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Homogenization of first order equations
with (u/e¢)-periodic Hamiltonians. Part I: local equations

Cyril Imbert! Régis Monneau'
December 22, 2005

ABSTRACT. In this paper, we present a result of homogenization of first order Hamilton-Jacobi equations with
(u/e)-periodic Hamiltonians. On the one hand, under a coercivity assumption on the Hamiltonian (and some
natural regularity assumptions), we prove an ergodicity property of this equation and the existence of non
periodic approximate correctors. On the other hand, the proof of the convergence of the solution, usually based
on the introduction of a perturbed test function in the spirit of Evans’ work, uses here a twisted perturbed
test function for a higher dimensional problem.

Keywords: periodic homogenization, Hamilton-Jacobi equations, correctors, perturbed test function,
coercivity.
Mathematics Subject Classification: 35B10, 35B27, 35F20

1 Introduction

Setting of the problem. In this paper, we study the limit as € — 0 of the viscosity solution of the
following first order Hamilton-Jacobi equation with N € N:

uf = H (%, 2, Vue) for (t,x) € (0,+00) x RN, (1)
u®(0,z) = up(x) for xeRN.
with ug(-) € WH*°(RY) (bounded and Lipschitz continuous functions on RY), and where u$ stands for
68—7;5 and Vu® or V,uf for the gradient vector (g—gj, - %). Our motivation comes from a problem of

periodic homogenization for a model of dislocations dynamics [23], where the level sets of the solution
describe dislocations. We consider the following asumptions on the Hamiltonian H:

e (Al). Regularity: the function H : R x RN x RY — R is Lipschitz continuous and satisfies for
a constant v > 0 and for almost every (v,y,p) € R x RV x RV:

IVyH(v,y,p) <v(L+[pl),  [8uH(v,y,p) <7, [VpH(v,y,0)] <7
e (A2). Periodicity: for any (v,y,p) € R x RV x RV:
H(w+1l,y+kp) =H(v,yp) forany l€ZkecZ";
e (A3). Coercivity:

H(v,y,p) — +00 as |p| — 400 uniformly for (v,y) € R x R".

*Polytech’Montpellier & Département de mathématiques, Université Montpellier II, CC 051, Place E. Bataillon, 34 095
Montpellier cedex 5, France
fCermics, Enpc, Marne la Vallée, France
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Under Assumptions (A1)-(A2), there exists a unique bounded continuous viscosity solution u® of (1)
— see Section 3 for references on viscosity solutions and below for a discussion about the Regularity
Assumption (Al).

The aim of this paper is to prove a homogenisation result, i.e. we want to prove that the limit u° of
u® as € — 0 exists and is the solution of a homogenized equation of the form:

{ uf = i (Vu?) for (t,z) € (0,400) x RV, 2)
u®(0,x) = ug(x) for xeRN

where H' is a continuous function to be determined. There exists a unique bounded continuous viscosity
solution for such an equation (see [6] for instance). To get such a result, the coercivity assumption (A3)
is natural, see for instance the seminal work of Papanicolaou, Lions, Varadhan [30], and Subsection 2.2.
Typically, our model Hamiltonian is

H(v,y,p) = c(y)|p| + g(v) with ¢>1 and ¢,¢g Lipschitz continuous and periodic functions

The literature about homogenization of Hamilton-Jacobi equations developed a lot since [30] and it
is difficult to give an exhaustive list of references. See [30, 19, 20, 21, 33, 34, 24, 5, 8, 4, 1, 2, 15, 27|
and references therein. However, to our best knowledge, there are very few papers concerning periodic
homogenization with equations depending (periodicly) on u/e. Let us cite [31, 32] where Piccinini studied
the homogenization of ordinary differential equations of the type uj = f ("?5) and also more general
ODEs. In [13, 12], Boccardo and Murat studied the homogenization of second order equations which

inlude div (A (“?E) . Vue) = f.

Main results. Let us now describe the main results of this paper. They concern the ergodicity of the
Hamiltonian and the convergence of the oscillating solution towards the homogenized one. We next give
more details. In order to determine the limit of the solution u® of (1), the first task is to determine the

limit equation (2). The so-called effective Hamiltonian " is uniquely defined by the long time behaviour
of an evolution equation in (0,+oc) x RY. Let us be more specific. For any p € R, consider the
continuous viscosity solution w = w(t,y) of

w,=H(p-y+w,y,p+ Vw) for (1,y) € (0,4+00) x RY, 3)
w(0,y) =0 for ye RN,

Then we have the following ergodicity of the Hamiltonian.

Theorem 1. (Ergodicity) Under Assumptions (A1)-(A2)-(A3), for any p € R", there ezists a unique

A € R such that the continuous viscosity solution w of (3) satisfies: @ converges towards X\ as

T — 400, locally uniformly in y. The real number X is denoted by " (p) and this defines a continuous

function on R™. Moreover we have the following coercivity of "

—0
H (p) — +0 as |p| — +oo.
We can now state the main result of this article.

Theorem 2. (Convergence result) Under Assumptions (A1)-(A2)-(A3), the solution u® of (1) con-

verges towards the solution u® of (2) locally uniformly in (t, ), where " is defined in Theorem 1.

In order to prove the convergence of u® towards u°, we try to construct a so-called corrector, that is
a solution of the cell problem which, in our case, has the following form:

AMv, =HA +p-y+v,y,p+Vyo) for (r,y) € RxRY. (4)

It turns out that we are only able to construct sub and supercorrectors, i.e. sub and supersolution of
the cell problem — see Theorem 3 in Appendix. However, it is enough to prove our convergence result

eq:cellwbis

eq:cellbetat



and Theorem 1 appears as a corollary of this result. Let us also point out that, at the contrary of the
classical case, i.e. Hamiltonians of the form H(y,p), the (sub and super) correctors here are not periodic
w.r.t. y in general and may be discontinuous. Moreover true correctors are necessarily time-dependent
in general.

A specific technical difficulty of our problem is to deal with the case A = p = 0. For this reason, the
“discontinuous” sub and super-correctors of Theorem 3 are not directly used in our proof of convergence.
On the contrary, the proof of Theorem 2 is based on the existence of smoother correctors which are exact
correctors for approximate Hamiltonians in higher dimension.

Our approach to construct these non-periodic correctors in a periodic framework is somehow related
to several different works. Let us cite the work of Miller [28] where the periodic homogenization of
non-convex functionals involves some non-periodic correctors. See Caffarelli [14] for the construction
of planar-like non-periodic minimal surfaces in periodic media. See also Berestycki, Hamel [11], where
pulsating fronts are studied in periodic media, these pulsating fronts being very similar to our corrector
solutions. Finally, let us mention that the construction of correctors is related to the long time behaviour
of solutions to Hamilton-Jacobi equations; such a problem has been studied by many authors, with
seminal works of Fathi [21] and Roquejoffre [33] — see also Barles and Roquejofire [7] and Barles and
Souganidis [5] and references therein.

For general references on homogenization, see the book of Bensoussan, Lions and Papanicolaou [9],
and the pionneering work of Murat and Tartar [29].

Extensions. Let us first mention that we chose to present our results by assuming that the initial
condition and the Hamiltonian are Lipschitz continuous. However, it is well-known that the “uniformly
continuous” framework is a natural extension of the “Lipschitz” one and, on one hand, we could handle
uniformly continuous initial condition and, on the other hand, (A1) can be adapted to deal with more
general Hamiltonians. Let us make a further comment on assumption (A1). Usually, one only needs to
bound from above 9, H; but in order to ensure a strong maximum principle when perturbing the equation
by a nonlocal operator, we strength the usual assumption.

The reader can also think about more general Hamiltonians, depending for instance on slow variables.
Let us consider two integers 0 < m < N and denote 2’ = (21, ..., %m), £ = (21, ...,2x). Let us consider a
viscosity solution of

ui = H (“{, %,us,t,x,Vu‘g) for (t,x) € (0,4+00) x RV, (5)
u®(0,z) = ug(x) for z € RV,

where the Hamiltonian H = H(v,y, z,t, u,p) satisfies classical assumptions ensuring comparison princi-
ples. Assuming moreover some Coercive Condition analogous to (A3), namely,

e (A3’). Coercivity: For p' = (p1,...;pm), P = (Pm=+1,---,on) and p = (p’,p”) we have
Hv,y ,u,t,z,p',p") — +oo as [p/| — +oo
uniformly for (v,y',u,t,z,p") ER x R™ x R x R x RN x RN-™
and that (v,y) — H(v,y,u,t,x,p) is periodic, we consider the limit problem:
{ ud) = " (uo,t,x,Vuo) for (t,z) € (0,4+00) x RV, (6)
u?(0,z) = ug(x) for z e RN

w(T,y)

where ﬁo(v, t,x,p) is a continuous function which is defined as the limit of as 7 — 400 for the

solution of
wr =H(p-y+wy, vt zp+ Vyw) for (7,9) € (0,4+00) x RV,
w(0,y) =0 for yeRN.

. . . 50 . . .. s
The homogenized Hamiltonian H satisfies the following coercivity condition

H (v,t,z,p,p") — +o0 as |p/| — +oo uniformly for (v,t,2,p") € R x R x RY x RN=™,

eq:epsquad

eq:homogquad



‘sectQ

ss2.1

Then a straightforward adaptation of our proofs permits to prove that for an initial condition uy €
WLoo(RN), the solution u of (5) converges towards the solution u° of (6) locally uniformly in (¢,z). In
a forthcoming work, we will study extensions of these results to some general ODE or non-local PDE
problems.

Organisation of the paper. The paper is organised as follows. In Section 2, we present the main
difficulties encountered on the present problem of homogenization and the main new ideas we introduced
to solve it. In Section 3, we state various comparison principles and gradient estimates for first order
Hamilton-Jacobi equations perturbed by a nonlocal operator. In Section 4, we prove the convergence
result (Theorem 2) by using the existence of approximate sub and supercorrectors (Proposition 7). In
Section 5, we state a result on correctors for approximate Hamiltonians (Proposition 8) that encompasses
Proposition 7 and the ergodicity theorem (Theorem 1). In Section 6, we prove the corner stone of our
contruction, namely Proposition 8. Finally in Appendix, we state an independent result, Theorem 3,
about the existence of bounded sub and supercorrectors; we also give a second proof of Theorem 1.
Notations. B,(x) is the open ball of radius r centered at the point z. [z] is the integer such that
[2] —x € [0,1) for any real x.

2 Strategies of proofs

The proofs of the main results are quite technical. To keep an easy understanding without technicalities,
we propose in this section to indicate to the reader the main arguments used in the proofs, as simply as
possible, but with formal arguments.

2.1 Main ideas for the Ansatz used in the proof of convergence

The goal of this subsection is to give some heuristic explanations of the difficulties arising in the homog-
enization of (1), and the main arguments that we have introduced in our proof of convergence.

First try: the usual Ansatz. Let us first start with a naive approach to the problem. The fisrt Ansatz
that we can try is the following one (for (¢,z) close to (0,0)):

Wt 3) ~ w0t 7) + £ v (z_ Z”) (7)

where v is a corrector to determine. If we plug this expression of u® into (1), we find formally with

(= (0.2
ud(t, z
ud(t, ) + v (1,y) ~ H ((z’) +o(1,y),y, Voul(t, z) + Vyo(r, y)) )

Using the Taylor expansion @ ~ @ +u?(0,0)T + V,u%(0,0) - y, the notation A = u?(0,0), p =
V.u°(0,0), and decoupling the slow variables (¢,x) from the fast variables (7,y), we get:

9(0,0
/\—i—vT:H(u(g’)+/\T—|—p-y+v,y,p+vyv>.

From this easy computation, we can learn two things. The first one is that a good candidate for the

0
corrector v seems to be a solution of the equation where we put the term @ to zero, i.e. Equation
(4). The second thing, is that Ansatz (7) is not the right Ansatz, because the final result depends on the

u°(0,0)
£

term which is not acceptable. This is why, we will have to consider a twisted corrector.

Second try: the twisted corrector. We use the previous notations, and let p denote (p’,py) with
p = (p1,...,pN—1). We also denote z = (2’,xy). In the case where py # 0, we introduce a new Ansatz



with an xy-twisted corrector which takes into account the distorsion created by the term “?E in the
Hamiltonian:

t o WOtz ay) - M—p -2
us(t, o' xn) ~ A°(t, 2’ o) = uo(t,:c',xN)—O—sv(,, (2", on) P > (8)
e e EDN
0 ’ o
where a Taylor expansion immediately shows that yy = * (te ’zgp);M_p  is a good approximation of
IN If we denote y' = (£, ..., ™™=1) and y = (v, yn), we get:
As(t, 2, x
% =A+p -y +py Yy +o
Plugging the Ansatz in Equation (1), we get with vy = 86;1}\1 and uy = %:

u?(t,z)f)\)

PN

A+ v (7,y) +on(T,y) - (

0 ’
~H (AT+p~y+v,y,p’+Vyfv+vN(T,y) : (M

e ),PN+UN(T,Z/)‘(%>)~

From this computation, we now learn two more things. First, for (¢, ) close enough to (0, 0) and a smooth

0 _ 0 Y 0
function u°, we see that we can replace u”(;i) 2 and v*"up(fv’z) 2 by 0, and % by 1, creating
an error term which is bounded by ||un||oo. But the difficulty is that the corrector is only bounded,
and may be even not continuous which makes things difficult to control the term ||vy||oo = H 8?;;\, ‘

o0

This difficulty will be overcomed using a truncated Hamiltonian Hx whose corresponding correctors are
Lipschitz continuous in all variables. Secondly, the previous computation only works for py # 0. In the
case py = 0, we could still consider a x;-twisted corrector if p; # 0, or even a t-twisted corrector if A # 0.
But in the case where A = p = 0, we still have a difficulty. This case, and by the way the general case, will
be solved by imbbedding the problem in a higher dimensional problem where by construction py41 # 0.

Third try: our definitive choice of the Ansatz: a twisted corrector in higher dimension.
We first consider a modification Hyi of the Hamiltonian H such that Hg is bounded and converges
locally uniformly on compact sets to H as K — +o0o. Let us fix pyy1 € R\ {0}, and consider correctors
Vi (7, 9,yn+1) of:

1%
)\K + 67,:( = HK (AKT+py+pN+1 *YN+1 +VK7y7p+vyVK7pN+1 +

OVic ) in R x RY x R.
a?/N+1
9)

From the boundedness of Hy, we can find a corrector Vi which is Lipschitz continuous in all variables.
We now counsider the solution U¢(¢, x,zn+1) to the following equation:

{ Us =H (L, 2,vUe) for (t,z,xn41) € (0,400) x RY x R,
UE(O,JJ,J)N_H) = Uo(a:,xN_H) = UQ(Z‘) + DPN+1 - TN+1 for (.23,.131\[4.1) e RNV x R.

(10)
In particular, we have u®(t,z) = U¢(¢,z,0). We now consider the following Ansatz:

(11)

t UO(t —Axt—p-
US(t, 2, 2n11) = Ut 2, 25 41) + € Vie (’ f’ (t,z,xN+1) Kt—p a:)
e e € DN+1

where U%(t,x,zn41) = u®(¢t,2) + pn+1 - Tn41- We can then easily check that the Ansatz (11) is a good
Ansatz for which we can control the error terms in the equation, using in particular the fact that Ag is
close enough to A for K large enough, and Vi is Lipschitz continuous with respect to yy1. Finally this
construction works for any py41 # 0 and to simplify the presentation we take py1 = 1.

eq:cellbetat

eq:ansatz3
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Boundedness of the corrector and the Coercivity Condition (A3). In the very first result of
homogenization for Hamilton-Jacobi equations, namely in [30], a coercivity condition is used to ensure the
existence of correctors. Let us comment this assumption. An example of a simple Hamiltonian without
coercivity condition is H(v,y,p) = sin (27y) in dimension N = 1. For this Hamiltonian, the solution of

(1) with zero initial condition is
- . [ 2mx
u(t,z) =t sin | — | .

3

Because the limit as t — +oo of M = sin (2”?7”) depends on z, this shows that this Hamiltonian is

not ergodic in the sense of Theorem 1. There is no homogenization (with strong convergence) for this
example, or more generally for some hyperbolic equations (see Tassa [37], Tartar [35, 36]). We also remark
a fundamental property of this solution: the space oscillation of the solution u® is proportional to the
time t, and then is unbounded in time.

On the contrary, let us now consider a Hamiltonian H(v,y,p) for which we can bound the space
oscillation of the solution by a constant C' > 0 for all time. In the very particular case where the solution
is constant in space, the ergodicity of the equation is reduced to the study of the long-time behaviour
of the solution to an ODE. In the general case, the bound on the space oscillation of the solution allows
us to compare easily the solution at two different times, which is enough to prove the ergodicity of the
Hamiltonian.

We now explain how the Coercivity Condition (A3) can be used here to bound the corrector on the
whole space for all time. Even if, as a matter of fact, we are not able to prove the existence of such a
corrector, let us assume that we have a bounded corrector v which is a solution of (4) i.e.

)\+UT:H(AT+p'y+v7y7p+vv) fOI' (T7y)€RXRN

which is T-periodic in time where T' = 1/|A| with A = ﬁo(p) # 0. Considering the maximum of v, we

first remark that:
A< sup  H(v,y,p). (12) |eq:lambdamax
(v,y) ERXRN
Let us now define

(y) = inf v(7,y) = v(7(y),y) for some 7(y) € [0, 7).

Then v satisfies
A>HOAM(y) +p-y+70,y,p+ V).

Using (A3), this gives (at least formally) a bound on p + V7, i.e.
Vol < Cu(lp)-

This implies that the space oscillation of v is bounded at short distance. The space oscillation of v at
large distance is also bounded if we choose a corrector v satisfying moreover:

lo(r,y+ k) —o(r,y)| <1 Vk e ZV, Y(71,y) eER xRN

which follows from the periodicity of the Hamiltonian (see Assumption (A2)).

Under certain conditions, we can formally show that the corrector v can be chosen such that w(7,y) :=
AT + v(T,y) satisfies Aw, > 0. Together with the time periodicity of v, we deduce that 0 < w(r + s,y) —
w(r,y) <1for 0 <s<T,in the case A > 0. In general, we get that

|U(T + Svy) - U(Tv y)' <L
Up to substract an integer to v, this is enough to derive the following L* bound on the corrector:

lo(r,9) < Ca(lp])-
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Construction of the correctors. The basic idea to build correctors is to consider solutions w to (3),
i.e.

wr=H(p-y+w,y,p+ Vyw) for (7,y) € (0,4+00) x RV,

w(0,y) =0 for yeRN.

If we are able to bound first the space oscillation of w uniformly in time, we can show that M — A as

T — +00, uniformly in y € RY, and then consider a limit weo (7, y) of w(T + k,y) as k — +oo. Roughlty
speaking, we then show that v(7,y) = weo (T, y) — A7 (or at least a limit of wu, (7,y) — A7) is 1/|A|-periodic
in time. This last property can be proven using a strong maximum principle on a perturbed problem.

The perturbed problem consists first in considering a truncated Hamiltonian Hg in place of H and
to adding a non-local term € Z(w) on the right hand side of the equation to ensure the strong maximum
principle for ¢ > 0. At the end, we take the limit as ¢ — 0 and, if necessary, as K — +00.

3 Comparison principles and gradient estimates for non-local
equations

In this section, we state various comparison principles and obtain gradient estimates for viscosity solutions
of Hamilton-Jacobi equations perturbed by a 0-order nonlocal operator, under appropriate assumptions
on the Hamiltonian. For a definition of viscosity solutions and their properties, see in particular the
User’s Guide [16] for viscosity solutions, the book of Barles [6], the book of Bardi and Capuzzo-Dolcetta
[3] or the book of Lions [26].

We first introduce the 0-order non local operator:

Z(v)(z) = . dz J(2) (v(z —2) —v(z))

where the function J satisfies

J is continuous,
J(—z)=J(z) >0 forevery zcRY, (13)
Jandz J(z) =1 and Z;:= [pndz|z]" J(2) <400, i=1,2.

These conditions are for instance satisfied for the choice of the following function: J(z) = ¢ e~ !?| with
c=([pn dz e“z|)71 .
Let F: R x RY x RY — R and wy : RN — R be continuous functions, the second one satisfying
for some constant C' > 0:
lwo(x)] < C(1+|z]) for every x € RV,

For T > 0, we consider the equation for € > 0:

wy = ¢ Z(w(t,)) + F(w,z, Vw) (14)
for (t,z) € (0,T7) x RV, with the following initial condition:

w(0,z) = wo(z) for xRN, (15)

We say that a function w : [0, T) x RN — R has at most a linear growth if there exists a constant C' > 0
such that:
lw(t,z)| < C(14 |z|) for every (t,z)€[0,T) xRV,

Given such a function w, the function w* designates its upper-semicontinuous envelope (i.e. the smallest
u.s.c. function above w) and the function w, its lower-semicontinuous envelope.

Throughout the paper, we use the following convention (from the theory of discontinuous solutions
developed by Ishii): we say that a locally bounded function w is a subsolution (resp. supersolution) of
an equation if its usc envelope (resp. lsc envelope) is a subsolution (resp. supersolution).
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Next, we successively give a comparison principle for unbounded viscosity solutions of (14), a com-
parison principle on bounded domains and a strong maximum principle. The first result is adapted from
[17]. Let us mention that the nonlocal term can be easily handled because Z; < 400 for i = 1,2. See the
appendix for details.

Proposition 1. (Comparison principle, € > 0) Under Assumption (A1) and assuming that ug is
Lipschitz continuous, if u and v are respectively sub and supersolutions of (14)-(15) on (0,T) x RV,
which have at most a linear growth, then u < v on [0,T) x RV,

The following result is easier than the previous one since we assume boundedness of the domain; it
can be easily derived from classical results — see [6] for instance and [22] for integro-PDE’s. This is the
reason why we skip the proof.

Proposition 2. (Comparison principle on bounded open sets, ¢ = 0) Under Assumption (A1),
let @ C (0,T) xRN a bounded open set and the two functions u: Q — R and v : Q — R be respectively
sub- and supersolutions of (14) on Q. If ux, < v* on 0Q, then u, > v* on Q.

We next state a strong maximum principle for (14) when € > 0. The techniques used in the following
proof are classical but not really the result. This is the reason why we provide details.

Proposition 3. (Strong maximum principle for € > 0) Under Assumption (A1) and assuming that
ug 18 Lipschitz continuous, let us consider functions W and w which are respectively super and subsolution
of (14)-(15) on (0,T) x RN, are at most of linear growth, and satisfy w* < w, on (0,T) x RN. If
w*(t,7) = . (t,T) for some point (£,7) € (0,T) xRN and if e > 0, then we have w* = w, on (0,f] x RV,

Proof. Let us first notice that we can assume that ¢ = 1. Let us next define, for any a > 0:

wo(t, ) =W, (t,x) —w*(t,2) + a |z —T)° and  mgy(t) == inf we (L, x).
z€R

Note that mq(¢) > 0 and m,(f) = 0. We claim that this function satisfies, in the viscosity sense,
my, (t) + yma(t) > —Cha (16)

for some constant C; to be determined.

In order to justify such a result, we first prove that the supremum is realised. Because w and w
are at most of linear growth, we know that for every a € (0,1), there exists x,(t) € RY such that
Me(t) = wa(t, 24(t)) and |z, (t)] < % for some constant C’ > 0. In order to prove that (16) is satisfied,
we need to consider the lsc envelope of m,. In view of the bound on z(t), it is clear that m,, is Isc and
therefore coincides with its Isc envelope. Next, we assert that m,, is the relaxed upper limit of the family
of functions {mq ¢ }eso:

Mme = liminf . (ma,)  with

) _ . (t—s)? |y—a? _
Ma () = SZO,;I,ISERN {w*(t,x) —w*(s,y) + e + e +alz—7|*p.

Using once again the fact that w, and w* have linear growth, we can assert that the supremum defining
Mg, is attained.

Let us next consider a test function ¢(¢) such that m, — ¢ attains a strict local minimum at time
to > 0. This implies that there exists ,, — 0 and ¢,, — to such that m, ., — ¢ attains a local minimum
at time ¢, and mq ¢, (t,) — ma(to) as n — +00. As explained above, the supremum defining mq ¢, ()
is attained and

(tn _’Sn)2 +‘yn _’xn|2

=12
+ a|lx, —T|°.
2, 2, o — 7|

Ma e, (tn) = Wi (tn, Tn) — 0" (Sn, Yn) +

claim



Classical results of penalization assert that the following properties hold true:

% — 0 and in particular s,, > 0 for n large enough,

|yn —Tn |
2en -0, (17) penalization

xn — T such that mg (tg) = W, (to, xo) — w*(to, o) + alxg — T|?,
W (tna xn) - M*(Sna yn) — Wy (t07 330) —w* (t()a Jio).

In the following, xg = x,(top) in accordance with the notations introduced previously. Consequently,

t—s)? — z|?
Tt a) ' (s,9) + D T e )
tn — Sp)? —xz,|?
Z@*(tnvxn)_w (Snvyn)+(n n) +‘yn n| +a‘xn_f|2_¢(tn)

2e 2e

for any (s,x,y) € (0;4+00) x R? and ¢ close to t,. Using the fact that W (resp. w) is a supersolution
(resp. subsolution) of (14)-(15), we conclude that:

Sn

" /() 2 T (b, ) @) + P (b 20), T, + 200, — 7))

Sp — tn

n

e SI(M*(S’R’))(yn) +F(M*(5nayn)7ynapn)

with p, = (yn — Tn)/en. Substracting both inequalities yields:
¢ (tn) = Z(W(tn, ")) (@n) — Z(w" (sn, ")) (Yn) — 2704% 7|

(tn - Sn)2 |xn - yn|2
. T Y { |Zn — ynl +
dzJ(2) (W (tn, Tn — 2) — W (Sn, Yn — 2)) — (Wx(tn, Tn) — W (Sn,Yn))

)
tn_8n2 Tn — n2
g nmon)”  Jon = gl —v(lmn—yn+ )

2en, 2en,
where we used (Al). Using Fatou’s lemma and (17) yields as n — +o0:

+ alz,

. \m (t) +

+ alz,

- ‘ma,en (tn)

o' (to)

N

I(@.(to,))(wa(to)) = Z(w" (to, ) (za(to)) — 270|za(te) =T = (mal(te) — alza(te) — 7I%)
|

>
= I(walto:"))(@a(to)) = aZ(|- —2*)(za(to)) — ymalto) + o inf (yr* = 297).

Using the fact that J(—z) = J(z), we get
Z(| - —7*)(z) = constant = T, := / dz J(2)|2|?
RN
and setting C; = —inf,>o(yr? — 297) + Za, we deduce that m, satisfies, in the viscosity sense,

m(t) + yma(t) > —aCi + L(wa(t, ) (xa(t))  with Z(wa(t,-))(za(t)) > 0.

In particular, we have:
ml (t) + yma(t) > —aCy.

By integration (using mq () = 0), we get:

ma(t) < Ozg (eV(Z*t) - 1) for ¢ e (0,¢]. (18)

v



solveueps

Using the fact that:
Me(t) = W, (t, 2o (t) — w* (t, 24(t) + @ 2o (t) — F|* and @, —w* >0,
we deduce that: o
2o (t) — 72 < =2 (ev(t—” - 1) for te (0,1]. (19)
Y
First, we remark that m(t) — mo(t) as @ — 0, and then there exists x(t) satisfying (19), such that
mo(t) = wo(t, xo(t)) = Wa(t, zo(t)) — w*(t,zo(t)) for ¢ e (0,7
We also have mq = lim sup *m,, and arguing as previously implies that m satisfies:
mg(t) +ymo(t) > Z(wo(t,-))(xo(t)) for ¢ e (0,7).
From (18), we also deduce that mg(t) = 0 for every ¢t € (0,¢). Therefore for any ¢y € (0,%), we can take

a test function tangent from below to mg at ¢y, and deduce that:

0 Z I(U)Q(to, ))(fl)‘o(to)) = . dz J(Z) wo(to,xo(to) — Z) with wo(to,a?o(to)) =0 and wo(to, ) Z 0.

Because J is continuous and satisfies J > 0, we deduce that wo(tg,z) = 0 for almost every = € RY.
Because wy is lower semi-continuous, we deduce that wg(tg,2) =0 for every x € RY. Now this result
is true for every to € (0,%), and then still by lower semi-continuity (and using wy > 0) wo(t,z) =
0 forevery (t,z) € (0,7] x RN d.e. W, (t,x) = w*(t,z) for every (t,x) € (0,] x RY. This ends the
proof of Proposition 3. O

We next state and prove existence of a solution of (14)-(15).

Proposition 4. (Existence and uniqueness of a solution, ¢ > 0) If ug € WY and F satisfies
(A1), there exists a unique viscosity solution w of (14)-(15) on (0, T)xRY satisfying |w(t, ) —ue(z)| < Ct
for some C > 0. Moreover this solution w is continuous.

Proof. The existence is classical via Perron’s method if one constructs barriers. Let us consider
wE(t, x) = £Ct 4 ug(x)

with C' = Sup(, y p)er2N+1 |p|<luo| oo (Vs ¥ P) EEl|tol[1,06Z1. We consider £ the set of all subsolutions u

of (14) such that u < w* on [0,7)) x RY. This set is nonempty since it contains w~. Define
w(t, z) = sup{u(t,z) : u € £}

It is a subsolution. It is also classical to check that w is a supersolution — it relies on a “bump con-
struction”, described for instance in [17]. The uniqueness and the continuity follow from the comparison
principle (Proposition 1). O

When constructing the correctors, we will need some gradient estimates, but in an integral form. Let
us give a precise definition.

Definition 1. (Gradient estimate) For a function wy : RY — R, we say that
E-Vwy <M on RY

if and only if
wo(x + hé) —wo(z) <M for all h>0, xecRY.

We next state and prove two results concerning gradient estimates satisfied by the viscosity solution
of (14)-(15) under certain conditions on the Hamiltonian F.

10
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Proposition 5. (A priori bound on the gradient, ¢ > 0) Under assumptions of Proposition 4, let
us assume moreover that there exists € € RN with || =1, M > 0 and a function Fy such that

F(u,x,p):FO(xf(fx) gap) fOT all (uax7p)€RXRNXRN Zf ngM

If € - Vwy < M on RY in the sense of Definition 1, then the solution w of (14)-(15) on (0,T) x RV
satisfies € - Vw < M on  [0,T) x RV,

Before proving this proposition, let us derive a straightforward corollary.

Corollary 1. Under the assumptions of Proposition 4, let us assume moreover that there exists a closed
set Q that is starshaped w.r.t. the origin and a function Fy such that

F(u,z,p) = Fo(p) for all (u,z,p) e RxRYN xRN if peQ.
If Vwy € Q on RY then the solution w of (14)-(15) on (0,T) x RN satisfies Vw €  on [0,T) x RY.
Let us now turn to the proof of the proposition.

Proof of Proposition 5. The proof proceeds by reduction to a simpler case and by approximation. First,
there is no restriction in assuming that e = 1 and £ = (1,0,...,0). Hence, if z = (z1,2’) and p = (p1,p’)
with 2/, p’ € RN ~1:

81w0 < ]\47
F(u,z,p) = Fy(«',p) forall (u,z,p) ER xRN xRN if p; > M (20)

and we want to estimate from above djw. Next, we consider w) € C®(RY), F? ¢ C®(R x RN x RV)
and such that:

wg —wy and F? — F locally uniformly as 8§ — 0,
F? satisfies (20) and (A1) with M + ¢ and ~ + & respectively,
Ohwg < M+6 on RV,

Then if w? is the viscosity solution of:
wd = T(w’(t,-)) + Fo(w®, z, Vu®) + s Aw’
for (t,x) € (0,T) x RN, with the following initial condition:
wo(0,2) = wi(z) for zeRY,

we can prove that w® € C*°([0,T) x RY) by adapting the classical theory of parabolic equations [25]
— see [22, 18] for such an adaptation but with a different integral term. Let us next write down the
equation satisfied by v(t,z) = 9w’ (t, x):

v =T(v(t,")) + O F° (W, x,v, V'w)v + 0y, F° (w°, z,v, V'w®) + Z Op, F° (w®, 2, v, V'w®) ;v + 6 Av

where V'w = (Qqw, ..., 0yw) € RV~ Now remark that M + § is a supersolution of such an equation
and the comparison principle yields v < M + ¢ which implies that:
wo(zy + h,2') < w(zy,2") + h(M + ).

Passing to the limit as § — 0 permits to achieve the proof. O

11
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Proposition 6. (Monotonicity of the solution, £ > 0) Under assumptions of Proposition 4, let us
assume moreover that there exists ¢ € RN with |£| = 1, and a function Fy such that:

F(u,z,p) = Fi(u,z — (£-x) &p) for all (u,z,p) € R xRN x RV,

If €-Vwg < 0 on RY in the sense of Definition 1, then the solution w of (14)-(15) on (0,T) x RYN satisfies
€-Vw<0on[0,T) xRN,

Proof. The proof is very similar to the proof of Proposition 5. We do the same reduction and the same
approximation and v satisfies the same equation but with 0,, F' = 0. It is therefore clear that v =0 is a
supersolution and we conclude the same way. O

4 The proof of the convergence

This section is dedicated to the proof of Theorem 2. Before presenting it, we first imbed the problem in
a higher dimensional one. Precisely, we consider the solution U® of

Us=H (U{, L, V,.U*) for (t,x,2n41) € (0,+00) x RY x R, (21)
Us(0,z,2n+1) = up(z) + n41  for (z,2n11) € RY x R.

There exists a unique viscosity solution of such an equation under assumptions (A1)-(A3). Then we have
the following lemma.

Lemma 1. (Link between problems on RY and on RY*!) We have uf(t,z) = U(t,x,0).

Proof. uf|xx1] the solution of (1) on RY with initial condition
U [2n1](0, @) = uo(x) + Ty 41.

We now build the function: V(t,z,2n41) = uf[zn+1](t, z). Let us first justify that V is a continuous
function with respect to 2 41. To see this, consider the function u®[xy,1](t, ) + €7*/%§ where v is given
by (Al), and prove that it is above u®[zyy1 + 0](t,z). It suffices to remark that it is a supersolution
of (1) (by using Assumption (Al)) and to use the comparison principle (Proposition 1). Hence, V is
upper semicontinuous. We prove analogously that V' is lower semicontinuous and we conclude that V is
continuous. We now check easily (using test functions) that V' is a solution of (21). By the comparison
principle applied to (21), we deduce that V = U*® and then u®(¢,x) = U®(¢,x,0). This ends the proof of
the Lemma. O

As underlined in the third try of Subsection 2.1, the proof of convergence will use Lipschitz continuous
approximate sub and super-correctors on R x R¥*1. More precisely, we will use the following proposition.

Proposition 7. (Lipschitz continuous in yy; approximate sub and super-correctors in di-
mension N + 1) Let p € RY. For any 8 € R, let \(8) be the constant defined by Theorem 1 for the
Hamiltonian 8+ H. Then

A(B) is nondecreasing in B, and VYo €R, 3FBy €R, such that I(By) = Ao (22)

For any fized 3 € R, there exist real numbers N (8), Aic(3), a constant C = C(p) > 0 (independent on
K and ) and bounded super and sub-correctors V;(', Vi depending on 3, such that

AB) = Jim Nie(8) = lim A (B)

with X (B) and N (B) satisfying (22) and, forT € R, Y = (y,yn11) € RV xR and P = (p,1) € RY xR:

VE(rY)|<C, |Vg(r,Y)|<C
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Mot 2B+ HOr +P-Y + Ve, y, p+ V) V) for (7,Y) €R xRV, (23) [eq:cor-
Ve

)\;{+8—f§ﬁ+H(>\}}T+P-Y—|—V§7 y, p+VyVig) for (1,Y)eRxRVTL (24) [eq:cor+]

If Ao = M(0o), then there exist reals ﬂ;g,ﬂ;( such that

AL (BE) = MBo) = Mg (Bx)

Bf — By and B — [y as K — 400 . _
‘ gv; 61\2; (25)

< (g, ‘ < Cg

OYyn+1 | — OYyn+1 | —

for the correctors V; and Vi respectively associated to ﬁf( and By, and for some constant Cx =
C(K,p) > 0.

Proof of Theorem 2. Classically, we prove that UT = limsup*U? is a subsolution of

—0
W, =H (V,W) for (t,z,xn41) € (0,+00) x RN x R, 26 __h 1
{ W(O,$7$N+1) :U0($)+$N+1 for ($,$N+1) c RN x R. ( ) eq:homog+

Analogously, we can prove that U~ = liminf,U*® is a supersolution of (26). By the barriers (uniform in
¢) given in Proposition 4, we deduce that U (0,2) = U~ (0,z). The comparison principle for (2) (see
Proposition 1) thus implies that UT < U~. Since U~ < U™ always holds true, we conclude that the two
functions coincide with U°, the unique continuous viscosity solution of (26). This last fact is equivalent
to the local convergence of U¢ towards U°.

From the invariance by translations we also deduce that U°(t,z,zx,1 + a) — a is also a solution for
any a € R. This proves that U%(t,z,zx11) = U%(t,2,0) + 2n41. Therefore U°(t,z,0) is the solution u°
of (2). By Lemma 1, this proves in particular the local convergence of u° to u.

Step 1: U™ is a subsolution. Let us thus prove that U™ is a subsolution of (26). First, by the
comparison principle, we easily check that for any sequence k. € Z, we have

Us(t,z,xny1 +eke) =eke + US(t, 2, 2N11)

For any a € R, we then choose the sequence such that ek. — a. Passing to the limit as ¢ — 0, we deduce
by definition of UT that UT (¢, z,2n41 +a) =a+ UT(t,2,zn41) and then

U+(t’-r7xN+1) = U+(t’x’0) T IN41- (27)

Applying Evans’ technique of the perturbed test function [19, 20], we argue by contradiction: we consider
a test function ¢ € C?((0; +00) x RVF1) such that U™ — ¢ attains a strict zero local maximum at (to, Xo)
with tg > 0, Xo € RN*1 and we suppose that there exists # > 0 such that:

bi(to, Xo) = H(V0(to, Xo)) + 6.

In the following, we set p = V. é(to, Xo) and Ag = ¢:(to, Xo). With the notations of Propositon 7, we
see that we have
Ao = /\(0) + 0= /\(ﬂo) for [y > 0.

We deduce from Proposition 7 that there exists 5;; € R such that
Xo = Ak (Bg) and f = fBo/2

for K large enough.
We next construct a perturbed test function in the spirit of Evans’ seminal work. Here, this is a
TN 4+1-twisted perturbed test function:

‘be(t’xvaH)¢(t,m,$N+1)+sV§(E,E,¢( . +1)€ ot —p >

13



where V;{ is a super-corrector given by Proposition 7 for g = ﬁ;g From (27), we also know that

9¢

Orny1

(th XO) =1

Let us define, for r small enough: V, := (to — r, o +7) x B.(Xo) C (0, +00) x RN We claim that the
following lemma (whose proof is postponed) holds true.

Lemma 2. (¢° is a supersolution on V,,.) There exist rx > 0 and g9 > 0 such that for all0 < € < gq,
the function ¢° is a supersolution of

(1
oS =H (5, j,vmf) with — (t,z,2n541) € (0;4+00) x RNT? (28)
on Vyy .

Now, since (tg, Xp) is a strict local zero maximum of UT — ¢, for 0 < r < rg small enough, we
have: Ut — ¢ < —2n on 9V, for some 1 > 0. Then U — ¢ < —n on JV, for € small enough. From
the bound on the corrector given in Proposition 7, we deduce that U® < ¢ —n+ Ce on 9V,. By
definition, U® is a solution of (21) and by Lemma 2, ¢° is a supersolution. Remark that the function

¢ +¢€ [%CE—‘ is still a supersolution. By the comparison principle (Proposition 2), we conclude that

U < ¢°+e¢ [%CE—‘ on V. Letting ¢ — 0, we get in particular at (tg, Xo): U™ (to, Xo) < ¢(to, Xo)—n
which is a contradiction.

Step 2: U~ is a supersolution. Let us thus prove that U~ is a supersolution of (26). We proceed as
in Step 1 with U™ — ¢ attains a strict local zero minimum at (t9, Xo) with 6 < 0 such that:

bt (to, Xo) = H(V9(to, Xo)) + 0
and find G € R such that A\g = A\g(8x) = A(Bo), which satisfies S < 5y/2 < 0 for K large enough.

We define \
t t,z, Aot —p-
¢s(t7x,$N+1):qb(t,x,xN_,_l)—l—aVI; <6’i’¢( o $N+1)€ 0 p x)

where Vi is a corrector given by Proposition 7 for 8 = ;. We claim that the following lemma holds
true (its proof is similar to the proof of Lemma 2):

Lemma 3. (¢° is a subsolution on V,, ) There exist rx > 0 and g9 > 0 such that for all 0 < e < g,
the function ¢ is a subsolution on V., i.e. satisfies

ﬁ§H<€§Nmﬁ on V.

By using such a lemma, we can get a contradiction as in Step 1. The proof of Theorem 2 is now
complete. ]

Proof of Lemma 2. We want to prove that ¢ is a supersolution of (28). Consider a test function ¢ and
a point (£, X) € V, such that ¢° — ¢ attains a local minimum at (¢, X) with X = (Z,Zn41):

¢E(E7Y) - 7#(%,?) < ¢€(t7X) - w(t’X)

. (m o6X) X x) - L@@ X) - 6(.X)
. <m o(t, X) EAotW) LX) 61, X)) (29)

14



Let us define F'(t, X) = ¢(t, X)— Aot —p-x. We have ax (to, Xo) = 6mzj)+1 (to, Xo) = 1. Consequently,
there exists 79 > 0 such that the map

Idx F: VY, — UCRxRY xR
(t,l’,QSN+1) — (t,l‘,F(t,I,xN+1))

is a C'-diffeomorphism from V,, onto its range U, and let us call G : U — R the map such that

IdxG: U — Vi
(t,ﬂf,fN.t,_l) — (t,JT,G(t,J?,gNJ,_l))

is the inverse of Id x F.
Let us consider the variables 7 = t/e, Y = (y,yn+1) with y = z/e and yy11 = F(t, X)/e and define

re(r,Y)=

M | =

(Y (eT,ey,G(eT, ey, eyn+1)) — ¢ (€T, ey, G(eT, ey, eyn+1))) -

Let 7 = g T=% Yy = (i?), Y = (¥,Yn41)- Then (29) implies

o8|

Vie 7Y)=T(7,Y) < Vg(r,Y)-T%(1,Y) forall (7,Y) in aneighborhood of (7,Y)

i.e. Viz —TI° reaches a local minimum at (7,Y). Estimate (25) implies in particular that

=
OYN+1

Since Vi is a viscosity solution of (24), we conclude that (with P = (p,1) € RVt \g = AL (3}) and
B > Bo/2 > 0):

Ao +TE(FY) > % +

Using the fact that G(t,z, F(¢t,z,xn+1)) = £n+1, simple computations yield:

AT+ P-Y 4+ ViE(FY) = L5

Yo+ T=(7.F) = (. X) + (Z ¢>th)( (7)) (32)
P+ V(7 Y) = Vo X) + (p = Vao(E. X)) (1+ 52— (7. 7))

Therefore we get

Uel.X) + (do = 65, 30)) (14 52 (7. 7))
> %+H(@ ZV(EX)+ (p— Vao(t, X)) (1+ L= (?,?)))

) e

Using the uniform continuity of H on R x RY x Byc,. (0), bounds (30), the C! regularity of ¢ and the
fact that Ao = ¢¢(to, Xo), p = Vao(to, Xo), we deduce that there exists 0 < rg < rp, such that (with

Bo > 0):

S LX) T R R
w@X) > 2an (TN I 0.0630) o GX e,
This proves that ¢° is a supersolution on V,, and ends the proof of the Lemma 2. O

The proof of Lemma 3 is similar and we skip it.
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5 Approximate cell problems

In this section, we explain that approximate correctors of Proposition 7 (used in the proof of convergence)
are in fact exact correctors for approximate and bounded Hamiltonians. The construction of these
approximate correctors also permits to prove ergodicity (Theorem 1).

First, we define two nondecreasing functions by using (A3):

{ h(r) = sup {H(v,y,p), (v,y) € R % RY, pe BT(O)}, (33)
r(h) =inf{r >0, (Ip| >r)= H(-,-,p) > h}.

Because the Hamiltonian H is continuous, we deduce that the function A is continuous and the function
r is nondecreasing, upper semi-continuous and (therefore) continuous from the right. Moreover these
functions satisfy in particular h(r(h)) > h and r(h(r)) > r.

Definition of H2:™.
For every 6 € R and P = (p,pn+1), we define:

H'(v,y, P) = H(v,y,p) + 8 |[pn+1] (34)

For § > 0 fixed for the sequel, we set h%(K) = h(K) + 0 K. Using (A3), for every K > 0 large enough we
have h®(K) > h(K) > 0 and we define for some p* > 1 to be chosen later:

H’(v,y, P) if  H(v,y, P) < h(K),
HY (v,y, P) =3 BO(K) +put (H(v,y, P) = hO(K))  if h*(K) < H(v,y,P) <2h°(K), (35)
(1+ %) W(K) it 20°(K) < H (v, y, P).
Let us define
ri(pn1) =7 (20°(K) = 6 |pn1al) (36)
2h°(K) — inf H
0 = {P = (o) €Y xR, pl <o), ol £ TR L )
with inf H :=inf(, , ,)erxrN xmY H(v,y,q).
We can easily check that
Oyt o {PeRVTL 3J(v,y) e RxRY, Ho(v,y, P)<2h°(K)} >  Bg(0).
Then the bounded and uniformly continuous Hamiltonian Hf(’+ satisfies in particular
= H'(-,-, P) for |P|<K
> H(-,-, P) for PeQ)t
5’ - ) K
Hy (- P) ¢ _ Mot for PeRNH\QF (38)
€ [inf H, M}s(’"’} for every P € RN*H!
if we choose ut > 1 such that u™ = ui{f with
(g W(E)  =Mg" = s (h(lp) +8lpval) > 20°(K) (39)

5,+
P el

Definition of H2: ™.
We first define

H(Ua y7p) ‘= —min (2h<K)7 H(U? yvp)) :
Then we proceed similarly as in the definition of H}S{, with H replaced by H. We define for § > 0

H%(v,y, P) = 6 |pnya| + H(v,y,p)
W(K) = —inf H + 0K
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which satisfies h°(K) > 0 for K > 0 large enough. We then define for u~ > 1

H(v,y, P) if H(v,y,P) < h(K)
Hy(v,y,P) =4 B(K)+p (H(v,y,P) -1 (K)) if h°(K) < H(v,y, P) < 2h(K) (40)
(1+p7) hO(K) if 2h°(K) < H°(v,y, P)

and the compact set

§ 2h°(K) — inf H -

0 = {pNH ER, [pnil < ()51“} with inf 1 = ~2h(K). (41)
We can easily check that

0 O {pvi1€R, 3(v,y,p) eRxRY xRN, H(v,y,p,pn41) <20°(K)} D Bg(0).
Then we have in particular
:Hé('v'vp) for |pN+1| <K
H(-,-,P) { >H(-,-,P) for pyni1€ Q% (42)

= —mi’(_ for pny1 € R\QS

if we choose = > 1 such that u= = u‘;’{ with
(1+pS7) RO(K) =-m% = 200(K)+42h(K)—infH > 2R%(K). (43)

Let us define the compact set

2h°(K) + 2h(K) } (44)

05 = {P= (v RV xR Bl <re ol < 2

We can easily check that Q‘;’(_ D  Bk(0). Let us finally define the bounded and uniformly continuous
Hamiltonian

Hy (v,y,P) = —Hj(v,y, P) (45)
which satisfies (using the definition (34) of H?)
=H%,-,P) for |P|<K
< H%(,-, P) for PeQ)”
5,—
H?(»*(., ., P) = [ (pn+1) for Pc RNH\?I[{( ) (46)
= mi’(_ for |pyyq| > 2RI ( );_%( )

€ [mi’(_, Qh(K)] for every P € RN*!

where f2. is a Lipschitz continuous function defined by

pd
= —0lpn+1| + 2h(K) ] if oy < R EO121(K) )
FRe(pnir) § = = {RO(K) + u= (Slpwsal — 2h(K) — RO(K))} if PRUERAUD <y | < 2O E2RE)
i i
— —(14p7) W(K) i |pyg| > 20O

Finally, we can easily check for later use that for K > /1 4+ |p|? large enough and for 6K > 0 large
enough, we have for every (v,y,q) € R x RY x RV:

(h(pD £6 = Hy*(v,9.0.0) = (Hi*(0,9.0.1) = 26+ H(v,y,0)) . (47)
H?(,JF(HHQ) 2H('7'7q) for all Q: (q7QN+1) € Q(;’{jL? (48)
Hf(’_(~, Q)< H(-q) forall Q= (q,qn+1)€ Q?’(_. (49)

We now state the following fundamental result which will be used as the corner stone of our construc-
tion and will be proved in Section 6.
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Proposition 8. (Lipschitz continuous correctors for an approximate Hamiltonian in higher
dimension) Let p € RY and P = (p,1) € RY x R. Let us consider the troncated Hamiltonians Hf<’+
and Hf{ defined by (35) and (45) for K > +/1+ |p|? large enough and for 6K > 0 large enough, and
H satisfying (A1)-(A2)-(A3). For any € R, there exist real numbers X}j(ﬁ), )\i’{ (8) and bounded

- o4+ 170 - iy
approxzimate sub and supercorrectors Vi, V2~ depending on (3, satisfying

)\i’{i(ﬁ) is nondecreasing in. 3, and VAo € R, 30T €R, such that )\‘;’(i( E) =X (50) [eq:lambdater
and

inf H(v,y, < AEp) - 5 < h 51 TR
(U,y)lenRxRN (U Y p) - K (ﬂ) BZF = (|p|) ( ) eq

(where the function h is defined by (33)) and

ovoE
R AL (Aﬁff FP Y +VEE y P vv;@i) for (r,Y)€RxRV*L  (52) [eq:cor-bis

W1 a priori bounds on the correctors. We can construct bounded Lipschitz continuous correctors
with:

IIIH

Ve (rY) < 4+ VN (lpl +r(h(p]) (53) [eq:Li
(P +VVEE(r, Y)) e 0t

where r and h are defined by (33) and

5+ 5 . 5— 55
0oy VR gy SO GOV 2RO () £ 20(K)
YN+1 0 YN+1 o
vt

inf H—h(lp])) < &+ (,Y) < M}S{i_ —inf H (54) | eq:conseq+bi

or
oV~
or

where m‘;’(_ and M}S<’+ are defined respectively by (43) and by (39).

my” —h(p)) < -6+ (r,Y) < 2h(K)—infH  (55) [eq:conseq-bi

Further properties of the correctors. The correctors satisfy

VRt (ry 1) = Ve (0, y AT+ yN+1), (56) [tauy

AR

eq:transk

V[(?i(’ra Y, YN+1 + 1) = V;?i(,r’ y7yN+1)7 (57)
Vet (r,y + koyne1) = Vet (royyna)| < 1, for every k€ ZV.

If p=P/Q with P € Z" and Q € N\ {0}, then
VI‘?i(T, y+ Qk,yni1) = V;i’i(r, Y, ynt1) for every ke ZV.

We next deduce from this proposition Theorem 1 about the ergodicity of the problem and Proposition 7
about the existence of approximate correctors (the proposition we used in the proof of convergence).

Proof of Theorem 1. Let us apply Proposition 8 with 5 = 0. We have
pElse Ivetlso

for some constant C' independent of § small enough and K large enough. Moreover V[‘?i is 1/ |)\§;i|—
periodic in 7 if )\i’(i # 0 and is independent on 7 if /\‘;’(jE =0 (by (56)) and satisfies (52). Let us call \*
any limit of )\i’{i for a subsequence of (6, K) — (0, +00) and

Vf = limsup* V;?Jﬂ V' =liminf, VI‘?JF, V. =limsup” V;?i V= =liminf , V;?i
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which still satisfy [AT| < C, |V{| < O, |VL| < C and passing to the limit in (52) we get, in the
viscosity sense,

ovE

A4 a+ < HWMN7+P-Y+VE, y, p+V,VE) for (1Y) e Rx RVTL
T

+ v + + + N+1

Nt > HWM\7+P-Y+VE y, p+V,VE) for (1,Y)eRxRNVTL
T

Let us define WE(r,y) = A\*7 +p-y+VE for o= +. Let us choose k € N such that k& > 2C. Then
the comparison principle (Proposition 1) applied to the supersolution W* + k and the subsolution Wi
implies that W +k > W, and then AT > A~. Similarly, comparing W_ + k with W we get A~ > AT
which proves that AT = A~ =: \. Let us consider the solution w of

{ wy =H(p-y+w,y,p+ Vw) for (7,y) € (0,4+00) x RY, (58)

w(0,y) =0 for yeRY
and W solution of

W,=H(P-Y+W,yp+V,W) for (1,Y) € (0,+00) x RN+,
wW(0,Y)=0 for Y € RVFL

By Lemma 1, we have w(r,y) = W(r,y,0). The comparison principle implies W_,Jf —k<W<W'+Ek

which proves that %) — X\ as 7 — 400 uniformly for Y € R¥+!, and then M — AasT — 400

uniformly for y € R". This ends the proof of Theorem 1. O

Proof of Proposition 7. Simply apply Proposition 8 for K large enough, with § = 1/\/E , and set
1

ViE = V75 Checking that 5 i imi
= = Vg . g that B3 — By is very similar to the proof of Theorem 1. O

6 Proof of ergodicity and construction of approximate correc-
tors

In this section, we prove the existence of exact correctors for approximate Hamiltonians, namely Propo-
sition 8.
We first introduce the 0-order non local operator:

) = [ | 423(2) (Y = 2)=o(v)

where the function J satisfies (13).
Next, we consider the solution of the following equation

{ MW o1 (Wféi(T, ~)) + B+ HYE (P Y+ WEE Py vw;‘gi) on (0, +00) x RN+
WeE0,Y)=0 for Y e RN*!

(59)
and prove the following result:
Proposition 9. (A priori estimate for the problem with initial conditions and ¢ > 0) Let
p RN, P=(p,1) € RV xR. Let us consider the troncated Hamiltonians Hf(’Jr and H}s{ defined by (35)
and (45) for K > /1 + |p|? large enough and for 6K > 0 large enough, and H satisfying (A1)-(A2)-(A3).
For any given B € R, let us consider the solution Wf(’i to (59).
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L a priori bounds on the solution. Let us define Ri’(i = inf {R >0, Qﬁ;i C BR(O)} and C’f(’i =
1+vN+1- (|P| —I—Rigi) . Then we have for all (1,Y,Y’) € R x RN*1 x RVN+L;

WRH(r, Y ) =Wt Y) < opt (60)

Moreover there exist real numbers )\i’(i(ﬁ76) such that the maps 3 — )\i’(i(ﬁ75) are continuous, nonde-
creasing and with /\(15:;jE = X;’(i(ﬂ,s) and for any 7',7 >0, Y'Y € RN*t1.

Wi (Y =W Y) =X (7 =n) | < 7O (61

A priori bounds on the derivatives of the solution. Moreover, Wf(’+ is Lipschitz continuous w.r.t.
(1,Y) and we have the following a priori bounds:

5t 5t oWt 2h(K) — inf H

(P+vmt(ny)) € OfF, and 0 < 145K (ry) £ TSRS

8yN+1 5

oWt

—e OO 4 B+infH < (r,Y) < eC 4+3+MET,  (63)

or
—e OO+ B+infH < AF(Be) < OV 4+B+MET (64)
and
) 209 (K) + 2h(K
(P+VW§{(T,Y)) € i, and 0 < 145K (ry) < ”; ) (65)
YN+1
85— 5— 3W16<’7 6, —
— Oy +B8+my < or (r,Y) < eCp +pB+2hK), (66)

—e OO+ B8+mST < AN (Be) < e CNT4+B42m(K)  (67)

where m(;’(_ and M}i’*’ are respectively defined by (43) and (39).

Further properties of the solution. The correctors satisfy

s, s,
WKi(Ta Y, YN+1 + 1) = WKi<T7ya yN+1)7 (68)
Wyt (T, y + koyns1) = Wt (Toy,yn+1)| < 1, for every k€ ZV.

If p= P/Q with P € ZV and Q € N\ {0}, then

WoE(m,y + Qk,yn41) = W= (1,5, yn11)  for every ke ZV. (69)

Proof of Proposition 9. We perform the proof in several steps.
Step 1: Existence, uniqueness and a priori bounds on the gradient. By Proposition 4, we know
that there exists a unique and continuous solution Wf(’i to (59).

We now remark that U}S(’i =P. Y+ W}‘i’i satisfies

oU*
= e T(Up* () + B+ HE (U, y, VU) for (1Y) € (0,400) x RY*L (70)

We know that

VU}S(’i(O, Y)=Pe¢ Qi&i for every Y € RNF!

with Q‘;&i starshaped with respect to the origin, and

HY' (-, Q) = constant  if Q € RNTIN\Q4T -
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By Corollary 1 and the fact that the function r is nondecreasing, we deduce that
VUL (1,Y) € QT for every (7,Y) € [0, 400) x RNF1
Similarly we conclude that
VUfgf (r,Y) € Qi{ for every (7,Y) € [0, 400) x RVF!

where (71) is replaced by

folans1) it Q= (g, qn41) € RNFINQYT
2h% (K)+2h(K)
5

Hlé(yi('a ) Q) = {

constant if |gni1| >

and we use the fact that

_ 20 (K) + 2h(K
Q‘SK’ = B, (0) x {QN-H eR, [gny1| < ( )6 ( )}
Finally, we remark that

Ut
8yN+1

0 < (0,Y)=1 forevery Y € RNt

and then by Proposition 6, we deduce that

oUS*

(1,Y) for every (1,Y) € [0,+00) x RVH!
OYn+1

All these results on U;s(’i prove (62) and (65) for Wf{’i. It is now easy to get (63) and (66).
Step 2: Properties of the solution by integer translations. We first remark that

0,% 5,4+
U  (0,9,yne1 +1) =1 =Ug (0,9, yn+1)-

From the invariance of (70) by translation in yy1, and by integer addition to the solution, we deduce
that for all 7> 0 :
== _ 7170, £
Ug (1, ynt1 +1) = 1=Ug (1,9, yn+1).

This proves the first line of (68).
Moreover, for a given k € Z, we set p-k =+ a, with | € Z and « € [0,1). Then we have

L < U0,y +kyynir) — U (0,y,yns1) <1 +1

From the comparison principle, and the various invariances by integer translations of the equation, we
deduce that for all 7 > 0 :

l S U?éi(Tvy + kvyN+1) - U?éi(TvyvyN+1) S l+ 1.

This proves the second line of (68).
Finally if p = P/Q with P € Z" and Q € N\ {0}, then

U?%i(oay +Qk,yn41) — Pk = U}Séi(()’y,yzvﬂ)

and then 5 5
Uyt 1,y + Qk,yngr) — Pk = U™ (4,9, yn+1)

This proves (69).
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Step 3: Control of the oscillations in space and consequences. Let us consider Y,Y’ € RN¥+1,
and let us write Y/ —Y = L+~ with L€ ZN*! v €[0,1)V*!. Then

|Wf(’i5(77 Y') = Wi (r,Y)] ) ) )
S |WEETY + L+7) —WeE(n Y + )| + [WEE (Y +4) — Wt (r,Y)
<1+VN+1- (|P| + Rﬁ’(i) %

where in the last line, we used (68) for estimate by integer translations, and the estimates on the gradient
(62)-(65) to bound the variation of Wf(’i on the cube [0,1)V*1. As a consequence of estimates (60),
estimate (63)-(66) are true in the viscosity sense (and then in the sense of Definition 1).

Step 4: Control of the oscillations in time. We first set w = ngi to simplify the notation. In
order to control the oscillations in time of w, we define two continuous functions by:

_ w(t +7T,0) —w(r —T,0) . w(r + T,0) — w(r — T, 0)
A (T) = :1211% 5T and A_(T)= Tlgfi’p 5T

which satisfy A_(T") < A4 (T). From (63),(66), we deduce that

—e OO+ B8+IfH < A (T) < M(T) < eCyt+p+MYT (72)
if w= Wf(’Jr, and

—e Oy +B+myT < A(T) < M(T) < eCy +B+2h(K) (73)

ifw= Wf(’_. By definition of Ay (T), for any § > 0, there exists 7+ > T such that:

T,0) — -T,0
)\i(T)—w(Ti+ ,0) — w(T ,0) <6
2T
From (60), we see that w satisfies for 7 > T
lw(r —T,Y) —w(r —T,0)] < Cp := CoF > 1. (74)

Let us define k € Z such that 2Cy < w(7— —T,0) + k — w(74 — T,0) < 3Cy. Then from (74), we deduce
that for every Y € RV
O<w(--T,Y)+k—w(ry —T,Y) <5Cp

From the comparison principle, we deduce that for every Y € RV
O<wr-+T,Y)+k—w(ry +T,Y) <5Cp.
Therefore we deduce

—5C) < (w(r—+T,Y) —w(r- = T,Y)) — (w(r+ + T,Y) —w(r — T,Y)) < 5C)

and then 50
A (T) = A_(T)| <26 + =2
A(T) = A(T)] <26+ o]
and because § > 0 is arbitrarily small we deduce that
5C
A (1) = A(T)] < 7. (75)
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Now let us consider 77 > 0 and T» > 0 such that T5/T7 = P/Q with P,Q € N\ {0}. Remark that the
following inequality holds true:

" g(r + 2Ty — PTY,0) — g(r + 2(i — 1)Ty — PT3,0)

2PT

A+ (PTh) = sup

T>PTy i—1

P
> A < @),

Similarly, we get A_(QT2) > A_(T»). Then we have

A (Th) 2 AL (PT1) = A4 (QT2) 2 A (QTy) = A= (T2) = M (T3) — ‘Z%s

By symmetry we deduce that

5Cy 5Cy
— < o0 70
(T2) = (1) < max (320, 520 ) (76)
and similarly
5Cy 5Cy
— <
IA_(T3) — A_(Ty)| < max (2T2 oT, > (77)

Since Ay are continuous, we can extend inequalities (76)-(77) to the case T2 /T) ¢ Q. Eventually, inequal-
ities (76),(77) and (75) imply the existence of the following limits

TEIEEOO )\+( ) - TEIEEOO )\_(T) =A

and we deduce that 50
oCo
A(T) = Al < o

Combining (78) and (74), we conclude that for any 7,0 > 0 and Y, Z € Ry 1,
|lw(r,Y) —w(o,Z) — A7 —0)| < 7C).

This proves (60) with w = Wf(’i, Cy = C}i’i, and A := )\(;’(i. Moreover, by (72)-(73), we deduce (64)-(67).
This ends the proof of Proposition 9. O

Proof of Proposition 8. We perform the proof in several steps.
Step 1: Construction of a global solution. We first consider the sequence of functions for n € N

w(1,Y) = W}‘(’i(r +n,Y)— k" with k™ €Z such that Wf(’i (n,0) — k™ € [0,1)

where Wg’i is given by Proposition 9 for € > 0. The first derivatives of w™ with respect to space and time
are then bounded independently on n, and we can extract a subsequence which converges to a function
w™> which is defined on the whole space and for all time, and satifies

ow>®
or

Moreover w is globally Lipschitz continuous in space and time, with a priori estimates given in Propo-
sition 9.

Step 2: Construction of a “periodic in time” solution. We consider the vector ¢° = (),0,...,0,1) €
RxRY xR and an arbitrary vector 10 = (12,0,...,0,0% ;) € RxRY xR such that €10 = \241%, | > 0,
and define

:£I(w°°(7,-))+6+H}S(’i(P-Y+w°°, y, P+Vuw™) for (r,Y)ecR xRN

u®(r,Y) =w*(r,Y)+ P Y
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which satisfies

ou>®

or

— e T(u™®(r,)) + B+ H2F (u™®, y, Vu™) for (1,Y)eRxRN*! (79)

and for c € R
w(r,Y) =u™® ((1,Y) — o) + 1.

By construction we have 7’ = u> + 1. We define
aozsup{UZO, @ > u®  for OSU’SU}.

By the uniform Lipschitz continuity of ©> in space and time, we deduce that ¢® > 0. Moreover, w™
satisfies (61), i.e.

W=, Y —we(r,Y) = A- (7' —71)| < 70 forevery 7,7€R, Y'Y eRN*
and then
W (Y —u®(r,Y) = A (7' —1) = P- (Y —=Y)| < 7C%F forevery 7/,7€R, Y'Y eRN*!
Then using the fact that P = (p,1) € RY x R, we get:
U T, —ov') —u (T, +e -ov < ; or every T € R, €
<((r,Y 0) —u®(1,Y) + e’ or® TCNE f R, Y eRN*! 80

and
u®(-—o?) < u®—o (- 0)+ 7C}S{i. (81)

Therefore, for o large enough, we deduce that u° < u>. We conclude that ¢® < +o0.
From the definition of 0°, we deduce that there exists a sequence P = (77, Y") € R x RV*! such

that .
u(P") — 7 (P) 0,
u>® < ﬂ"o,
u™  satisfies (79).

We set Y™ = L™ + Z" with L™ € ZN*! and Z" € [0,1)V*!, and define

M, Y)=u®(r+ 7" Y + L") — k" with k™ €Z such that u™(s", L") —k" €[0,1).

Up to extraction of a subsequence, we can assume that u°™ converges to a function u°> and Z"
converges to Z* € [0,1]¥+! such that:

u>(0,2%) = u*> ((0, 2°°) — 6% + 1,
©C® S u® ( _ JOVO) + 1’
the functions > and u**> (- —0¢%P) 41 are solutions of (79).

where we used at the last line the invariance of (79) by translations in 7 and yn41, and its invariance
by addition of integers to the solution. From the strong maximum principle (only applied for £ > 0), we
deduce that

wCO° = 00 ( o O'OVO) 41

From (80), we deduce that for k € Z
[u> > ((1,Y) =k a"2°) — w2 (1, V) + k o%(e” - 10)] < 70}5(7i for every 7€R, Y e RNVt (82)
and then we deduce (taking k — +00) that o (e?- 1) = 1. As a consequence of our proof, we get that

(1Y) =u®(r,Y) =AM —P-Y
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is (0%€%)-periodic.

In particular, when \ # 0, we can choose 1 = (sign(A),0,...,0,0) € R x R¥*1 This shows that
v (7,Y) is ﬁ—periodic in 7 and 1-periodic in yn41 (which was already known for Wf(’i in Proposition
9).

In the general case, we simply consider 20 = (22,0, ..., 0, V?VH) ERxRY xR with 2 # 0 and e®-2° > 0
which implies that v>>>°(7,Y) is (6%9)-periodic and 1-periodic in yn 1.

Step 3: Improving the periodicity by the sliding method. First, for a reference on the sliding
method, see in particular Berestycki, Nirenberg [10]. For any vector v = (1,0, ...,0,vy41) € RxRY xR
such that €% - v > 0, we define

(1, Y) =u®(r,Y) — ov).

We set
o*zinf{azo, 4% <4 for 0’20}.

The estimate (81) is still true for u®>° with v replaced by v, and then we deduce that o, < +oc0.

As in step 2, we get the existence of a sequence P™ such that 47+ (P™) — u®>°(P") — 0, and can define
a new sequence of functions (which are translations of u®->°) such that the limit u®-°>° has the same
properties as u°*° and satisfies moreover

00,00,00

and wu

uoo,oo,oo('

00700700('

—ow)=u —ov) <u*%™  for every o > 0o,.

From estimate (82) applied to u>->">° 1Y replaced by v, and ¢° replaced by o, for integers k — +o0,
we deduce that o, = 0, and then u®°>> is nondecreasing in the direction v.

We can now do this construction for a sequence of vectors v" = (v},0,...,0,v5 ;) € R x RY x R, with
eV v >0 and v — (%)t with (%)t = (=1,0,...,0,)) € R x RY x R. Up to extract at each step
a subsequence of the translated functions, we get at the limit of this process, a function that we simply
denote by u, such that u is nondecreasing in each direction #(e®)*. This means that u is independent
0)L ((1.Y)-(e)) ()

on the direction (€)=, i.e. only depends on the coordinates (7,Y) — B T Ea i.e.

u(T,y, yn+1) = w(0,y, yny1 + AT). (83)

In particular the function u(7,Y) — P-Y satisfies on R x RN+ all the properties given in Proposition 9.
Finally we define the corrector as

Ve (r,Y) =u(r,Y) = At — P Y.

Step 4: The limit ¢ — 0. We now take the limit ¢ — 0 and up to extraction of a subseqquence,
we get a limit corrector still denoted by Vli’i(’r, Y) and a limit )\igi =: )\i’(i (B), such that w*(r,Y) =
V;z-’i(T, Y)+ X;’(i 7 satisfies on R x RV*1 all the properties given in Proposition 9 for e = 0. Moreover,
from (83), we deduce the following invariance of the corrector

VRt (myunvan) = VRE0,,yn 1 + A7) (84)
and we have

v

\OE
K T or

=B+ (NFEr+ PoY £ V2%, g, PHVVRE) for (1Y) eRxRYFL (85)

Step 5: New estimates on )\‘;’(i and consequences. Let us consider the supremum of Vf‘z’i. We
have two cases: either the supremum is reached at a point P° or “it is reached at infinity”.

CASE 1: supgypn+1 V;?i = V;?i(PO). Let us set PO = (7°,Y?) with Y? = (y°,3%,,). Looking at this
point, we deduce that

AT < B+ Hm 0+ Py + Vit (PO), 00, P).
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Using the fact that

H;S(’i(W B Q) = Hié(U ) Q) for |Q‘ < K
and K > |P|, we deduce that

A0E < B4+ h(lp|) (86) [eq:111+]

where h is defined by (33).
CASE 2: THERE EXISTS (P"),, SUCH THAT VI‘?i(P") — SUPRyRN+1 V}?i WITH |P"| — +o00. In this
case, up to consider the limit of translated functions, we come back to case 1 for this limit function which
is still a solution of the PDE (85). This proves (86) in case 2.
Similarly, looking at the infimum of V;?i, we get:

B+0+ inf N H(v,y,p) < )\(;’(i. (87) |eq:111-

(v,y)ERXR

Then (86) and (87) implies (51). By substraction of (51) to (63) and (66), we get respectively (54) and
(55).
Step 6: New L*> bound on the corrector. Let us consider

o) =k Ve = VEE 0.0 Txn @) forsome Gy (9) € [0,1)

The function 7 only depends on y (and not on 7) because of (84). By contruction ¥ is a supersolution of
(85). Therefore we have

N> B+ Hy (P (y,n () +0(), v, P+ (V,7,0) forall yeRY
and then by (86), we get
h(lpl) £6 > H* (P (4,51 (8) +0(), v, P+ (V,0,0)) forall yeRY

Estimate (47) implies
h(pl) = H (P (y.Gn41 () +7(y), y, p+ V,0)
and then the subdifferential of p - y + v(y) satisfies

p+ Vol < r(h(pl)) (88)

We deduce that (88) is true almost everywhere. From the fact that V;?i is 1-periodic in yn 41 and satisfies

oveE
0 S 1 + aylfr(Jrl

, we have for every Y5 1,yn+1 € R and every 7 € R, y € RN

Vie™ (v 41) = Vi (ry,une)] < 1 (89) [eqiyti+1]
Now, for 7/, 7 € Rand Y = (v, yN11), Y = (¥, yn+1) € RV we set k € ZV such that ¢ — (y + k) €
[0, )N, and we get with v = Vj‘i’i, A= /\i’(i:
(T, Y) —v(rY)[ = [v(0,y, Y1 + A7) = v(0,y, yni1 + AT)|
< 00,9,y +AT) = v(0,y TN (W) + 00,5, T (v) — 00,y + K, Gn i (4)]
+0(0,y 4+ K, Tn 1Y) — 00,4, Tn 1 (W) + 00,4, Tn 1Y) — v(0,y, yni1 + A7)
< 1+[p) =By + k)| +1+1< 3+ VN (|p| +r(h(|p)))

where we used two times (89), ones (57) and ones (88). Finally, up to substract an integer to v(0,0), we
can assume that |v(0,0)] <1 and then we get with 7/ =0, Y’ =0

[o(r,Y)| < 4+ VN (Ip| +r(h(]p])))

which proves (53).
Step 7: Monotonicity and continuity of )\igi(ﬁ). The proof of the monotonicity and the continuity
of X;’(i(ﬂ) is similar to the proof of Theorem 1.

This ends the proof of Proposition 8. O
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A Appendix: ergodicity (again) and construction of super and
subcorrectors for the original Hamiltonian

sect7

orrectorsbis| Theorem 3. (Existence of sub and super-correctors)

Under Assumptions (A1)-(A2)-(A3), consider p € RN and let A = Fo(p). Then there exists a bounded
supersolution vy (resp. subsolution v_) of (4) such that vy is independent on T.

Proof of Theorem 3. Let us apply Proposition 8 with 5 = 0. We have
NEl<o, Vet o
for some constant C' independent of § small enough and K large enough. Let us define

5, . 5, 85— 5,—
UK++(Z/) = inf VK+(T,y,yN+1)7 v _(y) = sup Ve (7,9, yn+1)
' YN+ ERVHL ’ yn 1 ERN+1

which are respectively super and subsolutions.
Let us call A = A* the limit of X;’(i (see the proof of Theorem 1 to check the equality A = AT = A7)
for a subsequence of (4, K) — (0, +00) and

. 8,— s s é
v_ = limsup* vy _, v4 =liminf, U}%—:

which still satisfy
lvg] < C

Therefore, we get a bounded supersolution vy and a bounded subsolution v_. This ends the proof of
Theorem 3. ]

A second proof of Theorem 1. Let us consider the solution w of

wr =H(p-y+w,y,p+ Vw) for (7,y) € (0,4+00) x RY, - ,
{ w(O,y) —0 for y € RN (90) eq:cellwcinc

With vy given by Theorem 3 and an integer k > C' > |vy|, the comparison principle implies
v+ AT —k<w <o+ AT+ k

which proves that @ — X as 7 — oo uniformly for y € RY. This ends the proof of Theorem
1. O

B Appendix: proof of Proposition 1

The following proof is classical but we provide it for the reader’s convenience.

When € = 0, the result is classical and when € > 0, we do not restrict ourselves by assuming that
e=1

We proceed in two steps. First, we prove that there exists a constant K > 0 such that:

vVt e (0,T),z,y € RN, u(t,z) —o(t,y) < K1+ |z —y|). (91) |aprioriestin

To obtain such a result, it suffices to obtain the following inequality:

Yt € (0,7),z,y € RN, wu(t,z) —v(t,y) < K((z — ) (92) |apriori ‘
where ((z) = /1 + |2|2. Since v and v are at most of linear growth, there exists L > 0 such that:

Vt.s € (0,7),2,y €RY, u(t,z) —v(s,y) < L(1 + |z] + Jy]).
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Let us consider the family of functions 8z € C?(RY) parametrized by R > 1 and introduced in [17]; we
assume that they satisfy for some C' > 0, which does not depend on R:

BR 2 07
lim inf |, 4 oo BTT((E) > 3L,

[VBr(z)| < C,
limR_,_,_OC ﬁR(l‘) =0.

For any K > 0, consider the following penalized supremum:

My = sup {u(t,z) —v(t,y) — Ke''((x —y) — Br(x)}.
te(0,T],z,yeRN

with p > 0 to be chosen later. It suffices to prove that Mg < 0 for some K large enough, not depending
on R; indeed, by letting R — 400 pointwise, we can conclude. In order to prove the existence of such
a K, we argue by contradiction (as usual) and we suppose that Mg > 0 for any K > 0. Hence, we
dedouble the time variable: for any v > 0, consider:

s—1)2
Miw= s fulta) = () — S ket —y) - ()
t,s€(0,T),z,yERN 2v
and we see that My, > My > 0. This supremum is attained at (Z,3,7,7) and (£,3,7,7) — (f,1,%,7) as
v — 0 with (¢, Z,7) that realizes Mg and with ¢ > 0 if K large enough (use the fact that ug is uniformly
continuous). Hence we are sure that £,5 > 0. Let us now write the two viscosity inequalities:

t—3

WK (T —7) + < F(u(f,7),7,5+ VBr(T)) + /dZJ(Z)(“@f —2) —ut3),

> F(u(,7),5.5) + / 427 (2)(0(5,7 - 2) — v(5.7).

where p = K e"EV( (z — 7). Notice that we can still write the viscosity inequalities if # = T or § = T.
Substracting both inequalities yields:

=
]
5
b
&l
|
&l
INA
g
=
=
.l
Hl
=S|
_|_
<
=
2
&l
|
=
<
)
<l
<
=)

We deduce from My, > 0 that u(¢,Z) > v(3,7) and by construction,
u(t,T—z) — (5,7 — 2) — (u(t,T) — v(5,9)) < Br(T — 2) — Br(@).

Using these estimates and (A1) permits to obtain:

£(1 + - 7) < K@ - 9) < Ke''((T — ) <11+ [p))|T — 7] + 7|V Br(@)| + Z[Br)(T)

V2

<NE -7l +Cy+CL < C(1+ [T 7).

Choosing K large enough yields the desired contradiction.
The second step consists in adapting the classical proof of the comparison principle, i.e. by considering
the following penalized supremum:

(=5 Jo—yP a .
Moco= s futt) = ofs0) - - Y e
ey t,s€(0,T),z,y RN 2v 2e 2
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Let us exhibit a contradiction if 0 < M = supgn{u — v} € (—o00;+00]. In such a case, for a,¢,v small
enough, we have M, ., > M > 0. The supremum is attained at (¢,5,7,7y) and the initial condition
ensures that ¢ > 0,5 > 0. From M, ., > 0 and (91), we deduce that:

Y<K+ m-7) - T <k psupdkr— L2l g hc
2 2e r>0 2e

We conclude that for a fixed € > 0, aT — 0 as &« — 0. From writing both viscosity inequalities and
substracting them, it comes:

. L T — 7|2 «
n§7|a$|+7<lx—y+|5y> + 572

Letting successively v, a and € go to 0, usual penalization results permit to obtain the contradiction:
7 < 0 and we are done.

Aknowledgement. The authors thank E. Rouy, O. Alvarez, G. Barles, P. Cardaliaguet, M. Kobylanski,
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