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ON THE SPECTRAL DENSITY OF THE WAVELET
COEFFICIENTS OF LONG MEMORY TIME SERIES WITH
APPLICATION TO THE LOG-REGRESSION ESTIMATION

OF THE MEMORY PARAMETER

E. MOULINES, F. ROUEFF, AND M.S. TAQQU

ABSTRACT. In the recent years, methods to estimate the memory parame-
ter using wavelet analysis have gained popularity in many areas of science.
Despite its widespread use, a rigorous semi-parametric asymptotic theory,
comparable to the one developed for Fourier methods, is still missing. In
this contribution, we adapt the classical semi-parametric framework intro-
duced by Robinson and his co-authors for estimating the memory parameter
of a (possibly) non-stationary process. As an application, we obtain min-
imax upper bounds for the log-scale regression estimator of the memory
parameter for a Gaussian process and we derive an explicit expression of
its variance.

AMS Keywords: 62M10, 60G18 Secondary: 62M15
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1. INTRODUCTION

Let X & { X\ }rez be areal-valued process, not necessarily stationary and let

AKX denotes its K-th order difference. The first order difference is [AX];, o

Xi — X1 and AX is defined recursively. The process X is said to have
memory parameter d, d € R (in short, is an M(d) process) if for any integer
K > d —1/2, the K-th order difference process A% X is weakly stationary
with spectral density function

farx(N)E [L—ePPED () A (-mm), (1)
where f* is a non-negative symmetric function which is bounded on (—m, )
and is bounded away from zero in a neighborhood of the origin. M(d) processes
encompass both stationary and non-stationary processes, depending on the
value of the memory parameter d. When d < 1/2, the process X is covariance
stationary and its spectral density is given by

FO) == (). (2)

The process X is said to have long-memory if 0 < d < 1/2, short-memory if
d = 0 and negative memory if d < 0; the process is not invertible if d < —1/2.
When d > 1/2, the process is non stationary but its (possibly higher-order)
increments are covariance stationary. Stationarity of the increments is com-
monly assumed in time-series analysis, as in ARIMA models (in this case,
d = K is an integer and f* is the spectral density of an autoregressive moving
average short-memory process). Under this assumption, a finite number of
integer differences produces a short-memory process, with the degree of differ-
encing determined by diagnostics such as unit root tests. In this case, f is not
integrable on [—7, 7] and is therefore not a spectral density. In the terminology
introduced by [Yaglon] ([955), this referred to a generalized spectral density.

If d >0 and f* = 02 in (f), one gets the so-called fractionally integrated
white noise process. If

137 gke—ixkf
* )\ — 0_2} k=1

leads to the class of ARFIMA(p,d,q) processes. Another example are the
discrete-time samples { By (k)}rez of the continuous-time fractional Brown-
ian motion (FBM) {Bg(t),t € R} with Hurst index H € (0,1), which is a
continuous centered Gaussian process with covariance

P
with 1 — Z(bkzk #0for [z] =1 (3)
k=1

Rt ) E[Bur () B ()] = 5 {I1%" + s — |t — s}

(see for instance Mandelbrot and Van Nesq ([[96g)). The process { By (k) }rez
is increment stationary (K = 1) and its generalized spectral density is given
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by frem(A) = 11— e 7% fipp(N), where d = H 41/2 and
2sin(\/2 2d B
frem(A) = ‘% +12sin(A/2)" ST A + 2k 749 ()

k0

The memory parameter d plays a central role in the definition of M(d) pro-
cesses and is often the focus of empirical interest. T'wo classes of methods have
emerged to estimate the memory parameter d : Fourier and Wavelet methods.
Frequency-domain techniques are now well documented and understood (see
for instance [Hurvich and Ray ([997), Velascd ([[999), [Velasco_and Robinsor]
(P000) and [Hurvich et al] (2003)).

In this paper, we focus on wavelet methods. The use of the DWT to estimate
the memory parameter d was initiated by (M997) and
Odpenheiny ([993) for the continuous-time FBM. Flandrin] (1999) showed that
the wavelet coefficients of the FBM at a given scale is a covariance stationary
sequence and provided explicit expression for the wavelet coefficient covariance
sequence. Most importantly, the log-scale spectrum, defined as the logarithm
of the variance of the wavelet coefficients as a function of the scale parameter,
was shown to be a linear function of the scale index, with a slope proportional
to the memory parameter d. The correlation of the wavelet coefficients of
continuous time processes with stationary increments was studied by
([993). Dijkerman and Mazumdai ([994) obtain bounds in the case of FBM.

In many applications, observations are in discrete-time and the DW'T in dis-
crete time should therefore be used (see below). One of the earliest reference
in this context is Kaplan and Kud ([993), who applied the DWT using the
Haar basis to the discrete increments of the FBM, also known as the discrete
fractional Gaussian noise (FGN). They have shown that the properties of the
correlation structure of the Haar wavelet coefficients of the FGN are identi-
cal to that of the FBM. These results were later extended to the fractionally
integrated white noise, defined as the M(d) process with generalized spectral
density density f(\) = 0?1 — e*|72¢ (see McCoy and Walder] ([99§) for the
stationary case; [Far] (B003) for nonstationary extensions). These authors em-
phasized the importance of the choice of the wavelet and in particular of the
number of its vanishing moments; see for instance [Percival and Walden, chap-
ters 9,10 (R00Q) for an in-depth study. More recently, [Craigmile and Percival
(R007) study what happens when the number of zero moments tends to infin-
ity. While these authors focus on bounds of the correlation between wavelet
coefficients, our focus will be instead on bounds on their spectral densities.
This allows us to develop a semiparametric approach to the estimation of the
long memory parameter.

The particular structure of the scale spectrum suggested several estimators
of the memory parameter d. In this paper, we focus on the regression estimator
introduced in [Abry and VeitcH ([99§), consisting in estimating d from the
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slope in the regression of the logarithm of the scale spectrum on the scale
index. This estimator is now widely used in many different fields (see e.g.
[Veltch and Abry] ([999) for applications to network traffic; [Percival and Walded]
(P000) and [Papanicolaou and Sglng (P00]) for applications in physical sciences;
see e.g. Gencay et al] (R002) and Bayraktar et al] (R004) for applications in
finance). This estimator is well-suited to process large data sets, since it has
low computational complexity due to the pyramidal algorithm for computing
the details coefficients. Also, it is robust with respect to additive polynomial
trends (see for instance [Veitch and Abry| ([999) and [Craigmile et al] (R003)).

Despite its widespread use, a rigorous semi-parametric asymptotic theory of
this estimator, comparable to the one developed for corresponding estimators
based on the periodogram, is still missing (the concluding remarks in
(I999) are still valid). To our best knowledge, the only attempt in this di-
rection was Bardet et al] (R00Q) (see also (R0032)), where the log-scale
regression estimator is studied in a semi-parametric setting. However their
results cannot be compared with other estimators because the process is sup-
posed to be observed in continuous-time processes (discretization issues were
not discussed). Similar results were derived independently in Bayrakfar et al]
(B004)). None of these results directly translate for discrete time observations.
The main objective of this paper is to fill this gap.

The paper is organized as follows. In section J}, we introduce wavelets and
wavelet transforms for time-series. We do not assume that the wavelets are
orthonormal nor that they result from a multiresolution analysis. In section
B, we establish that the wavelet coefficients at a given scale of an M(d) pro-
cess are covariance stationary and derive an explicit expression for its spectral
density. We then extend this result to two different scales by grouping, in
appropriate way, the wavelet coefficients. These results apply to a general
class of wavelets with bounded supports, which include but are not limited to
Daubechies wavelets. We finally show that the spectral density of the wavelet
coefficients of an M(d) process can be approximated, at large scales, by the
spectral density of the continuous-time wavelet coefficients of the FBM, and
derive an explicit bound for the difference between these two quantities. In
section f], we apply the results obtained above to derive a minimax upper
bound and an explicit expression of the limiting variance for the estimator of
the memory parameter based on the regression of the log-scale spectrum for
(possibly non-stationary) Gaussian processes.

2. DISCRETE WAVELET TRANSFORM

In this section, we introduce the main concepts required to define an (ex-
tended) discrete wavelet transform. Denote by L?*(R) the set of square inte-
grable functions with respect to the Lebesgue measure. Let ¢ € L*(R) and
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1 € L*(R) be two functions and define their Fourier transforms as

Qg(f) o /OO ¢(t)e_i§t dt and @/A)(g) def /OO @/)(t)e_igt dt.

Consider the following assumptions:
(W-1) ¢ and v are compactly-supported, integrable, and gZ;(O) = ffooo o(t)dt =
Land [77_¢*(t)dt = 1.
(W-2) There exists a > 1 such that supg.g (&) (1 + [€]))* < oo.
(W-3) The function ¢ has M vanishing moments, i.e. [ t'4)(t) dt = 0 for
alll=0,...,M—1
(W-4) The function ), , k'¢(- — k) is a polynomial of degree  for all [ =
0,....,M—1.
Assumption implies that ¢ and v are everywhere infinitely differen-
tiable. Hence, under [W-T], is equivalent to asserting that the first M —1

derivatives of ¢) vanish at the origin which implies, using a Taylor expansion,
that

[P =0(¢M) as €—0. (5)
By (Coherl, 003, Theorem 2.8.1, Page 90), under [W-T, [W-4] is equivalent
to
Sup0(€ + 2hm)| =0(|¢[") as £—0. (6)
Define the family {1;,j > 0,k € Z} of translated and dilated functions
Yip(t) =272 (277t — k) (7)

Many authors suppose that the v, are orthogonal and even that they are
generated by a multiresolution analysis (MRA). We discuss in Appendix [A],
the relations between assumptions and multiresolution analysis
(in which case, ¢ is the scaling function and 1 is the associated wavelet). In
this paper, we do not assume that wavelets are orthonormal nor that they are
associated to a multiresolution analysis. We may therefore work with other

convenient choices for ¢ and v as long as are satisfied. A simple
example is to set, for some positive integer N,

def et AN
o) 1) nd () 2 e,

where 1 4 is the indicator function of the set A and for a non negative function
f, &Y denotes the N-th self-convolution of f. It follows that

[6(€)] = [25in(¢/2) /€™ and (&) = [¢|"[2sin(&/2)/¢[*.
Using (B)) and ([I), one easily checks that [W-T}HW-4] are satisfied with M and

a equal to V. Of course the family of functions {v;;} are not orthonormal for
this choice of the wavelet function v (and the function ¢ is not associated to
a MRA). Nevertheless, to ease references to previously reported works, with



6 E. MOULINES, F. ROUEFF, AND M.S. TAQQU

a slight abuse in the terminology, we still call ¢ and i the scaling and the
wavelet functions.

Having defined the functions ¢ and v, we now define what we call the
Discrete Wavelet Transform in discrete time. Start with a real valued sequence
{zk, k € Z}. Using the scaling function ¢, we first associate to the sequence
{zk, k € Z} the functions

HES ot —k) and x(t) Yzt —k) (8)

keZ

The (details) wavelet coefficients are then defined as
wx, < / x(typ(t)dt § >0,k € Z. (9)

If the support of the scaling function ¢ is included in (=T, 0) for some integer
T > 1, then x,(t) = x(t) for all t = 0,...,n — T + 1. If the support of the
wavelet function 1 is included in (0, T), then, the support of v, is included
in the interval (27k,27/(k + T)). Hence

W= Wi = [ xta(o (10)
for all (4, k) € Z,,, where
T, (k) §>0,0<k<29(n—T+1)—T}. (11)

For any j, the wavelet coefficients {W3 }rez are obtained by discrete convo-
lution and downsampling. More precisely, under [W-1I], for all j > 0, k € Z,

Wik = le hjaik—1 = (hj % X)air = (17 [l % x] )i, (12)
leZ
where h;, & 273/ JZ5 ot + 1)y (277t) dt, * denotes the convolution of discrete
sequences and, for any sequence {cg }rez and any integer [, (|7 ¢) = cgos. For
all j >0, H;(\) &
{hjihiez,

> ez hie ™ denotes the discrete Fourier transform of

NP / > ot + e Myp(27t) dt (13)

OOleZ
For all j > 0 and all m =0, .

> hjlm =27 3/2/ Y2 ot + DIt .
lEZ leZ

Under assumption [W-4], t — >, _, ¢(t+1)I™ is a polynomial of degree m and
therefore implies that ), ., h;; 1™ = 0; equivalently, the trigonometric

dmdlif;m()\) =0,m=0,...,M — 1 and thus admits a

polynomial H; satisfies }
A=0
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zero at 0 of degree at least equal to M. Therefore, H;(\) can be factorized as
H;(\) = (1 — ™M H;()), where H;()\) is a trigonometric polynomial. Hence,
the wavelet coefficient ([J) may be computed as

Wi = (17 [hy, x AMx])y (14)
where {izj,l}lez are the coefficients of the trigonometric polynomial ﬁj and
AMx is the M-th order difference of the sequence x. In words, the use of a
wavelet and a scaling function satisfying [W-4] and [W-3] implicitly perform
a M-th order differentiation of the time-series. Therefore, we may process a
K-th order integrated processes X without specific preprocessing, provided
that M > K. This is in sharp contrast with Fourier methods: in this case, the
time series must be explicitly differentiated at least K times and a data taper
must be applied on the differenced series to avoid frequency-domain leakage

(see for instance [Hurvich et al] (002)).

3. SPECTRAL DENSITY OF THE WAVELET COEFFICIENTS

Because the wavelet coefficients at a given scale are obtained by applying
time-invariant linear filters, computing the covariance of the wavelet coeffi-
cients of K-th order stationary processes is an easy exercise. The following
proposition provides an integral expression for calculating the covariance be-
tween two wavelet coefficients on possibly different scales, expressed in terms
of the transfer function H; of the wavelet filters and the generalized spectral
density of the process X. This proposition extends Theorem 2 in (1993)
on the spectral measure of the DWT coeflicients of increment stationary con-
tinuous time processes to the discrete-time setting and Lemma 1 in
bnd Percival (B00]) to functions ¢ and ¢ that do not necessarily define a MRA.

For a K-th order integrated process X o { Xk }rez with generalized spectral
density f, we denote by Vary and Covy the variance and covariance of random
variables which can be expressed as linear transformations of the K-th order
increments of the process (note that these quantities only depend on f, and
not on the precise distribution of the process). In view of ([4), the wavelet
coefficients are examples of such transformations, provided that M is larger
than K.

Proposition 1. Let X be a K-th order integrated process with generalized

spectral density f. Assume with M > K. Then, for all j,7 >0
and k, k" € 7,
Cov (Wi, Wjiy) = / MK FO) BN Hy (N A, (1)

—T

where the wavelet coefficient WX, is defined in ().
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The proof follows from elementary results on time-invariant linear filtering
of covariance stationary processes, using the representation ([J) of the wavelet
coefficients.

By ([@), for a given scale j, the process {W;} }rez is covariance stationary.
The situation is more complicated when considering two different scales j # j,
because the two-dimensional sequence {[VVJXI,VC VVJ)/( T Frez is not stationary for
j # j'. This is a consequence of the pyramidal wavelet scheme, where at scale
j, the wavelet coefficients are downsampled by a factor 2/ which depends on
7. Thus, to obtain a stationary sequence, one should consider the process
{W3 j)/(, s Yrez for j > j', which involves a downsampled subsequence
of the coefficients at the finer scale j. One can also consider the process

{[M/ﬁ W/]iizjfj’kH]T}kEZ for j > j' any integer [. It turns out that the most

convenient is to merge the processes corresponding to [ =0,...,2/~7 — 1 and
hence to consider the between-scale process {[W;5, WX.(j — j/)"]" }rez, where
for any 7 > u > 0,

def T
W]Xk(“) = [W/J{U,Quka---aW{u,zuk+2u—1] . (16)

J

Proposition [l allows to determine the spectral density of the within scale pro-
cess {7 kez and the between scale process {[W75, WX.(j — 7')"]" }rez in
terms of the generalized spectral density of X and the transfer function of the
wavelet filters folded on the interval [—7, 7].

Corollary 2. Define for all0 < u < j and X € [—m, 7],

D\ f,0,0) & 277 (17)
> eu(|A[+ 20m) F27(|A] + 21m)) Hy (277 (|A] + 20m)) H;—, (273 (JA] + 21m)) |

=0

where for all ¢ € R, e,(§) o (1,727 e 11277 Then,
e forallj > 0, the within-scale process {Wﬁ}kez 1s covariance stationary
with spectral density D;o(; f, ¢,v),
e for all j > u > 0, the between-scale process {[W;5, WX (u)"]" }rez is
covariance stationary with cross spectral density D; (- f, ¢, ).

We now specialize the results above to the class of processes with memory
parameter d € R (see ([l)). To obtain bounds on the deviation of the correlation
and the spectral density of the wavelet coefficients from those of FBM, some
additional assumptions are required on the smoothness of f* at zero frequency.
For 0 < f < 2and L > 0, define the function class H(/3, L) as the set of positive
even functions g on [—7, 7] such that, for all A € [—7, 7],

lg(\) — g(0)] < Lg(0)[A]”. (18)
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This type of assumption is typical in the semiparametric estimation setting
(see for instance Robinson] ([999) and Moulines and Souliey (003)). From (J)
and (), fAirma always belongs to H(L,2) (for some L) and ffp, belongs to
H(L,2d A 2) (where a A b = min(a,b)).

The expressions of the within- and between-scale wavelet coefficient spectral
densities D;,(-;d, f*, ¢,1) given in corollary P| depends both on d and the
function f*. However, we are going to show how these quantities may be
approximated by quantities which depend only on the memory parameter d
and f*(0). When X has a generalized spectral density f()\) = [1—e*| 722 f*()),
we use the notations Varg g+, Covy p« and D, (A;d, f*) for Vary, Covy and
D, .(A; f), respectively. Define

x\ def " —iA|— *
of(d,f )= vardvf*[wjfg]:/ [T — e A2 () H;(N) [2dh,  (19)

—Tr

the variance of the wavelet coefficient of such process at scale j.

Theorem 3. Let M > 1 be an integer and «, L, B be constants such that

a>1,0<L<ooandp € (0,2]. Assume that [W-1)-{W-Z) hold with M and
.

(a) Let dmin and dpax be two constants such that
[dmina dmaX] - ((1 + ﬁ)/Q —a, M+ 1/2) . (20)

Then, there exists a constant C' > 0 (only depending on the constants
B, dmin, dmax and the functions ¢ and 1) such that, for all j > 0, d €
[dminu dmax] and f* € H<L7 ﬁ);

|07 (d, f*) = £(0) K(d, ) 27| < € f*(0) L2 (21)
where K(d, 1) is given by
K(d) ™ [ el P )
(b) Let din and dyay be two constants such that
[dimin, Amax] € (14 5)/2 — a, M] . (23)

Then, for all uw > 0, there exists C > 0 (only depending on the constants
B, dumin, dmax and the functions ¢ and 1)) such that, for all X € (—m, ),
j Z 0; f* S H(L,/B) a’nd d S [dminadmax]7

DX d, f*,6,%) = £1(0) Doou(Xs d, ) 229 < C f1(0) L2B07 - (24)
where || denotes the Euclidean norm in any dimension and, for allu > 0,

Doc.u(Xid ) €
D M+ 2w | e (A + 20m) (A + 2Um)p(27H (A + 2Um)). (25)

leZ
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The proof is based on approximating the wavelet filter transfer function and
is postponed to the Section f.

Proposition [] states that for any u > 0, f*(0)D.();d,1)2%¢ is a good
approximation of the spectral density D;,(\;d, f*, ¢,1¢). When the memory
parameter d belongs to (—1/2,1/2), the limiting spectral density can be iden-
tified as the spectral density of the process {[Wol?,f, Wfﬁ(u)] }kez’ where, with

a slight abuse of notations, {Wka trez are the wavelet coefficients of the con-
tinuous time FBM with Hurst index H = d + 1/2 defined as the integrals

b = / Bu(s)ji(s)ds, keZ.

The asymptotic properties of the within- and between-scale spectral density
D;.(\:d, f*,¢,v) (and of the associated correlation function) may thus be
deduced from the corresponding properties of the DWT of the FBM.

Remark 1. If d = 0 and {2//%(2/(- — k)), k € Z,j € Z} is an orthonormal
system, then Do o(A;0,¢) = 3,7 [W(A 4+ 20m)[* = 1 (see e.g. (R00]))

and, by a straightforward computation based on the Parseval Formula,

2
/ Dacu(X; 0, 90)[7dA = 2417y /w (2%t — k)dt

keZ
which then vanishes for all integer v > 0. Hence, when the memory parameter
d = 0 and the wavelets are orthonormal, the wavelet coefficients {W] ' k€ L}
are asymptotically uncorrelated as j — oo.

Remark 2. Let us examine how Theorem | applies when X is FBM with Hurst
index H. From the discussion above, we have d = H 4+ 1/2 and f* € H(2d, L)
for some constant L. The condition on M is then M > H for ] and M >
H + 1/2 for and [b). The condition on « is & > —H in and o > 1/2
in [&], which are both satisfied because a > 1 and H € (0, 1). Theorem f can
therefore be applied when 1) is a Daubechies wavelet with at least 2 vanishing
moiments.

4. ANALYSIS OF THE MEMORY PARAMETER ESTIMATOR BASED ON THE
REGRESSION OF THE WAVELET VARIANCE

We now apply Theorem ] to study the wavelet estimator of the memory pa-
rameter d, based on the regression of the scale spectrum ajz»(d, f*) with respect
to the scale index j. This is reasonable because, for large scale j, log af-(d, 1)
is approximately an affine function of j with slope (2log2)d (see (1) in The-
orem ff). Given n observations Xi,..., Xy, 03(d, f*) can be estimated by the
empirical variance

3
—

J
AQE 1
J

k=0
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where for any j, n; denotes the number of available wavelet coefficients at scale
index j, namely, from ([I)),
=[27(n-T+1)-T+1], (26)

where T is the size of the time series and [z] denotes the integer part of z.
An estimator of the memory parameter d is then obtained by regressing the
logarithm of the empirical variance log(5?) for a finite number of scale indices
j €{Jo,...,Jo+ £} where Jy is the lower scale and 1 + ¢ > 2 is the number
of scales in the regression. For a sample size equal to n, this estimator is well
defined for .Jy and ¢ such that ¢ > 1 and Jy + ¢ < J(n) where

def
J(n) = [logy(n — T +1) — logy(T)] (27)
is the maximum index j such that n; > 1. The regression estimator can be
expressed formally as
Jo+4

def
J07 Z Wj—.J, lOg ) (28)

J=Jo

def .
where the vector w = [wy, ..., w,|T satisfies

¢ ¢
Zwi =0 and 2log(2) Ziwi =1. (29)
i=0

i=0
One may choose, for example, w corresponding to the weighted least-squares
regression vector, defined by

w = DB(B"DB)'b,

e |11 ... 1
1 2 .../
positive matrix and

T
where B & ] is the so-called design matrix, D is a definite

b= [0 (2log(2)) )" (30)
Ordinary least square regression corresponds to the case where D is the identity
matrix.

Consider now a Gaussian process X with memory parameter d and general-
ized spectral density f()\) = [1—e |72 f*()\), and let K > (d—1/2)V1. Then
the distribution of the K-th order increment process A¥ X only depends on d
and f*. In this section we denote by Edg7 - and Varg, s+ the expectation and the
variance computed on random variables which can be expressed as ®(AX X)),
where ® is a possibly non-linear function. Note that any function of the wavelet
coefficients of X can be written this way, provided that M > d—1/2 (see ([4])).
The superscript G indicates that X is Gaussian.

We now compute a bound of the mean square error and an asymptotic
equivalent of the variance of aAln(JO, w) in the usual semiparametric framework
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adopted by Robinson and his co-authors for studying Fourier estimators. For
the wavelet estimator defined above, these quantities primarily depend on n
and on the scale index .Jy, while in the Fourier case, the bounds are generally
expressed as functions of n and a bandwidth parameter m, equal to the number
of discrete Fourier frequencies used. To ease comparison, we will express our
results with respect to n and m, where m is the number of wavelet coefficients
appearing in dn(JO, w), namely,

Jo+4

m d:ef n] .
Jj=Jo

From (Pg), one gets immediately that |m —n277(2 — 279 < 2(¢+ 1)(T — 1).
Thus m — oo is equivalent to having n2=7° — oo, and, when these conditions
holds, we have

m~n270(2 —27) (31)
The next result provides a bound to the bias Edgj* [dn(Jo, W):| — d and to the

variance Varg fo [dn(Jo, W)} .

Theorem 4. Assume that [W-T)J-{W-7] hold with M > 1 and o > 1. Let
w be a vector satisfying (B9) for some £ > 1. Let dyin, dmax be two scalars
such that dyin < dypax and [dmin, dmax] C (14 5)/2 — «, M, where § € (0,2].
Then, there ezist a finite constant C and an integer Jy (depending only on
w, B, L, duin, dmax, ¢ and ) such that for all Jy € {Jmn,--.,J(n) — L},
d € [duin; dmax), and f* € H(B, L) with f*(0) >0

‘Ejf* [dn(Jo, w)} - d‘ <C { (%)ﬁ + m_l} , (32)
Varjf* [czn(Jo,W)] <COm™'. (33)

By combining (BJ) and (BJ) it is possible to obtain a bound on the mean
square error of Jn(JO,W). More precisely, there exist constants C' and Jp,
(depending only on M, «, 3, L, duin and dyay) such that, for any f* € H(3, L),
d € [dmin, dmax) and Jy € {Jiin, - - -, J(n) — £+ 1},

EY . {{JR(JO,W) —d}Q] < C{(%)%erl} . (34)

This shows in particular that, for any non-decreasing sequence {.Jy(n),n > 0}

such that m~'4+m/n — 0, d,(w) o d,(Jo(n), w) is a consistent estimator of d.

If the regularity exponent (3 is known, it is possible to choose Jy(n) to balance
these two terms, that is, set (m/n)?® < m™" or equivalently 270" < pn1/(1+20)
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as n — oo. If we choose Jy(n) in such a way, (B]) and (B4) imply
R 2
limsup  sup sup nZﬁ/(1+25)Edgf* {{dn(w) — d} ] < 00.
n—oo de [dminydmax} f* GH(B,L) ’

As shown in [Giraitis et al] ([997), n~2%/(1#25) is the minimax rate of conver-
gence for the memory parameter d in this semi-parametric setting. Therefore,

Corollary 5. The wavelet estimator is rate optimal in the minimax sense.
We shall now obtain the asymptotic behavior of Var§ * [cin(w)] as n — 00.

Theorem 6. Assume that [[W-TJ{{W-4) hold with M > 1 and o« > 1. Let w
be a vector satisfying (B9) for some £ > 1. Let {Jo(n),n € N} be a sequence
such that m — oo as n — oo. For any f* € H((, L), where 8 € (0,2], and
de((1+0)/2—a,M],

hmanmgﬁ[&xWﬂ::(2—276“JWW¢¢0W, (35)

n—oo

where V(d, 1) is the (1 +¢) x (1 4 ) matriz defined as

def 47T22d|j—i|2i/\j 0
Vi (d) T 2
a0 S |

Remark 3. The asymptotic expression of the variance (B) is a quadratic form
of w defined by the matrix V(d, ), which depends only on d and ¢ (see (Bg)).
The standard theory of linear regression shows that, for any ¢ > 1, the optimal
regression vector of length ¢ + 1 is

Docg(Nd )P dX 0<ij <. (36)

w(d, ) = V7Y(d, ) B(BTV ! (d,¢))B)'b

and the associated limiting variance is (2 — 279)b? (BTV~Y(d,)B)'b. This
optimal regression vector cannot be used directly since it depends on d which
is unknown, but one may apply a two-step procedure using a preliminary
estimate of d as in Bardef (B007) in a similar context.

If we choose m (or Jy(n)) such that the bias in (B3) is asymptotically
negligable, then we can obtain the asymptotic behavior of the mean square

R 2
error Edgﬁ (dn(w) - d) . In view of (B2) and (BY), we need m — oo and
{(m/n)? +m=1}? << m™!, or equivalently

n2~fo(UH26) oy =loho) 0 p - 0o (37)

Corollary 7. If ([57) holds, then for f* € H(B,L) andd € ((1+3)/2—«, M|,

R 2
lim nZ_J"(")EgJ* (dn(w) - d) =w'V(d,{)w.

n—oo
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This result of course hints at the existence of a central limit theorem for the
estimator d,(w). Such result can be obtained using a central limit of quadratic
form of Gaussian variables which is established in a companion paper

(B009)-

5. PROOF OF THEOREM

From now on, we denote by C constants possibly depending on d, 3, ¢ and
1, which may change from line to line and we omit the dependence in ¢ and
¥ in the notations. We assume, without loss of generality that f*(0) = 1.

Proof of [a)} Let j > 0 and define
def i [ M 1—2d ex NN D def .
A= 2]/ 11— 22PN [pN (NP dN and  R; = o3(d, f*) — A; .

Using (BY), we have
|Rj| < 0270 / 1= e )P (L + 277 dA . (38)

We consider A; and R; separately starting with A;. Define the function g by
def [,y 7 i 2d
A= g(N) = VWP A/ Q=N Ne (-mm). (39)
Since ¢ is infinitely differentiable by [W-IJ, A — |p(\)|2 })\/(1 —ei)‘)}Qd is
infinitely differentiable on [—7, 7]. Because f* € H(f3, L) and f*(0) = 1, there
exists a constant C' (depending only on dyin, dmax and ¢) such that for all
A€ [—7,m],
9(A) = 9(0)] < CLIAP . (40)
We can now express A; as

A= / "GN BIAP (41)

s

Observe that A; is finite since ¢ is bounded and ([J) applies since M > d—1/2.
We now replace the function A — ¢(\) by the constant ¢g(0) = 1 and extends
the interval of integration from [—m, 7] to the whole real line in ([)). Eqgs. (f0)

and ([J) imply

A =2 [ g N i

—T

gcw‘/ A2 (2N d

First observe that, after a change of variable,
P [P RN < 2 [y e GO0 A

In the RHS of this inequality, using the behavior of |1@()\)| at infinity and at the
origin implied by [W-2] and respectively, and because dpax < M +1/2
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and dyin > (14 5)/2 — «, the integral is a finite constant depending only on v
and 3. We further observe that, by [W=2], since dpi, > 1/2 — «r, we may write

2j/ |)\|—2d |1/A1(2j)\)|2 dx < C2j(1_20‘)/ |)\|—2(a+dmin) d\
[A|>m A>T

Therefore, there exists a constant C', depending only on 3, ¢, ¥, dpin and dyax
such that

|A; — K(d)2%¢| < C L2®7i (42)

We now compute a bound for R; from (BY). Note that, there exists a con-
stant C' depending only on 3, dyi, and dpa such that, for all A € [—7, 7],

2d

=0 || s o (43

Plugging into (BY) and then separating A < 1 and A > 1, we obtain

27
R; < CL22jd2j(M+a)/ {)\Q(Mfdmin) V )\2(Mfdmax)} (1+ )\)7an I\
0

1 207
< C«L2j(2d—ﬁ)2—j(M+a—B) {/ )\Q(M_dmax)d)\ _'_/ )\M—Qdmin—ad)\} )
0 1

Since 2(M — dyax) > —1, the first integral is a finite constant. Depending on
whether M — 2d,;, — « is less than, equal to or larger than —1 the second
integral is bounded by a finite constant, logm + jlog2 or C2/0+M=2dmin=0)
where C' only depends on M, a and d;,. In the two first cases, we simply
observe that we always have M + a — 3 > 0, and in the last case that —(M +
a—03)+14+ M —2dpn —a=1—2dpnm —2a — <0 by (B0) so that, in all
cases, R; < C' L2243 This, with (), shows (£1).

Proof of [b]. For ease of notation, we only consider the case u = 0. Pick j > 1.
In (I7), the summands are 27(2)-periodic; hence, omitting the summands,

=, T = Tl = S5 Note that,
forl e {—2771 ... 27 —1} and X € (0,7), the 279(\ + 2l7 € (—m, ) so that
(B9) applies. Hence, D, (A;d, f*) is expressed as the sum of two functions
A;(N) + R;(N), defined for all A € (0, 7) by
20—1 1 .
AN E DT 27N+ 2m)| T g (27 (A + 20m)) DA+ 20m)? (44)
I=—2i1
where ¢ is defined in (BY) and
211
Rj(A) < CLYCM=) N X 4 20 P (14 [A 4 2w |) M. (45)

|=—2i—1
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From ([0), we get, for all A\ € (0,7),

2i—1_1
Aj(N) — 224 g(0) Z A =+ 20|24 [h (X + 2im)[?

1=—2i-1

< C'L2%=Pi B;()), (46)
where, by (B) and (B), for all A € (0,7),

27-1-1
BN = D n+2a (A + 20m)|?

=—2i-1

S C <|)\|’6+2(Md)+22|)\+2lﬂ'|62d2a>

>1

cofrrapa ) <o

>1

since |\ + 27| > w(2l — 1), M > d and 3 — 2d;n — 2a0 < —1. Using the same
arguments, for all A\ € (0, ),

A2 MDA + 2Um) 2 < 0270t
[1]>27-1—1

Egs. (R9) with v = 0 and (fd), and the above inequalities yield that, for all
A e (0,m),

}Aj()‘) — Dy o(X;d) 22dj’ < O L2@d-Pj
We now turn to bounding R;(X). For or all A € (0, ),

R ()\) < C' [, 272d=B)g—j(M+a=p) 1+Zl 2dmin+M—a

and the proof follows as for bounding R; in the proof of [a], by considering
the cases M — 2d,;n — a <, = or > —1.

6. PROOF OF THEOREM [

From now on, we take d € [dumin, dmax, f* € H(B, L) and denote by Juyin,
C, ¢y, Cy, ... some constants that depend only on w, 3, duin, dmax, O,
and ¢ but that may take different values upon each appearance. For any
measurable function vector-valued function ¢ on [—7,+x] and any p > 0,

lell, = (J7, lelPax)
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Lemma 8. There exist a constant C' and an integer Jyi such that, for all
J 2 Jmin, and 1 < g < p < o0,

D0+ d. £,
’ < C(2n)/p—1/atl 47
D,0(d. ), = ™ (47)

Proof. Using LP([—m, 7]) spaces embeddings, it suffices to prove the result for
p = oo and ¢ = 1. Note that, for all d € [dupin, dmax], 0 < Knin < K(d) <
K. < 00, where

o / (J€]2oin A ([ 20mm) [(E) [2dE (48)

o0
— 00

Ko / (J€]2oin (€] ~20mm) [(€) [2E (49)

By Theorem J, (4), there exists a constant Cy such that
D o(A;d, £7)] < 29 (KinaxDooo(A d) + CoL272%) |

where Do o(A; d) is defined in (). Assumptions [W-2] and [W-3] imply that
D) < CLIEIM (A + |€])~ M for all £ € R. Therefore, for all A € (—7,7),
there exists a constant Cs,

Do oA d) < C, {IMQ(MC” +2) A+ 2z7r\2<a+d>}

>0

< Oy {WQ(M—dmin) +2 Z [(QZ o 1)7_(_]2(a+dmin)} '

>0

The two previous displays show that there exists a constant C5 such that, for

all 1 >0, d € [dwin, dmax) and f* € H(B, L)
IDjo(5d, f) < Cs277 (50)
On the other hand, we have
IDjo(sd, £,
> 254 D o5 d, £y = [|Djol5d, f*) = 2" Dec o5 d, f7)
By Theorem J, (4),
HDJ‘,O('; d, f*) - 22dioo,0('; d, f*) 9
< (2m)2 ||Djo(sd, f7) = 299Dee(3d, f7)]|, < (2m)Y2 Co L2540

By definition, ||Dso(d;-)|l1 = K(d) > K. The two previous display there-
fore imply that if 277/ < 4xCoL/Kypin, |Djo(-;d, f*)|l, = C2%4, which, with

(BQ), shows (7). O

1
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Proof of Theorem [J. The bias Edgj* [d,(Jo, w)] —d can be decomposed into two
terms as follows

Jo+¢ Jo+¢

Zw] 2B [log(d7 —d—ZwJ 5 log [7(d, f)] — d+

Jj=Jo J=Jo
Jo+t
Z wj_y, {Ef [log(67)] —log [o5(d, f*)]} . (51)
j=Jo

Using (R9), the first term on the RHS of the previous display may be rewrit-
ten as

Jo+4
> wj_ylog [o3(d, f7)] -
Jj=Jo
| 7S~ K@) 2
_ij Jolog K(d)ZQﬂd
Jj=Jo

Using Theorem B (R1), there exists a constant C' such that o3 (d, f*)—K(d) 2%¢ <
CL2%(@=F) Using that log(1 + x) < 2x for x € (—1/2,1/2), for any J, such
that CL27° < K,i,/2,

Jo+4 20 ‘ l ‘
> wi_gloglod(d, f)] = d| < ——27"FLY w2797 (52)
_] JO min ]:0

We now consider the second term in the RHS of the display (BI). We apply
Lemma [[J: the empirical wavelet coefficient variance at scale j is a quadratic
form in the wavelet coefficients at [y, ..., ijj_l] which are, by Proposi-
tion [, a part of a stationary process with spectral density D; o(+; d, f*), defined
in Corollary B, ([7) The spectral radius of the covariance matrix I';(d, f*) of the
random vector [Wj, ..., W, 1] is bounded by the supremum of the spectral
density,

p[0;(d, 1) < 27 | Dol s S oo (53)
On the other hand, the stationarity of the wavelet coefficients at scale j implies

Vard f Z Covd f* s W]»Q,l)
J k=1
1= 1Y ov (72, 17
J k=1-n; J

Because W; and W, are jointly Gaussian,

Cov . (W, W) =2 (Cov§ . [Wjo, W, k])
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The Parseval identity gives that

nj—1

k [e.e]
2. (1 a u) Covg - (Wio. W) <2 3 {Covi . (W, Wi} =

nj
k=1-n; k=—o00

1 *

showing that the variance Varg * [&]2] of the empirical wavelet variance at scale
j satisfies

. 1 .
Varg . [67] < —— Do, )13 - (54)
ey

By Lemma [[G-(70), using (B3) and (B4),

Dol )
Do, £
where C' is a universal constant. The bound (B2) on the bias follows from (f3),
(B3), Lemma B and (B1]).

We now compute the variance of the estimator d & d,(Jo,w). By Lemma
with p = co and ¢ = 2, Lemma [(, and using again (fJ) and (p4)), there are
constants C' and Jy,;, such that, for all Jy > Juin,

. [log(6?)] — log [ES. (2) ]| < (59

lott Covy ..[62,67]
7 d,f*LYi>
Varg,f* (d) - Z wifJowijo 0'2(d f*)CTQ(d ]f*)
i,j=Jo A I
o Covg ;.[67,67]
< Z Wi — g w;i— g, | Covgf* [log(&f),log(&?)} - — d’f - ]*
ii=Jo 0; (daf )Uj(daf)
Jo+£ * *
ST { [Dio(d: S\, Dol I }
= i—Jo™=Jo 3/2 B 3/2 . N
2 Dioid, f)IE - n D00 d, f2)3
< On;M?* < Om27)=3/2. (56)

The Cauchy-Schwarz inequality and (B4]) yield

2

|Covg f-[67,63]] <L IDiolsd f)oll Djolsd f)2
oi(d, f*)oi(d, f*) = my/ming IDio(-5d, [l Do d, )l
Using Lemma B with p = 2 and ¢ = 1 thus gives for all Jy > Jiin,

"iﬁw y Cov§ 1.[62,6%] < On
i < .
R R O DL D] B

This bound with () and (BI) shows (BJ). O
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7. PROOF OF THEOREM [§

Foranyogagbgﬁ,setan(izefJo( ) +a and b, —JO( )+ 0b.

np, —12b—a_1

o . 1
Covgvf* [05 ,Ogn] - Z Z Covgj* [mek,WQ 1ob— aﬂj
an o -0 w=0
2 nbnfl
2
= Z ’COVC'CZJ* [an,ka an,l(b — a)H s (57)
ManTn (120
where we have used that if X and Y = [Y; ... Yk]T are Gaussian vectors,

K K
Cov(X2,|Y?) = Cov (X?, ZY,f) =2) Cov’(X,Y;) = 2|Cov(X,Y)[*.
k=1 k=1

By Corollary B, using the fact that the processes {W,, r}rez and {Wy, (b —
a)}rez (see ([A)) are jointly stationary and Gaussian, we may write

Covdg,f (67,62 ]

an

n 1
2 S~ k|
. Z (1 — ‘_) |Covy . Wy, .0, W, (b — a)]\2 (58)
nan k—lfnb nbn

ﬂ- *
<= Z |CovY 1. (Wi, 0, Wi i (b — a))|* < — || Dy pal-5 s )3

- nan I—— oo an

where the last inequality follows from the Parseval inequality. Hence, by The-

orem B, (B1)-(B4), since n,, ~ n2-7=a,

o2 2d(b—a)9a
i }> <4ﬁ% IDscsa(5d)3 . (59)

Covdf G
P

lim sup n2_‘]°(") 2 (d, 7)o

For any given [ € Z, Theorem B, (R1)-(B4) also shows that

. 1] \ /2 Cov§ 1. (Wi, 0, Wi, 1(b — a))
lim 1 - — 2
M) w02 (d, f)o (d, )
2d(b7a) +

" K@) /.,

n—oo
n

Dooya(X; d)eMdN |
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where x, = max(x,0). The Parseval inequality then gives

1] ) |Cov§ ;. (Wa,0, Wi, 1(b— )|’
Z T { <1 m, ) o2 (d, f*)o3 (d, f*)

l=—0c0 n

27T22d(b a)
W”DOOb a(v )Hg :

Hence, by the Fatou Lemma and (B§),
92d(b—a)9a COVg [O‘ 52 }
Ar=———— Do p-a( d)||3 < liminf n 277 d.f* \Tbn> Oan
K(d) H ,b— ( )”2 P 00 02n<d,f )O_bn<d’f )
Observe that the RHS of (B9) and the LHS of (60) both are equal to V,(d, )
defined in (Bg). The proof then follows from (5q), (F9), (b0) and (BT).

APPENDIX A. MULTIRESOLUTION ANALYSIS

(60)

In a multiresolution analysis, the scaling function ¢ satisfies the dilation
equation ¢(z) =2, ., cx ¢(2x — k) where ), ¢;, = 1. In the Fourier domain,
the dilation equation reads

(&) = m(£/2)9(£/2) , (61)

where m is the “symbol” associated to the function ¢ defined as

m(€) = % > o (62)
kEZ
The scaling function ¢ has a finite support (assumption [W-11}) if the symbol
m in (Bg) is a trigonometric polynomial. The wavelet function ¢ associated to
the scaling function ¢ is defined as ¥ (z) = >, ,(=1)' " e1p 0 (2(x — 0) — k)
or equivalently,

0() = e (/2 + m)o(¢/2) (63)
where ¢ € Z is an arbitrarily chosen translation parameter. The key property of
MRA is that the family of dilated and translated wavelets {1, 7 € Z,k € Z}
(M) forms an orthonormal basis of L*(R).

Many properties of ¢ and ¢ can be deduced from (fJ]) and (B3) and the
specific form of the symbol m. In particular, and [W=1], or, equiva-
lently, (H) and (B) are equivalent to having that m can be factorized as

i = (255 e (69

where p is a trigonometric polynomial (see (Cohed, B003, Eq. (2.7.12) and
Section 2.8)).
The maximal M for which (f4) (or, equivalently, [W=3)] and [W-4]) is sat-

isfied is called the number of vanishing moments. For instance, the so-called
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Daubechies DB-M wavelets have M vanishing moments and are associated to
a trigonometric polynomial symbol m of degree 2M and admitting a zero at 7
of multiplicity M (see [Daubechieq ([992), (see (Mallaf, [99§, Proposition 7.3,
Page 242)). The maximal value of the o appearing in [W-2] (or equivalently,
using Eq. (63) supg(1 + 1€]%)|0(€)| < o0) has been studied for some families
of compactly supported wavelets (see for instance (Daubechied, [999, Chapter
7) and (Coher], R003, Section 2.7)). For the DB-M wavelets, a lower bound
a > (1 —logy(3)/2)M > 0.207TM can been established, see (Cohen], P00,
Eq 2.10.27). Therefore, o can be made arbitrarily large by increasing M. This
implies that, for a given value of M and «, it is always possible to find a
Daubechies wavelet DB-M’ for some M’ > M satisfying [W-1T]HW-4].

APPENDIX B. APPROXIMATION OF WAVELET FILTER TRANSFER
FUNCTIONS

Proposition 9. Under [W-TH(W-7), there exist positive constants C;, i =
1,...,4 only depending on qb and W, such that, for all j > 0 and \ € (—7 ),

[H;(A) = 226N (2N)] < Gyl AP, (65)
PNP@N] < Co[ZAM (L +27A) M, (66)

[H;(N] < G522 AN (127N M, (67)

‘\H]’( P2 NGV < OO P (14 A M (68)

Proof Under [W-T]] and [W=2], we have that, for all t € R, >, , g?)()\

2k) eltAF2k7) is a 27-periodic function, integrable on (—m, 7) and whose I-t
Fourier coefficients is

/ Z(b )\ + 2]€ 1t (A+2km) 71)\l d\ = / (b 1t)\ 71)\l d\ = 21 (b(t . l)

T keZ

+

=

It follows that, for all A and ¢ in R,
Z(b(t 1)\l Z(b )\ + 2]€7T) it( )\+2k7r)
leZ kEZ

which is a form of the Poisson summation formula. Inserting this in ([3) gives

H;j(\) = 27972 / h (Z P\ + 2kT) eit()‘“k”)) W(277t) dt

keZ
00

= 27923 " G(A+ 2km) / AT (2791 dit

kEZ o0

= 2723 " (A + 2km)h(2 (N + 2kn)).

keZ
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From this expression of H;, we get, for all j > 0 and A € (—m,7),

[Hj(A\) = 2720\ (200)] = 2072 Y G(A + 2km )b (2(A + 2km))| . (69)

Ik|>1

Now using successively ([i) and [W-2], there is a constant C' such that, for all
non-zero integer k and all A\ € (—, ), |6\ + 2k7)| < C|A|M an

C 27

)(27 2 <O (N2 < C27% Qklm—IN\) < —— 2
[(29 (N + 2km))| < C (27| A+2kn|)"* < C (2[K|m—|A) = @k = 1)

Inserting these bounds into (BY) gives (@)
The bound (B8) follows from [W=T] (|p(€)| < [ |6(t)|dt), TW=2] (|¢(€)] <

C(1+1¢])*) and [W=3] (limy; o+ & MW( )| =0).
The two last bounds (B7) and () follow from the two first (B5) and (64).

Indeed, let H;(\) % 27/2 (\)¢)(2)). For (B7) we write
[H;(N)] < [H;(A) = Hy(N)] + [H; (V).
Applying (63) and (), the RHS of this equation is bounded by
Oy 200270 I \M oy 292129\ M (14 27| \|) "M <
292120\ M (1 4 27| A|)~ M (€ 279 (1 4 29| \|)oHM 4 Cy).

By observing that, for all 7 > 0 and A € (—m,m), the last term between
parentheses is bounded by €} 277(+M) (21+ig)at+M 1 90, < O (2m)* M 4 O,
we get (7). For (Bg), we write

;O = [H;00E] < [H;00 = 50| (001 + 1H;001)
and apply (E3), (BG) and (E7). O

APPENDIX C. A USEFUL INEQUALITY

Denote by Tr(A) and p(A) the trace and the spectral radius of a matrix A.

Lemma 10. Let n be a positive integer. There exists a constant C (depending
only on n) such that for any n X n non-negative symmetric matrices A and I’
satisfying Tr(AT) > 0,

[ logi”A¢]) ~ log[an)| < € (1A ) o o
Var (log[&TAg]) <C, (71)

where £ is a zero-mean d x 1 Gaussian vector with covariance I'.
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There exists a constant C (depend}'ng only on n) such that for any n x n
non-negative symmetric matriz A, A and I', T' satisfying Tr(AT') > 0 and
Tr(AL) >0

Cov (log[ﬁTAﬁ], log[éTflé])

Cov(¢TAE, €T AS) ’
Tr(AQ)Tr(AQ)

C{ FAPIE) |, PP } )

Var®/2(€TAE) ~ Var®/? (€T A€)

where [€T fT] is a zero-mean Gaussian vector such that Cov(§) = T' and

Cov(§) =T.

Proof. Let k be the rank of I' and @ be n x k full rank matrix such that
QQT =T. Let ¢ ~ N(0,I},), where I is the identity matrix of size k x k. For
any unitary matrix U, U( ~ N(0, ;) and hence QU( has same distribution
as &. Moreover, since A is symmetric, so is Q7 AQ. We may choose an unitary
matrix U such that A %
entries. Furthermore,

¢"AC = (QUO)TA(QUC) = €7 A¢ (73)

where < denotes the equality of distributions. Since A is diagonal, (*A( is a
sum of independent r.v.’s of the form Zle \i¢? where \; are the (non-negative)
dlagonal entries of A. Since E¢? = 1 and Var(CQ) = 2, we get from ([73) that
ZZ i = E[¢TAE] = Tr(AT) and 25k = Var [STAS} Finally we may

UT(QTAQ)U is a diagonal matrix with non-negative

zlz

write
E (log [¢7A¢]) — log [E (¢7A¢)] = E (log[S]) (74)
where
TA¢ o\
Sy di¢? with ;% 7 75
B[ Z S =
Set ||d||? = o S d? and observe that p(A) = max << A;. Since S2F A >
Zf L A2/ maxi<i<k i, we get

ol XN 20 270 24 (D)
o () ST Va@ag < Va@ag

For t > —(2max;<;<;d;)~", we may write, using standard computations on
the central chi-square, that

k k

B[] = [[ &[] = [T+ 24ty (77)

=1 i=1
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Denote by F' the distribution function of S, that is F'(z) = P(S < z). Observe
that F'(0) = 0 since S is a non-negative weighted sum of independent central
chi-squares and that all the weights do not vanish. For any ¢ > 0 and = > 0,

k
log [F(2)] < log [e"E(e™")] = at — (1/2) Y log(1+2d;t) ,  (T8)
i=1
where the equality follows from ([[7). Because, for ¢ > 0, Hle(l + 2d;t) >
142¢ Zle d; = 142, Ele log(1+2d;t) > log(1+2t). Plugging this inequality
in ([[§) and setting ¢ = x/2 yields to

F(z) <el/? (—
I+

By (@), lim, o+ log(z) F(z) = 0 = F'(0) and fol r ' F(z)dr < oo. Integration
by parts together with ([[9) gives that

1/2
) , x>0. (79)

1 1 1

2
/ |log(x)|dF(z) = / v F(x)dr < 61/2/ Rl
0 0 0

e

Since log(z) <z —1 <z forallz > 1and ES =1, we get [~ log(z)dF(z) <1
and thus

E|log 5| = /0 Hog(x)|dF(z) + /1 " log(x)dF(x) < %H. (80)

This bound proves the left part of the A sign in ([[0)). We now provide a new
bound for F(z) which will yield the right part. Since the second derivative of
the log(z) has absolute value at most 1 for all x > 1, we have that, for any
t>0,
log (1 + 2d;t) > 2d;t — 2d?t?
which gives that
log[F(2)] < (v — 1)t + ¢*||d]|* .

Setting t = ||d||~! yields to the following exponential bound

F(z) <exp[(z—1)[d|' +1], z>0. (81)

Having this new bound of F' at hand, we can improve the bound established
in (BO) as follows. Integration by parts together with (BI)) and ([9) gives that,
forany 0 <b<a <1,

/Oa |log(z)|dF(z) = |log(a)|F(a) + /Oa v F(z)dr

b a
< \log(a)\F(a)—i—C’/ x1/2dx+c*bl/ oxp [—(1 —x)||d|| ] dx
0 b

< 206" + ([log(a)| + Cb™||d])) exp [~(1 = a)lld] 7] .
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Set b < exp [—2(1 —a)||d||7*] Aa/2, so that b/ < exp [—3(1 — a)||d|| '] and
b= < 2/aexp [2(1 —a)||d||7!] (since both 2/a and the latter exponential are
larger than 1). The latter displayed inequality then implies that there exists
a constant C' only depending on a such that

E (|1og(S)[1{S < a}) < C(L + [|d]|) exp [~(1 —a)|d]|"/3] < Clld[|*, (82)
where the last inequality is valid for all &« > 1 with C' only depending on a
and a. Pick a € (0,1). Since the second derivative of the log(x) has absolute
value at most a™? for all z > a and that |log(z) — (z — 1)] < |log(x)| for all

€ (0,1), we have that, for any z > 0,

1
[log(z) — (z = 1)| < 55 (1= 2) L) (2) + | l0g(2) 1 (x) . (83)
Since E[(1 — S)?] = Var(S) = ||d||*Var(¢?) = 2||d||* and using (BF) and (BJ),
we get , for some positive constant C' only depending on a,
1
[E flog(S)]| < 55El(1 = 5)*] + E [llog(5)| 1{|S] < a}]
< a”?|d|* + Cld|*

which shows ([[0) by applying ([4) and ([7@).
We now prove ([(1]). We have, by definition of S,

Var (log[¢"A¢]) = Var (log(S)) < Elog® S . (84)

By arguing as for (B0), that is, by using the bound ([9) for F(z), = € [0, 1],
that the derivative of logQ( ) is 2logx/x and that log?(x) < 2z for all z > 1,
we obtain Elog? S < \[ + 2, which yields ([]).

We now prove (). Define k, d; and S as we did k, d; and S. The LHS
in ([[4) then reads

E [log(S) 1og(5)] _E [(5 18— 1)} —E [(5 ~ 1)(log(S) — (S — 1))]
TE [(5 = 1)(1og(S) — (S = 1))|+E | (log(8) — (S ~ 1)) (log($) ~ (§ ~ 1))] .

We will provide a bound for the first term of the RHS of this display, the
other terms being treated similarly. By using (BJ) for some a € (0,1) and the
Cauchy-Schwarz inequality,

E[(5-1) (log($) ~ (5= 1)) |
(5= 1)(S = 1] +E [(5 = )] 1og($)] 100 (9)]

E
< oo (BIS —1PEIS — 1) + (IS ~1PE [llog(S)Proa(®)])
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By ([[@), it remains to show that the two last terms are O(||d||* v |d||*). By

definition, S—1 = Zle d;(C?—1), where {¢;},<,; are i.i.d. standard normal.
Therefore, -

E‘g — 1‘4 Zd4cum4 Cl + 3 <Z d2> Var Cl

where cum4(Z ) is the fourth-order cumulant of the random variable Z. Since

ZZ Ld < (ZZ . Z) , we obtain that E|S — 1|* < C||d||* for some constant
C. Therefore,

2y 1/2 = 1\ /2 ~ o 5 -
(S —1P)"* (RIS - 111) < cldldl® < c(lalP v 1dl®)
Proceeding as in (B), it can be shown that

E||log($)[*1p.(5)] < Clld]*

for all @ > 0 with C' only depending on a and «a. In particular

(15 1) (& [1oa()P100(8)]) " < P v ),

for some constant C', which concludes the proof. O
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