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¨4RTdOi

Ω
|Vl ]VRTYIk!dOl<ZÂ]VZ

R
d å�]VZ�µ¶Q�RTlEijdXW�Q�Z ∂Ω

kTf�f�Z��mQ�h�«'|VUOdXW�Q�Z'å´¢zk!Q�ZxwBZ�Y�¢VUXZÂ]VZmi�ì4¢ÙZmç�dO¢<f�g�yVdOi+�6¢zk!Q
Y[RTQ�goZ�k!|Bw#M À l8goRTl<f�dX]VW�Q�Z-UXZ©¢VQ�RTSVUXW�Y[Z\]VZ`goRTl^n?Zog�ijdXRTlBÖ�]BdØ×�|<f�dXRTl�f�i�k!ijdXRTlVlzk!dOQ�Z-fj|VdOn'k!lEi�å

{
−ε∆u + φ.∇u + cu = f

]<k!l<f
Ω

u = 0
f�|VQ

∂Ω

ÒáLBMON)Õ

]VRTlEi�|Vl<Z`µ¶RTQjY[Z©n'k!Qjd§k!ijdXRTlVl<Z�UOUXZ\ZofjirU§kéfj|VdOnTk!l^i�Z'¬
, ÚjÏTà4Ì!ÍxÚ

u ∈ V = H1
0 (Ω)

Æ�ÍxÛ.-�à<Í

ε(∇u,∇v) + (φ.∇u, v) + (cu, v) = (f, v) ∀v ∈ V
ÒáLBMbL?Õ

RTä
φ, c

Z�i
f
f�RTl^ir]VZof�µáRTl<g�ijdXRTl<frfj|BqIf�k!Y�Y[Z�l^irQ�h�«'|VUOdXW�Q�Zof�åzZ�i

ε
|Vl8¢zk!Q�k!Y[W�ijQ�Z

> 0
M

À l8fj|V¢V¢ÙR'f�Z�Q�ké¢zk!Q�ZxwVZ�Y�¢VUXZ-{E|<ZI¬

0 < ε ≤ 1, φ ∈
(
W 1,∞(Ω)

)2
, c ∈ L∞(Ω), f ∈ L2(Ω),

ÒáLBMba?Õ

c ≥ 0,∇.φ = 0
¢�M ¢�M<]<k!l<f

Ω.
ÒáLBM s^Õ

c`k!l<f´UXZ`g�kTf�RTä ∇.φ 6= 0
å<RTlFfj|V¢V¢ÙR'f�Z�Q�ké{^|<Z

c − 1
2∇.φ ≥ 0

M
c©Z©YIk!lVdXW�Q�Z`¢VUO|<f�«?h�l<h�Q�k!UXZ'å<RTl�goRTl<fjdX]Vh�Q�Z�Q�k�UXZ©¢VQ�RTSVUXW�Y[Z\nTk!Qjd§k!ijdXRTlVl<Z�U&f�|VdOnTk!l^i�¬
, ÚjÏTà4Ì!ÍxÚ

u ∈ V
Æ�ÍxÛ.-�à<Í

a(u, v) = (f, v) ∀v ∈ V
ÒáLBMb�?Õ

RTä�U§keµáRTQjY[Z
a(., .)

ZofjiëSVdOUOdOl<h�k!dOQ�ZrgoRTlEijdOl^|<Z'åE¢zkTf¥l<hogoZof�f�k!dOQ�Z�Y[Z�lEi�fjì4Y[h�ijQjdX{E|<Z��
f ∈ L2(Ω)

Z�i�RTlI]VhofjdO«'l<Z�Q�k
¢zk!Q

(., .)
UXZ©¢VQ�R4]B|VdOirf�g�k!U§k!dOQ�Z\]<k!l<f

L2(Ω)
M

ç�Z¥¢VQ�RTSVUXW�Y[Z©ÒáLBMbL?Õ&Zofji�U§k�µáRTQjY\|VU§k!ijdXRTlén'k!Qjd§k!ijdXRTlVl<Z�UOUXZ�]#u |Vl�¢VQ�RTSVUXW�Y[Z²Z�UOUOdO¢VijdX{E|<Z�UOdOl<h�k!dOQ�Z�]B|�f�ZogoRTl<]\RTQ�]BQ�Z'å
k�n?Zog©goRTl<]BdOijdXRTl<f�k!|Bw[UOdOY�dOi�Zof²]B|i�ì4¢�Z�c�dOQjdXg�yVUXZ�i�y<RTY[RT«?W�l<Zof)MV¡²Zog�d�l�uvZofji²¢zkTfëQ�ZofjijQjdXg�ijdØµjå?i�RT|Vi�goZr{^|Vd�f�|VdOië¢ÙZ�|Vi
��ijQ�Zph�i�Z�l<]B|�å�fÊk!l<f�«'Q�k!l<]VZof�Y[R^]BdØæzg�k!ijdXRTl<f�åÙk!|Fg�kTf�]#ubk!|VijQ�ZofegoRTl<]BdOijdXRTl<f©k!|Bw�UOdOY�dOi�Zof�¬z]VZ\i�ì4¢�ZpcedOQjdXg�yVUXZ�iel<RTl
y<RTY[RT«?W�l<Zof)åzteZ�|VYIk!lVl�å�MOMOM

¨4RT|<f©UXZof©yEì4¢�RTijy<Wof�ZofIÒáLBMba?Õxå#RTlÂY[RTlEijQ�Z[{^|<ZéUXZ�¢VQ�RTSVUXW�Y[ZFÒáLBMbL?Õ©kT]BY[Z�i-|Vl<Z�f�RTUO|VijdXRTlÂ|VlVdX{^|<Zé¢ÙRT|VQei�RT|Vi
f ∈ L2(Ω)

Ò*n?RTdOQ�¢zk!Q�ZxwVZ�Y�¢VUXZ[ðON�s'ñ*ÕxM
ç�Zof�Q�hofj|VUOi�k!i�f8RTSVi�Z�l^|<fF]<k!l<f8goZmijQ�k�nTk!dOU-¢ÙZ�|Vn?Z�lEi/��ijQ�Z�«?h�l<h�Q�k!UOdXf�hofFk!|�g�kTf�]VZmµáRTQjY[Zof�SVdOUOdOl<h�k!dOQ�ZofF{^|Vd

f)uvhog�QjdOn?Z�lEi�f�RT|<f´U§k�µáRTQjY[Z�¬
a(., .) = as(., .) + b(., .)

RTäÁU§kmµ¶RTQjY[Z
as(., .)

Zofji�SVdOUOdOl<h�k!dOQ�Z�goRTlEijdOl^|<Z'å�fjì4Y[h�ijQjdX{^|<Z�Z�iIgoR^Z�Q�g�dOn?ZFfj|VQ
H1

0 (Ω)
å¥Z�i�U§kmµáRTQjY[Z

b(., .)
Zof�i

SVdOUOdOl<h�k!dOQ�Z\n?h�QjdØæ�k!lEie]VZof�yEì4¢ÙRTijy<Wof�Zof�{^|<Z©UãuvRTl8¢VQ�hog�dXf�Z�Q�ké|VUOi�h�QjdXZ�|VQ�Z�Y[Z�l^iéÒ*n?RTdOQrf�Zog�ijdXRTl8s[¢zk!«?Z10'ÕxM
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À lòf�ZIUOdOY�dOi�Z�ïFU§k8¢VQ�hof�Z�l^i�k!ijdXRTl�]B|òg�kTf�LTc Ò

d = 2
Õxå1|VlHg�kTféaTc f�Z�Q�kFdOUOUO|<fjijQ�h�]<k!l<fpU§k�f�Zog�ijdXRTl�~òÒ¶gxµêM

¢zk!«?Z�N�~?Õ²f�|VQ²UXZof�Q�hof�|VUOi�k!i�f´lE|VY[h�QjdX{^|<Zof�MVP1RT|VQr]BdXf�g�Q�h�ijdXf�Z�Q´UXZe¢VQ�RTSVUXW�Y[ZIÒáLBMb�?ÕxåVRTl�|VijdOUOdXf�Z©|Vl<Z-k!¢V¢VQ�R�w4dOYIk!ijdXRTl
¢zk!Qeh�UXh�Y[Z�lEi�f�æ<lVdXfegoRTlBµ¶RTQjY[Zof�M À l�goRTl<fjdX]VW�Q�Zp]#ubk!S�RTQ�]�|Vl<Z-ijQjd§k!lV«'|VU§k!ijdXRTlm«'Q�R'f�fjdXW�Q�Z TH

]VZ
Ω
Ò*UXZofeh�UXh�Y[Z�lEi�f

]VZpgoZ�iji�Z`ijQjd§k!lV«'|VU§k!ijdXRTlm¢�Z�|Vn?Z�l^i ��ijQ�Z\]VZofrijQjd§k!lV«'UXZofrRT|m]VZof�{E|zkT]BQjdOU§k!i�W�Q�Zof)å�gxµjM4æ<«'|VQ�ZpLBMbL?Õxå�Z�i�UXZ-f�RT|<fêÖ�Zof�¢zkTgoZ
]#uvh�UXh�Y[Z�l^i�f�æ<lVdXfekTf�f�R4g�dXh'¬

VH = {v ∈ C0(Ω) : v|T ∈ Pm(T ) ∀T ∈ TH , v = 0
fj|VQ

∂Ω}
RTä

Pm(T )
]VhofjdO«'l<Z©UãuvZofj¢zkTgoZ-]VZof�µ¶RTl<g�ijdXRTl<f´¢ÙRTUOì4l��TY�d§k!UXZofr]VZ-]VZ�«'Q�h\k!|�¢VUO|<f

m
fj|VQ´Uãuvh�UXh�Y[Z�lEi

T
M

ΓH

������� N ��ªmk!dOUOU§k!«?Zofr«'Q�R'f�fjdXZ�QpÒ
ΩH

Õ²Z�i�goRTY�¢ÙR'fjdOi�ZIÒ
Ωh
Õ

À l�fj|V¢V¢�R'f�ZeZ�l<f�|VdOi�Z`{E|�uvRTl8k�k.q[l<h©|Vl<Ze¢zk!QjijdXZ`]VZof�ijQjd§k!lV«'UXZofr]VZ TH
goRTl^i�Z�lE|<fr]<k!l<f�|Vl<Z©¢zk!QjijdXZ`RT|Vn?Z�Qji�Z

Ω1 ⊂ Ω
M À l8]VhofjdO«'l<Z`¢zk!Q

V1,H
Ò*Q�Zofj¢�M

V2,H
Õ�UXZ`f�RT|<fêÖ�Zofj¢zkTgoZ`]#uvh�UXh�Y[Z�lEi�fræ<lVdXfrkTf�f�R^g�dXh`ïégoZ�iji�Z`ijQjd§k!lV«'|VU§k!ijdXRTl

æ<l<Z8Ò*Q�Zof�¢�MÙ«'Q�R'f�fjdXW�Q�Z)Õ�]<k!l<f
Ω1

Ò*Q�Zofj¢�M
Ω2
ÕxM�¨4RTdOi

Γ
Uãu dOlEi�Z�QêµãkTgoZ�Z�lEijQ�Z�U§k�¢zk!QjijdXZ[k.q[l<hoZ�Z�i©U§k¢zk!QjijdXZé«'Q�R'f�fjdXW�Q�Z

]B|�]VRTYIk!dOl<Z�Ò¶gxµjM4æ<«'|VQ�Z\LBMbL?Õx¬

Γ = Ω1 ∩ Ω2

À l�]VhofjdO«'l<Z8k!UXRTQ�f�¢zk!Q
Ω1,h

UãuvZ�l<f�Z�Y\SVUXZF]VZof�f�RTY�Y[Z�i�fFÒ¶RT|�¢VUO|<fé«?h�l<h�Q�k!UXZ�Y[Z�lEi]VZof�]VZ�«'Q�hof[]VZUOdOS�Z�Qji�h)Õ
goRTl^i�Z�lE|<f�]<k!l<f

Ω1
Z�iëfj|VQ¥Uãu dOl^i�Z�QêµákTgoZ��4Z�i¥¢zk!Q

Ω2,H
UãuvZ�l<f�Z�YpSVUXZ�]VZof�f�RTY�Y[Z�i�f�ï`UãuvZxw4i�h�QjdXZ�|VQ²]VZ

Ω1
M?ç�Zofël<R^Z�|<]Vf

ïòUãu dOl^i�Z�QêµákTgoZÂf�RTlEiFk!UXRTQ�f�å²¢zk!Q8goRTl<fjijQj|<g�ijdXRTl�å�«'Q�R'f�f�dXZ�Q�f ��goZ�iji�Z�¢VQ�RT¢VQjdXh�i�h6Zofjiµ¶RTl<]<k!Y[Z�l^i�k!UXZÂ¢ÙRT|VQi�RT|<f�UXZof
k!UO«?RTQjdOijyVY[Zofe]VZ`i ì^¢ÙZ`¤B³r¡�h�ij|<]BdXhofr]<k!l<f�goZ©ijQ�k�nTk!dOUãM

À lm]Vhxæ<lVdOi\k!dOl<f�d:|Vl�YIk!dOUOU§k!«?ZégoRTY�¢�R'f�dOi�Z
Ωh = Ω1,h ∪ Ω2,H

Z�i©RTl�l<RTi�Z
Vh

UXZ�f�RT|<fêÖ�Zofj¢zkTgoZ�]#uvh�UXh�Y[Z�lEi�f
æ<lVdXf�kTf�f�R4g�dXhIïU§k�ijQjd§k!lV«'|VU§k!ijdXRTlHgoRTY�¢�R'f�dOi�Z Th

fj|VQ
Ωh
M�í�l6ZxwVZ�Y�¢VUXZI]#u |Vl<Z�i�Z�UOUXZIijQjd§k!lV«'|VU§k!ijdXRTlòZofji-]VRTlVl<h

¢zk!QrU§k�æ<«'|VQ�Z\LBMbLBM
À l�¢�R'f�Z

V 0
1,h = {v ∈ V1,h : v = 0

fj|VQ
∂Ω1}.

ç�Z©¢VQ�RTSVUXW�Y[Z\]BdXf�g�Q�Z�irRTSVi�Z�lE|mZofjirk!UXRTQ�f´UXZ-fj|VdOn'k!lEi�¬
Æ¶ÚêÏ'à^Ì!Í�Ú

uh ∈ Vh
Æ�ÍxÛ -�à<Í

a(uh, v) = (f, v) ∀v ∈ Vh
ÒáLBMb~?Õ

ç&k�Y[h�ijy<R4]VZ]VZ[U§k�Å�Æ¶ÚjÍ�ÄTÐéÛ Ë*Ý�Í�ÈTË ß´àEÅxË¶Ï'Ý�â¥Ý<Ë¶Æ�ÍÍ�ÛOÍxÐIÍxÝ�Æ�ÐIÍ�Æ*ÑBÏ�ÈCÒã¨4c©¤�£¥ªÂÕ\kFh�i�h[dOl^ijQ�R^]B|VdOi�Z�]<k!l<fðb~.ñ
¢ÙRT|VQ´Uãubk!¢V¢VQ�RowBdOYIk!ijdXRTlFl^|VY[h�QjdX{E|<Z\]B|�¢VQ�RTSVUXW�Y[Z-]VZ©goRTlEn?Zog�ijdXRTlBÖ�]BdØ×Ù|<fjdXRTlmk�n?Zog-goRTlEn?Zog�ijdXRTlm]VRTY�dOlzk!lEi�Z'M<£�UOUXZ
¢ÙZ�|Vi��ijQ�ZIdOl^i�Z�Qj¢VQ�h�i�hoZ�goRTY�Y[Z�|Vl<Z�Y[h�ijy<R4]VZ�]VZP:Z�ijQ�R)nEÖ"!-k!UXZ�Q$#^dOl�å�Z�UOUXZZofji�k!|<f�fjd²goRTlVl^|<Z�f�RT|<f\UXZ�l<RTY ]VZ
Å�Æ¶ÚjÍ�ÄTÐéÛ Ë*Ý�Í�à)É&%�ËJÝ�È('rÍ�Æ¶ÚêÏ'Ì�Þ*)�ÄTÛXÍxÚ*+)Ë*Ý�ÐIÍ�Æ*Ñ4Ï�È Òã¨4í�P,!�ÖãY[Z�ijy<R^]zÕxM1£�UOUXZ�¢�Z�|Vi1��ijQ�Z�k!|<f�fjdën^|<Z�goRTY�Y[Z[|Vlèg�kTf
¢zk!QjijdXg�|VUOdXZ�Qe]VZ©U§k�Y[h�ijy<R^]VZ.-�ZofjdX]B|zk!U�¤VQ�ZoZ0/²|VSVSVUXZ[Ò1-�¤2/�Õ©Òêð43Tñ*ÕxMVc`k!l<f�UXZ`g�kTf�]#u |Vl<Z-k!¢V¢VQ�RowBdOYIk!ijdXRTl�£¥¤ò¢zk!Q
]VZof´h�UXh�Y[Z�l^i�f´]VZei�ì4¢�Z

P1
åBZ�UOUXZ©goRTdOl<g�dX]VZ`k!|<f�fjd#kon?Zog©U§k\Y[h�ijy<R^]VZ©]VZ0!`k!UXZ�Q$#4dOl�ç�Z�kTfjiêÖ ¨4{^|zk!Q�Zof-Ò5!©ç:¨4¤�£¥ªÂÕ²RT|

Z�l<goRTQ�Z\U§k�Y[h�ijy<R^]VZ\í©¨4¤�£¥ª ]VZ`¤VQ�k!l<g�k76¸k!UãM&Òêð43Tñ*ÕxM
ç&k\Y[h�ijy<R^]VZ-¨4c©¤�£¥ª goRTl<fjdXfji�Z©ï�k.îêRT|Vi�Z�Q�|VlQ�hofjdX]B|�¢ÙRTl<]Vh�Q�h`ï-U§k\Y[h�ijy<R4]VZe]VZ.!`k!UXZ�Q$#4dOl�|<f�|<Z�UOUXZ'å4goZe{^|Vd

goRTl<]B|VdOi©ï�U§k�µáRTQjY\|VU§k!ijdXRTl�f�|VdOnTk!l^i�Z[¬
Æ¶ÚêÏ'à^Ì!Í�Ú

uh ∈ Vh
Æ�ÍxÛ -�à<Í

ah(uh, v) = fh(v) ∀v ∈ Vh

s



k�n?Zog

ah(u, v) = ε(∇u,∇v) + (φ.∇u, v) + (cu, v) +
∑

T∈Th

δT (−ε∆u + φ.∇u + cu, φ.∇v)T

fh(v) = (f, v) +
∑

T∈Th

δT (f, φ.∇v)T

RTä
(., .)T

]VhofjdO«'l<ZUXZ¢VQ�R4]B|VdOiéf�g�k!U§k!dOQ�Z]<k!l<f
L2(T )

M�ç&kmgoRTl<fji�k!l^i�Z
δT

Zofji�k!¢V¢�Z�UXhoZ����`ÞXÉBÄTÚjÄTÐIô�Æ¶ÚjÍoå�Z�iéf�RTl
g�y<RTdØwéîêRT|<Z`|Vl�Q �TUXZ\g�Qj|<g�d§k!U:]<k!l<f´UXZof´¢VQ�RT¢VQjdXh�i�hof�]VZ-fji�k!SVdOUOdXf�k!ijdXRTl�]VZ`U§k[¨4c©¤1£ëªèM

P:RT|VQ�U§k�]VhogoRTY�¢�R'fjdOijdXRTl�]VZIU§k�µáRTQjY[ZISVdOUOdOl<h�k!dOQ�Z
ah(., .)

Z�lè¢zk!QjijdXZfjì4Y[h�ijQjdX{E|<ZZ�i\l<RTlHfjì4Y[h�ijQjdX{E|<Z'å1RTl
|VijdOUOdXf�Z`UXZof�µáRTQjY[Zofrfj|VdOn'k!lEi�Zof-¬

as(u, v) = ε(∇u,∇v) + ((c − 1

2
∇.φ)u, v) +

∑

T∈Th

δT (φ.∇u, φ.∇v)T

b(u, v) =
1

2
((φ.∇u, v) − (φ.∇v, u)) +

∑

T∈Th

δT (−ε∆u + cu, φ.∇v)T

P:RT|VQ�h�ij|<]BdXZ�QrUXZof´¢VQ�RT¢VQjdXh�i�hof�]VZ`U§k[¨4c©¤1£ëªèå<RTl�|VijdOUOdXf�Z�Q�k�U§k�l<RTQjY[Z-fj|VdOn'k!lEi�ZI¬

‖v‖SD =
(
ε|v|21 +

∑

T∈Th

δT ‖φ.∇v‖2
0,T + ‖

√
cv‖2

0,T

)1/2
.

P:RT|VQ²Uãuvh�ij|<]VZe]VZ�U§kpfji�k!SVdOUOdOi�hrZ�i�]VZ�U§k\goRTlEn?Z�Qj«?Z�l<goZ©]VZrU§k-Y[h�ijy<R^]VZ`¨4c©¤�£¥ªèå^RTl�dOl^ijQ�R^]B|VdOi²UXZof²goRTl<fji�k!lEi�Zof
cT

Z�i
µinv

n?h�QjdØæ�k!lEi

cT = max
x∈T

|c(x)| ¢�RT|VQ
T ∈ Th

ÒáLBM 0'Õ

‖∆v‖0,T ≤ µinvh
−1
T |v|1,T ∀v ∈ Vh

ÒáLBMb�?Õ
RTä

hT
]Vhof�dO«'l<Z`UXZ-]Bd§k!Y[W�ijQ�Z�]VZ`Uãuvh�UXh�Y[Z�lEi

T
MVç&k[]VZ�|BwBdXW�Y[Z-dOl<h�«Ek!UOdOi�hpZofji�|Vl<Z`¢VQ�RT¢VQjdXh�i�hpdOlEn?Z�Q�f�Z-UXR4g�k!UXZ`¢�RT|VQ

UXZof�h�UXh�Y[Z�lEi�f�æ<lVdXf�|VijdOUOdXf�hof\Òêð sTñ�å&ðbL.ñ*ÕxM
À lFk[k!UXRTQ�f´UXZ©ijy<hoRTQ�W�Y[Zpfj|VdOnTk!l^ipÒêðON�s'ñ*Õe¬

� �&@^ z�!2^3�5m+Ù;¶��;�� ÝFÅxà�É?ÉVÏ!ÅoÍ -�à<ÍpÛOÍ����-ÞOÉVÄTÚêÄ'Ð[ôoÆ¶ÚjÍ
δT

Ì!óxÚxË â�Í

0 < δT ≤ 1

2
min

( c0

c2
T

,
h2

T

εµ2
inv

) ÉBÏTà4ÚpÆãÏTàBÆ
T ∈ Th 	 ÒáLBMb·?Õ

Ç�ÛOÏTÚÊÅ-ÛØÄ�
oÏTÚÊÐIÍ�xË*Û Ë*Ý�ójÄTË*Ú�ÍéÈTË§Å���Ú�ô�Æ�Í
ah(., .)

ÍxÅxÆ���Ï)ÍxÚ���Ë*Ì!Í��

ah(v, v) ≥ 1

2
‖v‖2

SD ∀v ∈ Vh 	
À l8]Vho]B|VdOir]VZ-goZ`ijy<hoRTQ�W�Y[Z-UãuvZofjijdOYIk!ijdXRTlmk�¢VQjdXRTQjd&f�|VdOnTk!l^i�Z[¬

‖v‖SD ≤ C(‖f‖2
0 +

∑

T∈Th

δT ‖f‖2
0,T )1/2.

¡²RTl<goZ�Qjlzk!lEi�UXZrg�y<RTdØw�]VZ
δT
¢ÙRT|VQ²k!Y[h�UOdXRTQ�Z�Q�UXZofë¢VQ�RT¢VQjdXh�i�hof�]VZ�goRTlEn?Z�Qj«?Z�l<goZ`]VZ�U§ké¨4c©¤�£¥ªèå^RTl�dOl^ijQ�R^]B|VdOi

UXZ-l<RTY\SVQ�Z\]VZ`P1Zog�UXZ�irUXR4g�k!U

PeT =
‖φ‖0,∞,T hT

2εZ�i�RTl�|VijdOUOdXf�Z`UXZ-g�y<RTdØw�f�|VdOnTk!l^i

δT =





δ0PeT
f�d

PeT > 1
Ò¶goRTl^n?Zog�ijdXRTlm]VRTY�dOlzk!l^i�Z)Õ

δ1
h2

T

ε

f�d
PeT ≤ 1

Ò¶]BdØ×Ù|<fjdXRTlF]VRTY�dOlzk!l^i�Z)Õ ÒáLBMON� ?Õ

RTä
δ0
Z�i

δ1
f�RTlEir]VZofrgoRTl<fji�k!lEi�Zofeg�y<RTdXfjdXZof¥î |<]BdXg�dXZ�|<f�Z�Y[Z�lEi�M À lmk�k!UXRTQ�f�UXZ©ijy<hoRTQ�W�Y[Z\f�|VdOnTk!l^ipÒêðON�sTñ*Õx¬

� �&@^ z�!2^3�59+Ù;§+#; ��ÏTà^ÅFÛXÍÊÅFÑ���ÉVÏ'Æ*ÑBôÊÅ�ÍÊÅ�ÈTà�Æ*ÑBójÏ'ÚjôxÐIÍ�� 	�� ÍoÆéÄ'Ì!Í��ÂÛXÍ��xÑBÏTËØöÁÈEÍ δT
È?ÏTÝ<ÝÙó[ÉBÄTÚ���� 	����! #" ÛØÄÅoÏTÛÜà4Æ¶ËáÏTÝ

uh
ÈEÍ\ÛØÄIÐIó�Æ*Ñ4Ï�ÈEÍ$����Ã&%(' Å�Ä'Æ¶ËJÅ�
oÄTË¶Æ�Û�õ ÍÊÅ�Æ¶ËJÐ[Ä'Æ¶ËáÏTÝ�È&õ Í�ÚÊÚ�Íxà4Ú-ÅÊà4Ë*Ì.ÄTÝzÆ�Í

‖u − uh‖SD ≤ C(ε1/2 + h1/2)hk |u|k+1 .
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¨4RTdOi

Σh
U§k�]VhogoRTY�¢�R'f�dOijdXRTl�dOl<]B|VdOi�Zf�|VQpUãu dOl^i�Z�QêµákTgoZ

Γ
¢zk!Q�U§kFijQjd§k!lV«'|VU§k!ijdXRTl�goRTY�¢ÙR'fjdOi�Z Th

M À lH]Vhxæ<lVdOi
k!UXRTQ�frUXZ`f�RT|<fêÖ�Zofj¢zkTgoZ\fj|VdOnTk!l^i�¬

Φh = {ϕ ∈ C0(Γ) : ϕ|I ∈ Pm(I) ∀ I ∈ Σh, ϕ = 0
fj|VQ

∂Γ}

Φh
Zofji1h�«Ek!UBï�UãuvZ�l<f�Z�Y\SVUXZ²]VZof1Q�ZofjijQjdXg�ijdXRTl<f1ï

Γ
]VZëµáRTl<g�ijdXRTl<f1k!¢V¢zk!Qji�Z�lzk!l^iëï

Vh
M)c`k!l<f1goZ�{^|Vd^fj|VdOi1RTlp]VhofjdO«'l<Z�Q�k

¢zk!Q
TrΓ

UãuvRT¢�h�Q�k!i�Z�|VQe]VZ©Q�ZofjijQjdXg�ijdXRTlmï�Uãu dOl^i�Z�QêµákTgoZ
Γ
]Vhxæ<lVd&fj|VQ

Vh
Z�ir]VRTl<g\ï�n'k!UXZ�|VQ�f�]<k!l<f

Φh
M

À l8]Vhxæ<lVdOi�Z�l<fj|VdOi�Z©UXZofrRT¢�h�Q�k!i�Z�|VQ�f�fj|VdOnTk!l^i�frfj|VQ
Φh

¬
�

R1,hϕ ∈ Φh 7→ R1,hϕ ∈ V1,h
f�RTUO|VijdXRTlF]B|8¢VQ�RTSVUXW�Y[Z-f�|VdOnTk!l^i

a1(R1,hϕ, v) = 0 ∀v ∈ V 0
1,h

TrΓR1,hϕ = ϕ
f�|VQ

Γ

ÒáLBMON'N)Õ

�
R2,Hϕ ∈ Φh 7→ R2,Hϕ ∈ V2,H

f�RTUO|VijdXRTlF]B|F¢VQ�RTSVUXW�Y[Z-fj|VdOn'k!lEi�¬

a2(R2,Hϕ, v) = 0 ∀v ∈ V 0
2,H

TrΓR2,Hϕ = ϕ
fj|VQ

Γ

ÒáLBMON�L?Õ

RTä6U§k�µáRTQjY[Z
a1(., .)

Ò*Q�Zofj¢�M
a2(., .)

Õ`]VhofjdO«'l<ZéU§k�Q�ZofjijQjdXg�ijdXRTl�]VZ�U§k�µáRTQjY[Z
a(., .)

k!|BwÂh�UXh�Y[Z�lEi�f�]VZ
V1,hÒ*Q�Zofj¢�M

V2,H
ÕxM

ç&keµáRTl<g�ijdXRTl
R1,hϕ

Ò*Q�Zofj¢�M
R2,Hϕ

Õ�Zof�i�k!¢V¢�Z�UXhoZ�Zxw4i�Z�l<f�dXRTl[yzk!QjY[RTlVdX{E|<Ze]VZ
ϕ
f�|VQ

Ω1,h
Ò*Q�Zofj¢�M

Ω2,H
Õ1Q�Z�U§k!ijdØÖ

n?Z�Y[Z�l^i�ï-U§k©µáRTQjY[Z
a1(., .)

Ò*Q�Zofj¢�M
a2(., .)

ÕxM À l�k!|VQ�k\k!|<f�fjdzS�Zof�RTdOl]VZ´UãuvZxwBi�Z�l<fjdXRTlIyzk!QjY[RTlVdX{^|<Z
R1,Hϕ

]Vhxæ<lVdXZ
]VZ`µák�oRTl�k!lzk!UXRT«'|<Zpï

R1,hϕ
Z�l�Q�Z�Y�¢VU§k��k!l^i

V1,h
¢zk!Q

V1,H
M

À l8fj|V¢V¢ÙR'f�Z�Q�k�{^|<Z©i�RT|Vi�Zof�UXZof�ZxwBi�Z�l<fjdXRTl<f´yzk!QjY[RTlVdX{^|<Zofrf�RTl^ir]Vhxæ<lVdXZofr]VZ`µák�oRTl�|VlVdX{^|<Z'M
À l8]Vhxæ<lVdOi�Z�lBæ<l�UXZofrl<RTQjY[Zof´|VijdOUOdXf�hoZof�¬V¢ÙRT|VQ�i�RT|Vi

u ∈ Vi,h
Ò¶RT|

Vi,H
Õe¬

‖u‖2
i = ais(u, u)

Z�ir¢�RT|VQ´i�RT|Vi
ϕ ∈ Φh

¬
|||ϕ||| = ‖R1,Hϕ‖1

RTäFU§kpµ¶RTQjY[Z
ais(., .)

]VhofjdO«'l<Z`U§k�Q�Zof�ijQjdXg�ijdXRTl�]VZ©U§k�µáRTQjY[Z
as(., .)

ï
Vi,h

M
À l�¢�RT|VQjQ�k!dOi�]Vhxæ<lVdOQ�]#ubk!|VijQ�Zof�l<RTQjY[Zofrfj|VQ

Φh
åV¢zk!Q�ZxwVZ�Y�¢VUXZ[¬

|||ϕ|||h = ‖R1,hϕ‖1 ou |||ϕ|||H = ‖R1,hϕ‖2 ;

YIk!dXfeUXZ�g�y<RTdØw�{E|<Z\l<RT|<f©k�n?RTl<feµák!dOi�dXg�d²¬ |||ϕ||| = ‖R1,Hϕ‖1
l<RT|<f`k�¢zk!Qj|�UXZ\¢VUO|<fefjdOY�¢VUXZ�Z�ief�|BqIf�k!lEi©¢ÙRT|VQ

Uãubk!lzk!UOìBf�Zm]VZFU§k�goRTlEn?Z�Qj«?Z�l<goZ��´Z�iZ�lÁµãk!dOi�åëgoRTY�Y[Zml<RT|<f�UXZFn?Z�QjQ�RTl<f�]<k!l<f�U§k6f�Zog�ijdXRTl�fj|VdOn'k!lEi�Z'å²i�RT|Vi�ZofIUXZof
l<RTQjY[Zof`g�dØÖ�]VZof�fj|<f[Ò¶]Vhxæ<lVdXZof`fj|VQ

Φh
Õ�f�RTlEi`ho{E|VdOn'k!UXZ�lEi�Zofpkon?Zogé]VZof`goRTl<fji�k!lEi�Zof©dOl<]Vh�¢ÙZ�l<]<k!lEi�Zofp]VZofe¢zkTf

h,H
å

f�d#UXZof´ijQjd§k!lV«'|VU§k!ijdXRTl<f©goRTY�¢�R'fjdOi�Z`Z�ir«'Q�R'f�fjdXW�Q�Z\k!¢V¢zk!QjijdXZ�lVl<Z�l^i©ïé]VZof�µãk!Y�dOUOUXZof�Q�h�«'|VUOdXW�Q�Zof�Òêð sTñ*ÕxM
¯5^3�AV�.��$:5¸+Ù;¶�z; Î�ÏTÐéÐIÍmÛØÄ 
�ÏTÚxÐIÍ

as(., .)
ÍÊÅxÆ�Å!�TÐIó�Æ¶ÚÊË -�à<Í�Í�Æ ��Ï)ÍxÚ���Ë*Ì!Í " ÛOÄHÝ�Ï'ÚÊÐIÍ6óxÝÙÍxÚ��'ËáÍ -�à4ËpÛÜà4Ë[ÍxÅxÆÄTÅ�Å�Ï ��Ëáó�Í�ÍxÅxÆ²ó -�à^Ë*Ì.ÄTÛXÍxÝzÆ�Í��[ÛØÄ[Ý�ÏTÚxÐIÍ

H1
0 (Ω)

ÄTÌ!Í��éÈEÍÊÅ$��Ï'ÝVÅxÆãÄTÝ�Æ�ÍÊÅeË*Ý�ÈEó ÉVÍxÝ�È?Ä'ÝzÆ�ÍÊÅ\ÈEÍÊÅ²ÉBÄ!Å-È&õ ÍÊÅãÉVÄ���Í
h
Í�Æ

H "Ï'Ý8à4Æ¶Ë*ÛÜË§Å�ÍxÚêÄIÈ?ÄTÝVÅ©ÆãÏTàEÅ ��Í -oà^Ë1ÅÊà4Ë¶Æ:ÛXÍÊÅ �[Ý�ÏTÚxÐIÍÊÅ©ÈEÍ&
�Ä��.ÏTÝ8Ë*Ý�ÈTË ß�óxÚjÍ�ÝzÆ�Í���Í�Æ¥ÈEÍeÐ��xÐIÍ-Í�Ý ��Í -oà^Ë ��ÏTÝ ��ÍxÚxÝ�Í`ÛXÍÊÅ
Ý�ÏTÚÊÐIÍÊÅ`Åxà^Ú

H1
0 (Ωi)

ÉBÏTà4Ú
i = 1, 2 	

� � ���z¿:�����\����½ ¼ ¿1�������z���©¾��
	���¾ ¼ � �ê�*���Ù������½ ¼ � 
"! 
$#

À l�goRTl<fjdX]VW�Q�Z�dXg�dëUXZ[g�kTf�]VZ�Uãu dOi�h�Q�k!ijdXRTlH¤�Mv³pMÔ¡ ïFL�lVdOn?Z�k!|Bw#M&P�k!Qji�k!lEi�]#u |Vl<Z�nTk!UXZ�|VQ-dOlVdOijd§k!UXZ
u0

h ∈ Vh
å

RTl�goRTl<fjijQj|VdOie|Vl<Zpf�ho{E|<Z�l<goZ�Ò
uk

h

Õ�goRTlEn?Z�Qj«?Z�k!lEi\n?Z�Q�frU§k�f�RTUO|VijdXRTl�ZxwVkTg�i�Z
uh

]B|F¢VQ�RTSVUXW�Y[Z¦ÒáLBMb~?Õ�]VZ-U§k[µãk�oRTl
f�|VdOnTk!l^i�Z'¬

Î�ÏTÚxÚjÍ���Æ¶Ë¶ÏTÝ�ÛOÏ ��ÄTÛXÍ�â¥Ý�Í ¬
À l8g�y<Z�Q�g�y<Z

zh ∈ V 0
1,h

i�Z�U�{^|<Z[¬

a1(zh, v) = (f, v)1 − a1(u
k
h, v) ∀ v ∈ V 0

1,h

ÒáaBMON)Õ

~



Z�i�RTl8¢ÙR'f�Z-k!UXRTQ�f-¬

u
k+1/2
h = uk

h + zh
ÒáaBMbL?Õ

Î�ÏTÚxÚjÍ���Æ¶Ë¶ÏTÝ �TÛOÏ �jÄ'ÛOÍ �TÚjÏ!ÅÊÅÊËãôxÚjÍ ¬
À l8g�y<Z�Q�g�y<Z

zH ∈ VH
i�Z�U�{^|<Z[¬

a(zH , v) = (f, v) − a(u
k+1/2
h , v) ∀ v ∈ VH

ÒáaBMba?Õ

Z�i�RTl8¢ÙR'f�Z-k!UXRTQ�f-¬
uk+1

h = u
k+1/2
h + zH

ÒáaBM s^Õ

ç&k�l<RT|Vn?Z�UOUXZ-n'k!UXZ�|VQ
uk+1

h

Zofji�]Vhxæ<lVdXZ\fj|VQ´UXZ`YIk!dOUOU§k!«?Z-goRTY�¢ÙR'fjdOi�Z
Ωh

¢zk!Qp¬

uk+1
h =

{
uk

h + zH + zh
]<k!l<f

Ω1,h

uk
h + zH

]<k!l<f
Ω2,H

¯5^3�AV�.��$:5�K#;¶�z;�� ÝmÅÊà)É?ÉBÏTÅoÍxÚjÄ " È?ÄTÝVÅ\ÆãÏTàBÆ²ÛOÍ\Ú�ÍÊÅxÆ�Í[ÈEÍ ��ÍéÆ¶ÚjÄTÌ.ÄTË*Û " -�à<ÍéÆãÏTàBÆ´ó�ÛOóxÐIÍxÝ�Æ�È^Í V 0
1,h

� ÄÊÉEÉBÄTÚ�Æ¶ËáÍxÝ�Æ �
Ä'àEÅÊÅÊË �

Vh
ÉBÄTÚ�É�ÚêÏTÛOÏTÝ �^ÍxÐIÍxÝzÆ&ÉBÄTÚ��.óxÚjÏ��IÛ�õ Íjö?Æ�óxÚÊËãÍxà4Ú�ÈEÍ

Ω1 	
� � ½�¾1�����������o½��Ù
¾���������½ ¼ 	p� ���  �1�	��½`	��

P:RT|VQ`k!lzk!UOìBf�Z�Q�U§kIY[h�ijy<R4]VZ'å�RTlmnTkIh�ij|<]BdXZ�Q�UXZ�goRTY�¢ÙRTQji�Z�Y[Z�lEi-]VZ-UãuvZ�QjQ�Z�|VQ
ek
h = uk

h − uh
M�¨^d�RTl�]VhofjdO«'l<Z

¢zk!Q
ek
1,h

Ò*Q�Zofj¢�M
ek
2,H

Õ²U§k�Q�Zof�ijQjdXg�ijdXRTl�]VZ
ek
h

ï
Ω1,h

Ò*Q�Zofj¢�M
Ω2,H

ÕxåVRTl�k�k!UXRTQ�f\¬

TrΓek
1,h = TrΓek

1,H = TrΓek
h

f�|VQ
Γ.

çëuvZ�QjQ�Z�|VQ�RTSVi�Z�lE|<Z�ïéU§kpæ<lF]VZ©Uãuvh�i�k!¢ÙZIÒáaBMba?Õ²n?h�QjdØæzZ[¬

{
a1(e

k+1/2
h , v) = 0 ∀ v ∈ V 0

1,h

TrΓe
k+1/2
h = TrΓek

h

fj|VQ
Γ.

goZ\{E|VdãåB¢zk!Qr]Vhxæ<lVdOijdXRTlm]VZ©UãuvZxw4i�Z�l<f�dXRTl8yzk!QjY[RTlVdX{E|<Z
R1,h

åVZofji�ho{E|VdOn'k!UXZ�lEi©ïéhog�QjdOQ�Z-{^|<Z�¬

e
k+1/2
1,h = R1,hTrΓek

h

Z�i�]VRTl<g'¬

e
k+1/2
h =

{
R1,hTrΓek

h dans Ω1,h

ek
2,H dans Ω2,H

ç¥uvh�i�k!¢ÙZ-]VZ`goRTQjQ�Zog�ijdXRTl�fj|VQ´«'QjdOUOUXZ-«'Q�R'f�fjdXW�Q�ZIÒáaBMba?Õ�f)uvhog�QjdOi�¬<RTl8g�y<Z�Q�g�y<Z
zH ∈ VH

i�Z�U:{E|<Z

a(zH , v) = −a(e
k+1/2
h , v) ∀ v ∈ VH

Ò*s<MON)Õ

À Q�¬
a(e

k+1/2
h , v) = a1(R1,hTrΓek

h, v) + a2(e
k
2,H , v) ∀ v ∈ VH

P1R'f�RTl<f�¬

wk
H =

{
R1,HTrΓehk

]<k!l<f
Ω1,h

ek
2,H

]<k!l<f
Ω2,H

À lmk�k!UXRTQ�f�¬
a(e

k+1/2
h , v) = a(wk

H , v) − a1(R1,HTrΓek
h, v) + a1(R1,hTrΓek

h, v)
]VRTl<g-U§k�f�RTUO|VijdXRTl

zH
]B|�¢VQ�RTSVUXW�Y[ZÒáaBMba?Õ²n?h�QjdØæzZ[¬

a(zH , v) = −a(wk
H , v) + a1(R1,HTrΓek

h − R1,hTrΓek
h, v) ∀ v ∈ VH



¨^d:RTl�¢�R'f�Z'¬
ẽH = wk

H + zH ,
RTl�RTSVijdXZ�lEi�æ<lzk!UXZ�Y[Z�l^i�{^|<Z`Uãuvh�UXh�Y[Z�lEi

ẽH ∈ VH
n?h�QjdØæzZ'¬

a(ẽH , v) = a1(R1,HTrΓek
h − R1,hTrΓek

h, v) ∀ v ∈ VH
Ò*s<MbL?Õ

¡²Z\¢VQ�RTSVUXW�Y[ZéZofjie«'UXRTSzk!U1«'Q�R'f�fjdXZ�Q ��f�k[Q�hof�RTUO|VijdXRTlm¢ÙZ�QjY[Z�i©]#ubkon?RTdOQ©Uãuvh�UXh�Y[Z�lEi
ẽ2,H = ek

2,H + z2,H = ek+1
2,HZ�i�RTlFk[k!UXRTQ�f�¬

ek+1
h =

{
R1,hTrΓek

h + ẽ1,H − R1,HTrΓek
h

]<k!l<f
Ω1,h

ẽ2,H
]<k!l<f

Ω2,H

À lFk�Z�l�¢zk!QjijdXg�|VUOdXZ�Q�¬

TrΓek+1
h = TrΓẽH

Ò*s<Mba?Õ
À l[n'k`]#ubk!S�RTQ�]IY[RTlEijQ�Z�Q�]<k!l<f¥UXZrUXZ�Y�Y[Zrfj|VdOn'k!lEi²{E|<Z´U§k-goRTlVlzk!dXf�f�k!l<goZr]VZ

TrΓẽH
fj|Bq[ië¢ÙRT|VQë]Vh�i�Z�QjY�dOl<Z�Q

ẽH
f�|VQ´i�RT|Vi�UXZ-]VRTYIk!dOl<Z`«'UXRTSzk!U�«'Q�R'f�fjdXZ�Q

ΩH
¬

� 5^3è365F�&;¶�z; �zË
ẽH ∈ VH

Ì!óxÚxË â²Í�Ò*s<MbL?Õ " ÄTÛOÏTÚÊÅpÏTÝ�Ä �

ẽH =

{
R1,HTrΓẽH

È?ÄTÝ<Å
Ω1,H

R2,HTrΓẽH
È?ÄTÝ<Å

Ω2,H

��óxÐ[ÏTÝVÅ�Æ¶ÚêÄ?Æ¶Ë¶ÏTÝ 	 P¥Q�Z�l<RTl<f v ∈ V 0
i,H(i = 1; 2)

]<k!l<f\Ò*s<MbL?Õ�åVRTl�k�k!UXRTQ�fp¬

a(ẽH , v) = a1(R1,HTrΓek
h, v) − a1(R1,hTrΓek

h, v) = 0

f�RTdOi�¬
a(ẽH , v) = ai(ẽi,H , v) = 0;

Z�i�goRTY�Y[Z
TrΓẽi,H = TrΓẽH

å<RTl�n?RTdOir]VRTl<g-{^|<Z'¬

ẽi,H = Ri,HTrΓẽH

]#uvRTäFUXZ`Q�hofj|VUOi�k!i�M
¡²Z©UXZ�Y�Y[Z`l<RT|<f�¢ÙZ�QjY[Z�ir]VZ`goRTl<g�UO|VQ�Z'å�k!|�n^|F]VZ©U§k�Q�Z�U§k!ijdXRTlèÒ*s<Mba?Õ�åV{^|<Z

ek+1
h

l<Z`]Vh�¢�Z�l<]F{E|<Z`]VZ
TrΓek

h

M
À l�Z�l8]Vho]B|VdOi�]VRTl<g`{E|<ZeUãubk!lzk!UOìBf�Z©]VZ©UãuvZ�QjQ�Z�|VQrkTf�f�R4g�dXhoZ©ïpUãu dOi�h�Q�k!ijdXRTlèÒáaBMON)Õ ÖÊÒáaBMba?Õ²f�ZeQ�k!Y[W�l<Z-ï�Uãuvh�ij|<]VZ`]VZ

U§k[fj|VdOi�Z
(TrΓek

h)k∈N

f�|VQ´Uãu dOlEi�Z�QêµãkTgoZ'M�¡euvZofji�UãuvRTSBîjZ�i�]VZ`U§kéf�Zog�ijdXRTl�fj|VdOnTk!l^i�Z'M

� ! ¼ �r���`�z� 	p� ��� �`�ê�����z�z� 	�� ¿:½ ¼ ��������� ¼ ¿:�

����� � � � ����!$#&% ( � % �2
�%�� ��� � �
�&Z�lzk!l^ipgoRTY�¢Vi�Z[]VZ�goZ�{^|Vd�¢VQ�hogoWo]VZ'å&RTlÂdOl^ijQ�R^]B|VdOi-UãuvRT¢Ùh�Q�k!i�Z�|VQ

Sh : Φh 7→ Φh
{^|Vdëï

ϕ
kTf�f�R4g�dXZ

Shϕ =
TrΓwH

RTä
wH

Zofji´U§k�f�RTUO|VijdXRTlF]B|�¢VQ�RTSVUXW�Y[Zpfj|VdOn'k!lEi\¬
, ÚjÏTà4Ì!ÍxÚ

wH ∈ VH
Æ�ÍxÛ -�à<Í

a(wH , v) = a1(R1,Hϕ − R1,hϕ, v) ∀ v ∈ VH .
Òá�BMON)Õ

céubk!¢VQ�Wof\Ò*s<MbL?Õ ÖÊÒ*s<Mba?Õ�åVRTl8n?RTdOi�{E|<Z'¬

TrΓek+1
h = TrΓwH = ShTrΓek

h.
À l�|VijdOUOdXf�Z�Q�k�]<k!l<fri�RT|VirgoZ`{E|Vd�f�|VdOi�Uãu yEì4¢�RTijy<Wof�Z-fj|VdOn'k!lEi�Z[¬

�\ ��&"�(J�)(* ��C�#;¶�	��
�����;� ÍÊÅ-Æ¶ÚxË¶Ä'Ý �Tà4ÛØÄ'Æ¶ËáÏTÝVÅ Th
Í�Æ TH
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c`k!l<fëUãubk!lzk!UOìBf�Ze]VZrU§kpgoRTlEn?Z�Qj«?Z�l<goZ'åVl<RT|<f�|VijdOUOdXf�Z�Q�RTl<f�UXZ�Q�hofj|VUOi�k!i�fj|VdOnTk!l^i�åB]BdOi�ijy<hoRTQ�W�Y[Z©]#uvZxwBi�Z�l<fjdXRTl�åB]VhxÖ
Y[RTl^ijQ�h'å^]<k!l<f�UXZ�g�kTf�fjì^Y[h�ijQjdX{^|<Zr]Vhxæ<lVd�¢�R'f�dOijdØµ#]<k!l<f�ðON�a!ñ�å<ðON'Nxñ�å�ðONxñ�Z�i�ðb·.ñ Òák�n?Zogr|Vl<Z�]Vh�Y[RTl<f�ijQ�k!ijdXRTl�]BdØ×#h�Q�Z�lEi�Z
]VZ\goZ�UOUXZ-]VZ�ðON'N�ñ*Õx¬
� �&@^ z�!2^3�5��Ù;§+Ù; ��ÏTà^Å©Ûjõ Ñ �ÊÉBÏ'Æ*ÑBôxÅoÍ���� �  " ËJÛ&ÍjöTËJÅxÆ�Í\ÈEÍxà'ö ��ÏTÝVÅ�ÆãÄTÝzÆ�ÍÊÅ�ÉBÏ!ÅxË*Æ¶Ë*Ì!ÍÊÅ C1

Í�Æ
C2

Ë*Ý�ÈEó ÉVÍxÝ�È?Ä'ÝzÆ�ÍÊÅ\ÈEÍÊÅ
ÉVÄ!Å

h
Í�Æ

H
Æ�Í�ÛJÛXÍÊÅ1-�à<Í´ÉBÏTà4ÚpÆãÏTàBÆ

ϕ ∈ Φh
ÏTÝÂÄ

‖ R1,hϕ ‖1≤ C1‖R2,Hϕ‖2 , ‖R2,Hϕ‖2 ≤ C2‖R1,hϕ‖1��óxÐ[ÏTÝVÅ�Æ¶ÚêÄ?Æ¶Ë¶ÏTÝ 	 À lènTk8Y[RTlEijQ�Z�Qé|VlVdX{^|<Z�Y[Z�lEiéU§k8¢VQ�Z�Y�dXW�Q�Z�dOl<h�«Ek!UOdOi�h�]B|�ijy<hoRTQ�W�Y[Z'å1Uãubk!|VijQ�Z�dOl<h�«Ek!UOdOi�hf)uvZ�l]Vho]B|VdXfÊk!lEi�¢zk!Q�fjì4Y[h�ijQjdXZ'M�¡²RTl<f�dX]Vh�Q�RTl<féUXZof�ZxwBi�Z�l<fjdXRTl<féyzk!QjY[RTlVdX{^|<Zof�goRTlEijdOl^|<Zof
Riϕ ∈ H1(Ωi), i = 1, 2

å
f�RTUO|VijdXRTl<fr]VZof´¢VQ�RTSVUXW�Y[Zofefj|VdOn'k!lEi�f�¬

ai(Riϕ, v) = 0 ∀ v ∈ H1
0 (Ωi)

Riϕ = ϕ sur Γ
Riϕ = 0 sur ∂Ωi ∩ ∂Ω

Òá�BMbL?Õ

ç:k�]Vh�Y[RTl<fjijQ�k!ijdXRTlF]B|�ijy<hoRTQ�W�Y[Z-Zof�i´SzkTf�hoZ`fj|VQ�]VZ�|Bw�yEì4¢�RTijy<Wof�Zof)åVZ�l�¢VUO|<f´]VZ`goZ�UOUXZof�goRTl<goZ�Qjlzk!lEi�UãuvZxw4dXfji�Z�l<goZ
]VZof�Zxw4i�Z�l<f�dXRTl<f´yzk!QjY[RTlVdX{E|<Zof�goRTlEijdOl^|<ZofeZ�i�]BdXf�g�Q�W�i�Zof\¬

�ÁU§k[Q�h�«'|VU§k!QjdOi�hé]B|m¢VQ�RTSVUXW�Y[Z�Òá�BMbL?Õ�å<dãMvZ'M�dOU1ZxwBdXfji�Z\|Vl<ZpgoRTl<fji�k!l^i�Z
C > 0

dOl<]Vh�¢�Z�l<]<k!l^i�Z�]VZofr¢zkTf
h
Z�i

Hi�Z�U&{^|<Z
||Riϕ||i ≤ C|||ϕ||| ∀ϕ ∈ Φh;

Òá�BMba?Õ
�ÁU§k�]VZ�|Bw4dXW�Y[ZeyEì4¢ÙRTijy<Wof�Z©goRTl<goZ�Qjl<Z�UXZof²¢VQ�RT¢VQjdXh�i�hof�]#ubk!¢V¢VQ�R�w4dOYIk!ijdXRTl�]VZof²f�RT|<fêÖ�Zofj¢zkTgoZof�]#uvh�UXh�Y[Z�lEi�f�æ<lVdXf
|VijdOUOdXf�hofpÒêð sTñ*Õ`M

À lmké]#ubk!S�RTQ�]#¬
||R1,hϕ|| ≤ ||R1ϕ − R1,hϕ|| + ||R1ϕ||

Òá�BM s^Õ
ç&Zof¥¢VQ�RT¢VQjdXh�i�hof²]#ubk!¢V¢VQ�RowBdOYIk!ijdXRTl�]VZofëf�RT|<fêÖ�Zofj¢zkTgoZof�]#uvh�UXh�Y[Z�lEi�f�æ<lVdXf¥|VijdOUOdXf�hofë]VRTlVl<Z�lEi²UãuvZofjijdOYIk!ijdXRTl�fj|VdOn'k!lEi�Z'¬

||R1ϕ − R1,hϕ|| ≤ CHs||R1ϕ||1+s

P�k!QrQ�h�«'|VU§k!QjdOi�hp]B|�¢VQ�RTSVUXW�Y[Z�Òá�BMbL?Õ�RTlmkB¬

||R1ϕ||1+s ≤ C||ϕ|| 1+s
2

,Γ .

Z�i�Z�l�|VijdOUOdXf�k!lEi�UXZof´yEì4¢�RTijy<Wof�Zof�dOlEn?Z�Q�f�Zof�å<RTlFk[k!|<f�f�dã¬

||ϕ|| 1+s
2

,Γ ≤ CH−s||ϕ|| 1
2
,Γ .

Uãu dOl<h�«Ek!UOdOi�hÒá�BM s^Õ²¢ÙZ�QjY[Z�i�k!UXRTQ�fr]#ubk�n?RTdOQ´æ<lzk!UXZ�Y[Z�lEi�¬

||R1,hϕ|| ≤ C||ϕ|| 1
2
,Γ .

P1RT|VQ�goRTl<g�UO|VQ�ZpRTl�Q�Z�YIk!Q�{E|<Zp{E|<Z'åB¢zk!Q�]Vhxæ<lVdOijdXRTlF]VZ`U§k�l<RTQjY[Z ||.|| 1
2
,Γ

åVRTl�kB¬

||ϕ|| 1
2
,Γ ≤ C||R2,Hϕ||

£�lèk!¢V¢VUOdX{^|zk!lEiégoZ[Q�hofj|VUOi�k!iéï�U§k�ijQjd§k!lV«'|VU§k!ijdXRTlò«'Q�R'f�fjdXW�Q�Z TH
å&RTl�RTSVijdXZ�lEié]VZof-Q�Z�U§k!ijdXRTl<fék!lzk!UXRT«'|<ZoféZ�l

Q�Z�Y�¢VU§k��k!l^i
R1,hϕ

¢zk!Q
R1,Hϕ

M
¨^d�RTl8dOlEijQ�R4]B|VdOi�UXZof�goRTl<f�i�k!lEi�Zofefj|VdOnTk!l^i�ZofpÒ*|VijdOUXZof�]<k!l<frUãubk!lzk!UOì4f�Z`]VZ`U§kégoRTlEn?Z�Qj«?Z�l<goZ)Õx¬

σh = sup{ ||R1,hϕ||21
||R2,Hϕ||22

, ϕ ∈ Φh}; τh = sup{||R2,Hϕ||22
||R1,hϕ||21

, ϕ ∈ Φh};
Òá�BMb�?Õ

σH = sup{||R1,Hϕ||21
||R2,Hϕ||22

, ϕ ∈ Φh}; τH = sup{||R2,Hϕ||22
||R1,Hϕ||21

, ϕ ∈ Φh};
Òá�BMb~?Õ

RTlmk�k!UXRTQ�f�åV«'Q��TgoZ\k!|8ijy<hoRTQ�W�Y[Zp�BMbLBåVUXZof´Q�Z�U§k!ijdXRTl<frf�|VdOnTk!l^i�Zof\¬

1

C2
2

≤ σh ≤ C2
1 ,

1

C2
1

≤ τh ≤ C2
2

Òá�BM 0'Õ

Z�i�]VZof´Q�Z�U§k!ijdXRTl<f�dX]VZ�l^ijdX{E|<ZofeZ�l�Q�Z�Y�¢VU§k��k!lEi
σh

Ò*Q�Zofj¢�M
τh
Õ�¢zk!Q

σH
Ò*Q�Zof�¢�M

τH
ÕxM



��� � � � %$� 	�� % � �"%*#&#&% � � 
 � �"% �
�#;§+Ù;¶� �\AV>["��X$:�:58AV�1�:�! ��&(*3�AB�)(* ����©� >o��A<�:":AV�!"

À l8goRTl<fjdX]VW�Q�Z`UXZ-g�kTfr]#u |Vl8¢VQ�RTSVUXW�Y[Z\]VZ`goRTl^n?Zog�ijdXRTlBÖ�]BdØ×�|<fjdXRTl�fji�k!ijdXRTlVlzk!dOQ�Z'¬
ijQ�RT|Vn?Z�Q

u ∈ H1
0 (Ω)

i�Z�U&{^|<Z

a(u, v) = (f, v) ∀v ∈ H1
0 (Ω)

Òá�BMb�?Õ

RTä�¬

a(u, v) =

∫

Ω

[
ã∇u.∇v + vb̃.∇u + c̃uv

]
dx.

À l�goRTl<fjdX]VW�Q�Z`U§k�]VhogoRTY�¢ÙR'fjdOijdXRTl
a(., .) = as(., .) + b(., .)

kon?Zog

as(u, v) =

∫

Ω
ã∇u.∇vdx ; b(u, v) =

∫

Ω

[
v(b̃.∇u) + c̃uv

]
dx

À l�fj|V¢V¢ÙR'f�Z[{^|<Z[UXZofpgoR^ZxqIg�dXZ�l^i�fpf�RTl^ipfj|BqIfÊk!Y�Y[Z�lEi�Q�h�«'|VUOdXZ�Q�fpZ�i�{E|<Z�U§k�µ*Q�RTl^ijdXW�Q�ZI]B|ò]VRTYIk!dOl<Z
Ω
Zofji

f�|BqIf�k!Y�Y[Z�lEi�Q�h�«'|VUOdXW�Q�Z'å<¢zk!QrZxwVZ�Y�¢VUXZ`UOdO¢<f�g�yVdOi+�odXZ�lVl<Z-¢zk!Q�Y[RTQ�goZ�k!|Bw#M
À lÂf�k!dOi-k!UXRTQ�f`{E|<Z'åÙf�RT|<f`goZof©y^ì^¢ÙRTijy<Wof�Zof`Z�i`fjd�UXZof©goRTl<]BdOijdXRTl<f-]VZ�goRTY�¢zk!ijdOSVdOUOdOi�h[fj|VQ©UXZéf�ZogoRTl<]mY[Z�Y\SVQ�Z

Z�i�UXZof´goRTl<]BdOijdXRTl<f�k!|BwUOdOY�dOi�Zof´f�RTlEi�n?h�QjdØæzhoZof�åBUXZe¢VQ�RTSVUXW�Y[Z[Òá�BMb�?Õ²kT]BY[Z�i´|Vl<Z©f�RTUO|VijdXRTl�|VlVdX{E|<Z�Òêð 0.ñ�å�ðb�!ñ*ÕxMBP:RT|VQ
UXZofe¢VQ�RTSVUXW�Y[Zof-]BdXf�g�Q�Z�i�f�Q�Z�l<goRTl^ijQ�hof�å#RTl�f�k!dOi©k!|<f�fjd1{^|<Z'å�f�RT|<f©goZof�Y ��Y[Zof©y^ì^¢ÙRTijy<Wof�Zof©Z�i©¢�RT|VQjn4|�{E|<ZpUXZ\¢zkTf
«'Q�R'f�fjdXZ�Q

H
f�RTdOirkTf�f�Z��`¢ÙZ�ijdOi�åVdOUXfrkT]BY[Z�iji�Z�lEi�|Vl<Z-f�RTUO|VijdXRTl8|VlVdX{^|<Z-fj|BqIfÊk!Y�Y[Z�lEirQ�h�«'|VUOdXW�Q�ZÒêðON��.ñ*ÕxM

� U:Z�lFQ�hofj|VUOi�Z�k!UXRTQ�f�{^|<Z-fjd:UXZ-¢zkTf�«'Q�R'f�fjdXZ�Q
H
Zofji�kTf�f�Z��\¢ÙZ�ijdOi�å<UXZ`ijy<hoRTQ�W�Y[Z�]#uvZxwBi�Z�l<fjdXRTlmZof�i�nTk!U§k!SVUXZ'M�ç�Zof

¢VQ�Z�|Vn?Zofr]VZof´yEì4¢�RTijy<Wof�Zof-Òá�BMON'N)Õ²Z�i\Òá�BMON 0'Õ²h�i�k!lEi�k!lzk!UXRT«'|<Zof�åVRTl8f�Z�UOdOY�dOi�Z�Q�k�ï�U§kpn?h�QjdØæzg�k!ijdXRTlF]VZ[Òá�BMON'N)ÕxåVgoZ�UOUXZ
]VZ�Òá�BMON 0'Õ�fj|VdOi´UXZof�Y ��Y[Zof�UOdO«'l<ZofrZ�l8Q�Z�Y�¢VU§k��k!l^i

Ṽ1,H
¢zk!Q

ṼH
Z�i

H1
0 (Ω1)

¢zk!Q
H1

0 (Ω)
M

À l8goRTl<fjdX]VW�Q�Z`¢ÙRT|VQrgoZ�U§kéUXZ©¢VQ�RTSVUXW�Y[Z�kT]!îêRTdOl^i�¬
ijQ�RT|Vn?Z�Q

v ∈ H1
0 (Ω1)

i�Z�U�{^|<Z

a1(w, v) = (f, w) ∀w ∈ H1
0 (Ω1)

Òá�BMb·?Õ

{^|<Z8UãuvRTl fj|V¢V¢ÙR'f�Z�kTf�f�Z��8Q�h�«'|VUOdXZ�Q�å²¢VUO|<f[¢VQ�hog�dXf�h�Y[Z�l^i�{^|<ZFgoZF¢VQ�RTSVUXW�Y[ZmkT]BY[Z�i|Vl<ZFf�RTUO|VijdXRTlÁ|VlVdX{^|<Z
v ∈

H1+α(Ω1)
¢ÙRT|VQ´i�RT|Vi

f ∈ Hα−1(Ω1)
¢�RT|VQ�|Vl

α ∈ ]0, 1]
æVwVh`Z�ir{^|<Z�¬

||v||1+α ≤ C||f ||α−1
Òá�BMON� ?Õ

À l�nTké]#ubk!SÙRTQ�]�Y[RTl^ijQ�Z�QrUXZ`UXZ�Y�Y[Z-f�|VdOnTk!l^i�¬
� 5^3è365m�#;XK#; '´Ï'à^Ú\ÆãÏ'à4Æ

u ∈ Ṽ1,H " ÏTÝÂÄ �

||u||1−α ≤ CHα||u||1
��óxÐ[ÏTÝVÅ�Æ¶ÚêÄ?Æ¶Ë¶ÏTÝ 	 ¨4RTdOi u ∈ Ṽ1,H

åVRTl�k�k!UXRTQ�fr¢zk!Q�]Vhxæ<lVdOijdXRTl�¬

a1(u,w) = 0 ∀w ∈ V 0
1,H .

À l�nTkIZofjijdOY[Z�Q ||u||1−α
¢zk!Q�|Vlmk!Qj«'|VY[Z�lEi©]VZ\]B|zk!UOdOi�h'åÙk!¢V¢ÙZ�UXhpk!|<f�fjd1k!Qj«'|VY[Z�lEi`]VZ\t�dOi�f�g�y<Z'M�P:RT|VQ©goZ�U§kBåzf�RTdOi

f ∈ Hα−1(Ω1)
Z�i

v
U§k�f�RTUO|VijdXRTlF]B|8¢VQ�RTSVUXW�Y[ZpkT]!îêRTdOl^i�Òá�BMb·?Õ�]Vhxæ<lVd&f�|VQ

Ω1
M À l�k�k!UXRTQ�f�¬

(u, f) = a1(u, v)

= a1(u, v − w) ∀w ∈ V 0
1,H (car u ∈ Ṽ1,H)

≤ C||u||1 inf
w∈V 0

1,H

||v − w||1 .

£¥l8|VijdOUOdXf�k!lEi©k!UXRTQ�f´U§ké¢VQ�RT¢VQjdXh�i�hp]#ubk!¢V¢VQ�RowBdOYIk!ijdXRTlmfji�k!l<]<k!Q�]Ffj|VdOnTk!l^i�ZIÒêð sTñ*Õx¬V¢ÙRT|VQ´i�RT|Vi
u ∈ H1

0 (Ω1)

inf
w∈V 0

1,H

||v − w||1 ≤ CHα||u||1+α

N� 



Z�irUãu yEì4¢�RTijy<Wof�Z\]VZ`Q�h�«'|VU§k!QjdOi�hIÒá�BMON� ?Õ�å<RTl8RTSVijdXZ�l^i�¬

(u, f) ≤ CHα||v||1+α||u||1
≤ CHα||u||1||f ||α−1

À Q�å<¢zk!Qr]Vhxæ<lVdOijdXRTl�åzRTlFkB¬

||u||1−α = sup

{
(u, f)

||f ||α−1
, f ∈ Hα−1(Ω1), f 6= 0

}

goZ\{E|Vd#l<RT|<f�]VRTlVl<Z©æ<lzk!UXZ�Y[Z�lEi
||u||1−α ≤ CHα||u||1•

P1RT|VQ�n?h�QjdØæzZ�Q´Uãu y^ì^¢ÙRTijy<Wof�Z[Òá�BMON'N)ÕxåBRTl8goRTl<fjdX]VW�Q�Z`]#ubk!SÙRTQ�]�UXZ©g�kTf´RTä
u ∈ Ṽ1,H

Z�i
v ∈ V1,h

M4£¥ldOl^i�h�«'Q�k!lEi�¢zk!Q
¢zk!QjijdXZof)å<RTlFRTSVijdXZ�lEi�¬

∫

Ω1

v(b̃.∇u)dx = −
∫

Ω1

u∇.(v.b̃)dx +

∫

∂Ω1

(uv.b̃).~nds ;

RTä
~n
]Vhof�dO«'l<Z`U§k�l<RTQjYIk!UXZ\ZxwBi�h�QjdXZ�|VQ�Z\ï

∂Ω1
Mz¡²RTY�Y[Z

u ∈ Ṽ1,H
åVRTl�kéZ�l8¢zk!QjijdXg�|VUOdXZ�Q

u = 0
fj|VQ

Γ
åv]#uvRTä�¬

∫

Ω1

v(b̃.∇u)dx = −
∫

Ω1

u∇.(vb̃)dx

À l�RTSVijdXZ�lEi�æ<lzk!UXZ�Y[Z�l^i�¬

b1(u, v) = −
∫

Ω1

u∇.(vb̃)dx +

∫

Ω1

cuvdx .

À lmk�k!UXRTQ�f�«'Q��TgoZ\k!|Bw�yEì4¢�RTijy<Wof�Zofrfj|VQ´UXZof�goR4ZxqIg�dXZ�lEi�f
b̃
Z�i

c̃
Z�i�Z�lF|VijdOUOdXf�k!lEi�Uãu dOl<h�«Ek!UOdOi�hp]VZ����TUX]VZ�Q�¬

|b1(u, v)| ≤ C||u||0 ||v||1
Z�lF|VijdOUOdXf�k!lEieZ�l<fj|VdOi�Z©UXZ`UXZ�Y�Y[Z\�BMba�Z�i´UXZ`µák!dOi�{^|<Z ||u||0 ≤ ||u||1−α

åVRTlFRTSVijdXZ�l^i�¬

|b1(u, v)| ≤ CHα||u||1 ||v||1
c`k!l<frUXZ`g�kTf�RTä

v ∈ Ṽ1,H
Z�i

u ∈ V1,h
å<RTlFk[k!UXRTQ�fr]BdOQ�Zog�i�Z�Y[Z�lEi�¬

|b1(u, v)| ≤ C||v||0||u||1
≤ CHα||u||1||v||1.

À lFk�]VRTl<g'å<Z�l�Q�hofj|VY[h'å<Y[RTlEijQ�h\{^|<Z`fjd
u
RT|

v ∈ Ṽ1,H
k!UXRTQ�f�¬

|b1(u, v)| ≤ CHα||u||1||v||1.
� Ý�Ì.Ï'Ë*Æ²ÄTËJÝ<ÅÊË�-�à<Í\Ûjõ Ñ �ÊÉBÏ'Æ*ÑBôxÅoÍ ��� 	����  ÍxÅxÆ¥ÌTóxÚÊË â²ó�Í\ÅxËëÏTÝ��xÑ4ÏTËJÅÊË¶Æ¥ÛXÍ´ÉBÄ!Å H

ÅÊà��HÅ�ÄTÐéÐIÍxÝzÆ#ÉVÍ�Æ¶Ë¶ÆáM

�#;§+Ù;§+ �\AV>["15�0*A636@E�)�& #"15	�#=8� ��7
� UzQ�Zofji�Z�ï`h�ij|<]BdXZ�Q²UXZ�i�Z�QjY[Z�fj|VdOn'k!lEi ∑

T∈T1,H
δT

∫
T

(
−ε∆u+ cu

)
~b.∇v dx

]<k!l<f�UXZrg�kTf�RTä
u
RT|

v ∈ Ṽ1,H
M

ç&Z�i�Z�QjY[Z ∑
T∈T1,H

∫
T cu~b.∇vdx

¢ÙZ�|Vi ��ijQ�Z�ijQ�k!dOi�h©]VZrU§k-Y ��Y[Z�YIk!lVdXW�Q�Z©{^|<Zr]<k!l<f²UXZeg�kTf�¢VQ�hogoho]VZ�l^i�M � U�Q�Zofji�Z
ï[ZofjijdOY[Z�Q�UXZ©i�Z�QjY[Z ∑

T∈T1,H
δT

∫
T −ε∆u~b.∇v dx

M
¨4RTdOi�]VRTl<g

u ∈ Ṽ1,H
Z�i

v ∈ V 0
1,H

M À l�k�k!UXRTQ�f

|δT

∫

T
ε∆u~b.∇v dx| ≤ CεδT ‖∆u‖0,T |v|1,T

≤ CεδT µinvh
−2
T ‖u‖0,T |v|1,T

Ò¶]#ubk!¢VQ�WofpÒáLBM 0'Õ�Õ

≤ C‖u‖0,T |v|1,T
Ò¶]#ubk!¢VQ�WofpÒáLBMb·?Õ�Õ



]#uvRTä

|
∑

T∈T1,H

δT

∫

T
ε∆u~b.∇vdx| ≤ C

∑

T∈T1,H

‖u‖0,T |v|1,T

goZ\{E|Vd�]VRTlVl<Z-Z�lBæ<l�Z�l8|VijdOUOdXf�k!lEirUãu dOl<h�«Ek!UOdOi�h\]VZp¡�k!|<g�yEì^Ö ¨4g�y���k!Q+�

∑

T∈T1,H

δT

∫

T
ε∆u~b.∇vdx ≤ C‖u‖0|v|1

¡²Zog�d�¢ÙZ�QjY[Z�ir]VZ©Y[RTlEijQ�Z�Q�å�Z�l�|VijdOUOdXf�k!lEi�UXZ`Y ��Y[Z`Q�k!dXf�RTlVl<Z�Y[Z�l^ie{^|<Z`]<k!l<f�U§kéf�Zog�ijdXRTl8¢VQ�hogoho]VZ�lEi�Z'å�{E|<Z`f�d
u
RT|

v ∈ Ṽ1,H
k!UXRTQ�f�¬

|
∑

T∈T1,H

δT

∫

T

(
−ε∆u + cu

)
~b.∇v dx| ≤ CHα||u||1||v||1.

����� � � � ����!$#&% ()% � � � � % ���.%�� � %�� �� � �
c`k!l<f�goZ©g�kTf�U§k-µáRTQjY[Z�SgoRTQjQ�Zofj¢ÙRTl<]�ï-U§k\¢zk!QjijdXZ`k!lEijdXfjì4Y[h�ijQjdX{^|<Ze]VZ�U§k-µ¶RTQjY[Z

a(., .)
M À l]Vhxæ<lVdOi´]#ubk!SÙRTQ�]

UXZ\f�RT|<fêÖ�Zofj¢zkTgoZ-f�|VdOnTk!l^i-¬
Ṽ1,H =

{
z ∈ V 0

1,h : a1(z, v) = 0 ∀ v ∈ V 0
1,H

}

P:RT|VQ�h�ij|<]BdXZ�QrU§k�n4dOi�Zof�f�Z`]VZ`goRTlEn?Z�Qj«?Z�l<goZ'å�RTl�µãk!dOi´Uãu yEì4¢�RTijy<Wof�Z-fj|VdOn'k!lEi�Z-fj|VQ´U§kéµ¶RTQjY[Z
b(., .)

¬
{

∀ ε > 0 ,∃H0 > 0
i�Z�U&{^|<Z©¢ÙRT|VQ´i�RT|Vi

H ∈ ]0,H0]
RTlrk

:

|b1(u, v)| ≤ ε||u||1||v||1
¢�RT|VQVi�RT|Vi

(u, v)
RT|

(v, u) ∈ Ṽ1,H × V1,h

Òá�BMON'N)Õ

RTä�RTlF]VhofjdO«'l<Z©¢zk!Q�U§k�µáRTQjY[Z
b1(., .)

U§k�Q�ZofjijQjdXg�ijdXRTlF]VZ`U§kpµáRTQjY[Z
b(., .)

k!|8]VRTYIk!dOl<Z
Ω1
M

ç¥u yEì4¢ÙRTijy<Wof�ZmÒá�BMON'N)Õ-Q�Z�n4dXZ�lEi�Z�l6µãk!dOiéïF]BdOQ�Z'å:]VZ 
oÄ��)ÏTÝ�ÄÊÉ?É�ÚêÏ ��ÑBó�Í�å¥{^|<ZIf�dëUXZofp¢zkTf�f�RTlEi�kTf�f�Z���¢ÙZ�ijdOi�f�å&U§k
¢zk!QjijdXZel<RTl�fjì4Y[h�ijQjdX{E|<Ze]VZrU§k-µáRTQjY[Z

a(., .)
å<k!¢V¢VUOdX{^|<hoZek!|Bw�h�UXh�Y[Z�l^i�f´]VZ

Ṽ1,H ×V1,h
RT|�]VZ

V1,h × Ṽ1,H
l�uvZof�i

¢zkTf\dOY�¢�RTQji�k!l^i�Z�]VZ�n'k!lEi\U§k�¢zk!QjijdXZIfjì4Y[h�ijQjdX{^|<Z[goR^Z�Q�g�dOn?Z
as(., .)

M À l6Y[RTlEijQ�Z�Q�kF{E|<Z�Uãu y^ì^¢ÙRTijy<Wof�ZmÒá�BMON'N)Õ©Zofji
n?h�QjdØæzhoZp]<k!l<f´UXZ-g�kTf�]#u |VlF¢VQ�RTSVUXW�Y[Z\]VZ`goRTlEn?Zog�ijdXRTlBÖ�]BdØ×Ù|<fjdXRTl�fji�k!ijdXRTlVlzk!dOQ�Z'M

À l�nTk�Y[RTl^ijQ�Z�QrYIk!dOl^i�Z�lzk!lEieUXZ`Q�hofj|VUOi�k!i�¢VQjdOl<g�dO¢zk!U&f�|VdOnTk!l^i�¬
� �&@^ z�!2^3�5Â�#;O��; �ÙÏTàEÅpÛOÍÊÅ\Ñ �ÊÉBÏ'Æ*ÑBôÊÅ�ÍÊÅ

(H1)
Í�Æ ��� 	����! " ËJÛ�ÍjöTËJÅxÆ�Í δ < 1

Ë*Ý�ÈEó�ÉVÍ�Ý�È?ÄTÝzÆ´ÈEÍ
h
Í�Æ

H
�ØÉVÏTà^Ú

HÄTÅ�ÅoÍ ��ÉVÍ�Æ¶Ë¶Æ  Æ�ÍxÛ -�à<Í �
|||Shϕ||| ≤ δ|||ϕ||| ∀ϕ ∈ Φh

��óxÐ[ÏTÝVÅ�Æ¶ÚêÄ?Æ¶Ë¶ÏTÝ 	 £¥lF¢VQ�Z�lzk!lEi v = wH
]<k!l<f�U§k�Q�Z�U§k!ijdXRTl�Òá�BMON)ÕrZ�irZ�lF|VijdOUOdXf�k!l^i©UXZ©µák!dOie{E|<Z

w1,H = R1,HShϕÒ*UXZ�Y�Y[Z�N)ÕxåVRTlFRTSVijdXZ�lEi�¬
a(wH , wH) = a1(R1,Hϕ − R1,hϕ,R1,HShϕ)

Òá�BMON�L?Õ
À lFnTkéh�ij|<]BdXZ�Qrf�h�¢zk!Q�h�Y[Z�lEi©g�yzkT{^|<Z`i�Z�QjY[Z-]VZ-goZ�iji�Z-h�«Ek!UOdOi�h'M À l�ké]#ubk!S�RTQ�]#¬

a(wH , wH) = a1(R1,HShϕ,R1,HShϕ) + a2(R2,HShϕ,R2,HShϕ)

= ||R1,HShϕ||21 + ||R2,HShϕ||22 .
P1RT|VQ-Y�dOl<RTQ�Z�Q`UXZ�Y[Z�Y\SVQ�ZI]VZp«Ek!|<g�y<Z[]VZégoZ�iji�Z�Q�Z�U§k!ijdXRTl�å�RTl�|VijdOUOdXf�Z�UXZéijy<hoRTQ�W�Y[Z[�BMbL�Z�i`UXZofeQ�Z�U§k!ijdXRTl<fIÒá�BMb�?Õ �
RTl�RTSVijdXZ�lEiek!UXRTQ�f)¬

a(wH , wH) ≥ σH

1 + σH
||R1,HShϕ||21

Òá�BMON�a?Õ

À lFnTk�YIk.îjRTQ�Z�Q�YIk!dOlEi�Z�lzk!l^i�UXZ-i�Z�QjY[Z-]VZ`]BQ�RTdOi�Z-]VZIÒá�BMON�L?Õ�åVRTlmk

a1(R1,Hϕ − R1,hϕ,R1,HShϕ) = a1s(R1,Hϕ − R1,hϕ,R1,HShϕ) + b1(R1,Hϕ − R1,hϕ,R1,HShϕ)

≤ ||R1,Hϕ − R1,hϕ||1||R1,HShϕ||1 + b1(R1,Hϕ − R1,hϕ,R1,HShϕ)
Z�lF|VijdOUOdXf�k!lEi�Uãu yEì4¢�RTijy<Wof�Z

(H2)
å<RTlFRTSVijdXZ�l^i�¬

a1(R1,Hϕ − R1,hϕ,R1,HShϕ) ≤ (1 + ε)||R1,Hϕ − R1,hϕ||1||R1,HShϕ||1
Òá�BMON�s^Õ

N�L



£¥lFgoRTY\SVdOlzk!l^i�UXZof´Q�Z�U§k!ijdXRTl<f�Òá�BMON�a?Õ ÖÊÒá�BMON�s^Õ�åVRTl�RTSVijdXZ�lEirZ�lBæ<l�¬

||R1,HShϕ||1 ≤ (1 + ε)
σH

1 + σH
||R1,Hϕ − R1,hϕ||1

Òá�BMON��?Õ

P�k!Qek!dOUOUXZ�|VQ�f)å<RTl�k�¢zk!Qr]Vhxæ<lVdOijdXRTlF]VZ
R1,Hϕ

¬

||R1,Hϕ − R1,hϕ||21 = a1(R1,Hϕ − R1,hϕ,R1,Hϕ − R1,hϕ)
= a1(R1,Hϕ,R1,Hϕ − R1,hϕ)
= a1s(R1,Hϕ,R1,Hϕ − R1,hϕ) + b1(R1,Hϕ,R1,Hϕ − R1,hϕ)

Z�lF|VijdOUOdXf�k!lEi©k!UXRTQ�f´Uãu dOl<h�«Ek!UOdOi�h\]VZ\¡�k!|<g�yEì^Ö ¨4g�y���k!Q+�[Z�i�Uãu yEì4¢ÙRTijy<Wof�ZIÒá�BMON'N)Õxå<RTlFRTSVijdXZ�l^i�¬

||R1,Hϕ − R1,hϕ||21 ≤ (1 + ε)||R1,Hϕ||1||R1,Hϕ − R1,hϕ||1
Z�i�]VRTl<g'¬

||R1,Hϕ − R1,hϕ||1 ≤ (1 + ε)||R1,Hϕ||1
goZ\{E|Vd#l<RT|<f�]VRTlVl<Z©æ<lzk!UXZ�Y[Z�lEi©kon?Zog�Òá�BMON��?Õx¬

||R1,HShϕ||1 ≤ (1 + ε)2
σH

1 + σH
||R1,Hϕ||1

Òá�BMON�~?Õ

P1RT|VQekTg�y<Z�n?Z�QrU§ké¢VQ�Z�|Vn?Z\]B|�ijy<hoRTQ�W�Y[Z'å<dOU�Q�Zofji�Z-ï�Y[RTl^ijQ�Z�Q�{^|�u dOU&ZxwBdXfji�Z©|Vl<Z-goRTl<fji�k!l^i�Z
δ < 1

i�Z�U&{E|<Z'¬

(1 + ε)2
σH

1 + σH
≤ δ

¢ÙRT|VQ
H
fj|BqIf�k!Y�Y[Z�lEi�¢�Z�ijdOi�M À Q�åz]#ubk!¢VQ�Wof�U§kéQ�Z�U§k!ijdXRTlèÒá�BM 0'Õ`åVRTl�k

1

C2
1

≤ σH ≤ C2
1

]#uvRTä�¬
σH

1 + σH
≤ C2

1

1 + C2
1

.

£¥l8¢VQ�Z�lzk!lEi©k!UXRTQ�f
H
f�|BqIf�k!Y�Y[Z�lEi�¢�Z�ijdOi�åVRTl8¢ÙZ�|Vi´ijQ�RT|Vn?Z�Q�åz]#ubk!¢VQ�Wof�Òá�BMON'N)Õ²|Vl�Q�hoZ�U

δ > 0
i�Z�U&{^|<Z'¬

(1 + ε)2
σH

1 + σH
≤ δ < 1

goZ\{E|Vd#¢ÙZ�QjY[Z�ir]VZ-goRTl<g�UO|VQ�Z`U§k�¢VQ�Z�|Vn?Z-]B|�ijy<hoRTQ�W�Y[Z •
�\ ��. �0¶0JA<(*�!5��Ù;§�Ù; �zË�ÛOÄ
oÏTÚÊÐIÍÄ6ÍÊÅ�ÆrÅ �TÐ[óoÆ¶ÚÊË -�à<Í ��Ï)ÍxÚ���Ë*Ì!Í " ÄTÛØÏ'Ú�ÅIÛXÍÆ*ÑBójÏ'ÚjôxÐIÍ ��ËJÞêÈEÍÊÅÊÅÊà^Å�ÍÊÅxÆeÌ.Ä'ÛØÄ ��ÛOÍ�Å�ÄTÝVÅÄ'à���à4Ý�Í ��Ï'Ý�ÈTË¶Æ¶Ë¶ÏTÝ�ÅÊà4Ú

H " ��ÄTÚ-ÛOÄ 
�ÏTÚxÐIÍ b(., .)
ÍxÅxÆ�Ý<à^Û*ÛXÍ���ÏTÝÂÄ�ÄTÛOÏTÚÊÅ-Ûjõ ÍÊÅ�Æ¶ËJÐ[Ä'Æ¶ËáÏTÝ8Åxà^Ë*Ì.ÄTÝ�Æ�Í �

|||Shϕ||| ≤ σH

1 + σH
|||ϕ||| ∀ϕ ∈ Φh

%�Ý
oÄTË¶ÆëÈ?ÄTÝ<Å��ÊÍ ��Ä!Å " ��Í�ÆáÆ�Í�ÍÊÅ�Æ¶ËJÐ[Ä'Æ¶ËáÏTÝ�É<Íxà4Æ ��Æ¶Ú�ÍéÄTÐIóxÛÜË¶Ï'Újó�Í ��ÏTÐéÐ[Í-Åxà^Ë¶Æ �

|||Shϕ||| ≤ σH

1 + σH

(
1 − 1

σHτh

)1/2

|||ϕ||| ∀ϕ ∈ Φh•

��óxÐ[ÏTÝVÅ�Æ¶ÚêÄ?Æ¶Ë¶ÏTÝ 	 £¥l8Zx×ÙZ�i�å<Z�l�¢VQ�Z�lzk!l^i ε = 0
]<k!l<f´U§k�Q�Z�U§k!ijdXRTlòÒá�BMON��?ÕoåVRTlFRTSVijdXZ�lEi�¬

||R1,HShϕ||1 ≤ σH

1 + σH
||R1,Hϕ − R1,hϕ||1

P1RT|VQ�Zof�ijdOY[Z�Q ||R1,Hϕ − R1,hϕ||1
åVRTl�n'k�|VijdOUOdXf�Z�Q�U§k�fjì4Y[h�ijQjdXZ`]VZ`U§kpµáRTQjY[Z

a(., .)
goRTY�Y[Z\fj|VdOi�¬

||R1,Hϕ − R1,hϕ||21 = ||R1,Hϕ||21 + ||R1,hϕ||21 − 2a1(R1,Hϕ,R1,hϕ)



RTQ�å<¢zk!Qr]Vhxæ<lVdOijdXRTl�]VZ
R1,Hϕ

RTlFkB¬

a1(R1,hϕ,R1,Hϕ − R1,hϕ) = 0;

]#uvRTä�¬
a1(R1,Hϕ,R1,hϕ) = ||R1,hϕ||21

Z�iek!UXRTQ�f�¬
||R1,Hϕ − R1,hϕ||21 = ||R1,Hϕ||21 − ||R1,hϕ||21

P�k!Qek!dOUOUXZ�|VQ�f�Z�l�|VijdOUOdXf�k!lEi�UXZ©ijy<hoRTQ�W�Y[Z\]#uvZxwBi�Z�l<fjdXRTl�å<RTlFRTSVijdXZ�l^i�fj|<gogoZof�fjdOn?Z�Y[Z�lEi�¬

||R1,hϕ||1 ≥ 1

τh
||R2,Hϕ||2

≥ 1

σHτh
||R1,Hϕ||1

À lmk�k!UXRTQ�f�¬

||R1,Hϕ − R1,hϕ||21 ≤
(

1 − 1

σHτh

)
||R1,Hϕ||21

goZ\{E|Vd#¢ÙZ�QjY[Z�ir]VZ-goRTl<g�UO|VQ�Z'M

����� � � � ����!$#&% ()% � � � � % ���.%�� � %�� �� � �
À lFgoRTl<fjdX]VW�Q�Z\dXg�d�UXZ-g�kTfrRTäFU§kéµáRTQjY[Z

a(., .)
l�uvZofji�¢zkTf�goR4Z�Q�g�dOn?Z\Z�i�U§k�µáRTQjY[Z

b(., .)
l<RTl�h�«Ek!UXZ\ï[f�ké¢zk!QjijdXZ

k!l^ijdXfjì4Y[h�ijQjdX{E|<Z'M#P1RT|VQ`h�l<RTl<goZ�QeUãu y^ì^¢ÙRTijy<Wof�Z�fj|V¢V¢VUXh�Y[Z�lEi�k!dOQ�Z[ï[µãk!dOQ�Zpfj|VQeU§kéµáRTQjY[ZpS�å�RTlmdOlEijQ�R4]B|VdOi©UXZpf�RT|<fjÖ
Zof�¢zkTgoZ-RTQjijy<RT«?RTlzk!U:]VZ

VH
¢zk!QrQ�k!¢V¢�RTQji�ï�U§kéµ¶RTQjY[Z-kB¬

ṼH = {z ∈ Vh : a(z, v) = 0 ∀ v ∈ VH}
Z�i�RTl8fj|V¢V¢�R'f�Z-k!UXRTQ�fr{^|<Z©UãuvRTl�k�U§ké¢VQ�RT¢VQjdXh�i�h\f�|VdOnTk!l^i�Z'¬

{
∀ ε > 0 ,∃H0 > 0

i�Z�U�{^|<Z`¢�RT|VQ´i�RT|Vi
H ∈ ]0,H0]

RTl�k
:

|b(u, v)| ≤ ε||u|| ||v|| ¢�RT|VQ´i�RT|Vi (u, v) ∈ ṼH × Vh

Òá�BMON 0'Õ

À lFk[k!UXRTQ�f´UXZ©Q�hofj|VUOi�k!i�fj|VdOnTk!l^i�¬
� �&@^ z�!2^3�5��Ù;X�#; �ÙÏTàEÅ©ÛXÍÊÅ©Ñ �ÊÉBÏ'Æ*ÑBôÊÅ�ÍÊÅ

(H1) " � � 	����! " Í�Æ ��� 	����  " ËJÛ&Íjö'Ë§Å�Æ�Í-à4ÝFÚ�ó�ÍxÛ δ < 1
ËJÝ�ÈEó�ÉVÍxÝ�È?ÄTÝzÆ²ÈEÍ

hÍoÆ
H

�ØÉVÏTà^Ú
H
Ä!Å�Å�Í �´ÉVÍ�Æ¶Ë¶Æ  Æ�ÍxÛ -�à<Í

|||Shϕ||| ≤ δ|||ϕ||| ∀ϕ ∈ Φh

��óxÐ[ÏTÝVÅ�Æ¶ÚêÄ?Æ¶Ë¶ÏTÝ 	 ç:k-¢VQ�Z�|Vn?Z©fj|VdOi²UXZofëY ��Y[Zof�UOdO«'l<Zof�{^|<Z�goZ�UOUXZe]B|ijy<hoRTQ�W�Y[Z©�BM s<åVï\UãuvZxwBgoZ�¢VijdXRTl�]VZ�U§k-Y�dOl<RTQ�k.ÖijdXRTl�]B|8i�Z�QjY[Z
a(wH , wH)

åzZ�lFZx×ÙZ�i�]<k!l<f�UXZ-g�kTf´¢VQ�hof�Z�l^irRTl�kB¬

a(wH , wH) = ||R1,HShϕ||21 + ||R2,HShϕ||21 + b(wH , wH)
= ||wH ||2 + b(wH , wH)

RTä�RTl�k`UXZ�i�Z�QjY[Z
b(wH , wH)

Z�l¢VUO|<f�MEª�k!dXf
wH 6∈ ṼH

Z�i�RTll<Z�¢ÙZ�|Vi�]VRTl<gr|VijdOUOdXf�Z�Q²Uãu yEì4¢ÙRTijy<Wof�Z�Òá�BMON 0'Õ¥¢ÙRT|VQ
Zof�ijdOY[Z�QrgoZ`i�Z�QjY[Z[åVRTl8n'kéh�i�k!SVUOdOQrgoZ�¢ÙZ�l<]<k!lEi�UXZ©Q�hofj|VUOi�k!irfj|VdOn'k!lEi\¬

|b(wH , wH)| ≤ 6ε
(
||wH ||2 + ||R1,Hϕ − R1,hϕ||21

) Òá�BMON��?Õ

£¥lFZx×ÙZ�i�fjd�RTl�¢�R'f�Z'¬
wh = wH − R1,Hϕ + R1,hϕ

å<k!UXRTQ�f�]#ubk!¢VQ�Wof\Òá�BMON)Õ�RTl�kB¬

a(wh, v) = 0 ∀ v ∈ VH

goZ\{E|Vd�Z�l^ijQ�k��Xl<Z\{^|<Z
wh ∈ ṼH

M À l�k�k!UXRTQ�f�¬

b(wH , wH) = b(wh, wh) + b(R1,Hϕ − R1,hϕ,R1,Hϕ − R1,hϕ) + b(wh, R1,Hϕ − R1,hϕ)+
+b(R1,Hϕ − R1,hϕ,wh)

N�s



¡²RTY�Y[Z
wh ∈ ṼH

Z�i
R1,Hϕ − R1,hϕ ∈ Ṽ1,H

å&RTlò¢�Z�|Vip|VijdOUOdXf�Z�Q�UXZof\y^ì^¢ÙRTijy<Wof�Zof�Òá�BMON'N)Õ-Z�i�Òá�BMON 0'Õxå�goZI{^|Vd
]VRTlVl<Z'¬

|b(wH , wH)| ≤ ε
(
||wh||2 + ||R1,Hϕ − R1,hϕ||21 + 2||wh||||R1,Hϕ − R1,hϕ||

)

≤ 2ε
(
||wh||2 + ||R1,Hϕ − R1,hϕ||21

)

Z�i�goRTY�Y[Z ||wh|| ≤ ||wH || + ||R1,Hϕ − R1,hϕ||21
å<RTl8RTSVijdXZ�l^i�¬

|b(wH , wH)| ≤ 2ε
(
2||wH ||2 + 3||R1,Hϕ − R1,hϕ||21

)

goZ\{E|Vd#¢ÙZ�QjY[Z�ir]#uvRTSVi�Z�lVdOQrUãu dOl<h�«Ek!UOdOi�hÒá�BMON��?Õ�M À l�k�k!UXRTQ�f�¬

a(wH , wH) = ||wH ||2 + b(wH , wH)
≥ (1 − 6ε)||wH ||2 − 6ε||R1,Hϕ − R1,hϕ||21.

£¥l8l<RTi�k!lEie{E|<Z'¬
||R1,HShϕ||21 + ||R2,HShϕ||21 = ||wH ||2 ;

Z�i�Z�l�|VijdOUOdXf�k!lEi�UXZ`ijy<hoRTQ�W�Y[Z-]#uvZxwBi�Z�l<fjdXRTl�å<RTlFRTSVijdXZ�l^i�¬

||R1,HShϕ||1 ≤
√

δH ||wH || Òá�BMON�·?Õ

RTä�RTl�k�¢�R'f�h'¬
δH =

σH

1 + σH
.

£¥l8|VijdOUOdXf�k!lEi©k!UXRTQ�f´UXZof´Q�Z�U§k!ijdXRTl<féÒá�BMON�a?Õ�Z�i\Òá�BMON��?Õ�å<RTl8RTSVijdXZ�l^i�¬

(1 − 6ε)||wH ||2 ≤ (1 + ε)
√

δH ||R1,Hϕ − R1,hϕ||1||wH || + 6ε||R1,Hϕ − R1,hϕ||21 .

¨4RTdOi
t > 0

|Vl�Q�hoZ�U�{^|<Z�UXgoRTl<{E|<Z'å�Z�l�|VijdOUOdXf�k!lEi©Uãu dOl<h�«Ek!UOdOi�h'¬
xy ≤ 1

2t
x2 +

t

2
y2 ]<k!l<feU§kIQ�Z�U§k!ijdXRTl�g�dØÖ�]VZof�fj|<f�å�RTl

RTSVijdXZ�l^i�¬
[
(1 − 6ε) −

√
δH(1 + ε)

2
t

]
||wH ||2 ≤

[√
δH(1 + ε)

2t
+ 6ε

]
||R1,Hϕ − R1,Hϕ||21

]#uvRTä�¬
||wH ||2 ≤ f(t)||R1,Hϕ − R1,hϕ||21

¢ÙRT|VQ�i�RT|Vi
t > 0

Òá�BMbL' ?Õ
k�n?Zog'¬

f(t) =

s

t
+ 6ε

(1 − 6ε) − st
et s =

√
δH(1 + ε)

2
.

çëuvh�ij|<]VZ`]VZ�U§k-µáRTl<g�ijdXRTl
f(t)

Y[RTl^ijQ�Z`{E|�uvZ�UOUXZ©k!iji�Z�dOlEi�f�RTlY�dOlVdOY\|VY ¢VQ�hof²]VZ�U§kpnTk!UXZ�|VQ
t0 =

1 − 6ε

2s

å^Z�i�¢ÙRT|VQ
goZ�iji�Z-nTk!UXZ�|VQrRTlmk�¬

f(t0) = 4s2

[
2s2 + 6ε(1 − 6ε)

2sε2 + (1 − 6ε)2

]

{^|<Z`UãuvRTl�¢ÙZ�|Virhog�QjdOQ�Z-f�RT|<f�U§kpµ¶RTQjY[Z'¬

f(t0) = δH g̃(ε) avec lim
ε→0

g̃(ε) = 1 .

À lmké]VRTl<g
||wH ||2 ≤ δH g̃(ε)||R1,Hϕ − R1,hϕ||21 .

£¥l8Q�Z�n?Z�lzk!lEi©ï8Òá�BMbL' ?Õ�åVRTlFRTSVijdXZ�l^i�k!UXRTQ�f�¬

||R1,HShϕ||1 ≤ δH

√
g̃(ε)||R1,Hϕ − R1,hϕ||1

Òá�BMbLBN)Õ

À lFnTk�YIk!dOl^i�Z�lzk!lEi©ZofjijdOY[Z�Q ||R1,Hϕ − R1,hϕ||1
Z�l�µáRTl<g�ijdXRTlF]VZ ||R1,Hϕ||1

M À lmké]#ubk!S�RTQ�]#¬

||R1,Hϕ − R1,hϕ||21 = a1(R1,Hϕ − R1,hϕ,R1,Hϕ − R1,hϕ) + b1(R1,Hϕ − R1,hϕ,R1,Hϕ − R1,hϕ)
= a1(R1,Hϕ,R1,Hϕ − R1,hϕ) + b1(R1,Hϕ − R1,hϕ,R1,Hϕ − R1,hϕ)



Z�i�Z�l�|VijdOUOdXf�k!lEi
(H2)

å<RTlFRTSVijdXZ�l^i�¬

||R1,Hϕ − R1,hϕ||21 ≤ a1(R1,Hϕ,R1,Hϕ − R1,hϕ) + ε||R1,Hϕ − R1,hϕ||21
Òá�BMbL'L?Õ

céubk!|VijQ�Z\¢zk!Qji�å<RTlFk

a1(R1,Hϕ,R1,Hϕ − R1,hϕ) = a1s(R1,Hϕ,R1,Hϕ − R1,hϕ) + b1(R1,Hϕ,R1,Hϕ − R1,hϕ)

]#uvRTäFUãuvRTlF]Vho]B|VdOi�åzZ�l�|VijdOUOdXf�k!l^irUãu dOl<h�«Ek!UOdOi�hp]VZ\¡�k!|<g�yEì^Ö ¨4g�y �²k!Q+�[Z�i´Uãu y^ì^¢ÙRTijy<Wof�Z
(H2)

¬

a1(R1,Hϕ,R1,Hϕ − R1,hϕ) ≤ (1 + ε)||R1,Hϕ||1||R1,Hϕ − R1,hϕ||1
Òá�BMbL'a?Õ

£¥lFgoRTY\SVdOlzk!l^iéÒá�BMbL'L?Õ�Z�i�Òá�BMbL'a?Õ�åVRTlFRTSVijdXZ�lEi�¬

||R1,Hϕ − R1,hϕ||1 ≤ 1 + ε

1 − ε
||R1,Hϕ||1 ;

goZ\{E|Vd#l<RT|<fr¢�Z�QjY[Z�i�]#uvhog�QjdOQ�Z-æ<lzk!UXZ�Y[Z�lEi�¬

||R1,HShϕ||1 ≤ δHg(ε)||R1,Hϕ||1 avec lim
ε→0

g̃(ε) = 1 .

]#uvRTäFU§k�goRTl<g�UO|<fjdXRTlF]B|8ijy<hoRTQ�W�Y[Z��BMb~BM
Î¥Í���Ë�Ý�Ï'àEÅ²ÉVÍxÚxÐIÍ�Æ�ÈEÍ$��ÏTÝ ��ÛÜà^Ú�Í-�à<ÍpÛØÄ[ÐIó�Æ*Ñ4Ï�ÈEÍ`Ã 	 Ç 	 Î�ÄÊÉ?É�ÛÜË -�àVó�Í��[ÛOÄ[ÐIó�Æ*ÑBÏ�ÈEÍ����eÃ % ' ��ÏTÝzÌ!ÍxÚ �EÍ�Ì!ÍxÚÊÅ

ÛOÄ8Å�ÏTÛÜà4Æ¶ËáÏTÝHÈTàÉ�ÚjÏ �xÛXôxÐIÍ�Ä'Ì!Í���à^Ý 
oÄ��oÆ�Íxà4ÚIÈEÍ ��ÏTÝ<Ì!Í�Ú��EÍ�Ý ��ÍË*Ý�ÈEó�É<ÍxÝ�È?ÄTÝ�Æ�ÈEÍÊÅeÉBÄTÅ�Ñ " � ÈEóÊÅ -�à<Í � ÍÊÅ�Æ�Ä!ÅÊÅoÍ �
É<Í�Æ¶Ë*ÆáM

� � ���z¾��ê������� ¼ ¾é ����� �e¾����

ç�Zof�¢ÙZ�Qêµ¶RTQjYIk!l<goZofë]VZ´U§keY[h�ijy<R^]VZr¤²Mv³�MÔ¡Hk!¢V¢VUOdX{^|<hoZof�k!|�¢VQ�RTSVUXW�Y[Z�]VZ�goRTl^n?Zog�ijdXRTlBÖ�]BdØ×�|<f�dXRTlfji�k!ijdXRTlVlzk!dOQ�Z
]BdXf�g�Q�h�ijdXf�hr¢zk!Q�U§k©Y[h�ijy<R4]VZ©¨4c©¤�£¥ª}f�Z�Q�RTl^i�k!lzk!UOìBf�hoZofë]<k!l<f�¢VUO|<fjdXZ�|VQ�f²g�kTf�åEZ�i²Z�l�µãk!dXf�k!lEi²nTk!QjdXZ�Q�UXZofë]BdØ×#h�Q�Z�lEi�f
¢zk!Q�k!Y[W�ijQ�Zof)¬�{E|<ZégoZéf�RTdOi`goZ�|Bwm]VZ�U§k�Y[h�ijy<R4]VZI¨4ce¤�£¥ªòåÙRT|ÂgoZ�|Bwm]VZéUãubk!UO«?RTQjdOijyVY[Z�]VZéQ�hof�RTUO|VijdXRTlÁÒ¶f�RTUOn?Z�|VQ�f
k!¢V¢VQ�R4g�y<hof)å�Y[h�ijy<R^]VZmY\|VUOijdO¢VUOdXg�k!ijdOn?Z�RT|�goRTY�Y[Z�¢VQ�hogoRTl<]BdOijdXRTlVl<Z�|VQ�å�Y[h�ijy<R^]VZof�dOi�h�Q�k!ijdOn?Zof�¢ÙRT|VQ�fjì4f�i�W�Y[Zof
l<RTlHfjì4Y[h�ijQjdX{E|<Zof)åOMOMOMÔÕxM1¡²Zofp¢�Z�QêµáRTQjYIk!l<goZofpf�Z�Q�RTlEiégoRTY�¢zk!Q�hoZoféïFgoZ�|Bw�]#u |Vl<ZIY[h�ijy<R4]VZ[Yp|VUOijdO«'QjdOUOUXZ�g�U§kTf�fjdX{^|<Z
k!¢V¢VUOdX{^|<hoZpk!|�Y ��Y[Z-¢VQ�RTSVUXW�Y[Z'M

ç&kmY�dXf�Z�Z�l�R4Z�|Vn^Q�ZlE|VY[h�QjdX{^|<Z8¢ÙRT|VQéUXZof[g�kTféi�Zofji�f�h�ij|<]BdXhof�dXg�drk�h�i�hQ�h�k!UOdXf�hoZ�ïFUãubk!dX]VZ�]VZ�U§kmUOdOSVQ�k!dOQjdXZ
cedØ×Ù¢zkTg #6Òêðb�!ñ�å#ðba.ñ*ÕxM

P:RT|VQ&|Vl<Z¥h�ij|<]VZ�ijy<hoRTQjdX{^|<Z¥]VZ�U§k�goRTlEn?Z�Qj«?Z�l<goZ²]VZ�U§k�Y[h�ijy<R4]VZ�¨4c©¤�£¥ª ¢ÙRT|VQ�UXZof#¢VQ�RTSVUXW�Y[Zof:]VZ¥goRTlEn?Zog�ijdXRTlBÖ
]BdØ×Ù|<fjdXRTl�k�n?Zog-goRT|<g�y<Zof�UOdOY�dOi�Zof�å<RTl�¢ÙRT|VQjQ�k�goRTl<fj|VUOi�Z�QpðON�~!ñ�M

����� �  � ( � � ����� ��� ��!$#&% �� % ��� � � � � ��% � � � # � 
�% ���
c`k!l<fegoZég�kTf�å�U§kf�RTUO|VijdXRTl�¢VQ�hof�Z�lEi�Zé|Vl<ZpµáRTQji�Z\n'k!Qjd§k!ijdXRTl6fj|VQe|Vl<Z�Q�h�«'dXRTl�]VZ�ijQ�Wof�µãk!dOSVUXZ�]Bd§k!Y[W�ijQ�Z8ÒêðON�~Tñ*ÕxM

çëu |VijdOUOdXf�k!ijdXRTl�]#u |Vl8YIk!dOUOU§k!«?ZpkT]<k!¢Vi�k!ijdØµ�Zof�i�]VRTl<g-fj¢Ùhog�d§k!UXZ�Y[Z�lEi�Q�ZogoRTY�YIk!l<]VhoZ�]<k!l<f�goZ`g�kTf�MV³ræ<l8]VZ©µãk!dOQ�Z`goZ
i�Zof�i¥RTlIk©g�y<RTdXfjd<goRTY�Y[Z�f�RTUO|VijdXRTl[ZxwVkTg�i�Z�]B|�¢VQ�RTSVUXW�Y[Z�k!|BwpUOdOY�dOi�Zof¥¢ÙR'f�h�fj|VQ

Ω =]0, 1[2
U§k�µ¶RTl<g�ijdXRTl[fj|VdOn'k!lEi�Z'¬

u(x, y) =
1

2
e−100(x2+(y−1)2) +

e
x−1

ε − e
−1

ε

1 − e
−1

ε

{^|Vd�¢VQ�hof�Z�l^i�Z\k!|<f�fjd#|Vl<Zpk!|VijQ�Z ��RTl<Z-]VZeµáRTQji�Z`nTk!Qjd§k!ijdXRTlFYIk!dXf�UXRTdOl8]VZ`U§k ��RTl<ZI°�goRT|<g�y<Z-UOdOY�dOi�Z?°TM
ç&kæ<«'|VQ�ZIL�dOUOUO|<fjijQ�Z[U§k�YIk!|Vn'k!dXf�Z[{^|zk!UOdOi�h[]VZ�U§k8f�RTUO|VijdXRTl�RTSVi�Z�lE|<Z�kon?ZogI|VlÂµãkTg�i�Z�|VQ

δT
l<RTlèk!¢V¢VQ�RT¢VQjdXh'M

��|zk!l<]�goZ\µákTg�i�Z�|VQ`Zofji©g�k!UXg�|VUXh�ï[¢zk!QjijdOQ©]VZpU§k[µáRTQjY\|VUXZ�ÒáLBMON� ?Õ�å�U§k[æ<«'|VQ�Z�aIY[RTlEijQ�Z�{^|<Z\U§k�f�RTUO|VijdXRTl�RTSVi�Z�lE|<Z
Zof�i�SVdXZ�l�Y[Z�dOUOUXZ�|VQ�Z'M

ç&k�æ<«'|VQ�Z[s�dOUOUO|<f�ijQ�Z[{E|<ZéUãuvRTl�¢�Z�|Vi\k!iji�Z�dOl<]BQ�ZIU§kY ��Y[Z[{E|zk!UOdOi�hI]VZ�U§k�f�RTUO|VijdXRTlèk!¢V¢VQ�R4g�y<hoZ�Z�l6|VijdOUOdXf�k!lEi
SÙZ�k!|<goRT|V¢FY[RTdOl<fr]#uvh�UXh�Y[Z�lEi�f�«'Q��TgoZ\ïé|Vl�YIk!dOUOU§k!«?ZpkT]<k!¢Vi�k!ijdØµ�|VijdOUOdXf�k!l^iea�lVdOn?Z�k!|Bw8]VZ`Q�k.q[l<Z�Y[Z�l^i�M
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������� a �
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������� s �
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À lgoRTY�¢zk!Q�ZeYIk!dOl^i�Z�lzk!lEi�UXZof²¢ÙZ�Qêµ¶RTQjYIk!l<goZof�]VZeU§k-Y[h�ijy<R4]VZ©¤B³r¡�Z�i�]#u |Vl<ZeY[h�ijy<R^]VZeY\|VUOijdO«'QjdOUOUXZ©¢ÙRT|VQ²UXZ

Y ��Y[Z©¢VQ�RTSVUXW�Y[Z©¢VQ�hogoho]VZ�l^i�M À lµ¶Z�Q�kpn'k!QjdXZ�Q�UXZ�¢zkTf
h
]VZeU§k�]BdXf�g�Q�h�ijdXf�k!ijdXRTl�åBUXZ©goR4ZxqIg�dXZ�lEi

ε
åEUXZe¢zk!Q�k!Y[W�ijQ�Z

δT]VZ-U§k[¨4ce¤�£¥ª Z�irZ�lBæ<lFUXZ©l<RTY\SVQ�Z\]VZ©lVdOn?Z�k!|Bw8]B|8YIk!dOUOU§k!«?Z�kT]<k!¢Vi�k!ijdØµ�|VijdOUOdXf�h'M
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������� ~ ��¡²RTlEn?Z�Qj«?Z�l<goZ�]VZ`ª !¸Z�l�µ¶RTl<g�ijdXRTl�]B|�¢zkTf
h

À lF¢VQ�hof�Z�l^i�Zp]<k!l<f�goZ�iji�Z\¢zk!QjijdXZ\UXZofr¢ÙZ�QêµáRTQjYIk!l<goZof�]VZof�Y[h�ijy<R^]VZofeh�ij|<]BdXhoZof�UXRTQ�f�{E|<Z\UXZ-¢zkTf
h
n'k!QjdXZ'M�¡²Zog�d

¢ÙR'f�Z�¢VQ�RTSVUXW�Y[Z�g�k!QéUXZ[µãkTg�i�Z�|VQ
δT

]Vh�¢ÙZ�l<]#å1l<RTQjYIk!UXZ�Y[Z�lEi�å¥]VZ
h
M¥¡²Z�U§kmf�ZIn?RTdOi�µãkTg�dOUXZ�Y[Z�lEi�fj|VQéU§k8æ<«'|VQ�Z�~
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]Vh�¢ÙZ�l<]�SÙZ�k!|<goRT|V¢�]B|8g�y<RTdØw�]B|F¢zk!Q�k!Y[W�ijQ�Z
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