficients.
Its position is however not known.

We assume that we can measure both the normal flux 9,0,y on v C 92 on the
time interval (¢g, T') for some to € (0,T") and Ay in Q at time 7" € (¢9,T). In the
case of piecewise constant diffusion coefficients, i.e. ¢|q,, i = 0,1, is constant,
our main results are (7) the injectivity of the map

L®(Q) x L*() — L*((to,T) x v) x L*(Q),
(Cv yO) = (3n5'ty, Ay(T/))a

(uniqueness); (i7) the stability for the diffusion coefficient, ¢ (Theorem 2.9):
there exists C' > 0 such that

|6 = AT ) < ClOn 0y = D) T2 (0.1 %) + CIAY(T', ) = AY(T, )72 00y

and (4i7) the stability for the initial condition, yo (Theorem 4.5): there exists
C > 0 such that

190 = Golz2() < C/ 10 (1w = DT 12000 + 10 (Bety = DD 20,17 )

b

for [(y — ) (T") | 2y + 100 (Ory — atﬂ)\%g((oj)w) sufficiently small. At the end
of Section 2, we shall observe that we may only require the difference of the
coefficients, ¢ — ¢, to be piecewise constant.

The key ingredient to these stability results is a global Carleman estimate for
the operator 9; — V - (¢V/(.)) and the open set (.



The use of Carleman estimates to achieve uniqueness and stability results in
inverse problems is now well-established. Some authors make use of local Car-
leman inequalities and deduce uniqueness and Holder estimates (see [18],[17]
and references cited therein). Others make use of global Carleman inequalities
and deduce Lipschitz stability results (and hence uniqueness results). We shall
follow this second approach. To our knowledge, this method was first used in
[19] and then by others, e.g. [2]. For literature on Carleman estimates we refer
to [13, Chapter VIII], [14, Section: 28.2-3] for local estimates and [16] for the
parabolic case. For global estimates we refer to [10] and [9].

Stability results for parabolic equations are recent, to our knowledge, (see
[18],[8]). Apart from [19] there are few results on Lipschitz stability, even for
linear cases.

One of the main difficulties in the present problem is to deal with discontinuous
diffusion coefficients. Controllability for such parabolic equations has been stud-
ied by [7]. Null-controllability property is proved via an observability inequality
for the adjoint system, which is deduced in [7] from a global Carleman estimate
yet assuming a monotonicity on the coefficients ¢ in connection to the observa-
tion location: roughly speaking, the observation zone has to be located in the
region where the diffusion coeflicient is the smallest. Here, to achieve a stability
result we have to derive a Carleman estimate for the difference of the two solu-
tions, y, y. This difference is solution of a non-homogeneous parabolic equation
(with discontinuous coefficient); because of the discontinuity of the diffusion co-
efficients it does not satisfy the appropriate transmission conditions (T'C1), on
the interfaces S, defined above. For this reason, under the same monotonicity
assumption as in [7], we derive a peculiar Carleman estimate which includes
additional interface terms (see Theorem 1.2).

To obtain a stability result, one has to ‘manage’ the dependence of some con-
stants with respect to (w.r.t.) the parameters, s and A, that appear in the weight
functions used in the Carleman estimate (see (1.4) in Section 1). The interface
terms require some careful treatment. In particular, a stationary-phase argu-
ment is used to obtain a sufficiently sharp asymptotic estimates of these terms
for s and A large. Usually, stability estimate are obtained by letting the pa-
rameter s become large. Here we also make use of the second parameter A (see
Section 3).

As we are concerned with parabolic equations, we have to assume the obser-
vation of the solution occurs at some positive time, 7 > 0. The suppression
of this assumption remains an open problem and it appears in all articles de-
riving Lipschitz stability estimates from global Carleman inequalities (see the
discussion in the introduction of [19]). At the end of section 2 we show that if
the position of the interface S is known, we can however localize in space the
observation at time 7".

The article is organized as follows. In Section 1 we derive a Carleman estimate
adapted to our problem. In Section 2 we prove a stability result for the piece-
wise constant diffusion coefficient ¢ when one of the solutions, say ¥, is in a
particular class of solutions. In Section 3 we prove that this class is non empty.
As mentioned above we also slightly relax the piecewise-constant condition by
solely imposing that the difference of the coefficients be piecewise constant. In



Section 4 we prove a stability result for the initial condition under some ad-
ditional assumptions, in particular on the initial condition itself. Section 5 is
devoted to a generalization of the results to a more complicated geometry, for
instance allowing for more than two embedded materials. Appendix A provides
some basic regularity properties for the solutions to parabolic equation with
non-smooth coefficients and provides a technical lemma.

We now give some notations and important assumptions. We denote by n the
outward unit normal to 21 on S and also the outward unit normal to € on T.
Let Sy (resp. Sp) be the side of the interface S corresponding to the positive
(resp. negative) direction of the normal n.

Note that we do not assume that Qg nor 2; is a connected open set. We shall
however assume that they are formed with a finite number of connected open
sets, say Qo.1,...,Q0,p,, and Q11,...,81 p,, Po,p1 € N. We shall then denote
by S;; the interface (possibly empty) between € ; and € ;.

We make the following assumption

Assumption 0.1. The diffusion coefficient satisfies c; = c|, € CH ), i =
0,1, and is independent of time t.

Assumption 0.2. cq|; > c1jg and 0 < cpin < ¢(2) < Cnaa, © € Q.

Remark 0.3. Assumption 0.1 will be significantly strengthened in Section 2
to obtain a stability result. Yet, for some of the results such as the Carleman
estimate proved in Section 1 and the regularity properties proved in Section 3,
which can be of some use elsewhere, Assumption 0.1 is sufficient.

We let v be a subset of the boundary I' satisfying

Assumption 0.4. The interior of v is non-empty with respect to the topology
on I induced by the Euclidean topology on R™. Each component of ()1 contains
part of the interior of v in its boundary.

Examples of situations in which Assumption 0.4 is satisfied are given in Figure 1.

To obtain a Carleman estimate we introduce a geometric assumption, following

7).

Assumption 0.5. Geometric Condition (GC)
We assume that there exist two disjoint open subsets oW, 03 e Qy and two
vector fields, (V) € €1 (Qo,R?), i = 1,2, such that

(D(z)-n(x) >0, Yz €8, i=12
¢O(z) n(x) >0, Vo c 00D, i=1,2,
C(i)(aj)#(L V,’I;EQO\O(’L)’ i=1,2

(n is the outward unit normal to Qy on S and the inward unit normal to O
on 00D i =1,2). Let ) be the integral curves of ¢, i.e.

2 §) (i
T = (O @), >0,
2@ (0) = 29, x0 € S.



Figure 1: Geometric situations in which Assumption 0.4 and the geometric
condition (GC) are satisfied. Shaded is ;. Arrows represent the normal unit
vector n.



We also assume that there exists T > 0 such that for all g € S, there exists
t@) (20) < T satisfying

D) e Q\ 0D, for0 <t <tD(zg), zo€S, i=1,2,
D9 (x0)) € 009D, forazge S, i=1,2.
Note that in Assumption 0.5, there is no restriction to having Q¢ composed with
po components. The examples given in Figure 1 satisfy Assumption 0.5.
We denote by W™P(Q2), m € N, 1 < p < oo, the usual Sobolev space defined by
WP = {u € LP(Q); 0% € LP(Q) for |a| < m},

where a = (a1,. .., @,) is a multi-index and differentiation is to be understood
in the weak sense. As usual we write H™(Q) = W™2(Q). For the definition of
WP for r € R\ N we refer for instance to [1].

1 A Carleman estimate

We prove here a Carleman-type estimate with a boundary term on 7 in the
r.h.s. of the estimate. For this purpose we shall first introduce a particular type
of weight functions, which are constructed using the following lemma.

Lemma 1.1. Assume that there exist two disjoint open subsets O, O € Qq
satisfying (GC). Let v be a subset of I' = O satisfying Assumption 0.4 and B
and E(i), i = 1,2 be open balls such that BW @E(l) € 0W and B® € B® e
O®) . Then there exists two functions ) and 2 such that

~(1) . ~2) .
A0 () = @(J ) in go, 3 (z) = @é ) in go,
Br in Qy, Br in Qy,

and the functions 5(()1), ~(()2), and 51 satisfy the following properties: 51 €
%2(51), B1 >0 in Qq, and

51:0 on T\, 8n51<0 on T\,
51:2 on S, 8n51 <0 onS,

and N B
VG| >0 in Qy;
fori=1,2, B\ € €2(Q), B > 0 in Qy,
B(()i) :Bl =2o0nsS, i=1,2
00 B = 10,51 on S, i=1,2,

(1.1) 3D = 26 in B,

(1.2) 3% > 28" in BW,

and

(1.3) VAP >0in o\ BY, i=1,2.
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Figure 2: Geometrical situation for the proof Lemma 1.1. The shaded area
represents (2 \ 1 = Q\ Q.

Proof. For the construction of 5(()1), i = 1,2, supported in the connected com-
ponents of Qg, we refer to [7, Lemma 3.2]. We briefly show how the function Bl
is constructed. In actuality, the procedure described here has to be performed
in each connected component of €2y, which is possible since each component
contains part of the interior of v in its boundary by Assumption 0.4.

Let x¢ be in the interior of v. We can enlarge the open set 7 locally around
xo while preserving the €2 regularity of the boundary. Such a procedure is
performed in a neighborhood U of xg such that U N T C ~. (This can be
done by locally straightening out the boundary v as Q is assumed to be a
%? submanifold with boundary in R"™ [12, Definition 1.2.1.2]). This enlarging
procedure only affects v and leaves T'\ v untouched. We call the new boundary
I'. We denote Q; the extension of Q; and Q that of Q (Q; € Q;, Q € Q and
I' = 0Q). Let w be an open subset such that w € €; \ Q1. The geometry we
describe here is illustrated in Figure 2. Following [7, 10], there exists p € €2(f2)
that satisfies
=0, O,pu<0onT,

w=2, coanﬁff) =c10p,p<0on S, i=1,2.
Vil >0in Q; \ w

The function Bl := 5. satisfies the required properties. ]
1

Choosing two functions B(i), i = 1,2, as in the previous lemma, we introduce
Y = B0 + K with K = m| 31| = m||f?|e and m > 1. For A > 0 and



t € (tog,T), we define the following weight functions

ABY () B _ A8 (@)

@) (¢ 2) =
n(t,z) (

e 212
t—t) T -1

(14)  ¢D(t,2) = =t (T =1’

with 8 = 2m|fD||w, i = 1,2 (see [7],]9]). We let to € (0,T) and we set
Q= (to, T) x Q, Q' = (to, T) x ' and recall that Q' = Qg U Q.

Let g € H'([to,T], H2(S)). We introduce transmission conditions (TC2) on the
interval [tg, T'] which reads

ql[to,T]XSg = QHto,T]XSl)
TC2
( ) Coa”thoyT]XSo = Cla"q\[to,T]Xsl +y(t, ),

for a function ¢ which is H? in each open set §;, i = 0, 1.

We introduce

€ L%(to, T, H*(%)), i = 0,1,

) q‘(tO,T)XQi

N, = {q € H'(to, T. H} ()
and ¢ satisfies (TC2) a.e. w.r.t. ¢ } .

Theorem 1.2. Let v be a subset of the boundary T' of an open set 0 of R™
that satisfies Condition (GC), and v satisfies Assumption 0.4. Let ¢ satisfy
Assumptions 0.1 and 0.2. Assume further that co|; —c1j; > A > 0. Let

g € H(to, T, H%(S)). There exists A1 = A1 (,7,01, 0@ cpin, cmaz, A) > 0,
51 = s1(\1) > 0 and a positive constant C = C(Q,v, 0N, 0P ¢, in, Cmaz, A)
so that the following estimate holds

1 _snM 2 _sn(®@
(15) (MM (e ) 2o g + M (e )2 0
1 —_sn® 2 s
+ MY (e )3 o + M (e ) )

ot [[ (e e ) (9P da di
Q

+ 304 //Q(e2s”(l)cp(1)3 +e*23’7(2)ga(2)3) lq|* dx dt

(2)

<cC

T
SA//(e_QS"mw(” + e 21 6@ 19,q% do dt
to/y

—2snM —2sn? 2

+// (e™* " + e ) |0, £ V - (cVq)|” dx dt
r e @)

+s)\//s(e’25” oW 47217 ) g2 do dt

to

g 2sn® (14 2@ ()4 |12
b [ [0 o (g2 do at
tol S

T
+3_2/ / (72 4 =21 |9y g 2dor dt |,
t() S

for s > s1, A > A1 and for all ¢ € Ry, with My and My to be defined in
(1.9)-(1.10).



We recall that Q' = Qo UQ; and Q' = Q' x (0,T) For a function p with a trace
on the interface S, from both sides, defined in some sense, we shall denote p;
the trace of Plo, ON S, i=0,1, when there is no ambiguity; in the case py = p1
we shall simply write p. We shall use the notation [p]s = pg — p1 for the jump
of p across the interface S. We shall adopt Einstein’s summation convention for
repeated indices.

Proof. We consider s > 0 and ¢ € R,. Let us set f = 0;q + V - (cVq) (we treat
the case of the operator 0; + V - (¢V) in the proof; the other case can be treated
similarly). Then f € L?(Q’) (because of transmission conditions (TC2), observe
that ¢ is not in the domain of the operator V - (¢V)).

In the first part of the proof we shall write 7, ¢, My, etc, in place of n(, ©®
Ml(z), etc, i = 1,2, and treat the two cases at a time. We set ¢p = e~ %q. We
observe that ¢ (tg) = ¥(T) = 0 and since ¢ satisfies transmission conditions
(TC2) (and q(t,.), € H*(Q;) a.e. w.r.t. t), we have (a.e. w.r.t. t)

Iﬂi
(16) COa7L¢O‘S(t7 ) = Clanwl‘s(tv ) + gs(t7 ) on Sa
(17) VT¢O‘S(t7 ) = v7w1|5(ta ) on Sv
(1.8) Voo (t,.) =1, (t,.) on S,

where g; = e~ g and V., denotes the component of the gradient that is tan-
gential to S.

The function v satisfies in each ;, 2 = 0,1,
My + Moy = fs

with

(1.9) My =V - (V) + >N ?| VB2 + s(0m),
(1.10) Marh = Oyth — 25ApcV B - Vb — 25\ pc| VB[4,
(1.11) fs = e f + AV - (cVB)Y — s)2oc|V3|%.
We have

|My (72 + [Math[72(gny + 2(Mih, Mot L2y = | fsl P20
With the same notations as in [7, Theorem 3.3], we write (M1, Mav)) 12y as
a sum of 9 terms I;;, 1 <1i,7 < 3, where I;; is the inner product of the ith term
in the expression of M7t and the jth term in the expression of Mo,

As compared to the proof of the Carleman estimate in [7, Theorem 3.3] we only
need to adjust the computation of I11, I;2 and I13 to the present case. In fact
the other terms do not involve transmission conditions (1.6) in their computa-
tion and thus remain unchanged from the terms obtained in [7].

The term I;; follows as

Iy = / V- (V) 0y dadt
Ql

=— // , eV - 0y(V) dadt + Z (1)t /tT/S CiOnt; Optp dodt,

i=0,1



by integration by parts; the surface integral on I" vanishes since 0;% = 0 there.
Noting that V- 9,(Ve) = £8,(|V¢[?), the first term vanishes since 1, and thus
V), vanish at t =ty and ¢ = T and c is independent of ¢. For the remaining
surface terms we use (1.6), which yields

T T
I :—//gs D) dadtz//&e(gswdadt
to) S tol S

since g, € H'(to, T, H2 (S)).
The term I, is given by

I = —2sA // eV - (cV)eV B - Vb dadt
T
i . . — 2 .
= 25\ /// eV - V(pcV B - V) dedt — 2sA /tO/F oc* (V3 - Vp)(0nt) dodt

T
250 30 (1) [ [ o (98- Vi) @,0) dod

i=0,1 to/ S

This integration by parts is justified since v(t,.) is in H? in each §;, i = 0, 1.
Denoting by I{, the remaining volume integral, we obtain

I}, = 25)\? // ©c?|Vy - VB|? dadt + 25\ // ©C 0z, (€O, 3) 0,0 ;% dxdt
Q’ Q'
+ s\ / / ©c® 0y, B0, | VY|? dadt.
Ql
We further compute the last volume integral, denoted by Ij,. Observe that

[V, s in WH(€) since ¢, (¢,.) € H?(€), i = 0,1. This allows to further
integrate by parts, since (¢2pd,, )|, € €' (), i = 0,1, and yields

‘Qi
T

I = _SA// 0w, (0c?0y, B) |V dxdt+s)\// ©c?0,,8|V|* dodt
Q' to T

T
+sA Z (-1 // 0?0, ;| Vi |? dadt.

i=0,1

The remaining volume integral can be further expanded into

I = —sA// 00y, (0, B)|V|* dadt — s\ // o |V B2 | Vy|? dxdt.
Q’ Q’

Collecting the surface integrals in a term denoted by Ji5 we find

Iy = —s\? // eV |VY|? dedt + 250 // oV - VB[ dedt
o Q

10



where
X; =25\ // 0C Oy (€O, 3) 0,0 ;¥ dadt
—sA // @0y, (c*0,, 8)|V|* dadt.
Q/

We now observe that since (3 is constant on S we have

(VB V)15 = (0nB0nthi)s, i=0,1.
Writing |Ve|? = |V,9]? + [0,%]* we find

T
to/ S

1=0,1
—sA Y (-1 // 020, 35|V i |2 dodt—sA//ch(ﬂ B|0,v|? dodt,
i=0,1 to

where we have used that ), is constant. Recall that V 1 = V41, and that
c0OnBo = ¢10, 01 on S. From transmission conditions (TC2) we have

|003n1/)0\2 = |013n¢1|2 + |gs|2 + 2(Cl(anwl)gs)a on S.

We thus obtain
T
Jig = S)\// 0000 s|c10n1 |* dodt
to
—|—3/\// ©0n Bolgs|? dodt—s/\// s(c0,B)|V9|? dodt

- s)\// 0?0 3|0n0|? dodt + Y7,
to T
with
T
(112) Yl = 28)\// chlan'l[)l 8n50 gs dodt.

to/ S

We thus have
ha==sX* [[ G IVaPIVU dadt + 252 [ eIV TP dus
Q/ Ql
T T
o3 [ [ plonplsiad,inl dodisx [ [ o,mla.f? dodt
to) S toJ S

T T
_ 9 B , ,
s)\/to/s ©le]s(c0nB) IV 9| dodt 8)\//900 00 B10p 0| dodt

toJ T
+ X1+ 1.

11



The term I3 is given by
I3 = —2s)\? // OV - (V) c|VB|2ep dadt
Ql
= 25)\? // eV - V(pce|VBI2p) dadt
Q/

T
25)\2 —1) ianiivi2 dodt,
F2s32 ¥ )/tO/S“”(C 0|V AP dodt

i=0,1

where we have used that 1. = 0. Expanding the integrand in the volume
integral and using (TC2) in the surface term we obtain

Iy = 2572 // PPV ARV dedt + X5+ Ya,
Q/
where
Xy = 25\? // oV -V (c| VB2 dadt
Ql
+25)\3 // 02V - VBV B|%Y dadt
T
258 [ [ p(c03)(0,0)s(c10,00)0 dodt,
tod S
since V.3, = 0 and

T
Yy = 25\ / / ¢co(Onfo)?gst dodt.
to) S

Following the proof of Theorem 3.3 in [7] we find
1
= 523 [ FevaPauP dedt =~ 352 [ | a)lvBP P dod,
Q’ Q’
and
Iy = —s3)\3 // O3 VBIEVA -V (|¢|?) dedt
T
_ 343\ // PRV dudt+s°\3 // 0B 0Bl dodt+X,
Q/

to) S

with X3 given by
Xy = 5503 // PV - (VBRV) W2 dudt.
The terms I»3, I31 are given by

Iy = —26°0 / /Q G |VBI ) dudt,

12



1 1
I3 = 73// oo (||?) dadt = —73// Ot n||? dadt.

2 Ql 2 Q/

The term I35 is given by
B ==\ [ [ p(Om)eV 3V (uP) dodt = 23 [[p(om)civ8 | dod
Q Q
+ [[ oV (@mevp)uf dut
since Y5, = Y|s,. Finally the term I33 is given by
I35 = —25%)\? // 0c(0m) |V B|%[1p|? dadt.
Q/

Collecting the terms I;; just computed we obtain
+ 25)\? // o | VB2 | V|? ddt + 253\ // ©* |V B|Hy|? dadt
Q’ Q’
T T
+23)\// ©[0,,8]5|c10n11 |2 dadt—2s)\//<p028nﬁ|8nz/1|2 dodt
to) S to/ I’

T T
250 [ [ pldls(ea,0) VP dod 2558 [ [ G0, 5 10,5)sl0f dode
S to/ S

to

T
+23>\// 0O Bolgs|? dodt
toJ S

= fsli2gn — 2(In + X0 + Y1 + Xo + Yo + Ioy + Xz + a1 + I3z + I3).

We now consider the surface terms I71, Y7, Y3 involving the function g; and
write

(1.14)

[11] =

T T T
//@(gs)wdadt gcﬂ// \atgs|2dadt+052// [v|? dodt.
tos S tol S tod S

In the proof of Lemma 1.1 we are free to choose § such that 9,8 /co < —1.
Since we assume c¢g — ¢; > A we obtain

anﬁl

Co

(115) [8n5]5 = 3n50 - 8nﬂl = (Cl - CO) >A>0.
The second term in (1.14) can thus be absorbed by the term

T
233/\3//g@3\canﬁ|2[3n515|¢|2 dodt
to

in (1.13) for s sufficiently large.

13



The term Y7 in (1.12) can be estimated by

T
(116) |Y1| = 25)\// @Clanwl anﬁo Js dodt
to S

T T
< Ces)\// ©lgs|* dodt + Es)\// ©|c10,01)%(0nB0)? dodt, &> 0.
tO S to S

For e sufficiently small, the second surface term in (1.16) can be ‘absorbed’ by
the term

T
28A//@[3n5]s|013n¢1|2 dodt

to S
in (1.13) by (1.15).
The term Y5 can be estimated by
T
Y| = < C’s)\// ©lgs|? dodt
tod S

T
+Cs)\3//sgpc§(8nﬂo)4|¢|2 dodt.
to

T
250 / / co(Onfo)’gut) dodt

toJ S

Observing that ¢ < CT*p?, the second surface term can be ‘absorbed’ by the
term

T
268\3 / /S Sl B2[0nls v dodt
tor

in (1.13) for s sufficiently large by (1.15). The two previous estimates are the
points in the proof where the hypothesis cg — ¢; > A > 0 is needed.

Note also that
s2|0hgs” < Cs™2e72)0yg) + C(0im)e g
< 0872672sn|8tg|2 + Cq—v2804(_372577|g|27

where we have used that [9;n] < CT¢? [7, equation (90)] (which makes use of
the particular choices made above for K and 3, which implies that 8 < 2).

Applying the technique presented in the proof of Theorem 3.3 in [7], the previous
observations yield the following Carleman estimate (we use the notation n(®
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instead of 7)

i _sn(® i _gn(®
(1.17) (M (e )2 + 1M (€ )2 01

+ s\? //Q =2 ©D|Vg|? dx dt + s>\ //Q =2 4,0(1-)3|61|2 dx dt

T o T o
<C [s)\// g2 ¢ 0ng|? do dt + 53/\4//~ e 2’ )go(z)3|q|2dxdt
to vy to B(i’)

) T )
+ // g2 10:q — V - (cVq)|? dx dt + 3_2// g2
Q to) S

T o T o
+// g2 <,0(1)4\g|2 do dt + 8)\/ g2 oD g|? do dt| ,
to/ S to/ S

Org|*do dt

for i = 1,2, and for A > A\o(€2,7, 0N, 0@ cpin, Cmaz, A) and s > so(Xg) (the
sets B were introduced in Lemma 1.1). Note that the condition [c], > 0 is
needed to obtain the previous estimate.

Adding (1.17) for i = 1,2, we deduce (1.5) with the same argumentation as in
the proof of Theorem 3.4 in [7]. The terms integrated over (to,T) x B® are
absorbed by other terms using properties (1.1)—(1.3) of 3@, i =1, 2. |

Remark 1.3. The Carleman estimate that was just derived is peculiar because
of the presence of terms integrated on the interface S. In particular, two terms
involve the function g with different powers for the parameters s and A\ and
for the weight functions ¢, i = 1,2. This Carleman estimate is the key
ingredient in the subsequent analysis. The interface terms will require some
special treatment. The two parameters s and A will also have an important role
to play in the next section.

Remark 1.4. In the case g = 0, the previous Carleman estimate simplifies.
By inspection of the proof of Theorem 1.2, observe that in the case g = 0, the
condition co|, — ¢4 > 0 is sufficient to obtain the Carleman estimate [7]. The
case of cp|; —c1], < 0 remains open in the case of a dimension greater than equal
to 2 (in the one-dimensional case a Carleman estimate for the heat operator,
O¢ £ 0,(c0;), in arbitrary situations, can be found in [3, 4]).

2 Uniqueness and stability estimate for the dif-
fusion coefficients

In this section we establish a uniqueness result for the discontinuous diffusion
coefficient ¢ as well as a stability inequality. This inequality estimates the dis-
crepancy in the coefficients ¢ and ¢ of two materials (with the same geometry)
with an upper bound given by some Sobolev norms of the difference between

15



the solutions y and ¥ to

0y — V- (cVy) =0, in (0,7) x Q,
o i(t,7) = h(t, ), on (0.T) x T,
. transmission conditions (TC1), on [0,T] x S,
ﬂ(O) = :'707
with
(TC1) Y[0,T]xSo = Y|[0,T1x 51+ C0OnY|j0,1)x 50 = C10nY|[0,7]x S, 5
and
Oy — V- (cVy) =0, in (0,7) x Q,
(2.2) ylt, @) = ht, z), on (0,7) x T,
. transmission conditions (TC1), on [0,T] x S,
y(0) = wo.

The Carleman estimate proved in the previous section will be the key ingredient
in the proof of such a stability estimate.

We introduce

f—c—v= {50200—50 in Qo,

§1261—51 in Ql.
We set u =y — y and v = Oyu. Then v is solution to the following problem
v —V - (cVv) =V - (§Vdy), in (0,T) x

(2.3) v =0, on (0,T) x T,
transmission conditions (TC2), on [0,T] x S,

with
(TCQ) vl[O,T]xSo = U|[0,T]><517

Coanv\[o,:r]xso = clanv\[o,T]xsl +g(t, @),
where

g(t,x) = glanatghoj]xsl - foanatghoﬂxso = Oéanatﬂhoﬂxsoa
. _ Eo\so
with a = gl‘sl ﬁ 7€0|30'
Let T’ = 1(T + to). We make the following assumption.

Assumption 2.1. The solutions § and y belong to H?(to, T, H*(Q))) and are
such that y, € H'(to, T, H*()), Ui, € H*(to, T, H*(%)), i = 0,1. Further-

)

more, y satisfies

1. Let r > 0. The solution y is such that |Ay(T")| > r >0 in Q';

16



2. Yo, is in a bounded domain of W2 (tg, T, H?(€;)), i = 0,1: there exists
M > 0 such that
|27|QZ (ta )ﬁ[?(ﬂ,) + |6tg‘ﬂ,t (t’ )|%{2(Ql) + |8t2g\nz (tv ')@{2(91) <M, i=0,1,
a.e. fort € (to,T);

3. Adyy,, s in a bounded domain of L*(to, T, L™ (%)), i = 0,1: there exists
K > 0 'such that

T
/ A8, (t, )o@y dt < K2, i =0, 1.

to

In Section 3 we shall show that for any initial conditions g, 7o in L2(Q) we
can achieve the properties listed in Assumption 2.1 by using some particular
boundary conditions h(t, z).

From Assumption 2.1, the functions y and v are such that y, ,v|, € H?(Q,),
i=0,1. Then g € H'(to, T, Hz(S)). The second equality in condition transmis-
sion (TC2) thus takes place in the space H 2 (S). Observe that v = 8,(y—7) € R,
from the above assumption. We can thus apply Carleman estimate (1.5) to v.

We shall use the notations of the proof of Theorem 1.2. We set () = e’S"(i)v,
i =1,2. With the operator MQ(” defined in (1.10) we introduce, following [2],
3
2

T/
_ S s 1
I(Z):/ M@ @20 qras, =12, andI:§(I(1)+I(2)).
tod QU

3
Note the additional p(9) 2 factor as compared to [2]. This will be of importance
below.

We have the following estimates.

Lemma 2.2. Let A > A1 and s > s then

T
|I| < Cs™3/22\72 [s)\//(e—%’l(l)@(l) +e—28n(2)¢(2)) 10,0]2 do dt

oY

¢
e
T 25n (1) 1 2512 2 2
+s)\//s(e_ s (M) =27 52 (9|2 do dt
to

T 2sn(M  (1)4 250 (2)4 2
+//(675” @M 4 e 28m <p())|g| do dt

to) S
2 T 24n(1) 251 (2) 2
+s~ //(e_ S 4 e )| 0rg| do dt | .
to/ S

0

snM + 6—2577(2)) |at1} - V. (va)|2 dz di

Proof. Observe that

. 1 i . . _ i
110 < 55_3/2)\_2 (MQ( )¢(1)|%2(Q’) 4§32 // S0(1)36 2sn( )|v|2dxdt) 7
Q

i=1,2.

17



(We recall that Q' = (o, T) x ©'.) Thus

|1|< 57N <|M2(1)1/)(”|%2<Q')+|M2(2)1/)(2)|%2(Q'>

43\ // (e—2sn(1)(p(1)3 + 6_2577(2)@(2)3) ‘v|2 dx dt) ;
Q

which yields the result from Carleman estimate (1.5). |

Lemma 2.3. Let A > A1 and s > s1 then

/ (e—Zen W3F | —2n® (2>2> (T, 2) [o(T",.)]? dx

T
< Os™3/2)\ 2 8)\//( —2en o) 4 e 2 0@ |0,0]? do dt
o/

+// (721 4 27 |V - (£V0,)|? do dt
T e )
+s)\//s(e_25" o) 4 g=25m <p(2)) lg|? do dt
to
T @ (94
+//( —2sn( (1) +672S77 (2) ) |g|2 do dt

toJ S

T
572 / / (e 4 e=2Y9,g)2do dt

tod S

Proof. We evaluate integral 1), i = 1,2, using (1.10)

T’
70 _ / / atw) 2520y 0 . vl
. . . L3 .
9 A2¢<z>c|v5<z)|2¢(z>) 02 drdt
1 T’
5// a|w<l>| dxdt—s)\// o cVﬁ“ VD2 dedt
— 25)\? / / <p<i)%\Vﬁ<i>|2|w<i>|2dxdt
t() !
1 (7 3 - T 5 , ,
= 5// 029,y da:dt—i—s)\/ A V- (992 evaD) D2 dedt
to / to ’

Tl 5 . .
—25)\2// ©D2|vBD 2| 2dadt,
to 4

by integration by parts, without any remaining integral over (to,7") x S by
condition transmission (1.8). With an integration by parts w.r.t. ¢ in the first

18



integral, we then obtain

1 N 1 T .5 . .
(2.4) 5/ D211’ )2 de = TD + 58/\2// 02 c|VAD 21D [2dadt
S ’ to S/

T’ 5 ) ) T’ ) 1 )
—ox [ [ eI a0 dudt+ § [ [ @O O dadt,

to to

i=1,2,

N
since ()2 (ty,.) = 0. Adding (2.4) for i = 1,2 we obtain

3 3
(2.5) / (62877(1)@(1)2 +€28n(2)g0(2)2) (T’,:E) |1)(T/,.)|2 dx < 4|]—|

+C(sA? +sA+1) // (e—%n“)(t,m)gp(l); + 6—280<2)(t7z)¢(2)5) |v|2dadt,
to ’

observing that |9;¢0®| < C’T(p(i)2, i = 1,2. We use Carleman estimate (1.5)
to obtain an upper-bound for the last term in (2.5) which yields the result by
Lemma 2.2. ]

We shall now assume:

Assumption 2.4. The diffusion coefficients ¢ and ¢ are piecewise constant, in
the sense that cy,, , resp. ¢|, , are constant in each connected component of €,
1=20,1. We define

Co,j = ClQOJW J = 13 -+, Do,

€5 =Cq, ;» I = L....,p1,

with similar notations for ¢ and &.

In this case observe that, in €/,

(T, z) = cAu(T',z) + EAY(T', x)

Po D1

= Z coj Au(T', x)xq,, + Z c1;Au(T, 7)xe, ,
Jj=1 Jj=1
Po D1
=+ Z fO,jAg(T/v 'r)XQO,j + Z El,jAg(T/7 x)XQLj )
j=1 j=1

from the equation satisfied by u expressed at time 7" and the definition of v
above.
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From Lemma 2.3, we obtain

(2.6) /(28” M 4 g—2en® (2)2)(T’,x>|£A§(T’,$)|2dI

<C (62577 3 42 (2)2> (T, x)|cAu(T’, z)|*dx
Q/
+ Cs3/2)\72 [s)\// 1 o) 4 =25 52 19, u[2 do dt

+/ / ,<6’28”1 e 21 |V - (eV)|? da dt

+s)\// (721 V) 4 =217 (@) |g[2 do it
to

4
b [ e g o o a
to

T
w2 [ [ e ogpdn |
todJ S

From Assumption 2.1 we find that
|AO:(t, x)|* < k2 (t)|Ay(T’, x)|?, in each (to, T) x Q;, i = 0,1,
for

1 ~
k(t) = - sup |A8ty|ﬂv (t, )] Lo (9,)-
T i=0,1 °

From Assumption 2.1, k € L?(to,T) and k| 22(t0,7) < K' = %K. These obser-
vations yield the following estimation of the third term in the r.h.s. of (2.6):

T
(2.7) / / (e2n" 4 &2 €A G|? du dt
tos Q;

<E? Y Z|§w / (em2en (M) o em2en T ) AT, ) P,

1=0,1 j=1 Qi j

where we have used that
em2nV(ta) < =2V (Tw) et e (tg,T), i =1,2.

Observing that 0 < C' < ¢, i = 1,2 since & > 0 and >C >0,

we obtain

(T—- t)(t to)

T
/ / (e=2™ 4 e=21%) |eAD, G du dt
to/ Q;
oy e [ (et
1=0,1 j=1

2 ’ 3
e ) ) ) (T',2)| AT, 2)|*de.
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We now treat the interface terms that appear in the r.h.s. of the Carleman
estimate. Recall that

9(t, ) = a0n0Y)j0, 1% S0
&
a=&b= —&.
1
Note that n(t,.) is constant on S. We denote this constant by n(¢,S). More

generally we shall denote p(.5) the value on S of a function p which is constant
on S. We obtain

T
1 2
/ / (e=21™ 4 =21 0yg|%dor dt
to) S
T
to S

T
< M/‘€|2/ (e—an(l)(t,S) +e_25"(2)(t’s))dt,

to

from trace inequalities and from Assumption 2.1, for M’ = Cp,.(1 + Smaz)2)[,

Cmin

where [£| = /& + &2, since |a| < (1 4 2zaz)|¢] from Assumption 0.2. The

Cmin

constant C'7,. is the constant found in the trace estimates

|8nﬁ|2 < CTT‘pﬁ{?(Qv)a i:0517
S k2

if p, € H?(Q;), i = 0,1. Similarly, since ¢, i = 1,2, are constant on S, we
have

T . X
//(6_25”(1)90(”] + e 2% @7 1912 do dt
tod S

T . .
< M'|¢]? / (€21 o7 o210y §) dt, jeN.

to

With
T (1) k (2) k
wi(s, \) ::/ (72 oM™ 472 (1 §) dt, keN,
and

1 3 3
Wij(s, ) = / (€721 D2 4 =2 @02 (T )| AJ(T, ) Pdr,
Q

(2%
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we thus obtain, for A > Ay and s > sy,

Y23
28 Y Z\gi,ﬂ?{ (1— CK?2s 3 A"2)W (s, \)

i=0,1 j=1

—CM'[s72 A wi(s, A) + s~ 2 A 2wy (s, A) 4+ 572 A 2w (s, )\)]}

<C (-25” P74 2o @(2)2)(T’,x)|cAu(T',.)2dx
Q/

T
+C$7%)\71//( 7237’] (1) + e 2sm (2)§0(2)) |an’l)|2 do dt.

tod y

To obtain a stability result we need to prove that the coefficients for |¢; ;|?,
i1=0,1,7=1,...,p;, can be made positive. To do so we need to understand
the behavior of the integrals wy (s, ) and W; ;(s,A) as s and A become large.

We first establish the asymptotic behavior of wg(s,\). We set
4 T
w,(;)(s,)\) ::/ e 2sm (¢, S) (t S)dt, keN.
to
Lemma 2.5. The following estimates holds
1
T2

(29) w(s,0) = e 21T o0 (71, g { 7

¢"(T/)‘ [eAB — ABO(S)

+0 G
(X8 — 8D (S))5 | (7

wzth¢(t):m,fors>52>0and/\>>\2>0

Proof. Let T® and T®) be such that tg < T? < T’ < T®) < T. We choose
X1 € € ([to, T®)), x2 € €>((to,T)), and x3 € €>((T®,T)), all three non-
negative, such that y; +x2+x3 = 1 and x; = 1 in a neighborhood of tg, x2 = 1

in a neighborhood of T”, and x3 = 1 in a neighborhood of T'. With this partition

of unity we break w,g) into three pieces: w(z) = (1 Y (l 24 w( %) with

wy (s, \) == / “2 0w SO8 4 S) () dt, j=1,2,3.
to

The first and the third term are treated similarly. Let so > 0 and Ay > 0. We

set 7(s, A, 8) = s(eM — eAB(”(S)). We observe

w5, 1) = " )(S)/ e 21 gk (1) Xy (t) dt
to

< NI (S) —2s—s2)n D (T3).5) / =22 S G () x o (¢) di

to
< C(s2, )\2)6“5(”(3)672(5752)"(”@(2)’5)

< A (9) =250 (T",8) o =25 (D (T2, 8) =0 (T",5))

_ ek/\ﬁm(S)e_2sn(i)(T/’S)O(T(S7 A, S)—l)7
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for all [ € N, if s > s9 and A > Ao, since
s (TP, 8) =T, 8))) = 7(s, X, S)(HTP) = $(T")),
and ¢(TP) — ¢(T") > 0

(3,2)

For the second term w, "™’ we write

T
12)(5 A) = k/\,B(’)(S)/ 6727(5,/\,S)¢(t)¢k(t) Ya(t) dt

to
i ’ T !
= FABO(8) = 27(5,0,9)0(T") / =2 (S AS)GO=HT) gk (1) v (1) dt.
to

We then apply the following stationary phase formula [15, Theorem 7.7.5], in
one dimension,

//
|/ wa(y)dy eiwf (o) wf Yo) f—zw 'L

2m
<l

< Cw sz Z sup [0%u|, w >0, u € €,

|| <214

where L; is a differential operator of order 2I evaluated at T", Lou = u(T"). (To
obtain the additional factor —% in the r.h.s. as compared to the formula given in
[15, Theorem 7.7.5], simply write the formula to the order I + 1.), This formula

is valid if Im(f) > 0, Im(f(y0)) = 0, f'(yo) = 0, f"(y0) # 0, and f'(y) # 0
in supp(u) \ {yo}. Here the phase function f(t) = i(¢(t) — ¢(T")) is imaginary
(note that ¢”(T") > 0), w = 27(s, A, S), and u = ¢¥x2. The stationary point is
t =T'. With [; = 1, we obtain

T
—27(s — / ™ —1
/ =27 () OO—HTN Gk (1) o (£) dt — ¢*(T) T A )
to

< C7(s,\,8)73/2,
This yields (2.9). ]

To achieve our goal we also need an estimation from below for the terms
Wi (s, A). We set

3
2

W (s,A) = /Q e 2 T2) 02 (T ) | AT, 2)|Pd,
k.,j

For the terms Wéf}(s, A), we have the following
Lemma 2.6. Let ¢ > 0. We have

3 2 S i ’ .
Wé’zj) (S7 )\) Z Csz,i’j%e_zsn( )(T ’S)(QD(Z) (7‘1/7 S))%e—ke?’

i:1727 jzla"'7p07
for s > s3>0, A >0 and where S; = U Sik-

k=1,...,p1
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Proof. In the proof, we shall write 3, etc, in place of 89, etc. Taking & suffi-
ciently small, we start by choosing a small neighborhood W of S; in Qo globally
parameterized by (o,y) € [0,0] X S; (see the proof of Lemma A.5 in Appendix
A). In fact, we can choose the coordinates and the small neighborhood of S;
such that o = est corresponds to level sets for the function 3 (use V3 for the
vector field v in proof of Lemma A.5). Note that in the neighborhood W the
function 8 decreases with o.

Estimating from below the Jacobian! originating from the change of variable
and observing that the integrand is constant w.r.t. y we obtain

6 <
Wo,i(s,A) > Cr2|Sj\/ 672SU(T/’U)§0%(T',J)dg
0

5
_ 0128, [e2n(T"S) / 25T ) =0T ) 3 (T ) dor
0

We now use the change of variables o/ = n(T",0) — n(1”,S) > 0 which yields
6/
Wos(s,0) 2 Cr2IS, 3t 2@9) [ s’ b 0)ja, 1 o'
0

where ¢’ = n(T",0) — n(T",S). We can find in W a positive lower bound for
(0,03)~! independent of §, i.e. the size of W. We thus obtain

6/
Woi(s,A) > Cr2|Sj\)\_1@—2sn(T’7S)¢%(T/,5)/ 0=257" 4!
0

56’
> C’r2|5j\571)\716725"@/’3)@% (T, 5)/ e 2 4o’
0
> O'(s)r®|Sls ™" A e 21T Dpx (T, 6),
with C’(s) increasing with s. Observe now that
eB(8) eMB(S)

T.6) = — AB(5)—B(S))
A0 = G T —t) = T =TT —t0)"

= (T, 8)e*BO)=B(9))

Choosing ¢ sufficiently small such that $(3(S) — 3(0)) < e thus yields the
result. ]

With the previous lemmas we can now prove that the coefficient of £ |2, j =
1,...,p0, in (2.8) can be made positive. This requires taking both A and s
sufficiently large.

Proposition 2.7. Let 1 < j < pg. There exists Ay j > A1 such that if A > Ay ;
then for s sufficiently large

Agj=(1—CK?s 3N )Wo(s,\) — CM'[s"2 X" wy (s, A)
+ ‘9_%)\_2w4(s7 A)+ s_%/\_zwo(s, A)] > C(s,A) >0,
with C(s,\) = C(s, A\, 7, K, M, Crnaz, Cmin, J)-

INote that the estimation from below of the Jacobian is independent from the size of the
neighborhood W.
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Proof. It suffices to prove the result for w,(f)(&)\) and WO(Z])(S,)\) We shall
write 3, etc, in place of 39, etc. We take s sufficiently large such that (1 —

CK?s73X72) > ¢y > 0.

From Lemmas 2.5 and 2.6, for £ > 0 we obtain

(210) AO,j > —S_2y()\)c’16_23’7(T,75)

1 _og ’ C / Fo—Xe

e | 2002 (o1, 8)) e

M’ Vre(T', 5)
(b/l(T/)\/m ,

where v are a bounded function. We first treat the second term in the previous
expression. Note that this term originates from the estimate from below for
Wélj) and the estimate of s*%)ﬁlwgl) by Lemma 2.5. The other terms in Ag ;
and the remainder part of the estimation of s_%)\_lwgi) are lumped in the first
term of (2.10).

Choose now & < 1(B—B(9)) (recall that 3 > 3(S) because m > 1). Then since
B > B(S) we have

QO(T/,S) , 1y
= o((p(T", §)) ke
LS ool ) k)

for A large. Thus the second term can be made positive for A, say A = Ay ;,
sufficiently large.

Once A is fixed larger than A, j, the first term in (2.10) can be made positive
by taking s sufficiently large. ]

We now prove that the coefficient of & ;|2, 7 =1,...,p1, in (2.8) can be made
positive. Here, the parameter A is not of use.

Proposition 2.8. Let 1 < j < p;. Let A > \1. Then for s sufficiently large

Ay =(1—CK?s 32X )Wy (s, A) — CM'[s"2 A" wy (s, A)
572N 2wy(s, M) + s 2A 2w (s, A)] > C(s, A) > 0,

with C(s,A) = C(s,\,7, K, M, Crnazs Crmin)-

Proof. It suffices to prove the result for w,(f)(&)\) and Wl(lj)(s,)\) We shall
write 3, etc, in place of 39 etc. We take s sufficiently large such that (1-
CK"™s3X72) > Cy > 0.

We first write

—2sn(t,5) 672577(T’7S)672S(n(t73)*n(T’,S))’

e
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and observe that for s > s > 0

T
/ e~ 2808 =n(T"8) k(4 SVdt < L(sg, A, k),

to

for some positive L(sg, A, k). From Lemma 1.1, there exists V € € ; such that
infyey 8 > B(S). Then with

Ty 2 KW A3 ()
Tmae = 200 (T = to) (T —T)

we have —n(T",z) > —nL.V > —n(T",8), for € V, and s > 0. These
observations yield

Wi;(s) > 7“2/ e=2T ) L3 (T )dz > C(A\)r2|V]e2mar |
\%

and
wi(s) < L(so, A, k)e 21T,

which implies the result. |

With (2.8) and Propositions 2.7 and 2.8, recalling that v = uy = 9;(y — §), We
have thus obtained the following stability result.

Theorem 2.9. Let v be a subset of the boundary I' of an open set (0 of R™
that satisfies Condition (GC), and v satisfies Assumption 0.4. We assume that
the diffusion coefficients ¢ and ¢ satisfy Assumptions 0.2 and 2.4 and co —c1 >
A > 0. Let yo, 5o in L?(Q) and let y, § be solutions to (2.1)—(2.2) satisfying
Assumption 2.1. Then there exists a constant C

C = C(Q,T,to,7,S, 0, 0 M, K,r, crin, cmaz, A)
such that

(2.11)

Pi
Z Z lcij — Cijl* < C10n Oy — DY) T2 ((0,1) %) + CIAY(T',.) = AY(T', )20y

i=0,1 j=1

We shall see in Proposition 3.5, below, that we can achieve the regularity prop-
erties and estimates of Assumption 2.1.

Remark 2.10. Observe than in the statement of Theorem 2.9 the initial con-
dition yo and yp need not be equal (see systems (2.1)—(2.2)).

Remark 2.11. If the position of the interface S is known, we can improve the
result of Theorem 2.9 by locally observaing of the solutions y and ¥ at time T".
Let w = wpUw1, with w; a neighborhood of v in ©; and wy a neighborhood of S
in Qp. We can in fact relax Assumption 2.1 with the following one: Let r > 0,
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the solution ¥ is such that |Ay(7")| > r > 0 in w. Then, we obtain a stability
estimate by solely observing y and ¥ at time 7" on w in place of

(2.12)

Pi
Z Z lcij — Cijl* < C10n Oy — 0:9) T2 ((0,1)x) T CIAY(T',-) = AY(T', )| 2 (0)-
i=0,1 j=1

We briefly sketch the proof, as it closely follows the exposition of the proof of
estimate (2.11) in this section. It relies on the following lemma.

Lemma 2.12. Let s3 > 0 and A3 > 0. There exists C' > 0 such that for all
s > sz, and A > A3, we have

/ < 20 (13 4 2sn‘2>(T"””)<P(2)g> (T", z)dzx
Q;
<(C (6_28n (1) 3 —QSUQ)(T/’I)@(Q) g) (T/, $)d$

Proof. Set A = supg,\,, B and let € > 0 be sufficiently small such that B =
A+ e <supg, f and define w; = {z € Q1; A+ < f(z)}. Then @, C w; and

we set K = ‘Q|L\1u|)1‘ Defining 17( ) and ga(é) to be equal to n(? and ¢® at time

T’ and ((zx) replaced by B. Then for all s > s3, and A > A3, we have

Ql w1

We conclude by observing that, for i = 1,2,
—2577([; < —QSﬂ(i)(T/ﬂ?)’ (P(é) < S0(1) (T/,IE), T € &1,
i ’ (4) P % ~
67257]( T ) < 6725773 , (p(z) (T/, Qf) < gO(B)’ x e \wl-

The same method can be applied for the second set of integrals on ¢ and
wo- |

Continuation of Remark 2.11. In the statement of Lemma 2.3 we can replace
the integration domain, ', in the Lh.s. of the estimate, by w.

To reach an equation of the form of (2.8) with the volume integrals computed?
over w in place of Q) we write the following counterpart to (2.7):

/ / e 2 4 em21) 1eAg, 72 du dt
1=0,1 to

—osn W (T 4 26y ® (T
K’2ZZ|5W/ (72T g o2 T | AT, ) P
ljmw’i

1=0,1 j=1

by Lemma 2.12. The result of Lemma 2.6 remain unchanged as wy is a neigh-
borhood of S in €. In the proof of Proposition 2.8 we can choose the open set
V to be in w;.

2including the definition of Wij,1=0,1,7=1,...,p;.
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Remark 2.13. Note that if we assume that y(7”,.) = (7", .) then the stability
estimate becomes

Pi
S leij — El? < Clon(0iy — 07210,y ) -

i=0,1 j=1

Such an additional assumption is sometimes made, e.g. in [19].

With Theorem 2.9 we have the following uniqueness result

Corollary 2.14. Under the same assumptions as Theorem 2.9 and if

8n(8t(y - :?//))(tvx) =01n (t07T) X,
AY(T",2) - AF(T,z) = 0, in 2,

then ¢ = ¢. Furthermore yo = vo.

Proof. The second assertion remains to be proved. If c =cthenu =y—y € P4,
with A =V - (¢V(.)) (see Appendix A), is solution to

Ou—V - (cVu) =0 1in (0,T) x Q,
u =0, on (0,7) x T,
U(O, .73) = UO(J:)) in Qv

with wg = yo — go. Thus u = S(t)ug. We have A(u)(T') = 0 in . Thus
V- (eVu),, (T") = 0. Since u(T") € P4 we have u(T") = 0. Since the semigroup
S(t) generated by —V - (¢V/(.)) is analytic by Proposition A.3, we obtain that
S(t)ug = 0 for all ¢ > 0. The continuity in t = 0" yields ug = 0. ]

If we make further assumptions on the initial conditions yg and gy we can in fact
obtain a stability result for these initial conditions as well. This is the subject
of Section 4.

Remark 2.15. In the stability result obtained here, we have made the choice to
make some of the measurements on part of the boundary (0,7") x I". Derivation
of a Carleman estimate, as in [7], with a r.h.s. with an ‘observation’ in an inner
volume (0,T) x w of (0,T) x 1 would yield a stability estimate like (2.11) with
|8ty - 6tg|L2((to,T)><w) in the r.h.s..

Remark 2.16. Observe that in place of Assumption 2.4, we could have solely
assumed that the difference £ = ¢ — ¢ is piecewise constant. Then, we would

replace cAu by V - (¢Vu) in the r.hs. of (2.8). This would yield a stability
estimate of the form

(2.13)
Pi
Z Z |cij=Cij[* < Clon(Bry=0:9) |72 (0,1 %) +CIVY(T's ) =VUT', )[Er2 oy
i=0,1 j=1
+ C|Ay(T/7 ) - Azj(T/v ')|%2(Q’)'
In Remark 3.7, in Section 3, we show that Assumption 2.1 can be fulfilled, in the

case where £ is piecewise constant, if |V¢| is sufficiently small and ¢ sufficiently
regular.
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Remark 2.17. Here we have set the r.h.s. of the parabolic equations in (2.1)
and (2.2) to zero. With a non-vanishing r.h.s., say f(t,z), the same stability
result holds once the hypothesis of Assumption 2.1 are fulfilled, since (2.3)
is preserved. Assuming that the function f(¢,z) is bounded and sufficiently
regular, say of class ¢, with k sufficiently large, we can obtain the same results
as in Proposition 3.5 of Section 3, by a slight modification of the argumentation.
In this case also, the class of solutions y and y satisfying Assumption 2.1 is non
empty.

3 Existence of solutions y, y satisfying Assump-
tion 2.1

We propose a possible choice of boundary condition h and of initial condition
Yo to achieve the particular properties for the solutions y and y listed in As-
sumption 2.1 needed in the proof of Theorem 2.9 in Section 2.

We shall denote S(t) (resp. S(t)) the analytic semi-group generated by un-
bounded operator A (resp. A) formally defined by —V - (¢V(.)) (resp. —V -
(eV(.))) on L*(Q) with domain (See appendix A)

Da = {u € H}(Q); V- (cVu) € L*(Q)},

(resp. 25 = {u € Hy(Q); V- (cVu) € L*(Q)}).

The convention we use here is ‘S(t) = e7t4".

Lemma 3.1. Let r > 0 and let ¢ € L*>(Q). There exists jo € Pz and X :
[0,T] — R such that the solution to

O — V- (cV§) =0, in (0,T)x €,
(3.1) y(t,z) = x(t), on (0,T) x T,
' y(t,.)—x(t)e 25, 0<t<T,
y(0) = o,

satisfies |V - (eVy)(T")] = r > 0 a.e.. The function x can be chosen such that
X' is a positive constant.

Proof. Observe that p(t,z) = y(t,z) — x(t) is solution to

Op — V- (cVp) = =X'(D), in (0,7) x €,
(3.2) p(t,z) =0, on (0,T) x T,
p(t,.) € 73, 0<t<T,

(0, ) = Fo(x) — x(0) = po € L*(2),

and is thus given by Duhamel’s formula [21]

(3.3) p(t) = S(t)po — / S(t — s)\/(s)ds.
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In fact, we choose y of the form x(t) = —pt, where p is a negative constant. We
also choose go such that po = yo € Z7 and V- (cVyg) > ro > r a.e. in  (choose
f € L*(Q), such that f > rq, and solve the elliptic problem V - (¢Vyg) = f for
Jo in H}(Q)). We choose p such that —rg < p < —r < 0.

The solution p to (3.2) is unique in € ([0, T], L*(Q)) N €°([0, T], Z ;) and given
by (3.3) [6, Theorem 3 and following Remark 2, Section XVII B.1]. Denoting
by 1 the function identically equal to 1 on  we find

) =50+ [ Slenas,

which yields g := —Ap+pl := S(t)(V - (€Vpo) + p1) [21, Theorem 1.2.4]. Hence
q is the solution to

Oiq— V- (cVq) =0, in (0,7) x Q,
q(t,z) =0, on (0,7) x T,
q(t,.) € 253, 0<t<T,

q(0, ) = qo(z) := V- (cVpo) + p1.

We now apply the maximum principle (which is valid for L diffusion coeffi-
cients) [5, proof of Theorem IX.3] which reads for the time interval [0, 7]

ess inf q > min(0, ess igf Q) =0, Qp = (0,T) x Q.
Qv

This yields V- (¢Vp)(T",z) > —p > 1> 0 a.e.. [ |

Lemma 3.2. Let I > n/2 and | > 2. Let ¢ € L>(Q) be such that ¢, is

€'1(Qy), i = 0,1. Let Q be such that S and 0 are of class €'. Let o €
D5 and the function x : [0.T] — R, such that x' is constant, be both chosen
according to Lemma 3.1. Then V - (¢Vy), € E*((0,T), L>=()), i = 0,1,
for all k € N. Let e > 0 then V - (EV@M, 1 = 0,1, remain in a bounded
domain of €*([e,T], L (%)) for all k € N, uniformly w.r.t. ¢ and o, for
0 < Cmin <€ < Cmaz and V - (Vo) in a bounded domain of L?(Q2).

Proof. We use the notations of the proof of Lemma 3.1. We set p(t,x) =
y(t,z) — x(t) and observe that ¢ := —Ap + pl is the solution to

O —V - (cVq) =0, in (0,7) x Q,
q(t,z) =0, on (0,T) x T,
q(t,.) € 253, 0<t<T,

q(0,2) = qo(x) :== V- (¢Vpo) + p1.

From Corollary A.11 we have that g, ., . € €*((0,T); HY(Q;)), i = 0,1, for

all k € N. Since [ > n/2, the space H'(Q;) is continuously embedded in L>°(;)
which yields the result. The last statement follows from Remark A.12. ]

Remark 3.3. In the case of n=2,3, which concerns most of the applications, we
choose m = 2. The condition on S, 99 and the coefficients ¢|, in the previous
lemma are then the default ones assumed in the introduction.
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Let the function x, such that p = —x’ is constant, be chosen according to
Lemma 3.1. We then have the following regularity property.

Lemma 3.4. Let c,c € L>(Q) be such that c|, ,c|, 1is € (), i=0,1,0<
Cmin < ¢,¢ < Cmaz and Yo, Yo € L*(Q) remain in a bounded domain of L*(9).
The solutions y and y to

Oy — V- (cVy) =0, in (0,T) x Q, Oy — V- (cVy) =0, in (0,T) x Q,
y(t, z) = x(b), on (0,T) x T, y(t, z) = x(b), on (0,T) x T,
trans. condition (TC1), trans. condition (TC1),

y(0) = o, y(0) = o,

belong to €*((0,T], H'(Q)) and are such that Yia, Yo, € €k ((0,T), H3 (%)),
i =0,1, for all k € N. Let € > 0, then for all k € N, ﬂmi,y‘gi remain in a
bounded domain of €*((e,T], H*(S%;)), i=0,1, uniformly w.r.t. ¢, yo, and Y.

Proof. We work out the proof for y. We define p(t,z) = y(t,z) — x(¢t). The
function p is solution to

atp -V (CVp) =P in (OvT) X Q7
(3.4) p(t,x) =0, on (0,T) x T,
p(t,.) € Da, 0<t<T,

p(0) = po = yo — x(0) € L*(Q).

It suffices to prove the result for p. Since p is constant, the (mild) solu-
tion to (3.4) is a classical solution [21, Theorem 4.3.2]. We prove below that
p € €%((0,T),24), k > 0. Thus p € €*((0,7],L?(?)). Since Dy C H}
with continuous injection then p € €*((0,T], H}(Q)). By Proposition A.4
the maps p — pj, , ¢ = 0,1, are continuous from P4 into H?(£);). Thus
Pla, € €F((0,T], H*(:)).

The solution p is given by

)= S0+ [ St

where 1 is the function identically equal to 1 on Q. The first term p; = S(t)po
in €%((0,T),Z4:) for all k,l > 0 by Proposition A.2. For the second term
D2 = pf(;5 S(s)1ds we have [21, Theorem 1.2.4] —Aps = p(S(t)1—1). Thus Ap, €
€*((0,T), L3(Q)), i.e. pa € €((0,T),Z4), for all k > 0. The boundedness
statement follows from Remark A.12. |

With the proposed initial condition gy and boundary condition h(t,z) = x(t)
we have thus obtained the following regularity and boundedness properties.

Proposition 3.5. Let r > 0. Let yo € L?(Q2). Let Q be such that S and
I' = 0Q are of class €' and ¢ € L>(Q) be such that ¢, is €'71(Q;), i =0,1,
with > n/2, 1 > 2. There exists h(t,z) € €([0,T] x T") and an initial condition
Yo € 5 such that the solutions y, y to systems (2.1)-(2.2) satisfy
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1. V- @VH)(T') > > 0;

2. V- (eVg),, € €"([to, T], L®()), i = 0,1, for all k € N;
3.y, y € CF([to, T), L*(Q)) N E*((to, T], H(Q)), for all k € N;
4- Yo+ Yla, € E*([to, T], H*(Q)), i = 0,1, for all k € N.

The restrictions Y|, remain in a bounded domain of E*([to, T), H*()) and
V- (eVY)),, in a bounded domain of €*([to, T), L=(8%;)), uniformly w.r.t. ¢ and
70 if 0 < Cmin < € < Cmaz and V- (Vo) remain in a bounded domain of L?(£2).

With Proposition 3.5 we observe that Assumption 2.1 in Section 2 can be fulfilled
in the framework of Assumption 2.4 when ¢pin < ¢ < Cnae and 7o € 25 such
that V - (¢Vyo) remain in a bounded domain of L?(2) for properly chosen
boundary conditions h(t, z).

Remark 3.6. Observe that we could simply assume that 7o € L?(2) and
design the boundary condition h(t, ) to reach a proper state in 27 in a finite
time ¢; < ty. This can be achieved as the parabolic equation we study here is
null-controllable, i.e. exactly controllable to the trajectories [7].

Remark 3.7. In the case where we only assume that £ is piecewise con-
stant, then from Item 1 of Proposition 3.5, we can obtain Item 1 of Assump-
tion 2.1, in the case where |V¢| is sufficiently small, since, from the proof of
Lemma 3.2, we also find that Vﬂmi, i = 0,1, remain in bounded domains of

E*([e,T], (L>=(Q;))"). Note that we need to assume a sufficiently large regular-
ity on the coefficient ¢ in the proof of Lemma 3.2.

4 Uniqueness and stability estimate for the ini-
tial conditions

In this section we closely follow the method of [22]. We shall assume

Assumption 4.1. Let rq > 0. The initial conditions yo and o satisfy

1. yo is in a bounded domain of D a;
Yo is in a bounded domain of D 3;

V- (EV@O) > To,

e e

y, § are in a bounded domain of €*([0,T], L*()), where y and y are the
solutions to (2.1)-(2.2).

Observe that item 4 of Assumption 4.1 implies that ¥, ,¥|, are in a bounded
domain of €([0,T), H?(;)), i = 0,1 by Proposition A.4.
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We denote z = 9,5 € €([0,T], L*(Q)) and thus z(0) is well defined in L*(Q).
We introduce w the solution to

Ow —V - (¢Vw) =0, in (0,7) x Q,

(1) w(t,xz) = Oh(t, x), on (0,7) x T,
transmission conditions (TC1), on (0,7) x S,
w(0) = 2(0),

and we further assume

Assumption 4.2. The functions Z, w are in a bounded domain of L*(0, T, H'(2)).

We also assume that the diffusion coefficients ¢ and ¢ are piecewise constant
(Assumption 2.4).

Observe that if we choose the boundary condition h(t,z) = —pt for 0 < ¢t < T
according to the proof of Lemma 3.1 (with 0 < r < r(), then the above assump-
tion are fullfiled. In fact, the results of Section 3 show that Assumption 2.1 is
then satisfied. In addition, item 4 in Assumption 4.1 and Assumption 4.2 are
fulfilled by the following lemma.

Lemma 4.3. If h(t,z) = —pt then the solutions y, y to (2.1)—-(2.2) and w to
(4.1) satisfy item 4 in Assumption 4.1 and Assumption 4.2.

Proof. We prove w € L?(0,T, H'(2)). The proof is the same for z. Let p(t,z) =
w(t,z) — Oph(t, ) = w(t,z) + p. Then p satisfies

Op —V - (cVp) =0, in (0,7) x Q,

p(t,x) =0, on (0,T) x T,

transmission conditions (TC1), on (0,T) x S,

p(0) = Z(0) + p € L*(Q),

We thus have the usual energy estimate

1 t 1
Lo ae + / / | Vpl2dtde = L |p(0)]2 e
9 L2 () oJo 9 L2(Q)

and p, and thus w, is in L?(0,7T, H*(Q2)) and remains in a bounded domain of
this space if ¢pin < ¢ < Cnae and o remains in a bounded domain of Z5.

To prove that y is in a bounded domain of €*([0,T], L?(£2)) (the proof is the
same for y), we set p(t,x) = y(t,z) + pt and observe that ¢ := —Ap + pl is
€ ([0, T, L3(£2)) and thus p € €([0,T], Z4). Then p € €*([0,T], L*(Q)). [ ]

Define v and v that satisfy

01 — V- (cVuy) =V - (EV0y), in (0,T) x

(4.2) v =0, on (0,7) x T,
) trans. conditions (T'C2), on (0,T) x S,
(%} (0) = 0,
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and

Opva — V- (cVug) =0, in (0,7) x ¢,
vy =0, on (0,7) x T,
trans. conditions (TC1), on (0,T) x S,
v2(0) = 0 (y — ¥)(0).

Observe that 9;(y — §)(0) is well defined and in a bounded domain of L?({2) by
Assupmtion 4.1.

(4.3)

With an argument of logarithmic convexity we have
—T T’
(4.4) |’U2(t)|L2(Q) < K-t/T |’U2(Tl) tL/z(Q), o<t<T.

Such an estimate makes use of the convexity of F(t) = ln(|vg(t)|2L2(Q)) and
[v2(0)|z2(0) < K (see [20, Section 2.3] for further details).

We now prove the following lemma

Lemma 4.4. There exists C > 0, such that

"Ul(t)|L2(Q) S O|C* aiw(ﬂ)’ 0 S t S T.

Note that vy satisfies transmission condition (TC2) and thus does not belong
to Z4. We thus cannot use some argument of regularity w.r.t. the source term
from parabolic theory for v.

Proof. First observe that vy = w — 2. From Assumption 4.2, w and z remain in
a bounded domain of L2(0,T, H*(2)). Now d;(w — 2) — V - (¢Vw — ¢Vz) = 0,

which after multiplication by w — Z, integration over 2 and an integration by
parts, yields

1
O:§8t/ \w—Z\de—l—/(ch—AVE')-(Vw—VZ)dx
Q Q

1
25875/|w—5|2daj+/(c—E)Vw-(Vw—VZ)d&H—/E]Vw—VE\de
Q Q Q

since V- (¢cVw — ¢Vz) € L*(Q2) by the definitions of Z4 and 2 (see Appendix
A). We thus obtain

%@/ lw — 2|2 de < \/(cfE)Vw'(waVE)d:c\
Q Q
< |C—E]Loc(g) |Vw|L2(Q) |[Vw — Vz‘Lz(Q).

Integrating over (0,t) yields the result. [ |

As in Section 2, we define v = 9;(y — 7) and observe that v = v1 + vo. We thus
have

; T'
[(®)L20) < lvi(B)l2(e) + [v2()|L2(@) < Cle = €| w(q) + |Uz(T')|tL/z(Q))
0<t<T,
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and
[va(T")| 20y < [0(T")|L2(@) + [v1(T")| L2
< C(|(Ay — AR(T)| 2y + e — Ay + e — T fmqy):
making use of
v=V-(cVu) + V(- VY) = c(Ay — Af) + Ay, in O,
where Assumption 2.4 was applied. This yields

()2 < C (Ic - E]%M(Q) + yt/T’) L 0<t<T,

1
with v = [(y=9)(T")| w2 () +c—C| Lo () + |¢—C[} (- Because of the regularity
of v w.r.t. time ¢ we now have

T/
lyo — Yolr2() = [uolr2(0) = ’/ v(t)dt — u(T")
0 L2()

T/
< / [o(t)|L2(ydt + |y(T") = 9(T")| L2,
0
which gives

v—1

In(v)

lvo — Yol < C <T’

We thus have

1 _
+T/|C—afoo(m> + y(T) = (1) r2(0)-

v—1
iy < S / .
1Yo — Yolz2(0) < C (ln(y) +C 1/)
—1

Observing that x < ;7= for z € (0,1) we obtain

v—1
— <(C——, |if 1.
Yo — Yo|L2(0) < MO v<

With Theorem 2.9 we obtain
(4.5)

e = () < ClOn 0y — 0 |T2((0,1) %) + CIAY(T, ) = AY(T', )72 -
When the r.h.s. of (4.5) is sufficiently small, we obtain

1
O<v<C <|3n(3ty — 020,y %y + 1AY(T',.) — A(T, ')|%2(Q’)) f<l
In that case
In(v) < C'(C|(y — §)(T")F2) + Clon(3ry — 3:9)|72((0,1)x)) < 05
and thus

v—1

In(v)

<C'(v-1)/In(C|(y - @(T/)ﬁ{z(gf) + C|0,(0ry — 6153A17|2L2((0,T)m))-
We thus obtain the following stability theorem for the initial conditions.

35



Theorem 4.5. Under the hypothesis of Theorem 2.9 in addition to Assump-
tions 4.1 and 4.2 there exist some constants C,C’ > 0

C = C(Q,T,to,7,8,0",0% M, K, 7, Cmin, Cmaz, ),
Cl = C/(Q7 Ta th’Yv S7 O(l)a 0(2)7 Ma Ka Ty Cmin, Cmaxy A)
such that
lyo — Tolz2) < C'/ | (Cl(y — )T 20y + ClOn Oy — 0| L2((0,1) %)) |

for |(y — 9)(T") | m2(ar) + [0n(0ey — 0:)|L2((0,1)x~) Sufficiently small.

5 A generalization to embedded materials

Let Q C R” be a bounded connected open set. As before § is assumed to be a
¢? submanifold with boundary in R™. We consider some open sets Vg, ..., V;,
such that

WwweVie---eV, =0

We then set ; := V;\ V;_1, i =1,...,m and Qy = Vy. Each open set €;,
i =0,...,m, is assumed to have p; connected components, €; ;, j = 1,...,p;.
We let Sf_l = Q;_1 N Q; be the interface between Q;_; and ;, i = 1,...,m.
The interface Si_; is assumed to be €. Similarly, we denote by Sf;kllj the
interface (possibly empty) between Q;_q ; and €2, . We also set

i+1,k ,
Sii= |J S fori=0,...,m-1,
k=1,....,pit+1
SH = U Si_ij, fori=1,...,m,
k=1,....,pi—1
and S = U Si*t1. On an interface Si_;, we denote by n the outward unit

normal vector to ; and the outward unit normal vector to 2,, on I'. We set
Q' =QU---UQ,,.

We introduce the following geometric condition.
Assumption 5.1. Geometric Condition (GC,,)

Let Q; ; be a component of ;. We assume that either

Case 1 i =0 or §; ; has no interface in common with any component of {0;_1,
ie. SH =,

Case 2 (), ; has an interface with only one component of €0;_1.

1)

In case 1 we further assume that there exists two disjoint open subsets Om‘ ,

(’)g? € Q, ; and two vector fields, Ci(’];-) € €' (Qi;,R?), k=1,2, such that
k
(i(?j)(x) -n(x) >0, Ve e S,;, k=1,2,
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(M (@) n(z) >0, voedol), k=12

2,7
(M) £0, Voe i\ 0N, i=12.

2,7 7
()
9,5 7

{(”“ —WEWe), t>o0,

M) =0, o€ Siy.

Let m(k) be the integral curves of (;"7, i.e.

We also assume that there exists T; ; > 0 such that for all zo € S; ;, there ewists
tz(-f;)(xo) < T;; satisfying

e (1) e Qi \ 0N, foro <t <t(wy), woeSi; k=12,

1,7 7

2 (1) (x0)) € 00.")

i e fO?” xg € S@j, k= 1,2.

In case 2, with an interface with say Q;_1 i, we further assume that there exists
a vector field ¢; ; € €1 (S ;,R?), such that

Gij(x)-n(x) >0, Vz €5,
Gij(x) n(z) >0, Vo e Sy,
Ci,j(x) 75 0, Vx € Qi,j
Let x; ; be the integral curves of (; ;, i.e.
dx; i (t
E = Gy (1), >0,
l‘@j(O) =g, Lo E S@j.

We also assume that there exists T; ; > 0 such that for all xo € S; j, there ewists
tij(xo) < T;; satisfying

l'i’j(t) S Qi’j, fOT’ 0<t< ti’j(l‘o), o € Si’j,

2 j(tij(z0)) € ;%) 4, for o € Sij.

Remark 5.2. In the simple case illustrated in Figure 3 where each open set £2;
is connected, then only g falls in the case 1 and €4, ..., €, satisfy case 2.

We let Ay = U; ;€Q;; where the union is performed over the 7,j such that the
sets §2; ; satisfy case 1 and Ay = U; ;§2;; where the union is performed over
the 7, j such that the sets €); ; satisfy case 2. Figures 3-6 illustrate cases where
Assumption 5.1 is, or is not, satisfied.

We now assume

Assumption 5.3. The diffusion coefficient satisfies ¢; == ¢|, € CL(Q), i =
0,...,m.

Cmaz; © € Y. If R = §;F1F
Di+1, then Cilp = Cit1y,-

Assumption 5.4. We have 0 < ¢pin < ¢(x

)<ec
0, fori=0,....m—1,1<j<p;, and1 <k<p
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Figure 3: A geometric situation in which Assumption 5.1 is satisfied in the case
m=3.

Figure 4: A geometric situation in which Assumption 5.1 is satisfied in the case
m = 2.

Figure 5: A geometric situation in which Assumption 5.1 is not satisfied.
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Figure 6: A geometric situation in which Assumption 5.1 is satisfied.

The geometric condition (GC,,,) thus assumes that different materials are em-
bedded in each other and the previous assumption thus states that the diffusion
coeflicient increases at the interfaces when one goes from the outer surface I' to
the inner parts of the material.

We can construct weight functions for a Carleman estimate with the following
lemma.

Lemma 5.5. Let the Geometric Condition (GCy,) be satisfied and let v be a
subset of I' = 00O satisfying Assumption 0.4. For the components Q; ; of €,
1 =1,...,m, satisfying case 1 in (GC,,) we let Bi(,kj) and Ez(’kj), k=1,2 be open
balls such that BEE) E Ez(’;) E (91(?,

BW and B in €°(Q) such that

S
B®) () = 4 o An,
B2 in Ag,

k =1,2. Then, there exists two functions

and the functions 551)7 352), and 52 satisfy the following properties:
BQ =0onl\~, 8,152 <0onT\~.
For Q; ; satisfying case 2, Bgm_ €% (Qiy), 52 >0 1in £ 5, and

§2=i+2 on Si,j7 8n62<0 on Si,j, ifZ.<Tfl7

and

|V32 >0 on ﬁiyj.
S %2(62}]')’ ~§k) >0 in Qi,j;

For Q; ; satisfying case 1, for k =1,2, BYC)M
1,7

~§k) =2on Si,j7 k= 1,2,
50 5 952 in B

2V
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AP > 95W 4, B
el 0,50
and _
VA > 0mQ \BY, k=12
V5 J

OV

Finally on an (non-empty) interface R = Sfj.l’k

(i 0nBW)jg, = (i1 0uB®) on R, k=12

+1,k
We set OF) = UOg,kj), k = 1,2, where the union is performed over the i, j such

0]
that the sets €; ; satisfy case 1 in Assumption 5.1.

We introduce the functions S*) and the weight functions ¢®), n*) &k = 1,2,
following section 1. Let g € H([to,T], H2(S)). We introduce transmission
condition (TC3) on the interval [to,T]: for each (non-empty) interface R =
S’fjl’k, we have

(TC3) q‘ﬂi,jx[tOvT] = q|9i+1,k><[t0,T]’ on R

(Cia"q)\m,jx[tow] = (Ci+1an‘J)|n ] +g(l‘,t), on R

it+1,k%[t0, T
for a function ¢ which is H? in each open set Q;j, i =0,...,m, j = 1,...,p;.
Following Section 1 we introduce

€ L?(to, T, H*(SY)), i = 0,1,

) q‘(tO,T)in

N, = {q € H'(to, T. H} ()
q, = 0 and ¢ satisfies (TC3) a.e. w.r.t. ¢ } )

We then obtain

Theorem 5.6. Let v be a subset of the boundary I’ of an open set Q) of R™ that
satisfies Condition (GC,,), and v satisfies Assumption 0.4. Assume further that
there exists A > 0 such that, for each (non-empty) interface R = Sfjl’k, we
have ¢;|, — Citl), = A > 0. Let g € Hl(to,T,H%(S)). There exists A\ =
A1(Q, 7, 0(1),0(2),cmin,cmaz,A) >0, s1 = s1(A\1) > 0 and a positive constant
C=C(Q,n, OW 0@ ¢pin, Cmaz, A) so that Carleman estimate (1.5) holds for
5251, A > A1 and for all ¢ € Ny.

Following the method of Section 2 we thus obtain the following stability result.

Theorem 5.7. Let v be a subset of the boundary T' of an open set 0 of R™
that satisfies Condition (GCy,), and 7 satisfies Assumption 0.4. We assume
that the diffusion coefficients ¢ and ¢ satisfy Assumptions 5.4 and that ¢ and ¢
are piecewise constant, in the sense that Clg, » TESP. 'cv‘ni, are constant in each
connected component of ;, i = 0,...,m and that furthermore there exists A > 0
such that, for each (non-empty) interface R = S’f;l’k, we have c¢;|, — Citl), =
A > 0. Let yo, go in L?(Q) and let y, § be solutions to (2.1)—(2.2) satisfying
Assumption 2.1. Then there exists a constant C

C = C(Q,T,to,7,8,01, 0% M, K., min, Cmaz, D)
such that
lc — E]QLoo(Q) < Cl0n(Ory — 3t277|%2((0,:r)x7) + ClAy(T",.) — Ay(T", -)|2L2(Q’)'
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Figure 7: A geometrical situation for which only on set of weight functions is
need to obtain a Carleman estimate.

Similarly, following Section 4 we obtain

Theorem 5.8. Under the hypothesis of Theorem 5.7 in addition to Assump-
tion 4.1 there exists a constant C' > 0

C = C(9Q,T,t0,7,8,0",0% M, K., 7, ¢min, Cmaz, D)
such that
190 = Golz2(2) < €/ (1 = DT 20 + 10 (00 = 0D 3017

fO’I" |(y - m(T/NHz(Q’) + |an(aty - atm'%z((O’T)X,y) <1

Remark 5.9. In the generalization proposed here we assume some monotonicity
for the diffusion coefficient ¢ at the inner interfaces. Note that if some of these
assumptions are not satisfied we may still obtain stability results by introducing
additional measurements in some w x (to,T) for w C . Each geometrical
configuration requires the derivation of a particular Carleman estimate to apply
the method exposed here.

Remark 5.10. Here we have assumed
‘/O@‘/l@"'@vrn:(l

Observe that this is not true in the case illustrated in Figure 7. then Jq contains
a component of I'. In such a case we can however obtain a Carleman estimate
by using a single set of weight functions 7 and ¢ instead of two (see (1.4) and
(1.5)). Stability results follow similarly in such a geometrical configuration.

A Basic regularity properties

Let A be formally defined by —V - (¢V(.)) on L?(€). The diffusion coefficient c
is first assumed to be in L>°(§2) and such that ¢(z) > « > 0 for all z € Q. We
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denote by A the unbounded operator with domain
Da = {uc HYN);V - (cVu) € L*(Q)}.
defined by A(u) = —V - (¢V(u)) for u € 4.

Lemma A.1. The operator A is mazimal accretive and self-adjoint on L*().
Proof. Let u € Z4. We have
(Au,u)r2(0) = —/ V- (cVu)ude = / cVu-Vudr >0
Q Q

since u € H (). Hence A is accretive. To prove that A is maximal accretive
on L?(£2) we have to prove that R(I +A) = L?(Q). Let f € L?(2). We consider
the elliptic problem

-V (cVu) +u=f,
=0.

Ujpq

We seek a weak solution, i.e. a function u satisfying,

(A1) /cVu~V<pdx+/u<pdﬂc:/f90d$7 Vi € Hy(9Q).
Q Q Q

We define the bilinear form a(u,v) = [, cVu - Vndz + [, uv dz. Observe that
a is continuous and coercive since ¢ > « > 0. The Lax-Milgram theorem thus
yields a unique solution u to (A.1) which is in H}(Q). Observe from (A.1) that
for all ¢ € H}(Q) we have

| JoeVu - Ve dz| < Clo|r2(q).

This exactly means that V - (¢cVu) € L?*(Q). The solution u to (A.1) is thus
in 24. Therefore, we obtain Au+u = f in L?(Q) (use Corollary 2.1 in [11]).
Hence R(I + A) = L*(Q).

Now, A is symmetric which implies that it is self-adjoint [5, Proposition VIIL.6].
[ ]

Proposition A.2. Let ug € L*(Q). There exists a unique u such that
u€ E([0,T); L) N (10,T]; L*(2)) N €0, T]; Za),

and

(A.2)

Ou—V - (¢V(u)) =0, t€]0,T],
u(0) = up.

for T > 0. (T can be chosen to be o0). Furthermore u € L?(0,T; H3(Q)) and
u € €*(]0,T); D) for all k,l € N.
If ug € P4 then

w e €([0,T); () N (0, T]; Z4).
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Proof. With Lemma A.1, we apply the Hille-Yoshida theorem for a self-adjoint
operator on a Hilbert space (see e.g. [5]). |

In the case ug € Za then 9;u(0) = —Aug € L?(Q) [21]. dsu is thus solution to
(A.2) with —Auyg for initial condition.

Proposition A.3. The semigroup S(t) generated by the unbounded operator A
on L2(Q) is analytic.

Proof. From Theorem VII.7 in [5] and Lemma A.1 above, we obtain that Ao S(t)
is bounded if ¢t > 0 and ||A o S(t)|| < 1. Since 0 is in the resolvent set of A, we
can apply Theorem 2.5.2 in [21] which yields the result. |

We have obtained so far that if u is the solution to (A.2) with an initial condition
in L2(Q) then, u(t,.) € HY(Q) and V- (cV(u)) € L*(Q), if t > 0. If the diffusion
coefficient c is piecewise €’* and discontinuous across some %2 interface S we can
then assert that cd,u, is well defined as an element of H =3(S) [11, Theorem
2.2], where dpuj, = (Vu)|, - n with n denoting the normal unit vector to S.

We now give further regularity properties when placed in the geometrical situ-
ation studied in this paper. Let 2 C R™ be a bounded connected open set. The
set €2 is assumed to be a €2 submanifold with boundary in R™. Let Qg and Q;
be two non-empty open subsets of € such that

Qo @Q, and Q4 :Q\ﬁo

We denote S = QN the interface, which is assumed to be €2 and we denote
n the outward unit normal to 27 on S and also the outward unit normal to
Qon . Let Sy (resp. S1) be the side of the interface S corresponding to the
positive (resp. negative) direction of the normal n.

Proposition A.4. Let the diffusion coefficient, c, be such that c|, € ),

i =0,1. If p € D4 then Plo, € H%(), i = 0,1. Furthermore |p|Qi|H2(QI_) <
CIV - (cVD)|L2()-

We introduce some notations to be used in the proof of the proposition. Let us
write y € R™ in the form y = (', y,) with 3’ € R"~! and y,, and define

R} ={y = (¥, yn); yn > 0},
R™ ={y = (¥, yn); yn <0},
V={y= (" yn); lv'| <1and |y,| <1},
V, =VNRY,
V. =VnR",
Vo={y=(,0)yecV}

Proof. The proof is along the line of that of Theorem IX.25 in [5] and makes
use of Nirenberg’s translation method. We set f := —V - (¢Vp) € L?(Q2). We
cover §} with a finite number of sufficiently small open balls, B;, j =1,..., N
such that either 1) B; € Qo, 2) B; € 1, 3) Qo N B; = 0 and part of I’ = 99 is
in Bj,or4) Q;NB;j #0,i=0,1, and part of Sisin B;. Let §;, j =1,...,N
be a ¢ partition of unity subordinated to the covering B;, j = 1,...,N.
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Lemma A.5. The open balls B; and the functions 6; can be chosen such that
Onbij. =0,i=1,...,N

ils

Proof. In a small neighborhood of S we can extend the unit normal vector n
to S into a €2 vector field v. In an even smaller neighborhood U of S we can
assume that v is such that |v] > a > 0. If we integrate this vector field we find
that there is € > 0 such that the flow x, of this 4 vector field over the interval
] — €, €[ is confined in U, since S is compact. For y € S, the orientation of the
unit normal (see above) is such that x,(y) € §; for o €] — €,0], xo(y) = y and
Xo(y) € Qo for o €]0, ¢[. Set now

W ={x,(y); y€ Sand o €] —¢€¢€[}

which is an open neighborhood of S. Note that if z in W then there exists a
unique y € S and a unique o €] — ¢, €] such that z = x,(y).

Define ¢ = dist(S, 2\ W) which is positive. Cover Q\ W with a finite number
of open balls of diameter 0/2, say By,...,Bg. Thus By,...,B,, W is an open
covering of ). Note that there exists a neighborhood of S, contained in W, which

does not intersect the open balls By,...,Bg. Let 01,...,0;,0 be a partition of
unity subordinated to this covering:

0, € €°(Bi), i=1,...,k, 0 € €(W),
O+ > 60), =1
1<i<k
Observe that 6 is equal to 1 in a neighborhood of S.
Let gj, j =1,...,7r, be open balls that form an open covering of S in  and

set C; = 5SNCj, j=1,...,r, which is an open covering of S (for the topology

induced on S). Let ¢;, j =1,...,r, be a partition of unity subordinated to this
latter covering and define now

Yi(z) = d;()0(z), €W, j=1,...,m,
where z = x,(y), withy € S, 0 €] — ¢, €.
Note that ) ¢; = 6. Furthermore, a”wjls = Jj8n9|s =0. Let N =k +r.

The functions 61, ...,0;,1%1,...,%, from a partition of unity that satisfies the
required property. |

Continuation of the proof of Proposition A.4. We shall prove that for all j =
1,..., N the function §;p|, is in H?(Q;), i = 0,1. This yields the result. The
cases 1,2, and 3 described above follow from the proof of Theorem IX.25 in [5].
We thus focus our attention to case 4, i.e., when the considered ball ; contains
part of the interface S. For simplicity we shall write 8, B instead of 8; and B;.

Let v = Op. Observe that cVv = ¢(V8)p + cf(Vp) and that, for v € H (B),
/CVUV@D dr = / c(VOpVp d:ch/ c(Vp)OV dx
B B B

— Z /an- V(c(VO)p)v dx +/BchV(01/J) dx — /Bc(VpVG)zp dx,

i=0,1
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since OV = V(0¢)—(V0)y. The integration by parts is justified since eV, €
¢ (QNB),i=0,1,pe H(B) and cd,0|, = 0. This finally yields

/chVq/) dx:/gw dx,
B B

where g = —V(cVO)p + 0f — 2¢(VpVH) on Q;, i = 0,1. We have g € L?(B)
since (¢V0), is in €' (QNB), i = 0,1. Observe that [g|r2m) < C|f|r20)
since [plg1 () < Clf]r20)-

Because of the regularity imposed on the interface S, there exists a €2 dif-
feomorphism J : B — V such that J(QoNB) = V_, J(Q N B) = V,, and
J(SNB) =Vy. Let H= J . (In fact, note that in the proof of Lemma A.5
the neighborhoods C;, j =1,...,7 and € > 0 can be chosen sufficiently small so
that such a diffeomorphism exists.)

Let w =wv o H. Then we can prove that w satisfies a problem of the form
(A.3) Z/ 1O W Dy d = / g dr, ¢ e H)(V),
A4 v

where c satisfies the uniform ellipticity condition ), , c;,£k& > alé)? with a >
0, and g € L*(V) (adapt Lemma IX.8 in [5]). The functions ¢;; are piecewise

€' with a discontinuity across the interface V. Note that w € H} (V) with its
support finitely away from 0V'.

Let h be parallel to V. Define Dy, by Dp(p) = (p(x + h) — p(x))/|h|. Observe
that D_p,(Dpw) € HE(V) for |h| sufficiently small and set ¢ = D_,(Dpw).
This yields

(A4) Z /V D (qDy )0, (Do) dx:%j /V [0y + 1) D3 (B, 0)

—|—(Dhckl)8xk_w} Oy, (Dpw) dz = / 9D_p(Dpw) dx.
v
We Note that

< C‘w|H1(V)|V(th)|L2(V)7 1<k, l<n,

/ (Dhckt)Op,w Oy, (Dpw) dx
v

and
/ QD—h(th) dr < |Q|L2(V) ‘D—h(th”L?(V) < ‘Q|L2(V) |V(th)|L2(V)
v

(Recall that if p € H}(V) with its support finitely away from the boundary 0V
then |Dy(p)|z2(vy < [Vplr2(vy for || sufficiently small [5, Proposition 1X.3].)

From (A.4) we find

|V (Dpw)|32vy < Cllwlar vy + 1glr2v)) [V (Daw)|r2(v).-
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With ¢ = w we find [Vw|p2v) < Clg|p2¢vy which yields |V(Dpw)|p2cvy <
Clglr2(vy- Thus for ¢ € Hg(V),

\ [ @)D

[ (D)@, do
\4

= ’/ Oz, (Dpw) ¥ dx
v
< Clglrz vy ¥l L2 (vy-

Letting |h| go to zero we obtain

/ O, W Og, ¥ dc
v

< Clgle2ony|¥le2 vy, (k1) # (n,n),

for all ¢» € H} (V). Hence 0,,0,,w € L*(V) if (k,1) # (n,n). Let us now choose
€ HY (V) in (A.3). We obtain that in V

1
02w = —— (f + 0, (€02, w) + (9,640, )
since ¢,,, > « > 0, which yields 97 w|y, € L*(Vy). Finally wyy, € H%(V,)
and |w‘v+ |e2(vy) < Clglr2(vy. We proceed in a similar fashion to prove w),, €
H*(V-) and |wy,_|m2vy < Clglr2v)- u

Corollary A.6. Let the diffusion coefficient, c, be such that ¢, € CH ), i =
0,1. If ug € L%(2) then the solution u to (A.2) is such that up, (t,.) € H2(),
1=0,1, when t > 0. Furthermore |u|Qi (t, )20 < Clogult, )| L2 q)-

Proof. Observe that u € 24 by Proposition A.2 if ¢ > 0. Hence f := —0,u =
~V(cVu) € L3(Q) if t > 0. [ |

Remark A.7. Observe that with the previous proposition the normal trace of
1
cVu on S, i.e. cOpuyy, is now found to belong to H?z(S).

Requiring additionnal smoothness for the diffusion coefficient, c, in the open
sets Q;, 1 = 0,1, and for the boundary dn and the interface S we can improve
the previous result.

Proposition A.8. Let m € N and let ¢, € ML), i = 0,1, and let
S and 9 be of class €™ 2. If p € D4 and Alp) = f with flo, € H™ ()
then py, € H™2(Q,), i = 0,1. Furthermore |p|ni|Hm+2(Qi) < lelnilHnl(Qi),
1=0,1.

Proof. We proceed by induction. The case m = 0 is contained in the proof
of Proposition A.4. Let mg > 0. Assume the result is true for 0 < m <
mo — 1 and assume f, € H™°({;), i = 0,1. Thus, f|, € H™0~1(Q;) which
yields pi, € H™*(Q;) by induction, and |pj, |gmo+1(a,) < Clfjg, [mmo-1(0,) <
Clfjo, lEmo @), =0, 1. '

We use the same partition of unity 6;, j = 1,..., N, as in the proof of Propo-
sition A.4 and prove the result for v := 6;p, i.e. Vo, € H™*2(Q;), i = 0, 1.
We choose here the functions ; to be €202, We focus our attention to the
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case where supp(6;) contains part of S since the other cases follow from classical
results. We obtain

/chVz/J dx:/gw dx, € H}(B),
B B

where g = =V (cVO)p + 0f — 2¢(VpV0) on Q;, i = 0,1. Observe that 9lo, €
HmO (Qz> and |g‘ﬂi |Hm0(91‘,) S |f‘Qi |H"”0(Qi)7 Z = O7 1

With the notations of the proof of Proposition A.4 let w = v o H. Then w
satisfies

A5 Oy W D, dox = dz, Hy(V),
(A5) ;/Vcklwwxjvgwxweou

where ¢ is uniformly elliptic and €™*! in each Q;, 7 = 0, 1, and 9, € H™ (V)
vy

and

19y, lrmo vy < o, lrmacans

|Q‘V7 |H"L0(V,) S |f|QO H”LO(QU)'

As in the proof of Lemma IX.7 in [5] we can show d,,w € H}(V) for j =
1,...,n—1. Choosing ¥ = 0,,¢ with ¢ € €°(V') we obtain

3 / COnn (O, 0) Oyyip i = / Godv, o CE(V).
k1 7V ' v

with g\Vi € Hmofl(vﬂ:) satisfying |§\vi|Hm°_1(Vi) < C‘Q\Vi
c H7”0+1(Vi)7 j=1,...,n—1 with

H™o (V) From

the induction we obtain (0, w)j,,
Kamjw)lvi |H’"0+1(Vi) < |Q\Vi | o (v

(here, we implicitly proceed with an induction proof for the regularity of v).
Since wy,, € H™*1(V,), to conclude we have to prove

(A.6)
aznw 6aw dx < C'|Q|Vi |H"‘D(Vi) ‘w‘L2(Vi)7 w € Cgcoo(vi)a |a| =mg + 1;

Vi
where o is a multi-index o = (a1,...,®y,). We first treat the case a; # 0 for

some j in {1,...,n — 1}, say a; # 0 then
Oy, w 0% dx = / Og, W 6”‘/1& dr, with o/ = (a1 — 1,0a2,...,0p_1,1)
Vi Vi
since ¢ € €2°(V4) and we obtain estimate (A.6) since 0, w),, € H™(V,)
and |o/ =mg + 1.

We write in V4

1

ainw =T (f + Ox, (lea'ﬂzw) + (aﬂvngnn)al’nw) )
an

and find 8§nw‘vi € H™o(Vy) which yields estimate (A.6) in the case a =

0,...,0,mo + 1). (]
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Corollary A.9. Let | € N and let ¢, € EHH(Q,), i = 0,1, and S and O
be of class €2+2. If p € D1 then Pla, € H?%2(Q;) and Plo, [H21+2(0,)| <
ClAT (p)|12(0), 1 =0, 1.

Proof. We proceed by induction. The case [ = 0 is contained in Proposition A.4.
Assume the result is true for | < lp—1 and assume p € D 41,+1. Thus f := A(p) €
D aio and thus f, € H?(€),;), and | fla, [H20 ()] < ClA 1 (p)|12q), i = 0,1
Finally Plo, € H2l0+2(ﬂi) and |p‘9i ‘H2l0+2(ﬂi)| < C|Al°+1(p)|L2(Q), 1= 0,1, by
Proposition A.8. |

Remark A.10. Observe that the constant in the inequalities of the previous
results can be chosen uniform w.r.t. ¢ for ¢, < ¢ < Cnaz-

Combining the results just obtained and those of Proposition A.2 we obtain

Corollary A.11. Let m € N and let c|, € ¢ THy), i = 0,1, and S and
9Q be of class €™+2. Then if ug € L?(Q) the solution u to (A.2) is such that
uj,, € €*((0,T), H™2(Q;)), i = 0,1, for all k € N.

Proof. Let k € N and let [ € N be such that 21 < m < 2l + 2. Since
u € €*((0,T), Zpr1) then U, € €*((0,T), H*+2(Q;)) by Corollary A.9 since
Clo, € €211(€2;). In the case m = 2] we have obtained the sought result.

In the case m = 2/ + 1 we similarly find Au, € €*((0,T), H™*1(;)). Then
by Proposition A.8 we obtain the result. |

Remark A.12. Let € > 0. With the notations of the above corollary, observe
that the map

Lei: LA(Q) — €% ([e, T], H™ (),
up > (t Ulg, (1)),

is continuous for ¢ = 0,1, since [5, Theorem VIL.7]

lu(t)| 2y < |uolr2(q),

1
0cu(t)|L2(0) = |V - (cVu(?))|L2(0) < |;|UO|L2(Q)~

Note that the operator norm of L.; can be bounded uniformly w.r.t. ¢ for
Cmin < € < Cmag-
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