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Abstract: We prove that for a Dirac operator, with no resonance at thresholds nor eigenvalue at
thresholds, the propagator satisfies propagation and dispersive estimates.

When this linear operator has only two simple eigenvalues close enough, we study an associated class
of nonlinear Dirac equations which have stationary solutions. As an application of our decay estimates,
we show that these solutions have stable directions which are tangent to the subspaces associated with
the continuous spectrum of the Dirac operator. This result is the analogue, in the Dirac case, of a
theorem by Tsai and Yau about the Schrédinger equation. To our knowledge, the present work is the
first mathematical study of the stability problem for a nonlinear Dirac equation.

Introduction

We study the stability of stationary solutions of a time-dependent nonlinear Dirac equation.

Usually, a localized stationary solution of a given time-dependent equation represents the bound state
of a particle. Like Ranada [Ran], we call it a particle like solutions (PLS). In the literature, the term
soliton is also found instead of PLS, but this additionally means that the particle keeps its form after a
collision. Many works have been devoted to the proof of the existence of such solutions for a large variety
of equations. Although their stability is a crucial problem (in particular in numerical computation or
experiment), a smaller attention has been deserved to this issue.

There are different definitions of stability. The first one is commonly called orbital stability. It means
that the orbit of the perturbation of a PLS stays close to the PLS or a manifold of PLS but does not
necessarily converge. A stronger notion is asymptotic stability, which means that the perturbation of
the PLS relaxes asymptotically towards the initial PLS. In practice, it is often replaced by a asymptotic
stability of the manifold of PLS.

In fact in many conservative problems asymptotic stability does not hold. But one has asymptotic
stability for a restricted class of perturbations, forming the so-called stable manifold.

In this paper, we deal with the problem of stability of small PLS of the following nonlinear Dirac
equation:
104 = (D + V)¢ + VF (). (NLDE)

Here, D,, is the usual Dirac operator [Tha92] acting on L?(R3,C*)

3
Dy, =a- (—=iV)+mf = —iZakak + mg
k=1

where m € RY and o = (a1, az, a3) and 3 are C* hermitian matrices satisfying the following properties:

o + apa; = 20;61ca, i,k € {1,2,3},
;3 + Ba; = Oca, iE{1,2,3},
B =1¢a.

o OO’Z' o Ic2 0
ai_(mO) and 6‘(0@)

where o1 = ((1) (1)) and o9 = (?Bl> and o3 = ((1)_01>

In (NLDE), V is the external potential field and F' is a nonlinearity such that

Here we choose

V(0,2) e Rx C*  F(e'2) = F(2).
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Some additional assumptions on F' will be made in the sequel. Stationary solutions (PLS) of (NLDE)
take the form (¢, 7) = e"'Fl¢(x) where ¢ satisfies

E¢ =Dy +V)p+ VF(9). (PLSE)

We prove the existence of a manifold of small solutions to (PLSE), interpreted as particle like solutions
to (NLDE). Then we construct a stable manifold around this manifold. At the origin, it is tangent to
the sum of the eigenspace associated with the first eigenvalue and the continuous spectral subspace
of D,, + V. This is the analogue in the Dirac case of [TY02d, Theorem 1.1, non-resonant case]. The
interpretation is that radiations (described by the continuous spectrum) do not destabilize too much the
PLS manifold. To prove stabilization towards the PLS manifold, we shall need linear decay estimates
associated with the continuous spectral subspace of D,, + V.

To our knowledge, this is the first stability result on a nonlinear Dirac equation.

The problem of stability has been extensively studied for Schrédinger and Klein-Gordon equations. The
methods used to treat these cases cannot be easily adapted to our problem, due to the fact that the
Dirac operator D,, is not bounded-below, contrarily to —A. The non-negativity of the latter permits
to use minimization and concentration-compactness methods to prove the existence of orbitally stable
standing waves, see e.g. Cazenave and Lions [CL82] or more recently Cid and Felmer [CFO01].

In his review on nonlinear Dirac models, Ranada [Ran] writes that physicists first claimed that PLS
(Particle Like Solutions) of the nonlinear Dirac equation couldn’t be stable since the second derivative
of the energy functional is not positive-definite. Actually, in a very general setting (not related to
the Dirac case), Shatah and Straus [S585] and Grillakis, Shatah and Straus [GSS87] proved a general
orbital stability condition even if the hessian of the energy functional is not positive-definite. Their
conditions allow only one simple negative eigenvalue (and a kernel of dimension one also) for the second
variation. It therefore cannot be directly applied to the Dirac case. However, it gave rise to an interesting
discussion about the application of this method to the Dirac equation in some physical papers [SV80,
AS86,B5V87]. Ranada also refers to numerical experiments which seem to confirm that some PLS are
asymptotically stable in the Dirac case.

In the Schrédinger case, the asymptotic stability has been extensively studied during the last decade.
A fundamental work is the one of Soffer and Weinstein [SW90,5W92], which is devoted to the study
of a small nonlinear perturbation of a Schrédinger operator having one simple eigenvalue. They proved
that the perturbed small PLS relaxes to a PLS. Later, Pillet and Wayne [PW97] proposed a different
proof in the spirit of the central manifold theorem. In all these works, asymptotic stability is a direct
consequence of propagation or dispersive estimates on the Schrodinger operator. Hence the considered
perturbation is necessarily localized at initial time. To avoid such an assumption, Gustafson, Nakanishi
and Tsai [GNT04] proposed to use Strichartz estimates.

Generalizations have been considered for instance by Tsai and Yau [TY02a, TY02c, TY02d, TY02b,
Tsa03], who treated the case of a Schrodinger operator having two simple eigenvalues. An interesting
phenomenon appeared: if the two eigenvalues are sufficiently distant, then after linearization around
the excited state, one obtains a resonance. Tsai and Yau showed that if there is no resonance, the
manifold of ground state has stable directions. In the resonant case, the manifold of ground states is
asymptotically stable, whereas the manifold of excited states has stable and unstable directions (in
case of instability, under some conditions, one has relaxation to the ground state). Notice that earlier
Soffer and Weinstein [SW99] studied a similar resonance phenomenon in the case of the Klein-Gordon
equation with a simple eigenvalue; they showed that it induced “metastability”. For a similar result, see
also [SW04]. Another problem has been studied by Cuccagna [Cuc01, Cuc03,Cuc05]. He considered the
case of big PLS, when the linearized operator has only one eigenvalue and obtained the asymptotical
stability of the manifold of ground states. Tsai, Yau and Cuccagna also need propagation or dispersive
estimates. The latter is proved by generalizing the work of Yajima [Ya]95] on wave operator.
Interesting development are also given by Rodnianski, Schlag and Soffer [RSS05a] who proved asymp-
totic stability of an arbitrary number of weakly interacting big PLS. Schlag [Sch04] and Krieger and
Schlag [[{S05] proved the existence of stable direction for unstable big PLS. We point out that some
of the works of Schlag [E504,GS04,RSS05b] or Soffer [HSS99,J5591,RSS05b] are dedicated to prove
dispersive estimates.

We also would like to mention the works of Buslaev and Perel’'mann [BP95,BP92b, BP92¢, BP92a],
Buslaev and Sulem [BS03,B3502] or Weder [Wed00], in the one dimensional Schrodinger case.

The paper is organized as follows.
In the next section, we define the important objects and state our main results. We start with the
propagation and dispersive linear estimates which will be crucial tools for this study. Then, we consider
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the nonlinear equation (NLDE) and state the existence of the PLS manifold. Eventually, we present
our main theorem in which the stable manifold is constructed.

The third section is devoted to the proof of the propagation estimate, which uses spectral techniques.
This is a time decay estimate in weighted L? spaces, expressing the fact that states associated with the
continuous spectrum are not stationary. We use Mourre estimate similarly to Hunziker, Sigal and Soffer
[[15599] (for a generalization of the method, see e.g. [BAMGS96]). This method cannot be used in the
neighborhood of the thresholds which need a specific treatment. In particular, problems can occur in
the presence of eigenvalues at thresholds or resonance, and we shall assume in the whole paper that
we are not in this situation. For the Schriodinger case, a similar problem has been studied by Jensen
and Kato [JIK79], Jensen and Nenciu [JNO1,JN04]. Our arguments near the thresholds are inspired of
these works. For a related study, see the article of Fournais and Skibsted [[F'S04] dealing with long range
perturbations of Schrodinger operators.

In Section 4, we then prove the dispersive estimate, using the propagation estimate established in Section
3. For an interesting survey on dispersive estimates for Schrodinger operator, see Schlag [Sch05]. It seems
that the Dirac equation with a potential behaves like a Klein-Gordon equation with a magnetic potential
and we have not been able to generalize the methods used in the Schrodinger case. It has already been
noticed by D’Anconna and Fanelli in [DF], since they proved, in the same time, dispersive estimates
for a massless Dirac equation with a potential and for a wave equation with a magnetic potential. Our
technics are here inspired of the work by Cuccagna and Schirmer [CS01].

Finally, the last sections are devoted to the proof of our main result concerning the stability of the
stationary solutions of (NLDE). We assume that the Dirac operator D,, + V only has two simple
eigenvalues and that it has no eigenvalue at thresholds nor resonance at thresholds. Note that our
assumptions exclude electric potentials, for which the theorem of Kramers states that the eigenvalues
are always degenerate, see [Par90,BH92]. In Section 4, this permits us to construct a manifold of PLS
and then to study the spectrum of the linearized operator. This in turn, in Section 5, will allow us to
decompose a solution of (NLDE) in three parts: the PLS part, the dispersive part associated with the
continuous spectrum and a part corresponding to “excited states”. This last part needs a particular
treatment since it is not dispersive and hence disturbs the relaxation towards the PLS manifold.

Acknowledgements. 1 would like to thank Eric Séré for fruitful discussions and advices during the preparation of this
work.

1. Main results

This section is devoted to the presentation of the model and the statement of our main results.

1.1. Decay estimates for a Dirac operator with potential. Let us first state our results concerning the
time decay of e #(Pm+V) in weighted L? spaces and Besov spaces. This kind of estimates are called
respectively propagation and dispersive estimates. As mentioned in the introduction, these results will
be very important tools for the study of our nonlinear time-dependent Dirac equation.

The following spaces will be needed to state the main result of this subsection.

Definition 1.1 (Weighted Sobolev space). The weighted Sobolev space is defined by
Hy(R*,CY) = {f € S'(R®), [[(Q)7(P)" f]l2 < o0}
for o,t € R. We endow it with the norm
Ifllz: = I{@)7(P) fl2.
Ift =0, we write L% instead of HY.

We have used the usual notations (u) = v1+u2?, P = —iV, and @ is the operator of multiplication
by z in R3. For the sake of clarity, let us also recall the

Definition 1.2 (Besov space). For s € R and 1 < p,q < 0o, the Besov space B;ﬁq(ﬂ@, C*) is the space
of all f € 8'(R3,C*) (dual of the Schwartz space) such that

Q=

I£llBs, = [ D 2% * fIL] < +o0
jEN
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with ¢ € D(R™ \ {0}) such that 3, $(277€) =1 for all £ € R*\ {0}, $;(§) = $(277€) for all j € N*
and for all § € R?, and 9o =1 -3\ §j. We endow it with the norm f € By (R, C*) — 1 fllBs,, -
In the whole paper, we shall work within the following

Assumption 1.1. The potential V : R3 — S4(C) (self-adjoint 4 x 4 matrices) is a C function such
that there exists p > 5 with

C

Va € N3, C' > 0, Vr € RS, |8aV|(I) < W

Notice that by [Tha92, Theorem 4.2], the operator
H:=D,+V
is essentially self-adjoint on Cg°(R3 \ {0}, C*) and self-adjoint on H!(R?, C*). We also work with the

Assumption 1.2. The operator H presents no resonance at thresholds and no eigenvalue at thresholds.

A resonance is an eigenvector in L2 _(R3,C*) \ L?(R3,C*) for some o > 0. Let
Po(H) = L(—co,~m]Ul+m,+o0) (H) (1.1)
be the projector associated with the continuous spectrum of H and
H. = P.(H)L*(R3,C*).
We are now able to state our

Theorem 1.1 (Propagation for perturbed Dirac dynamics). Assume that Assumption 1.1 and 1.2
hold and let be ¢ > 5/2. Then one has

le P, (H) || prz,12_ ) < C(t)*/>.

The proof of this result will be given in Section 2. We notice that it is still true if we assume p > 3 in
Assumption 1.1.
Our next result is the following theorem, proved in Section 3.

Theorem 1.2 (Dispersion for perturbed Dirac dynamics). Assume that Assumptions 1.1 and 1.2
hold. Then for § € [0,1], p€ [1,2] and s —s' > (2 + 9)(% — 1) there exists a constant C > 0 such that

le™ ™ P o(H)|| 5. <CK)GY

’
Bs
P94’ " p/ g

1 1
wzth;—l—y—land

K- 17 it 1t € (0,1],
#7102 df |t € (1, 00).

1.2. The stable manifold around the PLS for the nonlinear Dirac equation. We now want to study the
following nonlinear Dirac equation

100 = Hy + VF()
{w(o, ) = vo. (12)

with ¢ € C*(I, H*(R3,C*)) for some open interval I which contains 0 and where we recall that H =
D,, + V. The nonlinearity F : C* — R is a differentiable map for the real structure of C* and hence
the V symbol has to be understood for the real structure of C*. For the usual hermitian product of C*,
one has

DF(v)h = R(VF(v),h).

We work within the following
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Assumption 1.3. The operator H has only two simple eigenvalues \g < A1, with ¢g and ¢1 as asso-
ciated normalized eigenvectors. Moreover, the non resonant condition

|)\1 — /\0| < min{|)\o +m|, |/\1 — m|}
holds.

Assumption 1.4. The function F : C* — R is in C*°(R® R), satisfies either D*F(z) = 0 for |a| =5
or F(2) = O(|2]°) as z — 0 and has the gauge invariance property:

F(e2) = F(2),Vz € C*, VO € R.

We will prove in Theorem 1.3 that some solutions of the equation (1.2) are global and can be decomposed
as the sum of a PLS plus a remainder part which is vanishing. Since the PLS part may change during
the evolution, we need to track it. So we prove that around the origin, PLS form a manifold. We have
the

Proposition 1.1 (PLS manifold). Suppose that Assumptions 1.1-1.4 hold. Then for any o € RT,
there exists {2 a neighborhood of 0 € C, a C* map

h: 2 {$o} N HR?,C*H N L2(R?,CY)
and a C*>® map E : 2 — R such that S(u) = ugg + h(u) satisfy for all u € (2,
HS(u)+ VF(S(u)) = E(u)S(u), (1.3)

with the following properties
h(e®u) = eh(u), VO €R,
h(u) = O(|uf?),
E(u) = E(lu)),
E(u) = Ao+ O(Jul).

Proof. This kind of results is now classical and left to the reader. For more details, see Subsection 4.1.

We are now able to write the main theorem of this paper. Its proof is given in Section 6.

Theorem 1.3 (Stable manifold). Suppose that Assumptions 1.1-1.4 hold. Let s,s',3 € R% be such
that s > s+ 3 > 3+ 6. There exists g >0, R >0, K >0 and a Lipshitz map

W Be(0,¢) x (HC N By (O,R)) s C
with ¥(v,0) =0,
2
(0,61 < K (o] + lelly )
and such that the following hold. For any initial condition of the form
Yo = S(vo) + &o + ¥ (vo, &o) 1
with v € Be(0,¢€) and § € He N By (0, R), one has
(i) there exists a unique global solution ¥ of (1.2) in
ct (R, H¥ (R, C*) N HZ, (R, C*) N B ,(R*,CY)),
for any k € N with k < §';
(11) there exists (Voo;€oc; Foc) € Be(0,€) X By (0, R) N'He x Br(0,€) with
oo — 0l < K olZs 1Bucl < Kll20s e — Goll e < K60l
such that ) _
(1) = e FOITED G use) + e E e +e(8),

where )

le@l e < Kll€oll .
< K
- ({)?

K 2
le@llps , < WHfOHth

le@®l -, 1€oll%.

as t — —+00.
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Remark 1.1. The proof of these theorem work also if we want to obtain an expansion of the form
P(t) = e W) B) Gy ) e PmE 4 e(t)

with the free Dirac operator. But in this case, we only have the estimates

oo — <K
|6 - &), < Kligolls,

see the remark following Lemma 5.10.

We notice that the stabilization is faster than the propagation and the dispersion: it is of order (t)~2
whereas e ¢ is of order (t)~3/2 by Theorems 1.1 and 1.2. This permits to give a physical meaning
to the theorem. Indeed, we state the existence of a family of initial states which form a manifold tangent
at the origin to the sum of the eigenspace of H associated to Ao and the subspace associated with the
continuous spectrum of H. This family of initial states gives rise to solution of (1.2) which asymptotically
split in two parts. The first one is a PLS: e 7 1(tF(uec)+F<) () the other is a radiation: e 7 ¢ . Hence
if one perturbs a PLS with a radiation then this PLS is moved, proportionally to the energy of the
radiation, to another PLS and relaxes by emitting a radiation.

This phenomenon is due to the propagation and the dispersion property of the subspace associated
with the continuous spectrum of H. We don’t think that such a phenomenon could take place for
perturbation in the direction of the excited states ¢;. Indeed, on this subspace, the dynamic seems to
be conservative. The fact that we used propagation and dispersive estimates restricted the family of
perturbations to regular and localized ones.

We now turn to the proof of our results.

2. Proof of Theorem 1.1: propagation estimates

Here we prove the propagation estimates of Theorem 1.1. The method used by Jensen and Kato [J1{79]
to prove this kind of estimates for Schrodinger operator works only for initial state which are spectrally
localized near the thresholds £m. They used the spectral density as the Fourier transform of the
propagator. But the Dirac resolvent

Ry(A+ie) = (H - AFie)"*

does not decay in B(L2,L? ) as |\| — +oo for any o > 0, see [Yam93]. So we cannot use its Fourier
transform. To our knowledge, this method is the only one that permits to treat the problem of prop-
agation for energies near thresholds. Hence with this method, we only prove (in the section 2.1) the

Proposition 2.1 (Propagation near thresholds). Suppose that Assumptions 1.1 and 1.2 hold and
let x € C°(R3,C*) be such that its support is in a sufficiently small neighborhood of [—m; m]. Then
one has for o >5/2

e P, (H) x (H) || 12,12y < C (&),

We recall that P.(H) is defined by (1.1).

We also need to treat the propagation estimates for initial state which spectrum does not contain any
threshold. We cannot use the spectral density. So we work directly with the propagator. This is exactly
the method used by Hunziker, Sigal and Soffer in [[1S599]. But in our case, their result needs some
adaptation. Hence we need to generalize [[15599, Theorem 1.1] to the case of unbounded energy. In
Section 2.2, we prove the

Proposition 2.2 (Propagation far from thresholds). Suppose that Assumption 1.1 holds. Then
for any x € C°(R3,C*) bounded with support in (—oo;—m) U (m;+o00) and for any o > 0, there is
C > 0 such that

le™ x (H) | pera r2 ) < C{H)7.

The proof of Theorem 1.1 is then a consequence of the above propositions
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Proof (Proof of Theorem 1.1).

We choose xo € C*(R3, C*) satisfying the assumptions of Proposition 2.1, yoo € C®(R3,C*) satisfying
assumptions of Proposition 2.2 such that xo + X0 = 1. Hence the continuous spectrum of H is divided
in two parts. We obtain the inequality

le P (H) | g2,z ) < lle ™ xo (H)Pe (H) g2z )+ e xoo (H) | pr2,2 )

Hence from Proposition 2.1, and 2.2, we deduce Theorem 1.1.

It therefore remains to prove Propositions 2.1, and 2.2.

2.1. Step 1 : Propagation near thresholds.

2.1.1. Proof of Proposition 2.1. We now prove Proposition 2.1. Let be x € Cg° (R3,C*), then the oper-
ator e 1P, (H) x (H) as a function of ¢ is the Fourier transform with respect to A of

A= SRE (AL (oo m]Ufm,o0) (A XN,

where

RE(N) = lim Ry (A £ie), (2.1)

e—0+t

we will prove in Section 2.2 that the limit exists in B(L2, L2 ). So Proposition 2.1 is a consequence of
the

Proposition 2.3. Suppose that Assumptions 1.1 and 1.2 hold. Then for A > m close enough to m, one
has
RE(N) = lim Ry (M +ie)

e—0t

—1/2

exists in B(Ho H?

—0

) foro >3/2. It isCl if o > 1/2+1 and 0 < 1 < 2 with

l —
%SR?}()\) —oWA=—m"*h, (2.2)

as A —m™.
The same holds for A < —m if m is replaced by —m.

We prove it in Section 2.1.2. The idea is then to apply to

A C51{¢(/\)]l(—oo,—m]u[m,oo)(/\)X(/\) (23)
with k = 1 and 6 = 1/2, the following

Lemma 2.1 (Lemma 10.2 of [JK79]). Suppose F(\) = 0 for A > a > 0, F*+D()\) € LY([§, +o0])
for any § > 0 and an integer k > 0 and that F**' = O(A\72) near 0 for some 6 €]0,1[. Assume further
that FU)(0) =0 for j <k — 1, then

F(t) = Ot~
The symbol O may be replaced by o throughout.

We refer to [JIK79] for the proof of Lemma 2.1. In fact to apply this lemma to (2.3), one should split
this function in two parts, one supported in R and the other in R™. Then one translates the first
one by —m and applies the lemma. To deal with the other part, one works exactly in the same way
after a symmetry with respect to the origin. To end the proof of Proposition 2.1, it remains to prove
Proposition 2.3. This the goal of the next section.
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2.1.2. Behavior near thresholds of the Dirac resolvent: proof of Proposition 2.5. In this section, our aim
is to prove Proposition 2.3. First of all, we notice that if the limits (2.1) exist then we have

Ry (A\)* = Ry (N,
and since

as(Dym +V —2) tas = —(Dy + asVas + 2) 71,

3
for a5 = H «; 3, one obtains
i=1
asRy(N) ras = =Ry, (<)),

So we only need to study the behavior of RJ‘E(A) near +m. Let us introduce
Cir ={2€C,32>0, Rz >0}
then the behavior for the free case (V = 0) is given by the

Proposition 2.4 (Dirac’s resolvent expansion). Let be s, > 1/2 with s+ s > 2 and t € R.
Then Ry(z) € B(Hi}l,His,Q) s uniformly continuous in Cy and so it can be continuously extended

to (C++.
Moreover, the formal series z € C, .,
Ry(z) = Z(i\/ 22 —m2) D, G, + Zz(i\/ 22 —m2Y G with S(V/22 —m?2) > 0,
Jj=0 j=0

is an asymptotic expansion for z — m in the following sense:

Let k € N, if Ro(z) is approzimated by the corespondent finite series up to j = k, the remainder
is o(|z — m|F/?), as z — m, in the norm ofB(H;}l,Ht_s,Q) with s, s > k+1/2 (and s+ s > 2
ifk=0) and t € R.

In the same sense, this identity can be differentiated in z any number of times. More precisely, forl € N*
the I*" derivative in z of the said finite series is equal to dd—leR(z) up to an error o(|z — m|*/27Y), as
7_21,7{‘:5,12) with s, ' >k+14+1/2 and t € R.

z — m, in the norm of B (H.

Proof. Tt is an adaptation of lemmas of [JIX79]. We rewrite [JI79, Lemma 2.1], [JIX79, Lemma 2.2] and
[JKX79, Lemma 2.3] in the Dirac case with help of the identity

(D — Z)_l(Dm + Z)_l =(-A+ m® — 22)_17

orin((C2)2
z+m o-V
—1 “A_ 2 2 _A_ 2 2
e s e

—A—224m?2 —A—224+m?
where o are the two dimensional Pauli matrices.

To obtain the behavior of the Dirac resolvent in the general case, we would like to use the formula
Ry (z) = M(2) ' Ro(2) (2.4)

with
M(z) = (14 Ro(2)V).
To give a meaning to Identity (2.4), we have to prove that M(z) is invertible in B(Hi/f) for o > 1/2

with 0 + 1/2 < p, where p is introduced in assumption 1.1. We will also give the asymptotic behavior
of R{;(z) and some of its derivatives as A\ — m™. By means of Proposition 2.4, one has

z€Ciy — M(z)€eB (Hi{f)
is uniformly continuous for 1/2 < o and 2 < 0 4+ ¢’ < p and some o’ > 1/2. We also have
M(z) = M(m) + A(2),
1/2 41/

with A(z) uniformly continuous in B (Hfg,, _U) near m in C4 4 and tending to 0 as A\ — m for 1/2 <

o and 2 < 0+ ¢’ < p and some ¢’ > 1/2. We now prove the
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Lemma 2.2 (Threshold’s eigenvector and resonance). Suppose that Assumption 1.1 holds. Let
be M(s) the kernel of M(m) in Hl_/f and K(s) the kernel of (H —m) in Hl_/s2. Then M(s) and K(s)
are finite dimensional and do not depend on s € (1/2,p —1/2). So we write M and K and we have

M=K

Proof. Let be u € K(s), then (D, + V —m)u = 0 and u € H/2

s

1/2,8 > 1/2,and s+ p—s > 2, we obtain, by Proposition 2.4, (D,,, — )_1 Vue Hl_/f. For any ¢ € C§°,

so Vu € H;E/Q and since p — s >

S

(&, (Do —m) (D = m) ' V) = (D —m) (D —m) ™" ¢, V) = (¢, V),

we obtain (Dp, — m) (D —m) ™' Vu = Vu and (Dp, — m)(u 4 (D, —m) ™" Vu) = 0. Since D, —

has no kernel in H_’ / , because there’s no harmonic function in L2 |, we obtain u + (D,, — m)_1 Vu=0.

Hence, we have K(s ) c M(s). -

Conversely I + (D,, —m) 'V defines a Fredholm operator of B(Hl_/f). If uw € M(s) then u € H1/2
and (D, —m) Vu € Hl,/f. So we write 0 = (D, —m) (w+ (D —m) " V) = (D, —m + V)u and
we obtain K(s) = M(s).

Now we introduce I + V (D,, —m)~" € B(H;lﬂ), and its kernel A/(s) which is finite dimensional

is a Fredholm operator. We have that N (s) is decreasing with s and M(s) is increasing. Since, by
duality, dim M(s) = dim N (s), we deduce that N (s) and K(s) = M(s) do not depend on s.

We are now able to conclude the proof of Proposition 2.3.

Proof (Proof of Proposition 2.3). Assumption 1.2 gives K = 0 and so with Lemma 2.2, one obtains M =
0. Hence M (m) is invertible since it is a Fredholm operator. We use Von Neumann series to obtain

that M(z) is invertible in B (H1/2) for o >1/2,2 <0+ 0 <pandsome o’ >1/2 and

M)t = M(m) ™ 3 (A()M(m) ).

j=0
So for A > m close enough to m,

MY\t = lim M(X\+ie)™?
e—0+
exists in B (H1/2) for o > 1/2 with 2 < o+0’ < p and some ¢’ > 1/2. We obtain that hm Ry (X +ie)

exists in B( _,}/2,7-(1/2) for o > 1/2 and ¢ > ¢” > 1/2 with 0 + 0" > 2,2 < 04+ ¢’ < p and

some o’ > 1/2.
Using Proposition 2.4, we prove that if 1/2+k < o, and ¢’ +1/2 4+ k < p then

dk

M) =o(A=m )

in B (H_1{2,H1/2) for k € N* as A — m™. Since we have

1 (d _
SFW T =—F0) (2 F0)) FO)

for matrix valued differentiable function F' with invertible values, we obtain for k € N* the estimate

k _
o)t = oA

d}\k )7

in B (H1/2) with 1/2+ k <o and 0 +1/2+k < p as A — m™. So by Leibniz formula, we also have
for k € N*

LRI =O0(WA—m TTh,
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—0

1nB(H;,1/2,H1/2) with1/2+j <o, 1/2+k—j <o and 1/2+k —j+o < pfor all j € {0,...,k}
as A — m™T. For the case k = 0, we have the formula
Ry (2) = Ro(z) (1 + VRo(2)) .

Since RT(m) = R~ (m), this leads to

and so

as A — m* in B (H;1/2,H1/2) with 3/2 < ¢ and 0 + 3/2 < p. Hence (2.2) is proved.

—0

2.2. Step 2: Propagation Far from thresholds. In this* section, we give the proof of Proposition 2.2. We
prove the propositions for ¢ > 0. Then using (e“tH ) = et the result easily follows for ¢ < 0.

2.2.1. Proof of Proposition 2.2. Let us introduce

I [
A= {D;'P-Q+Q PD,'}.

[IM99, Lemma 3.1] gives that A is an essentially self-adjoint operator and the domain of its closure
contains the domain of (Q)). Proposition 2.2 is then a consequence of the

Theorem 2.1 (Minimal escape velocity). Suppose that Assumption 1.1 holds. Then for any x €
C§° bounded with support in (—oo, —m) U (m,+00), there exists 0 > 0 such that for any | € R, for
any v € (0,0), and any a € R one has

Yt >0, |Laca—ve<oe™ ™ x(H)La—axo|| < Ct7"

The proof will be given in Section 2.2.2. Let us now show that Theorem 2.1 implies Proposition 2.2.

Proof (Proof of Proposition 2.2). We notice that
(A7 = (A) " "Lraza +O(t™7),
this leads to

(A) e () (A) = (A) L, oo e X (H) Ly g {4) ™ +0(7),

2

So if we choose a = —% and v = 6 — 5 in Theorem 2.1, we obtain

A4y~ X (H)(A) 72| < O min(e D,

Then we prove that (A4)*(Q)~“ is bounded for any positive . It is quite immediate for integer « using
multi-commutator expansion [[1S00, Identity (B.24)]. To prove it for any positive real, we use [SS598,
Identity (1.2)]. This identity states that for a self adjoint with B > 1 and a positive real (3, we have on
domain of Blel+!

B — sin(m{f}) /+oo wi? dwB
T o 1l+wB™! ’

where {8} = 8 — [B] and [f] is the integer part. With this formula for B = (A)?* for any k € N, we
prove for any 3 €]0, 1] that

(A)*0 < (@)

which ends the proof of Proposition 2.2.
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2.2.2. Proof of Theorem 2.1. Our proof of Theorem 2.1 is an adaptation of the one of [[H5599], we make
some modification.

For any self-adjoint operator B with domain D(B), we write Ad4(B) for the operator [A4, B] with
domain D(A) N D(B) dense in D(B), defined by

Yu,v € D(A) N D(B), (i[A, Blu,v) = i({(Bu, Av) — (Au, Bv)).
Then let us introduce the wave operators associated with the couple (D, H):

W= = lim etHe tPm,
t—+oo

Under our assumptions [GMO1, Theorem 1.5] gives that these operators exist and their ranges are all
given by Ran(P.(H)). Moreover, they are unitary and

(WH)" = lim *Pme P (H),

t—+oo

which also exist, by [R579, Proposition XI.3]. Since for W; = eltfe=iPm 9, W,¢ also converge for ¢ €
HY(R3,C*), we deduce the identity
HW* =W*D,,

and the intertwining property:
FH)W = W= f(Dp) (2.5)

for any bounded borelian function f. Then let be
Ay =WTA(WH)"
we can state the
Lemma 2.3 (Mourre estimate). For any v > 0, one has
2
g smddH, AV s mpw > mﬂ\H\Zm-i-u-

Proof. This is a consequence of i[D,,, A] = fﬁm?'

We now adapt [[15599, Theorem 1.1] to the case of unbounded energy since here the multi-commutators
Ad" (H) are bounded operators. We introduce the

Definition 2.1. We call generalized indicator function of R™ a function of the form

e - (x)

with u € C§°(R) supported in [—n,n] (for some n > 0), nonnegative, and such that u(0) = 1.

Note that our generalized indicator function of R~ are of infinite order in the sense of [[15599, Section 2].
Using the commutators expansion presented in [[1500, Section B] and the Mourre estimate of Lemma 2.3,
we have the

Lemma 2.4. Assume V satisfies Assumption 1.1 and that f is a generalized indicator function of R™.
Let be As = s71 {A —a} and 0 < e < 1. Then for anyn € N and § > 0 there exists a C > 0 independent
of a € R such that for s > 1

g(H)i[H, f(As)]g(H) < s~ 0g(H) f'(As)g(H) + Cs™ ' =g(H) f*=°(Ay)g(H) + Cs~ =19 g2(H).

Proof. See [HS599, Lemma 2.1], in our case we don’t need to replace H by b(H)H with b € C§°. Indeed,
our commutators Ad¥ (H) are bounded by means of Lemma ??. Then we replace the notion of function
of order p by the one of generalized indicator function. Finally, we use the fact that a generalized
indicator function f satisfies

Vk €N, V6 € (0,1), 3C > 0, ’f(’“)’ <c|fe.

We are now able to give the
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Proof (Proof of Theorem 2.1). We notice that if 0 < v < § —n and if F' is a positive non increasing C*°-
function which equals 0 on RT and 1 on (—o0, —7), we have

A—a
I[(Afafvs)<0 S F ( — 9) .

S

Now suppose F' is a generalized indicator function of R~. We consider
F(s7'{A—a—0t})

and study the time evolution of the observable g(H) f(A:s)g(H), where f = F?, with respect to e "1 4_,~0.
That is to say we study

(e M A a0t g(H) f(Aes)g(H)e ™ La—asot)).

We work exactly as in the proof of [[15599, Theorem 1.1]. Hence using Lemma 2.4 we obtain for 0 < ¢ < s
and s > 1

(e 04 qsoth, g(H) f(Ars)g(H)e L5 pugh) < Cs™ 727912
t
+Cs_1_€/ (e L a—as0v, g(H) [ (Aes)g(H)e T La—as o) =[],
0

Then using the Gronwall’s lemma (see [ABIMGI6, Lemma 7.A.1]), we obtain

) ) 1/5
(€7 1A a0, g(H) f(Aus)g (e g mowy) < { €502 20 + 505~ s}

so if we choose a small § and a big n, the proof is done if we choose s = max {1,t}.

3. Proof of Theorem 1.2: dispersive estimates

Dispersive estimates for Schrodinger operators with electric potentials take place in Lebesgue spaces.
This fact permits to use simple perturbation methods (like Duhamel’s formula) to prove the decay
estimates for perturbed Schrédinger equations. Unfortunately, we have only been able to prove dispersive
estimates for Dirac operators in Besov spaces, so it was not possible for us to use Duhamel’s formula
or other perturbation method used for Schrodinger operators.

We notice that in the case of a Dirac operator with scalar potentials (matrix valued functions colinear
with (), the square of the Dirac equation gives four coupled Klein-Gordon equations with an electrostatic
potential. This permits to use results on the Klein-Gordon equation. For example, Yajima [Yaj95] proved
dispersive estimates for the Klein-Gordon equation by using wave operators associated with Schrédinger
operators including an electrostatic potential. But in the general case, by taking the square of a Dirac
operator with a potential, we obtain also a magnetic potential. Hence the method used by Yajima does
not work in our case.

To our knowledge the only one study of the dispersive estimates associated with the Dirac equation,
is the the work of D’Anconna and Fanelli [DF] for the massless case. For non zero mass we have not
been able to found any reference. Even for the free case for which dispersive estimates could be deduced
from those of Klein-Gordon equation. Here, to give a sketch of the proof for the general case, we first
prove the free case estimates (see Section 3.2), using estimates on oscillatory integrals of Section 3.1.
In Section 3.3, following Cuccagna and Schirmer [CS01], we introduce the distorted plane waves. This
permits us to tackle the proof of the general case in Section 3.3.2.

3.1. Estimates on some oscillatory integrals. Here, we state some stationary phase type results which
will be useful for the rest of the proof. We denote by S? the unit sphere of R3.

Lemma 3.1. Let be f € C1(S?) and for any v € S? and any k € R define

Ju(k) = /52 eP=vw} £(0) dw

Then we have

C |Vo‘f |VO‘
|Jv(k)|<7 Z/s \al Z/s Ia\ dw 3, (3.1)

o<1/ |w =] g1 ? 8% |w+ vl
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where C' does not depend on f, k or v.
If f is in C%(S?) with f(v) = f(—v) =0, we have

C v2af V2af
781 < 757 Z/S Z/S do '}, (3.2)

aEi s |w—v|lo“ 2 s |w+v|‘o‘|

where C' does not depend on f, k or v.
If f is in C%(S?) and vanishes in a neighborhood of v and —v, we have

Ve f(w) Ve f(w)
C 2\0431 fsz ﬁd n 2\0431 fs2 ﬁd
(k)? dist(supp(f),v) dist(supp(f), —v)

| Jo (k)| <

where C' does not depend on f, k or v.

Proof. We can suppose v = (0,0, 1) since estimate (3.1), (3.2) and (3.3) are invariant under the action

of rotations. We have o
= [ et (6, 0)sin(o) dod,
0 0

then we make an integration by parts in ¢

i 27 ) o P i 27 L o
20 = =3 [ [y an s g [ [ e, 106.0) do,

If we suppose that f vanishes in a neighborhood of v or —v, then we use

o< [ 1oss60.0)] av
to obtain (3.1) in this case. Otherwise with help of a smooth cut-off, we split the integral in two parts,
each one has a support far from v or —v. Repeating the previous proof for each part, we prove the

estimate (3.1) in the general case.
If moreover we have f(v) = f(—v) = 0 then we have for any o > 0

. 2m o
:l/ / eik{1*C°S(¢)}3¢f(9,¢)d¢d9
k 0 0
. 2 ™
+%/ / eF1=cos(O)} g £(0, ) dpdd
0 Jr—a
. 27 T—Q
+%/ / eF1=cos()} g, £(0, ¢) dpdd.
0 o

We use an integration by parts to obtain for the second term of the right hand side

e ik{1—cos(¢)} — 1 ik{l—cos(¢)}w o
/a e 9o f(0,¢)do = & {e sin(¢) |,

T kicoston ) 95 F(0:0)  cos(9)dsf (6, ¢)
k/ ‘ { sin(9) sin(eyr |

for the other terms of the right hand side direct estimations give us

CCY 27 C 27 27
|Jv<k>|sm/0 s3p|a¢f<9,¢>|de+m/o {supl(%f |d9+/ /\@f o) d¢de},

choosing a = \/m_l and working like in the proof of the estimate (3.1), we obtain estimate (3.2). The
reader recognized the proof of the well known Van der Corput Lemma with modification in order to
give precise estimates.

For the estimate (3.3), we first split the integral .J,,(k) in two hemispheres with respect to the pole v
and we choose o = dist(supp(f),v) or a = dist(supp(f), —v).
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We obtain first the

Proposition 3.1. Let h € C(R) and g € C%(R3) be such that the integrals appearing in the following
estimate are finite. Then defining

k) = [ MO0D-ETg(6) s

for any u € R® and any k € R, we have

C |V g(¢
< la|—1 laf—1
|I(k,u)| < ] 122 | | dfa/ €] . T el

AL (3.4)
IE

\ u

where C' does not depend on h, g, k or u.
If moreover g vanishes in a cone of axis D = Span(u), we have
C

[k, u)| < X
|ku|? dist(supp(g) N S2, D N S2)

Ve \Y
% max €|2\a|72 ’ 9(5)’ df,/ |€|2\a|72 ’ 9(5)’ dg
la| <1 R3 £ || R3 l_‘.i ]

lul €] [ul T €]

where C' does not depend on h, g, k or u.

Proof. We write

I(k,u):/ =€) g(e) e — [ M=ol o (oklul)p? dp,
R3 R+

where J, ,(k) = [g. etftl=vel g(pw) dw and we apply Lemma 3.1.
We introduce a first useful variant with the

Proposition 3.2. Let g € C'**(R3) be such that the integrals appearing in the following estimate are
finite. We introduce

Pla) = /R eillellel—¢-2} g ) g

for any x € R3. Then for all « € N? such that |a| < k we have

|§||B\ 1 |v g( )l df ) (3'5)

|[VOF(x)| < ¢
\I \E\}

—_ ma
< ||l 41 i<irial | s

If moreover g vanishes in a half cone of axis DT = {pﬁ, pE R*}. Then for all « € N3 such that |a] <

k, we have

VPg(¢)|

\w \5\’

[VYF ()| < ¢

|B]—2
max
s |z|lel+2dist(supp(g) N S2, Dt N S2) |81<2+]al | Jrs €]

¢ b . (3.6)

Proof. The critical points correspond to the the semi axis spanned by z. We treat the part of the

integrals which is far from critical points by using an integration by parts with help of the operator
£ a:

_ _Ta

7L| Ve. Let be ¢(z, &) = {[¢]|z] — & - z}, we have

||| &7 —

x

F(z) = (Le), g) = (e L*g),

with
2

'=-L-——>
3 T
J2llél | & - &
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This gives the bound
— |B]—=1 78
max VPg(&)|d

L rglx{ / 619 9o de .

we obtain Estimate (3.5) for a = 0. The method to treat the other part of the integral is exactly the
one we used in the proof of Proposition 3.1.
For higher order derivatives, we have

or after an iteration

vweikqb(z.f) ||§|| v elkqb z,8)

and SO
ip(x,- 1 ip(x,-
<Vze ( 7)ag> = _m<e ( 7)7V|62|g>

the result is then obtained by applying this trick || times and then repeating our proof for the case o =
0, we obtain Estimates (3.5) and (3.6) for V*F(z).

And finally, we need the

Proposition 3.3. Let be g € C2(R3) with compact support. Then for any u € R3, k € R and

we have

[T(k,u)| < %max max {/
1354 laj<2 | Jgs

("7 v g(¢) dg};

1 ’ 1195

l
Jul

max |§|lin*1

)dg ] (3.7)

59(&
&
Il

2 <1
. m n<1
|| inf —
z€supp(g) | /g2 + m2

Proof. We can suppose u = (0,0, |u|) since estimate (3.7) is invariant under the action of rotations.
The oscillatory integral I(k, ) is bounded and critical points of the phase of I(k,u) are supported by
the semi axis spanned by u. With help of a smooth cut-off function x , we split the integral in two
parts I(k,u) = I1(k,u) + Iz(k,u), where I (k,u) is supported in a half cone around u. We then use
multiple integrations by parts with help of the operator

¢ _
Lo VER g
= D) . 5.
§ _
| s — 0

Since (1 —x)g € C?%(R?) has support far from critical points and since for A\(§) = /€2 +m? we
have vax(g)H < CaA€)10] | we obtain

Bkl < 5 3 M@ gl

lal<1

and

[ (ks u)| < 5 Z IA@) =g 1.
|| <2
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Otherwise Iz(k,u) has support in a small cone around u, and we have
Bk = [ VI de dug? dp
= [ VIR Lkl dp

with
Togll) = [ S G(p)do
s
where g = yg. We obtain after an integration by parts

i

27 ) o _ T i 27 T o _
o p(k) = _E/o {e‘k{l °°b(¢)}g(pw(9,¢))]o d9+E/O /0 Pt C°b(¢)}8¢g(pw(9,¢)) depdb,

Since we assumed ¢ is supported in half cone around u, we have g(pw(6, 7)) = 0. Hence we obtain

i 2w _ i 2m T B _
Loy =5 [ [ ogapoeenassy [ [ o0o 5000, 0)) doas,

and so

. 27 T
Bh) = g [ [ [ VP00, 5(00,6)) dodtp dy
Fl e o )

. 27 T
1 i —plul cos ~
+ T /R ) /0 [ V93, 51s(6,0)) dodOpdp. - (35)

Let us now study the decay resulting from the dispersive behavior of the radial part. To this end, we
follow the proof of the well-known Van Der Corput lemma. We study

L(k,u,p,¢',0) = /+ ei‘k‘{\/p2+m2_”‘“|COS(¢/)}8¢§(pw(6‘,qb))pdp.
R

Notice that, in view of (3.8), we are only interested by L(k, u, ¢, ¢,0) and L(k,u, ¢,0,0). First, for any
differentiable function on R such that f’ > 1, we have for any o € R™

{teR; [f(t)] <o} <a. (3.9)

h(p) = v/ p* +m? — plu| cos(¢'),

We introduce

and we apply (3.9) to
dph(p)

inf {]02h(|z))|}

xzesupp(g)

f(p) =

We notice that Bﬁh(p) does not depend on u or ¢'. With help of a smooth cut-off function, we split the
integral L in two parts, one has support

{peR"; [f(p) <}
and the other is its complementary. In fact, we obtain exactly three interval corresponding to
{peR"; flp)<—a}, {peRT; —a< flp)<a}, {peRT;a < flp)}.

In the first and third interval, we make an integration by parts and in the second interval, we use
Estimate (3.9). Hence we obtain the bound

1
. max {p10s9(pw (8, ¢))|}
alk| _inf {192, h(iah1} [ #<=

xreEsupp

|L(k,u,¢,¢,0)] <max{ a,

1

+
alk| inf {I%
z€supp(9)

h(|x|)|} max{/R+ 1055(pw (0, 9))| dp, /]R+ p10,05G(pw (0, ¢))] dp}.
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We use

pWsatpe0.0)| < 2mx{ [ oiatrato.on) an. [ riopiiteto. o) ar}

and then choose

wmmggp ) |amh<|x|>|}
and plugging the resulting estimates for ¢’ = 0 and ¢’ = ¢ in (3.8), we obtain estimate (3.7).

3.2. Dispersive estimates for the free case equation. Thanks to the tools introduced in Section 3.1, we
are able to state the

Theorem 3.1 (Dispersive estlmates for free Dirac operator). For any p € [1,2], for all 6 € [0;1],
for all s, s’ € R, such that s — s’ > (5 —1)(2+6) and q € [1, 0], we have
—itD, 2_

||e=itP HB;,q,Bgf ) <K(t)r !

with
{m”"“ if 1t € 0,1],
17 if ] € [1, 00),

and p' = ﬁ.

Proof. We only need to prove the case p = 1, since the general case follows by interpolation of the
case p = 1 and the charge conservation which corresponds to the case p = 2. Then using D,, =
V=A+m?(ry — 7_) with 73 = Igs+(Dyy) = 3 {1 % |Dyn| ' Dy}, we obtain the estimates from those
relative to the relativistic Schrodinger operator v/ —A + m?2:

— it/ — 2
ety atm Hqu,B;’m < K(1)

which in turn follows from
Proposition 3.4. For any x € D(R3,C*), we define x;(z) = x(277|z|). Then for 6’ € [0,1], we have:
- if 0 ¢ supp(x),

et _A+m2Xj (\/_A + mz) o1, e < 02(2+9/)j|t|—(1+9//2) (3.10)

where C' is independent of t and j.
- if 0 € supp(x),
it/ —ATm2 _
le7 YV =AFIN (= A 4+ mP) |11, e < C(1) 7 (3.11)

where C' is independent t.
We postpone the proof of Proposition 3.4 until the end of the proof of Theorem 3.1.

Hence one has

VAR (VA m) f

| = c2)n

interpolating with Estimate (3.10) of Proposition 3.4 for / = 0 when ¢ < 1 and using Estimate (3.10)
with 68/ = 6 for t > 1, one obtains

978" || g—it 7A+m2Xj(\/_A + mQ)fHoo < Olij(t)QjS”f”l
with »
(4 — oi@to+s'—s) [T if [t <1,
Ii](t) 2 { |t|7179/2 if |t| > 1.
We use

suprk; < CK(t)
JEN

if 2460 < s — s and Estimate (3.11) to prove Theorem 3.1. Hence to conclude the proof, we need to
give the
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Proof (Proof of Proposition 3.4). The kernel of e~V =2+m\ . (\/Z A 'm?2) is given by (27) %/ K (x —

y) where
Ki(ot) = [ entVERE S () dg
]RS

Hence, we estimate the L°° norm of K.
If |z|/|t| < 2971/v/221=2 4+ m2 or |z|/|t| > 1, we use non stationary phase lemma in R? with help of

¢
—FT
2 2 . . . .
—vetmt . V. Hence, in this case, we obtain the estimate
t’ —£5 3
Ve2+m? ‘

/ R /) d§’ < G2
R'ﬁ

for any n € N. Otherwise, we apply Proposition 3.1 with h(r) = Vr2 +m?, k=t, u = x/t and g(x) =
x;(|z]). So if 0 ¢ supp(x), to obtain

the operator L =

e }V"xg-(\/é2 +m2)’d§ el

-t

/ \/erxf (W)@’ < gmax
R%

[t] 181<1 Jgs

B
I€]
Notice that in this case, |z|/[t| > ¢’ > 0. If instead of Proposition 3.1, we use Proposition 3.3 with g =
X;j, k =t and u = z/t, we prove the estimate

C23%

|Kj(z,1)] < [

The estimate (3.10) is then obtained by interpolation. For (3.11), we use the classical stationary (Morse
lemma) and non-stationary phase methods (integration by parts) in R3. For more details about the
method one can look at the end of the proof of Proposition 3.9. This ends the proof of 3.4.

This ends the proof of Theorem 3.1.

3.3. Distorted Plane Waves. Our aim is now to generalize the previous method to the perturbed case.
Let us introduce the wave operators

Wi: lim eit(Dm-‘rV)e—itDm
t—doo

(for the existence and the completeness : Ran(W*) = Ran(P.(H)) of these operator see [G\M01, Theo-
rem 1.5]). With the intertwining property (see Identity (2.5)), and Fourier transform F, we shall obtain
for h(¢§) =a-&+mpB

e—itHPC(H) _ Wie—itDmWi* _ Wi]:-e—ith(Q) (Wij,—_.)*

So we can adapt the previous method if we are able to prove some estimates about the kernel ¥y
of WEF. The kernel ¢y is called distorted plane wave. We notice that )y is a 4 x 4 matrix valued
function.

We will show that the previous method work with 115, x; in place of x; with small modifications. So
we need estimates on 1y . Generally, distorted plane waves are studied like perturbations of free plane
waves. So we will prove estimates on the perturbative part, written w in the sequel.

3.3.1. Definition and properties. We need to introduce the free plane wave, let be
h(k)=a-k+mp
for any k € R?, notice that D,, = h(P). This hermitian matrix has for eigenvectors the
wé(k, z) = e Tu(k)e;

where

(m+ Ak)Id - Ba -k
V2A(k) (m + A(k))

u(k) = (3.12)
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with A(k) = vk* +m? and (e;); are vectors of the canonical basis of C*. For more details see [Tha92,

Section 1.4, Section 1.F].
By definition, a distorted plane wave is a solution of the PDO equation

(D + V)b = £/k2 + m2y (3.13)

with for some j and any k € R3, ¢ (k, x) — z/Jg(k, x) tending to zero as x goes to infinity (in some sense),
see [Agm75, section 5].
A solution of (3.13) is a function ¢ (k,z) of two variables here k is a 3-dimensional vector which is

called the wave vector. A free plane wave 1/)8 satisfies the PDO equation (3.13) in the case V = 0.
Following [Agm75], we introduce two families of function

W (k) = ik, 2) = { BE ORIV (R (K, ) } (@)

for j € {1,2} and
W (k@) = ¥ (k. 2) = { BE ARV O (k) } (@)

for j € {3,4}. The rest of the proof works also for Ry, instead of Ry, (the trace of the resolvent R‘j,[ was
introduced in (2.1)).

In case there is no resonance at thresholds and no eigenvalue at thresholds, Theorem 1.1 gives us that
R (A\(p)) is in B(L2, L) for any o > 5/2, this also work if o > 1 see Proposition 3.10 below. So the
previous definition make sense if Assumption 1.1 holds and we have the

Proposition 3.5. Suppose that Assumptions 1.1 and 1.2 hold. Then for any k € R3\ {0}, wg/(k,x)
satisfies equation (3.13).

Distorted plane waves define a generalized Fourier transform. We introduce ¢y (k,z) € My(C) the
matrix with vector column v, (k, z) and we define

FN® = [ dvika)f@) ds

which is a priori defined on the Schwartz space S(R?,C*) but will be extended to L?.
Distorted plane waves are also called generalized eigenfunctions, since they correspond to “eigenvalues”
associated with the continuous spectrum. Indeed, we can prove the

Theorem 3.2 (Eigenfunction Expansion). The operator Fy defines a bounded linear map from L>
into itself. Its kernel is given by the the sum of the eigenspaces of H. Moreover it is a unitary map
from P.(H)L? onto L*(R3) with
(Fyf)(@) = lim [ oy (k z)" f(k)dk,
n—oo Kn
for any (Kp)nen a family of compact sets with K,, C K, 11 and UpenK,, = R3. Finally, for any interval
I C R, one has

umwvwzf \Fy 2 dk (3.14)
o (h(k)NI£D

where o(h(k)) is the spectrum of h(k).

Proof. The proof is an easy adaptation of the proof of [Agm75, Theorem 6.2] (see also [RS79, Theorem
X1.41]), the main difference is that here we insert the unitary matrix v defined in (3.12). Formula (3.14)
is nothing more than an adaptation of [Agm75, Formula (6.6)] or [RS79, Formula 82¢’].

We also have the

Lemma 3.2 (Intertwining Property). Let g be a bounded borelian function with support in R\
(=m, m) , we have

Fug(H) = (g0 h)Fy. (3.15)

Proof. Using (3.14), we obtain that (3.15) is true for ¢ = 1; with I an interval of R\ (—m, m). We
then obtain it for bounded borelian function with support in R\ (—m, m), usual density arguments and
properties of functional calculus. More precisely, we use the fact that a bounded sequence of borelian
functions which converges everywhere gives a sequence of bounded operators which converge strongly.
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Hence we deduce that, for any y € C5°(R), the kernel of e "y (H) is given by

[e ™2\ (H)P(H)] (z,y) = . Yy (k, 2)*e P E (k) by (k, y) dk.

which exactly means _ _
e X (H)P(H) = (Fv) e " x(h)Fy (3.16)

We recall that we want to prove the decay of e\ (H) as t — +oco in some Besov spaces. We observe
that
e x (h(k)) = e E X (A(R)) Py (k) + P x (= A(k)) P- (),

where P, (k) (resp. P_(k)) is the projector associated with the positive (resp. negative) part of the
spectrum of h(k), i.e.
1 h(k)
Pik)y==(1+—=).
<0 =5 (1+3)
Hence, in the following we study the functions

(z,y) € R® x R? - TN (PLyy (k, )" (Petpy (k,y)) x(h(k)) dk.

3.83.2. End of the proof of Theorem 1.2. We now prove Theorem 1.2 with help of three propositions
which will be proven in Section 3.3.3. These propositions give some estimates on the perturbed part of
the distorted plane wave. Following Cuccagna and Schirmer in [('S01], we write ¢y (k, x) = e (u(k) +
w(k,x)) where w is the perturbation part which satisfies

(b2 = {eikQR;(+A(k>)veik@u(k)i, if e {12}, (317)

e FQRE(=A(K))Ve*Qu(k);, if i€ {3,4},
and we now state our propositions.

Proposition 3.6. Suppose that Assumptions 1.1 and 1.2 hold. Then there exists C' > 0 such that for
any k, x € R3\ {0}, and any B € N* with |3] < 1, one has

18]
Viulk, )| < —S () . (3.18)
Moreover one has
{Viw(k,2)(Q) "¢} (x)| < C (minl], [k} . (3.19)

2
z k.
l[ [k ‘>
We use this to prove the time decay in |t|~'. Unfortunately this doesn’t work for the |t|=3/2 decay,
hence we then study

(k) (min{z], |k|}

i|kl|Q| p+ ik-Q . i
R Ay A 020
and . _
bt = | oo, ey 6
One has the

Proposition 3.7. Suppose that Assumptions 1.1 and 1.2 hold. Then if p > 3 + |3| for some 3 € N3,
there exists C > 0 such that for any k, x € R3\ {0}, one has

C

s <
|Viv(k, )| < o ib-
] ||

(]
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Proposition 3.8. Suppose that Assumptions 1.1 and 1.2 hold. Then if p > 3 + |3| for some 3 € N3,
there exists C > 0 such that for any k, x € R3\ {0}, one has

|v55(k,$)| - (min{|z|, |k|}) 5.
(k) <min{|:v|, |k} o — ﬁb

Using Proposition 3.6, 3.7 and 3.8 (which are proved in Section 3.3.3 below), let us prove the following

Proposition 3.9. Suppose that Assumptions 1.1 and 1.2 hold. Then we have for x € C§°(R) with
support in R\ [—m;m]| for any 6 € [0,1] and j € N,

. ) C2(2+6)j
—itH —
He X(2 ]H)HL1~>L°° = |t|1+9/2 ) (322)
with C independent of t and j.
We also have for x € C§°(R), for any 6 € [0, 1]
N (H)P(H <_° 3.23
He X( ) C( )||L1_,Loo = |t|1+9/25 ( . )

with C' independent of t.

Proof. The proof works like the one of Proposition 3.4 with some modification due to the fact that high
derivatives in k of w(k,x) grow with respect to z.
We need the L> norm of the kernel of e~y (279 H) which thanks to (3.16) is given by

Litoag) = [ VIR (P07 (€) + w5, )} {PHE(E) + 0l O} x(2INE) de
b [ FVERRCE D (P 6w (6) + (@, )} (P (Ou(€) + 0l O} (-2 INE) dE
We notice that if we expand each integrand in terms of u and w, we obtain the sum of the integrals
[Fle#(tay) = [ | FVETIIE ) (P (2 (0, €) P2 (O (. b x(E2AE)) .

with z, 2" € {u,w}. We notice that I;r[u,u](t,x,y) + I [u,u](t, z,y) is the kernel of e~ tPmx i (Dyy),
hence we only treat the other integrals.

For the [t|7! decay, if |z — y|/|t| < 2971/v/227=2 + m? or |z — y|/|t| > 1, the phase has no critical
point. We use an integration by parts in R? with help of the operator

(V : _$>
I = L2-V5.
t § —x
/§2+m2

So with the estimate (3.18) of Proposition 3.6 and with

§
O
€2+m2

)
€’

<

we obtain the estimate ‘
|52 2l 2, )| < O2%9)] 7
with C independent of j and t.
Otherwise if |« — y|/|t] > ¢ > 0, using first (3.4) of Proposition 3.1 and then (3.19) of Proposition 3.6,
we infer _
I (2, 2')(t, 2, )| < C2%7 )¢,
with C independent of j and t.
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For the |t|~3/2 decay, first if |z — y|/|t| > ¢ > 0, we write

J \

Iz )t e, y) = / AV (ol — ) P
R T

where
To(k) = /52 ) Py (pw) 2™ (2, pw) Pe (pw) ' (y, pw)} x(£277 A(pw)) deo.

We can suppose v = (0;0;1) and so

2 ™
JAMZ/O /0 eik(l_cos(‘z’)){Pi(pw(H,¢))z*(x,pw(6‘,¢))><

X Pe(pw(0,6))2' (49, p(6, 6)) fx(27 (w6, 9))) sin(9)dods.
An integration by parts in ¢ gives

1

2
| O Piao(s.0)= o 0.

X Pe(pw(0,6))2' (9, p(6, 8)) (27 A(pw (6, 9)))] § 6

1

2m ™
- — / eik(l*cos(‘ﬁ))&b{Pi(pw(ﬁ, Nz" (2, pw(B,-))x
ik 0 0

X Pa(pw(6,))2'(y, po(0, )X (£2 A (pw(0, ) } (6) doa.

The integrand of the first term can be rewritten in order to obtain a sum of two integral in ¢ over the
interval [0, 7r]. To this end, we introduce a smooth cut-off function which splits [0, 7] in two parts one is
a neighborhood of 0 and the other a neighborhood of 7. then most of the terms obtained after derivation
could be treated by the method used for the [t|~! decay. Only the two terms where derivatives of z and
z' appear need a particular treatment. Now we have to distinguish the case z = 2z’ = w from the two
others where z = w or 2’ = u. If 2 = 2/ = w, the terms which need a particular treatment are bounded
by C[t|~"! times the supremum in ¢’ of the L, 4([0, 7] x [0, 27]) of

L:I: (t, Ty, (b’ (b/) _ / eq:it\/p2+m2—ip\m—y\C05(¢/) {P:t (pw)agz*(x, pw)} «

J.n,m R+
x {Pe(pw(0,¢))05" 2 (y, pw (6, 0)) } x(£27 A(pw (8, ¢))) pdp,

with n,m € N such that n +m = 1. It is a sum of terms of the form
; _lz—yl "o CeplEly o lwl .
/ VTR (con(6)—cos())—exp 4o, 2 {Pimu)k,i (e 02032, ) ) l} y
R+ 2

x {Pi<pw<o,¢>>)l,k/ (ayz'<y,pww,qb))ei“’c’w)k,’i,} X(E27I X (pw (8, 9))) pdp.

where ¢ is the angle between ——%L and the z—axis and 9 (x, k) € My(C) is given by

|z—yl

(lzllk] 2 - k) Ic2 Oc>
0@2 (—|$||k|+$k>]¢:2 ’

and ¢;,&;/ € £1.We introduce

K() = { Patpons (00557 (0, p0) | H Pelpott.00u (085t ane i) L.

2

6(0) = V7 12— "M (cos(ef) — cos()) — zipt) +20p!2)

and

ap¢(ﬂ)
inf ~ {[07o(|x[,\)]}

zesupp(x;)

flp) =
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With help of a smooth cut-off function, we split the integral in two parts, one has support {t € R; |f(¢)| < a}
on which we use the estimate

{teR; [f(H)] <a}| <o,

the other is its complementary, in which we make an integration by parts. We obtain the estimate

| T [r,7')(t, 2, y)| < Camax {p|K ()|}
PEA;

1 —j
+ atpienjj{laﬁ(p)l} maX{/Aj {p 10, K) ()} ; /Aj |K(p)| dp; 2 /Aj {pIK(p)I}},

where A; = g1 {supp(x;)} with g(p) = +/p? + m2. Hence with (3.19) of Proposition 3.6, Proposi-
tion 3.8 and decay of derivatives of Pi, we can choose o = 22j\/f_1 and we obtain the bound of (3.22)
in this case.

For the case (z,2’) = (u,w) (the case (z,2’) = (w, u) is similar), we study by the same way the integral

i 2m2—plE=yl (cos(¢/)—cos(d)) —e, plel %
/+et{3F p2+m? —p L (cos(¢) —cos() ) —eir p 1Y {{Pi(Pw)k,i (0= (:v,pw))“}x
R B

X {Pi (pw (0, 9))i,k (5$z’(y,pw(6‘, (b))eiw(k)y))k' if

} V(E2 I (o6, ¢>>>>} pdp,

where (;NS is the angle between ‘—Z‘ and the z—axis.

If |z — y|/|t| < 1, we can suppose |z — y|/|t| < |£]/(21/&? + m?) for any £ € supp(x;) and instead of
applying the trick of the proof of Lemma 3.1 (integration by parts with respect to an angular variables)
to the integral IjjE [2,2'](t, x,y), we make an integration by parts with help of

e
4 € oy

£24m?2 1€l t

The rest of the proof is the same.

We now turn to the proof of estimate (3.23), the kernel of the operator is given by a sum of term of
the form

e (tay) = [ | FVETIEEE (P (€ (0.6 PO (1. ) x(ENE) .

We first notice that Proposition 3.6 implies that this integral is bounded. Then we split the integral in
two parts. One is supported in a small neighborhood of the critical point of the phase, the other is its

complementary. To treat this last integral we work exactly like the case “‘z—;y‘ < 17, just mentioned

above. For the other one, we apply the Morse lemma to reduced the study to

[, 7 AP FOIPLO) 0. S R de =
L o P00 £ () P () 0 (2} RS () dps

where Y is the product of an indicator of a small neighborhood of the critical point with x(£A(+)). Then
an integration by parts in p and the Van Der Corput lemma give (3.23) when 6 = 1. Since we have that
the integral is bounded the general case easily follows.

We are now able to write the proof of Theorem 1.2, using Proposition 3.9.
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Proof (Proof of Theorem 1.2). We notice that
O1(Din)d;(H) = Dy di(Dim) Héj (H) — Dy i (Din)V 5 (H)
=270 (Din)2? 65 (H) — 27 1 (Din )V (H)
We can also use H ! since the support of ¢; is far from 0
Ok (Dm)¢J (H) = Dpnox (Dm)Hil(bj (H) - Ok (H)VH71¢J (H)
or higher power in D,.} or H~! to obtain with (3.23)

240)j
1151 C2CF0

|65(Dan)e™ 6, (H) (D) 11, e < €277 01 =207

for any reals 7, ' with C independent of 4, j. Hence if 7, ¥’ > 0, we work like in the proof of Theorem 3.1
to conclude the proof.

It now remains to prove Proposition 3.6, 3.7 and 3.8.
3.8.3. Some estimates.

FEstimates for w. We remind us of the definition of w in (3.17) and we introduce

R (k) = e ™ ORE (A (k)™ (3.24)
We have
Lemma 3.3. For any o € N3, let be 0 > 4 + |a|. Then there exists C' > 0 such that for any k, v €
R*\ {0}
ap —o C z led
{VeRE®@ 7} )] € 7o T lalwasre (3.25)
R CIERD

We also have that there exists C > 0 such that for any k, x € R*\ {0}
(z) (min{lz|, [k]})
k)a—1 . "

F0 ) (minla, K1} | — )

{viRsm@) e} @)| <c Flallwecons. (3:26)

Proof. We write

() = / e kllyl -y} {a (@ —yale—y)  a- Vel y)} dy
gs 47yl (x —y)o+2 (x —y)°

(R (@) ~q)

+ (a-k+mpB+Ak)) /RS e )

We restrict our study to INESF (k) since the two cases are similar. Hence we only need to estimate integrals
of the form

R(k)(z) = /R ei{k“k»y}W iy

with u € Wy Tll>°(R3, C).
In a first step, a straightforward calculation shows that
IVER(K) ()] < C ) fu]| g (3.27)

if 0 > 3 + max{|a| — 1;0}. Then using the trick we used in the proof of Proposition 3.2, we obtain

jled ) w(r — -
VER()@) = o [ e L 1o ) ay,

and so with (3.27), we infer

Ve R (@) < S0

< WHUHW;Mm, (3.28)
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since o > 3 + max{|a| — 1,0}.

In a second step, we apply Estimate (3.5) of Proposition 3.2 to R(k)(z), this gives

C _ 1 u(z — )

Rk < |6]-1 3 J

IVER(E) )] < E[e T |gi<1blal | Js g ‘_\]Z\ - |yl‘ }V vl
Y

Hence we need to estimate on integral of the form

1 1 1
oo - | .
4 ]

s [yl (z —y)°

[yl

with w € S?, —|a| +1 <n <2 and s > ¢. To obtain appropriate estimates, we use

1 x Y 1
T —y| = —maxy|y|, |z '———'—I——:z:—y
o =yl = gax(lyl e} | 7= ) + 5 lled = Lo
to write for #,0" > 0 such that § + 6" =1,
1 1 1 1
G(x’w) SC/ I 0s 0's dy
o W T =T (2~ V7 [
2]~ Tul 19|

- C / 1 1 d
~ T
|| <|a:| w— > w72 (o] — 1)

||

C<x>\o¢|+1

< )
X
2l (lot |o = )

if 's > 2 and 0s > 1 + max{2 — n;0}. Since G(0,w) is bounded, we obtain

o]
Glrw) < T
(et = ]
Hence, we obtain with estimate (3.28)
C (z)lel

Vi R(F)(z)] <

()loT+1 <|$| ’% . (3.29)

el

>|U|Wd°‘+1v°°7

which gives estimate (3.25).

In a third step, if k/|k| # /||, we split the integral for V{ R(k)(z) in two parts with help of a smooth
cut-off function defined in S? the support of which is a half cone determined by the bisector plane of the
couple (k/|k|;z/|x]). So we obtain V{R(k)(z) = Ri1(k)(z) + Ra2(k)(z) with Ry (k)(x) having a support
containing z/|z| and Ry (k)(z) having a support containing k/|k|. We then apply the estimate (3.6) of
Proposition 3.2 to Ry (k)(x) to obtain

C _ 1 u(z —-)
V&R:1(k)(z)| < max 18] 27’vﬁ{ } ’d
| k 1( )( )| > |k||o“+2}%—|%| 18125 1o s |y| ‘%_‘_‘Z“ |Q| (y) Y

This gives the estimate

¢ ()l
< [[[oT+2 ’ g llullyietez.oe,

Vi B (k)()

since o0 > 2 + |a|. Using (3.29), we infer

Vi B (k) ()] <

2H’UJHWU\Q\+2,OO,

)
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or, using (3.28),
C <x>|o¢\—l

VYR (k) (x
VRS G e

2HUHWU\Q\+2,OO.

)

. : |zl 21— 7o ,
For Ry(x)(k), we use the inequality|r — y| > —5—*= to obtain

Ro(k)(z) < C(z)lel=1
(k)12 | = &

||

~full g

)

since o0 > 3 + s + max{|a] — 1,0}. So now we easily deduce estimate (3.26).
For the sequel, we need the following
Lemma 3.4. Let be s € R and ¢ a C>® function such that there is o > 0 with

Ca
(z)7

We have that [(P)*, $(Q)] is bounded from H, into H;; with ¢ +o0>qandt' +1>1+s.

Va € N3 |V (x)| <

Proof. We want to prove that

(@P)'[(P)*, &(Q)I(P)~" (@)~ (3.30)

is bounded in B(L?). Using the identity

[(P)*, $(Q)] = [(P)*?, 6(Q)I(P)*/? + (P)**[(P)*/?, 6(Q)]

we reduce the proof to the case |s| < 1. And with the identity

we only need to study the case —1 < s < 0. The proof in this case is based on the following identity

for -1 <s<0 |
PR Tl 111y 0
0

T -A+1+4+w
So we have
(P 0@ = X 1o s (=A+ DAy (0(Q) + R,
k=1
with
t p o (CD)"sin(r{3}) /*“’ wit} AL (@) ——22
" m o (A1 Fw)mtlTToAH —A+1+w

Then we use 72?;#0 = 1— =747 and we commute powers of (P°) with operators of the form V*¢(Q).

Hence we can repeat the previous computation until we obtain only non positive powers of (P) in (3.30).
So we only need to prove that operators of the form

’

(@)%, ¢(P)(Q)™

with ¢ < ¢’ +1 and ¢ satisfying the assumption of the lemma are bounded in B(L?), we just repeat the
previous calculation but we switch the role of P and @Q. This ends the proof.

We now state a particular version of the Limiting Absorption Principle for H.

Proposition 3.10. We assume that Assumptions 1.1 and 1.2 hold. Then for any o > 1 there exists C' >
0 such that for any k € R3

Hé\j/[(k)HB(L?,,LEU) <C.
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Proof. In fact, we just need to prove that for any o > 1 there exists C' > 0 such that for any A €
R\ (=m,m)
IRy Mg,z < C.

Using Theorem 1.1, we have that it is true if o > 5/2. Then we use Born expansion
Ry, (A) = Ry () = Ry (WVR{(A) + Ry MV R (MVRG (A)
and [IM99, Theorem 2.1(i)] to end the proof.

We are now able to give the

Proof (Proof of Proposition 3.6). We only give a the general idea of the proof and we leave the details
to the reader. We notice that with R{: defined by (3.24), we obtain

w = vau

with an abuse of notation since we avoid to distinguish the case where we have }N%‘J; or 1:13‘_, We recall
the identities _ ~ o ~ o
RyV = RyV — RyVRyV = Ry)V — Ry\VRy + Ro)VRyVR,V. (3.31)
Since, we have
Ry =(1+RoV) 'Ry, (1+RoV)™'=1-RyV,
for |a] = 1, we obtain
VeRy = (1 — RyV)V{Ry(1 — VRy). (3.32)
Using (3.32), we obtain a formula where only derivatives of Ry appear (if there is derivatives). Then
between a derivative of }N%O and EV, we insert a E) with the identity (3.31):

RyVV{R\V = RyVV$RoV — R\VRoVV RV + RyV Ry VRV RoV.

This ensures that if p > 5, V or its derivatives decays enough to use Estimate (3.25) and Proposition
3.10. Since these estimates need derivatives and Sobolev’s injections, we apply Lemma 3.4 to conclude
the proof.

FEstimates for v. We remind us of the definition of v in (3.20) and we introduce
S5He2 (k) = e~ = IMIQIRT (29 A (k) )e™ @,
where g; € {—1, 1}. With an abuse of notation, we will write v = Sy Vu. We have
Lemma 3.5. There exists C > 0, such that for any k € R*\ {0} and 3 € N?
[(Visi = 0(Q) " q) ()] < <

K

K]

llallwzsisl,
2| )

-
for any o >3+ 3|
Proof.

(S5 (k)(Q)~q) (x) = /

RS |z —y|

+ (a-k+mp+ Ak)) /11&3 yep— e

For the sake of simplicity, we only write the proof when 3 = 0. The proof for derivatives works in the
same way using ||z — y| — |z|| < |y| and ¢ > 3+ |3|. But the proof for the case § = 0, has been already

done since
[(So" 2 (k@) 7a) ()| = |(RG" (k)(Q) %) (x)] -

Hence using Proposition 3.10, we able to write the

elere2{lkllz—y|—|kl||z|+e1e2k -y} {a yqy)  a-Va(y) } g
Y

+
(y)ot? (y)°
eierea{|kllz—y|—|k||z|+ere2k-y} a(y)

Proof (Proof of Proposition 3.7). We write with an abuse of notation
v =Sy Vu,

and we use the Born formula _
SyV =5V — SoVRyV,
together with Lemma 3.5, Propositions 3.4 and 3.10. The proof works like the one for w.
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FEstimates for v. We remind us of the definition of ¥ in (3.21) and we introduce
T3 (k) = e~ IFIQIHRQT) RS () (k))e™ 2,

where ¢; € {—1, 1}. With another abuse of notation, here we will write v = Ty Vu. We have

Lemma 3.6. There exists C > 0, such that for any k € R*\ {0} and 3 € N?

(min{|z|, |k[})
() (minfll, 1} | o)

‘(VgTOSI@(k)(QYUQ) (3:)‘ <C

2||q||W2+\/3\v°°7

for any o >4+|0].

Proof. This is an obvious adaptation of the proof of Lemma 3.5, we just notice that one has

(152 ((Q)"a) (2)] = | (ViR (222 (K)(@) 7 a) ().
Hence, we have

Proof (Proof of Proposition 3.8). One more time, we write with an abuse of notation
v="TyVu+ SyVVyu,

The second term of the right hand side could be studied exactly as we done in proof of Proposition 3.7
and for the first one we use the formula

TyV =ToV — ToVRyV + SoVV LRV,

together with Lemma 3.6, Propositions 3.4 and 3.10. The proof works like the one for w.

4. The linearized operator

In this section, we study the spectral properties of the linearized operator, associated with Equa-
tion (1.2), around a stationary state. This will be useful since we compare the dynamics associated
with Equation (1.2) to the dynamic of the linear Dirac equation associated with H. This comparison is
possible only because when the PLS is small, the linearized operator is a small perturbation of H.

4.1. The manifold of the particle like solutions. First we notice that Proposition 1.1, which gives the
existence of stationary states, is a consequence of

Proposition 4.1. Let H be a self adjoint operator on L*(R3,C*) and with a simple eigenvalue Ao as-
sociated with a normalized eigenvector ¢g. Assume that there is a neighborhood O C R of Ao such that for
all X € O the operator (H—\)"1 Py is in B(L2(R3,C*)) for any o € RY, and in B(H'(R3,C*), H*1(R?,C*))
for any | € N, where Py is the projector into the orthogonal space of ¢o. Let be F € CF+1(C*, C*) such
that F(z) = O(|z]?).
Then for any o € RT, there exists £2 a neighborhood of 0 € C, a C* map

h: 2 {$o} N HR?,CYH N L2(R?,CY)
and a C* map E : 2 — R such that S(u) = upo + h(u) satisfy for all u € 2,

HS(u) + VF(S(u)) = E(u)S(u),

with the following properties
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The proof of this proposition is an obvious adaptation of the one of [PW97, Proposition 2.2], and we
don’t repeat it here. One can also obtain it by means of the Crandall-Rabinowitz theorem but it doesn’t
give immediately the decomposition associated to the spectrum of H = D,,, + V.

To show that (H — A\)"!'Py is in B(LZ(R3,C*)) for any o > 0, we just need to prove that a
e @ (H — \)"1Pye=Q) is of class C* near 0 in B(L?*(R?,C*)) for any k € N, this can be proved with
help of of [His00, Lemma 5.1]. To prove that (H—\)"1 P, for any [ € Nis in B(H!(R?,C*), H!'T}(R3,C*))
for any | € N, we first notice that (D,, — A)~! is in B(H!(R?,C*), H**(R3,C*)) then we use wave
operator (see [GMO1, Theorem 1.5]) and the intertwining property (see (2.5)) to conclude.

We shall need some properties of stationary solutions of (1.2). We have the

Lemma 4.1 (exponential decay). Let 3 € N2, s € RT and p,q € [1,00] there is v > 0, ¢ > 0
and C > 0 such that for all u € Bc(0,€) one has

||eV<Q>d58(u)|

By, < C[IS(u)]|2-

P,

Proof. In fact we prove that for any k£ in N there is v > 0 and ¢ > 0 and C > 0 such that for
all u € Be(0,¢) one has

€7@ a8 5(w) || g < C|1S ()|

then interpolation and the following property of Besov spaces over R3 permit to conclude: B3, =
H*, B;, C Bi, if s <s, BY, C B

p,q 1 1 1 p,q
CHUHBS’tH’UHB;t if » + % > 7 + 1

We only make the proof for # = 0, the other cases are similar. We have

f1<r<p<ooandu—n/r=s—n/pand |uv|p; <

D,,S(u) + VS(u) + VF(S(u) = E(u)S(u).
let us introduce the R—linear operator W such that
WS(u) =VE(S(u)) +VS(u).
We have that W decays and is in L'; we can write W = W, + Ws where W, is compactly supported

and ||W5HL1ﬂL°° S 0.
We have that D,, + Ws — E(u) is invertible for ¢ sufficiently small and

67<Q>S(u) — (@) (D + W5 — E(u))fl e_7<Q>{eV<Q>WCS(u)}.

For v small, (Dm + 7?"?2? + Ws — E(u)) is invertible in L? and

-1
VDS (u) = (Dm + 7% +Ws — E(u)) VLW, S (u).

This proves the lemma for k = 0 since (@)W, is bounded. Now we notice that

-1
|P| (Dm + 7% + W — E(u))
- % B % (27% e EW)) (Dm +v% + Wy — E(u)>_1.

Hence we obtain

7S ()| g < CNS (w) | s

This identity proves the lemma by induction.
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4.2. The spectrum of the linearized operator. Here we study the spectrum of the linearized operator
associated with Equation (1.2) around a stationary state S(u). Let us introduce

H(u) = H + d*F(S(w)) — E(u)

where d?F is the differential of VF. The operator H (u) is R—linear but not C—linear. Replacing L?(R?, C*)
by L?(R?,R* x R*) with the inner product obtained by taking the real part of the inner product
of L?(R3,C*), we obtain a symmetric operator. We then complexify this real Hilbert space and ob-
tain L2(R3,C* x C*) with its canonical hermitian product. This process transforms the operator —i

into
(0 —Ides
J _<Id(c4 0 )

For ¢ € L?(R3,R* x R*) C L?(R3,C* x C*), we still write ¢ instead of

(5¢)

The extension of H(u) over L?(R3, C* x C*) is also written H (u) and is now a real operator.
The linearized operator associated with Equation (1.2) around the stationary state S(u) is given
by JH (u). We shall now study its spectrum. Differentiating (1.3), we have that

Ho = Span {%S(u), %S(u)}
is stable under the action of JH (u). We notice (see [GNT04]) that
Ho(u) = Span {JS(u), 0, S(u)} . (4.1)
Using gauge invariance and differentiating, we obtain
JH(u)JS(u) =0 and JH(u)0yS(u) = 0y E(u)JS(u).

Hence Ho(u) is contained in the geometric null space of JH (u), in fact it is exactly the geometric
null space as proved in the sequel of this subsection. First, we see that JH (u) has two other simple
eigenvalues, as stated in the following

Lemma 4.2. Let be e
SH(0) = (-%51) and Sy (0) = (;%1) .

Suppose that Assumptions 1.1-1./ hold, then there are € > 0 and four C*° maps Ef': : Be(0,e) — C
and ki - Be(0,¢) — {Sli(O)}L such that
JH (u) S5 (u) = B (u) St (u),
with |SF (u)]| = 1,
St (u) = S(0) + ki (u),
with B (u) = +i(\ — Xo) + O(|ul?) and kE(0) = 0.
Proof. This can be proved in the same fashion as [PW97, Proposition 2.2] using Assumption 1.3.

We also obtain

Lemma 4.3 (exponential decay in Besov spaces). Suppose that Assumptions 1.1-1.4 hold, then
for any B € N? | s € R and p,q € [1,00] there is v > 0, € > 0 and a positive constant C' such that for
all uw € Be(0,¢),

le7(Dd% S (w)]

B, < C|ISE (W]
Proof. The proof is exactly the same as the one of Lemma 4.1.

Let Hy1(u) be the space spanned by S’ljE (u). Let us now prove that the orthogonal space with respect
to the hermitian product associated to J

He(u) = {Ho(w) & Ha1(u) ® Ho1(u)}™

contains no eigenvector. We notice that H.(u) is stable under the action of JH (u). We have
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Lemma 4.4 (Continuous subspace property). Suppose that Assumptions 1.1-1.4 hold, let P.(u)
be the orthogonal projector onto Hc(u). Then there exists € > 0 such that for v’, uw € Bc(0,¢)

P (1))l ) = He(t) = Hel(u)

is an isomorphism from By (R? C®)N'H,(u') into By ,(R®,C¥)N'Hc(u), for any s € RY and any p,q €
[1,00]. The inverse R(u',u) is continuous with respect to u and u'.

Proof. This proof is a straightforward adaptation of the one of [GNT04, Lemma 2.2].

So we have

Lemma 4.5. Under the assumptions of Proposition 1.1, there exists € > 0 such that for any u € B¢ (0, )
and any 1 € L2,
Q)7 TP (u)yp]| < C(s)~ ™32 [(Q)7y|.

As a consequence He(u) does not contain any eigenvector.

Proof. For the sake of clarity, we introduce

C(u) = (J%S(u), Ja%\a\mS(u), JS (u), JSf(u)) )

Writing Duhamel’s formula for H (u) with respect to H — E(u), we obtain

t
etJH(u)Pc(u) _ etJ(HfE(u))Pc(u) _|_/ e(tfs)J(quLVfE(u))Jd2F(S(u))esJH(u)Pc(u) ds.
0

We have
P.(0)l 5 ) = R(W/,0) = Idp> + Y |ai(u’, 0)) (¢:(0)]

i
where the coordinates of a; (v, u) are linear combination of the coordinates of {(u), so it can be extended
to L? , and we have

(@) e HWP (u)y|
<K@ Pc(0)|7§1<u/>< >"|I{H<Q>_”Pc( Je t/PmtVEEWIP (u)y)

/ H 7J(t75)(Dm+V7E(u))JDVF(S(U))efsJH(U)Pc(u)’lb” dS}

a

<C(t) mm{"’3/2}”( QY|

+C/0 {t — )7 e S2H(Q)* DV (S(u)) | x Q) ~7e~* WP (u)y| ds

We then introduce .
M(t) = sup {(s)” ™™ 32H[(Q) e THIP, (u)|}
s€[0,t]

and we obtain for |z| < e
M(t) < C(I(Q)7¢ll + M (1))
which gives for € sufficiently small
M(t) < CI{Q)7,
or
(@)~ e™* " WIP(w)yl < Cls)~ ™™ ¥/ [(Q)70.
Since an eigenvector is necessarily in L2, we obtain that there is no stationary state in the range of P.(u)
that is to say He(u).
This gives

Lemma 4.6. We have, for sufficiently small u € C, EE (u) € iR with Ef (u) = —ET (u) and Sy (u) =
S (u) for the conjugation of C8.
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Proof. The last statement straightforwardly follows from

JH (u) S5 (u) = B (u) St (u),

since there is no more eigenvalues than the 0 and Fif(u), we obtain Fif(u) = EF (u).
Then we specify the essential spectrum of JH (u). A classical study gives that the continuous spectrum
of JH(0) is given by

{iX; A € R, |A] > min{|m — Aol, |m + Ao|}}.
Using Weyl’s criterion (see [RS78, Theorem XIII.14, Corollary 1], the adaptation is quite easy in our
case), we obtain that for sufficiently small u the essential spectrum is

{iX; AR, [\ > min{|m — E|, |m + E|}}.

Hence Fif(u) are necessarily purely imaginary. Indeed if H(u) — Ef (u).J is not invertible then H (u) +

Ei(u)J is not invertible too. Since —E:(u) is not in the essential spectrum, it is necessarily an eigen-

value in the neighborhood of +i (A, — Ag). Hence this gives —Ef (u) = Ei (u).

4.3. Decomposition of the system. We want to decompose a solution ¢ of the equation (1.2) with respect
to the spectrum of JH (u). And in fact, we only study the resulting equations for these different parts.
First we isolate a part which corresponds to a PLS. For any solution of (1.2) over an interval of time
containing 0, we write for t €

o(t) = e o BN ds (§(y (1)) + (1)) .

In order to give an equation for 7, we introduce the following space

Hy (u) = {n € L*(R3,C?), <Jn, %S(u» =0, <Jn, (%us*(u)> = 0} .

In fact it is the space
Hii(u) & Hoq1(u) ® He(u)

which is stable under the action of JH (u) and we state the

Lemma 4.7 (decomposition lemma). Let be s > 0 and p > 1 there exist 6 > 0 and a C* map U :
By =»(0,9) — Bc(0,e) which satisfies for ¢ € Bys.»(0,9)

Y = S(u) +n, withn € Hy (u) <= u=U().
Proof. Tt is [GNT04, Lemma 2.3].
This lemma ensures that we can impose the orthogonality condition
n(t) € Hy (u(t)). (4.2)
So instead of solving the Equation (1.2) in ¢, we want to solve the equation

ion ={H —E)}n+{VF(Su)+n)—VF(S(u))} —idS(u)i

= {H + d*F(S(u)) — E(u)} 1+ N(u,n) — idS(u)i (4.3)

for n € Hg (u(t)). Here d*F is the differential of VF and dS the differential of S in R2. To close the
system, we need an equation for u. Let us now derive an equation for the path u, by means of (4.2):

(n(t), JdS(u(t))) = 0.
After a time derivation, we obtain
0= (JH(u(t))n(t) + JN(S(u(t)),n(t)) + dS(u(t))a(t), JdS(u(t))) — (n, Jd*S (u(t))i(t)).
Since S(u) € JHo(u), we have
(H(u)n,dS(w)) = (n, H(u)dS(u)) = (n, dE(u)S(u)) =0,
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we obtain

[(JdS(u(t)), dS(u(t))) — (Jn(t), d*S(u(t))]a(t) = (N (u(t),n(t)), dS(u(t))).
So we notice that

(S (ule)), ()~ (e, SN = (] ") +Olute) + n)]a),

which proves that [(JdS(u(t)),dS(u(t))) — (Jn(t),d*S(u(t)))] is invertible for small |u(t)| and ||n(t)]|2,
we therefore introduce its inverse
A(u,m) = [(JdS(u),dS(w)) = (Jn,d*S(u))] ™

and write

Aru(t) = —A(u(t), n(t)) (N (u(t), n(t)), dS(u(t))).
Plugging in Equation (4.3), and similarly to the linear case we decompose n with respect to the spectral
decomposition of H(u) = H + DVF(S(u)) — E(u)

n(t) = o™ (1) S (u) + o~ (OS] (u) + 2(t)
with 2z € H.(u) N L*(R3,R®) and o~ = at. We obtain the system

i = —Au,n)(N(u,n),dS(u )>
a* = E£(u)a® + (JN(u,n), 57" (u))
+(dS(u )A( n){(N (u n),dS (U)> F(u)
—((dS (u )) (u, (N (u,m),d ( ), St (w)a*
Oz = JH(u )z+P (w)J N (u,n)
P.(u ) S(u)A(u, n)(N (u,n),dS(u))
—(DP(u)A(u,n)(N(u,n),dS(u))z

which we will now study. We notice that this equation is defined only for z small with real values, a™ =
at small and u small.

5. The stabilization towards the PLS manifold

We now build a solution which stabilizes toward the manifold of the stationary states. To this end, we
will use Theorem 1.1 and Theorem 1.2 to prove that z tends to zero in L* and leoc' But we think that
it will be possible only if o™ and o~ also tends to zero. It is not always true and here we build solutions
for which we ensure this fact. We also notice that we look for a real solution ¢ = S(u) + 7, hence n
should be real and therefore o~ = at.

We impose the following condition

o] < o

o < —.

—(B)?

Under the assumptions of Theorem 1.3, let us define for any €, § > 0

52
U(e,d) = {u € C*M (R, Be(0,¢)), h+m u(t) = uoo exists, |[u(t) — uoo| < <t>2,Vt > O}

and for any u € U(e), let s, s, 3 be such that s’ > s+ 3> 5+ 6 and o > 3, we define
Z(u,6) = {z € CF(R, LA(R?,R®)), 2(t) € He(u(t)),

maXL sup  {]|2(v)llg}, sup {(0)*?]z(0)] s}, sup {<v>3/2{||Z(U)IIHsU}]<5}-

€[0,+00] veE[0,+00 % wel0,4o00

Then we define the space

2(6) = {a = (aF,a7) € C"(R), o= =at, sup (1)*?|a(t)| < 52} .

teRT



34 Nabile Boussaid

5.1. Step 1: Construction of o. For any u € U(e,0) and z € Z(u,d), let us define a map G, , on £2(0)
by

t

+(dS (u(v)) Au(v), n(v)) (N (u(v), 1(v)), dS (u(v)) ST (u(v)))

— {(dS§ (u(v))) A(u(v), n(v)(N (u(v), 7(v)), dS (u(v))), ST(U(U))WE(U)} dv.

Gu: (@) (1) = —/Oo el Eli(“(””d”{UN(U(v),n(v)),Sli(U(v)»

We want to show that G, . stabilizes £2(d) and is a contraction for the L* norm. We have the

Lemma 5.1. Let be 0 € R, s > 1 and p,p1,p2,q € [1,00] such that

11
>— 4 —.

L8
37 p1 pe

1
p

Then there exists g > 0 and C > 0 such that for all u € Bc(0,20) and n € By (R? R®) N L>(R? R®),
such that

1@ Nl < C (s, lul + nll o) (Jul + Il ) Il 16@)7) (5.1)

Bg
Proof. We recall the definition

N(u,n) = VE(S(u) +n) = VE(S(u)) — &*F(S(u))n.
We have

1 1
N(u,n)—/O /0 d>F(S(u) +0'0n) - n - On do’do.

Since for s € RY, p, p1, p2, € [1, 00] such that %—i—% > p% + p%, we have [luv||ps < C'||u||B;1 ||vHB;2

s’ s’

Then since s > 1, we use (see [EV97, Proposition 2.1])
I F @, < C (s F ¥l Iz,

Then using Lemma 4.1, we conclude the proof.

Hence we have the

Lemma 5.2. There exists 69 > 0 and €9 > 0 such that for any ¢ € (0,00) and € € (0,¢), for any u €
U(e,d) and z € Z(u,9), Gy, . () maps 2(5) into itself.

Proof. We have by means of Estimate (5.1) with e.g. 0 < =3, s =0, p = ¢ =2 and p; = ps = 4,
if up € C and zy € He(ug) N HE (R3,R®) are small enough

|%4®Hmsclwmﬂwwwmmﬁﬁwa
(S (o)) Aluv), nw) (N (u(v

+ (S5 (w(v)) A(u(v), n(v))(N (u(v), n(v))
< 5% (t) 2,

—
Nyt

QL
nn
—
e
—
4
S~—
=
nn
=
=
4
S~—
S~—
~
o
H,
<
~
—
Q
4

Hence for small § and small ¢, we have G, .(£2(9)) C £2(9).

To prove that G, . is a contraction for the L> norm, we use the
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Lemma 5.3. Let be 0 € R, s > 0 and p,q € [1,00] such that sp > 3. Then for any e >0 and M > 0
there exists C' > 0 such that for all u, u' € Be(0,¢) andn, n' € By ,(R?,R®) N L>®(R?, Bgs (0, M)), such
that

K@) AN (u, ) = N(u',n")}|

< !/ / )
gy, <C (s B lul+ 1w/| + nll, +17ll5, ) x

x { (1@ g, + Q7o 13, ) (1= o1+ 14Q)7* (0 =) )

)
Bp.q

x (@ nllzg, + 1@ I3, ) 1@ (n =) ||B;,q},

+ (1 + 11+ ety

@
Bra

with 201 + 09 = 0] + 05 + 0% = 0.
Proof. Since, we have
1 1
N(u,n) = / / d*F(S(u) +0'0n) - n - 6ndo’'do.
o Jo

we can also restrict the study to d®F(¢) — d®F(¢'). If d°F # 0, we have

Q)7 (°F(¢) — d*F ()|

1
5y, < [ WP+ 0= 6)lag, 4@ (6 = )l g,
then since s > 0, we use
[d*F ()]

Then using Lemma 4.1, we conclude the proof when d°F # 0. Otherwise the proof is easily adaptable
since d*F is a constant matrix of My (C).

5y, < Cls, B ||yl

Bqu)'

We also need the
Lemma 5.4. Let be 0 € R, s > 0 and p,q € [1,00]. For any € > 0 and M > 0, there exists C > 0 such
that for all u, u' € Be(0,¢) and n, ' € By ,(R*,R®) N L>(R?, Bes (0, M)), one has

A, m) = A7) < C {Ju—w/| + Q)" {n—'}s; } (5.2)

Proof. We recall that
A(u,n) = [(JdS(u),dS(u)) = (Jn, d*S(u))] .
We have
Alu,n) = AW, ') = =[(JdS(u), dS(u)) — (Jn,d*S(u))] "' x
x {(JdS(u),dS(uw)) — (Jn,d*S(u)) — (JdS(u),dS(u")) + (Jn',d*S(v)) } x
x [(JdS(u'),dS(u")) — (Jo',d*S(u))] .
The lemma then follows from Lemma 4.1.

Hence we have the
Lemma 5.5. There exists 6o > 0 and ¢ such that there exists k € (0,1) such that for any ¢ € (0,dp)
and e € (0,&0), for any u, v € U(e) and z € Z(u,d) and 2’ € Z(u/,0), for any a, o’ € 2(§), one has

ng’,z’ (O/) - gu,z(a)||Lco(R+) <K (|’U,/ - ulL°°(]R+) + |CY/ - a|L°°(]R+) + ”Z/ - Z”L‘”(R*,Biyz)) :

Proof. Tt is a straightforward computation based on Lemma 5.3 with e.g. 0 < —6, 02,04 < —3 and s =
0, p=¢q = 2, on Lemma 5.4, on Lemma 5.1 with e.g. 0 < =3, p =¢ =2 and p; = p2 = 4 and on
Lemma 4.3.

We now state the
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Lemma 5.6. There exists o > 0 and g9 > 0 such that for § € (0,9p) and € € (0,e0) and any u € U(e)
and z € Z(u,0), the equation

at = E*(u)a™ + (IN(u,n), ST (w)) + (dS () Alu, ) (N (u,n), dS(u)) SF (u))
— (ST (u)) Au, ) (N (u, ), dS(u)), Si(u)a™,
where n(t) = ot (#)S] (u) + a= (t)S; (u) + 2(t), has a unique solution in §2(5).
Proof. The proof is now classical since we proved that the integral equation

a(t) = Gu.z()(t)

can be solved by means of the fixed point theorem.

5.2. Step 2: Construction of z. Let beu € U(e,8) and zy € He(u(0))NHE . Let us write uy, = 1121 u(t),
we define 7, ,,(z) by

Tupz (2)(8) = &7t () 29 — ; e UmOHIP, (u(0)) T {E(S (u(v))) — E(S(uc))} 2(v) dv

/o =D IP (u(0) TN (u(v), n(v)) dv
_|_/ T H(u) P (y J{d2 (u(v )))—dQF(S(uOO))}z(v)dv
0
+ / e =VH)P ()TN (u(v), n(v)) dv
0
+ / = H )P (u(v))dS (u(s)) A(u(v), ) (N (u(v), n(v)), dS (u(v))) dv

—/0 e’ (=) (dP (u(v)) Au(v), n(0) (N (u(v), 1(v)), dS (u(v)))(v) dv.

We have

Lemma 5.7. There exists do > 0 and g9 > 0 and C > 0 such that for any § € (0,0¢), for any e € (0,0)
and for any u € U(e,0), the application T, ., maps Z(u,0) into itself if ||zo| o < CO

Proof. With Lemma A.1 and Lemma 4.4, we obtain
(7,20 (D)l g < ClIPe(to0) Tz (E)]] e
t
< Cllzoll g + C/O I{E(S(u(v))) = E(S(uco))} 2(v)l| o dv

t

+C ) [{d*F(S(u(v))) = d*F(S(use)) } 2(v)]| o dv
+C : [N (u(v), n(v) |l gor dv
+C HdS(u(v))A(u(v),n(v))<N(u(v),n(v)),dS(u(v))>||Hsf dv

+C / (AP (u(v))) Alu(v), n(0)){N (u(0), n(v)), dS (u(v)))(0)|| s do.

Now, with Lemma 5.1, we obtain

t
1Tz (Dl o < Cllzoll +C€/O u(v) = voo| ||2]| o dv
t
+C/O (lu(@) + ()| o) [0 oo [10(0) | ror dv
t
+0/0 (lu@)] + ()| o) ()| oo () o N2 g7 v,
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and so
7,20 ()| gor < Cllzoll gor + Ce6® + C (e +8) 6% + C (e + 6) 6%,

Then, we also have
Tz (1) = e HHALG Blu(r) dry /O t e i HAL; () drp (4(0)).Jd? F (S(u(v)))z(v) dv
+ /O i H L Bu) 4P (u(v))JN (u(v), n(v)) dv
+ /O it L EG) P (u(v))dS (u(v)) Alu(v), n(0)) (N (u(v), n(v)), dS(u(v))) dv

B / ¢TI OHTL B 4 (P (u(0))) A(u(v), 7(0))(N (u(v), 7(0)), dS (u(v))) 2(v) do.

Hence by Lemma 4.4 and Theorem 1.2, we have
ITeo®llps , < CO 0l +C [ (= 0) Y (S u(0))200)] | s o
<0 [ (= o) 2 N (o) n(0) gy do
e / 2 S (u(w) A(u(w), (0)) (N (u(w), n(0)), dS(u(w)) | oss dv
e / 2 (P (u(0)) A(u(w), () (N (o), (0)). dS (u(v)))2(0)]| oy do

With Lemma 5.1, we infer

1T ®lps, <
Oyl g+ C (=0 ) 20 s o
+ | (02 ()] -+ 10 1050) 190 [0 s o
+ | 02 ()] + 10l 0) 110 < [0

+C/O (t = v) 72 (lu()] + 1)l go+s) [0 oo 1(0) [ 7015 do.

With the estimate .
/ (= 0)=¥2(0)=3/2 4y < ()2,
0
we infer

(32T, Dllgs , < Cllzollgeys + Ce’0+C(e+0)8° +C(e+6)0°

Then we also have
Tz (t) = e HHH g Blu(m) dr oy /O it ] B) WP (u(v))JVF((v)) dv
+ /O i L EG) TP (u(v) H{VF(S(u(v)) +n(v)) = VF(S(u(v)) = VF(n(v))} dv
+ /0 i L B P (u(v))dS (u(v)) A(u(v), n(v) (N (u(v), n(v)), dS (u(v))) dv

B / ¢RI [ B dr (P, (u(0))) Au(v), 7(0)) (N (u(), 7(0)), dS (u(v)))2(v) do.
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We now use Lemma 4.4 and Theorem 1.1, except for the third term of the right hand side for which we
used Theorem 1.2 since o > 3. We also use Lemma 5.1, except for the second term of the right hand
side for which an obvious adaptation of the proof of Lemma 5.3 gives

IVE(S(u(v)) +n(v)) = VE(S(u(v)) = VFn())ll g < C (Ju(w)] + [[n(0) [l =) [u(@)] In(w)]l g
and so we obtain

()2 (1T 20 (8)]

me, < Cllzollgs +C8° +C(e+0)6+ C (e +0) 6%+ C (e +6) 8.

Therefore we have that 7, ., leaves Z(u, ) invariant if | zo|

ms» 0 and € are small enough.

An important property of 7 is given by the

Lemma 5.8. There exists 09 > 0 and g9 > 0 such that there exists k € (0,1) such that for any § €
(0,60), for any € € (0,e0), for any u, v € U(e,0), for any zo € He(u(0)), for any z, € H.(u'(0)),
for z € Z(u,d) and for any 2’ € Z(u',0), one has

1Tt .2") = Taa | gy < W20 = 26l oo ety + 6 {lu = e + 112 = 2/ oo o) }
Proof. Tt is an easy consequences of straightforward estimates on the following identity
Tz (t) = e 1) 5

- / e IR, (u(0)) ] (E(S(u(v))) — E(S(us0))) 2(v) dv

+ /0 e AP (y(v))T (d*F(S(u(v))) — d*F(S(us))) 2(v) dv
+/ eii(tfv)H("“’)Pc(u(v))JN(u(v),n(v)) dv
0
+ /0 e = )IP, (u(v))dS (u(v)) A(u(v), n(v)) (N (u(v), n(v)), dS(u(v))) dv

-/ ) (4P () Alu(0), ) (V) 1(0)), S () (0) o
based only on Lemma 5.3, 5.4 and 5.5 and on the fact that
P (too) (7 5H00) — 70D P (u(v)) =
~ Po(uac) / (e O (S ) — B(S ) e H0)) AP (o)

+ Pc(uoo)/os(ei(ss’)H(uoo)(d2F(S(u:>O)) o dQF(S’(uOO)) e*is’H(u;o)) dS/Pc(u(U))

form a family of operator in B(H* (R?, C?), H* (R3,C?)) (to this end we use Lemma A) such that
Hpc(um) (e—isH<u°o> - e—isHWéo)) Pc(u(v))H < Ce July, — oo,
with C' independent of u,w’.

Lemma 5.9. There exists § > 0 and € > 0 such that for any u € U(0,¢) there is a solution z € Z(u,?)
of the equation
Oz = JH(u)z + P.(u)JN(u,n)
+P . (u)dS(u)A(u,n){N(u,n),dS(u)) (5.3)
—(DPc(u))A(u,n)<N(u,n),dS(u)>z, '

z(0) = 20,
where n(t) = ot (£)SF (u) + a~ (£)ST (u) + 2(t), whenever zo € HE is small enough.

Proof. It is a consequence of the fix point theorem applied to 7, ., .
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Lemma 5.10. Under the assumptions of Lemma 5.9, for any uw € U(d,e) and solution z of (5.3),
with zy € H;l small, the following limit

Zo0o = hm €itH_if(f E(u(’r)) drz(t)

t—oo

exists in H* N Bgo,2 N H? . Moreover, we have zs € Hc(0) and

||~ tH i fg Blu(r) dr, 2(t)|| g < C6,

—itH+i [t B(u(r T — B — 62
||€ tH+i [§ E(u(r)) d Zoo Z(t)” 50,2 = OW,

itH+i [ d 62
||€71 +i [y E(u(r)) TZoo Z(t)H o = CW

Proof. Using exactly the same method as the one of Lemma 5.7, applied to

eitHfif(: E(u(r)) drz(t) =20+ /t eivaif(;’ E(u(r)) drPc(u(v))JN(u(v), n(v)) dv
0
[ B 8 () S () Alu(0), 1 (0) N o). (). dS u(0) do

- / GVH I3 B dr (4 (o)) A(u(v), 7)) (N (u(v), 7(0)), dS (u(0)))2(v) do,

we prove that the limit exist by the same way we also obtain the convergence rate. Since e ~## 2 tends
to zero, zo necessarily belongs to H.(0).

Remark 5.1. The preceding proof also work with the formula
D= [ B(u(r)) dry gy — o /0 oD [ () WP (u(v))V 2(v) dv
- DI B0 B (1) TN (u(0), (0)) o
+f D B 47 (u(0)) S (1) Afue), (o) N (u(0), 0), S ()
[ P ) 8 (1) A0, () (N 0, (0) S (1)) ()

0

Hence we obtain the same result with e~ tPm+ifo B(u(r) drz instead of e—tH+[o Bu(m) dr, Byt we
obtain the estimates

e~ tPmH IS B dry (4| < C62,

i i[PE(u(r)) dr~ 82
lle tDm+i o B(u(r) d Zoo — Z(t)HBfo,z = va

t ~ 2
|e7itPmF o B drz_ o (t)||gr: < CW'

5.8. Step 3: Construction of u. Here we want to solve the equation for u. We notice that z and « have
been built in the previous section and are functions of w and zy € H.(u(0)). Let us introduce for any
a € 2(5) and ug € Be(0,¢) the function on U(e, d):

Fuo (u)(t) = w0 — / A(uo), ()N (u(v), 7(0)), dS (u(v))) do,

where () = o™ (¢)S] (u) + o= (t)S] (u) + z(t). We have the
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Lemma 5.11. There exists 6o > 0 and g9 > 0 such that for any 6 € (0,dy), for any € € (0,e0), the
function f., maps U(e,d) into itself if ug and zo € HS NHe(ug) are small enough.

Proof. By means of Lemma 5.1, we obtain

| fuo (w) ()] < fuol +C/0 IN (u(v), n(w)l s < luo| +C (€ +6) 6.

Hence for ug and 0 small f,,(u)(t) € Bc(0,¢). Estimate (5.1) also gives the existence of (fy,(u)),, =
ligl fuo(w)(t) and then

t—

¢

2 (e + 0) 6°.

+o0
(Fua)oe = Fuo@)0] < C [ INGu0) 00D, <

The function f,, has also a Lipshitz property as stated by the

Lemma 5.12. There exists oo > 0 and g9 > 0 such that there exists k € (0,1) such that for any § €
(0,80), for any e € (0,e0), for any u, v’ € U(e, ), for any z € Ho(u(0))NHE , for any 2z € He(uw'(0))N
H;l small enough, for ug,u(, small enough, there exists € (0,1) such that

[ Fuo () = fuy (@) e ey < 10 = gl + 5 (s = 0/ ooy + 120 = 20l )

and 5.8.

ot

Proof. This a straightforward consequence of Lemma 5.3, 5.4, 5.

We are now able to prove the

Lemma 5.13. There exists g > 0 such that for any § € (0,00) such that for any uy € C small
and zg € He(ug) N H§/ small, the equation

u(0) = wo,

where n(t) = ot (t)S] (u) + a= (t)Sy (u) + 2(t), has a unique solution in U(J,¢).

Proof. This is also a straightforward consequence of the fixed point theorem for f,,.

5.4. Step 4: End of the proof of Theorem 1.3. We now conclude our proof with the

Lemma 5.14 (Decomposition lemma 2). Let be s > 0 and p > 1 there exist 6 > 0 and a C*
map Uy : Bw=»(0,0) — Bc(0,e) which satisfies for 1 € By« (0,9)

Y = S(u)+n, withn € {¢o}* <= u = Us(v))
Proof. Tt is a consequence of the implicit function theorem like in proof of [GNT04, Lemma 2.3].

With respect to the notation of Theorem 1.3 for 19 = S(ug) +a™(0)S] (uo) + a~(0)S; (uo) + Pe(uo)20
where zy € Ran(P.), we introduce

vo = Up(vo)
& =P (Yo — S(vo))

and
G(UQ, 7:70)1 = Uo(S(UQ) +at (O)S;r (Uo) + o (O)S; (Uo) + PC(UO),’;’B)

Gluo, %)2 = P (S(uo) — S(Gluo, Z0)1)
+a (0)S7 (o) + @™ (0)ST (o) + Pe(u0) %)

Then using Uy (S (ug)) = uo, we write G(ug, Zo) = (uo, 70) + G(uo, Z9), with

|G o, ) — Gup. &)

o = (w0 =gl + 12 = 5 5,)
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with k < 1/2 if ug, u and 2y, Zo' small enough. Hence in this case G is invertible with a Lipshitz inverse
F. Then we choose

¥ (vo,&0) = (S(F(vo,&)1)
+a(F (v, £0)1) " (0) S5 (F(vo, &0)1) + a(F(vo, &0)1) ™ (0)ST (F(vo, o)1)
+P( (vo, &0)1)F (vo, &o)2 — S(vo), é1)
§oo = (Pe(F(v0,80)1)F (v0,0)2) o0

Ew —/ {E(F(v0,&)1(v)) — E((F(v0,&)1)4,)} dv.

In the proof of Lemma 5.7, we see that § is of the same order as ||£y|| ;.. The rest of the Theorem easily
follows. O

APPENDICES

A. The wave operator and similarity for the linearized operator

Inspired by [[Kat66], we use an argument of similarity to prove the

Lemma A.1. For all s € R", there exists Cs > 0, such that
Vt€R, || H P o g,y < C
By using the boundedness the wave operator

Wy =s— lim etH(Z)*Je_it(H_E(z))Pc(H)

t—too
and the intertwining property. This boundedness follows from the

Lemma A.2 (Smooth and small non-selfadjoint perturbations). Let be ) € L? and o > 1. Then
there exists € > 0 and C > 0 such that

Vz € Be(0,¢), / | <Q>"7 e HEP, (2)p]2 < Cll0]3.
0

Proof. By Lemma (4.4), we prove P.(z)R(z, ) <(0)P.(z) = P.(z). Taking the adjoint with respect to
the real structure, we infer P.(2)P.(0)R(2)*P.(z) = P.(z). Then, we write

Q)7 TEP(2)]
= CI{Q) " Pe(2)e” " TIP(0)R(2) " Pe(2)]|
< Q)™ Pe(z)e *T=FEIP(0)R(2)"Pe(2)

/H e =)THEDGR(S(2))e ¥ H-ECIP(0)R(2)P.(2)| ds
< (@) TP (2)e T HTEEIP(0) R(2)P(2))

JrCIZIT_2 / Q)= Pe(z)e” U =IHE Q)7 e H=EEIP(0) | ds.
0

Using Proposition 3.10, we obtain the claim (A.2) for z sufficiently small.
Lemma A.3. Let be W, = ¢!H ()T o= H-EE)P (H). Then the limits

W* = lim W,

t—+oo

exist in B(H?®) and their range is Ran (P.(z)). The same is true for W; and

(WH) ™ = (WH) = lim Wy

t—too
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Proof. Let us define W, = e ()" Je=t(H=E()) e have for ¢ € H.(z) and 1 € H.(0)

¢ d
(6, Wed) = (6, 6) + /0 <¢, EWS¢> s,
Since we have

<¢, %W@ = (&g, DVF(S(2))e "H-ECy)
< LT3 I(Q) e H D g |[(Q) 7 =By

which gives (¢, LW,¢)) € L'(R), so Wy exists and is bounded in £(H.(0), Hc(z)) by the previous
lemma. Since for any vector ¢ in an eigenspace of H(z), W; ¢ tends weakly to zero, we obtain that the
ran of W¥ is a subspace of the range of P..(z). Then statements about (W;)" follows by the same way.
The invertibility is immediate.

The proof of the H* bounds follows from commutation argument, we apply the previous scheme to

BieftJH(z)Pc(z) = [0;, Pc(z)]eftJH(z)Pc(z) + Pc(z)eftJH(z) [0:, P.(2)]
+P(2)[0;, e HENP(2)
= [0;, Pe(2)]e HE 9 + Pe(2)e " H P[0, P(2)]

t
+ / e~ UmITHOP (2)(9;DVF(S))e ™ HOP(2)dz.
0
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