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A WAVELET WHITTLE ESTIMATOR OF THE MEMORY
PARAMETER OF A NON-STATIONARY GAUSSIAN TIME
SERIES

E. MOULINES, F. ROUEFF, AND M.S. TAQQU

Télécom Paris/CNRS LTCI and Boston University

ABSTRACT. We consider a time series X = {X},, k € Z} with memory parameter
do € R. This time series is either stationary or can be made stationary after
differencing a finite number of times. We study the “Local Whittle Wavelet
Estimator” of the memory parameter do. This is a wavelet-based semiparametric
pseudo-likelihood maximum method estimator. The estimator may depend on a
given finite range of scales or on a range which becomes infinite with the sample
size. We show that the estimator is consistent and rate optimal if X is a linear

process and is asymptotically normal if X is Gaussian.

1. INTRODUCTION

Let X & { Xk }kez be a process, not necessarily stationary or invertible. Denote

by AX the first order difference, (AX), = X, — X,_, and by A*X the k-th order
difference. Following [d], the process X is said to have memory parameter dy, dy € R,
if for any integer k > dy — 1/2, U 4 Ak X is covariance stationary with spectral

measure
vu(dA) = |1 — e A PER) 5 (dN), N € [—m,7), (1)

where v* is a non-negative symmetric measure on [—m, 7| such that, in a neighbor-
hood of the origin, it admits a positive and bounded density. The process X is
covariance stationary if and only if dy < 1/2. When dy > 0, X is said to exhibit
long memory or long-range dependence. The generalized spectral measure of X is
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defined as

v(d\) &1 — e 2o ¥ (dN), N € [, 7] (2)

We suppose that we observe Xi,...,X,, and want to estimate the exponent d
under the following semiparametric setup introduced in E] Let 5 € (0,2], v >0,
and ¢ € (0, 7], and assume that

v* e H(B,v,¢€) ,

where H((3,7,¢) is the class of finite non-negative symmetric measures on [—m, 7]
whose restrictions on [—¢,¢]| admits a density g, such that, for all A\ € (—¢,¢),

lg(A) — g(0)] < v g(0)[A° . (3)

Since ¢ < 7, v* € H(f,7,¢) is only a local condition for A near 0. For instance
v* may contain atoms at frequencies in (e, 7] or have an unbounded density on this
domain.

We shall estimate dy using the semiparametric Local Whittle Wavelet Estimator
defined in Section Bl We will show that, under suitable conditions, this estimator
is consistent (Theorem B]), the convergence rate is optimal (Corollary H), and it is
asymptotically normal (Theorem[Bl). We discuss how it compares to other estimators
in Section H

There are two popular semiparametric estimators for the memory parameter dy
in the frequency domain:

(1) The Geweke Porter-Hudak (GPH) estimator introduced in B] and analyzed
by [16]. It involves a regression of the log-periodogram on the log of low
frequencies.

(2) The local Whittle (Fourier) estimator (or LWF) proposed in ﬂ] and de-
veloped in E] It is based on the Whittle approximation of the Gaussian
likelihood, restricted to low frequencies.

Corresponding approaches may be considered in the wavelet domain. By far, the
most widely used wavelet estimator is based on the log-regression of the wavelet
coefficient variance on the scale index, which has been introduced in [1]; see also ﬂﬂ]
and E] for recent developments. A wavelet analog of the LWF, referred to as
the Local Whittle Wavelet Estimator can also be defined. This estimator has been
proposed for analyzing noisy data in E] in a parametric context, and was considered
by several authors, essentially in a parametric context, see e.g. m] and B] To
our knowledge, its theoretical properties are not known (see the concluding remarks
in ﬂﬁ, p. 107]). The main goal of this paper is to fill this gap in a semiparametric
context. The paper is structured as follows. In Section Bl the wavelet analysis



A WAVELET WHITTLE ESTIMATOR 3

of a time series is presented and some results on the dependence structure of the
wavelet coefficients are given. The definition and the asymptotic properties of the
local Whittle wavelet estimator are given in Section the estimator is shown to
be rate optimal under a general condition on the wavelet coefficients, which are
satisfied when X is a linear process with four finite moments and it is shown to be
asymptotically normal under the additional condition that X is Gaussian. These
results are discussed in Section @l The proofs can be found in the remaining sections.
The linear case is considered in Section Bl The asymptotic behavior of the wavelet
Whittle likelihood is studied in Section [0, weak consistency in Section [l The proofs
of the main results are gathered in Section B

2. THE WAVELET ANALYSIS

The functions ¢(t), t € R, and 9(t), t € R, will denote the father and mother
wavelets respectively, and qub(ﬁ) def Jz H(t)e € dt and 15({) def fRQ/)(t)e_igt dt¢ their
Fourier transforms. We suppose that ¢ and 1 satisfy the following assumptions :
(W-1) ¢ and v are integrable and have compact supports, qub(O) = [pé(x)de =1
and [ ¢v*(z)dz = 1.

(W-2) There exists o > 1 such that supgcg 1%()] (14 ) < oo.

(W-3) The function ¢ has M vanishing moments, i.e. [pt(t)dt = 0 for all
[1=0,....,M—1

(W-4) The function > .., k'¢(- — k). is a polynomial of degree ! for all | =
0,...,M—1.

(W-5) dy, M, o and §3 are such that (1+)/2 —a < dy < M.

Assumption implies that ngb and 1,/[)\ are everywhere infinitely differentiable.
Assumption [(W-2)| is regarded as a regularity condition and Assumptions [(W-3)
and are often referred to as admissibility conditions. When holds, As-

sumptions [[W-3)] and [[W-4)] can be expressed in different ways. [[W-3)]is equivalent
to asserting that the first M — 1 derivative of ¢ vanish at the origin and hence

[N =O0(AM) as A —o0. (4)
And, by B, Theorem 2.8.1, Page 90], [[W-4)| is equivalent to

sup [$(A + 2k7)| = O(AM) as A — 0. (5)
k#0

Finally, is the constraint on M and « that we will impose on the wavelet-
based estimator of the memory parameter dy of a process having generalized spectral
measure (@) with v* € H(3,,¢e) for some positive 3, v and . Remarks [l and [
below provide some insights on We may consider non-stationary processes
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X because the wavelet analysis performs an implicit differentiation of order M. It is
perhaps less known that, in addition, wavelets can be used with noninvertible pro-
cesses (dy < —1/2) thanks to the regularity condition [[W-2)] These two properties
of the wavelet are, to some extent, similar to the properties of the tapers used in
the Fourier analysis, see e.g. [9, 22].

Adopting the engineering convention that large values of the scale index j corre-
spond to coarse scales (low frequencies), we define the family {;,j € Z,k € Z}
of translated and dilated functions, v;x(t) = 27924279t — k), j € Z, k € Z. If
¢ and 1 are the scaling and the wavelet functions associated to a multiresolution
analysis (see E]), then {4k, j € Z,k € Z} forms an orthogonal basis in L*(R).
A standard choice are the Daubechies wavelets (DB-M) which are parameterized
by the number of their vanishing moments M. The associated scaling and wavelet
functions ¢ and 1 satisfy where « in is a function of M which
increases to infinity as M tends to infinity (see |3, Theorem 2.10.1]). In this work,
however, we neither assume that the pair {¢,v} is associated to a multiresolution
analysis (MRﬁ, nor that the ;s form a Riesz basis. Other possible choices are

discussed in [14, Section 3].
The wavelet coefficients of the process X = {X, ¢ € Z} are defined by
Wik < / X(x(t)ydt j>0,ke. (6)
R

where X (t) & S, ) Xy ¢(t — k). Tf (¢, 1) define a MRA, then X is identified with

k-th approximations coefficients at scale j = 0 and W, are the details coefficients
at scale j.

Because translating the functions ¢ or 1 by an integer amounts to translate the
sequence {W;, k € Z} by the same integer for all j, we can suppose without
loss of generality that the supports of ¢ and 1 are included in [—T,0] and [0, T]
respectively, for some integer T > 1. Using this convention, it is easily seen that the
wavelet coefficient W;j depends only on the available observations {X1,...,X,}
when j > 0 and 0 < k < n;, where, denoting the integer part of x by [z],

n; < max(27(n— T+ 1) — T +1],0) . (7)

Suppose that X is a (possibly non-stationary) process with memory parameter dgy
and generalized spectral measure v. If M > dy — 1/2, then AM X is stationary and
hence by B, Proposition 1], the sequence of wavelet coefficients W; , is a stationary
process and we define ajz-(u) o Var(W; ). Our estimator takes advantage of the
scaling and weak dependence properties of the wavelet coefficients, as expressed in

the following condition, which will be shown to hold in many cases of interest.
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Condition 1. There exist 3 > 0 and 02 > 0 such that

2
| oz(v)
I L | < 8
T (07 2 > )
and

nj;—1 2

_9iB\—1  _ ik
sup sup (1+n;2728 "1 pTVar J: <00 9
n>1j=1,....Jn ( ! ) J kZ:O 0’]2-(’/) ©)

Eq. ([B) states that, up to the multiplicative constant o2, the variance 0']2-(1/) is
approximated by 2290 and that the error goes to zero exponentially fast as a function
of j. It is a direct consequence of the approximation of the covariance of the wavelet
coefficients established in [14]. Eq. (@) imposes a bound on the variance of the
normalized partial sum of the stationary centered sequence {052(1/)Wj2’k} which,
provided that nj2_2jﬁ = 0O(1), is equivalent to what happens when these variables
are independent. We stress that the wavelet coefficients W, however, are not
independent, nor can they be approximated by independent coefficients; see ﬂﬂ]
Establishing (@) requires additional assumptions on the process X that go beyond
its covariance structure since sz’k is involved; see Theorem [l where this property
is established for a general class of linear processes. We have isolated Relations (H)
and ([@) because in our semiparametric context, these two relations are sufficient to
show that the wavelet Whittle estimator converges to dy at the optimal rate (see
Theorem Bl below).

Let us recall some definitions and results from ﬂﬂ] which are used here. As noted
above, for a given scale j, the process {W j}rez is covariance stationary. It will be
called the within-scale process because all the W, ;, k € Z, share the same j. The
situation is more complicated when considering two different scales j > j’, because
the two-dimensional sequence {[W; x, W r]T }rez is not stationary, as a consequence
of the pyramidal wavelet scheme. A convenient way to define a joint spectral density
for wavelet coeflicients is to consider the between-scale process.

Definition 1. The sequence {{W;x, W;i(j — 7)1 }rez where
Ly def T
Wch(] - ,) = [ijgjfj’ka SRR Wj/,ijj’k+2jfj’_1]

is called the between-scale process at scales 0 < j' < j. W, ,(j —7') is a 213"
dimensional vector of wavelet coefficients at scale j'.

Assuming that the generalized spectral measure of X is given by (£) and provided
that M > dy—1/2, since AMX is stationary, both the within-scale process and the
between-scale process are covariance stationary; see ﬂﬂ] Let us consider the case
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v* € H(B,v,7), that is, e = 7, so that v* admits a density f* in the space H(3,7)
as defined in ﬂﬂ] and v admits a density f(\) e |1 — e~ ~2do f*()\). We denote
by Djo(-; f) the spectral density of the within-scale process at scale index j and by
D; ;_;(:; f) the cross spectral density between {W; ;. }rez and {W 1(j — j') }rez for
j' < j. It will be convenient to set u = j — j'. Theorem 1 in [14] states that, under
(W-1)H(W-5)| for all u > 0, there exists C' > 0 such that, for all A € (—m,7) and
Jj=>u>0,

D (N5 £) = (0) Doc,u (s o) 2% | < € f7(0) 2020~ (10)

where, for all u >0, d € (1/2 — a, M] and \ € (—7, 7),

Doou(Aid) € 37 A+ 20n| 2 ey (A + 20m) (A + 2Am)d (27 (A + 2Um)). (1)
LEZ

with e () % 27u/2[1, 6712 " oI 12T

Remark 1. The condition involves an upper and lower bound. The lower
bound guarantees that the series defined by the right-hand side of ([Il) omitting the
term [ = 0 converges uniformly for A € (7, 7). The upper bound guarantees that the
term [ = 0 is bounded at A = 0. As a result, Do ,,(A;d) is bounded on X € (7, )
and, by (), so is D, (A; f). In particular, the wavelet coefficients are short-range
dependant. For details, see the proof of Theorem 1 in ﬂﬂ]

Remark 2. We stress that () may no longer hold if we only assume v* € H(3, 7, ¢)
with e < 7, since in this case, no condition is imposed on v(d\) for |A| > ¢ and hence
W;,. may not have a density for all j. However this difficulty can be circumvented
by decomposing v* as

VH(AN) = F(\)dA + T (dN) (12)

where f* has support in [—¢,¢| and 7*([—¢,€]) = 0; see the proof of Theorem [}

Here is a simple interpretation of the bound ([[)). For any d € R, 22dioo7u(-; d), is
the spectral density of the wavelet coefficient of the generalized fractional Brownian
motion (GFBM) {B4) ()} defined as the Gaussian process indexed by test functions

0€Ou= {0 s Jg 1€l |t§(£)|2 d¢ < oo} with zero-mean and covariance

Cov (B (1), Biay(62)) = /R €726 (€) B (€) de . (13)

When d > 1/2, the condition f|£|_2d|§(£)|2 d¢ < oo requires that 5({) decays

~

sufficiently quickly at the origin and, when d < 0, it requires that 6(¢) decreases
sufficiently rapidly at infinity. Provided that d € (1/2 — a, M + 1/2), the wavelet
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function ¢ and its scaled and translated versions v; all belong to © 4. Defining

the discrete wavelet transform of B, as W( ) def By(Yjk), j € Z, k € Z and

nglz (U) déf [W](g)u Qur W](g)u 2uk+2u_1:| , one obtains

Cov (Wj(jj,wfg,(u)) — 92 /_ Doou (N d) @METF) 4 (14)

see ﬂﬂ, Remark 5] for more details. Eq. () shows that the within- and between-
scale spectral densities D;,(A;v) of the process X with memory parameter d may
be approximated by the corresponding densities of the wavelet coefficients of the
GFBM B(g), with an L error bounded by O(2(do=B)),

The approximation () is a crucial step for proving that Condition [ holds for
linear processes. The following theorem is proved in Section B

Theorem 1. Let X be a process having generalized spectral measure (@) with dy € R
and v* € H(B,7v,e) with f*(0) = ©F g JdAp=o > 0, where v > 0, B € (0,2] and
€ (0,7]. Then, under [[W-I){{W-5)} the bound @) holds with o? = f*(0)K(dy),
where
def

K@) [~ FOPde forawde0/2-aM+1/2. (19

Suppose in addition that there exist an integer ko < M and a real-valued sequence
{ag}rez € 2(Z) such that

(AR X)y =Y axiZi, ke, (16)
teZ
where {Z; }1c7, is a weak white noise process such that E[Z;] = 0, E[Z?] = 1, E[Z}] =
E[Z}] < oo for allt € Z and

E[Z}] =3 ifti=to=1t3=14

) (17)
0 otherwise.

Cum(Ztl s Zt2, ZtS, Zt4) = {

Then, under [[W-T) the bound (@) holds and Condition [ is satisfied.

Remark 3. Relation ({]) does not hold for all long memory process X, even with

arbitrary moment conditions, see B]

Remark 4. Any martingale increment process with constant finite fourth moment,
as in the assumption A3’ considered in E], satisfies (). Another particular case
is given by the following corollary, proved in Section B

The following result specializes Theorem [0 to a Gaussian process X and shows
that at large scales the wavelet coefficients of X can be approximated by those of a
process X whose spectral measure ¥ satisfies the global condition v € H(8,7, 7).
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Corollary 2. Let X be a Gaussian process having generalized spectral measure (3)
with dy € R and v* € H(B,7,e) with f*(0) ey dv*/dAy=o > 0, where v > 0,
B € (0,2] and e € (0,7]. Then, under [[W-TH(W-5}, Condition [ is satisfied with
o = f*(0)K(do).

There exists, moreover, a Gaussian process X defined on the same probability
space as X with generalized spectral mesure v € H((3,v,7) and wavelet coefficients
{W; i} such that,

2

n;—1 n;—1
, : -1 . -
sup {nj2](1+2d0_20‘) + n?223(1_2a)} E Z szk - Z W?k <oo. (18)
n>1,5>0 = k=

3. ASYMPTOTIC BEHAVIOR OF THE LOCAL WHITTLE WAVELET ESTIMATOR

We first define the estimator. Let {cjx, (j,k) € I} be an array of centered
independent Gaussian random variables with variance Var(c; ) = ]2-7,6, where 7 is a
finite set. The negative of its log-likelihood is (1/2) 3= ; pyez {cik/a?,k + log(ajz-vk)}
up to a constant additive term. Our local Whittle wavelet estimator (LWWE)
uses such a contrast process to estimate the memory parameter dy by choosing
cjk = Wjg. The scaling and weak dependence in Condition [ then suggest the
following pseudo negative log-likelihood

Lr(o%d) = (1/2) Y {Wﬁk /(02224) 4+ log (o2 224 )}
(k)eT
_ L > o +Blo (o22% D) d)
- 20-2 .]7k 2 g )
(J:k)eT
where |Z| denotes the number of elements of the set Z and (Z) is defined as the
average scale,
def 1 .
(I) = m Z J - (19)
(k)ET
Define 52(d) o Argmin 2 Lz(o2,d) = |Z|™ Z(j,k)ez2_2djo2,k' The maximum
pseudo-likelihood estimator of the memory parameter is then equal to the minimum
of the negative profile log-likelihood (see H, p. 403)), dr ey Argmin g iz(a%(d), d),
that is,
dr = ArgminL7(d) where Lz(d) ey log Z 22d(<1>_j)Wj2,k . (20)
deR ;
(J,k)ET
If 7 contains at least two different scales, then iz(d) — 00 as d — o0, and thus
EI is finite. The derivative of Lz(d) vanishes at d = C/Z\I, i.e. §I(EZ\I) = 0 where, for
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all d € R,

~ def . —924d

Sz(d) = Z [ — (D) 274w, . (21)

(J,k)eT
We consider two specific choices for Z. For any integers n, jo and j1, jo < ji, the
set of all available wavelet coefficients from n observations Xy, ..., X,, having scale
indices between jo and jj is
.y def (/. . .

To(jo, 1) = {(, k) : jo <j < jr, 0<k<my}, (22)
where n; is given in (). Consider two sequences {L,} and {U,} satisfying, for all
n?

0< Ly <Up<Jn, Jn Cmax{j:n; >1}. (23)
The index J, is the maximal available scale index for the sample size n; L, and
U, will denote, respectively, the lower and upper scale indices used in the pseudo-
likelihood function. The estimator will then be denoted C/Z\In( Ln,Uy)- As shown below,
in the semiparametric framework, the lower scale L,, governs the rate of convergence

of Ezn( Ln,U,) towards the true memory parameter. There are two possible settings
as far as the upper scale U, is concerned:

(S-1) Uy, — Ly, is fixed, equal to £ > 0
(S-2) U, < J, for all n and U, — L,, — oo as n — 0.

corresponds to using a fixed number of scales, and corresponds to using
a number of scales tending to infinity. We will establish the large sample properties
of &\In( Ln,Uy) for these two cases.

The following theorem, proved in Section B states that, under Condition [l the
estimator C/Z\LL( Ln,Uy) 1S consistent.

Theorem 3 (Rate of Convergence). Assume Condition . Let {L,} and {U,} be
two sequences satisfying (Z3) and suppose that, as n — oo,

L2(n2 bty 4 -t — 0. (24)

Then the estimator C/Z\In(Ln,Un) defined by (1) and (Z3) is consistent with a rate
given by
A (L) = do + Op { (n27En) 712 4 27PEn | (25)

By balancing the two terms in the bound (ZH), we obtain the optimal rate.
Corollary 4 (Optimal rate). When n =< 2020)Ln e obtain the rate:

jzn(LmUn) — dy + Op (n—ﬁ/(1+2ﬁ)) _ (26)
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Proof. By taking n = 20420)Ln the condition Ly !4 L2 (n27Ln)~1/4 — 0 is satisfied
]
and (nL,)~'/? =< 27PLln = "3 This is the minimax rate (ﬁ]) O

Remark 5. Observe that the setting of Theorem Blincludes both cases and
The difference between these settings will appear when computing the limit variance
in the Gaussian case, see Theorem H below.

We shall now state a central limit theorem for the estimator C?In(Ln,Un) of do,
under the additional assumption that X is a Gaussian process. Extensions to non-
Gaussian linear processes will be considered in a future work. We denote by |- | the
Euclidean norm and define, for all d € (1/2 — o, M| and u € N,

I,(d) % / DcuXid)? dr=2m) 1> cov? (WG, W) . @)

TEL
where we used ([[dl). We denote, for all integer ¢ > 1,

¢
def .27
UEDIE
J=0

def T
V(do,t) = (2 — 2-0)ky(log(2)K (%))2><

Y, —
{IO(dO)"i'%ZIu 2(2do=1)u Z Z—W)(Z'JFU—W)}’ (29)

u=1 =0

Z .
def ) 277
and Ky = Z(] - ne)zm ) (28)
=0

def
V(d Lo To(do) + 2 I,(dg) 2d0—1u 30
o) & { )+23 L S
where K(d) is defined in ([[H). The following theorem is proved in Section B

Theorem 5 (CLT). Let X be a Gaussian process having generalized spectral mea-
sure @) with dyg € R and v* € H(B,v,¢&) with v*(—e,&) > 0, where v > 0, § € (0, 2]
and € € (0,m]. Let {Ly} be a sequence such that

L2 (n2~ )14 4 o= (4200 Ln (31)

and {U,} be a sequence such that either or[(S-2) holds. Then, under [[W-I}-
we have, as n — oo,

(2~ )Y2 (dy, (1 0 — do) = N[0, V(do, 0)] (32)
where ¢ = limy,_,oo(Up — L) € {1,2,...,00}.

Remark 6. The condition B is similar to (24]) but ensures, in addition, that the
bias in (ZH]) is asymptotically negligible.
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Remark 7. The larger the value of 3, the smaller the size of the allowed range for
dp in for a given decay exponent « and number M of vanishing moments.
Indeed the range in has been chosen so as to obtain a bound on the bias which
corresponds to the best possible rate under the condition v* € H(f3,~v,¢). If
is replaced by the weakest condition dy € (1/2 — o, M|, which does not depend on
3, the same CLT (B2) holds but 3 in Condition (BIl) must be replaced by 3" € (0, 3.
This 4" must satisfy 1/2 —a < (14 ()/2 — a < dp, that is 0 < 3’ < 2(dp + «) — 1.
When ' < 3 one gets a slower rate in (B2).

Remark 8. Relation (B2) holds under where ¢ < oo and where ¢ = co.
It follows from () and (@) that V(dp,¢) — V(dp,o0) < oo as £ — oo. Our
numerical experiments suggest that in some cases one may have V(dg, ¢) < V(dy, ')
with £ < ¢/, see the bottom left panel of Figure In that figure, one indeed notices
a bending of the curves for large d, which is more pronounced for small values of M
and may be due to a correlation between the wavelet coefficients across scales.

Remark 9. The most natural choice is U, = J,, which amounts to use all the
available wavelet coefficients with scale index larger than L,. The case is
nevertheless of interest. In practice, the number of observations n is finite and
the number of available scales J, — L, can be small. Since, when n is finite, it
is always possible to interpret the estimator (/1\1”( Ln,Jn) 88 (/1\1”( Ln,Ln+6), With £ =
Jp — Ly, one may approximate the distribution of (n2=%»)1/2 (C/Z\LL( Ln,Jn) — do) either
by N(0,V(do,?)) of by N(0,V(dy,o0)). Since the first one involves only a single
limit, it is likely to provide a better approximation for finite n. Another interesting
application consists in considering online estimators of dy: online computation of
wavelet coefficients is easier when the number of scales is fixed, see E]

4. DISCUSSION

The asymptotic variance V(d, ¢) is defined for all £ € {1,2,...,00} and all 1/2 +
a<d< M by ) and @B). Its expression involves the range of scales ¢ and the
L*mnorm I,(dp) of the asymptotic spectral density Dy (A; d) of the wavelet coeffi-
cients, both for the within scales (u = 0) and the between scales (u > 0). The choice
of wavelets does not matter much as Figure [l indicates. One can use Daubechies
wavelet or Coiflets (for which the scale function also has vanishing moments). What
matters is the number of vanishing moments M and the decay exponent «, which
both determine the frequency resolution of . For wavelets derived from a mul-
tiresolution analysis, M is always known and B, Remark 2.7.1, Page 86] provides a
sequence of lower bounds tending to a (we used such lower bounds for the Coiflets
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used below). For the Daubechies wavelet with M vanishing moments, an analytic
formula giving « is available, see M, Eq (7.1.23), Page 225 and the table on Page 226]
and note that our a equals the « of 4] plus 1.

4.1. The ideal Shannon wavelet case. The so-called Shannon wavelet g is
such that its Fourier transform thg satisfies ]%(5)\2 = 1 for |¢] € [m, 27| and is
zero otherwise. This wavelet satisfies for arbitrary large M and « but
does not have compact support, hence it does not satisfy We may therefore
not choose this wavelet in our analysis. It is of interest, however, because it gives a
rough idea of what happens when o and M are large since one can always construct a
wavelet 1 satisfying which is arbitrarily close to the Shannon wavelet.
Using the Shannon wavelet in ([l), we get, for all A € (=7, 7), Doou(A;d) = 0 for

u > 1 and Dy o(A;d) = (27 — |A|) 724 so that, for all d € R, @) becomes
7 g(—4d) 2m
V(d, ) = h = ATdA . 33
@0 = e e @ 2y " Y= 33)

This V(d, ¢) is displayed in Figure [

4.2. Universal lower bound for Iy(d). For ¢ = oo, using that Ip(d) > 0 for
u > 1, and that, by the Jensen inequality in @), In(d) > K?(d)/(27), we have, for
all 1/24+a<d< M,

V(d,00) > (8log%(2)) " ~ 0.2602 . (34)

This inequality is sharp when d = 0 and the wavelet family {¢;};, forms an
orthonormal basis. This is because in this case the lower bound (8log?(2))~! in
B4) equals V(0,00). Indeed, by ([3)) and Parseval Theorem, the wavelet coefficients
{B(0)(¥j )}k are a centered white noise with variance 27 and, by (&) and (1),
K(0) = 27 and 1,(0) = 2r1(u = 0). Then, V(0,£) = (2(2 -2 %)rslog?(2)) .
Since ky is increasing with ¢ and tends to 2 as £ — oo (see Lemma [[J), V(0,¢) >
(8 log2(2)) - V(0, 00). Hence the lower bound (B4 is reached at dy = 0 if {1} 1.} &

is an orthonormal basis.

4.3. Numerical computations. For a given wavelet 1, we can compute the vari-
ances V(d,?) numerically, for any / = 1,2,...,00 and 1/2 +a < d < M. 1t is
easily shown that d — V(d, ¢) is infinitely differentiable on 1/2+«a < d < M so that
interpolation can be used between two different values of d. We compared numerical
values of V(d, ¢) for 4 different wavelets, with ¢ = 4,6, 8,10 and compared them with
the Shannon approximation (B3]), see Figure[ll. We used as wavelets two Daubechies
wavelets which have M = 2 and M = 4 vanishing moments, and o = 1.3390 and
a = 1.9125 decay exponents respectively, and two so-called Coiflets with the same
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number of vanishing moments, and o > 1.6196 and o > 1.9834 decay exponents
respectively. For a given number M of vanishing moments, the Coiflet has a larger
support than the Daubechies wavelet, resulting in a better decay exponent. The
asymptotic variances are different for M = 2, in particular for negative d’s, the
Coiflet asymptotic variance is closer to that of Shannon wavelet. The asymptotic
variances are very close for M = 4.

4.4. Comparison with Fourier estimators. Semi-parametric Fourier estimators
are based on the periodogram. To allow comparison with Fourier estimators, we
must first link the normalization factor n2~%» with the bandwidth parameter m,,
(the index of the largest normalized frequency) used by semiparametric Fourier
estimators. A Fourier estimator with bandwidth m,, projects the observations
[X1 ... X,]7 on the space generated by the vectors {cos(27k - /n),sin(27k - /n)},
k=1,...,m,, whose dimension is 2m,,; on the other hand, the wavelet coefficients
{Wjk,j > L,k =0,...,n; — 1} used in the wavelet estimator correspond to a
projection on a space whose dimension is at most Z;]; L, Ny~ 2n2~Ln where the
equivalence holds as n — oo and n2 %" — oo, by applying @) with jo = Ly,
j1 = Jp and p = 1. Hence, for m, or n2~t» large, it makes sense to consider
n2~Ln as an analog of the bandwidth parameter m,. The maximal scale index U,
is similarly related to the trimming number (the index of the smallest normalized
frequency), often denoted by [,,, see [16], i.e. I, ~ n2~Yn We stress that, in absence
of trends, there is no need to trim coarsest scales.

With the above notation, the assumption ([24]) in Theorem Bl becomes m,, /n +
(logn/my,)8m;t — 0 and the conclusion (EH) is expressed as d = dg + Op (mﬁl/2 +
(my/n)?P). The assumption () becomes (logn/my,)5m, ! + ma 2 In?8 = 0, and
the rate of convergence in ([B2) is mi/ 2
The most efficient Fourier estimator is the local Whittle (Fourier) estimator stud-

ied in E], provided that:

(1) the process {X}} is stationary and has spectral f(\) = |1 — e™}|72do f*())
with do € (=1/2,1/2) and f*(A\) = £*(0) + O(]A|?) as A — 0,

(2) the process { X} is linear and causal, X} = Z;io a;jZ—j, where {Z;} is a
martingale increment sequence satisfying E[Z? | F,—1] = 1 a.s., E[Z}|Fy_1] =
p3 as. and E[ZY] = E[Z{] where F, = 0(Zk—_;, 1 > 0) and a(\) o
S gare** s differentiable in a neighborhood (0,8) of the origin and
|da/dA(N)| = O(Ja(N)|/A) as A — 0T (see A2)

(3) m;t + (logmy)2ma 27 /n28 — 0 (see AL
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FIGURE 1. Numerical computations of the asymptotic variance

V(d, ) for the Coiflets and Daubechies Wavelets for different values

of the number of scales ¢ = 4,6,8,10 and of the number of vanish-

ing moments M = 2,4. Top row: Coiflets; Bottom row: Daubechies

Wavelets; Left column: M = 2; Right column: M = 4. The dash-dot

lines are the asymptotic variances for the Shannon wavelet, see (B3,

with £ =4,6,8,10. For a given ¢, the variances for different orthog-

onal wavelets coincide at d = 0, see the comment following (B2I).

The right and left columns have different horizontal scales because

different values of M yield different ranges for d.
then m;/ Z(Jmn —dp) is asymptotically zero-mean Gaussian with variance 1/4. This
asymptotic variance is smaller than (but very close to) our lower bound in (B4]) and
comparable to the asymptotic variance obtained numerically for the Daubechies
wavelet with two vanishing moments, see the left-hand panel in Figure [l Note
also that while the asymptotic variance of the Fourier estimators is a constant,
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the asymptotic variances of the wavelet estimators depend on dy (see Figure[l). In
practice, one estimates the limiting variance V(dy, ¢) by V(c?, ?) in order to construct
asymptotic confidence intervals. The continuity of V(-,¢) and the consistency of d
justify this procedure.

We would like to stress, however, that the wavelet estimator has some distinctive
advantages. From a theoretical standpoint, for a given [, the wavelet estimator is
rate optimal, i.e. for 3 € (0,2], the rate is n%/1+28 (see corollary Hl) and the CLT is
obtained for any rate o(n®/1*2%). For the local Whittle Fourier estimator, the best
rate of convergence is O((n/log?(n))?/142%) and the CLT is obtained for any rate
o((n/log?(n))?/1+28). This means that for any given 3, the wavelet estimator has
a faster rate of convergence, and therefore can yield, for an appropriate admissible
choice of the finest scale, to shorter confidence intervals. Another advantage of the
wavelet Whittle estimator over this estimator is that the optimal rate of convergence
is shown to hold for v* € H(B,7,¢e), without any further regularity assumption
such as having the density f* of v* to be differentiable in a neighborhood of zero,
with a given growth of the logarithmic derivative. To our best knowledge, the GPH
estimator is the only Fourier estimator which has been shown, in a Gaussian context,
to achieve the rate O(nﬁ/(Hzﬁ)), see HL its asymptotic variance is 72/24 ~ 0.4112.
It is larger than the lower bound (B4) or than the asymptotic variance obtained
by using standard Daubechies wavelets with ¢ > 6 on the range (—1/2,1/2) of
dp allowed for the GPH estimator (see Figure [l). When pooling frequencies, the
asymptotic variance of the GPH estimator improves and tends to 1/4 (the local
Whittle Fourier asymptotic variance) as the number of pooled frequencies tends to
infinity, see [16].

So far we have compared our local Whittle wavelet estimator with the local Whit-
tle Fourier (LWF) and GPH estimators in the context of a stationary and invertible
process X, that is, for dy € (—1/2,1/2). As we already mentioned, the wavelet esti-
mators can be used for arbitrary large ranges of the parameter dy by appropriately
choosing the wavelet so that holds. There are two main ways of adapting the
LWF estimator to larger ranges for d: differentiating and tapering the data, see B],
or, as promoted by ﬂ%}, modifying the local Whittle likelihood, yielding to the so-
called exact local Whittle Fourier (ELWF) estimator. The theoretical analysis of
these methods is performed under the same set of assumptions as in E], so that
the same comments on the non-optimality of the rate and on the restriction on f*
apply. Note also that the model considered by @] for X differs from the model of
integrated processes defined by ([[@) and is not time-shift invariant, see their Eq. (1).
In addition, their estimator is not invariant upon addition of a constant in the data,
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a drawback which is not easily dealt with, see their Remark 2. The asymptotic
variance of the ELWF estimator has been shown to be 1/4, the same as the LFW
estimator, provided that the range (Aj,Aq) for dy is of width Ay — Ay < 9/2.
The asymptotic variance of our local Whittle wavelet estimator with 8 scales using
the Daubechies wavelet with M = 4 zero moments is at most 0.6 on a range of
same width, see the left-hand panel in Figure [l Again this comparison does not
take into account the logarithmic factor in the rate of convergence imposed by the
conditions on the bandwidth m,,. Concerning the asymptotic variances of tapered
Fourier estimators, increasing the allowed range for dyp means increasing the taper
order (see E] and E]), which, as reported so far, inflates the asymptotic variance
of the estimates. In contrast, for the wavelet methods, by increasing the number
of vanishing moments M, say of a Daubechies wavelet, the allowed range for dj
is arbitrarily large while the asymptotic variance converges the the ideal Shannon
wavelet case, derived in (B3)); the numerical values are reported in Figure [ for dif-
ferent values of the number of scales £. The figure shows that larger values of ¢ tend
to yield a smaller asymptotic variance. Thus one should choose the largest possible
M and the maximal number of scales. This prescription cannot be applied to a
small sample, because increasing the support of the wavelet, decreases the number
of available scales. The Daubechies wavelets with M = 2 to M = 4 are commonly
used in practice.

From a practical standpoint, the wavelet estimator is computationally more ef-
ficient than the above mentioned Fourier estimators. Using the fast pyramidal al-
gorithm, the wavelet transform coefficients are computed in O(n) operations. The
function is d iz(d) can be minimized using the Newton algorithm ﬂ, chapter
9.5], whose convergence is guaranteed because iz(d) is convex in d. The complexity
of the minimization procedure is related to the computational cost of evaluation of
the function iz and its two first derivatives. Assume that these functions need to
be evaluated at p distinct values dy, ..., d,. We first compute the empirical variance
of the wavelet coefficients nj_l EZJ: Bl sz’k for the scales j € {Ly,...,U,}, which
does not depend on d and requires O(n) operations. For Z = Z,,(L,,,U,,), Lz (and
all its derivatives) is a linear combination of these U, — L, + 1 = O(log(n)) em-
pirical variances with weights depending on d. The total complexity for computing
the wavelet Whittle estimator in a p iterations algorithm is thus O(n + plog(n)).
The local Whittle Fourier (LWF) contrast being convex, the same Newton algo-
rithm converges but the complexity is slightly higher. The computation of the
Fourier coefficients requires O(nlog(n)) operations. The number of terms the LWF
contrast function (see [18, p. 1633]) is of order m, (which is typically of order
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O(nY), where v € (0,1/1 4+ 203)), so the evaluation of the LWF contrast function
(and its derivatives) for p distinct values of the memory parameter di,...,d, re-
quires O(pm,,) operations. The overall complexity for for computing the LWF
estimator in a p steps Newton algorithm is therefore O(nlog(n) + pm,,). Dif-
ferentiating and tapering the data only adds O(n) operations so that the same
complexity applies in this case. The ELWF estimator is much more computa-
tionally demanding and is impractical for large data sets: for each value of the
memory coefficient d at which the pseudo-likelihood function is evaluated, the al-
gorithm calls for the fractional integration or differentiation of the observations,
namely, (A’X)y, k = 1,...,n, and the computation of the Fourier transform of
{(A?X)y,...,(A%X),}. In this context, (ALX)y et Zf:() #Xk_l, E=1,...,n,
where (z)g =1 and (z); = z(z+1)... (¢ +k—1) for £ > 1 denote the Pochhammer
symbols. The complexity of this procedure is thus O(n?+nlog(n)). The complexity
for p function evaluations therefore, is O(p(n? + nlog(n))). The convexity of the
criterion is not assured so that a minimization algorithm can possibly be trapped in
a local minima. These drawbacks make the ELWF estimator impractical for large
data sets, say of size 10 — 107, as encountered in teletrafic analysis or high frequency

financial data.

5. CONDITION [[l HOLDS FOR LINEAR AND (GAUSSIAN PROCESSES

Proof of Theorem[D. For any scale index j € N, define by {hj,l}lez the sequence
hi def 9-j/2 [ ot 4+ DY(277t)dt and Hj(N) of S ez hje™™ its associated
discrete time Fourier transform. Since ¢ and ¢ are compactly supported, {h;,}
has a finite number of non zero coefficients. As shown by , Relation 13], for
any sequence {x;}icz, the discrete wavelet transform coefficients at scale j are
given by W = 375 @1 hjoip - In addition, it follows from ﬂﬂ, Relation 16]
that Hj(\) = (1 — e_i’\)Mﬁj()\) where ﬁj()\) is a trigonometric polynomial, i.e.
Hij(\) =3 ez the_i)‘l where {h;;} has a finite number of non zero coefficients.
Define 7 and v as the restrictions of v on [—¢,¢] and on its complementary set,
respectively. These definitions imply
a?(z/) = 0]2-(7) + U?(ﬁ) (35)
Since v* € H(f,7,¢), the corresponding decomposition for v* reads as in (), so
that 7 admits a density f(\) = |1 —e =24 f*()\) on A € [~m, 7], where f*(\) =0
for A ¢ [—¢,¢] and |f*(\) — £*(0)| < vf*(0)|\|® on A € [~¢,¢]. Hence ([[) holds: by
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ﬂﬂ, Theorem 1], there exists a constant C' such that, for all j > 0 and A € (—m,7),
DX £) = F(0) Doc,u (X do) 22% | < € f*(0) 5220077 (36)

Recall that Djo(A; f) is the spectral density of a stationary series with variance
0]2(7) = ffﬁ D;o(A; f) dA. Similarly, by ([[) and ([[H), Deo,0(A; dp) is the spectral
density of a stationary series with variance K(dp). Thus after integration on \ €
(—m,m), B8) with v = 0 yields

|2(7) = £(0) K(dy) 27| < 27 C *(0) 5220~ (37)

By ﬂﬂ, Proposition 9], there exists a constant C' such that |H;(\)| < C27M+1/2)|\|M (14
29|A\[)=*=M for any A € [, +7], which implies

2(7) =2 / (V)2 v(dA) < 020520 / XM (1 | 9 3)=20-2M (4

€

< Cp?M QUF2MI (1 4 29]) 72072y (e, 7)) = O (210720 ) = o(2I0=D) | (38)

since, by [[W-5)] 1 —2ac — 2dy + 5 < 0. Relations (BH), [BD), and prove ([B).
We now consider ([{@). We have, for all j > 0 and n > 1, (see , Theorem 2,
Page 34]),

nj—1 n;—1
DWhi| = Y (7)) Cov(Wiy, W})
k=0 T=—mn;+1
nj—l
= Z (nj — ’T‘) [QCOV ( ](),W] 'r) + Cum( 3,05 ij, Wjﬂ-,WjJ)] . (39)
T=—nj+1

Using (@), since M > ko, we may write

Wik = hjoin—e(AMX)s = " bjoinZs (40)
tel tel

where b; . et 71] x (AM~=Foq) belongs to ¢*(Z). By ([d), we thus obtain

Cum(Wm, Wj70, Wjﬂ—, Wjﬂ—) = (E[Zﬂ — 3) Z b2 b2

J,t75,29—t
teZ

which in turns implies

Z |Cam(Wj0, Wjo, Wi, Wjir)| = ‘E[Zl — 3| Z bgtb?% ¢ = ’E[Zﬂ - 3‘03‘1(’/) )
TEZL t,TEL

since, by ET), >, b2 =075 2(v).

(41)
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We shall now bound .77
wavelet coefficients {W;} and {Wj7k}, associated with the generalized spectral

re—n;+1C Cov?(W,0,W;,). One can define uncorrelated
measures 7 and v respectively and such that W;; = W] k+ WJ g for all 5 >0
and k € Z. Therefore Cov2(Wj70,Wj7T) = Cov2(W;0, W) + Cov?(Wj0, W;..) +
2Cov(W 0, W;)Cov( ]O,Wjﬁ). By @), 0]2-(1/) = 229, Therefore, by [BH) and
using Proposmon 3, Eq. (30)], for all j > 0, {O'j_l(l/)Wj7k, k € Z} is a stationary
process whose spectral density is bounded above by a constant independent of j. The
Parseval Theorem implies that sup;; 0]-_4(1/) > ez Cov? (W0, W) < oo, hence

nj—1
sup sup n; 10’]_4( V) Z (nj — |7])Cov? (W0, W) < co. (42)
nzlj=L,..Jn r=—n;+1

Consider now {ij} The Cauchy-Schwarz inequality and the stationarity of the
within-scale process imply Cov?(W; o, Wj,) < Var?(W;o) = oj(v) = O(2%(1=2a))
by B, and since 0]2-(1/) = 2% we get

22j(2a+2d0—1) nj—1 9, =
Z (nj — |7)Cov?(Wj o, Wj+) < 00. (43)
T:—’rlj+1

sup sup ——s—F——
n>1j=l.dn 1505 (V)

Finally, using that, for any j > 1, D;(A; f) is the spectral density of the process
{W; 1} and denoting by ; the spectral measure of {W; j}rez, it is straightforward
to show that

nj;—1
.\ def 394 k594 fopuy fopmy
A, )= D0 (nj = |r]) Cov(Wj0, W, ) Cov (W, W)
T=—n;+1
nj—l 2
/ D;o(N; f) Z SN T (dN) AN < 21 o (D) Do (5 f)loo -

This implies A(n,j) > 0 and, using (B), @d) and 0]2-(1/) = 2% we get

2j(2a+2d0—1) ’ ( ’ ( )
sup sup Aln,j)| < oo. 44
n>1j=1,...Jn njU;*(V) )

Using that W, = Wi+ ijk and that W, ;, and Wj7k are uncorrelated, B9), ),
E2), @3), E) and 1 — 2a — 2dy < —F < 0 yield @). O
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Remark 10. If ¢ = 7 in the assumptions of Theorem [[l then, in the above proof,
W = 0 for all (5, k) so that not only @) holds but also the stronger relation

nj—1 ngk
sup sup n; War Z 55 < o00. (45)
n>1j=1,....Jn =0 Uj(’/)

Proof of Corollary[@ Condition [ holds because Theorem [ applies to a Gaussian
process. Since, moreover, its fourth-order cumulants are zero, the relation Wfk =

Wfk + Wﬁ + 2Wj,kﬁ?j,k, E3) and @A) yield

! 5 =2 n?a;l(u) nja;-l(y)
Var ;(ijk ~Wip) | =C 92j(2at2do 1) T 9jCat2dy 1) |
—0

where C' is a positive constant. Since Wj,k and W, are uncorrelated, E[Wfk —

W?k] = 0]2-(5), hence the last display, 0]2-(1/) = 2%9 and [BY) yield (IX). O

6. ASYMPTOTIC BEHAVIOR OF THE CONTRAST PROCESS

We decompose the contrast ([20) into a sum of a (deterministic) function of d and
a random process indexed by d,

Lz(d) * Lz(d) + Ez(d) + log (yz|a222d0<1>) , (46)

where the log term does not depend on d (and thus may be discarded) and

Lz(d) = et log Z 92(do— Z log(22(do=d)7) | (47)
(] k)eZ (] k)eT
def 22(d°_d)' Wik
Ez(d) < log 1+(Z S oy | p2aa7 1 (48)
J,k)eT

with o2 defined in (§).

Proposition 6. For any finite and non-empty set T C NxZ, the function d — Lz(d)
is non-negative, convexr and vanishes at d = dy. Moreover, for any sequence {L,}
such that n2= " — 0o as n — oo, and, for any constants dmin and dpax in R
satisfying dy — 1/2 < dpin < dmax,

lim inf inf inf L A (d) >0, 49
MR e o, ey (@) (49)

where L, is defined in (Z4) and ﬁz denotes the second derivative of Lz.
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Proof. By concavity of the log function, Lz(d) > 0 and is zero if d = dy. If T =
Zn(Ly, j1) with j; > L,+1, one can compute iz(d) and show that it can be expressed
as Lz(d) = (2log(2 ))2Var(N ), where N is an integer valued random variable such
that P(N = j) = 22(do=d)i p; /Zﬁ 2 do=din; for j > 0. Let d > dmin > do—1/2.
Then

P(N = Ly) > (1 — 22@o=dmin)=1y f1 _ poln (p T 4 1)1} |

Since n27 5" — 00, the term between the brackets tends to 1 as n — oco. Hence, for
n large enough, we have infgs>y . P(N = L) > (1 —2%d0=dmin)=1) /9 Similarly, one
finds, for n large enough, infgerg . ...

Hence,

sl inf, ]Var(N) >{L, —E(N)}*P(N =L,)+{L, +1 —E(N)}’P(N = L,, + 1)
€|Amin,dmax

> (1 = 220~ o) )220 o) ({1, BN+ {Ly + 1~ E(N) )
2 (1 _ 22(d0_dmin)_1)22(d0_dmax)—4

9

where the last inequality is obtained by observing that either E(N) — L,, > 1/2 or
L,+1-E(N)<1/2 O

We now show that the random component Ez(d) of the contrast ([Hf]) tends to
0 uniformly in d. For all p > 0, ¢ > 0 and 0 € R, define the set of real-valued

sequences
def ) -0\ 576 .
B(p,q,6) = {{u]}po ls] < p (14 57)27° for all j > 0} : (50)

Define, for any n > 1, any sequence def {1;}i>0 and 0 < jo < ji < Jp,

nj—l

= def
Jo,]l Z Hj—j0 Z [02 22d0] - ] : (51)

Jj=Jjo

Proposition 7. Under condition O, for any ¢ > 0 and § < 1, there exists C' > 0
such that, for all p>0,n>1 and jo=1,...,Jy,

1/2
2 ) ' -
Sn,jodi (/1')‘ } < Cpn2770 [Hqﬁ(nQ_JO) + 9—Bjo ’ (52)

E sup sup
nEB(p,q,0) 11=705---,In

z1/? if §<1/2,
where, for all x >0, Hgys(x) dof logt (2 + x)z= 2 if §=1/2,

log?(2 4 z)20~! if 0>1/2.

P(N = Ly +1) > (1220 —dmin)=1)92(do—dmax)=1 /9.
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Proof. We set p = 1 without loss of generality. We write

- o g2(y) w2 2l o2 (v)
_ J o J.k e J
Sn,joJi (N) = Z o2 92do] Hj—jo Z 0'2.(1/) — 1| + Z 5 [j—jo o2 92doj —1

Jj=jo k=0 J Jj=jo

and denote the two terms of the right-hand side of this equality as gslozo jl(u) and

s (p), respectively. By (), C1 ey SUp;>0 2P ‘0]2-@)/(02 22doj) — 1‘ < 00, which

1,J0,J1

implies sup;>g |0]2-(1/)/(02 22doj)| < 1+ Cy. Hence, if pu € B(1,q,6),

S % T 2
S ()] < (14C1) Y2+ (G — o)) 20790 | 37 ( Vo _1>

i=jo = \7 W)

Using the Minkowski Inequality and n; < n27/, (@) implies that there exists a

}1/2
JIn

<SA+C)C S (14 (- o)) 20710 [(n2 )12 4 2= +0)] | (53)
J=Jjo

constant Cy such that
{E

The sum over the first term is O(n2790H,5(n2770)) since J, — jo =< logyn +
logy 2790 = logy(n2799). The sum over the second term is O(n2~1+4)J0) since § < 1
and 1+ 3 > 1, so that @) is O ((n2770){H, s(n2790) 4+ 27%7})  since 2/» < n.
Now, by definition of Cj above and since n; < n277, we get

(0
ap s [50,00

‘2
pneB(1,q,0) J1=30,---sJn

JIn
sup sup (S ()] < Cin YD1 (G - o)) 2020
pEB(1,4,6) J1=G0rrJn =
which is O (n2~(+A)40) . The two last displays yield [&2). O

Corollary 8. Let {L,} be a sequence such that L;' + (n275)~1 — 0 as n — oo
and let Ez(d) be defined as in {{§). Then Condition d implies that, as n — oo,

(a) for any £ >0,
sup |EIn(Ln,Ln+Z)(d)| = O[[D <(n2_Ln)—1/2 + 2_6Ln> :
deR

(b) for all dyin > do — 1/2, setting § = 2(dy — dyin),

sup sup ‘EIn(LnJl)(d)‘ = OP <H0’6(7'L2_Ln) + 2_5Ln> .
dzdmin jlany---an
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Proof. The definitions () and ([&1) imply that, for 0 < jo < j1 < Jy,
Bz, o (@) = 10 |1+ (n270) 718,50 [l o, o)
with p(d, jo, j1) is the sequence {1;(d, jo, j1)};>0 defined by

92(do—d) (j+jo)

J1 2(do—d)j’ 4, .
D oji—jo 22070y

ui(d, jo, jr) < n2 1(j < j1 — jo) - (54)
The bounds @ and @ then follow from Proposition [, the Markov inequality and
the following bounds.

Part @ In this case we apply Proposition [ with 6 = 0. Indeed, using that
wi(d, Ly, Ly, + Onp, 15 < n2~Ln for all j = 0,...,¢ and is zero otherwise, we have
that p; < n2= b Inp o — 2% as n — oo, since n27F" — oco. Then, for large enough
n, u(d, Ly, L, + ¢) € B(2¢1,0,0) for all d € R.

Part [(b)] Here we still apply Proposition @ but with § = 2(dy — dmin) < 1, implying
Hp 5(n27En) — 0. Indeed, since the denominator of the ratio appearing in (&) is at
least 22(do=dLny; e have SUpj, > 1, SUPgsa, .. [15(d; L, j1)| < n2_L”nZi2éj. Since
n2~tn ~ np asn — oo, we get that, for large enough n, u(d, Ly, j1) € B(2,0,0)
for all d > dyin and j1 > Ly,. O

7. WEAK CONSISTENCY

We now establish a preliminary result on the consistency of d. It does not provide
an optimal rate but it will be used in the proof of Theorem B, which provides the
optimal rate. By definition of d and (&), we have

0> Ly(dr) — Lz(do) = Lz(dz) + Ez(dr) — Ex(do) - (55)

The basic idea for proving consistency is to show that 1) the function d — L(d)
behaves as (d — dg)? up to a multiplicative positive constant and 2) the function
d — E(d) tends to zero in probability uniformly in d. Proposition B will prove 1)
and Corollary § will yield 2).

Proposition 9 (Weak Consistency). Let {L,} be a sequence such that L;' +
(n27En)=1 — 0 as n — oco. Condition O implies that, as n — oo,

Sup C/Z\In(Lnyjl) — do‘ —= O]Pj {(n2_Ln)—1/4 + 2_5L7l/2} . (56)
J1=Ln+1,...Jn

Proof. The proof proceeds in four steps, namely

Step 1 For any positive integer /,

67In(Ln,LnJrz) - do‘ =op(l) .
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Step 2 There exists dmin € (dy — 1/2,dy) such that, as n — oo,

. -~ ' < . .
. {leLiI—l}g,,,,7Jn dzn(LnJl) = dmm} — 0

Combining this with yields P{  inf p C/Z\LL( Lojt) < dmin} — 0.
J1 n

:Ln+177
Step 3 For any dy.x > dg, as n — 00, ]P’{ sup dIn(Ln,jl) > dmax} — 0.
j1:L7l+17"'7J’!L

Step 4 Define H 5 as in Proposition[d For all dmin € (dg—1/2,dp) and dmax > do,
setting 0 = 2(dy — dmin),

~ sup []l[dmin,dmax] (A2, (L j) (2o (L 1) — do)z} = Op (H(m(n?_L”) + TﬁL”) :
Jj1=Ln+1,...,Jn

Before proving these four steps, let us briefly explain how they yield ([BH). First
observe that they imply that sup; _r .1 ;. ’C/Z\In(Lnyjl) — dp| = op(1). Then, ap-
plying again with dwin € (do — 1/4,dp), so that Hgs(x) = Y2, we ob-
tain (B0). O
Proof of [Slep 1 Using standard arguments for contrast estimation (similar to those

detailed is [Step 3 and [Step 4] below), this step is a direct consequence of Proposi-
tion B and Corollary Bl[(a) O

Proof of [STep 3 Using (1), we have, for all d € R,

~ ~ W2 W2
_ 2(d—do)((Z)— Jsk Jik
Lz(d) — Lz(do) = log E 23d=do)(Z) ])02 5247 | 108 Z 02 92doj
(4,k)ET (4,k)ET

For some dp,in € (dy — 1/2,dp) to be specified later, we set
wr j(d) def 22(j—<I>)(do—d)]1{j < (T)} + 22(j_<I>)(d0_dmin)]l{j > (T)}, (57)

so that, for all j and d < dn, wz ;(d) < 22(d=do)({Z)=7) . We further obtain, for all

d § dmin7
Yz(d) + Az(d)
1+ BI ’

_ def _ w2
ZI7 Y ez wr,i(d), Az(d) = |Z17 30 pyer w,(d) <WJ2503 - 1)

2
and By < |T17' S per (% - 1). We will show that dmin € (do — 1/2, do)

Lz(d) — Lz(do) > log (58)

where ¥7(d) =

may be chosen in such a way that

h"ni’logf dﬁlgiin j1=Lr}I-il-f2‘7---,Jn ZIR(L"’jl)(d) > 1 (59)

sup < sup Az, (1,5, (d)| + \an(Ln,jl)\> =op(1) . (60)
jlan+2,---,Jn dgdmin
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By &3, iz(gz) < iz(do). Then inf; —r, 42, 7, &\In(LnJl) < dpin would imply that
there exists j; = L, +2, ..., J, such that inf <4 . izn(Ln,jl)(d)—i(dO) < 0, an event
whose probability tends to zero as a consequence of (B8))—(60). Hence these equations
yield It thus remains to show that (B9) and () hold. By Lemma [[3 since
n2~Ln — o0, we have, for n large enough,

sup  (Z,(Lp,71)) < L, +1. (61)
jlan7---an
Using wz,, (., j,),L. (@) > 0 and, for n large enough, wz, (1, j,),;(d) > 92(5=(Ln+1))(do—drmin)
for j > L, + 1, we get, for all d < dpin < dp and j1 = L, +2,...,Jp,

9—2(Ln+1) (do—dmin) Lnt2

22j(d0_dmin)n. .
Za(Los Jo) j:%;l J

T (L) (d) 2

Since n27f» — oo, using Lemma @ n =< 277 and that 2(dy — dmin) — 1 < 0,
straightforward computations give that the LHS in the previous display, is asymp-
totically equivalent to (1 — 2{2(do—dmin)=1}2) /(4 _ 92(do—dmin)+1) There are values of
dmin € (do — 1/2,dy) such that this ratio is strictly larger than 1. For such a choice
and for n large enough, (B9) holds.

We now check (@). Observing that, for Z, def Zn(Ly, j1) and using the nota-
tion B, Az, (d) = |Zu|7[Sn L, ({wz, L, 45(d)})] and Bz, = |T,|7'S, 1, 5, (1),
the bound (@0) follows from |Z,,| > nr, ~ n2~ %" and Proposition [, since, for all
d < dwin and j > 0, wz, 1,+5(d) < 92(Ln+j—(In))(do—dmin) < 92j(do—dmin) which shows
that {wIan_,_j(d)}jzo belongs to B(l,O, (5) with § = 2(d0 — dmin)) < 1. ]

Proof of [Step 3. By [E&3), LI(JI) < Ez(dy) — Ez(c?z) so that, for any dy.x > do, one
has infg>q,,,, Lz(d) < 2supgsq, [Ez(d)| on the event {dz > dmax}. By Proposition B,
there exists ¢ > 0 such that, for n large enough, Lz, (z, j;)(d) > ¢ uniformly for
d > dmax and j1 = Ly + 1,..., J,. Thus, for n large enough,

]P’{ sup AL, (Lnj1) = dmax} <P {2 sup sup Bz, (L,,50)(d)] > c} ,
J1=Ln+1,....Jn d>do j1=Ln+1,....Jn

which tends to 0 as n — oo, by Corollary O

Proof of [Slep 4 Eq. (BH) implies l[dmimdmax}(ch)LI((fI) < 2supgsg, . |Ez(d)]. Let ¢
denote the liminf in the left-hand side of ) when dyin = dmin and dmax = dmax-
Proposition B and a second order Taylor expansion of Lz around dy give that, for
n large enough, for all j; = L, +1,...,J, and d € [dwmin, dmax); Lz, (L,,5:)(d) >
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(¢/4) (d — do)?. Hence, for n large enough,

sup |Ez, (L, )(d)] -

8
c dzdmin

Sup |:]l[dminydmax} (dz-n(Lnyjl)) (dIn(Ln,jl) - d0)2 S
Jj1=Ln+1,..,Jn

Corollary B[(b)] then yields O

Remark 11. Proposition @implies that, if L,, < U, < J,, with L, +(n2=5)=t -0
as n — oo, then C/Z\LL( Ln,U,) 18 a consistent estimator of do. While the rate provided
by (&6 is not optimal, it will be used to derive the optimal rates of convergence
(Theorem B)).

8. PROOFS OF THEOREM [B] AND THEOREM

Notational convention. In the following, {L,} and {U,} are two sequences sat-
isfying (Z3). The only difference between the two following settings (Up — Ly,
is fixed) and [[S-2]] (where U,, — L, — o0) lies in the computations of the asymptotic
variances in Theorem B (CLT). Hence, from now on, we shall write L, U, Z,, Jn, S,
and S,, for Ly, U, Zn(Ly,Up), C/Z\In(Ln,Un)’ §In(Ln,Un)v and gn,Ln,Un respectively.

We will use the explicit notation when the distinction between these two cases
and is necessary, namely when computing the limiting variances in the proof
of Theorem B

Proof of Theorem 3. Since §n(<fn) = 0, see ([ZII), a Taylor expansion of S,, around
d = d, yields

Si(do) = 210g(2) (dn — do) > (5 — (Tn))j2 W2 | (62)
(jvk)el—”l

for some c?n between dy and c?n The proof of Theorem B now consists in bounding
Sn(do) from above and in showing that Yoz, (0= (Tn)J 2_2jg”Wj27k, appropriately
normalized, has a strictly positive limit.

By definitions of S,, (see (), Sn, (see 1) and (Z,,) (see ([[)), we have S, (dy) =
S, (6*{j + L — (Z,)};>0)- Since L < (Z,) < L + 1 for n large enough, see (&), the
sequence 0%{j + L — (Z,)}j>0 belongs to B(c?,1,0) (see (El)), and Proposition [@

with the Markov inequality yields, as n — oo,
Su(do) =02 0p (Hip(n2 %) +277F) =n27E0p ((n27 )72 4 279) | (63)

which is the desired upper bound.
We shall now show that the sum in ) multiplied by n 2~% has a strictly positive
lower bound. Applying Proposition @ we have

| — do| < |dn — do| = Op ((712_L)_1/4 + 2‘“/2) .
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Using that ]22j(d0_‘§") -1 < 92jldo—dn| _ 1 < 21log(2)j|dy — Jn]22j‘d0_‘i”‘, we have
that, on the event {|dy — d,| < 1/4},

w2 '
> G- @i - X U )i

(4,k)ETn (4,k)ETn

~ i . 5 Wik
< 2log(2)dy — dn| 22K 01N 7| — (L) 57 g 20D,
(J,k)ELn
Using @), @), j> = (j — L) +2(j — L)L + L? and n; < n277, there is a constant
C > 0 such that
w2, U .
E D =@l i 20D <On27t )y 1i-(Z0)| 572702 = 0 (LPn27h)
(4,k)ETn Jj=L
Hence, since L%(n2~" )_1/ 4 0, the three last displays yield, as n — oo,
W2

- Pk

> G- {Ta)i o

(4,k)ETn

W2
> G- T ighs|=or(n27") . (64)

(4,k)ETn

Now we write

W2 W2
. G-T)igp=0" Y. <j—<zn>>j<022gfoj—1>+az > (T
(

(4,k)ELn (4,k)ELn Jk)ELn

With the notation (&II), the first term on the right-hand side is §n(u), where p is
the sequence 0*{(j + L — (Z,))(j + L)} 0. In view of @), (j + L — (Zn))(j + L) <
42+ jL so that the sequence p is the sum of two sequences belonging to B(o?2,2,0)
and B(0?L,1,0) respectively. Applying Proposition [ with the Markov inequality,
we get that our S, () = n2 LO0p(Hoo(n27 L) + LHy o(n27 1)) = n2 Lop(1) since
L(n2~%)=Y2 — 0. Moreover, by Lemma [[3 2Gmer, T — In))J ~ (n2=5) (2 —

2_(U_L))/<;U_L as n — oo. Hence

. W2k - —(U—
> G @) igms =027 {@ -2 kpr+o(1)}
(J,k)ETn

and (B4 and the previous display yield

W2
> U= @i = w2 h) {?@- 20 D)y o)} . (65)
(G,k)ELn

Since kg > 0 for all £ > 1 and ky — 2 as £ — oo (see Lemma [[F)), and since we

assumed U — L > 1, the sequence (2 — 2_(U_L)) ky—r, is lower bounded by a positive

constant, so that ([62), (G3) and (GH) imply E5). O
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Proof of Theorem[4. Define f*(0) et dv*/dAy=g. Since v* € H(B3,7,¢) and v*(—¢,¢) >
0, we have f*(0) > 0. Without loss of generality, we set f*(0) = 1. By Corol-
lary Bl Conditions ) and () hold with ¢? = K(dy). Moreover (BI) implies
L'+ L?(n2~F)~Y* - 0, so that we may apply (B3), which, with (B2), gives

(n2~4)"1/28,,(do)
210g(2)0? (2 - 2 VD) g

Define S, as S,, in 1) but with the wavelet coefficients W 5 defined in Corollary
replacing the wavelet coefficients W ;.. Let us write

§n(d0) = (gn(dO) _gn(dO)) +Ef [gn(dO)] + (gn(dO) _Ef [gn(dO)]) . (67)

By Corollary B, using Minkowski’s and Markov’s inequalities, @), n; < n277 and
do +a > (14 3)/2, we obtain, as n — oo,

S,.(do) — Su(do) = op <(n2_L)1/2> :

Since > (; pyez, (4 — (Zn)) = 0 and Ef [Wfk] = 0%(v), we may write

(n2)"2 (dy — do) =

(1+o0p(1)).  (66)

J
By [Suldo)| = 30 (G—(T) (272703 w) - 0?) = 02~ 0+0E) — o (n27H)1/2)
(4,k)€In

where the O-term follows from (), @) and n; < n277 and the o-term follows

from (Bl). Using (6), (@) and the two last displays, we finally get that

(n27E)=Y2 (S, (do) — E [Sn(do)])
2 log(2) 02 (2 —2-U-L))ky_p

Because f()\) = |1 — e A ~2do [f*L—eql(N) and f*1(_ g € H(B,7',7) for some ' >

0, we may apply Proposition [[] below to determine the asymptotic behavior of

S, (do) —E¢[Sn(do)] as n — oo. Since 02 = f*(0)K(dy) (Theorem M), this yields the

result and concludes the proof. ]

(n27")!2 (d, — do) = (1+o0p(1)) .

The following proposition provides a CLT when the condition on v* is global,
namely v* € H((,~, ). It covers the cases |(S-1)| where U — L — ¢ < oo and |(S-2)|
where U — L — oo.

Proposition 10. Let X be a Gaussian process having generalized spectral mea-
sure (@) with dy € R and v* € H(B,vy,m) with f*(0) = ©F Qv /dAp=o > 0, where

v >0 and B € (0,2]. Let L and U be two sequences satisfying (Z3) and suppose that
L_1+(n2_L)_1 —0andU—-L—(€{1,2,...,00} as n — oo. Then, as n — oo,
-1/2 {§ 7. (L,0) (do) Ef[gln(L,U)(dO)]}

210g( ) f*(0)K(do) (2 —2=W=L)) Ky,

LN, V(do, 0)),  (68)



A WAVELET WHITTLE ESTIMATOR 29
where ki, is defined in (Z8) and V(do, ) in (Z9) for £ < co and V(dy,c0) in (Z0).

Proof. We take f*(0) = 1 without loss of generality. As n — oo, since, U — L — ¢,
KU—1 — kg, by setting, in the special case where £ = 00, Koo = 2, see Lemma
This gives the deterministic limit of the denominator in (G8). The limit distribution
of the numerator is obtained by applying Lemma [[2 below. Let A, and I';, be the
square matrices indexed by the pairs (j, k), (j,k) € Z,, x Z,, (in lexicographic order)
and defined as follows.

(1) A, is the diagonal matrix such that [A.];x) k) = (n2= 1)~ 2sign(j — (Z,,))

for all (4,k) € Z,,

(2) T, is the covariance matrix of the vector |[j — (Z,)["/? 277 Wi et
> n

Let p(A) denote the spectral radius of the square matrix A, that is, the maxi-
mum of the absolute value of its eigenvalues. Of course p[A,] = (n2-1)~1/2,
Moreover, p[I',] < Zgj: 1, PI'n ], where I'y, ; is the covariance matrix of the vec-
tor [|j — (T,)|1/? 2~ doj Wikl
by Lemma [[T]

F=0,. =1 Since {W }rez is a stationary time series,

plCnjl < i — (Zo)|272P7 20 sup Djo(Asv) .
AE(—m,m)

From (), since Do o(+;dp) is bounded on (—m,7), we then get, for a constant
C not depending on n, p[l',] < C Z] i — (Z,)| - By @), the latter sum is
O((U - L)?). Hence, as n — oo, since U — L < J,, — L = O(log(n27%)), p[A,]p[Ts] =
0 ((nZ_L)_1/2(U — L)?) — 0, so that the conditions of Lemma[[@are met, provided
that (n2=%)~!'Var <§n(d0)> has a finite limit.

To conclude the proof, we need to compute this limit. In B, Proposition 2], it

is shown that, for all u =0,1,..., as j — oo and n; — oo,
cn(jyu) & 2740in;_ Cov (52, a;_u) — 47 T, (do) (69)

where I,,(d) is defined in ([Z7) and & A2 L o W2k Since Sy (do) = zgj:L(j -

(T,,))2~%d0n ;52 03, we obtain

U—-L
(n2 1) 1Var< ) S i+ L (Z,))%2 %CH(LM,O)
=0
U—-L i o )
+23 S+ L~ (T)) (i —ut L <In>)22d°“_lﬁcn@+i,u) (70)
i=1 u=1

By the Cauchy-Schwarz inequality, @3), [8) and n;_, =< n;27" implies |c,(j, u)| <
027 2doutu/2 \where C' is a positive constant. Using this bound, (B]) and n; <n277
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for bounding the terms of the two series in the right-hand side of () yield the
following convergent series: 70 (i+1)227% and S20°, S | (i4+1) (i —u+1)277F%/2,

(L+9) for any i > 0 and,

Using the assumptions on U and L, we have nypy; ~ n2~
by Lemma [[3 (Z,) — L — n; as n — oo. Hence, by dominated convergence, ()

and (B9) finally give that, as n — oo, (n2~1)~1Var <§n(d0)> converges to

dm | To(do)k(2 =27 +2 ) (i = me) (i — me — w)2*P 7 L (do) | (71)
1<u<i<t

where in the case £ = oo, we have set 27° =0, 7o = 1 and ko = 2. Note that the
above bound on |¢,(j,u)| and (@) imply that, as u — oo,

L,(do) = O(2~2doutu/2) (72)

which confirms that the series in ([I]) is convergent for £ = co. Finally dividing this
variance by the squared limit of the denominator in (G8), we get the limit variance

in (68), namely (29) and (B). O

The following lemmas were used in the proof of Proposition [T

Lemma 11. Let {&, £ € Z} be a stationary process with spectral density g and let
Iy, be the covariance matriz of [1,...,&n]. Then, p(T'y) < 27 ||9]co -

Lemma 12. Let {{,, n > 1} be a sequence of Gaussian vectors with zero mean and
covariance I'y,. Let (Ayp)n>1 be a sequence of deterministic symmetric matrices such
that lim,, o Var (§5 Ap&,) = 02 € [0,00). Assume that lim, .o [p(Ay)p(Ty)] =0 .
Then, &7 Ant, —E [¢7A,6,] = N(0,02) .

Proof. The result is obvious if ¢ = 0, hence we may assume ¢ > 0. Let n > 1, k,,
be the rank of I',, and let @,, denote a n x k,, full rank matrix such that Qan =
Iy. Let ¢, ~ N(0,1,), where Ij is the identity matrix of size k x k. Then, for
any k, x k, unitary matrix U,, U,(, ~ N(0,1,) and hence @,U,(, has same
distribution as &,. Moreover, since A, is symmetric, so is QgAnQn. Choose U, to
be a unitary matrix such that A, def UN(QT A,Q,)U, is a diagonal matrix. Thus,
CM'AnCn = (QnUnC) T An(QnUn(y) has the same distribution as £ A,,&,. Since A,
is diagonal, ¢T'A,,¢, is a sum of independent r.v.’s of the form Z’,j’;l )‘k,nglinv where,
(Cims - -+ Ckyom) are independent centered unit variance Gaussian r.v.’s and Ay, are
the diagonal entries of A,. Note that Eﬁ’;l Men = E [{,{ Anén]. To check the
asymptotic normality, we verify that the Lindeberg conditions hold for the sum of
centered independent r.v.’s £ A&, — E [g,{Angn} = Z';l )\k,n(gf,n —1). Under the
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stated assumptions
Z)\ Ckn_l)zzvar(f;{/lnfn)ﬂ(ﬂ asn — oo,

p(Ayn) = maxi<p<i, |Ainl, for all € >0,

ZA (= 1?1 Ak (G = DI 2 )] <

(ZA > Cln—) ((An)|<12,n_1|26)}—>0 as n — 0o .

Hence the Lindeberg conditions hold as soon as o > 0. g

Lemma 13. Let p,¢ >0, ny and k¢ be defined as in (Z8), (Z) as in (I3) and

JOEII N G-@?P =Tt Y G- @)

(J,k)ET (j.k)ET
We have
1—-2751+1¢/2) . .
=T - €01, lliglo =1 lliglo Re=2, (73)
1Y o
for allu >0, ZE%OE;Z—2—£(i_UZ)(i+U_UZ):1’ (74)

and, for allm > 1 and 0 < jo < j1 < Jp,

J1 Jj1—Jjo
> (G — o)y —n270 > " iP27 < 2(T — 1) (1 — jo)" ™ (75)
j=jo i=0

Moreover, if 0 < L, < J,, with n2=In — 00 asn — oo, then

[t -2 -0 o)

leL’!Ly"'?J?’L

. iuP ; |<In(Lnaj1)> — L, — 77j1—Ln| =0 (10g2(n2_Ln) (n2_Ln)_1) ’
J1=Ln,...;dn

s | TZo(Lns 1)) = Kji— L, = O (log?(n27 ") (n275m)~1)
J1=Ln,...;dn
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