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ABSTRACT. In this paper we study the property of asymptotic direction for ran-
dom walks in random i.i.d. environments (RWRE). We prove that if the set of
directions where the walk is transient is non empty and open, the walk admits
an asymptotic direction. The main tool to obtain this result is the construction
of a renewal structure with cones. We also prove that RWRE admits at most two
opposite asymptotic directions.

RESUME: Dans cet article, nous étudions la propriété de direction asymptotique
pour les marches aléatoires en mileu aléatoire i.i.d. (RWRE). Nous prouvons que si
I’ensemble des directions dans lesquelles la marche est transiente est un ouvert non
vide, la marche admet une direction asymptotique. La construction d’une structure
de renouvellement avec cones est le principal outil pour la preuve de ce résultat.
Nous montrons aussi qu'une RWRE admet au plus 2 directions asymptotiques
opposées.

1. INTRODUCTION AND RESULTS

In this paper, we give a characterization of random walks in random i.i.d environ-
ments having an asymptotic direction. We first describe the model that we will use.
Fix a dimension d > 1 (but think more particularly of the case where d > 2 because
this work becomes obvious when d = 1). Let P, denote the (2d — 1) dimensional
simplex, P, = {z € [0,1]2%, 322, z; = 1}. An environment w in Z% is an element of
Q.= P_%d. For any environment w, P, denotes the Markov chain with state space
Z% and transition given by

P, Xo=1z)=1 and
P, ow(Xny1 =2+ el X, =2) =w.(e) (z €Z% e €Z%st. |e|]=1, n>0)
where | - | denotes the Euclidean norm in Z<.
For any law p on P, we define a random environment w in Z?, random variable

on 2 with law P := ,LL®Zd. For any = in Z? and any fixed w, the law P, is called
quenched law. The annealed law P, is defined on Q x (Z4)N by the semi-product
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2 FRANCOIS SIMENHAUS

P, :=PxP,,. In this article, the law p will verify the assumption of strict ellipticity
Vec Z sit. |e| =1, P—a.s. p(wo(e) >0) =1
which is weaker than the usual uniform ellipticity (see remark [). S?~! denotes the
unit circle for the Euclidean norm. For any ¢ in R?, we define the set A, of transient
trajectories in direction ¢
Ag={ lim X, -{ =400}

n—-+o0o

and for any v in S9!, B, is defined as the set of trajectories having v for asymptotic

direction x
Br= {"l_l’rfoo ‘Xn‘ N V}

This model is well studied in the one dimensional case where many sharp proper-
ties of the walk are known. However in higher dimensions the behavior of the walk is
much less well-understood. One of the oldest question was asked by Kalikow in [B]:
does Py(Ay) follow a 0 — 1 law? In the same article he found a weaker but very
useful 0 — 1 law for Py(A, U A_) which was explicitly stated in [[f]. Zerner answers
positively to Kalikow’s question in [L1], but only in the case d = 2. In higher dimen-
sions, this is still an unanswered question and this is one of the main obstacle to
solve another fundamental question: the derivation of a law of large numbers. Many
recent articles are concerned with this topic. Generalizing [f] to higher dimensions,
Sznitman and Zerner construct in [[]] a renewal structure in order to derive a law of
large numbers under a strong drift condition (Kalikow’s condition). Zerner proves in
[[Q] that the walk satisfies a law of large numbers without assuming any conditions,
but only for dimension 2. For higher dimensions, Sznitman improves on sufficient
conditions to obtain a law of large numbers([ff] and [{]). In this paper, we describe
the class of walks having a unique asymptotic direction under the annealed law (the-
orem [ll). This means that the walk is transient and escapes to infinity in a direction
which has a deterministic almost surely direction. In fact, if the walk admits an
asymptotic direction, it also follows a law of large numbers (see remark f) but in
the non-ballistic case the asymptotic direction gives an interesting information of
the behavior of the walk which is not contained in the law of large numbers. The
main difficulty to obtain an asymptotic direction for a transient walk is to control
the fluctuations of the walk in the hyperplane transverse to transience direction.
One way to control those fluctuations is to introduce the following assumption.

Assumption. ¢ in R? verifies assumption (H) if there exists a neighborhood V of {
such that
VO eV, Py(Ap)=1 (H)

When (H) holds, we will note V the neighborhood given by the assumption.
The main purpose of this article is to prove the following theorem.
Theorem 1. The following three statements are equivalent
i) There exists a non empty open set O of R such that

Vi e O, P(](Ag)zl
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i) Jv e St st

Py —a.s.,

i) v € RE s.t. V £ € RY
l-v>0 = P()(Ag)zl
Using arguments similar to those applied in the proof of theorem [ll, we also show

Proposition 1. Ifv and V' are two distinct vectors in St such that Py(B,)Py(B,/) > 0
then V' = —v

An obvious consequence of this proposition is the following corollary.

Corollary 1. Under Py, there is at most two asymptotic directions, in this case
these two potential directions are opposite each other.

The proofs will be given in the second part of this paper. We finish this section
with some notations which will be useful in the proofs. Denote by 6,, the time shift
(n natural number is the argument) and by t, the spatial shift (z in Z<¢ is the
argument). For any fixed ¢ in RY, we let T,, be the hiting time of the open half-space
{z, ©-0>u}:

T, =inf{n >0, X, - ¢ > u}
and D’ the return time of the walk behind the starting point:
D' =inf{n >0, X, - £ < Xo-(}

Notice that these two definitions are quite different from those used in [[].
We complete £ into an orthogonal basis (es, . . ., e4), such that for every i in [2,d], |e;] = 1.
For all ¢ € [2,d]] we define the following two vectors:
C(a)=L+ae; and 0, (a)=1— ae;
For all positive real o we can define the convex cone C'(«) by
d
Cla)=({z, z-€(a) 20 and =z (a) >0}
i=2
We also define the exit time D!, of the cone C ()
D! =inf{n >0, X, ¢ C(a)}

2. PROOFS

Proof of theorem []. The first step of the proof is the following lemma, where it is
proved that under (H) the walk has a positive probability never to exit a cone C'(«)
for a small enough.

Lemma 1. Let ¢ be a vector in R? satisfying (H) then, for any choice of an orthog-
onal basis (£, ez, ... eq) with |e;| = 1 for any i in [2,d],
there exist some ay > 0 such that,

Va<ag Py(D)=00)>0 (1)
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Proof. Fix a basis satisfying the assumption of the lemma. We will first show that
Py (:|D" =) —a.s., 3Jajrandom s.t. D = oo (2)
Since V is an open set, there exist some oy > 0 such that for every i € [2,d]:
li(ag) € Vand 0, (ag) €V

For these (2d — 2) directions, we use the renewal structure described in section 1 of
[. The choice of the parameter a in this structure has no importance and can be
done arbitrarily. Remember that, for any fixed direction ¢, the first renewal time 7
of [ is the first time the walk reaches a new record in direction ¢, and later never
backtracks.

Remark 1. In [q], as in further references, uniform ellipticity is assumed. When we
quote these articles, we have verified that this stronger assumption is not necessary
or can be relazed as in [[[T].

Using (H) we obtain that for each i € [2,d],

Po (Agan) = Po (e o)) = 1
From proposition 1.2 in [[]:
TZIQ(O!Z) \/ e \/ 7-41(052) \/ 7-6/72(052) \/ e \/ TZLd(OCQ) < 00 PO — a.s.

Using a proof very close from proposition 1.2 in [[] (see also theorem 3 in [J]) we
obtain F, (Dé = oo) > ( and so:

A R e A e R e IS Py (:|D' =) —as. (3)
We now define the following variables:

N = inf{ng =1, Vn = ng, X, € C ()} (inf @ = 4-00)

C = inf X, -/
1<nN

M = su X, - e
1<nENZ‘ |

From (f), it is clear that:
P (-|DZ = oo) —a.s., N < 00,
C>0 and M < x
We now define a; = \/L— A ap (notice that oy is random), using Cauchy-Schwarz
inequality for n < N and the definition of N and C(«) for n > N, we obtain:
Vi € [2,d], Vn >0, X, l(a) =X, l+0q(X,-¢) >0

which ends the proof of (f).
It is clear that

a <o implies C (o) CC ()
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and so

i By (1D, = o0}) = Py (U{Dﬁ - oo})
From (f), we have

J{DL = oo} "= {DF = o0}

a>0
Since Py (D = 00) > 0, this concludes the proof of lemma [ O]

We will now construct a renewal structure in the same spirit as in [[] or [[[]. The
idea is to define a time where the walk reaches a new record in the direction ¢ and
never goes out of a cone (also oriented in direction ¢) after. In [[], the walk moves
from one slab to the next one, here, as in [l or [@], the walk will move from one
cone to the next one.

From lemma [, we know that we can choose o small enough so that

Py (D) >0

We define now the two stopping time sequences (S), 5 jand (Ry), 5 ;, and the se-
quence of successive maxima (M), 5

So=0, Ry=D:,
And for all k > 0:
Sy =Ty, Ri=D,obs , + Skt1, My =sup{l.X,, 0<n < Ry}
K =inf{k >0, Sy < o0, R = ¢}
On the set K < oo, we also define:

My =sup{l- X,, 0<n < Ry}

7'1:SK

The random time 77 is called the first cone renewal time, and will not be confused
with 7¢ introduced above. Under assumption (H),

SQ<R0<51<R1<"'<Sn<Rn<"'SOO (4)

Proposition 2.
Py —a.s. K < o0

Proof. For all kK > 1,

Py(R, < 00) = E[Ey,[Sk < o00,D40 HXSW < 0]
= Y E[Eyu[S < 00, X5, =x,Dy00x, , <o
x€Z4d

Using Markov property we obtain,
> E[Egu[Sk < 00, Xg, = 2] Epu[Da < o]

zeZd
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For every x in Z¢, the variables Fy,[Sk < 00, Xs, = x| and E, ,[D! < oo] are
respectively o{w (y,.), ¢-y < -z} and of{w (y,.), y € t, o C' ()} measurable. As
this two o-fields are independent,

Py(Ry < 00) = > Ey[Sk < 00,Xs, = 2]E,[Dy < o]
x€Z4
PQ(Sk < OO)PQ(Da < OO)
= P(](Rk_l < OO)P()(DQ < OO)

By induction, we obtain,
Py(Ry < 00) = Py(D, < c0)k*!
In view of ([ll), this concludes the proof. O

We now define a sequence of renewal time (7y), > by the following recursive
relation:

Tt = 71 (X2) + 7 (X4 — X7y) (5)
Using proposition (f), we have:

Vk >0, T < 00

Proposition 3.

((XTl/\') ?7-1) ) ((X(Tl—l—')/\Tz - XT1> , T2 — Tl) [ ((X(Tk+-)/\Tk+1 - XTk> 77-k:+1 - Tk)) are
independent variables and for k > 1, ((X(TH.) - er) s Thatl — Tk> are distributed
like ((Xrn.),71) under Py (-| DY, = 00)

ATk41
The proof is similar to those of corollary 1.5 in [[]] and will not be repeated here.

For the classical renewal structure, Zerner proved that Fy[X,, .¢] is finite and com-
putes its value. We provide here the same result but for a renewal structure with
cones.

Fix a direction ¢ with integer coordinates (aq, ..., aq) such that their greatest com-
mon divisor, ged (aq,...,a4) = 1. Assume that (H) is satisfied for ¢. Complete ¢
in an orthogonal basis (¢, es, ..., eq) such that for every i in [2,d], |e;] = 1. By

lemma [l we can choose « small enough so that Py (DY) > 0 and construct the
associated renewal structure that is described above.

Lemma 2.
1

Eo[X,, D\ =o00] = ————
0[ 1 | a OO] PQ(DéZOO)

Proof. This proof follows an unpublished argument of M. Zerner but can be found
in lemma 3.2.5 p265 of [f]. Since ged (ay, ..., aq) = 1, we have {x - ¢, v € Z} = Z.
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For all « > 0,
P({3k>1, X, -t=i}) = Y E[Ey, [{Xr, =y, Doz =o0}]]
x/l.x=i
= Y E[E[Xy, =1]E,. [D)=0]]  (6)
x/l.ax=i
= P (Da=00) ©

We used the strong Markov property in ([j).

In ([), we notice that Ey, (X1, =z) is o{w (y,-), £ -y < { -z} measurable and
E,. (DS = 00)is o{w (y,-), y € t, 0 C ()} measurable and that those two o-fields
are independent. We will now compute the same value in another way.

lim Py({3k>1, X, - 0=i})=lim P, ({3k >2, X, - L =1i})

=lim > R({Fk>2 (X, - X,) L=i-nX, [ =n})
n>1

=lim > R ({Fk>2 (X, —X,)-L=i-n}) PR (X, -L=n)
n>1

Notice also that the first equality is true because Py (X, - £ > i) — 0 (i — o00). Using
now the renewal theorem (corollary 10.2 p76 in [f§]) we obtain

. ) 1
lim o ({3 > 2, (X, = Xn) - L=i=n}) = =gy g

The dominated convergence theorem leads to

1
lim Py({3k > 1, X, - L =1}) =
i—00 0 ({ * }) EO[(XTQ - XTl) : e]
Comparing this result with ([]), we easily obtain lemma . O

We have now all the tools to prove theorem [I. We will first use the two lemmas
to prove that ¢) implies 7).
We choose ¢ with rational coordinates in the open set O. It is clear that ¢ satisfies
assumption (H). Actually, we can also assume, without loss of generality, that ¢ has
integer coordinates and that their greatest common divisor is 1. Indeed, there is A
rational such that A\¢ has integer coordinates with greatest common divisor equal to
1, and of course, A\ also satisfies (H).

We complete ¢ into an orthogonal basis (es,...,e4), such that for every i in
[2,d], |e;| = 1.Usinglemma [, we choose a small enough so that Py (DY, = 0o) > 0.
We can now use the renewal structure with cones and we have from lemma [] that:

1

By [Xp, - 0D = 0] = —————
o [Xn - lIDe = 00] = prpr——y <o

From the definition of the cone renewal structure,

Jcla) €RTst. Py(-|D!, = o0) —a.s., |X,|<cla) Xy, -
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and so using lemma [,
Ey [|Xn||DS = 00] < 0 (8)
We can now apply the law of large numbers, and obtain
X’T —a.s.
T B [Xa D = o]
As |Ey [X,,|Df = o0] | >0,
—a.s E, XT Dé = e
er Pu. 0 [ 1| ;:u OO} (d:f) v (9)
| X | Eo [X7, | Df, = oo |

To complete the proof, we have to control the behavior of the walk between the
renewal times. For each natural n, we introduce the index k (n) such that,

Th(n) S N < T(n)+1

Recall that if (Z,,) is an i.i.d. sequence of variables with finite expectation, the appli-
cation of the strong law of large numbers to (Z,+1 — Z,),, shows that % converges

almost surely to 0. We apply this remark to the sequence (sup |Xnnr,,, — X7, |)r and
obtain: "
Sup ‘X’ﬂ/\Tk+1 - XTk| P
- ? =510 (k- o0) (10)
Using equation ({) and ([[(]), we study the convergence in i),
| X R k(n) [ Xl
By proposition B and (B),
Py —as k(n) — oo (n — o0)
As | X,| =2 k (n), (I0) leads to:
Xn - XTk( y Po—a.s
Zr Pk Pozags (12)
| X

To control the second term in ([L1]), we simply write

‘XTk(n)| ‘Xn‘ < |XTk(n)| |Xn - XTk(n)|
E(n) ~k(n) = k(n) k(n)
Using (B) and ([Ld), we obtain,
|Xn| Py—a.s.
oy B X 0D, = o] |

We finally obtain the desired convergence :
X, Py—a.s. Eq [Xn‘Di = OO}
R | Eo [Xr, | DE = oo |
The end of the proof of theorem [[] is easy: it is obvious that i) implies i) and so we

just have to show that ) implies ).
Let ¢ be a direction such that f.v > 0. It is known since [[] (lemma 1.1) that
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Py (A, U A_y) follows a 0 — 1 law under assumption of strict uniform ellipticity, but
we use here proposition 3 in [[J]] where the same result is proved under the weaker
assumption of strict ellipticity.
If Py (ArUA_;) =0, it is known that the walk under Py oscillates,

limsup X, - £ = —liminf X,, - { = 400 Py — a.s.
This is not possible in view of i) and so Py (A, UA_,) = 1.
But because of i), Py (A_;) = 0, and we can conclude

Py(Ay) =1
UJ

Remark 2. From the proof of theorem [1, we know that if a walk has an asymptotic
direction, we can construct a renewal structure with cones and E[X.] is finite. We
can then easily derive a law of large numbers, namely

X too E[|X4]|Dg = oc

— “ Py —a.s.

n  E[n|D. = o) 0
However this limit can be null (if and only if E[r|D’ = oo] = +o00 ) and, in this
case, the asymptotic direction is an interesting information about the walk behavior.

Remark 3. The class of walks admitting an asymptotic direction is exactly the class
of transient walks (in a direction () such that E[|X||D* = oo] < oo. For one of
the inclusion just notice that 1 is also one of the hyperplane renewal time. For the
other one, use the end of the proof of i) implies ii) in theorem [] (from (§)) with 7°
instead of T1.

Remark 4. It is not easy to check i) (or (H)). However we can find in previous
papers some examples of walks admitting an asymptotic direction and then satisfying
i). Of course all criteria assuring a ballistic law of large numbers work like Kalikow’s
condition in [J] or more recently condition (T") of Sznitman in [{]. The condition
(T), in [@] also works and it is not proved that it implies a law of large numbers.
More generally, the previous remark gives criteria to describe exhaustively the class
of walks admitting an asymptotic direction.

Proof of Proposition[]. Suppose that the proposition is false and call v and v/ two
vectors of S9! non opposite such that Py(B,)Py(B,) > 0, then we will show that

31/0 s.t. PO(BV()|BV U B,,/) =1 (13)

what establishes, of course, a contradiction.

Remark 5. If v € S9! is such that Py(B,) > 0 then,
VleRY st 0-v>0 Py(A)B) =1 (14)

Indeed, it is clear from 0 — 1 law that Py(Ay U A_y) = 1 (just notice that the walk
does not oscillate along direction ¢ on B,, set with positive probability). But as
B, C {3dN st.Yn> N, X, -0 >0}, it is clear that Py almost surely, B, C Aj.



10 FRANCOIS SIMENHAUS

E={z, x-v>0}n{z, -/ >0} is a non empty open set and from ([[4),
VleFE, Py(A|B,UB,) =1 (15)
Fix a vector £y in F, it is obvious that there exists a neighborhood V of £y such that,
Ve, Py(Ay|B,UB,) =1

This last equation reminds the assumption (H) and the proof of ([J) will be adapted
from that of theorem [[. Before beginning, notice that if P, (B,UB,/) = 1, we can eas-
ily conclude using theorem [, but the proof is not that obvious if Py(B, U B,/) < 1.

The first step is to show that for o small enough Py(D%) > 0. We will use a proof
very close from those of lemma [l] replacing the probability Py by Py(:|B, U B,/). We
have to prove that

Py(D* = 0|B, U B,)) >0 (16)
Suppose that Py(D% = oo, B, U B,/) = 0. Using invariance translation, it is clear
that for any = in Z¢, P,(D% = oo, B, U B,/) = 0 which means

Vo€ Z% P—as, P,,(D"=00,B,UB,)=0
and we obtain
P—as, Yz € 2%, P,,(D" =00,B,UB,)=0

We note (D)™ the n-th backtrack time of the walk, defined by the following recur-
sive relation

(Dfo)l — DZO
(DZO)n = DZO o H(Deo)nﬂ Vn = 2
P — as, for any n > 1,
Po((D)" < 00, (D*)"*! = 00, B, U By)
= Z PO,w((DZO)” < OO,X(DZO)n = J,’)Px’w(DZo = 00, B,, U B,,/) (17)

zeZd
=0
We obtain ([[7) writing that for any z in Z¢ and natural m
{(Déo)n = m? X(DZO)R - I} m {BV U B[/l} (18)
X, —
- {(Déo)n = m, X(ptoyn = x} N {lim e TP +oo}

n>m |Xn — l’|
Here is the only difference with the proof of (1.16) in proposition 1.2 in [[]|. Remember
that
Py (D" =o00,B,UB,) =0
and notice that as B, U B, C Ay,
Py(B,UB,, (D) < 0o,Vk >1)=0

We obtain
P—as, P,(B,UB,) =0
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Py(B, U B,s) = 0 contradicts the assumption and this concludes the proof of ([[G).
Following the proof of lemma [] with Py(-|B, U B,/) instead of Fy, we obtain

Jag s.t. Va<ag, Py(DP) >0
The second step is to show that on Ay, (this is much easier that on B, U B,/),
the walk admits a unique asymptotic direction. We define the same renewal struc-
ture with cones as in the proof of theorem [I]. It is easy to adapt the results in [[]
from proposition 1.2 to corollary 1.5, we obtain the same results but with variables
and random times associated to the renewal structure with cones and not with hy-

perplanes. We also adopt the same notation, )y to denote the probability measure
Py(-|Ag,)- We can then adapt lemma J] and obtain

Lemma 3. .
Eo [X,, - 4D’ = e
QO[ 1 ‘ 6] OO] P() (Dg — OO)
The end of the proof now follows exactly that of theorem [I] except that Qo replaces
P,. We obtain the existence of v satisfying ([J). O
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