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Abstract

We consider the heat equation with a discontinuous diffusion coefficient
and give uniqueness and stability results for both the diffusion coefficient
and the initial condition from a measurement of the solution on an arbi-
trary part of the boundary and at some arbitrary positive time. The key
ingredient is the derivation of a Carleman-type estimate. The diffusion
coefficient is assumed to be discontinuous across interfaces with a mono-
tonicity condition and piecewise constant.

AMS 2000 subject classification: 35K05, 35R30.

0 Introduction

This paper is devoted to the question of the identification of a diffusion co-
efficient, ¢, for a heat transfer problem in a bounded domain, with the main
particularity that c is discontinuous. Such regularity can be encountered in the
case of embedded materials.

Let © C R™ be a bounded connected open set. The set Q is assumed to be a
%* submanifold with boundary in R™ (see e.g. [11, Definition 1.2.1.2]). Let Qg
and 7 be two non-empty open subsets of {2 such that

Qo € N, and ZQ\QQ
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We denote by S = Qg N the interface, which is assumed to be ¢2.

Let T > 0. We shall use the following notations ' = Qo U Qy, Q = Q x (0,7),
Q =9 %x(0,7),Q; =9 %x(0,T),i=0,1,and ¥ =T x (0,7). We consider
the following transmission problem for the heat equation:

Ooy—V-(cVy)=0 in Q',
o) y(a,t) = h(t,) on %,
' transmission conditions (TC1) on S x [0,T7,
y(O,:L') = yO(I)a in Qa
with
Y1S0x[0,T] = Y|S1x[0,T]>
TC1
(TC1) €00nY|syx[0,7] = €10nY|s, x[0,T]:
where

Co in QO7 ~ EQ in Qo,
Cc = Cc =
c1 in Qq, ¢ in Q4.
The boundary condition h(t,z) shall be kept fixed. If we change the diffusion

coefficient ¢ into ¢ we let ¥ be the solution of (0.1) associated to ¢ and go for
initial condition.

We assume that we can measure both the normal flux 9,,0;y on v C 92 on the
time interval (¢g, T') for some tg € (0,7") and Ay in Q at time 7" € (¢9,T'). In the
case of piecewise constant diffusion coefficients, i.e. ¢|q,, i = 0,1, is constant,
our main results are (7) the injectivity of the map

L>®(Q) x L*() — L*((to,T) x 7) x L*(Q),
(C’ yO) = (anatya Ay(T/))v

(uniqueness); (i7) the stability for the diffusion coefficient, ¢ (Theorem 2.9):
there exists C' > 0 such that

e = elFoe () < ClOn 0y — 0D 12((0,1)x) + ClAYT,) = AY(T", )L (3

and (4i7) the stability for the initial condition, yo (Theorem 4.5): there exists
C > 0 such that

lvo — olz2(0) < C/In <|(3/ =9 (T w2y + 100 (0ry — 3t@|%2((o,T)m)> :

The key ingredient to these stability results is a global Carleman estimate for
the operator 9; — V - (¢V(.)) and the open set €.

The use of Carleman estimates to achieve uniqueness and stability results in
inverse problems is now well-established. Some authors make use of local Car-
leman inequalities and deduce uniqueness and holder estimates (see [17],[16]
and references cited therein). Others make use of global Carleman inequalities
and deduce Lipschitz stability results (and hence uniqueness results). We shall
follow this second approach. To our knowledge, this method was first used in
[18] and then by others, e.g. [3]. For literature on Carleman estimates we refer



to [12, Chapter VIII], [13, Section: 28.2-3] for local estimates and [15] for the
parabolic case. For global estimates we refer to [9] and [8].

Stability results for parabolic equations are recent, to our knowledge, (see [17],[7]).
Apart from [18] there are few results on Lipschitz stability, even for linear cases.

One of the main difficulties in the present problem is to deal with discontinuous
diffusion coefficients. Controllability for such parabolic equations has been stud-
ied by [6]. Null-controllability property is proved via an observability inequality
for the adjoint system, which is deduced in [6] from a global Carleman estimate
yet assuming a monotonicity on the coeflicients ¢ in connection to the observa-
tion location: roughly speaking, the observation zone has to be located in the
region where the diffusion coefficient is the smallest. Here, to achieve a stability
result we have to derive a Carleman estimate for the difference of the two solu-
tions, y, y. This difference is solution of a non-homogeneous parabolic equation
(with discontinuous coefficient); because of the discontinuity of the diffusion co-
efficients it does not satisfy the appropriate transmission conditions (TC1), on
the interfaces S, defined above. For this reason, under the same monotonicity
assumption as in [6], we derive a peculiar Carleman estimate which includes
additional interface terms (see Theorem 1.3).

To obtain a stability result, one has to ‘manage’ the dependence of some con-
stants with respect to (w.r.t.) the parameters, s and ), that appear in the weight
functions used in the Carleman estimate (see (1.4) in Section 1). The interface
terms require some careful treatment. In particular, a stationary-phase argu-
ment is used to obtain a sufficiently sharp asymptotic estimates of these terms
for s and A large. Usually, stability estimate are obtained by letting the pa-
rameter s become large. Here we also make use of the second parameter A\ (see
Section 3).

The stability result we obtain is valid for one of the solutions, say y, in a
particular class of solutions with some regularity and ‘positivity’ properties.
To be complete, we prove that this class of function is not empty and give a
possible choice of boundary condition h(t,x) to achieve these assumptions.

As we are concerned with parabolic equations, we have to assume the observa-
tion of the solution occurs at some positive a time, 7" > 0. We are convinced
that this observation should be replaced by a more realistic one, or at least by an
observation in a sub-domain of 2. This is an open problem and this assumption
appears in all papers deriving Lipschitz stability estimates from global Carleman
inequalities (see the discussion in the introduction of [18]).

The paper is organized as follows. In Section 1 we derive a Carleman estimate
adapted to our problem. In Section 2 we prove a stability result for the piece-
wise constant diffusion coefficient ¢ when one of the solutions, say ¥, is in a
particular class of solutions. In Section 3 we prove that this class is non empty.
In Section 4 we prove a stability result for the initial condition under some ad-
ditional assumptions, in particular on the initial condition itself. Section 5 is
devoted to a generalization of the results to a more complicated geometry, for
instance allowing for more than two embedded materials. Appendix A provides
some basic regularity properties for the solutions to parabolic equation with
non-smooth coefficients and provides a technical lemma.



We now give some notations and important assumptions. We denote by n the
outward unit normal to €; on S and also the outward unit normal to € on T.
Let Sp (resp. Sp) be the side of the interface S corresponding to the positive
(resp. negative) direction of the normal n.

Note that we do not assume that g nor 2 is a connected open set. We shall
however assume that they are formed with a finite number of connected open
sets, say Qo1,...,Q0.p,, and Q11,...,81 p,, Po,p1 € N. We shall then denote
by S;; the interface (possibly empty) between Qg ; and € ;.

We make the following assumption

Assumption 0.1. The diffusion coefficient satisfies ¢; = c|, € ), i =
0,1.

Assumption 0.2. ¢y, > ¢y and 0 < cpin < ¢(7) < Cpaz, T € Q.

Remark 0.3. Assumption 0.1 will be significantly strengthened in Section 2 to
obtain a stability result: namely the diffusion coefficients will be assumed to be
piecewise constant. Yet, for some of the results such as the Carleman estimate
proved in Section 1 and the regularity properties proved in Section 3, which can
be of some use elsewhere, Assumption 0.1 is sufficient.

We let v be a subset of the boundary I' satisfying

Assumption 0.4. The interior of v is non-empty with respect to the topology
on T induced by the Euclidean topology on R™. Each component of 21 contains
part of the interior of v in its boundary.

Examples of situations in which Assumption 0.4 is satisfied are given in Figure 1.

To obtain a Carleman estimate we introduce a geometric assumption, following
[6].

Assumption 0.5. Geometric Condition (GC)
We assume that there exist two disjoint open subsets oW, 0@ e Qq and two
vector fields, () € €*(Qo,R?), i = 1,2, such that

(D) n(z) >0, VeeS, i=1,2,
(@) n(x) >0, ¥oedO?, i=1,2,
¢D(z) £0, Vo e\ 0D, i=12.
Let ) be the integral curves of (9, i.e.
2@ i) (i
LD =(DEO@), >0,
2 (0) = z9, x0 € S.

We also assume that there exists T > 0 such that for all xg € S, there exists
t@)(20) < T satisfying

D) e Q\OW, foro<t<tD(xg), z0€8, i=12,

z® (9 (z0)) € 009 formge S, i=1,2.



Figure 1: Geometric situations in which Assumption 0.4 and the geometric
condition (GC) are satisfied. Shaded is Q. Arrows represent the normal unit
vector n.



Note that in Assumption 0.5, there is no restriction to having 29 composed with
po components. The examples given in Figure 1 satisfy Assumption 0.5.

We denote by W™P(Q), m € N, 1 < p < oo, the usual Sobolev space defined by
WP = {u e LP(Q); 9%u € LP(Q) for |a| < m},

where o = (a1,...,q,) is a multi-index and differentiation is to be understood
in the weak sense. As usual we write H™(Q) = W"™2(Q). For the definition of
WP for r € R\ N we refer for instance to [1].

1 A Carleman estimate

We prove here a Carleman-type estimate with a boundary term on + in the right-
hand side of the estimate. For this purpose we shall first introduce a particular
type of weight functions, which are constructed using the following lemma.

Lemma 1.1. Assume that there exist two disjoint open subsets O, O € Qq
satisfying (GC). Let v be a subset of T = 0K satisfying Assumption 0.4 and B
and E(i), t = 1,2 be open balls such that B @Né(l) € OW and B® € B® ¢
OO Then there exists two functions BV and 32 such that

5(1)(33) _ gél) m 207 5(2)(33) _ 562) n gm
B1 in Qy, B in Q,

and the functions Bél), ~(()2), and Bl satisfy the following properties: 51 €
€*(), B1 >0 in Qq, and

5120 on T\ 7, 8n51<0 onT\ 17,

Bi=2o0nS, 8,5 <0onbs,

and _ -
VB >0 in Q;

fori=1,2, B\ € €2(Q), B > 0 in Qy,
Béi) :Bl =2o0onS, i=12,

coan~(()i) — C13n§1 onS, i=1,2,

(1.1) BsD = 26 in B®,

(1.2) B > 28 in BO,

and

(1.3) VAP >0in 0o\ BY, i=1,2.
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Figure 2: Geometrical situation for the proof Lemma 1.1. The shaded area
represents 7 \ ;1 = Q\ Q.

Proof. For the construction of 561)7 1 = 1,2, supported in the connected com-
ponents of Qg, we refer to [6, Lemma 3.2]. We now show how the function 5
is constructed. In actuality, the procedure described here has to be performed
in each connected component of €2y, which is possible since each component
contains part of the interior of v in its boundary by Assumption 0.4.

Let zg be in the interior of 7. We can enlarge the open set ; locally around
x¢ while preserving the %2 regularity of the boundary. Such a procedure is
performed in a neighborhood U of zy such that U N T C 5. (This can be
done by locally straightening out the boundary v as Q is assumed to be a
%? submanifold with boundary in R™ [11, Definition 1.2.1.2]). This enlarging
procedure only affects v and leaves I"\ 7 untouched. We call the new boundary
I'. We denote €, the extension of € and € that of Q ( C O, Qc Qand
I = 8(2). Let w be an open subset such that w € \ Q1. The geometry we
describe here is illustrated in Figure 2.

There exists a function a € €2(Q;) satisfying

a>0in€y, a=0onl, a=2ons,
6,10% <0, 8na|s < 0.

Following [9, Lemma 1.1, Chapter 1] (see also [6, Lemma 3.1]), we apply Morse
theorem [2] and find a so-called Morse function u € €2(Q1), i.e a €2 function
with a finite number of critical points, such that

p>0inQy, p=0onl, p=2ons,
3n/‘\r <0, 8,1/1‘5 < 0.



In fact, there exists neighborhoods of I' and S in €y, say V.(T) and V(S), in
which Va > ag > 0. Since (42) Morse functions are dense in ¢! (€) by Morse
theorem, we can find a sequence of such functions, say (a,)nen, that converges
to o in € (Qp). We define y in € () such that y vanishes outside V.(I") and
V.(S) and x = 1 in neighborhoods of T and S. We then set

pn = X+ (1 = X) .

There exists ng, such that, for n > ng, p, is a %2 Morse function and p, = 0
onI'and g =2 on S while Vi # 0 in V.(I') U V.(S). Let u = pp, for n > ny.

We call y;, i = 1,...,p, the critical points of u. Since there is only a finite
number of them, we can construct, as in [9, Lemma 1.1, Chapter 1], a diffeo-
morphism, ¢, from Q; onto Qy, leaving V(') and V.(S) unchanged, such that
o Y(y;) € w,i =1,...,p. It follows that i := u o ¢ has a finite number of
critical points all located in w. The function Eo = ﬁ|§1 satisfies the required
properties. O

Remark 1.2. Note that the extension of the open set €21, and thus the extension
of {1, performed in the proof of Lemma 1.1, is solely made for the sake of the
construction of the function ;. In the sequel all computations will be carried
out on .

Choosing two functions B(i), t = 1,2, as in the previous lemma, we introduce
Y =0 + KO with K = m||8"||s and m > 1. For A > 0 and t € (¢, T),
we define the following weight functions

A8 (@) AP _ A8 ()

) (. 4) =
n(z,t) (

€ TC o2
)T —1) " ®

(14)  ¢V(z,t) = =t (T =1’

with 3" = 2m|| 3| (see [6],[8]).

We now prove a Carleman estimate adapted to our problem with an upper
bound with a term integrated on a part v of the boundary I' of Q2. Let g €
H'([to, T], Hz(S)). We introduce transmission conditions (TC2) on the interval
[to, T] which reads

q|Sox[to,T] = 4|S1 x[to,T]>
TC2
( ) COanq|So><[to,T] = clanq\slx[to,T] +g(x,1),

for a function ¢ which is H? in each open set Q;, i = 0,1. These transmission
conditions is to be found in Section 2 for the difference of the solutions y — y to
problem (0.1) with ¢ and ¢, respectively, as diffusion coefficients.

We introduce

€ L?(to, T, H*(SY)), i = 0,1,

; q‘(tO,T)in

N, = {q € H'(to, T. H} ()
q);, = 0 and g satisfies (TC2) a.e. w.r.t. ¢ } .

Theorem 1.3. Let v be a subset of the boundary T' of an open set Q0 of R™
that satisfies Condition (GC), and v satisfies Assumption 0.4. Assume fur-
ther that co|y —c1g = A > 0. Let g € H(ty,T,Hz2(S)). There exists



A1 = A(Q,, 0(1),(9(2),cmm,cmam,A) > 0, s1 = s1(A1) > 0 and a positive
constant C' = C(Q,'y,0(1),(’)(2),cmm,cmamA) so that the following estimate
holds

1), —sn® 2), _sn®
(1.5) (MM (e ) 2a 0 + M (e )20 01
1 —_gn® 2 —s

+ Mg (e >|2Lz<Q>+\M”<e a0

+S>\2 // —2snt +€ 252 (2)) |vq‘2 dx dt

+ 53\ // (672577 oM +e*25” (2) ) |q|? da dt
Q

(2)

T
<C s)\//( —2sn! o) 4 e 2sm (2)90(2)) 0,q|? do dt

+// (721" 4721 9,0 = V - (V)| da dt

+ s)\// n® oW 4 =25 L@ (912 do dt
to

+/ / (72 0" 2@ g2 do
t[) S

T
+872/ / (721" =21 0% do dt |
tod S
for s > s1, A > A1 and for all ¢ € Xy, with My and M to be defined below.

For a function p with a trace on the interface S, from both sides, defined in
some sense, we shall denote p; the trace of Plo, ON S, i = 0,1, when there is
no ambiguity; in the case pg = p; we shall blmply write p. We shall use the
notation [p]s = pg — p1 for the jump of p across the interface S. We shall adopt
Einstein’s summation convention for repeated indices.

Proof. We consider s > 0 and ¢ € N,. Let us set f = 0,¢ — V - (¢Vq). Then
feL*@Q).

In the first part of the proof we shall write 1, ¢, M, etc, in place of n®, o,
Ml(z), etc, i = 1,2, and treat the two cases at a time. We set ) = e~ *"7q. We

observe that ¥ (ty) = ¥(T) = 0 and since ¢ satisfies transmission conditions
(TC2) (and q(t,.)|,, € H?(€;) a.e. w.r.t. t), we have (a.e. w.r.t. t)

(1.6) coOntoy(t,.) = c10nth1| (L, ) + gs(t, ),
(1 7) qupO\S(ta ) = VT¢1|S,
(1 8) QZJO\S(ta'):wHS(ta')a

where g; = e *7g and V. denotes the component of the gradient that is tan-
gential to S.

The function v satisfies in each £;, ¢ = 0,1,

My + Moy = fs



with

(1.9) My =V - (V) + 82 N2 |V B e + 5(9em) v,
(1.10) Mop = p1p — 25\peV 3 - Vip — 2502 0|V 3|24,
(1.11) fs = e f + AV - (cVB)Y — sA%pc|V 3|%.
We have

| M| 720y + [Math|72(gry) + 2Re(Mith, Math) 12y = | fsl72 (g
With the same notations as in [6, Theorem 3.3], we write Re(M19), M2t) 1201

as a sum of 9 terms I;;, 1 < ¢,j < 3, where I;; is the inner product of the ith
term in the expression of M;1) and the j*® term in the expression of M.

As compared to the proof of the Carleman estimate in [6, Theorem 3.3] we only
need to adjust the computation of I;1, I;2 and I;3 to the present case. In fact
the other terms do not involve transmission conditions (1.6) in their computa-
tion and thus remain unchanged from the terms obtained in [6].

The term I;; follows as

111 = Re/ V- (CV’Lﬂ) 8t$ dxdt
Q/

= —Re // / eV - 0y (V) dxdt + Z (—1)"'Re /T/ ciOnbi Oy dodt,

i=0,1 to/ S

by integration by parts; the surface integral on I" vanishes since 9% = 0 there.
Noting that ReV) - 9;(Vy)) = 38;(|[V¢|?), the first term vanishes since ¢, and
thus Vi, vanish at ¢t = ty and ¢t = T. For the remaining surface terms we use
(1.6), which yields

T T
L) = —Re//gs o dadt:Re//at(gs)Edodt,
to) S to) S

since g, € H'(to, T, H=(S)).
The term I3 is given by

I;5 = —2sA\Re // OV - (cV)eV B - Vi dadt
T
= 23/\Re// eV -V (pcV3- V) dxdt—Qs/\Re//ch(VﬂVE)(@nw) dodt
’ to/ I
. T —
+ 2s\Re Z (—1)’// ©c2(VB; - Vb)) (Onay) dodt.

i=0,1 to/ S

This integration by parts is justified since 1(t,.) is in H? in each Q;, i = 0, 1.
Denoting by I, the remaining volume integral, we obtain

Ij, = 25)\? // | Vip-V 3|2 dudt+2sARe // 0Oy, (cOy, 3)0,10, 1 ddt
Q’ Q’

+ sA // ©C* 0y, B0, |VY|? dadt.
Q/

10



We further compute the last volume integral, denoted by Ij,. Observe that
|V¢||29, is in W1(Q;) since Yo, (t.) € H?(Q;), i =0, 1. This allows to further

integrate by parts, since (0290895]. ﬁ)lszi € €1 (), i = 0,1, and yields
T
I, = _SA// 0w, (0?0, B) |V dxdt+s)\// ©c?0,,8|V|? dodt
Q' to/T

T
+sA Z (1)t // 020, 3|V ;| dodt.

i=0,1

The remaining volume integral can be further expanded into

I = fs)\// @0y, (c®0y, B)|VY|* dudt — sA? // o |V B2 | Vy|? drdt.
Q’ Q’

Collecting the surface integrals in a term denoted by Jy2 we find

I = —s)\? // 0| VB2 IVY|? dudt 4 25)\? // |V - VB|? dadt
Q Q

where
X1 =2sARe // pC Oy, (cawjﬁ)aﬂw%@ dxdt
[0, (00, )V .

We now observe that since 3 is constant on .S we have

Writing |[V|? = |V, 4| + |0,1|? we find

Jiz =5\ (= / / 020, 5| Onti|? dodt

1=0,1
T
—sA Y (—1)i// 020, Bi |V 11 | dadt—sA//¢c28n5\anw|2 dodt
i=0,1 tol S toJ I

where we have used that ) is constant. Recall that V 1 = V41, and that
€0OnPo = 10, /1. From transmission conditions (TC2) we have

lcodnthol® = |c10n1h1|* + |gs]* + 2Re(c1 (Ont)y)gs)-
We thus obtain

T
J12 = S/\// (p[anﬁ]5|618nw1|2 dodt
t
’ T
+5)\//g08nﬁo|gg|2 dadtfs)\// 5(c0,B)|V | dodt
to

—s)\//gocgan5|8nz/1|2 dodt +Y,
to/ I

11



with
T JR—
(1.12) Y = QSARe// @101 Onfo gs dodt.
tol S
We thus have
Iio = —s\ // Oz, (c2g03x]ﬂ)\vw|2 dzdt + 2s)\? // |V - VB2 dadt
Q' Q'
T T
+5)\// ©[0,8] 510011 |2 dadt—i—s)\// ©0nBolgs|? dodt
to/ S to) S

T T
*SA[/Sw[c]s(canﬁ)IVTw|2 dcrdtfsA//cpganmanwz dodt

(0] t() T
+ X7+ Y.

The term I3 is given by
I3 = —2s5)\’Re / / OV - (V) c|VB|2) dadt
Ql
= 25\?Re / / eV - V(pc|VB12) dadt
Q/
+25A°Re Y (—1)1// @(ciOnthi)ci|V Bi|* dodt,
to S

i=0,1

where we have used that 1. = 0. Expanding the integrand in the volume
integral and using (TC2) in the surface term we obtain

I5 = 2s\? //Q 0| VB2 VY|? dedt + Xy + Ys
where
X5 = 25\?Re / /Q eV V(c|VB*) drdt
+ 25\3Re //Q 0V - V3|V B2 dadt

T
+ 2sA\%Re / / 0(c0nB)[0n B s (c1On1 )2 dodt,

tod S

since V.3, = 0 and
T J—
Y, = 2sA%Re / / ©0co(0nfo)* g5t dodt.
tod S
Following the proof of Theorem 3.3 in [6] we find

1 1
B = 5523 [ FevaPoul dedt =~ 352 [ | a)lvBP Il dodt,
Q’ Q'

12



and

Ipy = =s°A° // P> E|VBIPVE - V([0[?) dadt
QI

T
— 3500t / /Q GPEVBI P drdtt PN / / 1B 0uBls |0 dodt+Xa,

to/ S

with X3 given by
X3 =5%\3 // O*V - (E|VBIPVE)|v|? dedt.
The terms Io3, I3 are given by

I3 = —2s53)\* // O*A|VBI*Hy|? dadt,
Ql

1 1
I3 = 53// 3t778t(|w|2) dzdt = —58// 5??7W|2 dxdt
Q/ Ql

The term I35 is given by
Iy = —SQA// ©(0)cV B-V([1h|?) dedt = s* N> // ©(0¢)c|V BI*[1p|? dadt
Q' Q’

+5 [[ oV (@aevs)of? dadt,
since g = 11. Finally the term I33 is given by
b= =252 [ [ @) VB dodt.
Ql

Collection the terms I;; just computed we obtain
(1.13) |M11/)|%2(Q,)+|Mz¢|i2(@)+4s)\2// Rl Vi - VB2 dadt
Ql
+ 25)\2 // o |V B3|V |? dwdt+233)\4// ©*P VB |? dadt
Q' Q'
T T
+23>\// ©[0nB]s|c10n91 2 dadthS)\//cpczé)nﬂWni/JF dodt
tO S to T
T T
—23A//@[c]s(canﬁ)|w|2 dadt+2s3)\3//<p3\can5|2[8nﬁ]s|z/1|2 dodt
tO S t(J S

T
+28)\// ©0nBolgs|? dodt
to/ S
= fali2n — 20 + X1 + Y1+ Xo + Yo + Ioy + X3 + 1 + I3z + Is3).

We now consider the surface terms I77, Y7, Y3 involving the function g, and

write

(1.14)
T T T

|I11| = Re//@t(gs)zbdadt gcﬂ// \8tgs|2dodt+052// || dodt.
tos S tol S tod S
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In the proof of Lemma 1.1 we are free to choose § such that 9,,01/co < —1.
Since we assume ¢y — ¢; > A we obtain

(115) [3nﬂ]5 = anﬂo - 8nﬁl - anﬁl

(01700)2A>0.

The second term in (1.14) can thus be absorbed by the term

T
953 \? / / &[0 BI2[00 ) sl |? dodt
to) S

in (1.13) for s sufficiently large.
The term Y7 in (1.12) can be estimated by

(1.16) Y| =

T
23)\Re// 0c10p101 OnfBo gs dodt
tod S
T T
< C'gs)\// ©lgs|? dadt—i—ss)\//<p|cl(‘3nw1|2(8nﬁo)2 dodt, &>0.
to/ S tod S

For e sufficiently small, the second surface term in (1.16) can be ‘absorbed’ by
the term

T
23)‘//@@nﬁ]$|018n¢1|2 dodt

tod S
in (1.13) by (1.15).
The term Y5 can be estimated by

T
Y| = §Cs)\//g0\gs\2dodt
to S

T
+C$)\3//S<pc(2)(8n60)4|1/1|2 dodt.
to

T
28)\2Re//<pco(6nﬁ0)QgSE dodt

to/ S

Observing that ¢ < CT*p?, the second surface term can be ‘absorbed’ by the
term

T
953 \? / / &[0, BI2[008) sl |2 dodt
to) S

in (1.13) for s sufficiently large by (1.15). The two previous estimates are the
points in the proof where the hypothesis ¢cg — ¢; > A > 0 is needed.

Note also that
s 720195 < Cs72e72)0,g|* + C(Bin)*e>*"g|?
< 08—26—2sn|atg|2 + CT2@4€_2SU|Q|2,

where we have used that |9;n| < CTy? [6, equation (90)] (which makes use of

the particular choices made above for K (9 and B(Z), i = 1,2 which implies that

B <28).
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Applying the technique presented in the proof of Theorem 3.3 in [6], the previous
observations yield the following Carleman estimate (we use the notation n®
instead of 7)

(i) (4)

(117) M (e )2 gy + IS (e )32 )

+ s\? // —2sn) e |Vq|? da dt + s*A* // 28! l) |q|? dx dt
Q
S)\// —251Y 519,42 do dt+s3)\4// ~20 (0% 12 dadt
to/y
—|—// —2en) |0q — V - (cVq)|? da dt + s~ // —2sm! )|8 |*do dt
to
// 1 o9 do dt+s>\// e 21 g2 do dt |
tor toJ S

for i = 1,2. Note that the condition [¢]s > 0 is needed to obtain the previous
estimate.

Adding (1.17) for ¢ = 1,2, we deduce (1.5) with the same argumentation as
in the proof of Theorem 3.4 in [6]. The terms integrated over B; x (to,)) are
absorbed by other terms using properties (1.1)—(1.3) of 8, i = 1,2. O

Remark 1.4. The Carleman estimate that was just derived is peculiar because
of the presence of terms integrated on the interface S. In particular, two termss
involve the function g with different powers for the parameters s and A and
for the weight functions ¢, i = 1,2. This Carleman estimate is the key
ingredient in the subsequent analysis. The interface terms will require some
special treatment. The two parameters s and A will also have an important role
to play in the next section.

Remark 1.5. In the case g = 0, the previous Carleman estimate simplifies. By
inspection of the proof of Theorem 1.3, observe that in the case g = 0, there is
no need to assume co|g — 1|5 > A > 0 to obtain the Carleman estimate.

2 Uniqueness and stability estimate for the dif-
fusion coefficients

In this section we establish a uniqueness result for the discontinuous diffusion
coefficient ¢ as well as a stability inequality. This inequality estimates the dis-
crepancy in the coefficients ¢ and ¢ of two materials (with the same geometry)
with an upper bound given by some Sobolev norms of the difference between
the solutions y and ¥y to

Oy =V - (¢Vy) =0, in Q,

2.1) y(t,x) = h(t, z), on X,
transmission conditions (TC1), on S x [0,T],
y(0) = Yo,

15



and

Oy — V- (cVy) =0, in @,

(2.2) y(t,x) = h(t, z), on X,
transmission conditions (TC1), on S x [0,T],
y(0) = yo,

The Carleman estimate proved in the previous section will be the key ingredient
in the proof of such a stability estimate.

We introduce

f—c_t= §o=rco—co in Qo,
51281—51 ian.

We set u =y — y and v = Jyu. Then v solution to the following problem
aﬂ} -V (CV’U) =V- (fV&t@, in QI,
(2.3) v=0, on X,

transmission conditions (TC2), on S x [0,T],

with
(TCQ) Ylsoxio,r) = Ylsy xpo.177

COaﬂv‘sox[oﬂ"] = Cla”/u‘slx[o,T] + g(l’, t),
where

g(a:, t) = g16”6t§|sl><[0,7“] - goa"atgbox[o,ﬂ = Oéanatmsox[o,ﬂ’

with a = (62 — &),
Let 7' = 4 (T + to). We make the following assumption.

Assumption 2.1. The solutions § and y belong to H?(to, T, H*())) and are

such that y, € H'(to, T, H*()), Y, € H*(to, T, H*()), i = 0,1. Further-
more, y satisfies

1. Let r > 0. The solution y is such that |Ay(T")| >r >0 in Q';

2. 9|, are in a bounded domains of W (to, T, H*(;)), i = 0,1: there

exists M > 0 such that
|g|§zZ (ta )ﬁ{?(ﬂb) + |at?7\91 (tv )|?—I2(Ql) + |8t2g\nz (tv ')|§{2(Qi) <M, i=0,1,
a.e. forte (to,T);

3. Advy,, are in a bounded domain of L*(to,T,L>((%)), i = 0,1: there
exists K > 0 such that

T
/ |Aat§|ni (t7 )|%00(Ql)dt < K21 i=0,1.

to

16



In Section 3 we shall show that for any initial conditions yq, 7o in L?(Q) we
can achieve the properties listed in Assumption 2.1 by using some particular
boundary conditions h(t, z).

From Assumption 2.1, the functions § and v are such that g, ,v|, € H2(Q),
i=0,1. Then g € H(ty, T, Hz(S)). The second equality in condition transmis-
sion (TC2) thus takes place in the space H 2 (S). Observe that v = 8;(y—7) € R,
from the above assumption. We can thus apply Carleman estimate (1.5) to v.

We shall use the notations of the proof of Theorem 1.3. We set 1(*) = e’”’(i)v,

1 =1,2. With the operator MQ(i) defined in (1.10) we intorduce, following [3],

, T N p— 1
10 = Re/ M@ 0200 dedt, i=1,2, and I = 5(I“) +1@),
tod QU

3
Note the additional ¢V 2 factor as compared to [3]. This will be of importance
below.

We have the following estimates.

Lemma 2.2. Let A > A\ and s > s1 then
2,2 g 250 (1 2sn@ (2 2
[I| < Cs™3/2\~ s)\//(e_ s (M) =20 (2 19,0)? do dt
to/y
—2snp™) —2sn? 2
+ (e™* 7 4 e ) |G — V - (¢Vv)|* dx dt
r € @)
+s)\//s(e’2s’7 oW 47217 ) g2 do dt
to
g 2sn® (1% 2@ (2)%4 |12
b [ [ 0" o (g2 do ar

to/d S
2 T 2smM) 2sm? 2
+s” //(e_ ST 4 e =) Oyl do dt | .

to/ S

Proof. Observe that

|I(z)| < 5573/2)\72 <M2(’L)w(l)|%2(Q/) + 3\ // 50(1)367257]( )|U|2dxdt) ,
Q
1=1,2.

Thus
1 _ _
|I| < §S 3/2)\ 2 (lMél)w(l)liz(Q’) + |M2(2)’(/1(2)|%2(Q/)
g3\ // (672577(1)()0(1)3 + 672577(2)@(2)3) "U|2 dx dt) ,
Q

which yields the result from Carleman estimate (1.5). O
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Lemma 2.3. Let A > A\ and s > s1 then
3 3
/. (”25"“)@“)2 + e‘QS"%(”z) (T',2) (T, )? da

T
s)\//(ef%n(l)ga(l) + 672377(2)@(2)) |0pv|? do dt

to) vy

S 0873/2>\72

i // (721 4 e72) |V - (£V0,)|? du dt
T W @

—1—5)\//(6725" cp(l) + e 2 cp(z)) lg|? do dt
to) S

T —2sn®M ()4 | —2sn®  (2)4 2
+//(6 el e ) (gl” do dt
tod S

T -
+572//(6725"(1) +672S"(2))|3tg|2d0 dt| .
tod S

Proof. We evaluate integral I®¥), i = 1,2, using (1.10)

T/
I = Re / / (c’w“) — 2500 V3 . wp(d)

to

. . . N3 —

9 A2<p<1>c|v5<%>|2¢<1>) 0D 200 dedt

1 17 .3 , T NG , .
= 5// AR NIIOIE dmdt—s)\// ©D2evBD . V@2 drdt
tU ! t(J ’

T .5 ) )

—25/\2// 02 c|VAD 2D [2dadt
tod

1 7T 3 _ T N . .
= 5/t/s ()2 9, ]p)|? dxdt+s)\/ V- (@2 ev a0 |9®)2 dadt
0

tod Q/
T’ .5 ) )
—25)\2// 2|0 12D |2 dadt,
to 4

by integration by parts, without any remaining integral over S x (to,7") by
condition transmission (1.8). With an integration by parts w.r.t. ¢ in the first
integral, we then obtain

1 AT .5 T .5 _ _
(2.4) 5/9 RN IONG SRR dz:I(”Jris)\Q// 02|V D 12D 2dzdt
’ tO ’

T 5 ) ) T ) N
~ox [ [ R O dudt+ § [ [ @O O dadt,

to to
i=1,2,
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NI
since () 299 (o) = 0. Adding (2.4) for i = 1,2 we obtain

(2.5) / ( =2 0 F 4 =20 <2>2) (T',2) Jo(T", ) do < 41|

+C(sA2 +sA+1) // (e_%"(l)(t’i)w(l)g + 6_28"(2)(t’$)90(2)g> lv|2dadt,

observing that |0;p®]| < C’Tgo(i)2, i = 1,2. We use Carleman estimate (1.5)
to obtain an upper-bound for the last term in (2.5) which yields the result by
Lemma 2.2. O

We shall now assume:

Assumption 2.4. The diffusion coefficients ¢ and ¢ are piecewise constant, in

the sense that cy,, , resp. ¢, , are constant in each connected component of €,
1=0,1. We define

Co7j:C|QOJ, ]:13"'7p03
CLj = Cla, j=1...,p1.

with similar notations for ¢ and &.

In this case observe that, in €/,

(T, x) = cAu(T', ) + EAY(T', x)

Po P1
= Z coj Au(T', x)xq,, + Z c1;Au(T, T)xe,,
j=1 j=1
P1

=+ ZfOJAy T x)XQoJ + ZfLJAy T m)XQI FE

Jj=1 Jj=1

From Lemma 2.3, we obtain

/<_2sn mF | 2 (2)2>(T',:r)fA§](T',x)|2dx
o[ (et e @) (@ jeau(r, o) s

T
+Cs73/2)72 [s)\//(e—%”m@(l) +6_2577(2)s0(2)) |0nv|? do dt
tovy

+ / / (e72n" 4 =20y |V . (eVa )2 da dt

vor | / 2o e 2N o) [P do dt
to

to

T
572 / / (e=21" 4 e=2Y|9,92do dt|.

to/ S
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From Assumption 2.1 we find that
|AD, (¢, z)|? < k2(t)|AY(T’, x)|?, in each (to,T) x Q;, i = 0,1,
for

1 ~
k(t) =~ 'Sllp |Aaty|sz. (ta ')|L°°(Qi)'
T i=0,1 ¢

From Assumption 2.1, k € L?(to,T) and |k L2(t0,7) < K' = %K. These obser-
vations yield

T
/ / (=21 | ¢=20D) 1A G? dar dt
to/ Q;
- ) (7 @) (7
SKP Y Yl [ (e g ) A1 ) P
i=0,1 j=1 Qi
where we have used that

6_2577(i>(t’l) < 6_257l(i>(T’,w)7 TEQ, te (to,T), i=1,2.

Observing that 0 < C' < ¢, i = 1,2 since ) > 0 and m >C >0,
we obtain

T
/ / (=21 721y |€AD, G2 da dt

to’ Q;
Pi
—ogp( 3
<K?) ) \mlzf (e 22
Q5

i=0,1 j=1

3

+e257’(2)(T”I)<,0(2)2> (T, )| AW(T, )| da.
We now treat the interface terms that appear in the right-hand-side of the
Carleman estimate. Recall that
9(,t) = 20,0ty 5, x[0,1]+
[
a=&= —&.
C1

Note that n(t,.) is constant on S. We denote this constant by n(¢,S). More
generally we shall denote p(S) the value on S of a function p which is constant
on S. We obtain

T
/ / (=21 4 =21 0,9/ do dt

to/ S
4 2snM(t,8 2sn@ (t,8 2
S/(efsn (6,5) 4 g=2sm (’))/|3tg|dgdt
t() S

T
< M/‘§|2/ (6—25n(1>(t75) +e_23"(2)(t’s))dt,
to
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from trace inequalities and from Assumption 2.1, for M’ = Cr,(1 + ;:—”:)QM,

where |£] = /&2 + &2, since |a] < (1 + fmez)|€| from Assumption 0.2. The
constant Cr,. is the constant found in the trace estimates

/SlanﬁF < Crelplhizg,, i=0,1,

if pjo, € H?(Q;), i = 0,1. Similarly, since ¢(?), i = 1,2, are constant on S, we
have

T .
/ / (721 W7 =217 @) 1912 o it
to/ S
T J J
< MjeP / (21 G 4 =20 @)1 ) ar, jeN.
to
With
T
wi(s, ) = / (€21 08 L o=2en® @My gy gt ke,
to
and
Wi (s, ) f=/ G (1)2 e=2n (2) T, 2)|AY(T', z)|*da,
Q

(2%

izoala jzlu"wpiv

we thus obtain, for A > Ay and s > s,

(2.6) ZZM{ CK™s I )W (5, )

1=0,1 j=1

—CM'[s 2N wi (s, A) 4+ 572 A 2w4(s, A) + 5T A 2w (s, )\)]}

<C ( —2sn S0(1)2 te —2sn? s0(2)2) (T/,CL')|CAU(T/, .)‘de
Q/

T
+Cs_%”\_l//( 2 o) =2 o)) 19, 0f? do dt.

to/y

To obtain a stability result we need to prove that the coefficients for |§m»|2,
i1=20,1, 5 =1,...,p;, can be made positive. To do so we need to understand
the behavior of the integral over the interface S as s and A become large.

We first establish the asymptotic behavior of wy(s, ). We set

. T i
wi? (s, A) :=/ 210 WS) ;0 ¢ 5y at, ke N

to
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Lemma 2.5. The following estimates holds

wl(s,0) = 7217 TS) 0N (71 g)

\/ES_%
VT X8 — eAsO(s)
S

-3
+0O — p
(@MW>@W“S»%>

Proof. We write

, T
w,(;)(s,)\) — kA >(S)/ e 2m(5:9)9() gk (1) g
to
(@) 4 T ’
= kA (S) o—27(5,8)9(T )/ e 27O =0TNgk (1) dt ke N

to

with 7(s,5) = s(ewm — e’\ﬁ(l)(s)). We then apply the stationary phase formula
[14, Theorem 7.7.5] for the complex phase f(t) = i(¢(t) — ¢(1”)); note that
Im(f) > 0 and note also that ¢ (T") > 0. In fact, apply formula (7.7.12) in [14]
with £ = 2 to obtain the power % in the remaining term. Rigorously, one should
first use a cut-off function x € €>°([to, T]) such that x = 1 in a neighborhood
of T' and treat the integral

T
/ e 2SSO =0Ty (1) ¢ (t) dt

to

with formula (7.7.12) in [14]; the two additional terms are then found to be

O(7(s,S5)77) for all j € N by integration by parts (see also Theorem 7.7.1 in
[14]). Finally, observe that the O function is independent of the parameters s
and . ]

To achieve our goal we also need an estimation from below for the terms
Wi (s, A). We set

; 7 ’ N3
W,S?(s, A) = /Q e=2m0 (T 2O (T 2) |AY(T', x)|>de,
k,j

k=01, j=1,...,pp, i=1,2.
For the terms WO(ZJ) (s, \), we have the following
Lemma 2.6. Let e > 0. We have

21|
SA

W) (5.8) 2 Copag—tre 9 (017, 5)) e,
1= 1727 ]: 17"'ap07

for s > s1 and where S; = U Sk

k=1,...,p1
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Proof. In the proof, we shall write 3, etc, in place of 39, etc. Taking § suffi-
ciently small, we start by choosing a small neighborhood W of S; in Qo globally
parameterized by (o,y) € [0,0] X S; (see the proof of Lemma A.7 in Appendix
A). In fact, we can choose the coordinates and the small neighborhood of S;
such that o = est corresponds to level sets for the function 3 (use V3 for the
vector field v in proof of Lemma A.7). Note that in the neighborhood W the
function 8 decreases with o.

Estimating from below the Jacobian! originating from the change of variable
and observing that the integrand is constant w.r.t. y we obtain

s
Wo,i(s,A) > Cr2|5j\/ eizsn(T/’U)CP%(T/,o')dg
0

5
_ 2|8, [e2n(T"S) / e~ 25((T") =0T ) 3 (T )y
0

We now use the change of variables o/ = n(T",0) —n(T’,S) > 0 which yields
5/
Woj(5,0) > Cr?[S5[A~1em2n(T"5) / 259" 3 (T, 0)[0, BAdor,
0

where ¢ = n(T",6) — n(T’,S). We can find in W a positive lower bound for
(0,3)~! independent of &, i.e. the size of W. We thus obtain

6/
Wo,i(s,A) =2 C’r2|5j\/\*16*2sn(T’7S)(p%(T/’5)/ o—259" 45/
0

56’
> Cr?|S;]sTIAT e 2T S) o3 (T, 6) / e 27 do’
0
> O'(s)r®|8ls 7" A e 21T DpE (T, 6),
with C’(s) increasing with s. Observe now that

AB(6 AB(S
o(T',5) = i = o) ABE)-5(5))
(T =TT —to) (T =TT — to)

= o(T, §)eMBO=B()),

Choosing ¢ sufficiently small such that $(3(S) — 3(0)) < e thus yields the

result. O]

With the previous lemmas we can now prove that the coefficient of £ |2, j =
1,...,p0, in (2.6) can be made positive. This requires taking both A and s
sufficiently large.

Proposition 2.7. Let 1 < j < pg. There exists Ay j > A1 such that if A > Ay ;
then for s sufficiently large

Agj = (1= CK?s 2A"2)Wo (5, A) — CM'[s~2 A Ywy (s, A)
+ .9_%)\_2104(57 A+ s_%/\_Qwo(s, A)] > C(s,A\) > 0.
with C(s,\) = C(s, A\, 7, K, M, Crnaz, Cmin, J)-

INote that the estimation from below of the Jacobian is independent from the size of the
neighborhood W.
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Proof. It suffices to prove the result for wl(f)(s,/\) and Wég(s)\). We shall

write 3, etc, in place of 39, etc. We take s sufficiently large such that (1 —
CK?s73X72) > ¢y > 0.

From Lemmas 2.5 and 2.6, for € > 0 we obtain

(27) Ao 2 Cre TS (Lp(3) () O(s~))

1 / C 1
e TS | S0 0S| (p(T, ) e
o VETS)

VT M — (s) |

where p and v are some continuous functions. We first treat the second term in

the previous expression. Note that this term originates from the estimate from
i (4
1

below for Wélj) and the estimate of s~ A\~ lw
lumped in the first term of (2.7).

Choose now ¢ < 3(3 — 3(S)). Then since § > 3(S) we have

. The other terms in Ag; are

o(T".5)  g)tes
——— =0 T',8))ze™ "¢
L =T S )

for A large. Thus the second term can be made positive for A, say A = Ao j,
sufficiently large.

Once A is fixed larger than A, j, the first term in (2.7) can be made positive by
taking s sufficiently large. O

We now prove that the coefficient of &1 ;|2, j =1,...,p1, in (2.6) can be made
positive. Here the parameter A is not of use.

Proposition 2.8. Let 1 < j <p;. Let A > 1. Then for s sufficiently large

Ay =(1—CK?s 2A )Wy (s, A) — CM'[s"2 A" wy (s, A)
+ 37%)\7211)4(5, A) + 57%/\72100(5, A)] > C(s,\) > 0.

with C(s,\) = C(s, A\, 7, K, M, Crnazy Cmin)-

Proof. It suffices to prove the result for w,(f)(s,)\) and WI(Z])(S,A) We shall
write 3, etc, in place of 39 etc. We take s sufficiently large such that (1-
CK"s™3)\72) > Cj > 0.

We first write

—2sn(t,5) —QSn(TﬂS)6—25(n(t73)—n(T’7S)),

(& =€

and observe that for s > sg > 0

T
/ e~ 2508 =n(T"8) Sk (¢ §Vdt < L(sg, A, k),

to

24



for some positive L(sg, A, k). From Lemma 1.1, there exists w € € ; such that
infye,, 8 > B(S). Then with

62,\K(7"> B em(“ (z)

T W _
thmaz = S0 P (T — 1)

we have —n(T",2) > —nT < > —n(T",S), for € w, and s > 0. These observa-
tions yield

Wl,j(s) > T2/ e—287](T’7J;)¢

w

3
2

(T, x)dx > C(\)r? |w|e_287l,Tn(;$ 7

and

w(s) < L(so, A, k:)e_QS"(T/’S),
which implies the result. U
With (2.6) and Propositions 2.7 and 2.8, recalling that v = u; = 0,(y —y), We
have thus obtained the following stability result.

Theorem 2.9. Let v be a subset of the boundary I of an open set (0 of R™
that satisfies Condition (GC), and ~ satisfies Assumption 0.4. We assume that
the diffusion coefficients ¢ and ¢ satisfy Assumptions 0.2 and 2.4 and co — ¢y >
A > 0. Let yo, Jo in L?(Q) and let y, § be solutions to (2.1)—(2.2) satisfying
Assumption 2.1. Then there exists a constant C

C = C(Q,T,to,7,5,0M,0%, M, K, 7, cpin, emaz, A)
such that
(2.8)
|6 = i) < ClOn 0y = )T 2((0.1) %) + CIAY(T, ) = AY(T, )72y
We shall see in Proposition 3.5, below, that we can achieve the regularity prop-
erties and estimates of Assumption 2.1.

Remark 2.10. Observe than in the statement of Theorem 2.9 the initial con-
dition yo and o need not be equal (see systems (2.1)—(2.2)).

Remark 2.11. Note that if we assume that y(7”,.) = y(7”,.) then the stability
estimate becomes

le — E]%oo(g) < Cl0n(0ry — atm@?((o,T)xv)'

Such an additional assumption is sometimes made, e.g. in [18].

With Theorem 2.9 we have the following uniqueness result

Corollary 2.12. Under the same assumptions as Theorem 2.9 and if

On(Oc(y — 1) (t,x) =0 in v X (to,T),
Ay(T',z) — AT 2) = 0, in €,

then ¢ = ¢. Furthermore yo = o.
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Proof. The second assertion remains to be proved. If c =cthenu =y—y € P4,
with A =V - (cV(.)) (see Appendix A), is solution to

Ou—V - (cVu)=0 in Q,
u =0, on X,
U(O,:L') = UO(I)7 in Qa

with ug = yo — yo. Thus u = S(t)ug. We have A(u)(T') = 0 in Q. Thus
V- (cVu),, (T") = 0. Since u(T") € Za we have u(T") = 0. Since the semigroup
S(t) generated by —V - (¢V(.)) is analytic by Proposition A.2 we obtain that
S(t)ug = 0 for all ¢ > 0. The continuity in ¢ = 07 yields ug = 0. O

If we make further assumptions on the initial conditions g and gy we can in fact
obtain a stability result for these initial conditions as well. This is the subject
of Section 4.

Remark 2.13. In the stability result obtained here, we have made the choice
to make some of the measurements on part of the boundary I'. Derivation of
a Carleman estimate, as in [6], with a right-hand-side with an ‘observation’
in an inner volume w of 3 would yield a stability estimate like (2.8) with
|0ty — 04Y] 12 (wx (to, 1)) in the right-hand-side.

3 Existence of solutions y, y satisfying Assump-
tion 2.1

We propose a possible choice of boundary condition h and of initial condition g
to achieve the particular properties for the solutions y and ¥ listed in Assump-
tion 2.1 needed in the proof of Theorem 2.9 in Section 2.

We shall denote S(t) (resp. S(t)) the analytic semi-group generated by un-
bounded operator A (resp. A) formally defined by —V - (¢V(.)) (resp. —V -

(eV(.))) on L*(Q) with domain (See appendix A)
PDa = {u € Hy(Q); cVu € H(div,Q)},
(resp. 27 = {u € H}(Q); ¢Vu € H(div,Q)}).

The convention we use here is ‘S(t) = e 74"

Observe that, for a diffusion coefficient satisfying Assumption 0.1, if a function
p € Hj(Q) then p € P4 if and only if p, € H?(Q;), i = 0,1 and p satisfies
condition transmission (TC1).

Lemma 3.1. Let r > 0 and let ¢ € L*>(S2). There exists yo € Pz and X :
[0,T] — R such that the solution to

at?j_ V. (EV@) =0, Qa

(3.1) y(t, ) = x(1), on %,
. y(t,) —x(t) e 25, 0<t<T,
4(0) = o,
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satisfies |V - (eVy)(T")| > r > 0 a.e.. The function x can be chosen such that
X' is a positive constant.

Proof. Observe that p(t,z) = y(t, ) — x(t) is solution to

Op — V- (cVp) = —=X'(t), in Q,

p— Z

(3.2) p(t,z) =0, on X,
p(t..) € 73, 0<t<T,

p(0,2) = yo(x) — x(0) = po € L*(Q).

and is thus given by Duhamel’s formula [20]
~ t ~
(33 p(6) =St~ [ 5t~ s (5)ds.
0

In fact, we choose x of the form x(¢) = —pt, where p is a negative constant. We
also choose 7o such that pg = o € Z5 and V- (cVyo) > 19 > r a.e. in Q (choose
f € L*(Q), such that f > rg, and solve the elliptic problem V - (¢Vy) = f for
Yo in Hg(Q)). We choose p such that —rg < p < —r < 0.

The solution p to (3.2) is unique in €*([0, 7], L*(Q)) N €°([0,T], Z) and given
by (3.3) [5, Theorem 3 and following Remark 2, Section XVII B.1]. Denoting
by 1 the function identically equal to 1 on  we find

p(t) = S(t)po + p /0 S(s)1ds,

which yields g := —Ap+pl := S(t)(V - (€Vpo) + p1) [20, Theorem 1.2.4]. Hence
q is the solution to

g — V- (cVq) =0, in Q,
q(t,z) =0, on X,
q(t,.) € 23, 0<t<T,

q(0,2) = qo(x) := V- (¢Vpo) + p1.

We now apply the maximum principle (which is valid for L diffusion coeffi-
cients) [4, proof of Theorem IX.3] which reads for the time interval [0, 7"]

ess inf g > min(0, ess igf qo) =0, Qp = x(0,T).
Qv

This yields V - (¢Vp)(T",z) > —p > 71 > 0 ae.. O

Lemma 3.2. Let m > n/2 and m > 2. Let ¢ € L>(2) be such that ¢,

is €™ (), i = 0,1. Let Q be such that S and 02 are of class €™. Let
Yo € 25 and the function x : [0.T] — R, such that x’ is constant, be both chosen
according to Lemma 3.1. Then V - (¢Vy), € E*((0,T), L>=(€)), i = 0,1,
for all k € N. Let € > 0 then V - (EVﬂ)mi, i = 0,1, remain in a bounded
domain of €*([e,T],L> (%)) for all k € N, uniformly w.r.t. ¢ and 3o, for
0 < Cmin < € < Cmaz and ¥V - (V7o) in a bounded domain of L?(Q).
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Proof. We use the notations of the proof of Lemma 3.1. We set p(t, z) = y(t,x)—
x(t) and observe that ¢ := —Ap + p1 is the solution to

g —V - (cVq) =0, in Q,
q(t,l‘) = 07 on Zy
q(t,.) € 73, 0<t<T,

q(0,z) = qo(x) := V - (¢Vpo) + p1.

From Corollary A.5 we have that Qo mx0, € EF(0,T]; H™(Q)), i = 0,1, for
all k € N. Since m > n/2, the space H™(£;) is continuously embedded in
L*>°(Q;) which yields the result. The last statement follows from Remarks A.4
and A.6. O

Remark 3.3. In the case of n=2,3, which concerns most of the applications, we
choose m = 2. The condition on S, 992 and the coefficients Elni in the previous
lemma are then the default ones assumed in the introduction.

Let the function x, such that x’ is constant, be chosen according to Lemma 3.1.
We then have the following regularity property.

Lemma 3.4. Let ¢c,c € L*() be such that c|, ,¢|
Yo € L?(Q). The solutions y and y to

is €1 (), i = 0,1 and yo,

Q5

Oy — V- (cVy) =0, in Q, oy — V- (cVy) =0, in Q,
y(t,z) = x(1), on X, y(t, z) = x(t), on X,
trans. condition (TC1), trans. condition (TC1),

y(0) = o, y(0) = vo,

belong to €*((0,T), L%(Q)) N €*((0,T], H()) and are such that Ylo,  Ylo, €
€*((0,T), H*(%)), i = 0,1, for all k € N. Let ¢ > 0, then for all k € N,
Ylo, Y|, Temain in a bounded domain of C*((e,T], H*(Q)), i=0,1, uniformly
w.r.t. ¢, Yo, and Yo if 0 < Cmin < ¢,€ < Cmaz and yo, and Yo remain in a bounded
domain of L*(Q).

Proof. We work out the proof for y. Set p = —x’ and define p(t,z) = y(t,z) —
x(t). The function p is solution to

atp -V (Cvp) =p, in Qa
(3.4) p(t,x) =0, on X,
p(t,.) € Da, 0<t<T,

p(0) = po = yo — x(0) € L2(Q).

It suffices to prove the result for p. Since p is constant, the (mild) solu-
tion to (3.4) is a classical solution [20, Theorem 4.3.2]. We prove below that
p € €%((0,T),24), k > 0. Thus p € €*((0,7],L?(?)). Since Dy C H}
with continuous injection then p € €*((0,T], Hi(2)). By Proposition A.3
the maps p — p, , ¢ = 0,1, are continuous from Z4 into H?(Q;). Thus
Dlq, € (gk(<07T]7H2(Qi))-
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The solution p is given by

p(t) = S(t)po + p / S(s)1ds,

where 1 is the function identically equal to 1 on 2. The first term p; = S(¢)po
in €%((0,T],Z1) for all k,I > 0 by Proposition A.1. For the second term
P2 = pfot S(s)1ds we have [20, Theorem 1.2.4] —Aps = p(S(t)1—1). Thus Ap, €
EF((0,T), L3(Q)), i.e. p2 € €%((0,T],24), for all k > 0. The boundedness
statement follows from Remarks A.4 and A.6. O

With the proposed initial condition gp and boundary condition h(t,z) = x(t)
we have thus obtained the following regularity and boundedness properties.
Proposition 3.5. Letr > 0. Let yo € L*(2). Let Q be such that S and T = 9Q
are of class €™ and ¢ € L>(Q) be such that ¢, is ¢m1(Q), i = 0,1, with
m > n/2, m > 2. There exists h(t,z) € €([0,T] xT') and an initial condition
Yo € 5 such that the solutions y, y to systems (2.1)-(2.2) satisfy

1. V- (eVy)(T') >r>0;

2. V- (eVY),, € €*([to, T], L>®(2)), i = 0,1, for all k € N;

3.y, § € €*([to, T1, L*(Q)) N €*((to, T], H' (), for all k € N;

4 Yo, Yo, € € ([to, T}, H*()), i = 0,1, for all k € N.
The restrictions Y|, remain in a bounded domain of €*([to, T), H*()) and

V- (eVY),, in a bounded domain of €*([to, T), L°(S%)), uniformly w.r.t. ¢ and
90 if 0 < Cmin < ¢ < Cmaz and V- (Vo) remain in a bounded domain of L2(£2).

With Proposition 3.5 we observe that Assumption 2.1 in Section 2 can be fulfilled
in the framework of Assumption 2.4 when cpin < ¢ < Cpae and 7o € 25 such
that V - (¢Vyo) remain in a bounded domain of L?(f2) for properly chosen
boundary conditions h(t, z).

Remark 3.6. Observe that we could simply assume that 7o € L?(Q2) and design
the boundary condition h(t,z) to reach a proper state in 3 in a finite time
t1 < top. This can be achieved as the parabolic equation we study here is null-
controllable, i.e. exactly controllable to the trajectories [6].

4 Uniqueness and stability estimate for the ini-
tial conditions

In this section we closely follow the method of [21]. We shall assume

Assumption 4.1. Let rq > 0. The initial conditions yo and o satisfy

1. yo is in a bounded domain of D a;
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2. Yo is in a bounded domain of D 3;
3. V- (EVQVO) > To,
4. y € €' ([0,T], L*(2)).

We denote z = 9,5 € €([0,T], L3(Q)) and thus z(0) is well defined in L?(Q).
We introduce w the solution to

Ow — V- (¢Vw) =0, in Q,

(41) w(t,z) = Ouh(t, x), on X,
transmission conditions (TC1), on S x [0,T],
w(0) = 2(0),

and we further assume

Assumption 4.2. The functions Z, w are in a bounded domain of L?(0, T, H'(£2))
and Y, ,Y|q, are in a bounded domain of ([0, T], H?(Q;)),i=0,1.

Observe that if we choose the boundary condition h(t,xz) = x(t) = —pt for
0 < t < T according to the proof of Lemma 3.1 (with 0 < r < rg), then the
results of Section 3 thus show that Assumption 2.1 is then fulfilled. In addition,
item 4 in Assumption 4.1 and Assumption 4.2 are fulfilled:

Lemma 4.3. If h(t,z) = x(t) = —pt then the solutions y, § to (2.1)-(2.2) and
w to (4.1) satisfy item 4 in Assumption 4.1 and Assumption 4.2.

Proof. We prove w € L?(0,T, H'(2)). The proof is the same for z. Let p(t,z) =
w(t,z) — Oph(t, ) = w(t, ) + p. Then p satisfies

dp — V- (cVp) =0, in Q,

p(t,x) =0, on X,
transmission conditions (TC1), on S x [0,T],
pl0) = 2(0) + p € LX(Q),

We thus have the usual energy estimate

1 t 1
Lo + / / | Vpl2dtde = L [p(0)]2 .
) L2 () oJo ) L2(Q)

and p, and thus w, is in L?(0,7, H'(Q2)) and remains in a bounded domain of
this space if ¢pin < ¢ < Cnae and go remains in a bounded domain of Z7.

We now prove y, € € ([0,T), H?(£;)). The proof is the same for Ylo, - We set
p(t,z) = y(t,z) — x(t) and observe that ¢ := —Ap + p1 is the solution to

Oq—V - (c¢Vq) =0, in Q,
Q(tvx) = Oa on 27
q(t,.)G.@A, 0<t<T,

4(0,2) = qo(x) = V - (¢Vyo) + pl € L2().
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Thus g € €([0,T], L*(2)) and thus p € €([0,T], Z4). We conclude with Propo-
sition A.3 and Remark A.6 and Assumption 4.1. Uniform boundedness is ob-
tained as above.

Withp € €([0,T], Z4) thenp € € ([0, T], L?(Q)) and thus y € €1 ([0, T], L?(Q2)).
O

As in Section 2 we introduce v = y — 3y and v = J;u and note that
(4.2) v=V-(cVu) + V(£ -VYy) =c(Ay — Ay) + EAy, in Q.

From Lemma 4.3, v € €([0,T], L>(©)), i = 0,1, and from Assumption 4.1, there
exists K > 0 such that [v(0)|z2(g/) < K. Note that v is the unique solution to
problem (2.3) that satisfies (4.2) at ¢ = 0.

Define v; and vy that satisfy
01 — V- (cVuy) =V - (EVOy), in Q'

(4.3) vy =0, on X,
’ transmission conditions (TC2), on S x [0,T],
(%} (0) = 0,
and
8tU2 -V (vag) = O, in Q,,
(4.4) vg = 0, on X,

transmission conditions (TC1), on S x [0,T],
v2(0) = v(0).

Then v = vy + vs.

With an argument of logarithmic convexity we have [19]

[oa(®)| 2@y < KM oo (T) g,

We now prove
Lemma 4.4. There exists C' > 0, such that

1
|v1(t)|L2(Q’)§C|C_aim(g)7 OStST

Note that vy satisfies transmission condition (TC2) and thus does not belong
to Z4. We thus cannot use some argument of regularity w.r.t. the source term
from parabolic theory for v .

Proof. First observe that vy = w — z. From Assumption 4.2, w and Zz remain in
a bounded domain of L?(0,7, H'(Q2)). Now 0;(w — 2) — V- (¢Vw — ¢Vz) = 0,

which after multiplication by w — Z, integration over 2 and an integration by
parts, yields

0:%3,5/ \w—?\gdx—i-Re/(ch—EVE)~(W—W}dw
Q Q

:%at/ |w—§\2dm+Re/(c—an-(W—W)dxnt/an—VE|2dm
Q Q Q
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since cVw — ¢Vz € H(div,Q) by the definitions of 24 and 27 (see Appendix
A). We thus obtain

%&g/ lw —Z|? do < \Re/(c—E)Vw-(W—ﬁ)dx\
Q Q
< ‘C*E]Loo(g) |vw|L2(Q) |VU} — Vg|L2(Q)

Integrating over (0,t) yields the result. O

We thus have

3 t/T’
[v(®)|2(0) < [01()|22(0r) + [v2(8) 1200y < Clle =€ f ) + [02(T) L/z(g/))
0<t<T,

and
[v2(T") | L2y < [0(T")| L2y + 02 (T7) 22000
1
< C(I[(Ay = AY)(T") 2oy + e = Clr=(0) + e = €7 ()
which yields
1
[o(t)| 2y < € (le = A7 o + (1(ABy = AP 2y + le = er oy
1 ’
e = o) ) '

Because of the regularity of v w.r.t. time ¢ we now have

T/
|y0 — :ljo‘Lz(Q) = |’LLO|L2(Q) = ’/ ’U(t)dt - U(TI)
0 L2(Q)

T/
< [ PO+ @) -5 o,
0
which gives

- a—1 1 -
lvo — Yolr2ey < C (T/ln(a) + T e =2l o) + 1y(T") — y(T/)|L2(Q)) ;

1
with a = [(Ay — AY)(T")[ @) + e = Clr= (@) + ¢ = €|} (-

With Theorem 2.9 we obtain the following stability theorem for the initial con-
ditions.

Theorem 4.5. Under the hypothesis of Theorem 2.9 in addition to Assump-
tions 4.1 and 4.2 there exists a constant C > 0

C= C(Qv T7 t07 v Sa O(l)a 0(2)7 M: K7 Ty Cminy Cmazxs A)
such that
Y0 — Yolz2(0) < C/In (\(:U — (T 2000y + 100 (Ory — 8tg)‘2L2((O,T)><7))

Jor @y — DT a2y + 10000y — D) 2 0.1y < 1-
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5 A generalization to embedded materials

Let  C R™ be a bounded connected open set. As before  is assumed to be a
¢? submanifold with boundary in R™. We consider some open sets Vg, ..., Vi,
such that

VoEVi @ EVy =K

We then set ©; := V;\ V;_1, i =1,...,m and Qy = Vy. Each open set §;,
i =0,...,m, is assumed to have p; connected components, €; ;, j = 1,. ..7pl
We let S’ 1 = Qi1 NQ; be the interface between ;1 and Q;, i = 1,.

The interface S!_; is assumed to be 42. Similarly, we denote by Sifl’j he
interface (possibly empty) between Q;_1 ; and §; . We also set

i+1,k .
Sij = U SE;’,forz:O,...,m—l,
k=1,....,pi+1
ij — (5 —
S = U Sl gy fori=1,...,m,
k=1,...,pi—1
and S = U St On an interface Si_;, we denote by n the outward unit

normal vector to €2; and the outward unit normal vector to €, on I'. We set
QA =QuU---UQ,,

We introduce the following geometric condition.

Assumption 5.1. Geometric Condition (GC,,)
Let Q; ; be a component of ;. We assume that either

Case 1 i =0 or Q; ; has no interface in common with any component of Q;_1,

ie. S ={).

Case 2 (); ; has an interface with only one component of €0;_1.

In case 1 we further assume that there exists two disjoint open subsets (9” ,
(9(2 € Q;; and two vector fields, C € €1, R?), k=1,2, such that
k)
Ci(,j (x) -n(x) >0, VeeS,,, k=12,
(M (@) n(z) >0, Yo edO®, k=12,

¢ () #0, Ver”\(’)““) i=1,2.

i,5

Let CL‘( ) be the integral curves of(

i b€

{ 2O _ (WM ), >0,

g? (0) =g, T E Si)j.

We also assume that there exists T; j > 0 such that for all zo € S, ;, there exists

(k)(xo) < T;; satisfying

(k)( ) € Qz; \O(k) fO’I“ 0<t< tg,kj)(.’l,'o), o € Si’j, k= 1,2,

’L]’
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Figure 3: A geometric situation in which Assumption 5.1 is satisfied in the case
m=3.

28¢5 (20)) € 90

i Jormo €S, k=12

In case 2, with an interface with say Q;_1 ., we further assume that there exists

a vector field (; ; € €1 (i ;,R?), such that
Gij(z) - n(x) >0, Vo €S, ;
Gij(x) -n(z) >0, Vo e SZ’—jl,k
Gij(z) #0, Vo € Q;;

Let x; ; be the integral curves of (; 5, i.e.

dxi j _
D = ¢ (1), >0,
(Eiyj(()) =g, Lo E Si’j.

We also assume that there exists T; j > 0 such that for all xo € S, j, there exists
ti,j(zo) < 7T;; satisfying

l‘@j(t) S Qi,j, for0<t< ti7j(:170), xo € S@j,

2 (tij(z0)) € Sp7y 4, for o € Sij.
Remark 5.2. In the simple case illustrated in Figure 3 where each open set §2;

is connected, then only Qg falls in the case 1 and g, ..., $,, satisfy case 2.

We let Ay = U;;€;; where the union is performed over the 7,; such that the
sets €; ; satisfy case 1 and Ay = U; ;2;; where the union is performed over
the 4, j such that the sets §2; ; satisfy case 2. Figures 3-6 illustrate cases where
Assumption 5.1 is, or is not, satisfied.

We now assume

Assumption 5.3. The diffusion coefficient satisfies ¢; == c|, € CHQ), i =
0,...,m.
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Figure 4: A geometric situation in which Assumption 5.1 is satisfied in the case
m = 2.

Figure 5: A geometric situation in which Assumption 5.1 is not satisfied.

Figure 6: A geometric situation in which Assumption 5.1 is satisfied.
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Assumption 5.4. We have 0 < ¢pin < () < Cmaz, x € QY. If R = Serl ok #*
0, fori=0,....m—1,1<j<p; and 1 <k < pit1, then ¢;|, > cit1,,.-

The geometric condition (GC,,) thus assumes that different materials are em-
bedded in each other and the previous assumption thus states that the diffusion
coefficient increases at the interfaces when one goes from the outer surface I' to
the inner parts of the material.

We can construct weight functions for a Carleman estimate with the following
lemma.

Lemma 5.5. Let the Geometric Condition (GC,) be satisfied and let v be a
subset of I' = 0Q satisfying Assumption 0.4. For the components Q; ; of §;,

i=1,...,m, satisfying case 1 in (GCm) we let BE? and El(];), k=1,2 be open
balls such that B(k) S B ) € (’)” ,
BY and 3@ in %O(Q) such that

~(k )
B’(k) ($) _ ~£ ) m éla
B2 in A,

k = 1,2. Then, there exists two functions

~(2)

and the functions Bﬁl), , and ﬁg satisfy the following properties:

52:0 onT\ 7, 8n~2<0 on T\ 7.

For Q; ; satisfying case 2, Bg‘n_ €% (y), By >0 in Q; ;, and
i,

52:2’—1—2 on S i, 8n52<00n5’i ioif i <m,
J J

and _ -
|Vﬁ2 >0 on Qi’j.

For Q; ; satisfying case 1, for k =1,2, ﬁ(k) o, € (), B%k) >01n Q; ;,

3R =2 0n S, k=1,2

30 > 933 4 BO

2,7 7

2) 2 251 m B(l)

e
and

IVAM | >0\ BY, k=12
Finally on an (non-empty) interface R = S;:;l’k

(i 8n5(k))|ﬂi L= (Cit1 8n5(k))|ﬂi+1 LonR k=12

We set OF) = U(’)g?, k = 1,2, where the union is performed over the i, j such
()
that the sets ; ; satisfy case 1 in Assumption 5.1.
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We introduce the functions 3%) and the weight functions ¢*), n*) k= 1,2,

1

following section 1. Let g € H!([to,T], Hz(S)). We introduce transmission
condition (TC3) on the interval [tg,T]: for each (non-empty) interface R =

Sf:;l’k, we have
(TC3) Q\Q j X[tg,T] Q|Ql+1 4 X [t0,T]? on R
(Czanq)‘ﬂ x[tg,T] (C’LJrlanq)lQiJrl,kX[to,T] + g($7t)7 on R
for a function ¢ which is H? in each open set Q;j, i =0,...,m, j =1,...,p;.

Following Section 1 we introduce

€ L?(ty, T, H*(Y)), i = 0,1,

Ng = {q € Hl(t07T7 H&(Q))v 4|1y, myx0;

q), = 0 and ¢ satisfies (TC3) a.e. w.r.t. ¢ } .

We then obtain

Theorem 5.6. Let v be a subset of the boundary I' of an open set Q of R™ that

satisfies Condition (GCy, ), and vy satisfies Assumption 0.4. Assume further that

there exists A > 0 such that, for each (non-empty) interface R = SH'l Fwe

have ¢;|, — ciy1), = A > 0. Let g € H(ty,T,H=(S)). There eists /\1 =
M (2,7, 00,03 ¢ in Cmazs A) >0, 51 = s1(M\1) > 0 and a positive constant
C=C(Q,7,0M, 0 ¢ in,Cmaz, A) so that Carleman estimate (1.5) holds for
52> 51, A> A and for all g € Ry.

Following the method of Section 2 we thus obtain the following stability result.

Theorem 5.7. Let v be a subset of the boundary T' of an open set Q0 of R™
that satisfies Condition (GC,), and ~ satisfies Assumption 0.4. We assume
that the diffusion coefficients ¢ and ¢ satisfy Assumptions 5.4 and that ¢ and ¢
are piecewise constant, in the sense that Clg, » TESP. C‘Q , are constant in each
connected component of ;,1=0,...,m and that furthermore there exists A > 0
such that, for each (non-empty) mterface R= S’Jr1 ¥ we have Cilp = Citl|, =

A > 0. Let yo, Jo in L?(Q) and let y, 7 be solutwns to (2.1)-(2.2) satisfying
Assumption 2.1. Then there exists a constant C

C= C(Qv T7 t07 v Sa O(l)a 0(2)7 M? K7 Ty Cminy Cmazxs A)
such that
¢ = &lF () < ClOn(Bry — 00|72 ((0.1) %) + CIAY(T, ) = AG(T', )72y

Similarly, following Section 4 we obtain

Theorem 5.8. Under the hypothesis of Theorem 5.7 in addition to Assump-
tion 4.1 there exists a constant C > 0

C = C(Q,T,to,7,8,0",0% M, K., 7, ¢min, Cmaz, D)
such that
190 = Golz2(2) < €/ (1 = DT 20 + 10 (00 = DD 3017

for (y = (T m2(0) + 1000y — )72 0.7y %) < 1-
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Figure 7: A geometrical situation for which only on set of weight functions is
need to obtain a Carleman estimate.

Remark 5.9. In the generalization proposed here we assume some monotonicity
for the diffusion coefficient ¢ at the inner interfaces. Note that if some of these
assumptions are not satisfied we may still obtain stability results by introducing
additional measurements in some w x (t,7T") for w C 2. Each geometrical
configuration requires the derivation of a particular Carleman estimate to apply
the method exposed here.

Remark 5.10. Here we have assumed
Vo EVI €+ EVpp =

Observe that this is not true in the case illustrated in Figure 7. then dq contains
a component of I'. In such a case we can however obtain a Carleman estimate
by using a single set of weight functions 7 and ¢ instead of two (see (1.4) and
(1.5)). Stability results follow similarly in such a geometrical configuration.

A Basic regularity properties

Let A be formally defined by —V - (¢V(.)) on L?(£2). The diffusion coefficient c
is first assumed to be in L*>°(Q2) and such that c(z) > o > 0 for all z € Q. We
denote by A the unbounded operator with domain

Da = {u € HY(Q); cVu € H(div,Q)}.

defined by A(u) = =V - (¢V(u)) for u € Z4. We recall that v : @ — R" is in
H(div,Q) if V-u € L%(Q) (see e.g. [10]).

Proposition A.1. Let ug € L?(). There exists a unique u such that
u € €([0,T]; L*(Q)) N € (10, T); L*(Q2)) N € (0, T]; Za),
and

Ou—V - (cV(u) =0, te€]0,T],
(A1) {u(O) = uyp.
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for T > 0. (T can be chosen to be o). Furthermore u € L?(0,T; Hi(Q)) and
u € €*(0,T); D) for all k,1 € N.
If ug € D4 then

ue €0, T); L*(92)) N 6([0,T]; Za).

Proposition A.2. The semigroup S(t) generated by the unbounded operator A
on L2(Q) is analytic.

We now give further regularity properties when placed in the geometrical situ-
ation studied in this paper, that is if the diffusion coefficient c is piecewise €'
and discontinuous across some %2 interface S. We use the notations set in the
main text of the paper.

Proposition A.3. Let the diffusion coefficient, c, be such that c|, € (),
i=0,1. Ifp € Pa then py, € H%($), i = 0,1. Furthermore Pl |20 <
CIV - (cVD)|r2(0).- |
Remark A.4. Observe that the constant in the inequalities of the previous
result can be chosen uniform w.r.t. ¢ for ¢pin < ¢ < Cnaz-

Corollary A.5. Let m € N and let ¢, € ¢m(Q,), i = 0,1, and S and
9Q be of class €™ 2. Then if ug € L?(Q) the solution u to (A.1) is such that
up,, € €F((0,T), H™ (), i = 0,1, for all k € N,

Remark A.6. Let ¢ > 0. With the notations of the above corollary, observe
that the map

Lei: LA(Q) — €% ([e, T], H" (),
ug — (L= up, (1)),
is continuous for ¢ = 0,1, since [4, Theorem VII.7]
[u(t)|2) < [uolz2(a),
1
|8tu(t)|L2(Q) = ‘V . (cVu(t))|Lz(Q) < |;|UO|L2(Q)

Note that the operator norm of L.; can be bounded uniformly w.r.t. ¢ for
Cmin S c S Cmax-

We finish with the following lemma which is needed in Section 2.

Lemma A.7. There exists a neighborhood W of S globally parametrized with
(0,y) €] — €,€¢[xS.

Proof. In a small neighborhood of S we can extend the unit normal vector n
to S into a €2 vector field v. In an even smaller neighborhood U of S we can
assume that v is such that |v| > @ > 0. If we integrate this vector field we find
that there is € > 0 such that the flow x, of this ¥ vector field over the interval
] — €, €[ is confined in U, since S is compact. For y € S, the orientation of the
unit normal (see above) is such that x,(y) € Q; for o €] —€,0[, xo(y) = y and
Xo(y) € Qo for o €]0, ¢[. Set now

W ={xos(y); y€ S and o €] — ¢, €[}

which is an open neighborhood of S. Note that if z in W then there exists a
unique y € S and a unique o €] — €, €[ such that z = x,(y). O

39



Acknowledgement: The authors wish to thank M. Cristofol, Y. Dermenjian,
and O. Poisson for numerous discussions on the subjet of this paper. The authors
also thank F. Boyer for helpful comments.

References

[1]
2]

[14]

[15]

[16]

R. Adams. Sobolev Spaces. Academic Press, New York, 1975.

J.-P. Aubin and I. Ekeland. Applied non linear analysis. John Wiley &
Sons, New York, 1984.

L. Baudouin and J.-P. Puel. Uniqueness and stability in an inverse problem
for the schrodinger equation. Inverse Problems, 18:1537-1554, 2002.

H. Brezis. Analyse fonctionnelle. Masson, Paris, 1983.

R. Dautray and J.-L. Lions. Analyse mathématique et calcul numérique
pour les sciences et les techniques, volume 7. Masson, Paris, 1984.

A. Doubova, A. Osses, and J.-P. Puel. Exact controllability to trajecto-
ries for semilinear heat equations with discontinuous diffusion coefficients.
ESAIM: COCYV, 8:621-661, 2002.

H. Egger, H. W. Engl, and M. V. Klibanov. Global uniqueness and holder
stability for recovering a nonlinear source term in a parabolic equation.
Inverse problems, 21:271-290, 2005.

E. Fernddez-Cara and S. Guerrero. Global Carleman inequalities for
parabolic systems and application to controllability. Preprint, 2005.

A. Fursikov and O. Yu. Imanuvilov. Controllability of evolution equations,
volume 34. Seoul National University, Korea, 1996. Lecture notes.

V. Girault and P.-A. Raviart. Finite element approzimation of the Navier-
Stokes equations. Springer-Verlag, New York, 1979.

P. Grisvard. FElliptic problems in nonsmooth domains. Pitman, Boston,
1985.

L. Hérmander. Linear partial differential operators. Springer-Verlag, Berlin,
1963.

L. Hormander. The analysis of linear partial differential operators, vol-
ume IV. Springer-Verlag, 1985.

L. Hormander. The analysis of linear partial differential operators, vol-
ume I. Springer-Verlag, second edition, 1990.

V. Isakov. Carleman type estimates in an anisotropic case and applications.
J. Diff. Eq., 105:217-238, 1993.

V. Isakov. Inverse problems for partial differential equations. Springer-
Verlag, Berlin, 1998.

40



[17]

[18]

[19]

[20]

M. V. Klibanov. Global uniqueness of a multidimensional inverse prob-
lem for a nonlinear parabolic equation by a carleman estimate. Inverse
problems, 20:1003-1032, 2004.

O. Yu. Imanuvilov and M. Yamamoto. Lipschitz stability in inverse prob-
lems by Carleman estimate. Inverse problems, 14:1229-1245, 1998.

L. E. Payne. Improperly posed problems in partial differential equations.
SIAM, Philadelphia, 1975.

A. Pazy. Semigroups of linear operators and applications to partial differ-
ential equations. Springer-Verlag, New York, 1983.

M. Yamamoto and J. Zou. Simultaneous reconstruction of the initial rem-
perature and heat radiative coefficient. Inverse problems, 17:1181-1202,
2001.

41



