N

N

Nonparametric inference of photon energy distribution
from indirect measurements

Eric Moulines, Francois Roueff, Antoine Souloumiac, Thomas Trigano

» To cite this version:

Eric Moulines, Francois Roueff, Antoine Souloumiac, Thomas Trigano. Nonparametric inference of
photon energy distribution from indirect measurements. 2005. hal-00016328v1

HAL Id: hal-00016328
https://hal.science/hal-00016328v1

Preprint submitted on 27 Dec 2005 (v1), last revised 12 Jun 2006 (v2)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00016328v1
https://hal.archives-ouvertes.fr

ccsd-00016328, version 1 - 27 Dec 2005

NONPARAMETRIC INFERENCE OF PHOTON
ENERGY DISTRIBUTION FROM INDIRECT
MEASUREMENTS

E. MOULINES*!, F. ROUEFF!, A. SOULOUMIAC? AND T. TRIGANO!

Y ENST Paris, CNRS/LTCI, 3} rue Dareau, 75014 Paris, France.
E-mails: moulines, roueff, trigano@tsi.enst.fr

2 SSTM/LETS, CEA Saclay, 91191 Gif/Yvette CEDEX, France.
E-mail: antoine.souloumiac@cea. fr

ABSTRACT. We consider a density estimation problem arising in
nuclear physics. Gamma photons are impinging on a semiconduc-
tor detector, producing pulses of current. The integral of this pulse
is equal to the total amount of charges created by the photon in
the detector, which is linearly related to the photon energy. Be-
cause the inter-arrival of photons can be shorter than the charge
collection time, pulses associated to different photons may over-
lap leading to a phenomenon known as pileup. The distortions
on the photon energy spectrum estimate due to pileup becomes
worst when the photon rate increases, making pileup correction
techniques a must for high-counting rate experiments. In this pa-
per, we present a novel technique to correct pileup, which extends
a method introduced in [Hall and Parld (R004) for the estimation
of the service time from the busy period in M/G/oco models. It
is based on a novel formula linking the joint distribution of the
energy and duration of the cluster of pulses and the distribution
of the energy of the photons. We then assess the performance of
this estimator by providing an expression of its integrated square
error. A limited Monte-Carlo experiment is presented to illustrate
on practical examples the benefits of the pileup correction.

Keywords: indirect observations; marked Poisson processes; nonlinear
inverse problems; nonparametric density estimation

1. INTRODUCTION

We consider a problem occurring in nuclear spectroscopy. A radioac-
tive source (a mixture of radionuclides) emits photons which impinge
on a semiconductor detector. Photons (X and gamma rays) interact
with the semiconductor crystal to produce electron-hole pairs. The mi-
gration of these pairs in the semiconductor produce a finite duration
pulse of current. Under appropriate experimental conditions (ultra-
pure crystal, low temperature), the integral over time of this pulse of
current corresponds to the total amount of electron-hole pairs created
in the detector, which is proportional to the energy deposited in the

semiconductor (see for instance [Knol] ([989) or [Ced ([994))). In most
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classical semiconductor radiation detectors, the pulses amplitudes are
recorded and sorted to produce histograms showing, as a function of
energy, the number of photons absorbed by the detector. This his-
togram is used as an estimate of the photon energy distribution (called
the energy spectrum).

The times between pulses generated by a radiation detector are
known as inter-arrival times. The inter-arrival times of pulses are in-
dependent of the electrical pulses, and can therefore be shorter than
the typical duration of the charge collection, thus creating clusters (see
Figure ). In gamma ray spectrometry, this phenomenon is referred to
as pileup. The phenomenon of pileup causes a distortion of the acquired
energy spectrum which becomes more severe as the incoming counting
rate increases. This problem has been studied by many authors in the
field of nuclear instrumentation since the 1960’s (see Bristow] ([990) for
a detailed review of these early contributions; classical pileup correction

techniques are detailed in the [ANST nornd (1999)).
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FIGURE 1. Illustration of the pile-up phenomenon. (a) :
input signal with arrival times 7Tj, lengths X; and ener-
gies Yj, j=mn,...,n+2; (b) : associated on-off process
Si, Sy = 1 if the system is busy at time t and S; = 0
otherwise.
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In mathematical terms, the problem can be formalized as follows.
Denote by {7k, k > 1} the sequence of arrival times of the photons,
assumed to be the ordered points of an homogeneous Poisson process.
The current intensity as a function of time can be modeled as a shot-

noise process
HEN Rt -Th) (1)

k>1
where {Fy(s), k > 1} are the contributions of each individual pho-
ton to the overall intensity. By analogy with queuing models, we call
{W(t), t > 0} the workload process. The current pulse {Fy(s), k > 1}
are assumed to be independent copies of a continuous time stochas-
tic process {F'(s), s > 0} whose path has a finite support [0, X] a.s.,
where X is the pulse duration (the duration of the charge collection).

The integral of the pulse y fo s) ds is equal to the total amount
of charge collected for a single photon Under appropriate experimen-
tal condition, this quantity may be shown to be linearly related to
the photon energy; for simplicity Y is referred to as the energy in the
sequel.

The restriction of the workload process to a maximal segment where
it is positive (resp. 0) is referred to as a busy (resp. idle) period; in
the coverage process literature, these quantities are also referred to as
spacings and clumps. An idle period followed by a busy period is called
a cycle.

In our experimental setting, the sequence of pulse duration and en-
ergy {(Xg,Y%), & > 1} is not directly observed. Instead, the only
available data are the durations of the busy and idle periods and the
total amounts of charge collected on busy periods. Define the on-off
process

Z Ly 4 x1) (2)
k>1
where {7}, k > 1} is the ordered sequence of busy periods arrivals
and {X}, k > 1} the corresponding sequence of durations. We further

define, for all £ > 1, Y/ o T X * W (t) dt, the total amount of charge

of the k-th busy period. Fmally we denote by Z; the duration of the
k-th idle period, Z; = Ty and, for all k > 2, Z, =T} — (T} _, + X|._,).
We consider the problem of estimating the distribution of the photon
energy Y, having observed n cycles {(Zx, X;,Y}), k =1,...,n}. In the
terminology introduced by [Pykqd ([[95§), this corresponds to a type II
counter.

The problem shares some similarity with service time distribution
from busy and idle measurements in a M/G /oo model (see for instance
Baccelli and Brémaud (P007)). Note indeed that the M/G/oco model
is a particular instance of the above setting, as it corresponds to hav-
ing F' = 1jx), so that X = Y. There exists a vast literature in
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this particular case. ([962) (see also [Hal] (T98§)) has derived

a closed-form relation linking the cumulative distributions functions
(cdfs) of the service time X and busy period X’. [Bingham and Pittd
(M999) derived from this formula an estimator of the service time dis-
tribution X, which they apply to the study of biological signals. An
alternative estimator has been recently introduced in [Hall and Par}
(B004), in which a kernel-estimator of the probability density function
(pdf) of X is derived in a nonparametric framework, together with a
bound of the pointwise error.

Although our estimator can be applied to the M/G /oo framework
(thus allowing a comparison with [Hall and ParH (B004) in this special
case), we stress on the fact that we are dealing here simultaneously with
durations and energies, without assuming any particular dependence
structure between them. Secondly, the main emphasis in the photon
problem consists in estimating the distribution of the photon energy
and not the distribution of the duration, in sharp contrast with the
M/G /oo problem.

The paper is organized as follows. We give the notations and main as-
sumptions in Section P, and enounce the basic properties of the model.
In Section | we present an inversion formula relating the Laplace trans-
form of the cluster duration/energy to the Laplace transform of the
density function of interest. We also derive an estimator of this func-
tion, which is based on an empirical version of the inversion formula
and kernel smoothing. Our main result is presented in Section [, show-
ing that this estimator achieves standard minimax rates in the sense of
the Integrated Squared Error when the pulse duration is almost-surely
upper bounded. The study of this error is detailed is Section . Some
applications and examples are shown in Section . Since the present
paper is directed towards establishing a theory, practical aspects are
not discussed in much details in the present contribution and we refer
to [Trigano et al] (P00Y) for a thorough discussion of the implementa-
tion and applications to real data. Proofs of the different propositions
are presented in appendix.

2. NOTATIONS AND MAIN ASSUMPTIONS
All along the paper, we suppose that

(H-1) {T}, k > 1} is the ordered sequence of the points of a homoge-
nous Poisson process on the positive half-line with intensity

A

(H-2) {(X.,Y), (X, Yr), k > 1} is a sequence of independent and
identically distributed (0, c0)*valued random variables with
probability distribution denoted by P and independent of
{T}., k > 1}. In addition, E[X| and E[Y] are finite.
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In other words, {(Tk, Xy, Yx), & > 1} is a Poisson point process with
control measure ALeb® P, where Leb denotes the Lebesgue measure on
the positive half-line. Let us recall a few basic properties satisfied under
this assumption by the sequence {(Zx, X, Y/), k > 1} defined in the
introduction. By the lack of memory property of the exponential dis-
tribution, the idle periods are independent and identically distributed
with common exponential distribution with parameter \. Moreover
they are independent of the busy periods, which also are independent
and identically distributedWe denote by (X', Y’) a couple having the
same distribution as the variables of the sequence {(X},Y)), k& > 1}
and by P’ its probability measure. Using that E[X] and E[Y] are fi-
nite, it is easily shown that

E[X'] = {exp(AE[X]) — 1}/A
E[Y'] = E[Y] exp(AE[X]) .

Our goal is the nonparametric estimation of the distribution of Y'; hence
we assume that

(H-3) Y admits a probability density function denoted by m, i.e.
Joso P(dz,dy) = m(y)Leb(dy).

As mentioned in Section [ll, the marks {(Xy, Y;), k > 1} are not di-

rectly observed but, instead, we observe the sequence {(7}, X}, Y/), k =

1,...,n}, i.e. the arrival times, duration and integrated energy of the

successive busy periods. These quantities are recursively defined as
follows. Let T] =Ty and for all k > 2,

T, = inf {7} 2T > (T,g1 Y rr<1aX1(Tj + Xj))} ; (3)
j<i—
for all £ > 1,
X, = max {T,+X;,}-T,, 4
K TZE[T,;,TIQH[{ } =Ty (4)
Y=Y YT} <T, <Tj,).
i>1

Remark 2.1. In this paper, it is assumed that the experiment consists
in collecting a number n of cycles. Hence, the total duration of the
experiment is equal to 7! + X,, and is therefore random. A classical
renewal argument shows that, as n — oo, (1), + X,,)/n converges a.s.
to the mean duration of a cycle, 1/ + E[X] = Aexp(AE[X]). Another
approach, which is more sensible in certain scenarios, is to consider
that the total duration of the experiment is given, say equal to T.
In this case, the number of cycles is random, equal to the renewal
process of the busy cycles, Ny = > 72 I{T; < T}. As T — oo, the
Blackwell theorem shows that Nt/T — 1/Aexp(AE[X]), showing that
the asymptotic theory in both cases can be easily related.



6 E. MOULINES*!, F. ROUEFF', A. SOULOUMIAC? AND T. TRIGANO"

3. INVERSION FORMULA AND ESTIMATION

Let P be a probability measure on R x R equipped with the Borel
o-algebra; for all (s,p) € CT x C*, where C* = {z € C,Re(z) > 0},
we define its Laplace transform (or moment generating function) £P
as:

LP(s,p) — / / =51 P (du, )

The following theorem provides a relation between the joint distribu-
tion of the individual pulses energies and durations P and the moment-
generating function of the distribution of the energies and durations of
the busy periods LP’; this key relation will be used to derive an esti-
mator of m.

Theorem 3.1. Under Assumptions [H-T)H(H-Z}, for all (s,p) € CT x

C*t,
+ee ALP'(s,p) 1
—(s+N)u . _ )
| e ) = 1pdu = 22— (9
where
a(u,p) = exp (AE[e ™ (u — X).,]) . (6)
Proof. See Section [. O

Remark 3.1. Observe that the integral in (§) can be replaced by fuoi_oo
since, in (B)), a(u, p) = 0 for u < 0. Moreover, from (), we trivially get

la(u, p)| < exp(Au) for Re(p) > 0; hence this integral is well defined for
Re(s) > 0 and Re(p) > 0.

The relation () is rather involves and it is perhaps not immediately
obvious to see how this relation may yield to an estimator of the dis-
tribution of the energy. By logarithmic differentiation with respect to

z, (f) implies

% loga(x,p) = AE[fe "  1(X < z2)]. (7)

We consider a kernel function K that integrates to 1 and denote by
K* its Fourier transform, K*(v) = f_Jr;o K(y)e ¥ dy, so that K*(0) =
1. We further assume that K* is integrable, so that, for any y € R,

1 [ -
K(y) = %/ K*(v)e™ dv .
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Hence, from ([]) and Fubini’s theorem, we have, for any bandwidth
parameter h > 0 and all y € R,

1 [>*10
5] ow log a(z,iv)K*(hv)e™Ydv

=E {% /_ ) K*(hv)e"v=Y) 1(X < x)du} (8)
_E [%K(%) ﬂ(ng)] | ()

Taking the limits x — oo and h — 0 in the previous equation leads
to the following explicit inversion formula which will be used to derive
our estimator. For any continuity point y of the density m, we have

m(y) = lim lim {i/mlgloga(x iv) K*(hv) ei"ydy} . (10)

h—0z—+oo | 270 J_ o A O

We now observe that for any p € C*, the RHS of (f) is integrable on
a line {¢ + iw, w € R} where ¢ is an arbitrary positive number. By
inverting the Laplace transform, (f) implies that, for all p € C* and
S R+,

a(x,p) = 1+
A “+oo ﬁP/(C + iw,p) eletAt+iv)z
21 ) cF+iw+ A c+iw+ A= ALP/(c+iw,p)

dw . (11)

Our estimator of m is based on ([[0) and () but we need first to
estimate A, the intensity of the underlying Poisson process. Since the
idle periods are independent and identically distributed according to an
exponential distribution with intensity A, we use maximum-likelihood
estimator based on the durations of the idle periods {Z, k = 1,...,n},
namely,

A ( sz) | .

The function a(x,iv) can be estimated from {(X},Y}), k =1,...,n} by
plugging in ([[]]) an estimate of the Laplace transform L£P’ of the joint
distribution of the busy period duration and energy. More precisely, let

ﬁn be the associated empirical measure: for any bivariate measurable
function g, we denote by

g™ [ [ gta)P(da,dy) = ng,;,
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We consider the following estimator
ap(z,iv) = 1+

Ao /+oo XnZ\P’n(c + iw, iv) eMetiw)
2m c+iw+ Ay c+iw+5\n—Z\P’n(c+iw,iy)

dw . (13)
where

‘Z\Pln<c + iwa 1”) déf Eﬁ (C + 1w 11/ Z e~ (cHiw)X wa/ (14)

In practice, the numerical computation of this integral (and also the
one in (P) below) can be done by using efficient numerical packages (we
can refer to [Gautschy ([997) for an overview of numerical integration
methods). Since the integrand is infinitely differentiable and has a
modulus decaying as |w|™? when w — +oo, the errors in computing
this integrals numerically can be made arbitrary small. The numerical
error will thus not be taken into account here for brevity.

In order to estimate A~'0loga/dx, we also need to estimate the
partial derivative da/dz. Because the function z — a(z,iv) (see ([I]))
is defined as an inverse Fourier transform of an integrable function, it is
tempting to estimate its partial derivative simply by multiplying by a
factor A+ ¢+ iw its Fourier transform prior to inversion. This approach
however is not directly applicable, because multiplying the integrand
by w in ([]) leads to a non absolutely convergent integral. As observed
by Hall and Par (B004]) in a related problem, it is possible to get rid
of this difficulty by finding an explicit expression of the singular part
of this function, which can be computed and estimated. Note first
that, for any s and p with non-negative real parts, |[LP'(s,p)| < 1; on
the other hand, Re(s) > 0 implies |A\/(s+ A)| < 1. Therefore, for all
(w,v) e R xR,

1 B Z ALP (¢ +iw,iv)\"
c+iw+)\—)\£P’(c+iw,il/)_c+1w+)\ A+ c+iw
Using the latter equation, we obtain

ALP' (¢ +iw,iv) 1
c+Hiw+ A c+iw+ A= ALP/(c+ iw,iv)
= A (w,iv) + Ay(w,iv) (15)

where we have defined
, ALP' (¢ +iw,iv)
A déf )
1((,(.),1V) (C+ iw + )\)2
o P’ iw, iv)}? 1
g, i) e AEP (e i in))7 N
(c+iw+N)?  c+iw+ A= ALP(c+iw,iv)

)
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It is easily seen that the functions w +— Ag(w,iv), k = 1,2 are inte-
grable. Hence we may define, for £ = 1,2, and all real numbers x and
V?

def 1 o

= ﬁ Ak ((,L), IV) e()ﬁL(hLiw)m dw (16)

ag(z,iv)

W=—00

and therefore, using ([1) and ([3), a(x,iv) = 14+ Xa;(z,iv) + Aas(z, iv),
which finally yields

1 a X . 1 8@1 8(12 .
52 loga(z,iv) = [% + %] (x,iv) . (17)

a(zx,iv)

Recall that the moment generating function of a gamma distribution
with shape parameter 2 and scale parameter \ is given by x +— \?/(\—
x)?. Tt follows that, for all u € R,

1 ) e(c-l—iw)u

_ e Au
21 S —oo (A + ¢+ iw)? '

dw = uye”

Using Fubini’s theorem and this equation, we obtain, for all real num-
bers = and v,

dw

aq ("L‘a 11/) /

T . A+ ¢+ iw)?
— M |:efiuY/ (- X'); ef)\(me/)]

—F [(:p ~ X, eAX/—iuY/} ’

and, differentiating this latter expression w.r.t. x, we obtain

%(gg, i) =E []1()(' < z) eAX’*W] . (18)

On the other hand, note that |As(w,iv)] = O(lw|™3) as w — oo,
the derivative of ay can (and will) be computed by multiplying the
integrand in ([[§) by A + ¢ + iw, namely,

%( i) = A
oz " T op
+o0 P’ : : 2 (Aetiw)x
" / {L (cji—lw,w)} | e . (19)
oo c+iw+ A cHiw+ A= ALP(c+iw,iv)
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Eq. ([9) and (L) then yield the following estimators for day/0x, k =
L,2,

n

~ 1 A I /
Ln(w,iv) = =Y 1(X] < z) M X (20)
iyt
. /):n (c+/)\\n)m
I (x,iv) = 627><
T
/+°° {LP,(c+ iw,iv)}? elwe do (21)
= — w
—o0 c+iw+ A\, c+iw+ N, — MLP (e + iw,iv)

where A, and LP’, are given respectively by (M) and ([4). From
(I0) and ([[7), we finally define the following estimator for the energy
distribution density function:

. 1 [t
mx,h,n(y) - %/

—00

T+ I

ap

(x, il/)] K*(hv)e™ dv | (22)

where a,,, fln and ?211 are respectively defined in ([[J), (B() and (B1).

4. MAIN RESULT

We denote respectively by || - ||, || - |l2 and || - [ws) the infinite
norm, the L?-norm and the Sobolev norm of exponent 3, that is the
norm endowing the Sobolev space

W)= g PR ol ™ [ 0+ WPl 0 v < oo}

where ¢* denotes the Fourier transform of g. Consider the following
assumption on the kernel.

(H-4) K* has a compact support, and there exists constants C'x > 0
and [ > 3. such that for all v € R,

1= K ()] <

— v —_.

R EA)L

We may now state the main result of this section, which establish the

rate of convergence of the integrated square error.

Theorem 4.1. Let 3, C' and x be positive numbers. Assume [[H-1}-
(H-7) and suppose that X < x a.s. and ||m|wg < C. Then there
exists C' > 0 only depending on K, X\, ¢, 3, © and C such that, for all
M >0,

lim sup P(n® W29 ||, —mlls > M) < "M% (23)

n—oo

where h,, = n~Y/(1+28)

Proof. See Section [B. O



NONPARAMETRIC INFERENCE ON INDIRECT MEASUREMENTS 11

Remark 4.1. In the application we have considered, the condition X <
x assumption is always satisfied. Indeed, the pulse duration corre-
sponds to the duration of the charge collection, and therefore to the
lifetime of the pairs of electron-holes in the semiconductor detector.
This lifetime is always finite and depends primarily of the geometry of
the detector.

Remark 4.2. However, the condition X < z a.s. can actually be cir-
cumvented if, at fixed x > 0, one considers m,, , as an estimator
of m,, defined as the density of the measure ffzo P(du,dy), which is
always defined under Assumption [H-3].

Remark 4.3. If X and Y are independent, then m,(y) = m(y)P(X < x)
so that, for all x such that P(X < z) > 0, we obtain an estimator of
m up to a multiplicative constant.

Remark 4.4. In the M/G /oo case, ie. if X =Y as., my = mlj,.
Hence, since

e = )V lly < [ = L)

our results apply to the locally integrated error for estimating m T ,).
As a comparison, the rate of our estimator is given by the smoothness
of m1jp,), whereas the rate of the estimator proposed in
Parl (R004) for estimating the time service density is given by the
smoothness of the pdf of X’ (see (Hall and ParK, 004, Eq. (3.7))).

Remark 4.5. The estimators in (3) are functions of {(Zx, X}, Y}), k =
1,...,n}, where n is the number of observed cycles. For ¢t € R,
denote by N; the renewal process associated to the arrivals of the pho-
tons, N; & > pe I{T} < t}. The number of arrivals during n cycles is
equal to n = Nqy4x, and is therefore random. As n tends to infinity,
(T! + X)/n converges almost surely to the mean of the cycle duration,
exp(AE[X])/A and it can be easily shown that the n-th return to an idle
period (that is, 7! 4+ X)) is a stopping time with respect to the natural
history of ;. Therefore, by the Blackwell theorem, N/ x, /(T), + X))
converges to X\. Therefore, n/n = Ny, x; /n converges almost surely
to exp(AE[X]). Tt is well known that the minimax integrated rate for
estimating m from {Y, & = 1,...,7} with m in a #-Sobolev ball is
n!/0+20) the only non-standard feature being that the density estima-
tor is calculated by using a random number of data, which does not
alter the density’s estimator first-order property. Since 7./n converges
almost surely to a constant, Theorem .1 shows that the rates achieved
by our estimator is the minimax integrated rate.

5. DECOMPOSITION OF THE ERROR

We give in this section theoretical results for the proposed estimators
by introducing auxiliary variables, which will be used in the proof of
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the main theorem. For any positive numbers W, x and 5\, define

A,(W) ¥ sup ILP'(c+ iw,iv) — LPy(c+ iw,iv)| ;
(w,v)E[—W,W]2
EH(W;x, ' sup '/ f0,2] (1 A=) (P — f’\’n)(du,dy)’ :
ve[-W,w|

Proposition B.]] provides bounds for the random variables A, and E,,.

Proposition 5.1. Assume [H-T)-[H-Z]. Then M; < E(max{X’,Y'})
s finite and the following inequalities hold for all ¢ > 0, r > 0 and

W > 1:
4r M, w\? ne?
14+ — —— ) 24
. +<+T>exp( 16)’ (24)

- - 4rM ’
sup P(|E,(W;z, \)| > ¢) < deiaz S (1 + K) exp (—E) . (25)
T

1,5\>0 €

Proof. See Appendix O

P(|A,(W)| > &) <

Since our estimate depends on A, and Z]?’n, we introduce auxiliary
functions to exhibit both dependencies. Define the following functions
depending on reals h, x, A and on any probability measure P :

a(z,iv; \, P) iy

Aelet )z /+oo LP(c+ iw,iv) elwr
21 Jow  cHiw+ A ctiwt A= ALP(c+iw,iv)

w3 P) 2 [ e Pl
%

dw (26)

Iy(x,iv; \, P) o
Ae(te) / (Cﬁ(c +iw,iv))? elwr o
2r ) ctiw+ A cHiw+ A= ALP(c+iw,iv)
and define
m(y; x, h, \, P) = o 217r/ [1212 (z,iv; \, P) | K*(hv)e™ dv (27)

whenever the integral is well defined. Hence, by (), (I3), (19), (I3),
(R0) and (1)), for i = 1,2,

a(z,iv; \, P') = a(x,iv) and I(z,iv; \, P') =

2 w) (29
a(x,iv; A, P, ) = Gn(z,iv) and Ii(z,iv; S\nj?\’n) = Em(x,il/) (29)
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and My pn(y) = m(y; x, h, S\nj?\’n) Now define
def 1 Yy — Y
pu— K N
) ) - |15 (150)] (30)
def 1 Y N
=E|; (L)} —m(y;z, b, A\, P') (31)
m(y; @, b, A, P') = m(y; 2, by An, P') 5 (32)
x, h, )\n,P) M hn(Y) (33)
so that, by deﬁnmon,
My — M =by + by + Vi + V5. (34)

In this decomposition, b; and by are deterministic functions and V4, V5
are random processes. We now provide bounds for these quantities in
the L? sense.

Theorem 5.1. Let 3, © and h be positive numbers and n be a positive

integer. Assume [[H-T}-HH-Z). If m € W(3), then we have
o113 < Cl h* {Imlfys) (35)
o213 < KI5 ™' PLX > 2] . (36)

Moreover, there exist positive constants M and n only depending on c
and A such that the two following assertions hold.

(i) We have
IVill3 < MP(|K5 (1 +2)* ™" eH 207 (X, — X)? (37)
on the event
def {|>\ - >\| < ’I’](]_ +$) —(C+2>\)$} ] (38)
(11) For all W > 1 such that [-Wh, Wh| contains the support of K*,
we have

IVall3 < M2 [ K |5 A7 et
~ ~ ~ 2
W)+ W By (Wi, )| (39)

on the event Ey intersected with the event
B, {ﬁn(W) + W< ne_(c+2)‘)x} . (40)
Proof. See Appendix [J. O

In this result, by is the usual bias in kernel nonparametric estimation;
b, is a non-usual bias term which only vanishes when X is bounded,
it correspond to the fact that the limit x — oo is not attained in
(L0); the fluctuation term V; accounts for the error in the estimation
of A by A, and is of order h=t\/n for fixed x and V5 accounts for the
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error in the estimation of LP’ by Z\P’n and, by using Proposition p.1],
it can be showned to be “almost” of order h=*/n for W chosen do
diverge quickly enough with respect to n. The events F; and Ey have
probability tending to 1 as n tend to infinity; they are induced by the
fraction present in the definition () of the estimator as they primarily
avoid the denominator to get close to zero.

We now give a result on the consistency of our estimator, and also
on a rate of convergence, based on Theorem p.]] and Proposition p.]]
by imposing a superexponential tail for X.

Corollary 5.1. Let § > 0 and v > 1. Assume [H-I}{H-4] and
suppose that m € W(B) and P[X > x| = O(e™*I").  Then, for all
e>0, asn — +oo,

I = iz, pnlls = Op (n2/0520) (41)
where h, =< n~Y420) gnd z, =< (logn)" with ' € (v, 1).

Proof. We set W, o By Proposition B, we get by choosing € =
C(log(n)/n)"? and r = n=Y/2 .

~ 4
P(|A,(Wa)| = C(log(n)/n)!/?) < - log™2(n) + (1 + v/n)*n= "1
which tends to 0 as n — oo for C' > 32. Hence,

A, (W)| = Op{(log(n) /n)'"*} .
Similarly, because )\, is independent of {(X},Y), k=1,....,n}, one
has that | E, (W, 2, An)| = Op{log(n)/n)*/2}. For any §; > 0, 6, > 0
and € > 0, one has that
22 exp(0y 2, ) = o(n°) . (42)

Since A\, = A + Op(n~/?) and |£n(Wn) + W = Op((log(n)/n)'/?),
E; and Ey have probability tending to one, so that, applying again ([3)
and the bounds of Theorem p.1] finally give, for all € > 0,

IVill = Op ((han)?) , i=1,2.

Now using the superexponential tail assumption for X, we have P(X >

) = O(exp{—10g"" (n)}) = o(nc) for all € > 0 and the result follows.
U

As seen from ([H]), the estimator almost achieves the standard non-
parametric minimax rate n~%/(1¥2%) that one would obtain by observing
{(Xk,Yi), k=1,...,n} directly. If X is bounded, then the rate can be
made more precise as in Theorem [T by taking x equal to an upper
bound for X (so that by, = 0) and h,, < n~Y1*29 one easily gets from
the above proof that

Im = el = Op (log(n)n=2/0+220) (43)
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thus a lost of log(n) in comparison with the claimed rate. This log(n)
can in fact be removed as shown in Appendix B.

6. APPLICATIONS — DISCUSSION

The present paper is directed towards the construction of an estima-
tor and deriving elements of its asymptotic theory. We will therefore
satisfy ourselves by providing simple examples and will refer the reader
to [[rigano et al] (00Y) for an in-depth discussion of the selection of the
tuning parameters (e.g. the kernel bandwidth, the truncation bound,
etc) and the analysis of many different data sets.

We first consider a simulated data set. Samples are drawn from the
following the density

f(@,y) = Naooz(w) x (0.6N100,6(y) + 0.4N1309(y)) , (44)

where N, denotes the gaussian distribution of mean a and standard
deviation b truncated to R, ; The intensity of the Poisson process is set
to A = 0.04 ; Figure f] shows the true density and a kernel estimate
of the marginal of the piled-up distribution g, based on 10° samples.
Figure f displays the difference between the true and the estimated

0.04 ¥
h
h
n
0.035[ I e
i
(B}
0.03F L .
LN |
[N ]
[} ! 1
$ 0.025F 1 .
g 1
5 L |
S o002 1 e
2 e
© 1y N
§0015— e .
z 1y "
1y T
[T Iy
0.01f ! .
1A
WAL
LYY
0.005 | 1 .
1
\
0 | 1 A 1 1 i - 1 L
0 50 100 150 200 250 300 350 400 450 500

Energies

FIGURE 2. dashed line: marginal density of the energy
for the pdf (E4); solide line: kernel density estimator of
the pileup observations based on 10° samples.

density, obtained using the kernel bandwidth h = 2 and the upper
bound x = 80. The pileup correction is very effective, the estimated
energy distribution 1, 5, captures most of the important features of
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the original distribution m. Note that the second sharp mode of the
original density is well recovered after the pileup correction, whereas it
is severely distorted in absence of pileup correction. The fake modes
at 200 and 230 are totally removed after pileup correction.

0.04 3

0.035

0.025
0.02

0.015

Normalized occurrences

0.01

0.005

~0.005 I I I I I I I I I I
0 50 100 150 200 250 300 350 400 450 500

Energies

F1GURE 3. dashed line: marginal density of the energy
for the pdf (4); solid line: estimator 1, p .

c ISE T ISE
n ISE 1 2.2321072 20 54171073
1000 |4.7601073 0.1 3.85210714 40 1.905107%
5000 | 1.0891073 0.01 |4.00210~* 60 3.83610°4
10000 | 3.85210~* || 0.001 |4.34810~1 80 5.100104
20000 | 2.04210~* || 0.0001 |3.85210~% 100 2.2291072
0.00001 | 4.426 10~ || max;<, X] | 2.231 1072

TABLE 1. Integrated Square Error Monte-Carlo esti-
mates as n, ¢ or x varies.

We now present some results using a model of the energy distribution
of the Cesium 137 radionuclide (including Compton effect). We draw
n = 500000 samples of (X,Y’) using the adaptive rejection sampling
algorithm; the number of samples seems may appear to be large, but
such large number are commonly used in nuclear spectrometry, espe-
cially when active sources are measured. Figure [l illustrates the differ-
ences between the distribution of the observations when the counting
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rate A is low (dashed curve) (that is when the piled-up phenomenon
is negligible), an distribution of the same element when the counting
rate is high (solid curve) ; we can remark that the Compton continuum
(which is the smooth part of the density on the left of the spike) is
also distorted, since electrical pulses generated by Compton photons
are also susceptible to pile-up.

Normalized Occurrences

10" ! ! ! ! ! 1 ! ! 1 |
0 100 200 300 400 500 600 700 800 900 1000

Energies

FI1GURE 4. Mlustration of ideal and piled-up energy spec-
tra of the Cs 137 element

Figure f illustrates the behaviour of our estimator and compares it
with the ideal energy spectrum. We observe good adequation between
both densities and pile-up correction in the histograms.

We now discuss on the choice of the parameters ¢, x and h. It ap-
pears that the parameter ¢ has little influence, provided it is not chosen
too large to avoid numerical issues. This is hardly surprising, since the
Bromwich integral used to compute the inverse Laplace transform does
not theoretically depend on the choice of ¢ (see e.g. [Doetscl] (I974)).
The choice of the parameter x is more delicate, when the impulse dura-
tions are not upper-bounded, and this choice must be examined using
the upper bounds of Theorem F.J. On the one hand, choosing x too
small introduces a bias in (£3), since the control of the bias term by
is not guaranteed in that case; on the other hand, taking = too large
does not ensure that the variance term V; and V5 are controlled, since
in this case the conditions (BY) and () may not be satisfied. How-
ever, in our practical applications, an approximate bound of X can be
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FIGURE 5. Energy spectrum of the Cs 137 element —
(a) Estimate 1, ; (b) Ideal probability density func-
tion
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determined and the number of samples n is generally large enough for
allowing to choose this bound for x. In standard nonparametric es-
timation, there are several ways of choosing a data-driven bandwidth
parameter. It is not yet clear how these methods can be adapted to
this non-standard density estimation scenario, except in special cases.
For instance, when X and Y are independent, it is easily seen that Y is
an infinite mixture of the auto-convolutions of the density m and thus
has a density with similar smoothness (this can be seen in Figures
and [] where X and Y have been drawn independently). A possible
approach would then consist in using an automatic bandwidth selec-
tor (such that cross validation) on the observations {Y/, k =1,...,n},
and use the obtained optimal bandwidth for the estimator 7, 4, ,,. This
type of ideas and other discussions on practical applications of these
results are discussed in the companion paper [[rigano et al] (2003).

APPENDIX A. PROOF OF THEOREM [5.]]

Bound for b;. Observe that b; is the usual bias in non-parametric
kernel estimation. The bound of the integrated error is classically given,
for density in a Sobolev space, by

o115 =/ 1= K*(hw)|” [m* (V) * dv < CRR™ [[ml [y )

which shows (B9).
Bound for b,. By (§), (I7), (B7) and (BY), we find

=2 [k (57 10

An application of the Cauchy-Schwarz Inequality yields (B@).
Bound for V;. We will show below that there exist positive constants
M and 7 such that, on F; (as defined in (B)),

Su 2
ueg 65\

Using (P7) and (BJ), the Parseval Theorem and the latter relation imply

I, + 1,

a

(2,iv; A, P')| < M (1 + z) etV (45)

o0 ~ 2
Wil < [ [ (14w eer e, — ) )

on the event £y, which yields (B7). Hence it remains to show (f3).
First observe that, by definition of I, one gets trivially, for all A > 0,

- - . o - B :
Iy (z,iv; A\, P)| < e and ‘511(@11/; A\, P)| < ze? . (46)

Inserting () into (BY), we get, for all v € R,
|la(x,iv; A, P)| = exp (A\E [cos(vY) (x — X)4]) € e, ] . (47)
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Let 79 > 0 to be chosen later. From (@), Lemma [E.T shows that, there
exists a constant M; only depending on A, ¢ and 7o such that, for all
Ain [0, A+ o] and v € R,
(@(z,iv; \, P') = 1)e 9% — (G(z,iv: A, P') — 1)e Ao

< M=) (48)
From ({7) and (H§) and since, for all real y, [1 —e| < lylelvl, we get,
for all A in [0, A\ + o] and v € R,

] (z,iv; A, P') > | (z,iv; A, P') eAN2 — [e@-Ne g
— M, |5\ _ )\| 6(5\+c)x
hence
|a|(x,iv; A, P') > A2z _ [Mle(j‘“)m + xe‘j‘_/\‘xﬂj\ —Al.

Note that, taking 7o = ¢ and Mj = M; V 1, the term between brackets
is at most M} eP=2M2(1 4 1) e(c+2M7 for X\ € [\ — 1y, A + 0] so that we
get, on the event E; with n < o {no A (M])71/2},

~ 1
(2, 3, P) > 5 e (49)

From (@) and using similar bounds as in Lemma [E.1], one easily shows
that, for some constant M, only depending on A, ¢ and 7, for all A € R
such that |\ — A| <y,

la(z,iv; X, P')| < My e®9%  and

da

5(%11/; NP < My (1+2)e?t97 - (50)

| I (, iv; A, P')| < My e angd

7 ) i
%(w,iu; X\, P)| < My (1+2)e?97 o (51)

Collecting (fq), (9) and the two last displayed bounds shows that ([[3)

holds on FEy, for any n < ;.

Bound for V5. Since the support of K* is included in [-Wh, Wh|, By

Parseval Theorem, (B7) and (B3), the claimed bound is implied by

L+ . L+ .
L2 i A, P) = T (s A, )

a a

sup
lv|<w

< Me2(c+2>\)x £n<W) + w1t + E\H(W;x, j\n)} ) (52)
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which we now show. Using (B{), we may write

|a(z,iv; N, P) — a(z,iv; \, P')|

S\e(c—i—jx)x +o0o _ _
. / W (w) = U0 w)] do| . (53)
i _

o0

where ¥ is defined in Lemma [E.J], and where the complex functions Z
and z are defined as

2w) & (€7 LP (¢ + iw, iv); LP(c + iw, iv))
and 3 )

Z(w) o (e“"LP(c+iw,iv); LP(c+iw,iv)) .
Using (BJ) and assertion (ii) of Lemma [E.J, there exists M; > 0 such
that, for all A < X+,

sup |a(z,iv; A\, P') — a(z, iv; 5\,73\’”)|
lv|<W

< M, eletVe (&n(W) + —) . (54)

It is also clear that for all < A+,

sup |I(z, iy A\, P') — Lz, iv; A, P')| < B, (Wi A\, 2)  (55)
lv|<W

and

‘iQ(SL’,iI/; 5‘7p> —i2<.§lf,i1/; 5‘7P,)‘

e(ch)\):v +00 N N
| ) - () de
™

— 00

with

2w) & (€97 (LP (¢ + iw, V)% LP(c + iw, iv))
and

Fw) & (€7 (LP(c+ iw, iv))% LP(c + iw, iv)) .
Consequently, using assertion (i) of Lemma [EJ], we have for all A <
A+,

sup |L(z,iv; 5\,73\’”) — Ly(x,iv; \, P
lv|<W

< M, etor (ﬁn(W) + —) . (56)

We now derive a lower bound for a,(z,iv) = a(z,iv; Xmﬁn); By (%),
we get

~ S ~ 1
ol ) 2t ol v A, PY) - My (An<w> ; W)
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Recall that E; and Es are defined in (BY) and ([fQ) respectively. Using
(£9), which holds on E; for any n < 7y, we get, on E; N Es,

o~ 141 5
\V1|I%€/V d(l’, il/; )‘na P/n> an<l’, ”j)‘ Z 5 |:§ - Mln:| e(2>\n*4)\)ll¢ . (57)

Hence we set 7 of (4M1)_1 A 11, so that the term between brackets is
at least 1/4. Finally, using that, for all complex number z, y, z, 2/, ¢/,

Z,

z+y 4y -ty +ae—2) +2y—y)
z 2 z2!

and collecting ([id), (E0), (E1), (B4), (£3), Ed) and (B7) leads to (E2).

APPENDIX B. PROOF OF THE THEOREM [.]|

)

In this section we denote by n;, M; and C;, ¢ = 0,1,2,... some
positive constants only depending on ||[m/||yyg), K, A, ¢ and z. We will
also use the notations introduced Section [ As shown in this section,
we have ||by||3 < C%(||m||$,v(6)h25 and since P(X > z) = 0, we have
by = 0.

By (B), because E[X] < oo, it is easily seen that |a(z,iv)] > e 7.
This can be used in the ratio appearing in (B9) to lower bound @, for n
large by using that @, (x,iv) converges to a(x,iv). However this will not
allow bounds of the ratio in the mean square sense. For obtaining mean
square error estimates, we consider the following modified estimator
which (artificially) circumvent this difficulty. Let 79 > A and denote
by A, the set

A, A <mo}n {hnueggpfp(l(*) |a,|(z,iv) > é exp(—j\nx)} :
where Supp(K*) denotes the (compact) support of K*. Define

M (Y) = L, M nn(Y) - (58)
We will show that

sup n28/(1+20) E|| 7704 hpyn — m||§ < (. (59)
n>1

Let V3 be the random process

%(y) déf m(ya .'L', hn7 )\7 P/) - 'fﬁx,hn,n<y) )

so that
1w = mll3 < [10al3 + [mll21a + [[V3]1324, -
We will show that there exist C; > 0 such that, for n large enough,
P(A%) < Cin ! (60)
E[[V3]314,] < C1 (hun)™" . (61)
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Since ||b1|3 < C’%(||m||,2,v(ﬁ) h?f and ||mlls < ||m|lw(g), the three last

displays yield the bound (FY). The bound (3) then follows by writing

P(n” U2 [y — mll2 > M)
< PP i gy — mlla = M) +P(AS) < CoM > + Cyin '

where we applied the Markov Inequality, (b9) and (B(]). It now remains

to show (B() and (F1).

Proof of the bound (Bd). We set W, & n, so that for n large
enough, h,v € Supp(K*) implies |v| < W,. As in (§7), we have, on
£y N Es,

e(inqA)m _

o |

inf |a,|(x,iv) >

‘Vllgwnla |(2,1v) >

Hence the intersection of {\, < no}, B1, By and {exp((A, —2)\)z)/4 >

exp(—A,x)/b} is included in A,,. Since the last inequality and Es both
contain |\, — A| < ny for 72 > 0 small enough, we get

P(A}) < ]P)<5‘n > 1) + P(D\n — Al > m) + ]P)(ﬁn(n) +nt > ).

Clearly the two first probabilities in the RHS are O(n~!). For n large

~

enough, the last probability is less than P(A,(n) > n3/2), which is
o(n™!) by applying Proposition .1}, say with r = n~2. We thus get (BQ)
for n large enough.

Proof of the bound (61]). By (B7), (B) and (R9), V3 is defined as
the inverse Fourier transform of

8;,30,1 + 6ma2 TL\H + 72,\11

Vi (v) = K" (hyv)

(z,iv) ,

a an

where 0,a; is a shorthand notation for da;/0x. Using that

|dn - CL|] )

we obtain that, on the set A, defined above, for all v € R,

0ma1 -+ 6ma2 71.; + Tl; <

a an

1

~

|anl

—~

833012‘ - [i,n +

2.

i=1,2

Opa1 + Opan
a

on on .
Vi <51 £+ a6 [ 222 i)
where, for i = 1,2, we define &, def Anz Op; — Ii\n (x,iv) and &, aef

ej‘"$|dn — a|(x,iv). Multiplying by 1,4,, taking the expectation and
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applying the Parseval Theorem yield

B[V2La
2
R IR S supElLy &) + 2 supEmAnenJ] ®

i1 veR veR

< Cy

where, by () and ([[7]) and Parseval’s theorem,

2

0x 0, .
G PRGN (4 i) dy < |K oo ml2

M? déf/ |K* (hov) | .

—00

By ([§) and (R0), we have

Oy — [/1; Opay (z,iv) — I (x,iv; 5\n, P")

(x,iv) <

+ .

I~1(:p,i1/; Mo, Py — I~1(:p,i1/; Xn,f)\’n)

Using this decomposition in &;,, the independence of M, (X.,Y)),
k=1,...,n, the fact that Var(1(X' < z) M=) < 262 and the
bound A, < 1o on A,, we get

2

|}

Using (f@) and the mean value theorem for bounding the first expec-
tation shows that the first term is O(1/n) and thus

supE[E7,] < Csn™! (63)

VvER

E[IlAné’in] < M, {E {I[An Opay (z,iv) — fl(x, i A\, P")

By (@) and (B1)), we have

Op9 — [/2; (x,iv) < |Opas(zx,iv) — I~2(:L*,i1/; Xn, P")

+ | L(x,iv; Ay, P) — Ly(x, iv; j\n,f’\’n)

Using (BY) and (B])), by the mean value Theorem, we get

sup E {]lAneﬂ”x Opas(w,iv) — f2($aiV§ 5\mP,)

veR

2
:| S Mgn_l

Using ([9) in the proof of Lemma E], for all v € R, on the set {\, <
770}7

L(x,iv; A\, P') — Iy(x, iv; j\n,f’\’n)

§M4/ g(w)|LP = LP',|(c + iw, iv) dw

[e.9]
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where ¢ is an integrable function only depending on ¢ and A. Inserting
the three last bounds in the definition of &;,,, we obtain

supE[L4, &5

JL] S C4TL_1 .
veR

Comparing ([J]) with (I9) and ([J) with (B]), one easily sees that

similar argument applies for bounding &, on the set A, giving

supE[l 4,82 < Csn™ .
veR

Inserting (J) and the two last displays into (63) shows (G1]).

ApPPENDIX C. PROOF OF PROPOSITION p.]|

We have M; < E[X'] + E[Y'] < co. Denote by z; o (wiyvi), i =1,2

and define the function L,(z,y)) & e~(c+iw)a=ivy; e get,

|Lzl($’,y)—LZ2(ZL‘,y)| Sg([L‘,y)|Z1—Z2|1 ) (ZL‘,y) GR?F (64)

where g(zx,y) o max(z,y) and |z; — za; o lwr — wa| + |v1 — 1]. Note
that

Au(W)= sup |PuL,—P'L,|.

z€[—W,W]?

Let N & [W/r]?, where [z] denotes the unique integer in [z,z + 1).

Then there exists a net {z}1<x<n so that
N
[_W7 W]2 - U C<Zk7 T) )
k=1

where C(zy, 1) o {z € R?: |z — z;|; < r}. Using this covering in the
above expression of A,,, we get

~ < /\, . / '
Bn(W) < mN{P)'“ PLz'} o
Using (B4)) for bounding each term in the max of (BH), we get
sup |P',L, — P'L,| (66)
zeC(zy,r)
— sup |P'(Ly— Ly) + P'(Ly, — Ly) + (P'yLy, — P'Ly,)|
z€C(zy,r)
<r(Plhg+ P'g)+|(P' — P')L,,| . (67)

Inserting this bound in (B3), for proving (B4), it is now sufficient to
bound P(r[P’,+ P'|(g) > ¢/2) and P(maxi<x<n |(P'n—P') L, | > £/2).
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Using that P'g = M; and Markov’s inequality, we get, if rM; < /4,

P (r[ﬁn + Plg > %)

D
=P TPing >1] < rM; < Ar M, 7 (68)
e/2 —rM e/2 —rM 5

where, in the last inequality, we used that 1/(z—1) < 2/z for all x > 2
with = ¢/(2rM;). Since the LHS is at most 1 and the RHS is more
than one when rM; > /4, this inequality holds in all cases, yielding
the first term in the RHS of (R4). We now consider the second term
in the RHS of (B4). Since the {(X},Y}), k > 1} are independent and
identically distributed and |L,| < 1, by using Hoeffding’s inequality
(see e.g. Appendix 6 of Van Der Waart and Wellueq ([996)), we get,

for all z,
2
> c < 4N exp _ne .
2 16

The proof is concluded by using that N < (W/r + 1)2.
To prove inequality (PJ), let now L, be defined as L, (u;, 5\) aef

1<k<N

P ( max )(75/" ~P)L,

110 4] (u)er®=®le™ ¥ with u = (u,y); same calculations can be done,
yielding, for all positive x and A,

‘Ll/l (u; €z, )‘> - Ll/2<u; T, )‘>| <
Loy (w)eX ™D ]e ™Y — 72| < g(u)|vy — 1 |
where the function g is here defined as g((u,y)) o ly|. Using that

P'g < M; and |L,| < 1, inequality (R) stems along the same lines as
above.

APPENDIX D. PROOF OF THE THEOREM [B.]]

Denote by Fj, the integrated workload at time ¢, that is:

E < /t W (u)du (69)

where {W(t), t > 0} is the workload process given in ([). Recall that
{S, t > 0} denotes the on-off process equal to 0 in idle periods and
equal to 1 in busy periods (see (B)). Define by p(z,y) the probability:

ple,y) =P (S, =0,E, <y) . (70)

In a first step, we calculate the Laplace transform Lp of p using the
renewal process of the idle and busy periods. Note that this renewal
process is stationary. Define by {R,, n > 1} the successive time in-
stants of the end of the busy periods and by {A,,, n > 1} the integrated
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workload at the end of the busy periods,

n

Rn (iéfZ(X];+Zk_1) and Angzykf, nZ ]-7 (71)

k=1 k=1

where we have set R 10 and Ay )

Proposition D.1. Under Assumption[(H-1){(H-2], for any (s,p) € C?
such that Re(s) > 0 and Re(p) > 0,

1 LP'(s,p) 1
X .
S+A=ALP(s,p)  p(s+A)  pls+A)

Lp(s,p) =

Proof. The proof is based on classical renewal arguments (see for in-
stance [Cocozza-Thivenf] ([997)) and the fact that for all integer k, the
idle period Z; is distributed according to an exponential distribution
with scale parameter )\, £y. Note that the event {S, = 0, £, < y} may
be decomposed as

={z <T]}U (U {T,HX; <T<T), ) Y < y}>
k=1

n>1

:{a:<T1’}U(U{Rn§x<Rn+Zn,An§y}>7 (72)

n>1

where A,, and R,, are defined in ([]]). Consequently :

+o0o
p(a:,y)—e’\x:)\/ ZP(m—u<Rn§x,An§y)e”\“du,
0

n>1

and since
—+o0
/ MNP(z—u< R, <x,A, <y)le du
0

+o0
0

the proof follows from the identity

oo [0 1 A "
P <z A, <ye e PWdrdy = — | ——LP' )
/0 /0 (R, <z, A, <y)e *Te xdy o <$ n )\E (s,p))
]

We will now derive another expression for Lp, using standard prop-
erties of the Poisson process.
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Proposition D.2. Under Assumption [[H-1){H-2], for any (s,p) € C?
such that Re(s) > 0 and Re(p) > 0,

Lp(s,p) = m

1 +o0 [e8)
+ —/ e STe M {exp ()\/ k(x,v)e dv) - 1] dx .
D Jo 0

Proof. Denote by {N;, t > 0} the counting process associated to the ho-
mogeneous Poisson process {7}, k > 0} of the arrivals, more explicitely
Ny =522 1{T,, < t}. By conditioning the event {S, = 0, E, < y} on
the event {N, = n},

pla,y) = e+
I AR D st N B
n>1 k=1
The conditional distribution of the arrival times (77,...,7,) given

{N; = n} is equal to the distribution of the order statistics of n inde-
pendent and identically distributed uniform random variables on [0, x];
hence, for any n-tuple (xy,...,z,) of positive real numbers,

P(Tl Sl‘l,...,Tnan |Nx:n)
= P(U(l) S Tlyenny U(n) S :L‘n) s (74)
where {Uj}}_, are independent and identically distributed random

variables uniformly distributed on [0,z] and Uyy < -+ < Upy,y are
the order statistics. Therefore, ([[J) and ([4) imply that

Nmzn)
1 " n n
= //Hﬂ{uk-i‘ﬂfk Sx}ﬂ{;yk Sy}IHP(d:ck,dyk)duk,

since the latter integral is invariant by permuting the indexes. An
application of the Fubini theorem leads to

A:%/~-~/ﬂ{iykSy}ﬁﬁ(%dyk),

where k(z,dy) is the probability kernel defined by

A% p <{Ti+XZ- <}ty Y Yi<y
k=1

(s dy) / ( — u)1{u < 2} P(du, dy) . (75)
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We obtain, for any p such that Re(p) > 0,

o0 Az 1 " 00 n
/ plz,v)e™dy = — 4 e M [/ K(, dv)ep”}
0 : 0

p Pi=n

e—)\a: e—)\a: o]
- + {exp ()\/ /i(:c,dv)ep”) — 1] ,
p p 0
1
Lp(s,p) =
p(s,p) o

s+ )

1 +oo 00
+ —/ e e {exp ()\/ e_p”m(u,dv)) - 1] du .
b Jo 0

O

and hence

The proof of Theorem B.1] is then a direct consequence of Proposition
D.1 and Proposition [D.9 and the fact that

alz,p) = exp <>\ /0 e n(, dv))

The result is extrapolated on the line Re(p) = 0 by continuity in p at
fixed s such that Re(s) > 0.

APPENDIX E. TECHNICAL LEMMAS

Lemma E.1. Let ¢ > 0 and ng > 0. for any complex valued functions
z1 and zo satisfying

sup  [z(w)] <1, (76)
weR,i=1,2
let z = (21, 22) and denote by V, the function defined on Ry x R by
Ty def z1(w)

(c+iw+ N(c+iw+ A — Azn(w))
Then the following assertions hold :
(i) The function \ — fj;o U, (\,w)dw is continuously differen-
tiable on Ry and its derwative is bounded independently of z
over A € [0, o).
(ii) There exists K > 0 only depending on ¢ and ny such as, for any
W >1 or W =00 and any function zZ = (21, 23) also satisfying

(@@,

sup
5‘6[07770]

+o00 ~ +o00 -
/ . (3, w) do — / . (3, w) dw

<K (max sup \zi(w)—éi(w)\—k%).

=12 Lel-w,W]
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Proof. For all w in R and X € [0, 7], by using (@), we obtain
3(c+ |w]) + 4mo

(2 +w?) ( (c+i)2+w2—i)z

< (77)

}@m@ww<

From Jensen inequality, one can easily show that for all « in [0, 1] and

5‘ € [07 7]0]7
ViE+A)2+w?> (c+ Mva+|wvi—a. (78)

Choosing « close enough to 1 so that (y/a — 1)1y + cy/a > 0, ([[1) and
([[§) yields to
- 4
’85\\11()\,&))’ < 3(C+|w|)+ 7o 5
(@ + ) ((Va - U +ova+ [o[VI—a)
which is valid independently of X in [0, o], and whose RHS is integrable
over w in R, hence (i). For showing (ii), observe that for all A in [0, 7]

T\ w) — Uz w)

) (41() = 51()
(c+iw+ A — Az (w))(c+iw+ A — A (w))
Ma(W)ze(w) = B(w)a (W)
(c+iw+ N (c+iw+ X — AznW))(c+iw+ A — A(w))
Using again ([[1]) and since, using ([[Q), |2120 — Z221| = |Z1(22 — 22) —
Zo(z1 — 21)| < |22 — Zo| + |21 — Z1|, for a chosen as above and for each
Ain [0, 70],, we have

\\IIZ(S\,W) — \Ilg(j\,w)| <

(c+ |wl| + 3mo) max | z;(w) — Z(w)] .

VETE ((Va =D +ev/a+lwlvT—a)® =2

(79)

Observe that in the RHS above, the fraction is integrable over w € R
and is equivalent to [(1 — a)|w|]™? as |w| — oco. Consequently, there
exists constants K; and K5 depending only on ¢ and 7y such as

+W 5 5
/ |\IIZ()\7 w) - \IIE()‘a w)| dw
-wW

1
< Kymax sup [z(w) — H(w)

=12 ye|—w,w) V1—a(ey/a+ (vVa—1)n)

and, since max;_1 2 |z;(w) — Z(w)| < 2,

/ W (N, w) — U\, w)|dw < K, W
[7W7W}C
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hence (ii). O
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