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POSET REPRESENTATIONS OF DISTRIBUTIVE
SEMILATTICES

FRIEDRICH WEHRUNG

ABSTRACT. We prove that for any distributive (V, 0)-semilattice S, there are
a meet-semilattice P with zero and a map pu: P x P — S such that p(z,z) <
w(z,y)Vuly, z) and x < y implies that u(z,y) =0, for all z,y, z € P, together
with the following conditions:
(i) p(v,u) =0 implies that u = v, for all u < v in P.
(ii) For all w < v in P and all a,b € S, if u(v,u) = a V b, then there are
a positive integer n and a decomposition u = xg < 1 < -+ < xp =0
such that u(x;+1, ;) lies either below a or below b, for all i < n.
(iii) The subset {p(z,0) | z € P} generates the semilattice S.
Furthermore, any finite, bounded subset of P has a join, and P is bounded
in case S is bounded. Furthermore, the construction is functorial on lattice-
indexed diagrams of finite distributive (V, 0, 1)-semilattices.

1. INTRODUCTION

The classical congruence lattice representation problem, usually denoted by CLP,
asks whether any distributive (V,0)-semilattice is isomorphic to the semilattice
Con, L of all compact (i.e., finitely generated) congruences of some lattice L. (It is
well-known, see [E] or [, Theorem I1.3.11], that Con, L is a distributive (V, 0)-semi-
lattice, for any lattice L.) This problem has finally found a negative solution [@]
This negative solution came out of a failed attempt to extend to semilattices a
certain representation result of distributive semilattices by posets (i.e., partially
ordered sets). The present paper gives the latter representation result. Unlike
earlier representation results such as Gratzer and Schmidt’s representation theo-
rem of algebraic lattices as congruence lattices of abstract algebras [E], our result
characterizes distributive algebraic lattices, see Corollary @ and Proposition @

Most of the recent efforts at solving CLP were aimed at lifting not only individual
semilattices, but also diagrams of semilattices, with respect to the congruence semi-
lattice functor Con. It was observed by P. Pudlék [[f that every distributive (V, 0)-
semilattice S is the directed union of its finite distributive (V, 0)-subsemilattices.
Hence, in order to represent S as Con, L for some lattice L, it is sufficient to lift,
with respect to the Con, functor, the diagram of all finite (V,0)-subsemilattices
of S, and then to define L as the direct limit of the corresponding lattices.

The possibility whether this could be done in full generality was raised by P.
Pudlak in [[fl. This question was answered in the negative by J. Tama and F.
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2 F. WEHRUNG

Wehrung [E] there exists a finite poset-indexed diagram of finite Boolean semi-
lattices and (V, 0, 1)-embeddings that cannot be lifted, with respect to the Con,
functor, by any diagram of lattices (or even by any diagram of algebras in any va-
riety satisfying a nontrivial congruence lattice identity). Nevertheless this left the
possibility open that any lattice-indexed diagram of finite distributive (V,0)-semi-
lattices could be liftable by some diagram of lattices.

A caveat in the direction thus suggested appears in [E], where J. Tuma and
the author provide a diagram of finite Boolean semilattices and (V, 0, 1)-homomor-
phisms, indexed by the cube 23, that cannot be lifted by lattices with permutable
(or even almost permutable) congruences (this is extended to arbitrary algebras with
almost permutable congruences in [E]) Moreover, the contradiction that appears
there makes a very limited use of the lattice structure: namely, only the triangular
inequality for the map that with a pair of lattice elements (x, y) associates the least
congruence O (x,y) forcing z < y. But this depends only on the poset structure
of the lattices under question!

This suggests that before attempting to prove a representation result for lat-
tices, we should tackle the problem at poset level. This is what we do in the
present paper. More precisely, we lift any lattice-indexed diagram of finite dis-
tributive (V, 0, 1)-semilattices and (V, 0, 1)-homomorphisms by a diagram of finite
lattices with so-called p-measures (where the letter ‘p’ stands for ‘poset’)—see Def-
inition @, the transition maps being what we shall call interval extensions—see
Definition @ Thus the objects of the resulting diagram are pairs (P, u), where P is
a finite lattice and p: P x P — D (where D is the corresponding finite distributive
(V,0,1)-semilattice) is a p-measure. Furthermore, we require that {x(x,0) | z € P}
generates D (as a join-semilattice) and that p sends prime intervals of P to join-ir-
reducible elements of D—the latter condition amounts to saying that u satisfies the
so-called V-condition, named this way after H. Dobbertin’s work [f]] on measures on
Boolean algebras (see also [§]). The V-condition is fundamental, as otherwise our
construction would be meaningless (e.g., for a given distributive (V, 0)-semilattice S,
it is easy to construct a distributive lattice L and a surjective (V, 0)-homomorphism
from Con, L onto S).

Many proofs of positive representation results use transfinite iterations of ‘one-
step constructions’, consisting of building a structure by adding one element at a
time. For instance, such is the case for the main construction of ] (that proves,
among other things, that every lattice L such that Con. L is a lattice admits a rel-
atively complemented congruence-preserving extension), or the construction used
in [§] to prove that every distributive (V,0)-semilattice is the range of some ‘V-
distance’ of type 2, or the construction used in [ﬂ] to establish that every bounded
algebraic lattice is isomorphic to the congruence lattice of some groupoid. How-
ever, our result cannot be proved in such a way. The reason for this is presented
in @], where we construct, at poset level, an example of a p-measure that can-
not be extended to a V-measure. This partly explains the complexity of our main
construction: the posets and measures require a somehow ‘explicit’ construction,
which in turn requires a relatively large technical background.
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For elements a and b in a poset P, we shall use the abbreviations

a<pb (a <p b and there is no x such that a <p x <p b);

=
a<pb <= (either a <p bora="»);
a~pb <= (either a <pborb<pa);

allpb <= (a£pbandb £p a).

We shall use < (instead of <p), <, <, ~, or || in case P is understood.

We shall sometimes view any poset P as a category, the usual way: namely,
the objects of P are the elements of (the underlying poset of) P, while the set of
morphisms from x to y is a singleton if x < y, empty otherwise. For a category C,
a P-indezed diagram of (members of) C is a functor D: P — C. This amounts
to a map ® from P to the objects of C, together with a system of morphisms
Ozt ®(z) — P(y), for x <y in P, such that ¢, , = ide(e) and @2 = @y2 0 Qay,
for all z <y <z in P. We shall also denote by D[, (resp., D|_.,) the restriction
of Dto {x € P|xz <p} (resp.,, {x € P |z <p}), for all p € P.

A join-semilattice S is distributive, if for all a,b,c € S, if ¢ < a V b, then there
are x < a and y < b in S such that ¢ = x V y. Equivalently, the ideal lattice of S
is a distributive lattice, see [E, Section I1.5].

We shall identify every natural number n with the set {0,1,...,n — 1}. We shall
denote by PB(X) the powerset of a set X.

2. RELATIVELY COMPLETE AND INTERVAL EXTENSIONS OF POSETS

Definition 2.1. A poset Q is a relatively complete extension of a poset P, in
notation P <. @, if for all x € @, there exists a largest element of P below x
(denoted by xp) and a least element of P above x (denoted by x¥). Then we
define binary relations <p and =p on ) by

rLpyYy ngyp,
r=py < (xp=yp and z¥ =y"),

for all z,y € Q. We say that () is an interval extension of P, in notation P <j,; @,
if P <, @ and for all z,y € Q, x < y implies that either x <p y or x =p y.

The proofs of the following two lemmas are easy exercises.
Lemma 2.2. Let P, @, and R be posets. If P <,. Q and Q <,. R, then P <. R.

Lemma 2.3. Let QQ be a relatively complete extension of a poset P and let X C P.
Then \/ p X ezists iff \/QX erists, and then the two values are equal. The dual
statement also holds.

In particular, if P <,. @ and @ is a lattice, then P is a sublattice of ). Hence,
from now on, when dealing with relatively complete extensions, we shall often omit
to mention in which subset the meets and joins are evaluated.

Lemma 2.4. Let Q be an interval extension of a poset P, let x € P and y,z € Q.
Ifz,y <z and x £y, then yP < z; and dually.

Proof. If y =p z, then, as ¢ € P and z < 2z, we get ¢ < zp = yp < vy, a

contradiction; hence y Zp z. As y < z and P <jt @, we get y <p z, and thus
P
yo <z i
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Lemma 2.5. Let Q be an interval extension of a poset P. Then Q is a lattice iff P
is a lattice and the interval [xp,x"] is a lattice for each x € Q. Furthermore, if Q
is a lattice, then for all incomparable x,y € Q,

P P .

rVy , i ,

T Viuw) Y, ifep=yp=wu and x° =y" =,
P P .

VAN , if © ,

z/\[uﬂ/]yv ifep =yp =u and x" =y" =.

Proof. We prove the nontrivial direction. So suppose that P is a lattice and the
interval [zp, "] is a lattice for each 2 € Q. For incomparable z,y € P, we prove
that the join x V y is defined in @ and given by (@) The proof for the meet is
dual. So let z € @ such that =,y < z. If 2 <p 2, then 2 < z, hence, using
Lemma @ (with 2" instead of ), we obtain y© < 2z, and hence, using Lemma ,
2P vyP < z. The conclusion is similar for y <p z. As P <i,; @, the remaining case
is where * =p z =p y. Putting u = 2p = yp and v = 2 =y, the interval [u, v]
is, by assumption, a lattice, S0 & V[, ¥ < 2, and hence z Vy =z V[, )y < 2. U

Lemma 2.6. Let (Q be an interval extension of a poset P. Then x ~ y implies that
xp ~y and x¥ ~y, for all x,y € Q.

Proof. We prove the result for zp. If x < y, then xp < y and we are done. Suppose
that y < x. If y <p x, then y < zp. Suppose that y €p x. Asy <z and P <j; Q,
we get x =p y, and thus zp = yp < y. O

Definition 2.7. A standard interval scheme is a family of the form
(P, {Qqp | {a,b) € I)), where the following conditions are satisfied:
(i) P is a poset, Z is a subset of {(a,b) € P x P | a < b}, and Qg is a (pos-
sibly empty) poset, for all {a,b) € Z.
(ii) QupNP =, for all (a,b) € T.
(ili) Qap N Qc,a = @, for all distinct (a, b), (c,d) € T.
We say that the standard interval scheme above is based on P.

The proofs of the following two lemmas are straightforward exercises.

Lemma 2.8. Let (P,{Qqp | {a,b) € I)) be a standard interval scheme. Put Q =
PUU(Qup | (a,b) € ). Furthermore, for all z € Q, put xp = 2¥ =z if x € P,
while zp = a and z¥ = b if x € Qup, for (a,b) € . Let x < y hold, if either
x¥ < yp or there exists (a,b) € T such that x,y € Qap and x <q,, y, for all

z,y € Q. Then < is a partial ordering on @ and Q is an interval extension of P.

In the context of Lemma P.§, we shall use the notation

Q=P+ (Qas|{ab) €T). (2:3)

Conversely, the following lemma shows that any interval extension can be obtained
by the P+ > (Qa | {a,b) € T) construction. This construction is a special case of
a construction presented in [Y]

Lemma 2.9. Let Q be an interval extension of a poset P. Put
T = {{a,b) e Px Pla<b}, and Qup = {r € Q |zp =a and ¥ = b}, for all
(a,b) € P. Then (P,(Qqp | {a,b) € I)) is a standard interval scheme, and Q =
P+ Z(Qa,b | (aab> € I)'
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It follows from Lemmas E and E that any standard interval scheme based
on P defines an interval extension of P, and every interval extension of P is defined
via some standard interval scheme on P.

3. COVERING EXTENSIONS OF POSETS

Definition 3.1. We say that a poset @ is a covering extension of a poset P, in
notation P <., @, if Q is an interval extension of P (see Definition E) and the
relation zp <p ¥ holds for all z € Q.

Lemma 3.2. Let P, Q, and R be posets such that P <int Q, Q <int R, and there
are nox € P andy € R such that yg <z < yQ. Then P < R.

Proof. First, P <,. R (see Lemma @) Now let < y in R, and assume, towards
a contradiction, that x €p y and = Zp y.

If v =¢ vy, then x =p y, a contradiction. As z <y and Q <iy R, we get x < v,
that is, 2@ < yo. If @ <p yQ, then x < p y, a contradiction. As 2@ < yqo and
P <int Q, we get 29 =p YQ-

As yg < yQ and P <in @, either yg =p yQ or yo <p yQ. In the first case, we
get, using the relation ¢ =p yg, the equalities #¥’ = (29)F = (yo)F = (y¥)F =
y¥. In the second case, we get, using again the relation 29 =p Y@, the inequalities
2P = (@9)F = (yg)F <y But yg < (yg)* =2, and so yg < 2¥ < y?. Hence,
by assumption, either 27 = yg or #¥’ = y@. If 27 = yq, then 2¥ = yp, so z <p v,
a contradiction; hence only the subcase where ¥ = 49 remains, so y? € P, and
so zf = 9@ = 4P,

So we have proved that in either case, the equality 2” = 3* holds. Dually, the
equality zp = yp holds, and so x =p y, a contradiction. (|

Proposition 3.3. For arbitrary posets P, Q, and R, the following statements hold:

(1) IfP Sint Q and Q SCOV R; then P Sint R
(ii) If P <cov @ and Q <cov R, then P < o R.

Proof. (i) follows immediately from LemmaB.9. Now we prove (ii). So assume that
P <¢ov Q and Q <cov R, let z € R, we prove that zp <p 2¥. If {zQ,zQ} C P,
then zp = z¢ and zf = 29, but Q <oy R, thus g 2q x®, and thus, a fortiori,
xp <p 2F. So suppose, from now on, that {zg,2%} Z P, say 2@ ¢ P.

If (z9)p £ x, then, as z,(z9)p < 29, as P <j, R (proved in (i)), and by
Lemma @, we get ¥ < 29, so 29 € P, a contradiction. Hence (z%)p < z, but
(z%)p lies above xp and belongs to P, and so (z%)p = xp. As P <cov Q, we get
zp = (29)p <p (29)F = 2. O

Example 3.4. The following example shows that interval extensions do not com-
pose. We let K, L, and M the lattices diagrammed on Figure @ Then K <jyt L
and L <i,x M, however K £ M, as ¢ < y and & #x y while 2 jé yi - In this
example, K <.ov L and L Loy M.

4. STRONG AMALGAMS OF NORMAL DIAGRAMS OF POSETS

In this section we shall deal with families of posets indexed by meet-semilat-
tices. We say that a meet-semilattice A is lower finite, if the principal ideal |a =
{z € A | z < a} is finite, for all a € A. Observe that this implies that A has a least
element.
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FIGURE 3.1. Interval extensions do not compose.

Definition 4.1. A normal diagram of posets consists of a family o = (Q; | i € A)
of posets, indexed by a meet-semilattice A, such that the following conditions hold
(we denote by <; the partial ordering of @;, for all i € A):

(1) Q; is a sub-poset of @, for all ¢ < j in A.

(2) Qi NQj = Qinj (set-theoretically!), for all 7, j € A.

(3) For all 4,5,k € A such that ¢,j < k and all (z,y) € Q; x Q;, if v <i y,

then there exists z € Q;5; such that x <; z and z <; y.

Furthermore, we say that o is a normal interval diagram of posets, if Q; is an
interval extension of @Q;, for all ¢ < j in A.

Let 0 = (Q; | i € A) be a normal diagram of posets and set P = |J(Q; | i € A).
For z,y € P, let x < y hold, if there are 4,j € A and z € Q;»; such that z € Q;,
y € Qj, and z <; z <; y. As the following lemma shows, this definition is indepen-
dent of the chosen pair (¢, j) such that z € Q; and y € Q).

Lemma 4.2. For all z,y € P and alli,j € A such thatx € Q; andy € Q;, x <y
iff there exists z € Qin; such that x <; z < y.

Proof. The given condition implies, by definition, that x < y. Conversely, suppose
that x < y, and fix ¢/,j' € A and 2’ € Qyaj such that z € Qy, y € Q,+, and
<y 2 <jy. Asx € Qiniv, 2 € Quny, and x <y 2/, there exists t € Qinirnj
such that © <;jai t <pnj 2. Ast € Qinirnjr, Y € Qjnjr, and t <j y, there
exists z € Qinirajnj such that © <saeny 2 <jajr y. In particular, z € Qa5 and
r<; 2 <5 . 0

Lemma 4.3. The binary relation < defined above is a partial ordering of P. Fur-
thermore, Q; is a sub-poset of P, for all i € A.

Proof. Reflexivity is obvious. Now let x,y € P such that x < y and y < z. Fix
i, € A such that z € Q; and y € ;. By Lemma @, there are u,v € Qia; such
that © <; u <; ¥y <; v <3 @ Hence u <inj v <4iaj U, and so u = v, and therefore
T=u=y.

Now let 2 < y < zin P, and fix ¢,5,k € A such that ¢ € Q;, y € Q;, and
z € Q. By Lemma @, there are u € Q;n; and v € Qax such that z <; v <; y
and y <; v < 2. As u < v, there exists w € Qiajak such that v <;n; w <A v.
Hence z <; w <j z, and so x < z. Therefore, < is a partial ordering on P.

Finally, let i € A and let z,y € Q;. If x <; y, then x < y trivially. Conversely,
if x <y, then, by Lemma @, there exists z € Q; such that  <; z <; y, whence
x <; y. Therefore, x < y iff x <; y. O

Hence, from now on, we shall drop the index ¢ in <;, for ¢ € A. We shall call the
poset P the strong amalgam of (Q; | i € A).
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Lemma 4.4. Let 0 = (Q; |i € A) be a normal diagram of posets, with strong
amalgam P =J(Q; | ¢ € A). Then the following statements hold:
(1) Ifi < j implies that Q; <.c Q; for alli,j € A, then Q; <, P for alli € A.
(i) If ¢ < j implies that Q; <iny Q; for all i, € A, then Q; <iny P for all
1€ A.

Proof. (i). Let « € P, say x € @)}, for j € A, and let ¢ € A. By Lemma @, every
element of Q; below x lies below zq,,,; hence zq, exists, and it is equal to zq,,;-
Dually, 29 exists, and it is equal to 9. In particular, Q; <, P.

To ease notation, we shall from mow on use the abbreviations
Ty = 1@, and 2 =29 for allx € P and alli € A. Similarly,
we shall abbreviate v =q, y by x =; y and x <, y by v <; v,
for all x,;y € P and all i € A.

(ii). First, it follows from (i) above that Q; <, P. Now let x,y € P such that
x <y, we prove that either z =; y or r <; y. Fix j,k € A such that z € Q); and
Yy € Q. Suppose first that j = k. As Qinj <int @, either x =;0; y or v <ipnj y. As
tiy = t(iny) and @ = t0M) for all t € {z,y} (see proof of (i) above), this amounts
to saying that either x =; y or = <; y, so we are done.

In the general case, there exists, by Lemma @, z € Qjak such that © <; 2z < y.
Applying the paragraph above to the pairs (x, z) and (z,y), we obtain that either
T =; zorx<;z, and either z =; yor 2 <; y. If x =; z and z =; y, then = =; y.
In all other three cases, r <; y. O

Proposition 4.5. Let 0 = (Q; | i € A) be a normal interval diagram of lattices.
Then the following statements hold:
(i) The strong amalgam P =J(Q; | i € A) is a lattice.
(ii) Q; is a sublattice of P, for alli € A.
(i) For all i,j € A and all incomparable a € Q; and b € Q;, both a Vb and
a A\b belong to Qinj.

Proof. We denote by Vj (resp., Ax) the join (resp., meet) operation in @y, for all
k € A. We first establish a claim.

Claim. Let i,j,k € A with i,j < k and let (x,y) € Q; X Q;. If x || y, then both
Vi y and x Ay belong to Qinj-

Proof of Claim. If x =; y, then, as x € @;, we obtain that = y, which contradicts
the assumption that z || y; hence x #; y. As Q; <int Qk, it follows from Lemma E
that zV,y = 2D v, y@, and thus, as Q; is a sublattice of Qi, zVyy € @Q;. Similarly,
Vi y € Qj, and hence x Vi y € @Q;n;. The proof for the meet is dual. [ Claim.

Now we establish (iii). We give the proof for the meet; the proof for the join
is dual. Suppose that a || b, let 4,5 € A such that ¢ € Q; and b € Q;, and put
¢ = ainj) Ninj bing)- Of course, ¢ < a,b. Now let x € P such that z < a,b, we
prove that x < c¢. Pick k € A such that x € Qf and set m = iAjAk. By Lemma @,
there are a’ € Q;ar and b’ € Qjn such that 2 < o’ < a and z < b’ < b. Suppose
first that o’ | '. It follows from the Claim above that a’ A b belongs to Q,y,, thus
to Qinj. As x < a' AV < a,b, we obtain that z < a’ A, b < c.

Suppose now that a’ ~ ¥, say a’ < V'. By Lemma [1.9, there exists a”’ € Q,, such
that o’ <a” <V. If a” <a, then (as ¢’ < band ¢’ € Q;r;) @’ < ¢, and so x < c.
Asa £ a” (for a £ b), the only possibility left is a || a”. By the Claim above, a A; a”
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belongs to @,,, but this element lies below both @ and b, thus, again, below c. As
< a <aA;a’, we thus obtain that z < c.

Hence c is the meet of {a,b} in P, and so P is a meet-semilattice. Dually, P is
a join-semilattice; this establishes (i). In case a,b € Q;, we take i = j, and thus
¢ =aA; b, and so we obtain that @; is a meet-subsemilattice of P. Dually, Q; is a
join-subsemilattice of P; this establishes (ii). O

5. LOWER FINITE NORMAL INTERVAL DIAGRAMS; THE ELEMENTS x4 AND z°®

For a normal diagram o = (Q; | i € A) of posets, it follows from Definition [£.1](2)
that for every element 2 of P = | J(Q; | i € A), the set {i € A | x € Q;} is closed
under finite meets. In particular, in case A is lower finite (we shall say that the
diagram o is lower finite), there exists a least i € A such that x € ;. We shall
denote this element by v(x), and we shall call the map v: P — A the valuation
associated with the normal diagram o.

In this section, we shall fix a lower finite normal interval diagram o = (Q; | i € A
of lattices, with strong amalgam P = | J(Q; | ¢ € A). Tt follows from Proposition ﬁ
that P is a lattice.

Lemma 5.1. For all x € P\Qo, there exist a largest xo < x such that v(ze) < v(z)
and a least x* > = such that v(x®) < v(x). Furthermore, the following hold:

(i) v(xe) and v(z®) are comparable.
(ii) gulgmgz = max{v(z.),v(2*)}, both equalities x4 = x(;y and z* = (¥
old.
(iii) For ally € P such that v(z) £ v(y), x <y implies that 2* <y, andy < =
implies that y < x,.

Proof. Put A" ={i € A|i<v(z)}and X = {z |i € A'}. Asz ¢ Qo, the set X is
nonempty. As X is finite (because A’ is finite), it has a join in P, say .. It follows
easily from Proposition @ that v(ze) < v(z), whence z, is the largest element
of X. The proof of the existence of x® is similar.

As o < 2°, there exists y € Quz,)Av(xe) Such that zo <y < 2°. If 2 < y,
then, as v(y) < v(z), we get y = 2*, and thus v(z*) < v(z,). Similarly, if y < z,
then y = x,, and thus v(zs) < v(z*). Now suppose that z || y. It follows from
Proposition .3 that v(z A y),v(z Vy) < v(y) < v(x), thus, as 2 Vy < z* and
Te < x Ay, we get xVy = 2°* and x Ay = z,. By using the first equality,
we get v(z®*) = v(z Vy) < v(y) < v(zl.), while by using the second one, we get
v(ze) < v(x*®), and hence v(x,) = v(x*). This takes care of (i).

Now we deal with (ii). From v(z(;), v(x®) <i < v(z) it follows that Ty < To
and 2* < 2. As both z, and 2* belong to Q;, we get z(;) = x4 and z(V) = z°.

Let y € P with v(z) £ v(y). If 2 < y, then there exists z € Q,(z)nu(y) Such that
x <z <y, but v(z) < v(z), thus 2* < z, and so 2* < y. The proof for z, is dual.
This takes care of (iii). O

6. EXTENDING A P-MEASURE TO AN INTERVAL EXTENSION

Definition 6.1. Let S be a (V,0)-semilattice and let P be a poset. A map
w: P x P — Sis a S-valued p-measure on P, if p(x,z) < plx,y) V u(y, z) and
x < y implies u(x,y) = 0, for all z,y,z € P. The pair (P, pu) is a S-valued p-
measured poset.
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The inequality p(z,z) < p(z,y) V u(y, z) will be referred to as the triangular
inequality.

Notation 6.2. We shall always denote by P, @, ..., the underlying posets of p-
measured posets P, Q, .... For a p-measured poset P = (P, u), we shall use the
notation ||z < y||p = pu(x,y), for z,y € P. Elements of the form ||z < y||p will be
called Boolean values.

We shall define the distance function on a p-measured poset P by
lz = y||lp = |max{z,y} < min{z,y}| P, for comparable z,y € P.

Obviously, the distance function on P satisfies the triangular inequality
|l = zllp < ||z = yllp V |ly = z||p, for all pairwise comparable z,y,z € P.
Furthermore, the equality holds for > y > z.

For (V,0)-semilattices S and T and a (V,0)-homomorphism ¢: S — T, a S-
valued p-measured poset P, and a T-valued p-measured poset @, we shall say
that Q extends P with respect to ¢, if P is a sub-poset of @ and

le<ylle=¢(lz<ylp), forallz,yecP.

We shall then say that the inclusion map from P into @), together with ¢, form
a morphism from P to @, and define diagrams of p-measured posets accordingly.
(Obviously, we could have defined morphisms more generally by involving an order-
embedding from P into @), but the present definition is sufficient, and more conve-
nient, for our purposes.)

Until Lemma , we fix a distributive lattice D with zero and a D-valued
p-measured poset P. We are given an interval extension @ of P in which each
interval of @ of the form [zp,2¥], for * € @Q, is endowed with a p-measure
|- < —lljzp,r)- We assume compatibility between those p-measures, in the sense
that |27 = 2p|p = |27 = 2p||[pp o), for all 2 € Q. We define a map ||- < _||g
from @ x Q to D, by setting ||z < yll@ = ||z < yll[z,,»7] in case x =p y, and

lz <ylg = llz” <yrlp A (lzp <yrllp Ve = 2plppar)
A (2™ <yPllp Vil = yllyer)
<

Allzp <yPlle Vile = zpllppwr VYT = ylyeye),
(6.1)
if x Zp y.
The proof of the following lemma is straightforward.
Lemma 6.3. The new map |- < _|| extends the original one |- < _||p, and also

all maps of the form |- < _|ljzp 2P, for x € Q. Furthermore, for all x,y € Q, the
following statements hold:
(i) @ € P implies that ||z < yllq = = <yrlpA(lz <y"lIpVIY" = yllys 4r):
(i) y € P implies that ||z < yllq = ¥ < yllpA(llep < yllpVile = 2plp, or)-

Lemma 6.4. x <y implies that |z < y|lg =0, for all x,y € Q.

Proof. If x =p y, then ||z < yllg

= |l < y||[zp7zP] = 0. If z #p y, then, as
P <int Q, we get 2’ < yp, thus [|z” < yp|p =0, and so |z

yllg = 0. O
z||lq holds, for all

NN

Lemma 6.5. The inequality ||z < zllg < |z < yllo V |y
z,y,z € Q two of which belong to P.
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Proof. Suppose first that x,y € P. By applying Lemma .3 to ||z < z| g and
lly < z|l@, we reduce the problem to the two inequalities

lz < zpllp < |z <yllp Ally < zpllp,

o <zFllp < llz <yllp Ally <27,

which hold by assumption. The proof is dual for the case y, z € P.
Suppose now that x, z € P. By applying Lemma@ to ||z < yllg and ||y < 2| g,
we reduce the problem to four inequalities, which we proceed to verify:

lz < z||lp <|lz<ypllpVyr <z|p

<llz <yplp Vv ly" <zlp.

le < zllp < llz <wrllpVily

T < p <z
<llz<yrllpViye <zlpViy=yrlyry-
lo < zllp < llz<y"lpViy" <:zlp
<l < yPHP v ”yP <zlpv HyP = y||[yp7yp]'
e <zlp <llz<y"llpVIy" =yrlp Ve <:zlp
=lle <"l VIIY" = yllyeyr Vv =yprllyeys Ve < zlp.
Hence ||z < z[lp < [lz < yllg Vv < 2l 0

Lemma 6.6. The Boolean value ||z < yl/q lies below each of the semilattice ele-
ments ||z” <yplp , |zp <ypllpVie = zpllz, e 127 <yPlpVIYY = yllye .y
and |lzp <y"llp Ve = 2pllpper) V IYT = Yllyp ey, Jor all 2,y € Q.

Proof. This is obvious by the definition of ||z < y||Q in case x Zp y. lf © =p y,

then, putting « = 2p = yp and v = ¥ = y*, the four semilattice elements in the
statement above are respectively equal to [[v = u||p, || = ul|[u, |V = Yllju,0), and

lz = ulljuw) V IIv = Ylluw- As |lv = ullp = [|v = ul|[u.), we need to prove that
2 < yllju,0) lies below both ||z = ul|fy,.] and [[v =y, which is obvious (for
example, [z < Yl < 12 < lljuw) Vv < Yllue) = 2 = ullfu,)- O

Lemma 6.7. The inequalities ||lzp < yllg < ||z < yllg < ||2¥ < yllg and
lz <y"llq < llz <yl < llz <yrllq hold, for all z,y € Q.

Proof. As the two sets of inequalities are dual, it suffices to prove that
lzrp < yle < |z < yllg < ||l2¥ < yllg- As the conclusion is obvious in case
T =p vy, it suffices to consider the case where x Zp y. As, by Lemma @ the
equality

Iz <yllg = ll=” <wpllp A (l2” < y"llp Vily" = yllyp.ym)

holds, it follows from Lemma .4 that ||z < yllq < ||2¥ < yll@. Moreover, again
by Lemma @, the equality

lzp <yllg = lzr <ypllp A (lzr <y7lIlp VY = yllyr.ye)

holds, and so ||zp < yl|/q lies below each of the four meetands defining ||z < y||@
on the right hand side of (B.1), and hence ||zp < yllg < ||z < ¥llo- O
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Lemma 6.8. The inequalities ||z < yllg < l[[zp < yllQ V |z = 2p|ljzp2r) and
Iz <ylle < llz <y"le VIly" =ylys,y») hold. for all z,y € Q.

Proof. By symmetry, it suffices to prove the first inequality. Using the expression
of ||zp < yllg given by Lemma B.3(i), we reduce the problem to the following two
inequalities,

lz <ylle < llzp <ypllp V|7 =2p|[zp 27,
< <

lz <yl < llzp <y"lp Ve = 2pllppor) VIy" = yllye,yr),
that follow immediately from Lemma @ (I
Lemma 6.9. The inequalities |z¥ < yllq < |28 = 2|z, 27 V Iz < yllg and

I« < vrlla < 1y = ey V e < vllg hold, for all 2,y € Q.

Proof. By symmetry, it suffices to prove the first inequality. Suppose first that
r=py,put u=zp=yp and v =8 = y”. We need to prove that |[v = y|q@ <
lv = zllQ V |z < yllfu,v), which is obvious since [|[v = yllq = [[v = yllju,,] and
o =allg = l[v = ] .-

Now suppose that = Zp y. As in (B.1), |z < yq is the meet of four meetands,
so the first inequality reduces to four inequalities, which we proceed to prove:

2" <yllg < ll=" <yrlp (by Lemma @)
<2 =zl Vlz<yrlq (by Lemma p.3)
<2 =2l jpp0r) V2" < yplp (by Lemma [B.7).

(We have used the easy observation that |27’ = z|q = ||2F = T (zp,2P]-)

2" <yllg < =" <ypllp  (by Lemma [.7)

<|lz¥ =zpllp Vv |zp <yrlp
= |z" = #llppor) Viep <ypllp Ve = 2p || 2r)-
2" <yllg < 2" <y"llp v lly" = HQ (by Lemma [.5)
< H-T = xH[zP,zP] \ ||£E PHP N Hy y”[yp,yp]'
2" <ylg < 2 <y"llp VIly" =yle  (by Lemma.g)
<|lz” =zpllp Vlzr <y e VIly" = ylliyey)
= 2" = 2llwpary Ve <yTlp Ve =2plppwr) VYT = ylyeye)s

which completes the proof of the inequality

Iz < yllg < lla” = zlpery V Iz < yllo-
The proof of the inequality ||z < yprllq < [ly = ypllypyr V Iz < yllg is dual. O

Lemma 6.10. The inequality |z < z|l@ < [z < yllo V |y < z|lq@ holds, for all
x,Y,2 € Q.

Proof. This is obvious in case * =p y =p 2, as || < _||[z,,»7] IS @ p-measure. So
suppose that either x Zp y or y Zp 2, say * Zp y. Expressing the Boolean value
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|z < yllg as in (B.1), we reduce the problem to four inequalities, that we proceed
to prove:

e < 2llg < 12 < 2llg (by Lemma )
<|lz¥ <ypllp Ve < zlq (by Lemma [6.9)
< |lz¥ <ypllp Vy < Z|lg (by Lemma @)
lz < zllq < lzp < zllq Vo = 2pljzp or) (by Lemma B.§)
<llzp <ypllpViyr <zl Vllz = 2P|z, r)  (by Lemma b.5)
<llzp SypllpVlz =2p|[2pr VY < 2l (by Lemma @)
Iz < zllq < ll2” < zllq (by Lemma [.7)
<|z" <y"llp vIy" < zllq (by Lemma f.9)

<|[2” <y"lp VIly" = yllyryr) Vv <zle  (by Lemma .g).

lo <zl < o < 2llg Ve = epllpery  (by Lemma )
<llep <y"llpVIy" <zllp Ve =zplizp.ry  (by Lemma B.5)
<llzp <ylle Vily" = yllyer) Ve = 2pllpper Vil < zllo
(by Lemma p.9).
This completes the proof. ([

So we have reached the following result.

Proposition 6.11. Let D be a distributive lattice with zero, let P be a D-valued
p-measured poset, and let (Q be an interval extension of P in which each interval
of Q of the form [xp,xT], for x € Q, is endowed with a p-measure || < Nzp,er)
such that [|z¥ = zp|p = |2 = xp||jz, 0r), for all x € Q. Then there exists a
common extension of all p-measures |- < _||p and || < _||[jz, ), for z € Q, to
a p-measure on @, given by (Ell) on pairs (x,y) such that x Zp y.

7. DOUBLING EXTENSIONS; THE CONDITIONS (DB1) AND (DB2)

For a poset A and a A-indexed diagram S = (S;,¢;; | i <jin A) of (V,0)-
semilattices and (V,0)-homomorphisms, we shall say that a A-indexed diagram
(Q; | i € A) of p-measured posets is S-valued, if Q, is Si-valued and Q; extends Q;
with respect to ; ;, for all ¢ < j in A.

We shall also use the convention of notation and terminology that consists of
extending to p-measured posets the notions defined for posets, by restricting them
to the underlying posets and stating that the poset extensions involved preserve the
corresponding p-measures. For example, we say that a p-measured poset @ is an
interval extension of a p-measured poset P, in notation P <;j,; Q, if Q extends P
and the underlying posets (see Notation @) satisfy P <i,x @. In particular, a
normal interval diagram of p-measured lattices is a diagram of p-measured lattices
whose underlying posets form a normal interval diagram.

Definition 7.1. Let P and Q be p-measured posets such that P <,. Q. We say
that Q is a doubling extension of P, in notation P <g, Q, if ||z = zp|| ~ ||2F =z,
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for all z € Q. Equivalently, either ||z = xp| = ||z = zp|| or |2 = zp| =
|zf = z||, for all x € Q.

The following lemma shows that under mild assumptions, doubling extensions
are transitive.

Lemma 7.2. Let P, Q, and R be p-measured posets. If P <,. Q <;c R, P <int R,
and P <gp Q <gp R, then P <4, R.

Proof. Let x € R, we prove |z = zp| ~ [|2F = z|. As Q <aq» R, we get
|z = zgl|l ~ ||z° = z||. Hence, if {zg, 29} C P, then zp = 2o and ¥ = 2%, thus
we are done. Suppose that {z¢, 29} € P, say 9 ¢ P. As P <jpy Rand z ~ 29, it
follows from Lemma R.q that = ~ (29)p. If z < (29)p, then, as (2z9)p < 29 and
(z9)p belongs to P, we get 2@ = (z¥)p € P, a contradiction; hence (z%)p < z.
As zp < (29)p and (z¥)p € P, we get (29)p = zp. As P <qp Q, we get
|zF = 29| ~ |9 = 2 p||. But this also holds trivially in case ¢ € P, so it holds
in every case. So we have proved the following:

lz” = 22| ~ [|29 = zp]. (7.1)
The dual argument gives

log = zp|l ~ |2 = zq]. (7.2)
If |2¥ = z¢| < |lzg = zp||, then we get ||zg = zp|| = ||z¥ = xp|, and thus
|z = 2p|| = ||2¥ = xp||, and we are done. Dually, the same conclusion follows

from ||29 = xp|| < |l2¥ = 29|.
By (7.1) and (F.9), it remains to consider the case where both inequalities
lzg = zp| < ||z = z¢]| and |2 = 29| < |29 = zp|| hold, in which case

a2 = 2]l = ¥ = wqll = 127 = apl. (73)
From Q <gp, R it follows that ||[2¥ = z|| ~ ||z = 2¢]|. Suppose, for example, that
|z = zq| <||z%¥ = 2. Hence ||2% = z| = |29 = 2¢]|, and we get
lz” = zf| = ||l2” = 2%|| v [|2? = 2|

= [lz” = 29| v 29 = ]|

= " = zq]
= la” = xp| (see (£3))
> o = ap|. O

From now on until the end of this section, we shall fix a finite lattice A with
largest element ¢, a A-indexed diagram D = (D;,;; | < j in A) of distributive
lattices with zero and (V, 0)-homomorphisms, a D|_,-valued normal interval dia-
gram (Q, | i < ¢) of p-measured lattices. In addition, we assume that the following
statements hold:

(DB1) Q; is a doubling extension of @;, for all i < j < /.

(DB2) Foralli < fandall z,y € Q; with v(x) £ v(y), [z = z.|lQ, = ||2° = z.| @,
implies that [ < yllq, = [l2* < yll, and [[z* = z|q, = [z* = z.[lq,
implies that ||y < zllq, = [y < =.]|q,-

As usual, we denote by P = |J(Q; | i < £) the strong amalgam of (Q; | i < £).
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Remark 7.3. Tt suffices to verify (DB2) in case z || y. Indeed, let x,y € @; such
that v(z) £ v(y) and ||z = z.|| = ||2* = z.|| (to ease the notation, we drop the
indices Q;). If z < y, then, by Lemma EI, z® <y, thus ||z <yl = ||z* <yl =0.
If y < z, then, again by Lemma EI, y < o, and so

[ <yl = [le= 2ol V [ze =yl (because y < x4 < )
= [[2* = zo|| V [lze = y]| (because [[2°* = || = [ = z.]|)
= [[=* <l
The proof that  ~ y and v(z) £ v(y) and ||z* = z|| = ||2* = x.|| implies that
ly <zl = lly <z is dual.

Notation 7.4. We add a largest element, denoted by 1, to Dy, and for all z,y € P,
we define an element [z < y] of D, as follows:

e < 4] = {w(lw <yle). ifv(z)Vuly) <i<d, (14

1, otherwise.

It is obvious that the value of [z < y] defined in the first case is independent of the
chosen i such that v(z) V v(y) <i < £. We also put

[z = y] = [max{z,y} < min{z, y}], for all comparable x,y € P.

Lemma 7.5. The elements [z = x(;] and [z9 = z] are comparable, for all z € P
and all i < £. Furthermore, [z* = z] ~ [x = xa], for all x € P\ Q.

Proof. Let x € P. As x € Q; for some j < {, we get z(;) = T(;n;) and z() = g9
(see Lemma [£.4(1)). As Q;n; <ab Qj, weget ||z = z(irj)llq, ~ || (79) = z|lq,, that
is, |z = z@llq, ~ lz® = z|l@,, and thus, applying ¢;¢, we obtain the relation
[v = 23] ~ [+ = ].

It follows from Lemma .1 that v(z,) and v(z*) are comparable and that, if i
denotes their maximum, then e = x(;) and z* = 2. By applying the result of
the previous paragraph, we obtain [z® = z] ~ [z = z.]. O

Now we put

P ={reP\Qo|[z=2]=[z*
P ={reP\Qo|[z*=a] =[z*

zo]},
Zo]}-

If = belongs to Q; \ Qo, then z°, x4 € Q;. Hence, both [z = z.] and [z* = z]
are evaluated by the formula giving the case v(z) V v(y) < £ of (7.4). Therefore, it
follows from Lemma IE that P\ Qo = P® U P°.

8. STRONG AMALGAMS OF P-MEASURED POSETS; FROM [z < y] TO |z < y||

From now on until Lemma , we shall fix a finite lattice A with largest ele-
ment ¢, a A-indexed diagram D = (D;, @5 ; | # < j in A) of finite distributive lattices
and (V, 0)-homomorphisms, a D[, -valued normal interval diagram (Q; | ¢ < £) of
p-measured lattices. Furthermore, we assume that the conditions (DB1) and (DB2)
introduced in Section ﬂ are satisfied.

We denote by P the strong amalgam of (Q; | i < £) and by p(x) the height of v(z)
in A, for all z € P.
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Lemma 8.1. For every positive integer n and aoll elements xo,x1,...,2, € P,
v(zo) Vv(zn) < £ implies that [ro < zn] <V, [2i < 2i4a].

Proof. We argue by induction on the pair (n, Y., _, p(zx)), ordered lexicographi-
cally. The conclusion is trivial for n = 1.

Now suppose that n = 2. If either v(zg) V v(x1) = € or v(z1) V v(a2) = ¢, then
the right hand side of the desired inequality is equal to 1 and we are done; so sup-
pose that v(zg) V v(z1),v(x1) Vv(ze) < L. If v(xy) < v(xo) Vv(zs), then, putting
k =v(xo) Vv(xz) (which is smaller than £), all the Boolean values under consider-
ation are images under ¢y, ¢ of the corresponding Boolean values in @, so the con-
clusion follows from the inequality [|zo < 22(q, < [lzo < 71llq, V |21 < 22]q, (We
will often encounter this kind of reduction, and we will summarize it by “everything
happens below level k7). Now suppose that v(z1) £ v(zo) V v(zz2). In particular,
1 ¢ Qo and v(z1) £ v(xg),v(z2). By Lemma ﬁ, z1 belongs to P® U PO, If
x1 € P® then, as v(z1) Vv(xa) < £ and by (DB2), [z1 < 22] = [(z1)® < 2], hence

< (1)°] Vv [[( < 22]  (by the induction hypothesis)
[xo < 1] V [21 ]] (because [xo < (21)°] < [zo < 71])

so we are done. The proof is symmetric in case z; € P®. This concludes the case
where n = 2.

Now assume that n > 3. It v(z;) V v(x,41) = ¢ for some i < n, then the right
hand side of the desired inequality is equal to 1 and we are done, so suppose that
v(xz;)Vv(aipr) < £ for all i < n. Suppose that there are ¢, j such that 0 <i < j <n
and 2 < j — 4 < n such that v(z;) V v(z;) < £ It follows from the induction
hypothesis that [z; < z;] < Vi§k<j [xx < zk+1]- Hence, using again the induction
hypothesis, we get

[zo < xp] < \/ [zr < zpga] V [z < 5]V \/ [zr < Tg41]
k<i i<k<n

so we are done again. Hence suppose that 0 < ¢ < j <n and 2 < j —1 < n implies
that v(x;) Vv(z;) =4, for all 4, j. As v(x1) Vv(z,) = ¢ while v(z) Vi (z,) < £ (we
use here the assumption that n > 3), we get v(z1) £ v(zo). Asv(x2)Vr(xs) < £ and
v(z1) Vv(xs) =L, we get v(z1) % v(z2). Hence, if 21 € PP, then, as v(z1) £ v(z2)
and by (DB2), [z1 < z2] = [(#1)* < 2], and hence, by using the induction
hypothesis and the obvious inequality [zo < (21)°] < [zo < 1] (“everything there
happens below level v(zg) V v(z1)”), we get

[wo < 2] < [wo < (20)°]V [(21)* < @]V \/ [0 < wiga]

2<4i<n

IN

\/ [zr < Trt1],

k<n

so we are done. If 1 € P°, then, as v(z1) £ v(xo) and by (DB2), [zo < 21] =
[xo < (z1)e], hence, by using the induction hypothesis and the obvious inequality
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[(z1)e < @2] < [z1 < 22], We get

[zo < 2n] < o < (21)e] V [(21)s < @2] V \/ [z < @]
< \/ [rx < wxi1],
k<n

so we are done. As z1 € P® U P® (see Lemma E), this completes the induction
step. ([l

Notation 8.2. We put
P(z) = {t € P | v(t) < v()},
P9(z) = P(2) N P%, P9(z) = P(2) N P°,
for all z € P. Furthermore, for all x,y € P, we define

le <yll* = A(le < VIE<y] |t € P(y)), (8.1)
le <yllm = A(le < VIE<y] |t € P(a)), (8.2)
lz <yl* = A(le <ulVIu<o] VI <yl | {u0) € PO(z) x PE(y)),  (8.3)
le <yl =Tz <yl Alle <yl Alle <y~ Allz <yl (8.4)

(All meets are evaluated in Dy, the empty meet being defined as equal to 1.) We
observe that the meet on the right hand side of (B.J)) may be taken over all t € P(y)
such that v(z) V v(t) < £ indeed, for all other ¢ € P(y), we get [z < t] = 1.
Similarly, the meet on the right hand side of (B.J) may be taken over all t € P(z)
such that v(t) V v(y) < £, and the meet on the right hand side of (B.3) may be
taken over all (u,v) € P°(z) x P®(y) such that v(u) V v(v) < L.

Lemma 8.3. |z <yl <[z <t] V[t <y], for all z,y,t € P.

Proof. We argue by induction on p(x) + p(y) + p(t). If v(z) Vv(t) = € or
v(t) Vv (y) = £ then the right hand side of the desired inequality is equal to 1 so we
are done. Suppose, from now on, that v(z) Vv (t), v(t)Vr(y) < L. Ifv(z)Ve(y) </,
then it follows from Lemma B.1] (for n = 2) that [z < y] < [z < t] V [t < y], so we
are done as ||z < y|| < [z < y]. Now suppose that v(z) V v(y) = £. In particular,
x,y & Qo. If t € Qo, then t € P(y), thus

lz<yll <z <yl <[z<t] VIt <yl

So suppose that ¢ ¢ Qo. If v(x) < v(t), then “everything happens below level
v(t) Vv(y)” (which is smaller than ¢), so we are done. The conclusion is similar in
case v(y) < v(t).

So suppose that v(z),v(y) £ v(t). If v(t) < v(y), then v(t) < v(y) (because
v(y) £ v(t)), thus ¢t € P(y), and thus

lz<yll<lz<yl <[z<tVIE<y]

so we are done. If t € P9 and v(t) £ v(y), then, by (DB2), [t < y] = [¢t* < y], and
thus
le <yl <Jxe <t°]VI]E* <y (by the induction hypothesis)
<[z<tVvIt<yl
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so we are done again. This covers the case where t € P®. The proof is symmetric
for t € P°. O

Lemma 8.4. |z <y|| <[z <u] V] u<v]V]v<y], for all z,y,u,v € P.

Proof. We argue by induction on p(z)+p(y)+p(u)+p(v). If either v(z)Vv(u) = £ or
v(u)Vr(v) = Lor v(v)Vr(y) = £, then the right hand side of the desired inequality is
equal to 1 and we are done. So suppose that v(z)Vv(u),v(u)Vr(v),v(v)Vr(y) < L.
If v(z) Vv(v) < £, then, by Lemma B.1|, we get [z < v] < [z < u] V [u < v], and so
le <yl < o <ul Vo <4l (by Lemma )
§[[x<u]]\/[[u< o] V v <yl
The conclusion is similar for v(u) V v(y) < £. So suppose that v(z) V v(v) =
v(u) V v(y) = £. In particular, v(z) ¢ v(u), v(y) £ v(v), and v(u) || v(v), so
x,y,u,v ¢ QO-
Suppose that uw € P®. As v(u) £ v(v) and by (DB2), we get [u < v] = [u® < ],
hence
llz <yl <u]Vu*<v]V[v<y] (by the induction hypothesis)
<u]Vu<o]Vv<y] (because [z < u®] < [z < u]).
Suppose that u € P® and v(u) £ v(z). As v(z) £ v(u), we get v(u) £ v(z), thus
[x < u] = [z < ul], and so
lz <yl <[z < ue] V[ue <v]V[v<y] (by the induction hypothesis)
<[z <u]V]u< ]]\/[[v Y] (because [ue < v] < Ju < v]).

<[z
<[z

The case where either v € P or (v € P® and v(v) £ v(y) is symmetric. The only
remaining case is where u € P®(x) and v € P®(y), in which case

lo <yl < lle <ol < [r<ul V< o] Vo < O
Consequently, we get the formula
lz < y||—/\([[:13 ul VIu<o]Vv<y]|uveP), for all z,y € P. (8.5)
Lemma 8.5. ||z < z|| < |lz <yl V[y < 2], for all z,y,2 € P.

Proof. If v(y) V v(z) = £ then [y < z] = 1 and the conclusion is trivial. Suppose
that v(y) V v(z) < £. A direct use of Lemma yields the inequality ||z < z| <
[z <y]V [y < 2], while a direct use of Lemma together with the distributivity
of Dy yields that ||z < z|| < |lz < y||TAllz < y|~ V[y < z]. It remains to establish
the inequality ||z < z|| < ||z < y||* V [y < z], which reduces, by the distributivity
of Dy, to proving the inequality

le<zl<[e<u]vu<o]vv<y] vy <z, (8.6)
for all (u,v) € P°(x) x P®(y). From v(v) < v(y) it follows that [v < 2] <
[v<y]V]y<Z] (“everything there happens below level v(y) V v(z)”), and hence

lz <z <[z <u]V[u<v]V]v<Z] (by Lemma B.4)
<[[z< IVI gv]]\/ v<y]Vy<=z
which completes the proof of (B.6). O

Lemma 8.6. ||z < z|| < ||z < y|| Vy < 2|, for all x,y,z € P.
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Proof. For elements u,v € P, we get, by three successive applications of Lemma @,
the inequalities

T < x < <
[z <ol < flz <uf V]e<
lz <2 < flz <ol Vv <
Hence, combining these inequalities, we obtain

e <2 < o <yl VIy<ulVu<o] Vo< 2]
Evaluating the meets of both sides over u,v € P and using (the easy direction of)
(B-) yields the desired conclusion. O

As a consequence, we obtain the following simple expression of ||z < y||.

Corollary 8.7. The Boolean value ||x < yl|| is equal to the meet in Dy of all
elements of Dy of the form

[* <z1]V[er € 22] Voo V]zn—1 < 9], (8.7)

where n is a natural number and zg, 21, ..., zn € P such that zo = x, z, = y, and
v(z) V(ziz1) < £ for all i < n. Furthermore, it is sufficient to restrict the meet
to finite sequences (zp, 21, 22, 23) (s0o n = 3).

Proof. Denote temporarily by ||z < y||* the meet in D, of all elements of D, of
the form (B.7). An immediate application of the easy direction of (B.5) yields the
inequality ||z < y||* < ||z < y||. Conversely, for every natural number n and all

20, %1, - -5 2n € P such that zo = z, 2z, = y, and v(z;) V v(zi41) < £ for all i < n,
lz <yl < \/ lz; < zig1]] (by Lemma @)
<n
< Vlzi < 2i44] (because ||z; < zi1|| < [z < 2zit1]),
i<n
which concludes the proof of the first part. The bound n = 3 follows from the easy
direction of (B.5). O

As an immediate consequence of Lemma @, we obtain that the equality
lz < yl| = [x < y] holds for all z,y € P such that v(z) V v(y) < ¢. Hence
we obtain the following lemma.

Lemma 8.8. The p-measure |- < _|| extends the p-measure |- < _||q, with
respect to p; ¢, for all i < 0.

Definition 8.9. The strong amalgam P = |J(Q; | ¢ < ¢), endowed with the p-
measure |- < _|| constructed above, will be called the strong amalgam of the
family (Q, | i < {) with respect to D.

So we have reached the main goal of the present section.

Proposition 8.10. Let A be a finite lattice with largest element £, let
D = (D;, ;|1 <jinA) be a A-indexed diagram of finite distributive lattices
and (V,0)-homomorphisms, and let (Q; | i < {) be a D[, -valued normal interval
diagram of p-measured lattices satisfying (DB1) and (DB2). Then the strong amal-
gam P of (Q; | i < £) (see Definition B.9) is a Dy-valued p-measured lattice, which
extends Q, with respect to @; ¢, for all i < £.
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Lemma 8.11. Under the assumptions of Proposition , the p-measured poset P
is a doubling extension of Q;, for all i < L.

Proof. An immediate consequence of Lemmas @ and @ O

The goal of the following lemma is to propagate the assumption (DB2) through
the induction process that will appear in the constructions of Theorems and .

Lemma 8.12. For all x,y € P, the following statements hold:

(i) (v(z) £ v(y) and x € P®) implies that ||z < y|| = [|z* <yl

(i) (v(y) £ v(z) and y € P®) implies that ||z < y|| = ||z < yal|.
Proof. As (i) and (ii) are dual, it suffices to establish (i). We first claim that for
all z € P% and all y € P, v(z) £ v(y) implies that [2* < y] < [z < y]. Indeed,
the equality holds by assumption (DB2) in case v(x) Vv (y) < £. If v(z) Vr(y) = ¢,
then [z < y] = 1 and we are done again.

Now let z € P® and y € P such that v(z) £ v(y), we must prove that [Jz* < y|

lies below [z < y], |z < y||T, [z < y||~, and ||z < y|*.

o <yl <l <l (see E)
<[z <y (as v(z) £ v(y) and by the claim above).
Now let t € P(y).
le* <yl <l <AVIE<yl  (by Lemma E3)
<[z <tV[E<y] (as v(z) £ v(t) and by the claim above).
Evaluating the meets of both sides over t € P®(y) yields ||z* < y|| < ||z < y|™.

A similar (but not symmetric!) proof yields [|z® < y|| < ||z < y||~. Finally, let
u € P9(z) and v € P®(y). Then

lz* <yl < [2* <u] VIu<o]VIv<y] (by Lemma[.4)
<[z<u]Vu<v]Vv<y] (asv(z) £ v(u) and by the claim above),

hence, evaluating the meets of both sides over (u,v) € P9(z) x P%(y), we get
lz* < y| < ||z < y||*, which completes the proof. O

9. CONSTRUCTING A P-MEASURE ON A COVERING, DOUBLING EXTENSION OF A
STRONG AMALGAM OF LATTICES

Let A, D, and (Q, | i < {) satisfy the assumptions of Proposition B.1(, with
strong amalgam P (see Definition B.9). By Proposition B.1(, |- < _||p is a D-
valued p-measure on P, which extends each p-measured lattice Q; with respect to
the corresponding (V, 0)-homomorphism ¢; ;.

Now we let ) be a covering extension of P. Furthermore, we assume that each

closed interval [xp, 27 of Q, for z € Q, is endowed with a p-measure |- < _|/[z 7]
such that

|z =2p|lp.ar) ~ 127 = 2| p 2P, for all z € Q, (9.1)

127 = 2pllep0r) = ll27 = 2p|p, for all z € Q. (9:2)

(Observe that the notation ||z” = zp|/p in (P.2) above does not involve the full
definition of the strong amalgam given in Definition @: indeed, from P <., @
it follows that zp <p z’; as P is the strong amalgam of (Q; | i < £), zp and z¥
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belong to some Q;, and so we can just put ||z” = zp|p = @ie(||z” = zpllq,),
which is independent of the chosen i.)

The goal of the present section is to extend |- < _||p to a p-measure on Q such
that, setting Q, = @, the extended diagram (Q; | ¢ < {) satisfies the assumptions
of Proposition .

We need to verify several points. First, for all ¢ < ¢, as Q; <int P and P <oy @,
we obtain from Lemma @ that Q; <int Q. Ttem (3) of Definition EI for the
extended diagram (Q, | ¢ < ¢) follows from the definition of the ordering of P, (see
Section [). Further, the new valuation on the extended diagram (Q; | i < ¢) extends
the original one (so we shall still denote it by v), and v(z) = £ for all z € Q \ P. In
addition, the elements x, and ® (see Lemma .1 remain the same for 2 € P\ Qo,
while 2z, = zp and 2* = 2F forallz € Q \ P.

Now we denote by || < _|q the p-measure that we constructed in Section f§
(see Proposition f.11), extending || < _ | p and all p-measures ||_ < _ Iz p,aP)» for
x € Q—this is made possible by (p.2). It follows from the assumption (@) that
|lz¥ = z||@ ~ ||z = zp| @, for all z € Q; that is, Q is a doubling extension of P. As
Qi <int @ and by Lemmas and (applied to the extensions Q, < P < Q),
we obtain that Q is a doubling extension of Q;. This takes care of extending (DB1)
to the larger diagram.

It remains to verify that (@, | i < ¢) satisfies (DB2). So let z,y € @ such

that v(z) £ v(y), we need to verify that ||z = z|l@ = [|2° = xe|/@ implies
that [z < yllo = [l2° < yll@ and [2° = zllq = [|+* = .|l implies that
ly < zllg = |ly < zellg- We prove for example the first statement. From

v(z) £ v(y) it follows that y € P. If # € P then we are done by Lemma B.13,
so the remaining case is where z € @ \ P. Observe that z, = zp and z*® = zP. As
y € P, the Boolean value ||z < yl|q is given by Lemma f.3(ii). Hence proving the
inequality ||z® < yll@ < ||z < y|l@ reduces to proving that ||z”" < y|/q (of course
equal to [l2F < y| p) lies below both [|z” < yllp and [|zp < yllpV |z = 2P|z, 27)-
The first inequality is a tautology, and the second one is proved as follows:

lzf <yllp < ||z¥ =zp|p V ||lzp <ylp (because ||— < _||p is a p-measure)
=z =zrlleVlzr <ylp (because [lz = z.[lQ = [l2°* = 4]lq)
=z =zplpp.r) Vlzr <yllp

As the inequality ||z < y|l@ < [|z° < y|l@ always holds, we have proved the equality,
and hence the extended diagram (Q, | i < ¢) satisfies (DB2). So we have reached
the following theorem, which is the main technical result of the present paper. It
refers to the conditions (DB1) and (DB2) introduced in Section fj.

Theorem 9.1. Let A be a finite lattice with largest element ¢, let
D = (D, ;5|1 <jinA) be a A-indexed diagram of finite distributive lattices
and (V,0)-homomorphisms, and let (Q; | i < {) be a DI, -valued normal interval
diagram of p-measured lattices satisfying (DB1) and (DB2). Let Q be a cover-
ing extension of the strong amalgam P of (Q; |i < £). Furthermore, we assume
that for all x € Q, the closed interval [xp,x"] of Q is endowed with a p-measure
- < —lljzp2r) (depending only on the interval [xp,x"]) such that

lz = 2pllzpar) ~ 127 = @llppery and |lz” = 2pllppery = 27 = zp]p.

Then there exists a Dy-valued p-measure on Q extending all p-measures || - < _||(zp,27)
such that, defining Q, as the corresponding p-measured poset, the extended diagram
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(Q; |t <) is a D-valued normal interval diagram of p-measured posets satisfying
(DB1) and (DB2).

This result makes it possible to state and prove our main theorem.

Theorem 9.2. Let A be a lower finite lattice and let D = (D;, i |1 < j in A) be
a A-indezed diagram of finite distributive lattices and zero-separating (V,0,1)-ho-
momorphisms. Then there exists a D-valued normal interval diagram (Q; | i € A)
of finite p-measured lattices satisfying (DB1) and (DB2) together with the following
additional conditions:

(i) For alli < j in A and all x < y in Q;, there exists z € Q; such that
r<z<y.
(ii) |ly = z|q, is join-irreducible in D;, for alli € A and all x <y in Q.
(ili) For alli € A and all p € J(D;), there exists x € (QQ; such that 0 <g, = and

[z =0llq, =p-

Proof. We construct Q, by induction on the height of 4 in A. After possibly adding
a new zero element to A, we may assume that Dy = {0, 1}, so we take Qo = {0, 1},
with the p-measure defined by [|1 = 0||g, = 1. Put A, = {i € A | height(i) < n}
and denote by D(,) the restriction of D to Ay, for every natural number n. Sup-
pose having constructed a D(,)-valued normal interval diagram (Q; | € A,) of
finite p-measured lattices satisfying (DB1), (DB2), and Conditions (i)—(iii) of the
statement of the theorem, we show how to extend it to a D, 1)-valued normal
interval diagram of finite p-measured lattices satisfying (DB1) and (DB2). In order
to propagate Item (2) of Definition EI, we shall add the induction hypothesis that
every z € |J(Q; | i € Ay,) can be written in the form (Z,v(x)), where v denotes the
valuation associated with the diagram (Q; | i € A,,).

Let £ € Apt1 \ A, and denote by P, the strong amalgam of (Q, | i < ¢) with
respect to D given in Definition @ It follows from Proposition @ that P, is a
lattice and every @Q;, for i < £, is a sublattice of P;. For z < y in P;, we put

loye={p€J(L)|p<|ly==z|p,} (that we shall sometimes simply denote by 1),
By ye=PB(Lsy.0) (the powerset lattice of 15 4.0),
Q. vt = {X,0) | X Cly,U{(1,Y) | Y C1,,.} (asublattice of By ¢ X By y,r).

)

Hence Qz,y,l can be viewed as the ordinal sum of two copies of the Boolean
lattice By e, with the top of the lower copy of By, (namely, (X,0) where
X = 1;,4.¢) identified with the bottom of the upper copy of B, ¢ (namely, (1,Y)
where YV = @). As z <p, y, there exists i < ¢ such that z,y € Q,;. By in-
duction hypothesis (Condition (ii)), ||y = z|/q, > 0, thus, as ;¢ separates zero,
ly = zllp, = vi(lly = z|lg,) > 0, and thus 1, , , is nonempty.

We endow @, , , with the p-measure ||_ < _||;,,¢ defined by

1{X0,0) < (X1,0)|y.e = \/ (Xo \ X1),

11, Yo) < (1, Y1) l|aue = \/ (Yo \ Y2),
1(X,0) < (1,Y)||aye = 0,
1(1,Y) < (X, 0)]|aye = \/(CXUY),
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(where we put 0X = Q, ,,\ X), for all X, Xo, X1,Y,Yy,Y; C 1 (it is easy to verify
that this way we get, indeed, a p-measure on Qm,yl). Further, we put

Q/m,y,ﬂ = @z,y,l \ {<®a 0>7 <1a 1>} (“truncated @x,y,é”>a

Qz,y,l = Q/z,y,é x {g}v
where Q; y.¢ 18 endowed with the restrictions of both the ordering and the p-measure
of ijy ¢ and Qz 4 ¢ is endowed with the ordering and p-measure for which the map

t — (t,¢) is a measure-preserving isomorphism. So Qg4 ¢ is the result of applying
to @, , ¢ the following two transformations:

— Remove the top and bottom elements of @z,yﬁ get Q;,y,é'
— Replace t by (t,¢), for all t € Q;,yl; get Quy.e-

Put Q¢ = Pr+ Y (Quye | © <y in Py) (see (R.4)). Then Qy is an interval extension
of P; (see Lemma ﬁ) In fact, as Qg y,¢ is defined only for x < y in Py, the
poset Qg is a covering extension of Py (see Definition @) We shall still denote
by ||= < —||z,y,¢ the p-measure on @ , ¢ U {z,y} inherited from the p-measure on
@z,y,l' As Py is a lattice and [z,y]g, = Qe U{z,y} = @x,y,e is a lattice, for all
x <y in Py, it follows from Lemma E that Qg is a lattice.

Now we verify Conditions (P.1]) and (P.2) with respect to |- < _||p, and all
p-measures |- < _|lzy¢. Fix 2 < y in P;. Condition (P.1)) follows immediately
from the inequalities

(X, 0) = (2, 0)]

st =\ X <ly=2zlp, = [{1,1) = (X,0) 2.0,
st =\ (X) <y =z|p, = (1, X) = (2,0)]
for all X C 1, 4. Condition (@) follows from the equalities

11, 1) = (@, 0)lle.ge = \/ Lot = ly = 2],

Hence, by Theorem @, there is a p-measure on @y, extending all p-measures
l= < _llz,y.e, such that (Q; | ¢ <{) is a D<,-valued normal interval diagram of
p-measured lattices satisfying (DB1) and (DB2).

Now we verify Conditions (i)—(iii) of the statement of Theorem P.. Let i < ¢ and
let <y in Q;, we prove that z £A¢, y. If * Ap, y this is trivial, so suppose that
x <p, y. Pick any element z € Q, ¢ (e.g., z = ((1,0),¢), the ‘middle element’—
here we use the nonemptiness of 1;,¢); then z < z < y in Q. Condition (i)
follows.

In order to verify Condition (ii) at level Qy, it suffices to prove that ||[v = u||4,y,¢
belongs to J(Dy), for all z < y in Py and all u < v in @x,y,e- There are a proper
subset X of 1, ,, and an element p € X such that either (v = (X,0) and v =
(X U{p},0)) or (u=(1,X) and v = (1, X U{p})). In both cases, ||[v = u||gy¢ =D
belongs to J(Dy).

Now we verify Condition (iii). Let p € J(Dy) and pick k& < £in A. As p <
0re(1) = \V(pre(q) | ¢ € J(Dg)) and p is join-irreducible, there exists ¢ € J(Dy)
such that p < ¢ ¢(¢). By the induction hypothesis (Condition (iii)), there exists
x € Q such that 0 <o, « and ||z = 0||g, = ¢. Suppose that there exists y € Py
such that 0 < y < x, and let i < ¢ such that y € @Q;. As y < z, there exists
2 € Qinr such that y < 2 <z, As 0 < z < z with z € Q and 0 <, =, we
get z = x, and so x € Q. If i Ak < k, then, by Condition (i) on Dy, we get

I{1,1) = (1, X))

z,y,ls



POSET REPRESENTATIONS OF DISTRIBUTIVE SEMILATTICES 23

0 £@, =, a contradiction. Therefore, k =i Ak <4, but £ < ¢, and thus i = k. As
0<y<z, y€Qr and 0 <, z, we get again a contradiction. So we have proved
that 0 <p, . As p < ¢ie(q) = ||z = 0||p,, we get p € 1g 5. We consider the
element ¢ = (({p},0),£) of Qo,z¢ (s0 0 <t <z in Q). We compute

It =0llq, = lt{r},0) = (2,0)lloe.c = P,
which completes the verification of Condition (iii) at level £.

In order to verify that (Q, | i € A,41) is as required, it remains to verify that
(Qi | i € Any1) satisfies Ttem (2) of Definition [L.I]. So let 4,j € A,41, we need to
verify that Q; N Q; = Qin;. This holds by induction hypothesis for i,j € A,,. As it
trivially holds for ¢ = j, we assume that ¢ # j. If height(¢) = height(j) = n, then

Qi =P, Ul J(Qryi |z <yin P, (9.3)
Qi =P ulJ@Quylz=<yin Py, (9.4)
and thus, as i || 7,
QiNQ; =P P =JQsNQy |7 <i, j'<j)=Qir.
If height(i) = n while height(j) < n, then Q; is still given by (0.d), and so

QiﬂQj:PiﬂQj:U(Qi/ﬂQj|i/<i):QiAj,

which completes the verification of Item (2) of Definition [l.]. This completes the
proof of the induction step. (I

Corollary 9.3. For every distributive (V,0)-semilattice S, there are a (A, 0)-semi-
lattice P and a S-valued p-measure |- < _|| on P satisfying the following additional
conditions:
(i) lly==z| >0, for all z <y in P.
(ii) Forallz <yin P andalla,be S, if |y = z|| < aVb, there are a positive
integer n and a decomposition x = 2o < z1 < --- < 2z, = y such that either
|zit1 = zill < @ or ||zig1 = 2| < b, for alli < n.
(iii) The subset {||x =0|| | z € P} generates the semilattice S.

Furthermore, if S is bounded, then P can be taken a bounded lattice.

Proof. Suppose first that S is bounded. By a well-known result of P. Pudlak,
see [l Fact 4, p. 100], S is the directed union of its finite distributive (V,0,1)-
subsemilattices. Hence one can write S = lim,_  D;, where A is the (lower fi-
nite) lattice of all finite subsets of S X w, all the D; are finite distributive 0, 1-
subsemilattices of S, and the transition map from D; to D; is the inclusion map
for all 4 < j in A. Let (Q, | i € A) be as in Theorem P.2. Then the union of all the
p-measures || < _[|@, on @ = |J(Q; | i € A) is as required. Conditions (i) and (ii)
above follow from Condition (ii) in Theorem P.3, while Condition (iii) above follows
from Condition (iii) in Theorem .

In the general case, we apply the result above to S U {1} (for some new unit
element 1), and then, denoting by P the corresponding p-measured lattice, we set
Q = {x € P|||lx=0|| € S}, which is a lower subset of P. The restriction of the
p-measure of P to @ X @ is as required. O

The following easy result shows that distributivity cannot be removed from the
assumptions of Corollary .
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Proposition 9.4. Let S be a (V,0)-semilattice, let P be a poset, and let |- < _||
be a S-valued p-measure on P satisfying condition (ii) of Corollary E such that
the subset ¥ = {|ly = z|| | « <y in P} join-generates S. Then S is distributive.

Proof. Let ag,a1,b € S such that b < ag V a1, we find b; < a;, for i < 2,
such that b = by V by. Suppose first that b € 3, so b = ||y = x|, for some
z < y in P. By assumption, there are a positive integer m and a decomposition
x =120 <z <--- <z, =y such that for all i < m, there exists (i) € {0,1} with
21 = 2l < acy. Put b = V(|lzi41 = ) | i € =~ L{j}), for all j < 2. Then
bj §aj and b = ||y:1'H =by V by.

In the general case, b = \/(¢; | j <n) for a positive integer n and elements
Co,...,Cph—1 € X. By the above paragraph, there are decompositions ¢; = ¢;j0Ve¢; 1
with ¢;, < ay for all j < n and k < 2. The elements by = \/(c,x | j <n), for
k < 2, are as required. O

The following example shows that the conditions (DB1) and (DB2) cannot be
removed from the assumptions of Theorem @ The construction is inspired by the
one of the cube D, presented in [E, Section 3].

Example 9.5. Put A = PB(3) (the three-dimensional cube) and A* = A\{3}. There
are a A-indexed diagram B = (B, | p € A) of finite Boolean lattices and (V,0,1)-em-
beddings, whose restriction to A* we denote by B*, and a B*-valued normal interval
diagram (Q,, | p € A*) of finite p-measured lattices that cannot be extended to any
B-valued normal diagram of p-measured posets.

Proof. We first put Byo 1.2y = P(5) (where, as usual, 5 = {0,1,2,3,4}). Further,
we define elements ~; ; of P(5), for i < 3 and j < 4, by

70,0 = 10,4}, Y0,1 = {3}, Y0,2 = {2}, Y03 = {1,4};
Y1,0 = {074}5 Y1,1 = {154}5 Y1,2 = {2}5 71,3 = {374}a
v2,0 = {0,4}, 2,1 = {1}, V2,2 = {3}, V2,3 = {2,4}.

Observe that the equality 5 = |J(vi,; | 7 < 4) holds, for all i < 3.

We shall now define certain subsemilattices of (3(5),U,@). For {i,5,k} = 3,
we define By, ;; as the (V, 0)-subsemilattice of ((5), U, @) generated by the subset
{7k,0,7k,1,7k,2,’)’k,3}-

Further, for all i < 3, let By; be the (V,0)-subsemilattice of PB(5) generated by
{ai, Bi}, where we put

g = {0, 1,4}, 50 = {27354}a
o] = {0,3,4}, 51 = {17254}’
o = {0,2,4}, 62 = {13354}

At the bottom of the diagram, we put the two-element semilattice By = {&,5}.
Observe, in particular, that 5 is the largest element of B,, for all p C 3.

It is a matter of routine to verify that B, is a (V, 0, 1)-subsemilattice of By if
p C g, for all p,q C 3. In that case, we denote by ¢, ,; the inclusion map from B,
into By. Set

B= <<Bp’§0p7q> | p C q in P(3)),
B* = ((Bp, ¥p,q) | p € ¢ in P(3) \ {3}).
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Let @Qp, for p € A*, and P be the lattices diagrammed on Figure @ We observe
that (Q, | p € A*) is a normal interval diagram of finite lattices. We endow Qg

1 1 1 1
0 0 0 0
P

Qo Quy Qi)

FIGURE 9.1. The posets Qg, Qq}, Qi,j1, and P.

with the unique p-measure |- < _|| that satisfies |1 = 0|z = 5, the largest
element of By. For i < 3, we endow Q;3 with the unique p-measure |- < _[/{;}
that satisfies ||z; = 0[|(;3 = oy and [|1 = x|y = B. Finally, for {i,7,k} = 3, it is
not hard to verify that there exists a unique p-measure || < _||{; ;3 on Q; ;3 such
that [|z; < @l = 1 and |25 < @ill(i5) = Th,2-

Suppose that the B*-valued diagram (Q, | p € A*) extends to some B-valued
diagram (@, | p € A). Evaluating the Boolean values in Qg ; 2}, we obtain

[zo < 1]l = |70 < @1ll{0,1} = 2.1
lz1 < 22f| = [J21 < 22|12y = 70,1,
lzo < 22| = [|z0 < T2]|10,2) = V1,15
hence, by the triangular inequality, 71,1 C 70,1 U 72,1, a contradiction. O

10. COMPARISON WITH SEMILATTICE-VALUED DISTANCES

The main result of the present paper, Theorem @, is formally similar to one of
the results of [E], that states that every distributive (V,0)-semilattice is, functorially,
the range of a V-distance of type 2 on some set. By definition, for a (V,0)-semi-
lattice S, a S-valued distance on a set X is a map d: X x X — S such that
§(z,z) = 0, §(z,y) = 0(y,x), and §(x,z) < §(z,y) V o(y, 2), for all z,y,z € X.
Furthermore, § satisfies the V-condition of type 2, if for alla,b € S and all z,y € X,
if §(z,y) = a Vv b, then there are u,v € X such that é(z,u) V é(v,y) < a and
d(u,v) < b. As every distance on a set X is obviously a p-measure on X viewed as
a discrete poset, the problem of functorially lifting distributive (V,0)-semilattices
by p-measures does not appear as difficult. The main problems encountered in the
present work were (1) to get our posets connected (which is the case here as they are
meet-semilattices), and (2) to get the subset {|ly = z|| | <y in P} join-generating
the semilattice S under question.
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