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Abstract: We prove that for a Dirac operator, with no resonance at thresholds
nor eigenvalue at thresholds, the propagator satisfies propagation and dispersive
estimates.

When this linear operator has only two simple eigenvalues sufficiently close to
each other, we study an associated class of nonlinear Dirac equations which
have stationary solutions. As an application of our decay estimates, we show
that these solutions have stable directions which are tangent to the subspaces
associated with the continuous spectrum of the Dirac operator. This result is the
analogue, in the Dirac case, of a theorem by Tsai and Yau about the Schrodinger
equation. To our knowledge, the present work is the first mathematical study of
the stability problem for a nonlinear Dirac equation.

Introduction

We study the stability of stationary solutions of a time-dependent nonlinear
Dirac equation.

Usually, a localized stationary solution of a given time-dependent equation rep-
resents the bound state of a particle. Like Ranada ], we call it a particle like
solutions (PLS). In the literature, the term soliton is also found instead of PLS,
but this additionally means that the particle keeps its form after a collision.
Many works have been devoted to the proof of the existence of such solutions
for a large variety of equations. Although their stability is a crucial problem
(in particular in numerical computation or experiment), a smaller attention has
been deserved to this issue.

There are different definitions of stability. The first one is commonly called the
orbital stability. It means that the orbit of the perturbation of a PLS stays close
to the PLS or a manifold of PLS but does not necessarily converge. A stronger
notion is asymptotic stability, which means that the perturbation of the PLS
relaxes asymptotically towards a PLS which is not far from the perturbed PLS.
In fact in many conservative problems asymptotic stability does not hold. But
one has asymptotic stability for a restricted class of perturbations, forming the
so-called stable manifold.

In this paper, we deal with the problem of stability of small PLS of the following
nonlinear Dirac equation:

i0p) = (D + V)9 + VF(¢) (NLDE)
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where VF is the gradient of F': C* — R for the standard scalar product of R%.
Here, D,, is the usual Dirac operator [[Tha9d] acting on L?(R3, C*)

3
Dy, =a-(—-iV)+mf = fiZozkak +mg
k=1

where m € R and « = (a1, s, a3) and (8 are C* hermitian matrices satisfying
the following properties:

ooy + arpa; = 20;51ca, i,k € {1, 2, 3},

aiﬁ—i-ﬁai:O@;, iE{1,2,3},

% = 1¢a.

_ 0 g; _ Icz 0
ai_(O'iO) and ﬁ_(() I(cz)

where o1 = <(1) (1)) and o9 = (? Bl> and o3 = <(1) _01>

In (NLDH), V is the external potential field and F : C* — R is a nonlinearity
such that

Here we choose

V(0,2) e Rx C*,  F(e2) = F(2).

Some additional assumptions on F and V' will be made in the sequel. Stationary
solutions (PLS) of () take the form (¢, z) = e~ 'Flp(x) where ¢ satisfies

E¢=(Dm +V)p+ VF(9). (PLSE)

We prove the existence of a manifold of small solutions to (PLSH), interpreted as
particle like solutions to () Then we construct a stable manifold around
this manifold. At the origin, it is tangent to the sum of the eigenspace associated
with the first eigenvalue and the continuous spectral subspace of D,,, + V. This is
the analogue in the Dirac case of , Theorem 1.1, non-resonant case|. The
interpretation is that radiations (described by the continuous spectrum) do not
destabilize too much the PLS manifold. To prove stabilization towards the PLS
manifold, we shall need linear decay estimates associated with the continuous
spectral subspace of D,, + V.

To our knowledge, this is the first stability result on a nonlinear Dirac equation.

The problem of stability has been extensively studied for Schrédinger and Klein-
Gordon equations. The methods used to treat these cases cannot be easily
adapted to our problem, due to the fact that the Dirac operator D,, is not
bounded-below, contrarily to —A. The non-negativity of the latter permits to
use minimization and concentration-compactness methods to prove the existence
of orbitally stable standing waves, see e.g. Cazenave and Lions [] or more
recently Cid and Felmer [CFOT].

In his review on nonlinear Dirac models, Ranada [ writes that physicists
first claimed that PLS (Particle Like Solutions) of the nonlinear Dirac equa-
tion couldn’t be stable since the second derivative of the energy functional is



Stable directions for small nonlinear Dirac standing waves 3

not positive-definite. Actually, in a very general setting (not related to the Dirac
case), Shatah and Straus ] and Grillakis, Shatah and Straus [[GSS87 proved
a general orbital stability condition even if the hessian of the energy functional
is not positive-definite. Their conditions allow only one simple negative eigen-
value (and a kernel of dimension one also) for the second variation. It therefore
cannot be directly applied to the Dirac case. However, it gave rise to an inter-
esting discussion about the application of this method to the Dirac equation
in some physical papers [BV86,[AS86,[BSV87. Ranada also refers to numerical
experiments which seem to confirm that some PLS are asymptotically stable in
the Dirac case.

In the Schrodinger case, the asymptotic stability has been extensively studied
during the last decade. A fundamental work is the one of Soffer and Wein-
stein ,], which is devoted to the study of a small nonlinear per-
turbation of a Schrédinger operator having one simple eigenvalue. They proved
that the perturbed small PLS relaxes to a PLS. Later, Pillet and Wayne [PW97]
proposed a different proof in the spirit of the central manifold theorem. In all
these works, asymptotic stability is a direct consequence of propagation or dis-
persive estimates on the Schrodinger operator. In order to be able to use these
estimates, one has to to consider the initial state (at time ¢t = 0) of the pertur-
bation as localized i.e. in L' or in L? weighted spaces with growing weight. To
avoid such an assumption, Gustafson, Nakanishi and Tsai proposed to
use Strichartz estimates.

Ceneralizations have been considered for instance by Tsai and Yau [LY024,
[LY02d,[LY02d, LY02H, [[sa03], who treated the case of a Schrédinger operator
having two simple eigenvalues. An interesting phenomenon appeared: if the two
eigenvalues are sufficiently distant one from the other, then after linearization
around the excited state, one obtains a resonance. Tsai and Yau showed that
if there is no resonance, the manifold of ground state has stable directions.
In the resonant case, the manifold of ground states is asymptotically stable,
whereas the manifold of excited states has stable and unstable directions (in
case of instability, under some conditions, one has relaxation to the ground
state). For a similar result, see also ,. Notice that earlier Soffer and
Weinstein [BW99] studied a similar resonance phenomenon in the case of the
Klein-Gordon equation with a simple eigenvalue; they showed that it induced
“metastability”. Another problem has been studied by Cuccagna [,,
Cuc0g). He considered the case of big PLS, when the linearized operator has only
one eigenvalue and obtained the asymptotical stability of the manifold of ground
states. Tsai, Yau and Cuccagna also need propagation or dispersive estimates.
The latter is proved by generalizing the work of Yajima on wave operator.

Interesting development are also given by Rodnianski, Schlag and Soffer [RSS054]
who proved asymptotic stability of an arbitrary number of weakly interacting

big PLS. Schlag [ and Krieger and Schlag [] proved the existence of
stable direction for unstable big PLS. We point out that some of the works of

Schlag [ES04,IGS04, RSS05H] or Soffer [HSS9Y,PSS91,RSS05H] are dedicated to

prove dispersive estimates.

We also would like to mention the works of Buslaev and Perel’'mann [BP93,
BP92H [BP924,BP924], Buslaev and Sulem [BS03,[BS09] or Weder [Wed0d], in

the one dimensional Schrodinger case.
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Here, we study a nonlinear Dirac equation as a perturbation of a linear Dirac
equation with a Dirac operator possessing only two simple eigenvalues sufficiently
close to each other. Hence, we avoid problems of resonance after linearization
around a PLS. The paper is organized as follows.

In section , we define the important objects and state our main results. We
start with the propagation and dispersive linear estimates which will be crucial
tools for this study. Then, we consider the nonlinear equation (NLDH) and state
the existence of the PLS manifold. Eventually, we present our main theorem in
which the stable manifold is constructed.

The section E is devoted to the proof of the propagation estimate, which uses
spectral techniques. This is a time decay estimate in weighted L? spaces, express-
ing the fact that states associated with the continuous spectrum are not station-
ary. We use Mourre estimate similarly to Hunziker, Sigal and Soffer [[ISS99] (for
a generalization of the method, see e.g. [BAMGS96]). This method cannot be
used in the neighborhood of the thresholds which needs a specific treatment. In
particular, problems can occur in the presence of eigenvalues at thresholds or
resonances at thresholds, and we shall assume in the whole paper that we are not
in this situation. For the Schrodinger case, a similar problem has been studied
by Jensen and Kato [, Jensen and Nenciu ,]. Our arguments
near the thresholds are inspired of these works. For a related study, see the ar-
ticle of Fournais and Skibsted } dealing with long range perturbations of
Schrodinger operators.

In Section E, we then prove the dispersive estimate, using the propagation esti-
mate established in Section E For an interesting survey on dispersive estimates
for Schrodinger operators, see Schlag . We have not been able to gener-
alize the methods used in the Schrédinger case, in fact it seems that the Dirac
equation with a potential behaves like a Klein-Gordon equation with a mag-
netic potential. This fact has already been noticed by D’Anconna and Fanelli in
[@], where they proved simultaneously dispersive estimates for a massless Dirac
equation with a potential and for a wave equation with a magnetic potential.
Our method is here inspired of the work by Cuccagna and Schirmer

Finally, the last sections are devoted to the proof of our main result concerning
the stability of the stationary solutions of () We assume that the Dirac
operator D,, + V have only two simple eigenvalues and that it has no eigen-
values at thresholds nor resonances at thresholds. Note that our assumptions
exclude electric potentials, for which the theorem of Kramers states that the
eigenvalues are always degenerate, see ,. In Section E, this permits
us to construct a manifold of PLS and then to study the spectrum of the lin-
earized operator. This in turn, in Section E, will allow us to decompose a solution
of () in three parts: the PLS part, the dispersive part associated with the
continuous spectrum and a part corresponding to “excited states”. This last
part needs a particular treatment since it is not dispersive and hence disturbs
the relaxation towards the PLS manifold.

Acknowledgements. 1 would like to thank Eric Séré for fruitful discussions and advices during
the preparation of this work. I wish to thank the referee for useful remarks and suggestions.
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1. Main results

This section is devoted to the presentation of the model and the statement of
our main results.

1.1. Decay estimates for a Dirac operator with potential. Let us first state our
results concerning the time decay of e~ #*(Pm+V) in weighted L? spaces and Besov
spaces. This kind of estimates are called respectively propagation and dispersive
estimates. As mentioned in the introduction, these results will be very important
tools for the study of our nonlinear time-dependent Dirac equation.

The following spaces will be needed to state the main result of this subsection.

Definition 1.1 (Weighted Sobolev space). The weighted Sobolev space is
defined by
H (R?,C") = {f € S'(R®), [{Q)7(P)" fll2 < o0}

for o,t € R. We endow it with the norm

£l = Q)7 (P) f2-
If t = 0, we write L% instead of HY.

We have used the usual notations (u) = V14 u?, P = —iV, and @ is the
operator of multiplication by 2 in R3. For the sake of clarity, let us also recall
the

Definition 1.2 (Besov space). For s € R and 1 < p,q < oo, the Besov
space B;,Q(Rg, C*) is the space of all f € S'(R®,C*) (dual of the Schwartz space)
such that

I fllBs, = [ D2 les * fIIE | < +o0
JEN
with € D(R™ \ {0}) such that 3 ;. P(279¢) =1 for all £ e R3\ {0}, ;(&) =
P(279€) for all j € N* and for all € € R3, and pg = 1 — > jen- - We endow it
with the norm f € By (R*,C*) — || f|

Bpq
In the whole chapter, we shall work within the following

Assumption 1.1. The potential V : R? — S,(C) (self-adjoint 4 x 4 matrices)
is a C* function such that there exists p > 5 with

c
Ya € N®, 3C > 0, Vo € R?, |0°V|(2) € ——.
<:C>P+|O“
Notice that by the Kato-Rellich Theorem , the operator

H =D, +V

is essentially self-adjoint on C§°(R?, C*) and self-adjoint on H!(R3,C?*). We also
work with the
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Assumption 1.2. The operator H presents no resonance at thresholds and no
etgenvalue at thresholds.

A resonance is an eigenvector in HY/?(R3,C*) \ HY/2(R3,C4) for some o €
(1/2,p —1/2) here. Let

Po(H) = 1(—oo,—m]ul+m,+oc) (H) (1.1)
be the projector associated with the continuous spectrum of H and
H. = P.(H)L*(R3 C*). (1.2)
We are now able to state our

Theorem 1.1 (Propagation for perturbed Dirac dynamics). Assume that
Assumptions and hold and let be o > 5/2. Then one has

e P, (H) || prz, 2y < C (1)2.

The proof of this result will be given in Section E We notice that it is still true
if we assume p > 3 in Assumption [L1]
Our next result is the following theorem, proved in Section E

Theorem 1.2 (Dispersion for perturbed Dirac dynamics). Assume that
Assumptions[I.] and[1.3 hold. Then forp € [1,2], 60 € [0,1], s—s' > (2+9)(%71)
and q € [1,00] there exists a constant C > 0 such that

2_1

He_itHPC(H)| ngqﬁB;; . S C(K(t));

a1 1
wzth;—l—p—l, and

)72 4f 1t e (0, 1],

—1-6/2

It if |t] € [1,00).

1.2. The stable manifold around the PLS for the nonlinear Dirac equation. We
now want to study the following nonlinear Dirac equation

i0p = HY + VF ()
{w(o, ) = tho. (1.3)

with ¢ € C1(I, H*(R3,C*)) for some open interval I which contains 0 and where
we recall that H = D,, + V. The nonlinearity F : C* — R is a differentiable
map for the real structure of C* and hence the V symbol has to be understood
for the real structure of C*. For the usual hermitian product of C*, one has

DF(v)h = R(VF(v),h).

We work within the following
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Assumption 1.3. The operator H has only two simple eigenvalues Ay < A1,
with ¢o and @1 as associated normalized eigenvectors. Moreover, the non reso-
nant condition

|A1 = Ao| < min{[Ao +m], [Xo —m[}

holds.

Assumption 1.4. The function F : C* — R is in C°(R®,R), is a homogeneous
polynomial of degree 4 (i.e. with D®F(z) = 0 for |a] = 5 and D’F(0) = 0
for |B] < 4) or satisfies F(z) = O(|z|°) as z — 0. Moreover, it has the gauge
mvariance property:

F(e2) = F(2),Yz € C*, ¥ € R.

We will prove in Theorem [[. that some solutions of the equation ([L.g) are
global and can be decomposed as the sum of a PLS plus a remainder part which
is vanishing. Since the PLS part may change during the evolution, we need to
track it. So we prove that around the origin, PLS form a manifold. We have the

Proposition 1.1 (PLS manifold). Suppose that Assumptions hold.
Then for any o € RT, there exists £2 a neighborhood of 0 € C, a C*® map

h: 82— {¢o}" N H?(R? CY N L2(R?,CY)
and a C>® map E : 2 — R such that S(u) = ugg + h(u) satisfy for all u € (2,
HS(u) 4+ VF(S(u)) = E(u)S(u), (1.4)
with the following properties

h(eu) = eh(u), V0 €R,
h(u) = O(Jul?),

E(u) = E(lu)),

E(u) = Ao + O(Jul?).

Proof. This kind of results is now classical and left to the reader. For more
details, see Subsection [£.1].

We are now able to write the main theorem of this paper. Its proof is given in
Section 6. To state it we need the space H,. defined in .

Theorem 1.3 (Stable manifold). Suppose that Assumptions [[3{.4 hold.
Let s,8',8 € R% be such that s > s+ 3 > B+ 6 and o > 5/2. There ex-
ists €9 >0, R >0, K > 0 and a Lipshitz map

W Be(0,¢) x (HC N By (o,R)) s C
with ¥(v,0) =0,

2
(0, ) < K (o] + €]y )
and such that the following hold. For any initial condition of the form

Yo = S(vo) + &o + ¥(vo, &)1
with vo € Be(0,¢) and § € He. N By (0, R), one has



8 Nabile Boussaid

(i) there exists a unique global solution ¢ of ([.3) in
c (R, HY(R3,CY) 0 HE (R3,C*) N BY ,(R?, <c4)) ;
(ii) there exists (Voo; Eoo; o) € C x HE N'He x R with
o — ol S Kol [Bocl < Klols e — Eoll < Kl

such that . _
() = e E=ITE) S (0y0) + e E g + e(8),

where
le@l = < Kol 7

K
IOl < 755 6oll

K
lelas , <z el

ast — +o00.

Remark 1.1. The proof of these theorem work also if we want to obtain an ex-
pansion of the form

() = e 1)t B) Gy ) e PmE 4 e(t)

with the free Dirac operator. But in this case, we only have the estimates

oo — <K »
|6 -8 . <Kl

see the remark following Lemma .

We notice that the stabilization is “faster” than the propagation and the dis-
persion: it is of order (£)~2 whereas e "*H ¢ is of order (¢)~3/2 by Theorems [L.]]
and . Hence the theorem states the existence of a family of initial states which
form a manifold tangent at the origin to the sum of the eigenspace of H asso-
ciated with )¢ and the subspace associated with the continuous spectrum of H:
‘H.. This family of initial states gives rise to solutions of (E) which asymptoti-
cally split in two parts. The first one is a PLS: e~ (#F(te0)+Fo) § (3, ) the other is
a dispersive perturbation: e *# ¢, .. Hence if one perturbs a PLS in the direction
of the continuous spectrum then this PLS relaxes to another PLS by emitting a
dispersive wave.

This phenomenon is due to the propagation and the dispersion properties of the
subspace associated with the continuous spectrum of H. We don’t think that
such a phenomenon could take place for perturbations in the direction of the
excited states ¢1. Indeed, on this subspace, the dynamic seems to be conservative.
The fact that we use propagation and dispersive estimates restricts the family
of perturbations to regular and localized ones.

We now turn to the proof of our results.
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2. Proof of Theorem EI: propagation estimates

Here we prove the propagation estimates of Theorem @ The method used
by Jensen and Kato ] to prove this kind of estimates for Schrodinger
operator works only for initial states which are spectrally localized near the
thresholds £m. They used the spectral density as the Fourier transform of the
propagator. But the Dirac resolvent

Ry(A+ie) = (H — A Fie)™!

does not decay in B(L2,L% ) as |\| — 400 for any o > 0, see [Yam9]]. So we
cannot use its Fourier transform. To our knowledge, this method is the only one
that permits to treat the problem of propagation for energies near thresholds.
Hence with this method, we only prove (in the section @) the

Proposition 2.1 (Propagation near thresholds). Suppose that Assumptions
and @ hold and let x € CS°(R3,C*) be such that its support is in a suffi-
ciently small neighborhood of [—m; m]. Then one has for o > 5/2

le " P, (H) x (H) || pz2,12,) < C (&),

We recall that P.(H) is defined by (L.1).

We also need to treat the propagation estimates for initial state whose spectrum
does not contain any threshold. We cannot use the spectral density. So we work
directly with the propagator. This is exactly the method used by Hunziker, Sigal
and Soffer in [] But in our case, their result needs some adaptation. Hence
we need to generalize , Theorem 1.1] to the case of unbounded energy. In
Section R.2, we prove the

Proposition 2.2 (Propagation far from thresholds). Suppose that Assump-
tion 1.1 holds. Then for any x € C®(R3,C*) bounded with support in R\ (—m;m)
and for any o > 0, there is C > 0 such that

le X (H) |l p(rz,r2 ) < C ()77

The proof of Theorem is then a consequence of the above propositions

Proof (Proof of Theorem [1.]).

We choose xo € C®(R3, C?) satisfying the assumptions of Proposition EI, Xoo €
C>=(R3,C*) satisfying assumptions of Proposition .3 such that xo + xeo = 1.
Hence the continuous spectrum of H is divided in two parts. We obtain the
inequality

le” P, (H) IB2,2, ) < lle™*xo (H)P. (H) IBz2.22 )
+ He_itHXoo (H) ||B(L§,Lia)-
Hence from Proposition @, and @, we deduce Theorem .
It therefore remains to prove Propositions , and @

2.1. Step 1 : Propagation near thresholds.
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2.1.1. Proof of Proposition @ ‘We now prove Proposition @ Let x be in
Cs°(R3,C*), then the operator e *H P, (H) x (H) as a function of ¢ is the Fourier
transform with respect to A of

A= SREAT (oo, —mjupm, o) (A)X(A),

where

REN) = lim Ry (A +ie), (2.1)

e—0t

we will prove in Section E that the limit exists in B(LZ, L? ). So Proposition @
is a consequence of the

Proposition 2.3. Suppose that Assumptions and hold. Then for A > m
close enough to m, one has

RE(N) = lim Ry () +ie)

e—0*t

—1/2

exists in B(Hy ,H1/2

—0

) fora>3/2. ItisCl ifo >1/2+1 and 0 <1 < 2 with

dl
WSR$(A) =0(WA—m

1/2—1

), (2.2)

as A — mt.

The same holds for A < —m if m is replaced by —m.

We prove it in Section . The idea is then to apply to
A = SR (AL oo, —m]Um,o0) (M) X()- (2.3)

with kK = 1 and 6 = 1/2, the following

Lemma 2.1 (Lemma 10.2 of [JK79]). Suppose F(\) = 0 for A\ > a >
0, F*+1) ¢ L1([8, +00]) for any 6 > 0 and an integer k > 0 and that F*+1()\) =
O(A?72) near 0 for some 6 € (0,1). Assume further that FO)(0) = 0 for j < k—1,
then

~

F(t) = 0o@t7F9).
The symbol O may be replaced by o throughout.

We refer to [ for the proof of Lemma @ In fact to apply this lemma
to (E), one should split this function in two parts, one supported in R* and
the other in R™. Then one translates the first one by —m and applies the lemma.
To deal with the other part, one works exactly in the same way after a symmetry
with respect to the origin. To end the proof of Proposition @, it remains to prove
Proposition P.d. This the goal of the next section.
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2.1.2. Behavior near thresholds of the Dirac resolvent: proof of Proposition .
In this section, our aim is to prove Proposition @ First of all, we notice that
if the limits (@) exist then we have

Ry (V)* = R (M),
and since
as(Dm +V — 2)las = —(Dp + asVas + 2)71,
3

for as = H «; /3, one obtains
i=1

OésR‘i/(A)ilo% = 7R:F (7)\)

Ot5VOz5
So we only need to study the behavior of R{,()\) near +m. Let us introduce
Ciy ={2€C,Sz>0, Rz >0}
then the behavior for the free case (V = 0) is given by the

Proposition 2.4 (Dirac’s resolvent expansion). Let be s,s" > 1/2 with s +
s'>2andt € R. Then Ro(z) € B(HL™', H" ) is uniformly continuous in C
and so it can be continuously extended to C4 .

Moreover, the formal series z € Cy 4,

Ry(z) = Z(i\/ 22 —m2) D,,G; + Z 2(iV/22 — m2)’ G,

with $(v22 —m?) > 0, is an asymptotic expansion for z — m in the following

sense:

Let k € N, if Ro(z) is approzimated by the corespondent finite series up to j =

k, the remainder is o(|z — m|*/?), as z — m, in the norm of B (H;fl,Ht_S,)

with s, s >k+1/2 (and s+ s >2 if k=0) and t € R.

In the same sense, this identity can be differentiated in z any number of times.

More precisely, forl € N* the I*" derivative in z of the said finite series is equal to
1

%R(z) up to an error o(|z—m[*/?7Y), as z — m, in the norm of B (H!™', H! )

with s, 8 > k+1+1/2 and t € R.

Proof. It is an adaptation of lemmas of [JK79]. We rewrite [JK79, Lemma
2.1], , Lemma 2.2] and JK79, Lemma 2.3] in the Dirac case with help
of the identity

(D — 2) ' (D +2) "t = (A 4+ m? — 2271,

orin(C2)2
z+m -V
1 A2 2 _A_ L2 2
(D —2)™ = |~ e A2

—A—z224+m? —A—224+m?

where o are the two dimensional Pauli matrices.
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To obtain the behavior of the Dirac resolvent in the general case, we would like
to use the formula

Ry (2) = M(2) ' Ro(2) (2.4)
with

M(z) = (1+ Ro(2)V).
To give a meaning to Identity (.4), we have to prove that M(z) is invertible
in B(Hi/f) for 0 > 1/2 with 04+1/2 < p, where p is introduced in assumption [L.1.

We will also give the asymptotic behavior of Ry’ (z) and some of its derivatives
as A — m™. By means of Proposition P.4, one has

ZEEHM(z)GB(Hif)

is uniformly continuous for 1/2 < ¢ and 2 < 0 4+ 0’ < p and some ¢’ > 1/2. We
also have
M(z) = M(m) + A(),

1/2

with A(z) uniformly continuous in B (Hi/f,,Hfa) near m in C4 4 and tending

to0as A — mfor 1/2 <o and 2 < 0 4+ ¢’ < p and some ¢’ > 1/2. We now
prove the

Lemma 2.2 (Threshold’s eigenvector and resonance). Suppose that As-
sumption [[1 holds. Let M(s) be the kernel of M(m) in Hi/f and K(s) the

kernel of (H —m) in Hi{f Then M(s) and K(s) are finite dimensional and do
not depend on s € (1/2,p —1/2). So we write M and K and we have

M=K

Proof. See also [[K79, Lemma 3.1].
Let u € K(s), then (D, + V —m)u = 0 and u € Hi/f, so Vu € Hpils/Q

and since p — s > 1/2, s > 1/2, and s + p — s > 2, we obtain, by Proposi-
tion A4, (D, —m) ™" (D — m)u = (D, —m) ™ Vu € Hi/SQ For any ¢ € C§°,

(¢ (D =m) ™" (D = m)u) = (Do = m) (D = m) ™" $,u) = (,u),

we obtain (D, —m)(Dy,—m) " Vu = Vu and (Dy, —m) (w4 (Dyy — m) ™ V) =
0. Since D,, — m has no kernel in Hif, because there’s no harmonic function
in L2, we obtain u + (D,, —m) " Vu = 0. Hence, we have K(s) C M(s).

Conversely, I + (D,, —m)~ "V defines a Fredholm operator of B(Hi/f) Ifue
M(s) thenu € H? and (Dy,—m)~Vu € HY2. So we write 0 = (Dy, — m) (u+

(D —m)~" Vu) = (D, —m + V)u and we obtain M(s) C M(s).

Now we introduce I +V (D,, —m)~" € B(Hs_l/2), and its kernel NV (s) which
is finite dimensional is a Fredholm operator. We have that A (s) is decreasing
with s and M(s) is increasing. Since, by duality, dim M(s) = dim N (s), we

deduce that N(s) and K(s) = M(s) do not depend on s.

We are now able to conclude the proof of Proposition .3.
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Proof (Proof of Proposition ) Assumption gives = 0 and so with
Lemma P.9, one obtains M = 0. Hence M (m) is invertible since it is a Fred-
holm operator. We use Von Neumann series to obtain that M (z) is invertible

inB(Hi/f) for o0 >1/2,2 <0+ ¢’ < pand some ¢’ > 1/2 and

So for A > m close enough to m,

M*T\) = 6132% M(X\+ie)™!

exists in B (Hi/f) for o > 1/2 with 2 < 0+0’ < p and some o’ > 1/2. We obtain

o2l —o

that lim+ Ry (X + ie) exists in B (Hfl/Q,Hl/Q) foroc>1/2and o > o" >1/2
e—0

with 0 +0” > 2,2 < 0+ ¢’ < p and some o’ > 1/2.
Using Proposition @, we prove that if 1/24+k < o, and o/ +1/2+ k < p then

k —
%M*W —o(WA—m "

—0

in B (H:;//Q,Hlp) for k € N* as A — m™. Since we have

d d
—F\)t=—-F\) T —<F\) ) F(\) !
FEN = —F0 (P P
for matrix valued differentiable function F' with invertible values, we obtain
for k € N* the estimate
d* -
M) =0(VA - m 2,

in B (Hi/f) with 1/24+ k <o and 0 +1/2+k < p as A — m™. So by Leibniz

formula, we also have for k € N*
SEREN) = oA —m T,

inB(Hil/Q;Hlm) with1/2+j<o,1/24k—j<o and1/2+k—j+0<p

e —0o

for all j € {0,...,k} as A — m™. For the case k = 0, we have the formula
Rv(z) = RO(Z) (1 + VRo(Z))_l .
Since R (m) = R~ (m), this leads to
SR (m) =0,

and so
1/2

)
as A\ — m* in B (H;l/Q,H1/2) with 3/2 < o and o + 3/2 < p. Hence (B-3) is

—0

SREN) =O0(VA—m

proved.
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2.2. Step 2: Propagation far from thresholds. In this section, we prove Proposi-
tion P.2. We prove the propositions for ¢ > 0. Then using (e_‘tH) = el*f | the
result easily follows for ¢t < 0.

2.2.1. Proof of Proposition [2.4. Let us introduce
1
A=_{D'P. -PD;'}.
5 {Pn'P-Q+Q PD,'}

M99, Lemma 3.1] gives that A is an essentially self-adjoint operator and the
domain of its closure contains the domain of (Q). Proposition .3 is then a
consequence of the

Theorem 2.1 (Minimal escape velocity). Suppose that Assumptionlﬂ holds.
Then for any x € C§° bounded with support in (—oo, —m) U (m, +00), there ex-
ists O > 0 such that for any l € R, for any v € (0,0), and any a € R one
has

vt > 07 ||]]-AfafvtgoeiitHX(H)]]-AfaZO|| < Ctila
where C' do not depend a and t.

The proof will be given in Section . Let us now show that Theorem @
implies Proposition @

Proof (Proof of Proposition @) We notice that for ¢ > 0
(A7 =(A) " Traza +O1™"),
when ¢ > 0, this leads to

(A) e () () = (A) L, e ()L g5 (A)7 +0(70),

So if we choose a = —% and v = 0 — 5 in Theorem R.1], we obtain

I(A) e X (H)(A)~*|| < Ot~ mn(e D,
Then we prove that (A)*(Q)~* is bounded for any positive . It is quite immedi-
ate for integer a using multi-commutator expansion [HSO00, Identity (B.24)]. To

prove it for any positive real, we use , Identity (1.2)]. This identity states
that for a self adjoint with B > 1 and a positive real 3, we have on domain

of Blol+1
po _ sin(™{f}) /+°° w{ﬁ}ilde[ﬁ]Jrl
T o BHw ’

where {3} = 3—[3] and [3] is the integer part. With this formula for B = (A)2*
for any k € N, we prove for any 3 €]0, 1] that

()26 < C(Q)*5.

This ends the proof of Proposition @
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2.2.2. Proof of Theorem @ Our proof of Theorem E is an adaptation of the
one of [HSS99], we make some modifications.

For any self-adjoint operator B with domain D(B), we write Ad(B) for the
operator [A, B] with domain D(A) N D(B) dense in D(B), defined by

Yu,v € D(A) N D(B), (i[A, Blu,v) = i({Bu, Av) — (Au, Bv)).

First of all, we have

Lemma 2.3. Suppose that Assumption holds. Then Ad¥(H) is bounded and
can be written as a finite sum of terms of the form

f(P)g(Q)h(P)

where f and h are rational fractions with coefficients in My4(C) of degree at
most 0 with no poles, and g is a function that satisfies Assumption [1.1.

Proof. The proof is a simple calculation based on the fact that Adp, (f(Q)) =
—1(V;)(Q).

We can state the

Lemma 2.4 (Mourre estimate). If V satisfies Assumption , then for any
0 € (0,1) there exists v > 0, one has

1 g milH, AL g > mar > 01 5> ma0

and for any A € (—oo, —m) U (+m, +00) for any § > 0 there exists € > 0 such
that

. A2
1oy <ei[H, Al g_y<e > (\/ﬁ - 5) gy <e-
Proof. This is a consequence of i[D,,, A] = fme and [V, A] is a compact

operator in B(L?(R3?,C%)).

We now adapt [, Theorem 1.1] to the case of unbounded energy since
here the multi-commutators Ad¥ (H) are bounded operators. We need the We
introduce the

Definition 2.1. We call generalized indicator function of R™ a function of the
form

u(x)

xr—e = lg-(x)

with u € C§°(R) supported in [—n,n] (for some n > 0), nonnegative, and such
that w(0) = 1.

Note that our generalized indicator function of R~ are of infinite order in
the sense of [ASS9Y, Section 2]. Using the commutators expansion presented
in [EES0(, Section B] and the Mourre estimate of Lemma P.4, we have the
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Lemma 2.5. Let f be a generalized indicator function of R~ and g € C*°(R)
with support sufficiently far from thresholds £m or support sufficiently small in
(=00, —m) U (+m, +o0). Let be Ay = s7*{A—a} and 0 < ¢ < 1. Then for
any n € N and § > 0 there exists a C > 0 independent of a € R such that
fors>1

g(H)i[H, f(As)]g(H) < s~ '0g(H)f'(As)g(H)
+CsT o g(H) 0 (A)g(H) + Cs™Cr1=9 g% (H).

Proof. See , Lemma 2.1], in our case we don’t need to replace H by
b(H)H with b € C5°. Indeed, our commutators AdY (H) are bounded by means
of Lemma P.3. Then we replace the notion of function of order p by the one
of generalized indicator function. Finally, we use the fact that a generalized
indicator function f satisfies

VEk €N, Vs € (0,1), 3C > 0, \f““)\ <CIf*°.

We are now able to give the

Proof (Proof of Theorem @) We write x as a finite sum of function g; € C*(R)
with support sufficiently far from thresholds £m or support sufficiently small in
(=00, —m) U (+m, 4+00). If we prove the theorem for g; instead of x the theorem
follows by summing each estimates for g; since the sum is finite. In the rest of
the proof, we will not write the index j of g.

We notice that if 0 < v < § —n and if F' is a positive non increasing C°°-function
which equals 0 on Rt and 1 on (—oo, —n), we have

A—-a
]l(Afafvs)<0 <F ( - 9) .

S

Now suppose F' is a generalized indicator function of R~. We consider
F(s7'{A—a—0t})

and study the time evolution of the observable g(H)f(As)g(H), where f = F?,
with respect to e 71 4_,~0. That is to say we study

(7 M aasotr g (H) f(Au)g(H)e ™ M s o).

We work exactly as in the proof of , Theorem 1.1]. Hence using Lemma @
we obtain for 0 <t <sand s > 1

(e 4 asot, g(H) f(Ars)g(H)e 14 o0tp) < Cs‘<2n_2_8)||1/’”2
+Csi7e /Ot<e_itH11A—a>o¢,Q(H)f(Ats)Q(H)e_itHﬂA—wOw)l_é||¢||26-
Then using the Gronwall’s lemma (see [’ Lemma 7.A.1]), we obtain
(€™ M A a0t g(H) f(Ats)g(H)e P La—ax0t))
< {ossen--a g 1 sos—e

so if we choose a small § and a big n, the proof is done if we choose s = max {1, ¢}.
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3. Proof of Theorem E: dispersive estimates

Dispersive estimates for Schrodinger operators with electric potentials take place
in Lebesgue spaces. This fact permits to use simple perturbation methods (like
Duhamel’s formula) to prove the decay estimates for perturbed Schrodinger
equations. Unfortunately, we have only been able to prove dispersive estimates
for Dirac operators in Besov spaces, so it was not possible for us to use Duhamel’s
formula or other perturbation method used for Schrédinger operators.

We notice that in the case of a Dirac operator with scalar potentials (matrix
valued functions colinear with ), the square of the Dirac equation gives four
coupled Klein-Gordon equations with an electrostatic potential. This permits to
use results on the Klein-Gordon equation. For example, Yajima ] proved
dispersive estimates for the Klein-Gordon equation by using wave operators as-
sociated with Schrédinger operators including an electrostatic potential. But in
the general case, by taking the square of a Dirac operator with a potential, we
obtain also a magnetic potential. Hence the method used by Yajima does not
work in our case.

To our knowledge the only one study of the dispersive estimates associated
with the Dirac equation, is the the work of D’Anconna and Fanelli [DI for the
massless case. For non zero mass we have not been able to found any reference.
Even for the free case for which dispersive estimates can be deduced from those
of Klein-Gordon equation. Here, to give a sketch of the proof for the general
case, we first prove the free case estimates (see Section @), using estimates
on oscillatory integrals of Section @ In Section @, following Cuccagna and
Schirmer [, we introduce the distorted plane waves. This permits us to
tackle the proof of the general case in Section [3.3.9.

3.1. Estimates on some oscillatory integrals. Here, we state some stationary
phase type results which will be useful for the rest of the proof. We denote
by S? the unit sphere of R3.

Lemma 3.1. Let be f € C1(S?) and for any v € S? and any k € R define

Jo(k) = /S M) f) d

Then we have

|Jv(k)|§% Z/S i C 2/2 V7w I‘O" dwy,  (3.1)

<1 2|w_“||a‘ <1757 lw+v

where C' does not depend on f, k or v.

If f is in C%(S?) with f(v) = f(—v) = 0, we have

IJU(/f)IS<kC3/2 Z/ [v* aJ;|a| Z/ @l . (3.2)

aje17/8? |w laj<1”/5? |W+U|la‘

where C' does not depend on f, k or v.
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If f is in C%(S?) and vanishes in a neighborhood of v and —v, we have

V2 f(w) V2 f(w)
C Z|a\g1 f52 W dw Z|a\g1 fs2 W dw

|Jo (k)] < (k)2 dist(supp(f), v) * dist(supp(f), —v) ’

(3.3)

where C' does not depend on f, k or v.

Proof. We can suppose v = (0,0,1) since estimate (B.1), (B.9) and (B.3) are
invariant under the action of rotations. We have

2m T
Bk = [ [ e (6, 6)sino) o,
o Jo
then we make an integration by parts in ¢

Jv(k) - _% /OQW {eik{17COS(¢)}f(97 (b)}w dao

0
. 2T T

+ 2 / / eik1=cos(@} g, £(9, 8) dedf,
k 0 0

If we suppose that f vanishes in a neighborhood of v or —v, then we use that
for any ¢’

£6.8)] < / 10,1(0,6)] do

to obtain (B.J)) in this case. Otherwise with help of a smooth cut-off, we split the
integral in two parts, each one has a support far from v or —v. Repeating the
previous proof for each part, we prove the estimate (@) in the general case.

If moreover we have f(v) = f(—v) = 0 then we have for any o > 0

. 2m o
Ju(k) = 7 / / =@, £(0, ¢) dodo
k/’ 0 0
. 2m ™
+%/ / eik{1—605(¢)}3¢f(97¢)d¢d9
0 Jr—a

. 27 T—Q
N % / / Rtl=cos@} g, (0, ¢) dedo.
0 «

We use an integration by parts to obtain for the second term of the right hand
side

Y k{1—cos(e)} i ik{i—cos(o)} Daf(0,0) 17
| 010,040 = 1 |¢ roall

_ l e ik{1—cos(¢)} aif(e’qﬁ) . COS(¢)a¢f(9,¢)
/ ettt { sin() sin(¢)? .

k

[e3
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for the other terms of the right hand side direct estimations give us

Ca [?™
) < T / sup 1950, )] o

C 27 27
+W/o {Sup|8¢f |d0+/ /\8¢f )yd¢d9},

choosing o = +/[k] ~ and working like in the proof of the estimate (B.I)), we
obtain estimate (é) The reader recognized the proof of the well known Van
der Corput Lemma with modification in order to give precise estimates.

For the estimate (B.3), we first split the integral J, (k) in two hemispheres with
respect to the pole v and we choose a = dist(supp(f), v) or = dist(supp(f), —v).

We obtain first the

Proposition 3.1. Let h € C(R) and g € C*(R3) be such that the integrals ap-
pearing in the following estimate are finite. Then defining

k) = [ eM00D-ETg(6) g

for any v € R? and any k € R, we have

lex|

1l < e § [ e SRS g, [ e S g

g(§)
|k:u| || <1 u ¢
Tul T 76T

lul — T€l

(3.4)
where C' does not depend on h, g, k or u.
If moreover g vanishes in a cone of axis D = Span(u), we have

1k, < — c .
|ku|” dist(supp(g) N S2, D N S?)

2|a| -2 ‘ 2|a]—2 | |
X ‘Iéllagi / €] \al dfa/ €] T

Tl ~ RaE
where C' does not depend on h, g, k or u.
Proof. We write
I(k,u) = /}RS eik{h(\i\)—éu}g(sc) d¢ = . eik{h(p)_p‘ul}J‘—g‘,p(pk|u|)p2 dp,

where J, ,(k) = [5. e 1=vwlg(pw) dw and we apply Lemma B.1.

We introduce a first useful variant with the
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Proposition 3.2. Let g € C**(R3) be such that the integrals appearing in the
following estimate are finite. We introduce

F(x):/ eilellel=¢-2} g ) g
R3
for any x € R3. Then for all « € N® such that |a| < k we have

1811 [VPg(¢)]

|[VEF(x)
\T |§|‘

€ dg o . (3.5)

< _
< 2T pi<itlal | Jra

If moreover g vanishes in a half cone of axis DT = {pﬁ, pE R+}. Then for
all « € N3 such that |a| < k, we have

C
*F <
IVEF(@)] < |z|lel+2dist (supp(g) N S2, Dt N 52) x

jgpei-2 Y201 >" dt. (36)
Tal — I€]

Proof. The critical points correspond to the the semi axis spanned by x. We treat
the part of the integrals which is far from critical points by using an integration

by parts with help of the operator L = ﬁ Ve. Let be ¢(z,€) = {|¢]|z|—
FHTET ™ el

X max
18] <2+ R3

¢ - x}, we have
F(@) = (L9, g) = (6969, L),

with
2

N
l2llé] | i - &
-~ [B|=1 |8

£ r;lx{ JRCEEOT |d5}

C
oF B {/R E1P1=1 VP g(e)] dﬁ} :

we obtain Estimate (E) for a = 0. The method to treat the other part of the
integral is exactly the one we used in the proof of Proposition
For higher order derivatives, we have

L*=—-L-

This gives the bound

or after an iteration

v,eikoe) _ Llg koo
X

and so

(Ve ) g) = T |< "), V|Qlg).
the result is then obtained by applying this trick |a| times and then repeating
our proof for the case & = 0, we obtain Estimates (B.5)) and (B.g) for V*F(x).
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And finally, we need the

Proposition 3.3. Let be g € C*(R3) with compact support. Then for any u €
R3, k € R and
1) = [ SVEEE () de
R3

we have

[I(k,u)| < %max max {/
1354 loj<2 | Jgs

| Hm\.a <f>\

max

€1 vt d

d¢ ] (3.7)

2 <1 u
. m n<l1 Tu] — \E\
l,| T
z€supp(g) ~/x2—|—m2

Proof. We can suppose u = (0,0, |u|) since estimate (B.7) is invariant under the
action of rotations.

The oscillatory integral I(k,u) is bounded and critical points of the phase
of I(k,u) are supported by the semi axis spanned by u. With help of a smooth
cut-off function x , we split the integral in two parts I(k,u) = I (k,u) + I2(k, u),
where I (k,u) is supported in a half cone around u. We then use multiple inte-
grations by parts with help of the operator

3 _

u
/€2 1 m2
L=—Y" S Ve.
1 ’ o
Since (1 — x) g € C*(R3) has support far from critical points and since for A\(£) =
V&2 + m? we have HV?)\(f)H < Co A1l | we obtain

(k. w)l < 7 ZHA Q)1 1

|a\<1

and
[11(k,u)] < ZHA Q)1 | 1.

|| <2

Otherwise Iz(k,u) has support in a small cone around u, and we have
k) = [ VIR ag
R3
_ /]R+ VT IEl) 7w (okul)p? d,

with

Toph) = [ M7 1500)
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where g = yg. We obtain after an integration by parts

: 27 T
Toal®) = =3 [ [0 NG00, )] a0
0 0
: 27 ™
tr / / MO 0y 5(puo 6, 9)) o,
0 0

Since we assumed g is supported in half cone around u, we have g(pw(6, 7)) = 0.
Hence we obtain

Doty =1 [ [ 00ttt ) at

: 2m ™
T / / MO 0y 5(puo 6, 9)) o,
0 0

and so

. 27 e
Bh) = g [ [ [ VP00, 5(00,6)) dodtp dy
Fd e o )

i S s . _
e L[ S o G no(0,0) dvatpap. (3.9

Let us now study the decay resulting from the dispersive behavior of the radial
part. To this end, we follow the proof of the well-known Van Der Corput lemma.
We study

Lk, u,¢,¢',0) = /]R+ IRV Tm2—plul cos(6)} 9 5 s (6, 6))p dp.

Notice that, in view of @), we are only interested by L(k,u,¢,¢,0) and
L(k,u,,0,0). First, for any differentiable function on R such that |f'| > 1,
we have for any o € R

A{teR; |[f()] < a}) <a, (3.9)

for A the Lebesgue measure. We introduce

h(p) = v/p? +m? — plu| cos(¢),
and we apply (B.d) to
9ph(p)
inf {]02h(|z))|}

zesupp(g)

flp) =

We notice that alfh(p) does not depend on u or ¢’. With help of a smooth cut-off
function, we split the integral L in two parts, one has support

{p eR"; |f(p)| < a}
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and the other is its complementary. In fact, we obtain exactly three interval
corresponding to

{peR"; f(p) < —a}, {peRT; —a< flp)<a}, {peRTia<f(p}.

In the first and third interval, we make an integration by parts and in the second
interval, we use Estimate (@) Hence we obtain the bound

|L(k,u, ¢, ¢',0)] <

1
max {p|0s9(pw (8, ¢))| }
alk]  inf {|32 h(|$|)|} . ’

o~ xT
z€supp(g) I=!

max | «,

1
+
alk| inf O h(|x
M, _inf {108 pa)]}

X

<o [ 10,3t000.00) dan. [ plo,diitpet0.0)| o).
We use
plsatpe0.0)| < 2 [ oiatrat. o) an. [ vioviiteto.0) arl

and then choose

1
o= ,

k inf 8% h
w it {1t peh}

and plugging the resulting estimates for ¢’ = 0 and ¢’ = ¢ in (@), we obtain
estimate (@)

3.2. Dispersive estimates for the free case equation. Thanks to the tools intro-
duced in Section @, we are able to state the

Theorem 3.1 (Dispersive estimates for free Dirac operator). For anyp €
[1,2], for all 0 € [0;1], for all s,s" € R, such that s —s" > (£ — 1)(2+0) and

q € [1,00], we have

2
p

—itDy, 2_1q

||e=itD HB;WB;;QS(K(t))p ,
with

o { 702 [t < [0, 1],

702 i Jt) e 1, 00),

and p' = pL.
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Proof. The proof is a straightforward adaptation of the one of Brenner in Ap-
pendix 2 of ] for the Klein-Gordon equation. We give a sketch of the proof
for the reader’s convenience. Note that the proof of Theorem E, for non zero
potential, is based on the same ideas.

We only need to prove the case p = 1, since the general case follows by interpo-
lation of the case p = 1 and the charge conservation which corresponds to the
case p = 2. Then using D, = vV—A+m?(ry — 7_) with 7y = Lg+(Dy,) =
3 {1 % |Dm|™' Dy, }, we obtain the estimates from those relative to the relativis-

tic Schrodinger operator v —A + m2:
—itvV—A+m?2
lle Il 55

$ B, < K(t)
which in turn follow from

Proposition 3.4. For any x € D(R3?,C*), we define x;(z) = x(277|z|). Then
for ¢ €10,1], we have:

- if 0 ¢ supp(x),

eV A5 G (V=At m?) [, pe < C2GH00 =050 (3.10)

where C' is independent of t and j.
- if 0 € supp(x),

e HV=ATMEN (A 4+ m?) |1, g < O ()32 (3.11)

where C' is independent t.

We postpone the proof of Proposition @ until the end of the proof of Theo-
rem B.1].

We have

|7V m A (VA m || < o2

interpolating with Estimate (B.10) of Proposition .4 for ¢’ = 0 when ¢ < 1 and
using Estimate (B.1() with 6/ = 6 for t > 1, one obtains

2 [lemtVEAEE (VAT ) £ < Oy (027161
with
; g [T < 1
(1) = 9J(2+0+s" —s) | S
KJ( ) |t|—1—9/2 if |t| > 1.
We use

supk; < CK(t)
JEN

if 2+ 6 < s — s’ and Estimate (B.11]) to prove Theorem B.1]. Hence to conclude
the proof, we need to give the
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Proof (Proof of Proposition ) Estimates of the same type, but for B (LP, Lp/)

spaces with p € [4/3,2] can be found in [[MSWS8(,MSW79]. In the present case
p = 1 a proof can be found in [Bre77. This proof, which covers a much more
general situation, is quite complicated. We propose here a simpler proof inspired

by [CSO1]. The kernel of e~V =4+m*y . (y/— A + m?2) is given by (27)%/2 K (z —

y) where
Kj ((E, t) = /]R3 €_it v f2+m2+m‘ij(v €2 + m2) d€

Hence, we estimate the L°° norm of K.
If |z|/]t| < 2971/v/22-2 + m?2 or |z|/|t| > 1, we use non stationary phase
<

— T

\/£2 2 . .
—Yetms . V. Hence, in this case,
t‘ S S

VE24+m?2 ’

lemma in R3 with help of the operator L =

we obtain the estimate

/ emiVEFmI ey fer m2)d§‘ < Cp2- =iy,
RS

for any n € N. Otherwise, we apply Proposition @ with h(r) = vr2 4+ m?,
k=t u=ua/t and g(z) = x;(|z|). So if 0 ¢ supp(x), to obtain

/ eIV TIIE (73 ) d«s‘
R3
R3

— Imax
It] 181<1 g L‘
o] = Te]

C2%
< .
It]

Notice that in this case, |z|/[t| > ¢/ > 0. If instead of Proposition B.1, we use

Proposition with g = x;, k =t and v = z/t, we prove the estimate
239
. < =
|KJ (1'5 t)| — |t|3/2

The estimate (B.10) is then obtained by interpolation. For (B.11), we use the
classical stationary (Morse lemma) and non-stationary phase methods (integra-
tion by parts) in R®. For more details about the method one can look at the end
of the proof of Proposition E This ends the proof of@.

This ends the proof of Theorem @

3.8. Distorted Plane Waves. Our aim is now to generalize the previous method
to the perturbed case. Let us introduce the wave operators

W* = lim etPntV)e=itbn (3.12)

t—+oo
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(for the existence and the completeness : Ran(W*) = Ran(P.(H)) of these
operator see [GMOT, Theorem 1.5]). With the intertwining property

FH)WS = W* f(Dn), (3.13)

for any bounded borelian function f, and Fourier transform F, we shall obtain
for h(¢§) =a-&+mpB

€7itHPC(H) _ W:tefitmeﬂ:* _ W:ﬁ:]_-efith(Q) (W:ﬂ:]_‘)* )

So we can adapt the previous method if we are able to prove some estimates
about the kernel 1y, of W*F. The kernel ¢ is called distorted plane wave. We
notice that ¥y is a 4 X 4 matrix valued function.

We will show that the previous method works with 115, x; in place of x; with
small modifications. So we need estimates on ¥y . Generally, distorted plane
waves are studied like perturbations of free plane waves. So we will prove esti-
mates on the perturbative part, written w in the sequel.

3.8.1. Definition and properties. We need to introduce the free plane wave. Let
h(k)=a-k+mp

for any k € R3, notice that D,,, = h(P). This hermitian matrix has for eigenvec-
tors the ‘ )
Vi (k,x) = e*Tu(k)e;

where

k) (m—+ Ak)Id - Ba-k
u =

V2A(k)(m + A(k))
with A(k) = Vk* + m? and (e;); are vectors of the canonical basis of C*. For

more details see [Tha99, Section 1.4, Section 1.F].
By definition, a distorted plane wave is a solution of the PDO equation

(Dun + V)b = £/k2 + m2¢ (3.15)

with for some j and any k € R3, ¥(k,z) — z/;é(k:, z) tending to zero as x goes to
infinity (in some sense), see | , section 5].
A solution of (B.15) is a function ¢ (k, z) of two variables here k is a 3-dimensional

vector which is called the wave vector. A free plane wave 1/16 satisfies the PDO
equation (B.17) in the case V = 0. Following [Rgm?75], we introduce two families

of function

(3.14)

W (k2) = (k. 2) = { BE ORIV U (k, ) | (@)
for j € {1,2} and

W (k@) = (k@) = { RV (ARDV U (k. | (@)

for j € {3,4}. The rest of the proof works also for Ry, instead of Ry, (the trace
of the resolvent R was introduced in (R.)).

In case there is no resonance at thresholds and no eigenvalue at thresholds,
Theorem [L.] gives us that RJ‘;%)) is in B(L2,L? ) for any o > 5/2, this also
work if o > 1 see Proposition below. So the previous definition make sense
if Assumption holds and we have the
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Proposition 3.5. Suppose that Assumptions @ and hold. Then for any k €
R?\ {0}, ¥, (k,x) satisfies equation ()

Distorted plane waves define a generalized Fourier transform. We introduce
v (k, ) € My(C) the matrix with vector column 7, (k, z) and we define

FNE = [ dvika)f@) ds

which is a priori defined on the Schwartz space S(R3, C*) but will be extended
to L2.

Distorted plane waves are also called generalized eigenfunctions, since they cor-
respond to “eigenvalues” associated with the continuous spectrum. Indeed, we
can prove the

Theorem 3.2 (Eigenfunction Expansion). The operator Fy defines a bounded
linear map from L? into itself. Its kernel is given by the the sum of the eigenspaces
of H. Moreover it is a unitary map from P.(H)L? onto L*(R3) with

(Fyf)(x) = lim [ oy (k,x)" f(k) dk,

n—oo K.

for any (K,)nen a family of compact sets with K,, C K, 1 and UpenK, = R3.
Finally, for any interval I C R, one has

s = [ \Fo P2 di (3.16)
o (A(k)NI#D

where o(h(k)) is the spectrum of h(k).

Proof. The proof is an easy adaptation of the proof of [, Theorem 6.2]
(see also , Theorem XI.41]), the main difference is that here we insert
the unitary matrix u defined in (B.14)). Formula (B.14) is nothing more than an

adaptation of [Agm7d, Formula (6.6)] or [RS7d, Formula 82¢].

We also have the

Lemma 3.2 (Intertwining Property). Let g be a bounded borelian function
with support in R\ (—m, m) , we have

Fvg(H) = (g0 h)Fy. (3.17)

Proof. Using (B.16), we obtain that (B.17) is true for g = 1; with I an interval
of R\ (—m, m). We then obtain it for bounded borelian function with support
in R\ (—=m, m), usual density arguments and properties of functional calculus.
More precisely, we use the fact that a bounded sequence of borelian functions
which converges everywhere gives a sequence of bounded operators which con-
verge strongly.
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Hence we deduce that, for any x € C5°(R), the kernel of e~y (H) is given by
[T NP (@) = | v (k@)™ M Ox (k) (k. ) dk.
which exactly means

e HIX(H)Pe(H) = (Fy) e "x(h)Fy (3.18)

We recall that we want to prove the decay of e ##y(H) as t — 400 in some
Besov spaces. We observe that

e KDy (h(k)) = e TN (A (k) Py (k) + Ry (=X (k) P (k),

where P (k) (resp. P_(k)) is the projector associated with the positive (resp.
negative) part of the spectrum of h(k), i.e.

1 h(k)
Prky==(1+—=%).
=5 (14555
Hence, in the following we study the functions

(@.0) € B B o [ T (P (k)" (P (6.) x(h() d.

3.3.2. End of the proof of Theorem . We now prove Theorem @ with help of
three propositions which will be proven in Section . These propositions give
some estimates on the perturbed part of the distorted plane wave. Following
Cuccagna and Schirmer in [[CSO0], we write ¢y (k,z) = % (u(k) + w(k, z))
where w is the perturbation part which satisfies

e RE(+AKR) {Ver Qu(k); }} (z), if e {1, 2},
w(k’x)J_{e_””{RE(—)\(k)){Veik‘Qu(k)j}}(:1:), it jegs ay 19

and we now state our propositions.

Proposition 3.6. Suppose that Assumptions and @ hold. Then there ex-
ists C' > 0 such that for any k, x € R3\ {0}, and any 8 € N> with |3| < 1, one
has

C <x>\ﬂl
(k)!8I <|$| \_i\ _%D

(min{|z|, |k|}) 5.
(k) <min{|z|, K|} |§_| - Wk|’>

‘Vfw(k, x)‘ < (3.20)

Moreover one has

Viw(k,z)] <C

(3.21)
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We use this to prove the time decay in [t|~!. Unfortunately this doesn’t work
for the |t|=3/2 decay, hence we then study

x), if j € {1, 2},

_ eiWR¢<+A ) Vet tuo, )
(k);}} (), ifje{3,4},

’U(k/’,x)j - {e‘ikm {R‘J;( {V@lk Qu (322)

and

(), ifje{1,2},
V(x), ifje {3, 4}.
(3.23)

o ei|k||x|{VkR‘J;(+/\ {veik-% !
’U( yL)j = €7i|k||x| {ka‘t( {Velk Qu j}

One has the

Proposition 3.7. Suppose that Assumptions B and @ hold. Then if p > 3+
|B| for some B € N3, there exists C' > 0 such that for any k, v € R3\ {0}, one
has

C .
&)

Proposition 3.8. Suppose that Assumptions @ and @ hold. Then if p > 3+
|B| for some B € N3, there exists C' > 0 such that for any k, v € R3\ {0}, one
has

IViu(k, z)| <
(|a] |2

(minflel, (K}
(k) (min{lal, K1} | 2 - &)

Using Proposition B.6, B.7 and B.g (which are proved in Section below), let
us prove the following

V25 (k, z)| <

Proposition 3.9. Suppose that Assumptions B and @ hold. Then we have
for x € C§°(R) with support in R\ [—=m;m] for any 0 € [0,1] and j € N,

C2(2+0)j
—itH
le™ X @I o e < e (3-24)
with C' independent of t and j.
We also have for x € C§°(R), for any 6 € [0,1]
TN (H)P(H < © 3.25
le™ xR o < 57 (3.25)

with C independent of t.

Proof. The proof works like the one of Proposition @ with some modifications
due to the fact that high derivatives in k of w(k, z) grow with respect to z.
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We need the L* norm of the kernel of e~y (277 H). This kernel thanks
to (B.18) is given by
Lity) = [ WIS P (9 (©) + u (@.9))
< APLOE) + wly, O} X(2IAE) de
+ [ VIR P () +u(@.9))
< (P(O)(u(E) + wly. ) x(~2IAE) de.

We notice that if we expand each integrand in terms of u and w, we obtain the
sum of the integrals

+ /
[z, )t 2,y)

= /R ETIVE TP (€)27 (2, €) ()7 (3, ) x(£27A(€)) dé.

with z, 2" € {u, w}. We notice that I;r [u, u](t, z,y) + I [u,u](t,z,y) is the kernel
of e=#Pmy;(D,,), hence we only treat the other integrals.

For the [t|~! decay, if |z — y|/|t] < 2971/v/22-2 +m2 or |x — y|/|t| > 1, the
phase has no critical point. We use an integration by parts in R® with help of
the operator

§2+m2
=" /.y,
fle
/§2+m2
So with the estimate (B-20) of Proposition B.q and with

C
S Tel
§

¢
O e

we obtain the estimate

I [z, 2)(t, 2, y)| < C2%7J¢] 7,

with C independent of j and t.

Otherwise if |x%|/|t| > ¢ > 0, using first (B.4) of Proposition B.1 and then (B.21))

of Proposition we infer

I [z, 2)(t, ,y) | < C2%9 [t

with C independent of j and t.
For the |t|=3/2 decay, first if |z — y|/[t| > ¢ > 0, we write

J

e tay) = [ eV (ol — )
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where
To(k) = /S D Py ()" (1, ) P ()2 (3, ) X(E2 A () o

We can suppose v = (0;0; 1) and so

27 e
= [ e b (o6, 0 (2,0, ) x
0 0
X Pe(p(0, 0))2 (g, po(0, 9) px(27/A(pw(0, 6))) sin(6)dodo.
An integration by parts in ¢ gives

27
% /O [eik(l_cos(¢)){Pi(pw(9,(b))z* (x,pw(9,¢))><

x Piw(e 0))2 (g, po(0, 9)) px(E27 Np (0, 6)))] 5 0
1 7r/ k(1= COSW»%{Pi(pw(@ Nz*(z, pw(8, ) x

X Pe(p(0, )2 (5, po(0, NX(E2 I A (6,))) } (6) dipdd.

The integrand of the first term can be rewritten in order to obtain a sum of
two integral in ¢ over the interval [0,7]. To this end, we introduce a smooth
cut-off function which splits [0, 7] in two parts one is a neighborhood of 0 and
the other a neighborhood of 7. Then most of the terms obtained after derivation
can be treated by the method used for the [t|~! decay. Only the two terms
where derivatives of z and 2z’ appear need a particular treatment. Now we have
to distinguish the case z = 2’ = w from the two others where z = u or 2’ = u.
If z = 2/ = w, the terms which need a particular treatment are bounded by C|t|~*
times the supremum in ¢’ of the Ly ,([0,7] x [0,27]) of

Jo (k) =

L;%n,m(t’ z,y,0,¢') = /]R+ TV m? Siple —ylcosd!) {P:I:(pw)agz*(z’ pw)} X

X { Ps(pw(0,¢))05" 2 (y, pw (0, 9)) } X (2277 X(pw (0, ¢))) pdp,

with n,m € N such that n +m = 1. It is a sum of terms of the form

/ eit{q: p2+m2—p‘ (cos(¢ )— cos(d))) ‘+a /p‘y‘ } %
R+

X {Pi (pw)k.i (e—in)agz*(x, pw)) ' l} X

X {Pi(Pw(9a¢))l,k’ (3$Z'(y,pw(9,¢))e“”(’“’y)) }x(iQ‘jA(pw(G,aﬁ)))pdp-

ki
where ¢ is the angle between ‘z—:y&‘ and the z—axis and 9(z, k) € M4(C) is given
by

((lelkl +a - k)l Oc2 >
O(CZ (—|.’L‘||k| +.Tk)[c2 ’
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and g;,&;/ € {+1}. We introduce

K(p) = {Pi(ﬁ'w)k,i (e—iw(k,w)agz*(x, pw))i,l}

and
{P:I: (pw(@, ¢))l,k/ (8$Z/(y, pw(e, ¢))eiw(k7y))k, i,} 7
d(p) = FVp* +m? — p@ (cos(¢’) — cos(¢)) — aip% + Ei/P%
and o
1) = —— ol |
z@&?ﬁ(){j) {1056(|x|, M}

With help of a smooth cut-off function, we split the integral in two parts. One
has support {t € R; |f(t)| < a} on which we use the estimate

A{teR; [f(t) < a}) <a,

for A the Lebesgue measure, since |f’| > 1. The other is its complementary, in
which we make an integration by parts. We obtain the estimate

1
X
: 2
ot f {1530(0)]}

x max{/Aj (@K} /A K (p)] dp; 27 /A {p|K<p>|}},

where A; = g~ {supp(y;)} with g(p) = \/p2 + m2. Hence with (B.21]) of Propo-
sition @, Proposition and decay of derivatives of P, we can choose a =
92/,/f " and we obtain the bound of (B.24) in this case.

For the case (z,2') = (u,w) (the case (z,2') = (w,u) is similar), we study by
the same way the integral

| T [r,7')(t, 2, y)| < Camax {p|K(p)|} +
PEA;

/ STV —p 2 (cos(6) —cos(@) —eup ¥}
R+

x { [Py (pw)is (932" (. ), } %
x {Pﬂpw(e,m)l,k/ (a;”z'<y,pw<e,¢>>ei“’“y’)k/,i/} :
X X(£27 A(pw (6, ¢)))} pdp,
where qz is the angle between ‘—yl‘ and the z—axis.

If |z — y|/|t] < 1, we can suppose |z — y|/|t| < [£]/(2+/€2 er;él for any £ €

supp(x;) and instead of applying the trick of the proof of Lemma B.1| (integration
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by parts with respect to an angular variables) to the integral Iji [2,2'](t, x, y),
we make an integration by parts with help of
el

&l 4 &  z—y’
€2 4 m2 3] t

The rest of the proof is the same.

We now turn to the proof of estimate (), the kernel of the operator is given
by a sum of terms of the form

Ii[z,zl](t,x,y) _ / e$it,/§2+m2€7i§~(x7y)x
R3

J

x {Px(§)2" (z, ) Pr(§)2 (4, )} X(EA(E)) dé.

We first notice that Proposition @ implies that this integral is bounded. Then
we split the integral in two parts. One is supported in a small neighborhood of
the critical point of the phase, the other is its complementary. To treat this last

integral we work exactly like the case “@ < 17, just mentioned above. For
the other one, we apply the Morse lemma to reduced the study to

[, 7 AP FOIPLO) 0. S R de =
L [ o { patstomns @ st
S2 JR+

% Pu(f(p))? (0, f(pw>>}>z<f<pw>> dpd

where Y is the product of an indicator of a small neighborhood of the critical
point with x(£A(+)). Then an integration by parts in p and the Van Der Corput
lemma give @) when 6 = 1. Since we have that the integral is bounded the
general case easily follows.

We are now able to write the proof of Theorem E, using Proposition @
Proof (Proof of Theorem ) We notice that
O (Dm)¢j(H) = Dy (D) Hp (H) — Dyl é1o(Din)V 6 (H)
= 27" (D)2 6 (H) — 27" ¢1.(Dyn)V b (H)
We can also use H~! since the support of ¢; is far from 0
&k (Dim) s (H) = Dim¢i (D) H 95 (H) — ¢1(H)VH ' ¢;(H)
or higher power in D;;! or H~' to obtain with (B.25)

) s 022+0)5 .
00D )e D 65 ()ox(Dp) 1, 1 < C2~ =1 2 gmrlai

for any reals r, v’ with C' independent of ¢, 7. Hence if r, v > 0, we work like
in the proof of Theorem B.] (i.e. like in Appendix 2 of [Bre77q]) to conclude the
proof.

It now remains to prove Proposition B.6, B.4 and B.§.
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3.3.3. Some estimates.

Estimates for w. We remind us of the definition of w in () and we introduce
RE(k) = e ™ ORE (£ (K))e* Q. (3.26)
We have

Lemma 3.3. For any o € N3, let be 0 > 4 + |a|. Then there exists C > 0 such
that for any k, x € R3\ {0}

C ()l
(kyled <|:c|

{veRsm)@7a} @) < o
|z K|

‘>||q||wz+a,m. (3.27)

We also have that there exists C > 0 such that for any k, x € R3\ {0}

vaégt(k)@)“’q} @‘
. C<x>a71 (min{|z|, |k|})
EY = iy <min{|x|, I} | — I%D

5llallwesian . (3.28)

Proof. We write

(R (k)(@)~q) (@)
/ e £kl lyl+k-y} {a (= —yla(z —y) + & Vale —y) } dy

drlyl (x —y)o+2 (x —y)°
eHEFIYIHRul g2 — y)

+ (a-kE+mpB L+ k) /}R3 P @)

We restrict our study to Rar (k) since the two cases are similar. Hence we only
need to estimate integrals of the form

R(k)(z) = /R ei{kym»y}% "

with u € Wy Tll>°(R3, C).
In a first step, a straightforward calculation shows that
VR R(E)(2)] < C ) |u] g (3.29)

if 0 > 3 + max{|a| — 1;0}. Then using the trick we used in the proof of Propo-
sition @, we obtain

ilel ) wlr — -
VER()@) = e [ e S S ),
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and so with (B.29), we infer

Ve R(k) ()] < S

< WHUHW\,&M% (3.30)

since o > 3 + max{|a| — 1,0}.
In a second step, we apply Estimate (B.J) of Proposition to R(k)(x), this
gives

Vi R(k)(2)]

C _ 1 u(r —-)
< —— max 18] 17’V5{7} ‘ d
= k[l <10l | Jrs o ’% _ ‘_z" Q| W) d

Hence we need to estimate on integral of the form

G(z,w) = / L L L dy
R

s |y|m (e —y)® | v ﬂu}
[yl

with w € S%, —|a| +1 < n < 2 and s > 0. To obtain appropriate estimates, we
use

1 T Y 1
o912 guax{loh ol [ = 2] + § 11l = o)
to write for 6,6’ > 0 such that 0 +6 =1,
1 1 1 1
G(r,w) <C [ i 775 dy
ws [y|™ ([z] — [yl) PR ST
el & — 1 Iyl
c 1 1
< / n—2 fs dr
mwmw7ﬁ>RH’<m—w
< Gl
2l (lof | = 5]

if s > 2 and s > 1 + max{2 — n;0}. Since G(0,w) is bounded, we obtain

C(z)lel
(le o = )
Hence, we obtain with estimate (3.3()

C (z)lel
e (o ’% ~ .

el

G(z,w) <

[VER(k)(z)] < (3.31)

>|U|Wd"+1v°°’

which gives estimate (B.27).

In a third step, if k/|k| # x/|z|, we split the integral for V¥R(k)(x) in two
parts with help of a smooth cut-off function defined in S? the support of which
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is a half cone determined by the bisector plane of the couple (k/|k|;x/|z|). So
we obtain V¥R(k)(xz) = Ri1(k)(z) + Ra(k)(z) with Ry(k)(x) having a support
containing x/|z| and Ra(k)(z) having a support containing k/|k|. We then apply
the estimate (@) of Proposition B.2 to Ry (k)(z) to obtain

C
Vi By (k)(z)] < X
|k|lal+2 ‘L _
[kl o]
_ 1 u(z —-) } ‘
Bl=2___ > |b
X  max \Y% d
1B1<2+|al /]RS i ’L _ i’ ’ { Q| )| dv
[k Tyl
This gives the estimate
o c (@)l
|ka1(k)(‘T)| S |k||a‘+2 X . 2||u||W‘\Ia\+2,aoa
’W o Tal
since 0 > 2+ |a|. Using (B.31]), we infer
C (z)lel
Vi Ra(k)(2)] < l[wll y1at+2.00
|| +1 . W
Y TRl | = )2
or, using (B30),
C <1.>|a\71

Vi Bi(k)(z)] <

QHUHWU‘QHZ’OO'

{1kl |t —

)

z _ Y
For Ro(z)(k), we use the inequality |z —y| > M to obtain

C(x)lel=1
Ro()(x) < ol g
elflal [~z he

since 0 > 3 + s + max{|a| — 1,0}. So now we easily deduce estimate (B.29).
For the sequel, we need the following
Lemma 3.4. Let be s € R and ¢ a C*> function such that there is o > 0 with

Ca
(@)

We have that [(P)®, $(Q)] is bounded from H} into H;: with ¢'+0 > q and t'+1 >
t+s.

Ya € N3, |V2(z)| <
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Proof. We want to prove that

/

(@P)'[(P)*, (Q)I(P)~" (@)~ (3.32)
is bounded in B(L?). Using the identity
[(P)*,6(Q)] = [(P)/2, 6(@QUP)*? + (P)**[(P)*2,6(Q)]
we reduce the proof to the case |s| < 1. And with the identity
[(P)* 6(Q)] = —(P)*[(P)~*, 6(Q))(P)”

we only need to study the case —1 < s < 0. The proof in this case is based on
the following identity for —1 < s <0

—sin(w {2 too 18}
(P)* = (-A+1)"* = (W{Q})/O o

So we have

(P 0(@) = Fro - A+ DT AL 40 (6(Q) + R

_(hmsine{s)) e wlEh (B(Q)—.

B o (CA+THwyml oA —At+1+w
A4 w
—A+14+w —A+1+4w?
operators of the form V*¢(Q). Hence we can repeat the previous computation
until we obtain only non positive powers of (P) in (B.33). So we only need to
prove that operators of the form

[(Q)7, 6(P)Q)™

with ¢ < ¢’ + 1 and ¢ satisfying the assumption of the lemma are bounded
in B(L?), we just repeat the previous calculation but we switch the role of P
and @. This ends the proof.

Then we use and we commute powers of (P) with

We now state a particular version of the Limiting Absorption Principle for H.

Proposition 3.10. We assume that Assumptions Iﬂ and hold. Then for
any o > 1 there exists C > 0 such that for any k € R3

HR\i/(k)HB(Lg,LiU) <C.

Proof. In fact, we just need to prove that for any o > 1 there exists C' > 0 such
that for any A € R\ (—m,m)

IRy Mgz, 2 ) < C.

Using Theorem @, we have that it is true if o > 5/2. Then we use Born
expansion

Ry,(\) = Rg (A) — Bg (WVEg (N) + By (WVR(N)VEg ()
and [[IM99, Theorem 2.1(i)] to end the proof.
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We are now able to give the

Proof (Proof of Proposition @) We only give a the general idea of the proof

and we leave the details to the reader. We notice that with §$ defined by (B-249),
we obtain B
w = vau

with an abuse of notation since we avoid to distinguish the case where we
have R$ or R,,. We recall the identities

RyV = RyV — RyVRyV = RyV — RV Ry + RV Ry VR,V. (3.33)
Since, we have
Ry =(14+RoV) 'Ry, (1+RoV)'=1-RyV,
for || = 1, we obtain
VeRy = (1 — RyV)V§Ro(1 — VRy). (3.34)

Using (B.34), we obtain a formula where only derivatives of Ry appear (if there
is derivatives). Then between a derivative of RO and RV, we insert a RO with

the identity (B.33):
RyVVSRYW = RyVVe RV — RyVRoVVERyV + RoV Ry VRVVER,V.

This ensures that if p > 5, V or its derivatives decays enough to use Esti-
mate (B.27) and Prop081tlon B.1(. Since these estimates need derivatives and
Sobolev’s injections, we apply Lemma @ to conclude the proof.

Estimates for v. We remind us of the definition of v in (B.2d) and we introduce
S35 (k) = e~ IHI9IRE (),

where ¢; € {—1, 1}. With an abuse of notation, we will write v = Sy Vu. We
have

Lemma 3.5. There exists C > 0, such that for any k € R*\ {0} and 3 € N?

C
k

||

(VS5 (@) a) ()] < C 3 lallw+ 151,

for any o >3+ 3|
Proof.

(S5 (k)(Q)7q) (x) =

/ elerea{|klle—y|—|k||z|+e1e2k-y} {a ‘yq(y)  a-Vqly) } g
Yy

RS |z —y| (y)o+2 (y)”

eierea{|kllz—y|—|k||z|+e1e2k-y}

+(a-k+mﬂi>\(k))/Rs ye ?@53‘2 d
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For the sake of simplicity, we only write the proof when 3 = 0. The proof for
derivatives works in the same way using ||z —y| — |z|| < |y| and ¢ > 3+ |3].
But the proof for the case § = 0, has been already done since

(8577 ()(@)7a) ()] = [(Bg"* (k)(Q)~7q) ()]
Hence using Proposition , we able to write the
Proof (Proof of Proposition @) We write with an abuse of notation

v = SyVu,
and we use the Born formula
SvV =8,V — SoVRyV,

together with Lemma @, Propositions @ and . The proof works like the

one for w.

Estimates for v. We remind us of the definition of ¥ in (B.23) and we introduce
T3 (k) = e~ == FIQHRQG) R (e5A(K))e* €,

where ¢; € {—1, 1}. With another abuse of notation, here we will write v =
Ty Vu. We have

Lemma 3.6. There exists C > 0, such that for any k € R®\ {0} and 3 € N?
(min{|z|, [k[})
(k) (mindlal, [k} | - 45|)

sllallw2+iel, o,

‘(VSTGEI’EZUMQW’Q) (x)‘ <C

for any o >4+ |0|.

Proof. This is an obvious adaptation of the proof of Lemma @, we just notice
that one has

(152 (@)~ 0) (@)] = | (ViR 22 (0))(Q)7a) ().

Hence, we have

Proof (Proof of Proposition @) One more time, we write with an abuse of
notation

v=TyVu+ SyVVyiu,

The second term of the right hand side could be studied exactly as we done in
proof of Proposition @ and for the first one we use the formula

TyV = ToV — ToVRVV + SoVV iRy V,

together with Lemma @, Propositions @ and . The proof works like the

one for w.
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4. The linearized operator

In this section, we study the spectral properties of the linearized operator, asso-
ciated with Equation (E), around a stationary state. This will be useful since
we compare the dynamics associated with Equation (B) to the dynamic of the
linear Dirac equation associated with H. This comparison is possible only be-
cause when the PLS is small, the linearized operator is a small perturbation
of H.

4.1. The manifold of the particle like solutions. First we notice that Proposi-
tion EI, which gives the existence of stationary states, is a consequence of

Proposition 4.1. Let H be a self adjoint operator on L?(R3,C*) and with a
simple eigenvalue \g associated with a normalized eigenvector ¢g. Assume that
there is a neighborhood O C R of Ao such that for all X € O the operator (H —
A)~LPy is in B(L2(R3,C*)) for any o € R*, and in B(H'(R3,C*), H*1(R?,C*))
for any l € N, where Py is the projector into the orthogonal space of ¢g. Let F' €
CFH1(C*,C*) such that F(z) = O(|z[%).

Then for any o € R, there exists £2 a neighborhood of 0 € C, a C* map

h: 2 {¢o}" N H?(R? C* N L2(R?,CY)
and a C* map E : 2 +— R such that S(u) = ugo + h(u) satisfy for all u € 12,
HS(u)+ VF(S(u)) = E(u)S(u),
with the following properties

h(eu) = eh(u), V0 €R,
h(u) = O([uf?),

E(u) = E(Jul),

E(u) = Xo + O(Jul?).

The proof of this proposition is an obvious adaptation of the one of [PW97,
Proposition 2.2], and we don’t repeat it here. One can also obtain it by means
of the Crandall-Rabinowitz theorem but it doesn’t give immediately the decom-
position associated to the spectrum of H = D,,, + V.

To show that (H — \)~1 Py is in B(L2(R3,C*)) for any o > 0, we just need to
prove that a s Q) (H — \)~' Pye~ (@) is of class C* near 0 in B(L?(R?,C*))
for any k& € N, this can be proved with help of of [, Lemma 5.1]. To prove
that (H — \)~! P, for any | € N is in B(H'(R3,C*), H+1(R3,C*)) for any | € N,
we first notice that (D, — A\)~! is in B(H!(R?, C*), H*1(R3,C*)) then we use
wave operator, see @ and [[GMO1|, Theorem 1.5], and the intertwining property,
see , to conclude.

We shall need some properties of stationary solutions of (@) Following [His0d],
we have the

Lemma 4.1 (exponential decay). For all § € N?, s € RT and p,q € [1,00].
There is v > 0, ¢ > 0 and C > 0 such that for all u € Bc(0,¢) one has

le” @75 (W) 5y, < ClIS@W)]2,

o 918l
where 85 = SFRudPiSy-
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Proof. In fact we prove that for any £ in N there is vy >0 and e > 0 and C' > 0
such that for all u € Bc(0,¢€) one has

€708 S ()| e < C||S (w)]|2-

Then interpolation and the following property of Besov spaces over R? permit
to conclude: B3 , = H®, By, C B;:q if s <s, By, C B;lq if 1 §17’ Slp < oo
Bqu S C”U”BgtH’U”Bit if ; + % > E + e
We only prove the lemma for 8 = 0, the other cases are similar. We have

and u —n/r =s—n/p and ||uv]

DS(u) + VS(u) + VE(S(u)) = E(u)S(u).

Let us introduce the R—linear operator W of multiplication by the matrix val-
ued function z € R® — —iDVF(S(u)(x))i + V(z). We obtain, with the gauge
invariance of F', the identity

WS(u) =VE(S(u)) + VS(u).

The “potential” W tends to zero as x goes to oco. In fact, as a function of z, W
is in L' N L>®; we can write W = W, + W5 where W, is compactly supported
and [|[Ws| pinpe < 9.

We have that D,, + Ws — E(u) is invertible for § sufficiently small and

@S (u) = e (D, + W5 — E(w)) " e V@ QW,S(u)}.

For v small, (Dm + 'y%g +Ws — E(u)) is invertible in L? and

-1
VDS (u) = (Dm + vﬂ + Ws — E(u)) QWS (u).

(@)

This proves the lemma for k = 0 since ”{? W, is bounded. Now we notice that

|P| (Dm + 7% W — E(u)) B
- % - % (27%+W“E(“)) (Dm+v%+W(§E(u))l.

Hence we obtain

€7@ S (W) g < C||S(w)| -

This identity proves the lemma by induction.
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4.2. The spectrum of the linearized operator. Here we study the spectrum of
the linearized operator associated with Equation () around a stationary state
S(u). Let us introduce

H(u) = H + d*F(S(u)) — E(u)

where d?F is the differential of VF. The operator H(u) is R—linear but not
C—linear. Replacing L?(R3,C*) by L?(R? R* x R?*) with the inner product
obtained by taking the real part of the inner product of L?(R?3 C*), we ob-
tain a symmetric operator. We then complexify this real Hilbert space and ob-
tain L2(R?,C* x C*) with its canonical hermitian product. This process trans-

forms the operator —i into
. 0 —Idca
J = (Idc4 0 ) :

For ¢ € L?(R3,R* x R*) C L?(R3,C* x C*), we still write ¢ instead of

(5¢)

The extension of H(u) over L?(R? C* x C*) is also written H(u) and is now a
real operator.

The linearized operator associated with Equation ([l.3) around the stationary
state_S(u) is given by JH(u). We shall now study its spectrum. Differentiat-
ing ([L4), we have that

Ho = Span {%S(u), 8;\:1/5’(“)}
is invariant under the action of JH (u). We notice (see [GNT04]) that
Ho(u) = Span {JS(u), 0, S(u)} .
Using gauge invariance and differentiating, we obtain
JH(u)JS(u) =0 and JH(u)0yS(u) = O E(u)JS(u).

Hence Ho(u) is contained in the geometric null space of JH (u), in fact it is
exactly the geometric null space as proved in the sequel of this subsection. First,
we see that JH (u) has two other simple eigenvalues, as stated in the following

Lemma 4.2. Let be

+iy [ 91 v (¢
S7(0) = <—i¢1> and Sy (0) = <i¢1>'
Suppose that Assumptions B hold, then there are € > 0 and four C*
maps EY : Be(0,e) — C and ki : Be(0,¢) — {Sf[(())}l such that
JH (u)St (u) = Ef (u) St (u),

with |[S5 ()] =1,
St (u) = S7(0) + Ky (u),
with EE (u) = +i(\ — o) + O(|u)?) and k£ (0) = 0.
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Proof. This can be proved in the same fashion as [[PW97, Proposition 2.2] using
Assumption E

We also obtain

Lemma 4.3 (exponential decay in Besov spaces). Suppose that Assump-
tions [L]-[1.4 hold, then for any 3 € N®> , s € R and p,q € [1,00] there
isy >0, e >0 and a positive constant C such that for all u € Bc(0,¢),

17 @ ST (u) 5, < CIISTE ()2,

. 918l
where 0 = grsiuomse-

Proof. The proof is exactly the same as the one of Lemma .

Let H1 (u) be the space spanned by Si(u). Let us now prove that the orthogonal
space with respect to the hermitian product associated to J

He(u) = {Ho(u) & Ha1(u) ® Ho1(u)}™

contains no eigenvector. We notice that H.(u) is invariant under the action
of JH(u). We have

Lemma 4.4 (Continuous subspace property). If Assumptions @ﬂ hold,
let Pc(u) be the orthogonal projector onto H.(u). Then there exists € > 0 such
that for u', u € Be(0,¢€)

Po(()ly, (ury : He(u') = He(u)
is an isomorphism from By (R* C®) N H.(u') into By (R* C®) N He(u), for
any s € RT and any p,q € [1,00]. The inverse R(u',u) is continuous with

respect to u and u’.

Proof. This proof is a straightforward adaptation of the one of [[GNT04, Lemma
2.2].

So we have

Lemma 4.5. Under the assumptions of Proposition Iﬂ, there exists € > 0 such
that for any u € Be(0,¢)

Q) —e P (u)ppl| < Cls)™ ™™ 32 Q)7 Wi € L]
[ l@yee 1Pyl ds < ], v e 12
R
As a consequence, H.(u) does not contain any eigenvector.

Proof. For the sake of clarity, we introduce

C(u) = (Ja%;uS(u), Ja%\a\mS(u), JST (u), JSf(u)) )
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Writing Duhamel’s formula for H(u) with respect to H — E(u), we obtain

etJH(u)PC(u) _ etJ(H—E(u))PC(u>

t
+ / et D+ V=) a2 P (S(u))e” P, (u) ds.
0

We have

Pe(0)l5, () = R(',0) = Idp2 + Z |ovi(u', 0)) (¢ (0))]

3

where the coordinates of «;(u’,u) are linear combination of the coordinates
of ¢(u), so it can be extended to L% and we have

(@) HWP, (u)y|
< Q)77 Pe(0)l54, ) <Q>"H{II(Q>_"Pc(0)6_“(D“+V_E(“))Pc(U)w||

/
0

< Oty e (@) Ty

Q)= P (0)e /=Pt V=EC) S DY F(S(w))e P, (u)y| ds |

t
+C/O {t — )~ e 32 (Q)* DVE(S(w) Q)7 e~ TP (u)y| ds

We then introduce

M(t) = sup {(s)” ™32 Q) e HIP (u)yh]|}
s€0,t]

and we obtain for |z| < e
M(t) < C(I{Q)7YIl + eM(t))

which gives for € sufficiently small

M(t) < Cl(@)7¥l,
or
Q)7 e WP (u)pl] < C(s) ™™ 3 2H[(Q)7 .

With the same method, see Lemma @, we obtain the second estimate.
Then we obtain with the second estimate that there is no stationary state in
the range of P.(u) that is to say H.(u).

This gives

Lemma 4.6. We have, for sufficiently small u € C, Ef (u) € iR with B (u) =
—Ef (u) and Sy (u) = S;(u) for the conjugation of C8.
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Proof. The last statement straightforwardly follows from
JH (u)St (u) = Ef (u) St (u),

since there is no more eigenvalues than the 0 and Fif(u), we obtain B (u) =
ET (u).

Then we specify the essential spectrum of JH (u). A classical study gives that
the continuous spectrum of JH (0) is given by

{iA; A € R, |A| > min{|m — Xol, |m + Xo|}}-

Using Weyl’s criterion (see [RS7d, Theorem XIII.14, Corollary 1], the adaptation
is quite easy in our case), we obtain that the essential spectrum is

{i\; A €R, |A| > min{|m — E|,|m + E|}}.

Hence E7 (u) are necessarily purely imaginary. Indeed if H(u) — Ef(u)J is
not invertible then H(u) + Eif(u)J is not invertible too. Since —Ej (u) is not
in the essential spectrum, it is necessarily an eigenvalue in the neighborhood
of +i (A1 — Ag). Hence this gives —Eif (u) = Ef (u).

4.3. Decomposition of the system. We want to decompose a solution ¢ of the
equation (B) with respect to the spectrum of JH(u). And in fact, we only
study the resulting equations for these different parts of the decomposition.
First we isolate a part which corresponds to a PLS. For any solution of (E)
over an interval of time I containing 0, we write for ¢t € I

(t) = e~ o BN ds (§(u(t)) +1(t)) .

In order to give an equation for 7, we introduce the following space

Hy (u) = {n € L*(R3,CY), <Jn, a%us*(u)> =0, <Jn, %usm)> = 0} .

In fact it is the space
H+1(u) S Hfl(u) S HC(U)

which is invariant under the action of JH (u) and we state the

Lemma 4.7 (decomposition lemma). Let be s > 0 and p > 1 there exist 6 >
0 and a C*™® map U : Bys.»(0,6) — Be(0,e) which satisfies for ¢ € Bys.»(0,0)

¥ = S(u) +n, withn € Hy (u) < u=U(¥).

Proof. Tt is [GNT04, Lemma 2.3].
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This lemma ensures that we can impose the orthogonality condition

n(t) € Hy (u(t)). (4.1)
So instead of solving the Equation (@) in ¢, we want to solve the equation

i ={H — E(u)}n+{VF(S(u) +n) — VF(S(u))} —idS(u)u
= {H +d*F(S(u)) — E(u)} n+ N(u,n) —idS(u)i

for n € Hg (u(t)). Here d*F is the differential of VF and dS the differential of S
in R2. To close the system, we need an equation for u. Let us now derive an
equation for the path u, by means of (@)

(n(t), JdS(u(t))) = 0.
After a time derivation, we obtain
0= (JH (u(t))n(t) + JN (u(t)),n(t))
+dS(u(t))u(t), JdS(u(t))) — (n, Jd*S(u(t))i(t)).
Since S(u) € JHo(u), we have
(H(u)n, dS(u)) = (n, H(w)dS(u)) = (n,dE(u)S(u)) =0,

(4.2)

we obtain

[(JdS(u(t)), dS(u(t))) — (Jn(t), d*S(u(t))a(t) = — (N (u(t),n(t)), dS(u(t))).
So we notice that

(S (u(e).dS(u(e)) ~ (o). ()] = (§ ") + Outo] + o))

which proves that [(JdS(u(t)),dS(u(t))) — (Jn(t),d*S(u(t)))] is invertible for
small |u(t)| and ||n(¢)||2, we therefore introduce its inverse
Alu,n) = [(JdS(u),dS(u)) — (Jn,d*S(u))] !

and write

Opu(t) = —A(u(t), n(t))(N (u(t),n(t)), dS(u(t)))-
Plugging in Equation (@)7 and similarly to the linear case we decompose 1 with
respect to the spectral decomposition of H(u) = H + DVF(S(u)) — E(u)

n(t) = o™ (1) S (u) + (OS] (u) + 2(t)
with 2z € H.(u) N L*(R3,R8) and o~ = at. We obtain the system

U = —A(u,n)(N(u,n),dS(u))
ot = B (u)a® + (JN(u,n), JST (u))
+(dS(u )i( (N (u,n),dS(u)) J S5 (u)) .
—((dS7 (u)A(u, )< (u,n), dS(u )) Si(u)mi ,
*<(d5¢(u))A(uﬂ7)<N(% n),dS(u)), JST (u))aF
Oz = JH(uw)z + Pe(u)JN(u,n)
+Pc(u)dS (u) A(u, n)(N(u, 1), dS(u))
—(DPc(u))A(u, n){(N(u,m), dS(u))n

which we will now study. We notice that this equation is defined only for z small
with real values, = = at small and u small.
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5. The stabilization towards the PLS manifold

We now build a solution which stabilizes towards the manifold of the stationary
states. To this end, we will use Theorem [L.1] and Theorem [L.d to prove that z
tends to zero in L*° and L120C. It is possible here since we build solutions for
which we ensure that o™ and o™ also tend to zero. We do not think that this
convergence holds for all initial states but we do not know any counterexample.
We also notice that we look for a real solution ¢ = S(u) + n, hence 1 should be

real and therefore o~ = a*.
We impose the following condition

o < .
GE

Under the assumptions of Theorem , let us define for any ¢, § > 0

Ul(e,d) = {u € C™®(R, Bc(0,¢)), lim wu(t) = us exists,

t——+oo

|u(t) — too| < %,Vt > 0}

and for any u € U(e), let s, s’, B be such that s’ > s+3 > 0+ 6 and 0 > 5/2,
we define

Z(u,0) = {z € C™(R, L*(R3,R®)), z(t) € H.(u(t)),

maxl sup (=@} sup {22l ),
ve[0,+00] v€[0,+00] =
sup {<U>3/2{||Z(U)||HS(,}]<5}-
v€[0,400]

Then we define the space

006 = {a = (at,a7) €C®(R), a” =at, sup )32 a(t)| < 52}.

teRt

5.1. Step 1: Construction of a. For any v € U(e,d) and z € Z(u, ), let us define
amap G, . on £2(5) by

+ (S (u(v)) A(u(v), n(v)(N (u(v),7(v)), dS (u(v))) ST (u(v)))
— (ST (w(v))) Au(v), n(0))(N (u(v), n(v)), dS (u(v))), S5 (u(v)))a™(v)

— (ST (u(v)) Au(v), n(v))(N (u(v), n(v)), dS (u(v))), SI‘L(U(U))WF(U)} dv.

Guz (@) (1) = — /Oo el EF (ulw) d”{UN(U(v), 1(v)), 57 (u(v)))
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We want to show that G, . stabilizes £2(d) and is a contraction for the L° norm.
We have the

Lemma 5.1. Let be 0 € R, s > 1 and p,p1,p2,q € [1,00] such that

11
>— 4+ —.

L8
3 p1 D2

1
p
Then there exists eg > 0 and C' > 0 such that for all w € Bc(0,¢0) and n €
By (R3,R®) N L>®(R?,R®), such that

Q7N (), < € (Jul + I

5., ) Il 1(Q)7n) (5.1)

Biia’
Proof. We recall the definition
N(u, 1) = VF(S(u) +1) = VF(S(u)) — d*F(S(u))n.
We have .
N(u,n) = / / d3F(S(u) +0'0n) -1 -0ndo'do.

0o Jo
Since for s € R%, p, p1, p2, € [1,00] such that % + 35 > p% -
[uvllps , < Cllullps |vllp: . Then since s > 1, we use (see [EV9T, Proposi-

tion 2.1])
| F @)z, < C (s, F [0 48] 52,

Then using Lemma @, we conclude the proof.

Hence we have the

Lemma 5.2. There exists 69 > 0 and €9 > 0 such that for any § € (0,dp)
and ¢ € (0,e¢), for any u € U(e,d) and z € Z(u,0), Gu () maps £2(3) into
itself.

Proof. We have by means of Estimate () witheg. 0 < -3,s=0,p=¢q =2
and p; = py = 4, if up € C and 2z € He(ug) N HE (R3,RY) are small enough

|gu72(a)i (t) |
sc[w%uNw@m@»wﬁwmw

Hence for small § and small ¢, we have G, .(£2(5)) C £2(9).

To prove that G, . is a contraction for the L*> norm, we use the
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Lemma 5.3. Let be 0 € R, s > 0 and p,q € [1,00] such that sp > 3. Then
for any € > 0 and M > 0 there exists C > 0 such that for all u, v’ € Bc(0,¢)
and n, ' € B ,(R?,R®) N L>(R?, Bgs (0, M)), such that

1@ (N () = NG}, < c{ (1@ nllsy,, + Q' ls,)
5.)
Wk

x (1@ nls;, + 1@ I3, ) 1@ (=) ||B;,q},

s (lu =+ 14Q)7 (g — )

(14 101+ @t

oY/
L @7

with 201 + 09 = 0} + 0h + 05 = 0.

Proof. Since, we have

N(u,n) = /1 /1 d*F(S(u) +0'0n) -n - 6ndo’' do.
o Jo
we can also restrict the study to d3F(¢) — d3F(¢'). If d°F # 0, we have
Q)7 (®F(¢) — d*F(¢)) |I;,
< /O1 1d*F (¢ +t(d — ¢)ls; , (@) (6 — ¢")ll; , dt
then since s > 0, we use

[d*F@)] s, < C(s, F, [¥llss.,)-

Then using Lemma @, we conclude the proof when d°F # 0. Otherwise the
proof is easily adaptable since d*F is a constant matrix of My (C).

We also need the
Lemma 5.4. Let be 0 € R, s > 0 and p,q € [1,00]. For any e >0 and M > 0,
there exists C > 0 such that for all u, v’ € Bc(0,¢) and n, ' € By (R R®) N
L>(R3, Bgs (0, M)), one has
A, m) — A’ 1)| < C {Ju—u'| + Q)7 {n =i, }
Proof. We recall that
A(u,n) = [(JdS(u),dS(uw)) — (Jn,d*S(u))] .
We have
A(u,n) = A(u',n') = =[(JdS (), dS(u)) — (Jn, d*S(u))] "'
x {(JdS(u),dS(uw)) — (Jn,d*S(u)) — (JdS(u'),dS(u")) + (Jn',d*S(u'))} x
x [(JdS(u"),dS(u")) — (Jn', d*S(u))] 7.

The lemma then follows from Lemma [£.1.
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Hence we have the
Lemma 5.5. There exists 09 > 0 and ¢ such that there exists k € (0,1) such
that for any § € (0,00) and ¢ € (0,e¢), for any u, v’ € U(e) and z € Z(u,?)
and 2" € Z(',9), for any a, o’ € £2(3), one has

G 2 (@) — gu,Z(O‘)HLoo(Rﬂ

<K (|U/ — Uy T = oy + 12— Z||Loo(R+,Bfo,2)) :

Proof. Tt is a straightforward computation based on Lemma @ with e.g. 0 <
—6, 02,05 < =3 and s = 0, p = ¢ = 2, on Lemma on Lemma with
eg. o< =3, p=q=2and p; =p2 =4 and on Lemma {.3.
We now state the

Lemma 5.6. There exists 6o > 0 and €9 > 0 such that for 6 € (0,60) and
e € (0,e0) and any u € U(e) and z € Z(u,d), the equation

at = E*(u)a® + (JN(u,n), JST (u))
+ (dS (u) A(u, n)(N (u, ), dS (u)) J ST (u))
— (ST (u) Au, ) (N (u, m), dS(w)), TS5 (u))a™
— ((dST () Au, ) (N (u, 1), dS (u), JST (u))a¥,,
where n(t) = ot (t)S] (u) + o= (t)Sy (u) + z(t), has a unique solution in 2(5).
Proof. The proof is now classical since we proved that the integral equation
a(t) = Gu,.()(t)

can be solved by means of the fixed point theorem.

5.2. Step 2: Construction of z. Let be u € U(e, ) and zp € He(u(0)) N HE . Let
us write us, = \ 1i1g1 u(t), we define T, ,,(z) by

Topzo(2)(t) = 710 2
- [ MR ) {E(S(u(0) ~ BlS(u)} 2(0)do
+ /0 e/t Hu<)P (4 (1)) {d®F(S(u(v))) — d®F(S(us))} z(v) dv
+/ e/ = H )P (4(v)) N (u(v), n(v)) dv
0
+/0 e UmIHC=IP (u(0))dS (u(s)) A(u(v), 1) (N (u(v), 1(v)), dS (u(v))) dv

—/O (M=) (4P (u(v)) Alu(v), n(0) (N (u(v), 1(v)), dS (u(v)))n(v) do.

We have
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Lemma 5.7. There exists 6o > 0 and g9 > 0 and C > 0 such that for any 6 €
(0,60), for any € € (0,&0) and for any u € U(e,9), the application T, ., maps
Z(u, 6) into itself if |20l o < CO

Proof. With Lemma [A.1] and Lemma [1.4, we obtain

1 Zet,20 () e
< ClPe(tos) Tu,z (1)l o

< Cllzoll g + C/O {E(S(u(v))) — E(S(uoc))} 2(0) || o dv
+C’/O H{dQF(S(u(v))) — dQF(S(uoo))} Z(’U)HHS/ dv
+0 [ 1N (). n(0) o
+C/O [dS (u(v))Au(v), n(v)) (N (u(v),n(v)), dS(w(v)))| g dv
+C/O [[(dPc(u(v)))A(u(v), n(v)) (N (u(v),n(v)), dS(u(v)))n(v)| - dv.
Now, with Lemma , we obtain
17,20 () e < Cll20ll o + CE/O [u(v) = vsol ||2]| e dv
+C/ (lw()| + [In() o) 1) oo 10| o dv
0

+C/O ()] + ()| o) [0 oo (10 C0) | gror [[0(0)] rer o,

and so
120 Ol o7 < Clizoll or + Ce6® + C (24 8) 8 + C (e + 5)* 6°.
Then, we also have

sy (£) = e HHHG B(ulr)) dr o

t
- / e 1= HAL[J () drp (4 (1)) Jd® F(S(u(v)))z(v) dv
0
t
+ / e iE=V) H+i [ B(u(r) dTPc(u(v))JN(u(v), n(v)) dv
0

t
+/ e =0 HFL [ B(u(r)) drp (1)) x
0

x dS(u(v))Au(v), n(v)) (N (u(v), n(v)), dS(u(v))) dv
! e—i(t—‘u)H-{-ifUt E(u(r)) dTX

S—

X (dPc(u(v))) A(u(v), n(v))(N(u(v),n(v)), dS(u(v)))n(v) dv.
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Hence by Lemma Q and Theorem , we have

1o Ol 2

< C<t>_3/2||20||3f:3 + C/O (t —v)=3/2 Hd2F(S(u(v)))z(v)HB{a’gg dv
40 [ =0 2 N )0 s o
+0 [ =012 S () Alue). 10V (). 10 dS (o) g o

+C’/t<tv>3/2 X
0
x [[(dPc(u(v))Alu(v), n(v)){N (u(v), n(v)), dS(u(w))n(v)ll gs4s dv.

With Lemma @, we infer

1ol 0, <

C(t)"* |20 ppgo + O/O (t =) =2 u() [|2(0)]] oo dv
+C/O (t =)™ ([u()] + [In()l| goss) [0 | oo 17(0)[| ross dv
+c/0 (t = o)™ (lu()| + [In(@) | goss) 1) L 170 grovs do

t
+C/O (t = v) 732 (lu@)] + [|9(0)]] gra+a) M) Lo [0(0) ]| 7545 dv.
With the estimate
t
/ (= 0)=2(0) =32 4y < ()52,
0

we infer

<t>3/2||%,20 (t)HBfo,z < CHZOHBiB;s + Ce?s +C (5 + 5) 52 +C (E + 5)2 §52.
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Then we also have

T (t) = e HHHg Blu(r)) dr )y /t o—i(t—v)Hi [} B(u(r)) dr
0
X Pe(u(v))JVE(n(v)) dv
+ /t e*i(t*U)HJrifj E(u(r)) cl'r‘><
0
X Pe(u()) J{VE(S (u(v)) +n(v)) = VF(S(u(v)) = VF(n(v))} dv
+/ i(t—v)H+i [} E(u’r‘))dr
X Pe(u(v))dS (u(v))A(u(v), n(v)) (N (u(v),n(v)), dS(u(v))) dv
/t i(t—v)H+i [} E(u’r‘))dr
0

X (dP(u(v)))Au(v), n(v)) (N (u(v),n(v)), dS(u(v)))n(v) dv.

(=)

We now use Lemma @ and Theorem [L.1], except for the second term of the right
hand side for which we used Theorem [L.2] since o > 3/2. We also use Lemma ﬁ
except for the third term of the right hand side for which an obvious adaptation
of the proof of Lemma @ gives

IVE(S(u(v)) +n(v)) = VE(S(u(v)) = VE0(©))| 4,
< C(Ju()+ () o) [w(@) ()| |

and so we obtain

(O Tz () 112,
< Ollzolls +C8° +C(e+08) 5+ C (e +8) 82+ C (e + 5)* 6%

Therefore we have that 7, ., leaves Z(u, ) invariant if | zg|| 7o, 0 and € are small
enough.

An important property of 7 is given by the

Lemma 5.8. There exists 09 > 0 and g9 > 0 such that there exists k € (0,1)
such that for any § € (0,dy), for any € € (0,e0), for any u, v’ € U(g,d), for
any zo € Hc(u(0)), for any z{ € He(u'(0)), for z € Z(u,d) and for any z' €
Z(',8), one has

HZL/,Z[/)(Z/) = Tz (Z)HLoo(]R+,HS/)

<20 — 26||L°°(R+,HS') trK {||u = pee + |2 = Z/||Loo(R+,Hs’)} .
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Proof. Tt is an easy consequences of straightforward estimates on the following
identity

ZL,ZO (t) _ efitH(uoo)ZO

- / e HIHOIP, (u(0)) ] (E(S(u(v))) — E(S(us0))) () dv

+ /0 et Hu=) P (y(v))] (*F(S(u(v))) — d*F(S(usx))) 2(v) dv
+ /0 e ItV HU)P (4 (1)) JN (u(v), n(v)) dv
+ /0 e T H )P (1)) dS (u(v)) A(u(v), n(v)) (N (u(v), n(v)), dS (u(v))) dv

*/ eI (AP (u(0))) A(u(v), 1(0) (N (u(v), 7(0)), dS(u(v)))n(v) dv,

0

based only on Lemma @, @ and @ and on the fact that

Pc(uoo) (efisH(uoo) _ efisH(u;o)) Pc(u(v))

— P (i) / (e (B(S () — B(S(use)) e 100 ds P (u(v)
+Puu) [ S<e-i<5-s/>H<%°>(d2F<S<u;o>>
0
- d2F(S(uOO)))e_i5/H(“;o)> ds'Po(u(v))

form a family of operator in B(H® (R?®, C®), H* (R3,C?)) (to this end we use
Lemma [A.2) such that

HPC(%O) (e—iusw) - e—isHWéo)) Pc(u(v))H < Oty — oo,
with C independent of u,u’.

Lemma 5.9. There exists 6 > 0 and € > 0 such that for any u € U(,€) there
is a solution z € Z(u,d) of the equation

Oz = JH(u)z + Pe(u)JN(u,n)
+P.(u)dS (w)Au, n){N (u,n), dS(U)>>

S(DP(u)) A, )N (s, ), dS (u) (5:2)

m,
2(0) = zo,

where n(t) = at(t)S; (u) + o~ (£)Sy (u) + 2(t), whenever zy € HE is small
enough.

Proof. It is a consequence of the fix point theorem applied to 7, .
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Lemma 5.10. Under the assumptions of Lemma @, for any u € U(d,e) and
solution z of (@), with zg € H;l small, the following limit

Yoo = hm eltH—ifot E(u(r)) drz(t)

exists in H® N Bgo,z NH?,. Moreover, we have 2o, € He(0) and
| HFs Bulr) dry o ()| o < C82,
. . t 62
eSS BN, . <

ZS Wa

2
< C—.
o — C<t>2

Proof. Using exactly the same method as the one of Lemma @, applied to

: St
||e—ltH+1f0 E(u(r)) drzoo . Z(t)HHS

eitH—i [§ E(u(r)) o) = 2o
t
+/ W H L5 Bum) drp (4y(v))JN (u(v), n(v)) dv
0

+ /t elvH=i [¢ E(u(r)) dr o
0
X P.(u(v))dS(u(v))A(u(v), n(v)){N(u(v),n(v)),dS(u(v))) dv
- /t elvH=1 [¢ E(u(r)) dr
0
X (dPc(u(v)))A(u(v), n(v)) (N (u(v), n(v)), dS(u(v)))n(v) dv,

we prove that the limit exist by the same way we also obtain the convergence
rate. Since e~ 2z tends to zero, 2., necessarily belongs to H.(0).

Remark 5.1. The preceding proof also work with the formula
t
eitDm—ifUt E(u(r)) drz(t) =20+ / eiva—if[;J E(u(r)) dTPC(u(’U))VZ(’U) dv
0

t
b [P B 0 (u(0)) N (ue) n(w)
0

! me—l [y E(u(r)) dr
*/0
X Pe(u(v))dS (u(v)) A(u(v), n(v)) (N (u(v), n(v)), dS(u(v))) dv
/ ivDm—i [ E(u(r)) dr
0

X (dPc(u(v)))A(u(v), n(v)){N (u(v), n(v)), dS(u(v)))n(v) dv.
Hence we obtain the same result with

efitDerifUt E(u(r)) drzoo
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instead of
e itH+ Jq E(u(r)) dr

But we obtain the estimates

[eitPm+i[§ Bm) drz_ ()| e < C8,
i i [P E(u(r)) dry 0
||€ tDm+ f() E(u(r)) d Zoo — Z(t)HBl:o’z < CW’
—itDp+i [§ E(u(r)) dry d
et Foo (D)2, < O3

{t)*

5.8. Step 3: Construction of u. Here we want to solve the equation for u. We
notice that z and « have been built in the previous section and are functions
of u and z9 € H.(u(0)). Let us introduce for any a € 2(8) and ug € Bc(0,¢)
the function on U(e, §):

Fug (u)(t) = g —/O A(u(v), n(0)) (N (u(v), n(v)), dS(u(v))) dv,

where 1(t) = ot (t)S] (u) + a=(t)S; (u) + z(t). We have the

Lemma 5.11. There exists §o > 0 and g9 > 0 such that for any 6 € (0,dp),
for any € € (0,eq), the function f., maps U(e,d) into itself if up and zo €
HS' N'He(uo) are small enough.

Proof. By means of Lemma @, we obtain

[ fuo () (£)] < [uol +C/O IN (u(w), n(0)l s < |uol +C (¢ + ) 6.

Hence for ug and § small f,,(u)(t) € Bc(0,¢). Estimate (B.1)) also gives the
existence of (fu,(u)),, = . 1121 fuo (w)(t) and then

¢

v (e +6) 8%

+oo
|(fuo () oo = fuo (W) (B)] < C/t 1N (u(@), n()l g | <

The function f,, has also a Lipshitz property as stated by the

Lemma 5.12. There exists o > 0 and €9 > 0 such that there exists k € (0,1)
such that for any 6 € (0,00), for any € € (0,e9), for any u, v’ € U(e,0), for
any 2o € He(u(0)) N HE | for any 2y € He(uw' (0)) N HE small enough, for ug,u)
small enough, there exists k € (0,1) such that

[ o) = Fug ()] o ey < Tto = il + (I = o ey + 120 = 201l ) -
Proof. This a straightforward consequence of Lemma .3, p-4, p.9 and [.4.

We are now able to prove the
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Lemma 5.13. There exists 69 > 0 such that for any 6 € (0,8y) such that for
any ug € C small and zp € He(ug) N H;l small, the equation

{ﬂ = —A(U,U)<N(u777)ads(u)>a
u(0) = g,

where n(t) = o™ (t)S] (u) + o~ (¢)S7 (u) + 2(t), has a unique solution in U(J, ).

Proof. This is also a straightforward consequence of the fixed point theorem
for fu,-

5.4. Step 4: End of the proof of Theorem IE We now conclude our proof with
the

Lemma 5.14 (Decomposition lemma 2). Let be s > 0 and p > 1 there
exist § > 0 and a C*° map Uy : By (0,0) — Bc(0,) which satisfies for v €
Bws.»(0,9)

¥ = S(u) +1n, with n € {¢po}" <= u=Uo(¢))

Proof. In fact, we just write ¢ with respect to the spectral decomposition of H:
Y=upg+r=>5w)+n
where 7 € {¢o}* and 5 = r — h(u), with h defined in Proposition [[.].

With respect to the notation of Theorem [[.J for 10 = S(uo) + ™ (0)S; (uo) +
a~(0)S] (uo) + Pc(up)zo where Z5 € Ran(P..), we introduce

vo = U (¢0)
§o =Pc (1o — S(vo))
and
G(’LLO, 20)1 = Uo(S(U()) + OéJr(O)Sf_(Uo) +a~ (O)Sl_ (Uo) + PC(U())%)
Glug, 20)2 = Pe(S(u) — S(G(uo, Z0)1)
+a™ (0)SF (uo) + a™ (0)ST (o) + Pe(uo) )

Then using Up(S(ug)) = uo, we write G(ug, Z0) = (uo, 70) + G(uo, Z9), with

| Gluo, ) = Glup, ')

e < (0=l + 13- )
o

with & < 1/2 if ug, uj and 2o, Zp’ small enough. Hence in this case G is invertible
with a Lipshitz inverse F. Then we choose

¥ (v, &o)
= (S(F(vo,&)1)

+a(F (v, £0)1) " (0)ST (F(vo,€0)1) + a(F(vo,€0)1) ™ (0)ST (F(vo,&0)1)
+P(F(vo,&0)1)F (vo,&0)2 — S(vo), ¢1)
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and
500 = (PC(F(UOa50)1)F(U0a€0)2)oo

and
EwZA'W@WmWNW—E«(%ﬁ))}dU

In the proof of Lemma .7, we see that § is of the same order as [1€0]| 77 - The

rest of the Theorem easily follows.
O

APPENDICES

A. The wave operator and similarity for the linearized operator

Inspired by , we use an argument of similarity to prove the
Lemma A.1. For all s € RT, there exists Cs > 0, such that

vt € R, [|e"HE | pipey < C
We prove this lemma by using the boundedness in H® of the wave operator:

Wy =s— lim e—tH(z)*Je—it(H—E(z))Pc(H)

t—+oo
and the intertwining property:
eftH(z)*.]Pc(Z)* _ W:tefit(HfE(z))Pc(H)(W:t)71

This boundedness follows from the
Lemma A.2 (Smooth and small non-selfadjoint perturbations). Let be
P e L? and 0 > 1. Then there exists € > 0 and C > 0 such that

Vi€ Be(0e), [ 1<Q > IR ul3ds <Ol (Ad)

0

Proof. By Lemma ([£.4), we prove P.(2)R(z,0)P.(0)P.(2) = P.(z). Taking the
adjoint with respect to the real structure, we infer P.(2)P.(0)R(2)*P.(z) =
P.(z). Then, we write

(@)~ T HP,(2)]

= CI{Q) " Pe(2)e” P (0)R(2) P (2)]

< Q)™ Pe(z)e *T=FEIP(0)R(2) " Pe(2)|

/ 1Q e=THEDYF(S(2))e SHEEIP (0)R(2)P.(2)| ds
< Q) " Pe(2)e HECIP (0)R(2)P.(2)||
+CIZI2/ (@ )t DTHE Q)= ||| (Q) 7 e H=EEIP,(0)]| ds.

Using Proposition .10, we obtain the claim (A.T) for z sufficiently small.
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This give us the existence and the boundedness of the wave operator, as stated
by the following

Lemma A.3. Let be Wy = e ) Je=#H=EC)P (H). Then the limits
W* = lim W,

t—too

exist in B(H?®) and their range is Ran (P.(z)). The same is true for W} and

(W)™ = lim (W)

t—+oo

Proof. Let us define W; = e t(2)"J=i(H=E(2)) e have for ¢ € H.(z) and
¥ € H.(0)

t
@ wi) = (o) + [ (o) s

Since we have

d .
<¢a EW5¢> = <€7”H(Z)¢,DVF(S(Z))e*It(H*E(Z))w>
< CP (@)~ e P || ()7 =By,

which gives (¢, £W,1)) € L'(R), so Wy exists and is bounded in £(H.(0), H(z))
by the previous lemma. Since for any vector ¢ in an eigenspace of JH (z), W ¢
tends weakly to zero, we obtain that the range of W7 is a subspace of the range
of P.(z). Then the same statements about (W;) ™" follows by the same way. The
invertibility is then immediate.

Proof (of Lemma m ). The L? bound follows from the intertwining property as
explained before Lemma .

The proof of the H* bounds follows from commutation argument, we apply the
same scheme to

aieft']H(z)Pc(z) = [0;, Pc(z)]eft']H(Z)Pc(z) + Pc(z)eft']H(Z) [0:, Pc(2)]
+P(2)[0;, e HENP(2)
= [0, Pu(e)]e O, + Po(2)e A9, P, (2)

t
+ / e (=THEP (2)(9;DVF(S))e " HEP,(2)dz.
0
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