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ON THE SPECTRAL DENSITY OF THE WAVELET COEFFICIENTS
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ABSTRACT. In recent years, methods to estimate the memory parameter using wavelet
analysis have gained popularity in many areas of science. Despite its widespread use, a
rigorous semi-parametric asymptotic theory, comparable to the one developed for Fourier
methods, is still missing. In this contribution, we adapt to the wavelet setting the classical
semi-parametric framework introduced by Robinson and his co-authors for estimating the
memory parameter of a (possibly) non-stationary process. Our results apply to a class of
wavelets with bounded supports, which include but are not limited to Daubechies wavelets.
We derive an explicit expression of the spectral density of the wavelet coeflicients and show
that it can be approximated, at large scales, by the spectral density of the continuous-time
wavelet coefficients of fractional Brownian motion. We derive an explicit bound for the
difference between the spectral densities. As an application, we obtain minimax upper
bounds for the log-scale regression estimator of the memory parameter for a Gaussian

process and we derive an explicit expression of its asymptotic variance.
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1. INTRODUCTION
Let X & { X }rez be a real-valued process, not necessarily stationary and let AKX
denote its K-th order difference. The first order difference is [AX]y of X, — X,_1 and
AX is defined recursively. The process X is said to have memory parameter d, d € R (in
short, is an M(d) process) if for any integer K > d —1/2, the K-th order difference process
AKX is weakly stationary with spectral density function

def —1 — *
farx(N) = L= e APED () X e (—m,7), (1)
where f* is a non-negative symmetric function which is bounded on (—=, 7) and is bounded
away from zero in a neighborhood of the origin. M(d) processes encompass both stationary
and non-stationary processes, depending on the value of the memory parameter d. When

d < 1/2, the process X is covariance stationary and its spectral density is given by

FO) == (). (2)

The process X is said to have long-memory if 0 < d < 1/2, short-memory if d = 0 and
negative memory if d < 0; the process is not invertible if d < —1/2. When d > 1/2, the
process is non stationary. In this case, the f in (f]) is not integrable on [—m, 7] and is
therefore not a spectral density. In the terminology of [Yaglon] ([958), this f is called a

generalized spectral density. It corresponds to a process X whose increments of sufficiently

high order are covariance stationary.

The memory parameter d plays a central role in the definition of M(d) processes and
is often the focus of empirical interest. In the parametric case one can use approximate
MLE methods (Fox and Taqqy ([986)) or MLE (Dahlhaud (1989)). In the semi-parametric

case (f) where only a class of functions f* is specified, two types of methods have emerged

to estimate the memory parameter d : Fourier and Wavelet methods. Frequency-domain

techniques are now well documented and understood (see for instance [Hurvich_and Ray]
(M997), NVelascd ([[999), [Velasco_and Robinsor] (R000) and [Hurvich et al] (P0032)).

In this paper, we focus on wavelet methods and consider the regression estimator in-
troduced in [Abry and Veitcl] ([999), which involves estimating d using the slope of the
regression of the logarithm of the scale spectrum on the scale index. This estimator is now
widely used in many different fields (see e.g. Neitch and Abry] ([999) for applications to
network traffic; [Percival and Walder] (P00() and [Papanicolaou and Sglng (P00J) for appli-

cations in physical sciences; see e.g. [Gencay et al] (2009) and Bayraktar et al] (B004) for
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applications in finance). The regression estimator is well-suited to process large data sets,
since it has low computational complexity due to the pyramidal algorithm for computing
the details coefficients. Also, it is robust with respect to additive polynomial trends (see
for instance Veitch and Abry| ([999) and [Craigmile et al] (2007)). In Moulines, Roueff and
Taqqu (R00H), we study another estimator of d obtained by adapting the local Whittle

estimator to the wavelet context.

Despite its widespread use, a rigorous semi-parametric asymptotic theory of the regres-
sion estimator, comparable to the one developed for corresponding estimators based on
the periodogram, is still missing (the concluding remarks in ([999) about “the lack
of rigorous asymptotic theory (...) if the spectral density is not proportional to A=2¢ for
all frequencies” for wavelet-based estimates are still valid). There are results in a related
parametric framework (see (R00F) and Bayraktar et al] (R004)). To the best of our
knowledge, the only attempt in a semi-parametric setting is due to Bardet et al] (R000).

The process, however, is supposed to be observed in continuous-time — discretization issues

were not discussed — and the results do not directly translate to discrete-time observations
in a semi-parametric framework. The main objective of this paper is to fill this gap.

The paper is organized as follows. Examples of M (d) processes are given in Section . In
Section [J, we introduce wavelets and wavelet transforms for time-series. We do not assume
that the wavelets are orthonormal nor that they result from a multiresolution analysis. In
Section [], we derive an explicit expression for the covariance and spectral density of the
wavelet coefficients of an M(d) process at a given scale. We extend this result to pairs of
scales by grouping, in an appropriate way, the wavelet coefficients. The results apply to
a general class of wavelets with bounded supports, which include but are not limited to
Daubechies wavelets. If f* belongs to a class of smooth functions H (3, L) with smoothness
exponent (3 defined in (PJ), we show that the spectral density of the wavelet coefficients
of an M(d) process can be approximated, at large scales, by the spectral density of the
wavelet coefficients of fractional Brownian motion (FBM) and derive an explicit bound for
the difference between these two quantities. Our result holds not only for d € (1/2,3/2),
which corresponds to the standard range for the Hurst index, H = d — 1/2 € (0,1), but
for all d € R by interpreting the corresponding FBM as a generalized process with spectral
density [A\|72%, A € R. We show that the relative L™ error between the spectral densities
of the wavelet coefficients decreases exponentially fast to zero with a rate given by the

smoothness exponent 3 of f*. In Section [, we consider (possibly non-stationary) Gaussian
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processes and obtain an explicit expression for the limiting variance of the estimator of d
based on the regression of the log-scale spectrum. We show that this estimator is rate
optimal in the minimax sense. Sections [j and [| contain proofs. Appendix [A involves
approximations of wavelet filter transfer functions. We derive in Appendix [ an inequality

for the mean and the covariance of the logarithm of quadratic forms of Gaussian variables.

2. EXAMPLES

Stationarity of the increments is commonly assumed in time-series analysis. In ARIMA
models, for example, ([l) holds with d = K integer and with f* equal to the spectral density
of an autoregressive moving average short-memory process. If d € R and f* = o2 in (),
one gets the so-called fractionally integrated white noise process, ARFIMA(0,d,0). The
choice d € R and

11— Oke*i)‘k‘z
A A 202‘ k=1 , ANE(—m,m), 3
s =0* | =S, Ae () ()
with 1 — >0 ¢pz" # 0 for [z] =1 and 1 — >7_, 0k # 0 (so that fizya(0) # 0) leads to
the class of ARFIMA(p, d, q) processes.
Another example is { By (k)}rez, a discrete-time version of fractional Brownian motion
(FBM) {Bg(t),t € R} with Hurst index H € (0,1). The latter is a centered Gaussian

process with covariance

Rt ) E[Bur () B ()] = 5 {|1%" + |57 — |t — s}

The process {Bpy(k)}rez is increment stationary (K = 1) and its generalized spectral

density is given up to a multiplicative constant (see Pamorodnitsky and Taqqy ([[994)) by

fFBM<A> déf Z |)\ + 2]{;7‘-‘72[{717 A€ <_7T77T) :

k=—00

We can express it in the form (J),

feam(A) = [1 =77 fpyu(N) (4)
by setting d = H +1/2 € (1/2,3/2) and
o sin(\/2) [2H+1 o
feana) = | P s S 2k )
k0

Observe that ffigy(0) = 1 and that it is bounded on (—m, 7).
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The process Gy = ABy is fractional Gaussian noise (FGN). It is a stationary Gaussian
process with spectral density proportional to (), but with d = H —1/2 € (—1/2,1/2).
By convention, throughout the paper, while d may take values in R, H will be always

restricted to take values in (0, 1).

3. DISCRETE WAVELET TRANSFORM

In this section, we introduce the main concepts required to define a discrete wavelet
transform. Denote by L?(R) the set of square integrable functions with respect to the
Lebesgue measure. Let ¢ € L*(R) and ¢ € L%(R) be two functions and define their Fourier

transforms as
Q/g(f) df /OO gf)(t)e—i&t dt and 121\(5) def /OO @/)(t)e_igt dt.

Consider the following assumptions:
(W-1) ¢ and v are compactly-supported, integrable, and g/b\(O) = ffooo o(t)dt = 1 and
[ =1,
(W-2) There exists a > 1 such that supgcg |’(Z)\(§)| (14 &) < 0.
(W-3) The function ¢ has M vanishing moments, i.e. [ t™(t)dt = 0 for all m =
0,..., M —1
(W-4) The function ), _, k™ ¢(-—k) is a polynomial of degree m for allm = 0,..., M —1.
Assumption implies that gg and @ are everywhere infinitely differentiable. The
exponent « in [[W-2] is related to the rate of decrease of the Fourier transform 12)\ of the
wavelet 1 and hence to the regularity of ¢». Under [W-1], is equivalent to asserting
that the first M — 1 derivatives of 13 vanish at the origin. This implies, using a Taylor

expansion, that

()] = O(lg/) as €—0. (6)
By (Cohet], P003, Theorem 2.8.1, Page 90), under [W-TJ, is equivalent to
sup [6(¢ + 2km)] = O(g]™) as €0, (7)

k#0
Adopting the engineering convention that large values of the scale index j correspond to
coarse scales (low frequencies), we define the family {v;,j € Z,k € Z} of translated and

dilated functions

P p(t) = 2792 (279t — k) . (8)
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Many authors suppose that the v, are orthogonal and even that they are generated by
a multiresolution analysis (MRA). Assumptions [W-T}H{W-4] are indeed quite standard in
the context of a multiresolution analysis (in which case, ¢ is the scaling function and ¢ is
the associated wavelet), see for instance (R003). In this paper, we do not assume
that wavelets are orthonormal nor that they are associated to a multiresolution analysis.
We may therefore work with other convenient choices for ¢ and 1 as long as

are satisfied. A simple example is to set, for some positive integer N,

et dV
o) 1N (@) and o) & T ()
where 14 is the indicator function of the set A and for a non negative function f, f®V

denotes the N-th self-convolution of f. It follows that
[S(©)] = [2sin(/2)/6]Y and (&) = €|V |2sin(€/2) /€.

Using (B) and ([]), one easily checks that [W-T}W-4] are satisfied with M and « equal
to N. Of course the family of functions {¢;;} are not orthonormal for this choice of the

wavelet function ¢ (and the function ¢ is not associated to a MRA). Nevertheless, to ease
references to previously reported works, with a slight abuse in the terminology, we still call
¢ and 1 the scaling and the wavelet functions.

Having defined the functions ¢ and 1, we now define what we call the Discrete Wavelet
Transform in discrete time. Start with a real-valued sequence {zy, & € Z}. Using the
scaling function ¢, we first associate to the sequence {xj,k € Z} the continuous-time

functions
xo(1) S ap gt —k) and x(t) =Y mo(t—k), teR. (9)
k=1 keZ

The wavelet coefficients involve {x(t), t € R} and are defined as

x, / (Oiat)dt >0,k L. (10)

Without loss of generality we may suppose that the support of the scaling function ¢ is
included in (=T, 0) for some integer T > 1. Then x,,(t) = x(t) forall t € (0,n—T+1). We
may also suppose that the support of the wavelet function v is included in (0,T). Then,
the support of 1, is included in the interval (27k, 27(k + T)). Hence

W5 =W :/ X (0) (L) dt, (11)

oo
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when (27k,27(k +T)) C (0,n — T + 1), that is, for all (j, k) € Z,,, where

7, {(,k): §>0,0<k<29(n—T+1)-T}. (12)

For any 7, the wavelet coefficients {Wfk}kez are obtained by discrete convolution and
downsampling. More precisely, under [W-TJ}, for all j > 0, k € Z, ({]) and ([J) imply
W =3 arhjzic = (b * X = (17 [hy. % XD, (13)
leZ

where x denotes the convolution of discrete sequences,
hi, & 2]'/2/ ot + Dy(277t) dt

and, for any sequence {c}rez and any integer [, |7 is the downsampling operator defined

as (|7 ¢)r = coip. Define, for all j > 0, the discrete Fourier transform of {h;,}icz as

o0

Hi(A\) =) hjem™ = 27772 / > ot + e Map(277t) dt. (14)

leZ ez
Since ¢ and ¢ have compact support, the sum in ([[4) has a finite number of non-vanishing

terms and Hj is a trigonometric polynomial.

Remark 1. By Corollary [[(, there exists an integer jo only depending on ¢ and v such
that, for all j > jo, the trigonometric polynomial H;(\) is not identically zero. In the case
of a multiresolution analysis, the father and mother wavelets are defined in such a way that
Jo = 0. In the general case, by dilating i) appropriately, or, in other words, by changing

the reference scale, one can impose jo = 0, which is assumed in the sequel.

Under assumption [W=4J, t — ., ¢(t + [)I™ is a polynomial of degree m and
therefore implies that, for all j > 0and all m =0,..., M — 1,
> hjlm = 2—3’/2/ Y2 p(t+DImdt =0 (15)
leZ % leZ
Now consider Pj(x) = 7., hjy 2! and observe that ([J) implies P;(1) = 0, P/(1) =0, ...,

PJ.(M_U(l) =0, and hence H;(\) = P;j(e™™) factors as

Hi(A) = (1 —e ™M H;(N) (16)
where H;()\) is also a trigonometric polynomial. The wavelet coefficient ([J) may therefore
be computed as

WX, = (17 [hy, = AMx]); (17)

J
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where {%71}162 are the coefficients of the trigonometric polynomial ﬁj and AMx is the
M-th order difference of the sequence x. In other words, the use of a wavelet and a scaling
function satisfying [W-4) and [W=3)] implicitly perform a M-th order differentiation of the

time-series. Therefore, we may work with a K-th order integrated processes X without

specific preprocessing, provided that M > K. This is in sharp contrast with Fourier
methods, where the time series must be explicitly differentiated at least K times and a

data taper must be applied on the differenced series to avoid frequency-domain leakage

(see, for instance, Hurvich et al] (2003)).

4. SPECTRAL DENSITY OF THE WAVELET COEFFICIENTS

Because the wavelet coefficients at a given scale are obtained by applying time-invariant
linear filters, computing the covariance of the wavelet coefficients of K-th order stationary
processes is an easy exercise. The following proposition provides an integral expression for
the covariance between two wavelet coefficients on possibly different scales, expressed in
terms of the transfer function H; of the wavelet filters and the generalized spectral density
of the process X. This proposition extends Theorem 2 in ([993) on the spectral

measure of the DW'T coefficients of increment stationary continuous-time processes to the

discrete-time setting and Lemma 1 in [Craigmile and Percival (EOOE) to functions ¥ and ¢

that do not necessarily define a multiresolution analysis.

Proposition 1. Let X be a K-th order integrated process with generalized spectral density

f. Assume [W-IJHW-4) with M > K. Then, for all j,j' >0 and k., k' € Z,

Cov(W5, Wiky) = [ X4 3) ) TN d, (18)

—Tr

where the wavelet coefficient Wy is defined in ([0).

The proof follows from elementary results on time-invariant linear filtering of covariance
stationary processes, using ([d), ([7), applied to AM X which is covariance stationary
with spectral density |1 — e 2M f(\).

By (@), for a given scale j, the process {W;} }rez is covariance stationary. The situ-
ation is more complicated when considering two different scales j # j', because the two-
dimensional sequence {[W]ﬁ, Wj)/(,k]T}keZ, with T denoting the transpose, is not stationary

for j # j’. This is a consequence of the pyramidal wavelet scheme, where at scale j, the
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wavelet coefficients are downsampled by a factor 27 which depends on j since ;. in (g)

can be expressed as

PYin(t) = 2792277 (t — 27F)) .

Thus, to obtain a stationary sequence, one should consider the process {[W/JX,;, Wj),( i’ k]T} keZ
for 7 > 4’, which involves a downsampled subsequence of the coefficients at the finer scale

-/ : X X
j'. One can also consider the process {[W;, W i ko

a translation of the location index of the second component by v. It turns out that the

["Ywez for j > 4/, which includes

. . . s al
most convenient is to merge the processes corresponding to v =0,...,277 — 1 and hence

to consider the between-scale process
{W5e WikG = 3" heez (19)
where for any u =0,1,...,7,

def T
W]),(k(u) = [Wj)iu,Zulw VVj)iu,Q“k-i—lv LR M/j)iu72“k+2“—1} (20)

is a 2“-dimensional vector of wavelet coefficients at scale ;' = j — u. The vector Wfk(u)
involves all possible translations of the position index 2%k by v = 0,1,...,2* — 1. The
index u in (R0) denotes the scale difference j — j' > 0 between the finest scale j’ and the
coarsest scale j. Observe that W7, (0) (u = 0) is the scalar W7}

One should view the between-scale process ([J) as a pair made up of the scalar process
{W3X}kez and the vector process {W¥.(j — j')}rez. We shall now express their cross
spectral density in terms of the generalized spectral density of X and the transfer function
of the wavelet filters folded on the interval [—m, 7w|. By setting j' = j or equivalently u = 0

we obtain the spectral density of the “within scale” process {Wﬁ}kez-

Corollary 2. Define for all0 < u < j and X\ € (—m,m),

Dj.(\ f,6,0) <
271
> " ew(A+2m) f(277 (A + 20m)) 27 Hy (277 (A + 21m)) 27072 H, (27 (A + 21m)) , (21)
=0
where for all £ € R,

eu(€) W omw2y o2V omiin2TET

Then i
Cov (WX, W () = / PEH D (N ) d
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In other words,

e for all j > 0, the within-scale process {W k}kez s covariance stationary with spec-

tral density Djo(-; f, ¢, ),
e for all j > u > 0, the between-scale process {[W,Y., WX (u)"]" }rez is covariance

stationary with cross spectral density D; (- f, ¢,1).

Note that D,, is a 2“-dimensional vector and, in particular, D, is a scalar. The 2"-

dimensional vector e,(§) has Euclidean norm |e*(§)| = 1.

Proof. Let 7 > u > 0. By (§), we have, for all k, ¥ € Z and v =0,...,2% — 1,
I j rou J—u e ——
Cov (W WY, ) = / X202 (3 B () () dA.
0

. . 97 _ L/ _: —u9j
The exponential can be factorized as e’ A*=F) 7102722 " Hence

2 ) , )
Cov (WY, W (u) = /0 M=K (210) F(N) Hy(N)2Y2H_(N) dX

Js

21ty

= / MEFD @, (N) F(279N) 2792 H,(2790) 27 U=W/2H, (279 0) d.
0

The result is obtained by folding and shifting the previous integral as follows, setting
g(N) = eu(A) F(279N) 2792 H;(2790) 27U H; (2770,

2i+1, 291 2(l4+1)m
/ ei)\(lc—k) d)\— Z/ 1)‘(k k) g()\) d\
0
291 27 —1
_ Z / MK g\ 1 2l dA — / N1 (3™ g3 4 2um) | di

=0

The function in parentheses is (27)-periodic because le'al gA+2(l+ 1)) = 212 Il g\ +
20m) + g(A + 27(2m)) = Elyolg(k + 2I7) since g is 27(2m)-periodic. Hence fo can be
replaced by f:r, which gives the result. ([l

We now apply the preceding results to the class of processes with memory parameter
d € R (see (l)). To obtain error bounds on the variance and the spectral density of the
wavelet coefficients, some additional assumptions are required on the smoothness of f* at

zero frequency.
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Definition 1. For 0 < 8 < 2 and L > 0, define the function class H((3,L) as the set of

even non-negative functions g on [—m, | such that, for all X\ € [—m, ],
l9(%) = 9(0)] < Lg(0) [AI”. (22)

This type of assumption is typical in the semi-parametric estimation setting (see for
instance [Robinson] ([999) and Moulines and Souliel] (2003)). The larger the value of 3, the
smoother the function at the origin. For g even — as assumed — and infinitely differentiable,
¢'(0) = 0 and hence, by a Taylor expansion, (P2) holds with 3 = 2.

Since, for instance, figya in (B) is infinitely differentiable, it belongs to H(2, L) for some
L. As for FBM and FGN, consider ffig, in (B). The first term in the RHS is 1 + O()\?)
and the second is O(|A\|?*1). Hence, for some positive constant L, | figy(A) — fipu (0)] <

L fp(0) [A|GHFUA2 where a A b = min(a, b); hence

frem € H(QH+1)AN2,L) . (23)

The expressions of the within- and between-scale wavelet coefficient spectral densities
D;.(-; f,¢,v) given in Corollary P depend both on d and on the function f* and will
therefore be denoted by D;,(:;d, f*, ¢,1) in the sequel. We are going to show, however,
that these quantities may be approximated by quantities which depend only on the memory
parameter d and f*(0). Let X have a generalized spectral density f(\) = |1 — e 72¢f*())
and define

o2 (d, ) < VarW] = / 11— e PR ) H ()P (24)

—Tr

the variance of the wavelet coefficient of the process X at scale j.

Theorem 3. Let M > 1 be an integer and o, L, 3 be constants such thata > 1,0 < L < oo
and (€ (0,2]. Assume that [W-T}{IW-4] hold with M and c.

(a) Let dmin and dpax be two constants such that
[dmina dmaX] - ((1 + ﬁ)/Q —a, M+ 1/2) . (25)

Then, there exists a constant C' > 0 (only depending on the constants (3, dyin, dmax
and the functions ¢ and 1)) such that, for all j >0, d € [dpin, dmax| and f* € H(B, L),

o2 (d, f*) — f*(0) K(d, %) 277 < C f*(0) L2*4 5V (26)
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where K(d, 1) is given by
Kd.o) ™ [ e ras 0
(b) Let dpmin and dpax be two constants such that

[dmimdmax] - ((1+ﬁ)/2—0[,M] . (28)

Then, for all uw > 0, there exists C > 0 (only depending on u and on the constants
B, dmin, dmax and the functions ¢ and ) such that, for all A € (—m, ), j > u,
d € [dmin, dmax] and f* € H(B,L),

DX, f7,6,9) = f1(0) Daou(Xs d, 1) 27| < € f*(0) L2V (29)
where | - | denotes the FEuclidean norm in any dimension and, for all u > 0,

Doou(Xid, 1) = Y |A + 2r[ e, (A + 2Ur) SN+ 2m)(27 (N + 20r)). (30)
leZ
The function (\,d) — Dy (A;d, ) is (2m)-periodic in A and jointly continuous on

R X [dmin, dmax). When u =0, Dy is a scalar and
/ Dco(X; d. ) dA = K(d, 1) £ 0. (31)

The proof, based on approximating the wavelet filter transfer function, can be found in
Section . In order to shed light on Theorem [, we conclude this section with a number of

remarks.

Remark 2. Theorem [ states that f*(0) K(d, ) 2% is a good approximation for Var[IW;\]
and that for any u > 0, f*(0)De.u(\; d,1)2%% is a good L*°(—m, m) approximation to the
spectral density D;,(A; d, f*, ¢, ).

Remark 3. Relation (B9) with u = 0 implies (B6) since | [ g1(A)dX — |7 gQ()\)d)\’ <
27||g1 — g2]|co- Observe, however, that (Bf) is valid under Condition (BF), which is weaker
than (29).

Remark 4. Under Condition (Bg), for all p > 0,

dof s 1/1’
Dl d, )], ( [ et v dA) (32)

is positive, finite and continuous in d € [duyin, dmax). This follows from joint continuity

and (B]).
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Remark 5. The spectral density f*(0) Doo.o(\; d, %) 224, X € (=, m), is in fact the spectral
density of the wavelet coefficient of the generalized fractional Brownian motion B(g), where
d € R. The process Bq) is parameterized by a family 04 of smooth “test” functions 6(t),
t € R and is defined as follows: {Bq)(0), 6 € ©)} is a mean zero Gaussian process with

covariance

Cov (Ba)(01), / A28 (V) By(\) d (33)

The finiteness of the integral [p |A[~* 10(\)[2 dA provides a constraint on the family Oa)-
For instance, when d > 1/2, this condition requires that é\()\) decays sufficiently quickly at
the origin and, when d < 0, it requires that é\()\) decreases sufficiently rapidly at infinity.
Hence 6 can be a wavelet ¢ if d € (1/2 — o, M 4+ 1/2), which corresponds to (25) with

B = 0. The discrete wavelet transform of B(g) is defined as
WS < Bay(tis), jEZ ke, (34)

The spectral density f*(0)Duou(A;d,1)2% in (PJ) which serves as an approximation to
D, .(\:d, f*,¢,7) is in fact, up to the multiplicative constant f*(0), the cross spectral den-

sity between the wavelet coefficients W;ﬁ and the vector of wavelet coefficients W](d,z (u) o
[W;@WW, . Wj(i)1172uk+2u_1} . Indeed, using (BY), (B) and t;x(\) = 29/ (27 \)e #2

one has
Cov (W] e Wj(dk’ — 2] / ‘)\| 2d 2])\) (2JA>QZ<2] u)\) iA27 (k' —k) d\
= 2°¥ / Doou(X; d, ) ) g (35)

where the last equality is obtained by the change of variable —2/\ — X and by folding the
integral on (—m, 7).

The within- and between-scale spectral densities D;,(\; d, f*, ¢, 1) of the process X with
memory parameter d may thus be approximated by the DW'T of the generalized FBM Bq)
(viewed as a generalized process), with an L> error bounded by the RHS in (P9).

Remark 6. When d belongs to (1/2,3/2), By is related to Bg(t), t € R, by setting
H=d—-1/2¢€(0,1) and, up to a multiplicative constant,

B (0) = /RBH(t)Q(t) dt



14 E. MOULINES, F. ROUEFF, AND M.S. TAQQU

where the equality holds in the sense of finite-dimensional distributions and hence {ng,i), J, k€
Z} has same distribution as { [*°_ Bp(s)v;k(s) ds, j, k € Z}. Tt follows from the previous
remark that, for such d and H, the spectral density of the wavelet coefficients of X can be

approximated by that of continuous-time fractional Brownian motion.

Remark 7. Once normalized by 2%¢ which is the order of the variance of the wavelet
coefficients at scale j (see (Bg)), the difference of the spectral densities in (R9) is bounded
by a constant times 279, a factor which tends to zero exponentially fast as j — oo. The

rate of the decrease is determined by the smoothness exponent (§ of f*.

Remark 8. If d =0 and {¢;x, k € Z,j € Z} is an orthonormal system, then (BJ) and (B4)
imply

Cov (W@ W, = /]R i N Dy (A) dX = 27 /R i ()b (t) di

which vanishes if j # j' or k # k’. Hence, when the memory parameter d = 0 and the
wavelets are orthonormal, the wavelet coefficients {VVJX,;, k € Z} are then asymptotically
uncorrelated as j — oo and their asymptotic variance is 27r. Using (B3), the corresponding

cross spectral density is given by
Dow(X0,4) =0 if w>0 and Dyo(X0,¢)=1, Xe(—m, ). (36)

Remark 9. To understand the presence of the asymptotic form f*(0)2%Dg, ,()\;d, )
in (R9), start with D;,()\; f,¢,%) in (BI), use the 27(27)-periodicity to replace 212;81
by Elzi_jzj_lﬂ, and as j — oo, approximate f by the spectral density f*(0)|\~2¢ of
Vf*(0)Bay, H;(\) by its asymptotic approximation 2j/2$()\)@//)\(2j)\) in (@) and H;_,(X\)
by 20=0/24(\)h(2974)), approximate ¢(277(A + 2i7)) by $(0) = 1 and approximate
2125_12]'71“ by Z?i_oo-

Remark 10. Let us examine how Theorem [J applies when X (k) = By (k), k € Z, that is,
X is a discrete-time version of FBM with Hurst index H € (0,1). From (@), (f) and (E3).
we have d = H +1/2 € (1/2,3/2) and f* € H((2H + 1) A 2, L) for some constant L. The
condition on M is then M > H in case and M > H + 1/2 in case [b)]. The condition
onaisa>[/2—H=(1—H)A1/2in both cases, which is satisfied because o > 1 and
H € (0,1). Theorem [ can therefore be applied irrespectively of the value of H when 1 is

a Daubechies wavelet with at least M = 2 vanishing moments.
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Remark 11. In case of FGN, d = H —1/2 € (—1/2,1/2) and hence, compared to the
previous case, M decreases by 1 and « increases by 1. Thus the conditions are M > H — 1
in case [a] and M > H —1/2 in case [b], that is M = 1 works in either case. The condition
on o becomes a > (2 — H) A 3/2, that is o > 3/2 will work for all H € (0,1). Since the
Daubechies wavelet with M = 2 has an a = 1.3390 (as given by Formula (7.1.23), Page 225
in Daubechieq ([993)%), the condition on « is satisfied only for H > 0.67. How should one
proceed in a situation where H € (0,1) is unknown? There are three alternatives: 1)
Use M > 3 since the condition is satisfied for the Daubechies wavelet with M > 3 (for
which a > 1.63). 2) Sum the FGN to get a discrete-time version of FBM as above and use
M > 2. 3) Use M = 2 and apply Theorem JJ with a smoothness index 3’ < 3 instead of 3,
worsening the bound in (R9).

Remark 12. When d < 0, it is not M but a which should influence the choice of the
wavelet. The more negative the value of d, the higher the required value of a. Recall that

a high value of « corresponds to a fast decrease of @(f ) as [¢] — oo.

5. ANALYSIS OF THE MEMORY PARAMETER ESTIMATOR BASED ON THE REGRESSION
OF THE WAVELET VARIANCE

In this section, we consider a Gaussian process X with memory parameter d and gen-
eralized spectral density f(A) = |1 — e *|724f*(\). Then, for any K > (d — 1/2), the
distribution of the K-th order increment process AKX only depends on d and f*. We
apply Theorem P to study the wavelet estimator of the memory parameter d, based on
the regression of the scale spectrum crf-(d, f*) with respect to the scale index j. This is
reasonable because, for large scale j, log a?(d, f*) is approximately an affine function of j
with slope (2log2) d (see (B) in Theorem [). Given n observations Xi,..., Xy, o7(d, f*)

can be estimated by the empirical variance

2N (W) (37)

k=

[e=]

where for any j, n; denotes the number of available wavelet coefficients at scale index j,

namely, from ([J),
nj=[27n—T+1)~T+1], (38)

2The « in the table on Page 226 is our a minus 1.



16 E. MOULINES, F. ROUEFF, AND M.S. TAQQU

where n is the size of the time series and [z] denotes the integer part of . An estimator
of the memory parameter d is then obtained by regressing the logarithm of the empirical
variance log(c?) for a finite number of scale indices j € {Jy,...,Jo + £} where J, is the
lower scale and 1+ ¢ > 2 is the number of scales in the regression. For a sample size equal
to n, this estimator is well defined for J; and ¢ such that ¢ > 1 and Jy 4+ ¢ < J(n) where

J(n) = [logy(n — T + 1) — logy(T)] (39)

is the maximal index j such that n; > 1. The regression estimator can be expressed

formally as

) def N
JO, = Z wj_y, log (67) (40)
J=Jo
where the vector w & [wo, . .., w|T satisfies

14

¢
Zwi =0 and 2log(2) Ziwi =1. (41)
i=0

i=0
One may choose, for example, w corresponding to the weighted least-squares regression
vector, defined by

w = DB(B"DB)'b,

11 ... 1
o1 ... ¢

def

T
where B = ] is the so-called design matrix, D is a definite positive matrix

and
b0 (2log(2) " (42)
Ordinary least square regression corresponds to the case where D is the identity matrix.
We now compute a bound of the mean square error and an asymptotic equivalent of the
variance of (fn(Jo, w) in the usual semi-parametric framework adopted by Robinson and his
co-authors for studying Fourier estimators. For the wavelet estimator defined above, these
quantities depend primarily on n and on the scale index .Jy, while in the Fourier case, the
bounds are generally expressed as functions of n and a bandwidth parameter m, equal to
the number of discrete Fourier frequencies used. To ease comparison, we will express our
results with respect to n and m, where m is the number of wavelet coefficients appearing

in c/l\n(Jo, w), namely,
Jo+4

def
m = E TLj.

j=Jo
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Since ng,ﬁ 277 = 27%(2—27%) one gets immediately from (Bg) that |m—n2-70(2—27%)| <
2(0 + 1)(T — 1). Thus m — oo is equivalent to having n2~7 — oo, and, when these

conditions hold, we have
m(n) ~n2- M (2 — 274 (43)

The next result provides a bound to the bias E [C/Z\n<J0,W)] — d and to the variance
Var [c/l\n(Jo, W)]

Theorem 4. Assume that [W-TJH{W-]] hold with M > 1, a > 1 and that X is Gaussian.
Let w be a vector satisfying ([H]) for some £ > 1. Let dpin, dmax be two scalars such that
Aiin < dmax and [dmin, dmax] € (1 + 5)/2 — a, M|, where 3 € (0,2]. Then, there ezists
a finite constant C' (depending only on w, 3, L, dumin, dmax, ¢ and ) such that for all
Jo €{0,...,J(n) =€}, d € [dnin, dmax), and f* € H(B3, L) with f*(0) >0

@ w)] —d <c{ (2) +m} (44)

n

Var [c/l\n(Jo,W)} <C {m_l +1 (% > C_l)} . (45)

Remark 13. While the bias term bound contains (m/n)?, the variance bound has an indi-
cator function which is zero for sufficiently small values of m/n, hence is o((m/n)?**). This
indicator function cannot be dispensed with. Indeed if we start our estimation at the finest
scale Jy = 0, corresponding roughly to m = n, all we can say is that Var(c?n) < C. If,
however, we start our estimation at a coarse enough scale Jy, corresponding to m/n < C~1,

~

then Var(d,) is bounded by Cm™!, which tends to zero as m — oc.

By combining ([[4) and (f3) it is possible to obtain a bound on the mean square error of

d,(Jo, w). More precisely, there exists a constant C' (depending only on M, «, 3, L, duyin
and dy,ax) such that, for any f* € H(5, L), d € [dumin, dmax] and Jy € {0,..., J(n) — (},

E [{@(JO,W) - d}Z] <C { (%)% + ml} . (46)

This shows in particular that, for any non-decreasing sequence {.Jy(n),n > 0} such that
m~' +m/n — 0, c/l\n(w) o c/i\n(Jo(n),W) is a consistent estimator of d. If the regularity
exponent (3 is known, it is possible to choose Jy(n) to balance these two terms, that is, set

(m/n)?® =< m~" or equivalently 2700 = n/0+28) a5 n — oco. If we choose Jy(n) in such a
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way, ({3) and (E4) imply

~ 2
limsup  sup sup n2/HPR [{dn(w) — d} } < 00 .
n—00  d€|[dmin:dmax] f*EH(B,L)

As shown in [Giraitis et al] ([997), n~2%/0+20) is the minimax rate of convergence for the

memory parameter d in this semi-parametric setting. Therefore,

Corollary 5. The wavelet estimator is rate optimal in the minimax sense.
We shall now obtain the asymptotic behavior of Var [&\n(w)} as n — 0o.

Theorem 6. Assume that hold with M > 1, a > 1 and that X is Gaussian.
Let w be a vector satisfying (E)) for some € > 1. Let {Jo(n),n € N} be a sequence such that
m — oo asn — oo. For any f* € H(B, L), where 5 € (0,2], and d € (1+ 3)/2 — a, M],

lmlme[@bW]:(2—24)WTVMﬂMW, (47)

n—oo

where V(d, 1) is the (1 +€) x (1 4 {£) matriz defined as
def 47‘(‘220”2 ]\21/\j

Remark 14. The asymptotic expression of the variance (7)) is a quadratic form of w defined
by the matrix V(d, ), which depends only on d and 1 (see (£g)). The standard theory of

linear regression shows that, for any ¢ > 1, the optimal regression vector of length ¢ + 1 is

/}D g d)[fd 0<ij<l. (48)

def

w(d,¢) = V7I(d,¥)B(B"V(d,¢)B)"'b

and the associated limiting variance is (2 — 279)bT(BTV~Y(d,¢)B)"'b. This optimal
regression vector cannot be used directly since it depends on d which is unknown, but one
may apply a two-step procedure using a preliminary estimate of d as in Bardef] (003) in

a similar context.

Remark 15. When computing confidence intervals in practice, one sometimes uses asymp-
totic variances in ([[7]) with V=1(0, ¢) instead of V=(d, ), see e.g. Abry and Veitcl (T999).
The expression V71(0,9) can be easily obtained if the wavelets are orthonormal. In this
case, by () and (AJ), for ¢ # j, V;;(0) = 0 and V,;(0) = 87227/K(0)? = 2/*! since
by (1), = [ 1(&)[2de = 27 Je \w (t)|*dt = 2w. Then (7)) becomes

lim mVar [c?n(w)} (2—27* Z wi

n—00
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One can reformulate this in terms of nj, ~ n2=7 instead of m. In view of (B§) and ([),

one gets the following simple expression of the asymptotic variance when d = 0:
¢
nh_)Ir;O Mo (n) Var [dn(w)} =2 Zw? 27
j=0

If we choose m(n) (or Jy(n)) such that the bias in ([I4) is asymptotically negligible, then
—~ 2
we can obtain the asymptotic behavior of the mean square error E (dn(w) — d) . In view

of (E4) and (f7), we need m — oo and {(m/n)? + m~1}? << m™!, or equivalently

p2~om0+28) 4y =1odh() 0 p - 00 . (49)
Corollary 7. If {£3) holds, then for f* € H(B,L) and d € ((1+ 3)/2 — o, M],

~ 2
lim n2~ MWK <dn(w) - d) =w'V(d,¢)w .

n—oo

This result of course hints at the existence of a central limit theorem for the estimator
c/l\n(w) Such a result can be obtained by using a central limit theorem for quadratic forms

of Gaussian variables which is established in a companion paper Moulines, Roueff and

Taqqu (R003).
6. PROOF OF THEOREM

From now on, we denote by C' constants possibly depending on u, duyin, dmax, 3, ¢ and
1, which may change from line to line and we omit the dependence on ¢ and v in the

notations. We assume, without loss of generality that f*(0) = 1.

Proof of [[a]. In the expression (P4) of o7(d, f*), 7 > 0, we will approximate |H;(\)[*
using ([[9). Thus define

A [N ) BB and B o, ) - 4

—T

By ([9), we have

IRy| < € 2i0+M - / 1= e 2N APY (L 2A) M dh. (50)

We consider A; and R; separately starting with A;.

Express A; as

A =2 [ g BN, (51)

™
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where
def g /yy | i (2d
gN) = F NN M =M™, Xe (-m 7). (52)
Since ¢ is infinitely differentiable by [W=1], A — |p(A)? /(1 - ei/\)‘Qd is infinitely differ-
entiable on [—m, 7]. Because f* € H(f3, L) and f*(0) = 1, there exists a constant C' such
that for all A € (—m,7),

9(A) = g(0)] < C LA, (53)

~

where g(0) = 1 because ¢(0) = 1 by Condition [W-T]. Moreover, A; is finite by (@) since
g is bounded and M > d — 1/2. We shall now replace the function g(\) by the constant

g(0) =1 and extend the interval of integration from [—, 7] to the whole real line in (51)).

Eqs. (E) and (3) imply

Aj—zﬂ‘/ g(0)|)\|2d|@$(2j)\)|2d>\’§(]L2j/ AP DN A

—Tr —Tr

First observe that, after a change of variable,
2j/ NP2 (2T NP dA < 2j(2d6)/ (N P72 mie NP2} () [ dA

In the RHS of this inequality, using the behavior of |¢/()\)| at infinity and at the origin
implied by [W-2] and [W-3) respectively, and because dyax < M + 1/2 and dpi, > (1 +
B3)/2 — «, the integral is a finite constant. We further observe that, by [W-2], since

dmin > 1/2 — a, we may write

2j/ IAI‘QdIJ(ZjA)|2dAgczﬂ‘(l—?a)/ |A[ 20 i) g
A|>m

[A|>7

which is integrable. Since, by (), 1 —2a < 2d — (3, there exists a constant C' such that
|A; — K(d)2¥7) < C L2477 (54)

where K(d) is given by (R7).
We now compute a bound for R; using (p(). Note that there exists a constant C' such
that, for all A € (—m, 7),

2d

A
N2 < O LN (55)

1 —eir
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Plugging this into (B() and then separating A < 1 and A > 1, we obtain
207
R; < CLQde2_j(M+a)/ {Az(M_dmin) v/ )\Z(M—dmax)} (1 I )\),a,M A\
0
1 207
< O [21(2d=B)g=i(M+a=f) / A\2(M —dmax) g\ +/ AM=2dmin—a gy \
0 1

Since 2(M — dyax) > —1, the first integral is a finite constant. Depending on whether
M — 2d,;, — « is less than, equal to or larger than —1 the second integral is bounded

1+M=2dmin=a) " Tp the two first cases, we simply

by a finite constant, log 7 + jlog2 or C'2/(
observe that M > 1, a > 1 and # < 2 imply M +«a — 3 > 0, and in the last case that
—(M+a—-0)+14+ M —2dpm —a =1—2dyin —2a+ [ < 0 by (B) so that, in all cases,

R; < C L2®4=i_ This condition, with (§4), implies
03(d, £7) — K(d)22] = | 4; + R, — K(d)2%4] < € L2040
which proves (B4).

Proof of [b]. For ease of notation, we only consider the case v = 0 so that e,(§) = 1.
It is also enough to suppose j > 1. In (BI]), the summands are 27(27)-periodic; hence,
omitting the summands, lzigl = 12;171 +Zj:2]1_1 = ?i;lfl 3 = ?:,12;11.
Note that, for [ € {=2771 ... 2771 — 1} and X € (0,7), we have 277 (\ + 2i7) € (—m,7)
so that ([[9) applies. Hence, D;o(A; d, f*) in (B1) is expressed as the sum of two functions
A;(N) + R;(X), defined for all A € (0,7) by

27-1-1

A0 > 277 (A 20m)| 7 g (27 (A + 21)) (X + 20) [ (56)

I=—2i-1
where g is defined in (f3) and where by ([9),

2i—1

Rj(A) < C LM N X 4 20 [P (1 4 |\ + 20r]) oM, (57)

I——i—1
From (B3), we get, for all A € (0, ),

20—1_1
AN =220 (0) 3T [N+ 22 PN+ 20m) P < CL2®I Bi(\), (58)

|=—2i—1
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where, by () and [W-2], for all A € (0, ),

2i-1_1
B;(N) = D [n+2a] [p(A + 2im)

=—2i-1

S C <|)\|6+2(M—d)+22|)\+2lﬂ_|ﬁ—2d—2a>

>1

<C (1 +2) (20— 1)ﬁ2dmm2°‘> < o0 (59)

>1

since |\ + 2lwr| > 7(2l — 1), 8 > 0 and, by (B§), one has M > d and 8 — 2d i — 20 < —1.
By the same arguments, for all A € (0, 7),

S A 2072 (A + 202 < €202 i)
1| >29-1-1
is bounded since the exponent is negative. Egs. (BQ) with v = 0, (Bg), ¢(0) = 1 and the
above inequalities yield that, for all A € (0,7),

}AJ()‘) — D o(A;d) 22dﬂ'] < CL2@Bi

We now turn to bounding R;(\) using (B7). For all A € (0, ), using |\ —2iw| > 7(2]—1)
and (9),
9i
R;(\) < C [ 21@2d=B)g—i(M+a=F) [ 1 Z [~ 20min+M—a
=1
which can be bounded as in the proof of [a), by considering the cases M — 2d, — @ <, =
or > —1.
The joint continuity of (A, d) — Deoo(A;d, 1) on R X [dmin, dmax] follows from (B9) and

dominated convergence.

7. PROOFS OF THEOREM [ AND THEOREM

From now on, we denote by Juin, nmin, C and C’ some positive constants whose values
may change upon each occurrence and which depend at most on w, (3, L, duyin, duax, @,
and 1. We will repeatedly use that, by (BS), (BY) and (B3), for Jy(n) € {0, ..., J(n) — (},

~h = m(n), (60)

Mgo(n) = Mgg(n)+¢ < N2
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where a < b means that there is a constant C' > 1 such that a/C < b < Ca. Fi-

nally, for any measurable vector-valued function ¢ on [—m,+n| and any p > 0, [|¢|, =
x 1/p
(S, lepar) ™.

Proposition 8. Let 67 be defined as in ([37) and Do (X; d,10), u > 0, be defined as in (30).

Under the assumptions of Theorem [4, one has, as j — oo and n; — oo,

24 n;_, Cov (62,2.,) — (/*(0)) 47 [ Duc i )13

J? Ty

uniformly on d € [dmin, dmax| and f* € H(G,L).

Proof. We set f*(0) = 1 without loss of generality. Using (B7) and (B0), we write
nj—l 2u__1

Z Z Cov [V[/J%k’ VVJ‘Z—UJT‘-HJ]

~2 =2 7 _
Cov [oj,crj_u] =

- > 1Cov (W, Wi (u)]” (61)

—— <1 _ @)+ Cov W0, W, (u)]? (62)

T, T,
ITU rez J

where, in (B), we used the fact that if the scalar X and the vector Y = [Y; ... Y| are

jointly Gaussian,
P P
D Cov (X2 ¥2) =2 Cov’(X,Yi) = 2|Cov(X,Y)[*.
k=1 k=1

Using the notation M,, defined in (RT]), we have

1/2
il .
<Z (1= 1) 1Cor W0 Wit | =00, Dputsds) . (03)
TEL IS+

since, by Corollary |, D; ,,(+; d, f*) is the cross-spectral density of the vector [W; o, W; . (u)].

Applying Lemma [[1-(B9), the relation || - ||» < v27|| - s and Theorem B-(B9), there is a
constant C' such that

My, (D5, ) — 229 My, (Do ()| < C229 (64)
On the other hand, by Lemma [[I}-(B3), we have, as n; — oo,

| Ma; (Doou(:d))[* — 2 [Doc,u(5 )3 - (65)
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The convergence in (fJ) holds uniformly on d € [dyin, dmax] because of the joint continuity
of (A\,d) — Dy (A; d) stated in Theorem B
The result follows from (53)—(63). O

Proof of Theorem [}. Again, we set f*(0) = 1 without loss of generality. The bias E[&\n(JO, w)|—

d can be decomposed into two terms as follows

Jo+4 Jo+¢

Zw] 2 [log(3)] —d = Zw] Jo log [0 df)}

7=Jo Jj=Jo
Jo+24
Z wj_j, {E [log(&?)] — log [E[Zf\]z]]} , (66)
Jj=Jo

/\2 . . .. . /\2 o 2 *
where 7 is the wavelet coefficient empirical variance (B1) and E[67] = o7 (d, f*).

Using ([]), the first term on the RHS of () may be rewritten as

Jo+¢ Jo+¢ 2d’ ) — K(d) 22id
> wjglog [o7(d, f)] —d =" w;_y,log (HUJ( ]Ic<()d)22j(d) ) (67)

J=Jo J=Jo
By Theorem B-(B6) and using that infgepa,,, dun..] K(d) > 0, there exists a constant C' such

that
|03 (d, f*) — K(d) 22|
K(d) 224
Using that |log(1 + z)| < 2|z| for x € (—1/2,00), there is a Jyi, such that, for j > Jum,
the logarithm in the RHS of (57) is bounded by C'27% and by (60), for all Jy > Join,

< (0277,

Jo+4 )4 ' ma B
> wisloglo?(d, ) —d| < C Y uy27 T < 0 (2 (68)
Jj=Jo j=0

This bound is in fact valid for all Jy > 0 because o7 (d, f*) is bounded away from zero and
infinity independently of d and f*. Indeed, by (B4) and since f* € H(f3, L) with f*(0) =
there is a small enough € > 0 only depending on d,.;,,, dmax, S and L such that

2e ™
¢ [ ImWPAS [ - e - AP P < 03l £)

< / 11— a2 4 LN H, (WP A < ¢ / A2 | (V)2 dA . (69)
Observe that the lower bound in the previous display does not vanish since, as stated in

Remark [, H;()\) is a non-zero trigonometric polynomial for all j > 0 and that the upper
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bound is finite since, by ([@), H;(A) = O(J]A|*). Hence there is a positive constant C' such
that, for all j = {0, ..., Juin}, C71 < crf-(d, fH<cC.

We now consider the second term in the RHS of the display (B6). The empirical vari-

ance (B7) is a quadratic form in the wavelet coefficients at [W;, ..., W, _1]. By Corol-
lary B, these have spectral density D;o(+;d, f*), given in (BI]). By Lemma [, the spectral
radius of the covariance matrix I';(d, f*) of the random vector [Wj, ..., W, 1] is bounded

by the supremum of the spectral density,

p[Ti(d, f)] < 27 [Djo(5 d, )l - (70)

Applying Proposition [[3-(B4) with A = nj’llnj and I' =I';(d, f*) and using ([(0), we get

}E [log(&?)} —log [E (ajg) ” < A7 O (1 Ant ||Dj,0(-;d, f*)||c2>o) : (71)

J n; Var[o?]
where C' is a universal constant. Now, by Theorem B-(E9) and by joint continuity of
Doo,O()‘; d)a
279Dy d, f)lloe < C(1+ | Deco(id)lw) < C.

It follows from Proposition f§ that for j > Juyin and n; > nuyin,

—4dj ~2 . N
27 n; Var (67) > 2 de[dnllgl,cdmax} |Doco(;d)|3
which is positive by Remark []. The last two displayed equations imply that for j > Juin

and 7 > Npin,
IDjo(;d, f)I2
’ = (O 72
n; Var[o?]  — (72)

J

Inserting ([(3) into ([1]) and using (B0), we get that for Jy > Juyim and ny,1¢ > Npin, and
j:J07"'7J0+£7

|E [log(57)] —log (E [03] )| < C’nj_l <Cnjl,<Cm™<C(m'+ (m/n)?) . (73)

This last bound holds in fact without the preceding restrictions on Jy and n 4. To see this,
use (1) (with the “bound 1”) and observe that, by (BQ), Jo < Jumin implies 2770 > 27 /min_
that is, m/n > C, and n ¢ < Ny implies m™! > C. The bounds (F§) and ([[J), inserted
in (B4), yield the bound (f4)) on the bias.
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We now compute the variance of the estimator c/l\n(JO, w). By Proposition [3-(Bd) and

using ([0) and ([[J) as in (1),

Jo+4 2
Cov(a?,57)
Var w(Jo, w Z Wi—JoWi—Jo =737 @ T2
et E [67] E[aj]
Jo+¢ 2
Cov(a?,5?)
< Z |wl JoWj— J0| Cov (10g( ) log( )) E[A2]E [’\]2]
s O'Z- O'j
Jo+4 — * - . *
<c Z wr |  IPiolid SN | i Daolcsd: I
I S Var®/?(52) Var®/?(5?)
< COnys < Om™2 =o(m™). (74)

On the other hand, by Proposition § and Theorem B-(Rf), we have, for any u > 0, as

Jo — oo and n;, — oo,

Tjo—u COV(O?O’U?O u) o njo UCOV(O?O’UJQO u) 47THD00,U<';d)H% (75)
E[6}E[5;, ]  oi(d f)ofu(d fr) 272 (K(d))?

uniformly in d € [diin, dmax] and f* € H(B3, L). Applying ([H) with jo = iVj and u = |i—j|
so that jo —u =i A j, and since infaeja,,;, dmas] K(d) > 0, for all Jy > Join and 1,410 > Nuin,

JOZMU} . COV[UZ,U]Q] <Cnt <Cm!
P i—JoWj—Jy Q(df) ( f)_ Jo+t —=

This bound with (f4) yields () for Jy > Jum and ny ¢ > Npin. When Jy < Jpi, or
Mo+t < Numin, the RHS of (A7) is larger than a positive constant and it suffices to use that,
by the Minkowski inequality,

Jo+4
Var'?(do(Jo, w)) < ) |wj—g[Var'/? (log(53)) < C',
J=Jo

where we applied Proposition [3-(85) and that, by (B9), E[67] = 07 (d, f*) does not vanish.
U
Proof of Theorem[q. By (Bg) and (), for i,5 = Jo, ..., Jo + ¢,

n;/\j ( 9= (z/\])> 71<2 B 24) 2(1'—]0)/\(]',]0).
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Hence, by ([4) and ([73),

R . JO+Z 47T22d|2_]| - -
nlggo mVar(d,(Jo, w)) = (2 — 2°) Z wi,JOwj,hW 2(=J0)AG—J0) D ()2,
i,j=Jo
which gives ([f7) after a change of variables. O

APPENDIX A. APPROXIMATION OF WAVELET FILTER TRANSFER FUNCTIONS

Proposition 9. Under [[W-TJ{{W-7), there exist positive constants C;, i = 1,...,4 only
depending on ¢ and 1, such that, for all j >0 and \ € (—m,7),

[H;(A\) = 226\ (2X)] < Cy 270270 |\ (76)
BBV < Col2AM (1 + 27|\, (77)

[H;(N)| < Ca 2 2AM (1+ 2)A) Y, (78)

]|Hj< 2= 27 [pN(@NP| < G2/ N2 (1 4 27NN (79)

Proof. Under [W-T] and [W-2], we have that, forallt € R, >, _, D\ + 2k M2 g 5

27-periodic function, integrable on (—m, 7) and whose [-th Fourier coefficients is

/ DG + 2k O TN ) = / d(\) e e N dX = 21 (¢ — 1).

T keZ

It follows that, for all A and ¢ in R,

Z gb(t 1)\1 Z ¢ )\ + Qk’ﬂ') it )\+2k7r)

leZ keZ

which is a form of the Poisson summation formula. Inserting this in ([4) gives

H;(\) = 27972 / h (Z d(\ + 2km) eit()‘“k”)) W(277t) dt

keZ

= 27 j/QZgb )\+2k;7r)/ AR ) (2791 dt

keZ o0
= 202" G(A+ 2km)h(2 (N + 2kT)).
keZ

From this expression of H;, we get, for all j > 0 and A € (—m,7),

[H;(N) = 226\ 0(2N)] = 2772 | 37 G(X + 2km) (2 (A + 2kr))| (80)

k=1
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Now using successively ([]) and [W-2], there is a constant C' such that, for all non-zero
integer k and all A € (—m, 7), |ng5()\ + 2km)| < CIMM and

C 27

- 2] 9 < 2.7 2 L 270{‘7 2 - < ool o
10(29 (A 4 2km))| < C (2|A + 2kx|)™ < C 2799 (2]k|x — |A)) S e @H = 1)

Inserting these bounds into (B{) gives ([G

).
The bound (Tq) follows from (I9()] < [ le(t)ldt < o), (TG
C(1+1¢[)™) and (B).
The two last bounds ([§) and ([9) follow from the two first ([Q) and (7). Indeed, let

HP(\) € 2972 $(\)(29)). For (T3) we write
[H; (V)] < [H;(0) = HP )]+ [HP (V).
Applying (@) and ([q), the RHS of this equation is bounded by

Cr2 W2 M 4 Gy 2RI (14 27A) M <
2j/2‘2j)\‘M (1 + 2j|>\‘)fan (Cl 9—i(a+M) (1 + 2j|)\‘)a+M + 02).

By observing that, for all j > 0 and A € (—7, 7), the last term in parentheses is bounded
by € 273@+M) (QMirye+M o ) < Oy (2m)*tM 4 Oy, we get (). For ([[9), we write

) = [HOWE] < [0 = 1O 0| (1 0]+ 1H;001)
and apply (79), (1) and (73). =

Corollary 10. Under [W-1)-{W-1), there exists jo > 0 such that, for all j > jo, H; is not
identically zero.

Proof. By [W-1)|, there exist sufficiently small positive constants € and 7 such that |$()\)| >
1/2 for all |A] < € and inf)yj<c—1 |’(//;(>\)| > 1. Hence for all j such that 27¢ > ¢!, using ([79),

inf 2792 H;(\)| = inf [§A)D(27A)] = G127 sup |A[M = /2 = Cr277%eM

|AI<e [Al<e [A|<e

which is positive for j large enough. n
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APPENDIX B. SOME USEFUL INEQUALITIES

Lemma 11. Let p be a positive integer. For all CP-valued function g € L*(—m,7) and

n > 1, define
" 1/2
def 2
M, (g) _ A
(&) {Z (1-%) e } , (s1)
kezZ +
where | - | denotes the Euclidean norm in any dimension and ¢, = [*_g(X)e* d\. Then,

for all g and gy in L*(—m,m),

™ 1/2
Mo (g1) — Ma(gs)| < Var ( / |g1<A>—g2<A>|2dA) | (82)

—Tr

Moreover, for all g in L*(—7,m), as n — oo,

M)~ v ([

—Tr

s

1/2
|g<A>|2dA) | (83)

Proof. Suppose p = 1 (the proof for p > 1 is identical). Observe that the RHS in (§1l)
is a norm on (cx)gez € [*(Z) which is bounded by the * norm (3, |ck|2)1/2. Thus,
by Parseval Theorem, M, (g) is a norm on g € L?(—x, ) which is bounded by v/27||g]|.
Hence | M, (g1) — Mn(g2)| < Mu(g1 — g2) < V27 ||g1 — g2/|2- Finally, (BJ) is obtained by

dominated convergence. 0

Denote by Tr(A) and p(A) the trace and the spectral radius of a matrix A. Recall that

p(A) is the maximum of the modulus of the eigenvalues of A.

Lemma 12. Let {&, ¢ € Z} be a stationary process with spectral density g and let T',, be
the covariance matriz of [£1,...,&,]. Then, p(Ty,) < 27 [|g|oo-

Proof. Since T, is a non-negative definite matrix, p(I'y) = SUp,cgn <1 X' I'nX, Where |x|

is the Euclidean norm of x. For all x € R", we may write
2

A<l [ [Sxee

(=1

2
dA = 27 [lgll xI?.

n
2N

XTan:/ g(A)

Xpe
1

=

n

Proposition 13. Let £ is a zero-mean n x 1 Gaussian vector with covariance I'. Then

there exists a universal constant C' independent of n such that for any n X n non-negative
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symmetric matrices A satisfying Tr(AT) > 0,

2D )

|E (log[¢" Ag]) — log (E [¢TA¢])| < C <1 A Var(eTAD)
Var (log[¢TA¢]) < C'. (85)

Let [€7 €M7 be a zero-mean (n + 1) x 1 Gaussian vector such that Cov(€) = I' and
Cov(g) = I'. Then there exists a universal constant C' independent of n and @ such that

for any n x n and i X 7L non-negative symmetric matrices A and A satisfying Tr(AT) > 0
and Tr(AL) > 0
Cov (" A¢, €7 A¢)
E[¢7A)E |7 A¢]
3(A)p*(T 3(A)p*(T
C{p( D), >p<>}_ (56)

Cov (log[ﬁTAﬁ], log[éTflé]) -

Var®/? (ETAE) Var®/? (éT[lé)

Proof. Let k be the rank of I' and @ be n x k full rank matrix such that QQT = T'. Let
¢ ~ N(0, 1), where I, is the identity matrix of size k x k. For any unitary matrix U,

U¢ ~ N (0, 1;) and hence QU( has same distribution as £. Moreover, since A is symmetric,
def

s0is QT AQ. We may choose an unitary matrix U such that A = UT(QT AQ)U is a diagonal
matrix with non-negative entries. Furthermore,
d
(TAC = (QUO)TA(QU() = €7 A¢g (87)

where < denotes the equality of distributions. Since A is diagonal with non-negative
diagonal entries (\;)i=1, ., ¢('AC is a sum of independent r.v.’s of the form Zle \iCE
Since E¢? = 1 and Var(¢?) = 2, we get from (B7) that SN =E[CTA] =E [¢TA¢] =
Tr(AT) > 0 and Var [¢7AE] = Var [(TA(] =2 ZZ L A7 Now set

TAS def hy
gt & d;C2 with  d; < N 88
s * 24 Y ”
so that

E[S]=1 and Var(S)=2|d|?, (89)

where ||d||? o S % | d?. The quantities of interest in (§4) and (BJ) become

=1 """

E (log [¢"A¢]) — log [E (¢"A¢)] = E (log[S]) (90)
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and
Var(log [¢7 A¢]) = Var (log[9]) . (91)

Since ZZ LA > El L A7/ maxy << A and p(A) = maxj<;<p \i, we get

= 2N P 2N 27 P
(2h A@-)Q T YAz Var(€PAG T Var(€TAQ

(92)

This is the quantity which appears in (B4), and we will therefore express bounds in terms
of ||d].

Denote by F' the distribution function of S, that is F(z) = P(S < ). Observe that
F(0) = 0 since S is a non-negative weighted sum of independent central chi-squares and
that all the weights do not vanish. To obtain exponential bounds on F', observe that, by

standard computations on the chi-square distribution, one has, for ¢ > —(2 max;<;<x d;)!,

k k
2] - [ ) -T2 o
i=1 i=1
Therefore, for any ¢ > 0 and = > 0,
k
log [F(x)] < log [ E(e™)] = at — (1/2) > log(1 + 2dt) . (94)

i=1

Using (P4), we derive two bounds for F'(z) by choosing t adequately. One bound, which will
not depend on ||d|| is for # around 0, the other one, which will improve as ||d|| decreases,
is for = in (0,1/2).

To get the first bound, observe that, for ¢t > 0, Hle(l +2d;it) > 1+2t Zle d; =1+ 2t,
S log(1 + 2d;t) > log(1 + 2t). Plugging this inequality in (4) and setting ¢ = 1/(2x)
yields

F(x)gel/Q( ‘ )1/23\/&, z>0. (95)

1+z

Let p > 1 and « € R. Since lim,_o+ | log(x)[PF(x) = 0, integration by parts and (P3) give
that,

/|log )|PAF (x /|log )Pt ()dx<e1/2/ | log(z)[P~ta~ Y 2dx |
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which is a finite constant. Since sup,,(|log(x)|?/r) is finite and ES = 1, we get that
[ [log(x)[PdF (z) is bounded by a constant only depending on p and thus

E[llog S|?] = / | log(z) PdF () + / " | log(@) PAF(z) < K, | (96)

where K, is constant only depending on p. This bound proves the left part of the A sign
in (E3).

We now derive a second bound on F'(x) which will yield the right part of the A sign in
(B4). Since the second derivative of log(1 + ) has absolute value at most 1 for all v > 0,
we have, by Taylor’s formula, that, for any ¢t > 0, log (1 + 2d;t) > 2d;t — 2d?t*>. Applying
this to (94) and using 325 d; = 1, we get

log[F(z)] < (x — 1)t +#||d||>, 2>0.
Setting this time ¢ = ||d||~!, we obtain the following exponential bound:
F() <esp[~(1— )|~ + 1] <exp [ /2 41]. e ©.1/2).  (o7)
Using the relation a A b < vab, a,b > 0, we can combine (3) and (P7) to get
F(x) <z exp(—|d|| 7' /4 +3/4), z€(0,1/2).

With this last bound of F at hand, we can improve the bound established in (pg) as follows.
Let p > 1. Since |log(z)[Pz*/* is bounded on = € (0,1/2) and |log(z)[P~1x~3/* is integrable
on x € (0,1/2), we have, by integration by parts,

1/2
E (|log(S)P1{S < 1/2}) < [|log(x) " F(x)]’” +p/0 | log()[~'a™" F(x) dz

< Gy exp(=|ld]|7'/4) < Cyalldll*, (98)
where C, and C, , are constants only depending on p and (p, ). For x € (0,1), we have
|log(z) — (x—1)| < |log(x)|, and for x > 1/2, a Taylor expansion gives | log(z) — (x —1)| <

2(z — 1)?, since the second derivative of log(x) has absolute value at most (1/2)7% = 4.

Hence, for any z > 0,

[log(2) — (z — 1)| < [log(x)|Lp1/2)(%) + 2 (2 = 1)*Lpi 2,000 (@) - (99)
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Since E[S — 1] = 0 and E[(S — 1)?] = Var(S) = ||d||*Var(¢}) = 2||d||?, using () and (DY)
with p =1 and a = 2, we get

|E [log(S)]] = |E [log(S) — (S — D)]| < E[[log(S)| 1{|S| < 1/2}] + 2E[(S — 1)?]
< Caldlf* + 41d||* .

Applying (P0) and (PJ), we get the inequality (B4) with the right part of the A sign.

The bound (BJ) is obtained by applying (B@) since, by (P1)), Var (log[fTAf]) = Var (log(9)) <
Elog?® S.

We now prove (8f). Define k, d; and S as we did k, d; and S. The LHS in (Bf) then

reads

Eb%wﬂ%@ﬂ—EUS—U@—lﬂIERS—U@%@%WS—Uﬂ

+E[(S —1)(log($) — (S~ 1))| +E [ (log($) — (S 1)) (log($) — (S~ 1))] .
We will provide a bound for the first term of the RHS of this display, the other terms being
treated similarly. By using (P9) and the Cauchy-Schwarz inequality,

FBS_UO%@**S_”H’
<E |(5— 1)[log($) 10./2(5)] +2E [(S ~ 1)(5 ~ 1)
g(ws—1PEDmg®PMmq®ﬂfﬂ+2(ms—1ﬁwé—uﬁv2

In view of (§3), it remains to show that the two last terms are O(||d||*V||d||*). By definition,
S—1=3"F d(—1), where {Ci}1<k<,~§ are i.i.d. standard normal. Therefore,

E‘g — 1‘4 Zd4cum4 Cl + 3 <Z d2> Var Cl

where Cum4(Z ) is the fourth-order cumulant of the random variable Z. Since Z It <

1=1 z
(ZZ 1 Z) , we obtain that E|S — 1|* < C/||d||* for some constant C. Therefore,
2\1/2 G £\ V2 7112 3 7113
(Bls - 17)* (RIS - 1) " < Clllld? < C(ldlP v ld°)
Applying (P§) with p = 2 and o = 4, we have

(15 119" ( [11os(3)P201/2(8)] ) < (V) (o 1) < V2 Coa (Nl v 1)

for some constant C’, which concludes the proof. (l
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