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ENTROPY OF SEMICLASSICAL MEASURES OF THE
WALSH-QUANTIZED BAKER’S MAP

NALINI ANANTHARAMAN AND STEPHANE NONNENMACHER

ABSTRACT. We study the baker’s map and its Walsh quantization, as a toy model of a
quantized chaotic system. We focus on localization properties of eigenstates, in the semi-
classical régime. Simple counterexamples show that quantum unique ergodicity fails for
this model. We obtain, however, lower bounds on the entropies associated with semiclas-
sical measures, as well as on the Wehrl entropies of eigenstates. The central tool of the
proofs is an “entropic uncertainty principle”.

1. INTRODUCTION

In the semiclassical (highly-oscillatory) framework, one can generally express the solu-
tion of the time-dependent Schrodinger equation as an h-expansion based on the classical
motion. Classical mechanics is then the 0-th order approximation to wave mechanics.

However, such expansions are not uniform in time, and generally fail to capture the
infinite-time evolution of the quantum system, or its stationary properties. Unless the
system is completely integrable, the instabilities of the classical dynamics will ruin the
semiclassical expansion beyond the Ehrenfest time, which is of order |log A|.

Nevertheless, the domain dubbed as “quantum chaos” expresses the belief that strongly
chaotic properties of the classical system induce certain typical patterns in the stationary
properties of the quantum system, like the statistical properties of the eigenvalues (the
Random Matrix conjecture [H]), or the delocalization of the eigenfunctions over the full
accessible phase space [B, B7].

The first rigorous result in this frame of ideas is the “Quantum Ergodicity Theorem” [B5:
it states that, if the classical system is ergodic on the accessible phase space (the energy shell
for a Hamiltonian system, respectively the full phase space for an ergodic symplectic map),
then, in the semiclassical régime, “almost all” the eigenstates become uniformly distributed
on that phase space. This stands in sharp contrast to the case of completely integrable
systems, where eigenstates are known to be localized near well-prescribed Liouville-Arnold
tori, due to a maximal number of invariants of the motion. “Quantum Ergodicity” has first
been proven for the eigenstates of the Laplacian on surfaces of negative curvature [, [0,
then for general Hamiltonians [[4], ergodic Euclidean billiards [[2, ], quantized ergodic
maps [, i or C*-dynamical systems [[I].

The “Quantum Unique Ergodicity” conjecture goes further in this direction: originally
expressed in the framework of geodesic flows on compact manifolds of negative curvature
BT, it predicts that, for a strongly chaotic system, all the eigenstates should be uniformly

distributed on the accessible phase space, in the semiclassical limit.
1



2 N. ANANTHARAMAN AND S. NONNENMACHER

This conjecture has been tested on a number of models. If the classical system admits a
unique invariant measure, then it boils down to a proof of the quantum-classical correspon-
dence; Quantum Unique Ergodicity has thus been proven for several families of uniquely
ergodic maps on the torus [, G, B(J.

On the opposite, Anosov systems admit a vast variety of invariant measures. Applied to
these systems, the conjecture states that quantum mechanics singles out a unique measure
out of the set of invariant ones. So far, the conjecture has only be proven for Anosov systems
enjoying an arithmetic structure, namely a commutative algebra of Hecke operators: this
allows to define a preferred eigenbasis of the quantum system, namely the joint eigenbasis
of all Hecke operators. Elaborating on previous works [B1], B9, E. Lindenstrauss proved
the semiclassical equidistribution of all Hecke eigenstates of the Laplacian on compact
arithmetic surfaces [B4]; in that case, the eigenstates of the Laplacian are believed to be
nondegenerate, which would make the “Hecke” condition unnecessary.

Studying the quantized automorphisms of the 2-torus (or “quantum cat maps”), Kurl-
berg and Rudnick had exhibited such a commutative Hecke algebra, and proven that all
joint eigenstates become equidistributed as i — 0 [[9]. However, the eigenvalues of quan-
tum cat maps can be highly degenerate when Planck’s constant belongs to a certain sparse
sequence (hy — 0): imposing the Hecke condition then strongly reduces the dimensions
of the eigenspaces. In particular, it was shown in [IJ] that, along the same sequence
(h), certain non Hecke eigenstates can be partly localized near a classical periodic orbit,
therefore disproving Quantum Unique Ergodicity for the quantum cat maps. Still, the lo-
calized part of the eigenstate cannot represent more that one half of its total mass [f, [[1].
Very recently, Kelmer obtained interesting results about quantized symplectomorphisms
of higher-dimensional tori [[[7: if the classical automorphism admits a rational isotropic
invariant subspace, he exhibits a family of Hecke eigenstates (he calls “superscars”), which
are fully localized on a dual invariant submanifold.

In the present paper we study another toy model, the baker’s map defined in terms
of an integer parameter D > 2. It is a well-known canonical map on the 2-torus, which
is uniformly hyperbolic (Anosov) with uniform Lyapunov exponent A = log D. Its Weyl
quantization [}, B4 has been a popular model of “quantum chaos” in the last twenty
years. We will use here a different quantization, based on the Walsh-Fourier transform
BJ]: this choice makes the quantum model amenable to an analytic treatment. The map
and its quantization will be described in more detail in Sections BHf. The localization
in phase space of an eigenfunction 1 will be analyzed using its Walsh-Husimi measure
W Hy, , which is a probablity measure on the torus, associated with the state 1. For any
sequence of eigenfunctions (1;)r_o of the quantized map, one can extract a subsequence
of (WHwhj)hj_)O which weakly converges towards a probability measure . We call such

a limit p a semiclassical measure. From the quantum-classical correspondence, u is
invariant through the classical baker’s map. Like any Anosov system, the baker’s map
admits plenty of invariant measures: for instance, each periodic orbit carries an invariant
probability measure; we will also describe some (multi)fractal invariant measures.
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Since the baker’s map is ergodic with respect to the Lebesgue measure, we can easily
prove Quantum Ergodicity for the Walsh-quantized map, stating that the limit measure p
is “almost surely” the Lebesgue measure (Theorem B.4).

Yet, in Section ] we will exhibit some examples of semiclassical measures different from
the Lebesgue measure, thereby disproving Quantum Unique Ergodicity for the Walsh-
quantized baker. We notice that, as in the case of the quantum cat map, the presence of
partially localized eigenstates is accompanied by very high spectral degeneracies.

Our goal is to characterize the possible semiclassical limits © among the set of invariant
measures. The tools we will use for this aim are the various entropies associated with
invariant measures [[f] (we will recall the definitions of these entropies). Our first theorem
characterizes the support of .

Theorem 1.1. Let p be a semiclassical measure of the Walsh quantized D-baker, and
supp p its support. The topological entropy of that support satisfies
logD A
2 27

The theorem implies, in particular, that the measure p cannot be entirely concentrated
on closed orbits (for a periodic orbit O, hy,(O) = 0); it still allows its support to be thinner
than the full torus (hy.,(T?) = log D). This theorem was proved in [[[] for the eigenstates
of the Laplacian on Anosov compact (real-analytic) Riemannian manifolds. The proof of
Theorem [[.]] presented below uses the same strategy, but is made considerably shorter by
the simplicity of the particular model (see Section [§). In fact, we present Theorem [[]]
mostly for pedagogical reasons, since we can prove a stronger result:

Ryop(supp ) >

Theorem 1.2. Let o be a semiclassical measure of the Walsh quantized D-baker. Then
its Kolmogorov-Sinai entropy satisfies
logD A

2 2

Theorem [[.9 is stronger than [L.1], because of the Ruelle-Pesin inequality, hxs(p) < hiop(Supp p)
[[d, Theorem 4.5.3]. For instance, the counterexamples to Quantum Unique Ergodicity
constructed in [[[J] for the quantum cat map satisfy hy,(supp ) = A (the support of u is
the full torus), but hggs(p) = %, showing that the above lower bound is sharp in that case
(here, \ is the positive Lyapunov exponent for the cat map). In the case of the Walsh-
baker’s map, we will exhibit examples of semiclassical measures p which saturate the lower
bound % for both the metric entropy hxs(p) and the topological entropy hyop,(supp p)
(see Section []). The lower bound of Theorem [.2 is somehow half-way between a com-
pletely localized measure (hxs(do) = 0 if dp is the invariant measure carried on a periodic
orbit O) and the equidistribution (hxg(pres) = log D).

One can decompose the semiclassical measure into its pure point, singular continuous
and Lebesgue parts

(11) H = 6pp,upp + ﬁsc,ulsc + ﬁLeb,U/Leba with 6* > O, 6;0;0 + 630 + ﬁLeb =1.

his(p) >
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Because the functional hxg is affine, Theorem [[.9 straightforwardly implies the inequality
Bpp < Bse + Brep- Actually, one can also adapt the methods of [T to the Walsh-baker, and
obtain a sharper inequality between these weights:

Theorem 1.3. Let p be a semiclassical measure of the Walsh quantized D-baker. The
weights appearing in the decomposition ([[.1) then satisfy:

Bop < BLeb -

It means that the weight of the localized component cannot be larger than that of the Lebesque
component.

In [[[T], the analogous result had raised a question on the existence of semiclassical
measures of purely singular continuous nature, in the case of the quantum cat map. For
the Walsh quantized baker, we answer this question by the affirmative, by constructing
explicit examples of such semiclassical measures, with simple self-similarity properties (see
Section [).

In the course of the proof of Theorem [[.3, we obtain a lower bound for the Walsh-
Wehrl entropies associated with the individual eigenstates (these entropies are defined
in Section p.2). The “standard” Wehrl entropy [BY has been used to characterize the
localization of eigenstates in “quantum chaotic” systems [f4, P§]. For the present model,
the Walsh-Wehrl entropies of any eigenstate are equal to its Shannon entropy, another
indicator of localization [[F].

Theorem 1.4. The Wehrl and Shannon entropies of any eigenstate ¢y, of the Walsh quan-
tized baker are bounded from below as follows:

log 27h
hWehrl(¢h> = hShannon@ph) > % .
Once more, this lower bound is situated “half-way” between the case of maximal local-
ization (hwen = 0) and maximal equidistribution (hywen = |log27wh|). We notice that

a “typical” state ¢y has a Wehrl entropy of order hyyen(¢n) = |log27h| — Cy £ C, B2,
where the last term denotes the standard deviation (the average |logh| — Cy was derived
in [, while C, is given in [B§, Table 1]). The lower bound %82 s far outside this
“typical interval”. We can construct eigenstates of the Walsh-baker which saturate this
lower bound: they are quite different from “typical” states.

The proof of the above theorem relies on an “Entropic Uncertainty Principle” [I§, BF],
which is a variation around the Heisenberg Uncertainty Principle. It gives some consistency
to the belief that the Uncertainty Principle (the central property of quantum mechanics),
combined with the mixing properties of the Anosov dynamics, leads to some degree of
delocalization of the eigenfunctions.

Another essential ingredient of the proof is the control of the quantum evolution up to
the Ehrenfest time M, which is the time where the quantum-classical correspondence
breaks down. For the Walsh-baker, this evolution can be described in a simple algebraic
way, without any small remainders, which makes the analysis particularly simple.
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In a forthcoming paper we plan to generalize Theorem [[.J along the following lines. Our
aim is to deal with arbitrary Anosov canonical maps on a compact symplectic manifold,
respectively an arbitrary Anosov Hamiltonian flow on some compact energy shell. Quan-
tizing such systems a la Weyl and studying their eigenstates in the semiclassical limit, we
conjecture the following lower bound for the semiclassical measures u:

Conjecture 1.5. Let p be a semiclassical measure for an Anosov canonical map (resp.
Hamiltonian flow) on a compact symplectic manifold (resp. a compact energy shell) M.
Then its Kolmogorov-Sinai entropy should satisfy

1
bucs(i) = 5 [ log."(a) du(o),
M
where J*(x) is the unstable Jacobian [[G] of the system at the point x.

In the case of an Anosov geodesic flow, this lower bound is close to the one proven by
the first author for h.,(supp i) []. For a quantized hyperbolic symplectomorphism of
T??, this lower bound takes the value % Z‘ Ml log |A;|, where one sums over the expanding
eigenvalues of the classical map. The “superscars” constructed in [[7] do indeed satisfy
this lower bound. The proof of that conjecture will necessarily be more technical than in
the present paper, due to the presence of small remainders, and also the more complicated
classical dynamics.

Let us now outline the structure of the paper. In Section [} we describe the model of
the classical baker’s map. Its Walsh quantization is presented in Section B, and some
of its properties are analyzed. Some particular eigenstates with interesting localization
properties are exhibited in Section [ In Section ] we prove Theorems [[.3 and [[.4 using
the Entropic Uncertainty Principle. Section [ is devoted to the proof of Theorem [, using
the strategy of [ll. Finally, in Section [] we sketch the proof of Theorem [J, adapted from

[

2. THE BAKER’S MAP AND ITS SYMBOLIC DYNAMICS.

2.1. The baker’s map on the torus. The phase space we consider is the 2-dimensional
torus T? = (R/Z)* = [0,1) x [0,1), with position (horizontal) and momentum (vertical)
coordinates = (¢, p). We select some integer D > 1, and define the D-baker’s map B as
follows:

(21) V(q,p) S T2, B(q,p) = (Dq mod 1, Z)_'_TW

) e T?.
Here |x| denotes largest integer smaller or equal to z € R.

This map is invertible on T2, piecewise affine with discontinuities along the segments
{p=0}and {g=j/D},j=0,...,D—1. In Fig. P.1 we schematically represent the map in
the case D = 3. The map preserves the symplectic form dp Adgq. It is uniformly hyperbolic,
with constant Lyapounov exponent A = log D. The stable (resp. unstable) directions are
the vertical (resp. horizontal) directions.



6 N. ANANTHARAMAN AND S. NONNENMACHER

—— - - >

- -

0 g 1

FIGURE 2.1. Schematic representation of the baker’s map (1)) for D = 3.
The arrows show the vertical contraction and horizontal dilation.

2.2. Symbolic dynamics. The map B can be easily expressed in terms of the D-nary
representation of the coordinates (¢, p). Indeed, let us represent the position ¢ € [0,1) and
momentum p € [0, 1) of any point x = (¢, p) € T? through their D-nary sequences
q=0.c169..., p=0.61e,..., where the “symbols” ¢, ¢. € {0,...,D -1} =Zp.
We then associate with = = (¢, p) the following bi-infinite sequence

T=...€h€] - €r€n. ...

Symbolic sequences will be shortly denoted by € = €j¢s ..., without precising the length
(either finite or infinite) of the sequence, and from there z = €’ - €.

More formally, we call ¥, = {0,...,D — I}N* the set of one-sided infinite sequences,
and ¥ = ¥, x X, the set of two-sided infinite sequences. The D-nary decomposition then
generates a map

J:¥—0,1) x[0,1)
€-e—x=(0¢€ 0.€).

The map J is one-to-one except on a denumerable set where it is two-to-one (for instance,
...00-100... is sent to the same point as ...11-011...). Let us equip ¥ with the distance

(2.2) ds (€ - €, & - a) = max(D™", D7)

where ng = min{n >0 : €,41 # a,11} and similarly for n{. The map J is Lipschitz-
continuous with respect to this distance.

J gives a semiconjugacy between, on one side, the action of B on the torus, on the other
side, the simple shift on >:

(2.3) B(J(€ -€)) = J(...€he1er - e2e3...).
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This is a very simple example of symbolic coding of a dynamical system. The action of B
on X is Lipschitz-continuous, as opposed to its discontinuous action on T? equipped with
its standard topology. As long as we are only interested in characterizing the entropies of
invariant measures, it is harmless to identify the two systems. In the following discussion
we will go back and forth between the two representations.

2.3. Topological and metric entropies. Let (X, d) be a compact metric space, and
T : X — X a continuous map. In this section, we give the definitions and some properties
of the topological and metric entropies associated with the map 7" on X. We then consider
the particular case of the map B, seen as the shift acting on X.

2.3.1. Topological entropy. The topological entropy of the dynamical system (X, T) is de-
fined as follows: for any n > 0, define the distance

dilwy) = max d(T"a,T"y).

For any r > 0, let Nr(r,n) be the minimal cardinal of a covering of X by balls of radius r
for the distance d.. Then the topological entropy of the set X with respect to the map T
is defined as )

hiop( X, T) o lim lim sup - log Nr(r,n) .
In many cases, it is not necessary to let » — 0: there exists ro > 0 such that, for any
0 < r <o, the topological entropy is equal to limsup,, % log Nr(r,n).

In the case X = 3 (equipped with the metrics dy, given in (B.9)), the topological entropy
can be expressed using cylinder sets. Given two sequences €, € of finite lengths |e| = n,
|€'| =n’, we define the cylinder set [€'- €] C X as the set of sequences starting with € on the
right side and with € on the left side. If n = n’, it is a ball of radius D~" for the distance
dy; its image in the torus is the rectangle

o g . y

I = 9;1] « [gn,,JD*;,l] S where =0k, =0
In the following we will often identify cylinders and rectangles.

Since we are interested in the action of the shift, we will focus our attention to one-
sided cylinder sets, of the form [-€], corresponding on the torus to “vertical” rectangles

[, 25+] x [0, 1]. The set of cylinders [-€] of length n = |€| will be called ¥,.

Let now F' be a closed subset of ¥, invariant under the action of B. Call Ng(n, F') the
minimal number of cylinder sets [-€] of length n necessary to cover F'. The topological
entropy hyp,(F, B), also denoted by hyp,(F'), is then given by

1
(2.4) hiop(F) = limsup — log Ng(n, F).
n—oo N
Ezamples. If F = O is a periodic orbit, we find hy,(O) = 0. If F = T? we find

hiop(T?) = log D. Tt is also useful to note that, if F' and G are two closed invariant subsets,
then Aoy (F'U G) = max(hiop(F), hiop(G)).
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2.3.2. Metric entropy. Going back to the general framework, we consider a T-invariant
probability measure p on the metric space X.

If P= (P, ..., P,) is a finite measurable partition of X (meaning that X is the disjoint
union of the P;s), we define the entropy of the measure p with respect to the partition P
by

(2.5) ==Y u(P)logu(P;).

For P = (Py,...,P,) and Q = (Ql, .., Qm) any two partitions of X, we can define a new
partition PAQ as the partition composed of the sets P,N(Q);. The entropy has the following
subadditivity property:

(2.6) hpno(p) < hp(p) + ho(p) -

We may now use the map T to refine a given partition P: for any n > 1 we define the
partition
P =PAT'PA. AT 7DD,

By the subadditivity property, they satisfy

Ppnsm) (1) < hpy (1) =+ Ppnpemy (1) -

If the measure yu is T-invariant, hyp—npm) (1) = hpen (). The subadditivity of the sequence
(h'p(n) (u))m>1 implies the existence of the limit:

def

1 1
(2.7) lim —hpe (1) = i0f —hpe (k) = hp(p,T).

n—oo N,

This number hp(u,T') is the entropy of the measure u for the action of 7', with respect
to the partition P. The Kolmogorov-Sinai entropy of the triplet (X, T, i), denoted by
hxs(p, T), is the supremum of hp(u, T') over all finite measurable partitions P.

2.3.3. Generating partition for the baker’s map. In the case we will be interested in, namely
the shift B acting on ¥, this supremum is reached if we start from the partition P made
of cylinder sets of length one, that is of the form [.€;] for ¢ € Zp. Each such cylinder
is mapped on the torus into a vertical rectangles [, %] x [0,1). Obviously, the refined
partition P™ is made of the cylinder sets [.€] of length n, representing vertical rectangles

[, 2] x [0,1). For any B-invariant measure y on T2, the metric entropy hxs(u, B) =

Dn) Dn ! !
hxs(p) is given by
o1 .1
(2.8) hics(p) = nf ~hp () = Hm —hpe (1)
Examples. If © = 0o is an invariant measure carried on a periodic orbit, we find
hks(do) = 0. Another class of interesting examples are Bernoulli measures : given

some probability weights po,...,pp—1 (p; > 0, > p; = 1), the infinite product measure
WBer = (Zf:_ol pjéj)®z on ¥ is invariant under the shift. On T2, it gives a B-invariant
probability measure, with simple self-similarity properties. Its Kolmogorov-Sinai entropy
is hs(piper) = — Zf 01 p;logp;. The Lebesgue measure corresponds to the case p; = D™*
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and has maximal entropy, hxs(pres) = log D. It is also useful to know that the functional
his is affine on the convex set of invariant probability measures.
Let us now describe the quantum framework we will be working with.

3. WALSH QUANTIZATION OF THE BAKER’S MAP

3.1. Weyl quantization of the 2-torus. The usual way to “quantize” the torus phase
space T? consists in periodizing quantum states ¢ € S'(R) in both position and momentum;
the resulting vector space Hy is nontrivial if and only if Planck’s constant i = (27 N)~!,
N € N, in which case it has dimension N. An orthonormal basis of Hy is given by the
“position eigenstates” {qj, 7=0,...,N— 1} localized at positions ¢; = j/N. The “mo-
mentum eigenstates” are obtained from the latter by applying the inverse of the Discrete
Fourier Transform Fpy,

(3.1) (Fn)jk = %e—wﬂﬂv, jk=0,...,N—1.
This Fourier transform was the basic ingredient used by Balazs and Voros to quantize the
baker’s map [B, BZ]. Precisely, in the case where N is a multiple of D, the (Weyl) quantum
baker is defined as the following unitary matrix in the position basis:

Fnp 0 0
(3.2) By =Fy' o . 0
0 0 Fn/p

These matrices have been studied in detail [B3], but little rigorous is known about their
spectrum. They suffer from diffraction effects due to the classical discontinuities of B (the
Egorov property is slightly problematic, but still allows one to prove Quantum Ergodicity
B]). It was recently observed [B7] that some eigenstates of the 2-baker in the case N = 2F,
(k € N) have an interesting multifractal structure in phase space. These eigenstates were
analyzed using the Walsh-Hadamard transform.

3.2. Walsh quantum kinematics. In the present work, we will use the Walsh transform
as a building block to quantize the baker’s map. As we will see, the resulting Walsh-
quantization of B respects its D-nary coding, and allows for an exact spectral analysis of
the quantum map. It has already been used in R9] in the case of “open” baker’s maps.

Before quantizing the map B itself, we must first describe the Walsh quantum setting on
the 2-dimensional torus, obtained by replacing the usual Fourier transform by the Walsh-
Fourier transform. The latter was originally defined in the framework of signal processing
B3]. More recently, it has been used as a toy model in several problems of harmonic
analysis (see e.g. the introduction to the “Walsh” phase space in [34]).

3.2.1. Walsh transform. The Walsh transform depends on the integer parameter D defining
the baker’s map (R.1]). The values of Planck’s constant we will be considering are of the
form {h =h=2rD" ! ke N}, so the semiclassical limit reads k — oo. The quantum
Hilbert space is then isomorphic to CP®- - -®@CP (with k factors). More precisely, if we call
{eo,...,ep_1} an orthonormal basis of C”, and identify each index j € {0,...,D" -1}
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with its Dnary expansion j = € --- ¢, then the isomorphism Hpr ~ (CP)®* is realized
through the orthonormal basis of position eigenstates:

(33) qj:661®662®'.'®65k~

Each factor space CP is called a “quantum Dit”, or quDit, in the quantum computing
framework. We see that each quDit is associated with a particular position scale.

The Walsh transform on H pr, which we denote by Wpe, is a simplification of the Fourier
transform Fpr. It can be defined in terms of the D-dimensional Fourier transform Fp, (see
(B-J])) through its action on tensor product states

(3.4) Wpe(vW@.. . @v®) = Fpo®PoFpo* Ve, . oFpl, @ ecCP i=1,... k.

The image of position eigenstates through W7, yields the orthonormal basis of momen-
tum eigenstates:

DF—1
pi= Y (Wi),a; = Fpeq ® Fpeq @@ Fpeq,  1=0,...,D"—1,

j=0

corresponding to the momenta p; = [/D* = 0.€] .. . €,. Therefore, each quDit is also asso-
ciated to a particular momentum scale (in reverse order with respect to its corresponding
position scale).

From now on, we will often omit the subscript D on the Fourier transform, and simply
write F = Fp.

3.2.2. Quantum rectangles and Walsh coherent states. Given any integer 0 < ¢ < k, two
sequences € = €...€ € Xy, € = €...€,_, € Yp_, define a rectangle [€' - €] of area
AqAp = D7F = hy.: for this reason, we call it a quantum rectangle (in the time-frequency
framework [BG], such rectangles are called tiles). To such a rectangle we associate the Walsh
coherent state (or Walsh wavepacket) |€' - €'), defined as follows:

(3.5) € e)

= € Ve, @ .. .6, ®f*€€;€4 ®...®f*65/1.
For each choice of ¢, 0 < ¢ < k, we associate the family of quantum rectangles
(3.6) Rk L € € : e€Xy, € €Xy}.

The corresponding family of coherent states {|e’ €) : [€ € eRM } then forms an or-
thonormal basis of Hpk, each state being strictly localized in the corresponding rectangle
[€ - €], in the following sense:

. (q,|€ -€)] =D7"? if oy =€p,...,00 =€, 0 otherwise
Vi=m ) K ’ — D-(k=0/2 if _ o :
p,l€ -€)| = ifon =¢€,..., 060 =€y, 0 otherwise .

This property of strict localization in both position and momentum is the main reason for
which Walsh harmonic analysis is much easier than the usual Fourier analysis (where such
a localization is impossible). Obviously, for £ = k (resp. ¢ = 0) we recover the position
(resp. momentum) eigenbasis.



ENTROPY OF SEMICLASSICAL MEASURES 11

The basis of /-coherent states provides a Walsh-Husimi representation of a state v €
Hpr: it is the non-negative function WH{Z’K on T?, constant inside each rectangle [€’ - €] €
R™ where it takes the value:

(3.7) WHE (2) € DF |(gle - ), zele-d.
The standard (“Gaussian”) Husimi function of a state 1 contains all the information about
that state (apart from a nonphysical phase prefactor) [BJ). On the opposite, the Walsh-
Husimi function WHz’Z only contains “half” the information on ¢ (namely, the moduli of
the components of 1 in the basis {|€' - €)}). This important difference will not bother us
in the following.

In the case of a tensor-product state ¢ = v @ v® ®@- .- ®@v® (each v € CP) relevant
in Section .7, we have :

WHIIZ’Z(x) = DF ve(ll)‘2. : ve(f)‘2 }(]:v(k))erl }2 . }(]:U(“l)) }2

: z €€ €.

/
€r—t

The integral of the function WHz’Z(:c) over T? is normalized to unity. Thus, WHIIZ’Z can

be interpreted as a probability density on the torus. For any measurable subset A C T2,
we will denote its measure by

WHJZ’Z(A) :/WHJZ’E(ZE) dx .
A

In the semiclassical limit, a sequence of coherent states {|€' - €)} can be associated with
a single phase space point x € T? only if both sidelengths D~¢, D*~* of the associated
rectangles decrease to zero. This is the case if and only if the index ¢ = ¢(k) is chosen to
depend on k, in the following manner:

(3.8) l(k) -0 and k—/{(k) > 00 as k— 0.

Therefore, to define semiclassical limit measures of sequences of eigenstates (wk € HDk),
we will consider Husimi representations W H** with these properties. For instance, we can
consider the “symmetric” choice ¢ = |k/2].

3.2.3. Anti- Wick quantization of observables. In standard quantum mechanics, coherent
states may also be used to quantize observables (smooth functions on T?), using the anti-
Wick procedure. In the Walsh framework, a similar “anti-Wick” quantization can be
defined, but now it rather makes sense on observables f on T? ~ ¥ which are Lipschitz-
continuous with respect to the distance (R.2), which we denote by f € Lip(X). The reason
to choose this functional space (instead of some space of smooth functions on T?) is that we
want to prove Egorov’s theorem, which involves both f and its iterate fo B. It is therefore
convenient to require that both these functions belong to the same space (we could also
consider Holder-continuous functions on ).

The anti-Wick quantization is defined as follows. For any k, one selects a family of
quantum rectangles (B-f), such that ¢ = ¢(k) satisfies the semiclassical condition (B-g).
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The quantization of the observable f is the following operator on Hpx:

Opro(f) = DF N |€-e)(e ¢ fla)dz.

[el,e}ERk,Z [€-€]

Notice that the constant function f =1 is quantized into the identity operator. The anti-
Wick quantization Op,,, is in some sense the adjoint of the Husimi representation W H kit

B9 Ve Lip®). Vet (0OpNl) = [ WHE (@) f(a)do.

Proposition 3.1. For any pair of indices 0 < ¢/ < { < k, the two quantizations Opi’z,
Opi’zl are related as follows:

Vf € Lip(%), 1 Opso(f) = Oy (FII < 20| fll i D™

Therefore, if ¢/ < ¢ (depending on k) both satisfy the semiclassical condition (B.§), the
above expression vanishes as k& — oo, meaning that the two quantizations are asymptoti-
cally equivalent.

Proof. To prove this asymptotic equivalence, one only needs to analyze what happens on
each “mesoscopic rectangle” R = [a - a] where |a| = ¢/, |&/| = k — ¢. The rectangle R
supports D~ quantum rectangles of type R*¢, and the same number of rectangles of type
RF¥. We want to analyze the partial difference

(3.10) AOp(f)r € D > € - €) (€ € fz) da

[€/-€]eRF-L [€-€]CR (€' €]
— DF Z |€" - €) (€ € f(z)dx.
[e-e]eRk- [e-€]CR [€"-€]
Both terms of the difference act inside the same subspace
Vi =span{|€ - €) : [¢ - €] € R* [€ - €] C R}.
To bound from above the norm of this difference, we use the Lipschitz regularity of f:
Voy € oo, [f(@) = W < fllewpds(z,y) < 1Ly diam(R)

where the diameter of the rectangle R for the metrics dy, is diam(R) = D~ (k=0 Ag
result, the integrals of f on quantum rectangles [€' - €] C R satisfy

‘Dk f(w) do — Voll( o /R f(w) da

[€'-€]

< 2| £y diamn(R).

Inserted in the difference (B.10), this estimate yields the upper bound (in the operator
norm):

A Op(f)irll < [If]lLip diam(R).
Finally, since the subspaces Vg, V}, associated with two disjoint rectangles R # R’ are
orthogonal, Pythagore’s theorem then implies the proposition. O
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3.3. Walsh-quantized baker. We are now in position to adapt the Balazs-Voros quanti-
zation of the D-baker’s map (P.])) to the Walsh framework, by mimicking (B.3). We define
the Walsh quantization of B by the following unitary matrix By in the position basis:

Wper 00

def —_
(3.11) B,=EWpoil o . o0
0 0 Wpk—
This operator acts simply on tensor product states:
(3.12) Bi(vW®..@v™) =1@ 210 ... 0v® o Frol.

Similarly, a tensor-product operator on Hpr will be transformed as follows by the quantum
baker:

3.13 By(AV @ .. . @ AMB1 = AP @ A®) & ... @ AW @ FLAD Fp .
k D

These formulas are clearly reminiscent of the shift (£33) produced by the classical map.
The main difference lies in the fact that “quantum sequences” are of finite length k, the
shift acting cyclically on the sequence, and one needs to act with 77, on the last quDit.

This quantization of the baker’s map has been introduced before, as the extreme member
among a family of different quantizations [B4].

Using the Walsh-anti-Wick quantization of observables (see section B-2.3)), we can prove
that the quantum baker (B:I1)) satisfies Egorov’s theorem for observables f € Lip(X).

Proposition 3.2. Let us select a quantization Opy, , satisfying the semiclassical conditions
(B-8). Then, for any observable f € Lip(X), we have

1B}, Oy o(f) B — Opyo(f © B)|| = O f | ip D~ min(ek=0)
If we make the “symmetric” choice { = |k/2], the right hand side is of order D™*/ ~ /2,

Proof. The crucial argument is the fact that the Walsh-baker maps coherent states in R**
to coherent states in R¥*~1, if we assume ¢ > 0. This fact is obvious from the definition
(B-H)) and the action of By on tensor product states (B-13):

(3.14) Ve - €] € R, Bil€ -€) = |B(€ - €)) = |€f_y...€5€1€1 - €2...€1) .

Notice that the shifted rectangle B([€’ - €]) € R*1. As a result, the evolved operator
B, Opy. (f)Bi will be a sum of terms of the form

B~ (€' - e))(B'(€ - ¢)] fx)de = IB_l(G'-€)><B_1(€'-€)|/ foB(z)dx,
[€'-€] B~1([e€])

which yields the exact formula

(3.15) Byt Opyo(f)Be = Opy 1 (f 0 B).

The Proposition B.J] then yields the result. UJ
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Remark 1. The exact evolution (B.I4) is the Walsh counterpart of the coherent state
evolution through the Weyl-quantized baker BEY, used in [§ to prove a weak version of
Egorov’s property. In that case, the coherent states needed to be situated “far away” from
the discontinuities of B, which implied that Egorov’s property only held for observables
vanishing in some neighbourhood of the discontinuities. In the present framework, we do
not need to take care of discontinuities, since B is continuous in the topology of .

Remark 2. The integer k satisfies k = Iﬁfggg', where h = h;, = D% is Planck’s constant,
and log D the uniform Lyapunov exponent of the classical baker’s map: k is the Ehrenfest
time for the quantum baker. As in the Weyl formalism [}], the Egorov property can be

extended to iterates (By)" up to times n &~ (1 — §)%, for any fixed § > 0.

The exact evolution of coherent states (B.14) also implies the following property, “dual”
of Eq. (B19):
Vo € Hpe,  WHy, =WH; 'oB™".
In particular, if ¢ is an eigenstate of By, one has
kit kt—1 -1
WH, =WH, ~“oB™",

meaning that the classical map sends one Husimi representation to the next one.
The Egorov estimate of Proposition B.3 yields the following corollary.

Corollary 3.3 (Invariance of semiclassical measures). Consider a semiclassical sequence

(Vr € Hpr)ren, such that each 1y, is an eigenstate of By. It induces a sequence of Husimi

measures (WHfo), where £ = (k) is assumed to satisfy (B.§). Up to extracting a subse-

quence, one can assume that this sequence converges to a probability measure p on .
Then the measure i is invariant through the baker’s map B.

This measure y projects to a measure on T2, which we will also (with a slight abuse) call
w. By a now standard argument [fj], the Egorov theorem and the ergodicity of the map
with respect to Lebesgue measure also imply the property of Quantum Ergodicity for the
Walsh-quantized baker:

Theorem 3.4 (Quantum Ergodicity). For any k € N, select an orthonormal eigenbasis
(Yrj € Hpr)j—o..pe—1 of the Walsh-quantized baker By,.
Then, for any k > 1, there exists a subset J, C {O, ...,DF — 1} such that
o limy_ o %‘j =1 (“almost all eigenstates”)
o if (k) satisfies (B.§) and j(k) € Jy for all k > 1, then the sequence of Husimi

measures (WH:Z:EI:)) weakly converges to the Lebesque measure on T2.

Remark 3. In the following section we will be working with partitions into the vertical
rectangles [-a, || = n, which make up the partition P (see section P.3.3). For any
state ¢ € Hpk, the measure WHfZ’k assigns the weight [(g;|1)|* to each vertical quantum
rectangle [-€], |e] = k. With respect to the partition P, all Husimi measures WHz’Z,
n < ¢ < k are equivalent: For any cylinder [-a] € P, we indeed have

(3.16) Ve, n<t<k, ~ WHY (o)) = WH*(-a)).
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4. SOME EXPLICIT EIGENSTATES OF B

The interest of the quantization By lies in the fact that its spectrum can be analytically
derived.

4.1. Short quantum period. The crucial point (derived from the identity (B.13) and the
periodicity of the Fourier transform) is that this operator is periodic, with period 2k (when
D = 2) or 4k (when D > 3):

D=2=VYk>1, (By* =Ix
D>2=Vk>1, (B)"=1Ip.
More precisely, (By)?* is the involution
(4.1) By)* =IxIl---II,

where II is the “parity operator” on CP, which sends e, to ez, with € + € = 0 mod D.
As we noticed above, k = % is the Ehrenfest time of the system, so the above
periodicity can be compared with the “short quantum periods” of the quantum cat map [,
fL], which allowed one to construct eigenstates with a partial localization on some periodic
orbits. The first consequence of such a logarithmic period is the very high degeneracy of the
eigenvalues {62”7’/ o =0,...,4k — 1}: each of them is approximately Z—:—degenerate.
In the case of the cat map, this huge degeneracy gives sufficient freedom to construct
eigenstates which are partially scarred on a periodic orbit [[0]. In the Walsh-baker case,
although 4k is the double of what was called a “short period” in [[[0], (By)?* sends a
coherent state |€' - €) to another coherent state |€ - €), and we are still able to construct
half-scarred eigenstates. Due to ([.]]), a state scarred on the periodic orbit indexed by the
periodic sequence (€j€s . ..€,) is also scarred, with the same weight, on the “mirror” orbit
(€162 ...€p).

4.2. Tensor-product eigenstates. A new feature, compared with the quantum cat map,
is that we straightforwardly obtain eigenstates of B; which are not “scarred” on any peri-
odic orbit, but still have a nontrivial phase space distribution: the associated semiclassical
measure is a singular Bernoulli measure. These states are constructed as follows: take
any eigenstate w € CP of the inverse Fourier transform Fj. Then, for any k& > 1, the
tensor-product state

(4.2) P=w® - ®wE Hp

is an eigenstate of By. From (B.7), its Husimi measure W H, le has the following weight on
a quantum rectangle [€ - €] € R**:

k.t
(4.3) WHE (€ - €]) = [we, .. we, | Jwg . w2

This shows that WH{Z’K is the product of a measure v, on the horizontal interval by a
measure v;_, on the vertical interval. v, (resp. v;_y) can be obtained by conditioning a
certain self-similar measure v on subintervals of type [Z7, ZF) (resp. [piz, Z%)). The
self-similar measure v is constructed by iteration: the first step consists in splitting [0, 1)
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D=2 k=10 1=5 r=0 B>
. . |

D=2 k=il 1=6 r=o0 &> D=2 k=il 1=6 r=o0 8>
. . . . . ;

T T
05 0.75 1

FIGURE 4.1. Eigenstates of By for D = 2. The grey scale corresponds to
a logarithmic representation of W H ZZZ(:E) (black=large; white=small). Left:
eigenstate half-scarred at the origin, £ = 10, £ = 5. Center: tensor product
eigenstate (£.9), k = 11, £ = 6. Right: eigenstate ([[.6]) with a fractal support,
k =11, { = 6 (white=zero).

into D subintervals [5, <5t), and allocating the weight p. = |w,|? to the e-th subinterval.
The next step splits each subinterval, etc. In other words, for any finite sequence € € %,

the measure of the interval [-€] is given by

V([e]) = Pe1Pes - - - Peyy -

In the symbolic representation [0,1) ~ ¥, this is a Bernoulli measure.
The Husimi measure W H, ZZ’Z is therefore the measure

1= v(dq) x v(dp), conditioned on the rectangles [€ - €] € R**.

Assuming that ¢ satisfies the condition (B.§) (so that the diameters of the rectangles vanish
as k — 00), we get

. k0
i WH =g,

where the limit should be understood in the weak sense. The measure p is obviously
invariant through the classical baker’s map.

Let us describe some particular cases, forgetting for a moment that the state w is an
eigenstate of F7, and taking for w any normalized state in CP.

e if the coefficients p, are all equal, p. = 1/D, then p = dz is the Lebesgue measure.

o if there is a single € € {0, ..., D — 1} such that p. = 1 and the others vanish, then
i = 0,,, where x, = ... €€ - eee. .. is a fixed point of B. Obviously, this is impossible
it w an eigenstate of F7J,.

e in the remaining cases, p is a purely singular continuous measure on T?, with simple
self-similarity properties.
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Topological entropy of tensor product eigenstates. An eigenstate w of F7}, can have a certain
number of vanishing coefficients. Call S C {0,..., D — 1} the set of non-vanishing coeffi-
cients, and d = #95 its cardinal. If d < D, the corresponding measure p is then supported
on a proper invariant subset F, of T2, corresponding to the sequences of € - € € ¥ with all
coefficients ¢;, €, € S. One can easily check that the topological entropy of F), is given by

hiop (F) = log(d)

Now, because all the matrix elements of F}, are of modulus D~'/2, the number d of non-
vanishing components of w is bounded as
log D

g
This proves that semiclassical measures p obtained from sequences of tensor-product eigen-
states ([.2) satisfy the general lower bound of Theorem [[]].

The simplest example of such eigenstates seems to be for D = 4: F; admits the eigenstate
w = (1,0,1,0)/v/2. The corresponding limit measure y is supported on a subset F}, which

saturates the lower bound ([4): hyop(F),) = log2 = 1054.

(4.4) d > VD, so that hyey(F,) >

Metric entropy of tensor product eigenstates. For a normalized state w € CP, the Kolmogorov-
Sinai entropy of the measure p can be shown to be

D-1 D-1
def
th(,U) = - Zps 1nge = - Z |’LUE|210g |w5|2 = h(’LU)
e=0 e=0

A priori, this function could take any value between 0 and log D, the topological entropy
of T? with respect to the baker’s map. However, as in the case of the topological entropy,
imposing w to be an eigenstate of F}; restricts the possible range of h(w). Indeed, the
following “Entropic Uncertainty Principle”, first conjectured by Kraus [[§] and proven in
B3], direcly provides the desired lower bound for h(w).

Theorem 4.1 (Entropic Uncertainty Principle [9]). For any M € Ny, let U be a unitary
M x M matriz and c(U) o sup; ; |Uy;|. Then, for any normalized state ¢ € CM, one has

h(¥) + h(Uv) > —2logc(U),
where the entropy is defined as h(v)) = — >, [v:]* log ¢ ]2

The proof of this theorem (which is the major ingredient in the proof of Theorem [,
see Section ) is outlined in the Appendix.
Applying this theorem to the matrix U = F7,, and using the fact that w is an eigenstate
of that matrix, we obtain the desired lower bound
log D

(4.5) hies(p) = h(w) 2 ——.

The above example of the tensor-product eigenstates constructed from w = (1,0,1,0)/v/2

also saturate this inequality: hrg(p) = hiop(F)) = 1054.
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4.3. A slightly more complicated example. In the case of D = 2, one can also easily
construct eigenstates converging to a fractal measure supported on a proper subset of T?2.

Indeed, we notice that Fseq = % o er, and F2 = I,. As a result, in the case k is odd,
the state

1
(4.6) V=—(epReLRe® ... Vegtey Veg®er ®...e0Rey)

V2
is an eigenstate of Bj. It becomes normalized in the limit k& — oo, and one can check that
the associated semiclassical measure is p = 3 (v1(dg) x va(dp) + v2(dg) X vi(dp)), where
vy (resp. 1) is the self-similar measures on [0,1) obtained by splitting [0,1) in 4 equal
subintervals, which are allocated the weights (1/2,1/2,0,0) (resp. (1/2,0,1/2,0)), and so
on. One can easily show that the lower bounds are saturated for the semiclassical measure

p hies (i) = heop(Fl) = 1052-

5. PROOF OF THEOREM [[.2:} LOWER BOUND ON THE METRIC ENTROPY

Applying Theorem [.]] in a more clever way, we can generalize the lower bound (f.3)
to any semiclassical measure u, thereby proving Theorem [.2. In this section we give
ourselves a sequence (¢k € HDk) of eigenstates of B, and assume that the associated
Husimi measures converge to an invariant probability measure .

5.1. Quantum partition of unity. The definition of metric entropy given in Section P.3.9
starts from the “coarse” partition P (made of D rectangles [-€]), which is then refined into
a sequence of partitions P™ using the classical dynamics. A natural way to study the
Kolmogorov-Sinai entropy of quantum eigenstates is to transpose these objects to the
quantum framework. For any anti-Wick quantization Op, , satisfying the condition (B.8),
the characteristic functions 1.q are quantized into the orthogonal projectors

(5.1) P.=7m.@ (D)%,  e=0,...,D—-1.

Here, 7, is the orthogonal projector on the basis state e. € CP, and I = Ip is the identity
operator on CP. This family of projectors make up a “quantum partition of unity”:

D—-1
> Po= (D)% =Ip.
e=0

Like its classical counterpart, this partition can be refined using the dynamics. To an
evolved rectangle B~!([-¢]) corresponds the projector

P() ¥ B'P.BL.

From there, the quantum counterpart of the refined partition P™ = {[-€], e € ¥,} is
composed of the following operators:

(5.2) P P,.(n—1)o...0P, (1)o P, .

Using the formula (B.13J), we find that
(5.3) N<k=P.=T, @7, ®... 7T, @ ().



ENTROPY OF SEMICLASSICAL MEASURES 19

This shows that P, is an orthogonal projector associated with the rectangle [-€]. It is equal
to Opy, ,(1.g) if n < £. In the extreme case n = k, these operators project on single position
eigenstates:

Vj:el...eke{(),...,Dk—l}, Pe=q;)(q,| -
Using Remark [J, we see that these projectors can be direcly used to express the weight of
the Husimi measures on rectangles. Indeed, if n < ¢ < k and [-¢] € ¥,,, then

(5.4) W H([-€]) = (1Pl
From there, we straightforwardly deduce the:

Lemma 5.1. In the case n < { < k, the entropy [23) of the Husimi measure WHZZ:Z;

relative to the refined partition P™, can be written as follows:

(5.5) hope) (WHy) = = > || Pe ]| log (|| Pete?) -

|e|=n

These actually correspond to certain “quantum” entropies, which have been used to
characterize the localization properties of individual states of quantum systems, and which
are described below :

5.2. Shannon and Wehrl entropies. The first one is called the Shannon entropy of the
state ¢ € Hy, when expressed in the position basis {qj, 7=0,...,N — 1} [3]:

N-1

(5.6) hshannon() = =D [(g; )" og (I, 1))

This entropy obviously selects a preferred “direction” in phase space: one could as well
consider the Shannon entropy in the momentum basis. To avoid this type of choice, it has
become more fashionable to use a quantum entropy based on the Husimi representation
of quantum states, introduced by Wehrl B. In the Weyl framework, it is given by the
integral over the phase space of n(|(z|¢)|?), where n(s) = —slogs and {|z)} is a continuous
family of Gaussian coherent states (a slightly different normalization was used in [Rg]).

In the Walsh framework, the coherent states form discrete families, so the integral is
effectively a sum. For any index ¢, we define the Walsh-Wehrl entropy of ) € Hpr as:

(5.7) W) =— > (€' e[e)|* log (|(€ - €lv))[?) .
[€/-e|eRF-L

Notice that the Shannon entropy (b.G) is a particular case of the Wehrl entropy, obtained
by setting ¢ = k.
Eq. (B-I4) implies that all quantum-mechanical entropies of eigenstates are equal:

Proposition 5.2. If ¢ € Hpr is an eigenstate of the Walsh-baker By, then its Wehrl and
Shannon entropies are all equal:

Vil e [0, k’], hl;l’/zehrl(w) = hShannon(w) :
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As in the case of Gaussian coherent states [BY, B3], localized states have a small Wehrl
entropy: the minimum of hf;’, (1) is reached for 1) = |€ - €) a coherent state in the
family R**, where the entropy vanishes. On the opposite, the entropy is maximal when
is equidistributed with respect to the basis {\e’ -€), [€ €€ RW}, and the entropy then
takes the value log N = |log2mh|. Notice that the extremal properties of the entropy
hﬁ/’ihrl of pure quantum states are much easier to describe than those of the “continuous”
Wehrl entropies on the plane, the torus or the sphere 23, 1], Bg].

Comparing with Lemma [.1], we see that in the extreme case ¢ = n = k, the entropy of

the measure puy o WHkak with respect to the partition P* coincides with the Shannon

entropy (b.4) of :
Dk—1

hopeo (1) Z [(a;|vn)” log ({a;1ve)|*) = hsnannon(¥r) -

This Shannon entropy can be now bounded from below using the Entropic Unicertainty
Principle, Theorem [E1]. Indeed, 1)y, is an eigenstate of the iterate (B ), which is the tensor
product operator

(5.8) B =Fp@Fp®...0F.

The matrix elements of this operator in the position basis are all of modulus D~*/2. Thus,
Theorem [.] implies that

k
(59) h’Shannon (wk) hp(k) (M]g) log D.

Using the property that the Wehrl entropies (5.7) of an eigenstate are all equal to each
other (see Proposition p-3), this proves Theorem [[4.

In this expression, both the Husimi measure p, = WH fzkk and the partition P*) depend
on the semiclassical parameter k in a correlated way. On the other hand, if we want to
understand the entropy of the semiclassical measure p, we should first estimate the entropy
of some k-independent partition P, then take the semiclassical limit (k — o0o) of the
Husimi measures WH{Z;f with the condition (B.§) satisfied, and only send n to infinity
afterwards.

In other words, we need to control the entropies (B.5) for a fixed n € N while sending
k,¢ — oo. In the following sections, we present two different approaches to study these
entropies, both yielding a proof of Theorem [.2.

5.3. First method: use subadditivity. The first approach consists in estimating the
entropy (B-H) of the partition P for some fixed n, starting from the lower bound (5.9)
on the entropy of P*). Both these entropies are taken on the measure p, = WH zkk This
estimation uses the subadditivity property (2.4).

Using euclidean division, we can write k = gn+r with ¢,r € N, r < n. The subadditivity
of entropy implies that

(5.10)  hpoo (k) < hpe (k) + hgnpon (1) + - + hg—@-nnpe (k) + hg-anpe) (k).
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The very last term, being the entropy of a partition of D" elements, is less than rlog D.
Using the fact that v is an eigenstate of By, we will prove below that the Husimi
measure [ is invariant under B until the Ehrenfest time :

Lemma 5.3. For any n-rectangle [-€] of the partition P™, for any | € N such that | <
k —n, we have

pe(B~'[€]) = ui([-€)).
This straighforwardly implies the following property:
[ <k—n— thfl'p(n) (,uk) = h'p(n) (,uk) .

Injecting this equality in the subadditivity (b.10), and using the lower bound (5.9) for
hpao (pr), we obtain a lower bound for the entropy of the fixed partition P™:

log D

1 1
(5.11) hpw (k) > &(hf’p(k)(,uk) —rlog D) > g(k;
From the identity (B.If), and assuming that |k/2] > n, the left hand side is also the
entropy of the Husimi measure W H. z;w 2J, which converges to p in the semiclassical limit.
On the right hand side, k/q¢ — n and r/q — 0 as k — o0, so in the limit,

—rlogD) .

n
hopen (1) > 5 log D .
We can finally let n — oo, which yields the Theorem. O

Proof of Lemma B.3. For any n-rectangle [-€] of the partition P, we have

p(le)) = ey ® e, @ (1) |
— [[(B) " 7 @ e, @ (1 (B

where we have used the facts that 1, is an eigenfunction of By, and that Bj is unitary.
Now, using (B-I3), the last line can be transformed into

D—-1

(D @ Te, ® ... 7, @ (I)ZF " %Hz = Z [y ® . T, @ Ty @ .. .76, @ (1)EF %Hz

= 2 IPactl® = 3 (el = pu(B L))

(5.12) B7'ef= |J [ocf.
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5.4. Second method: vectorial Entropic Uncertainty Principle . The second ap-
proach to bound (b.§) from below is to directly apply to that sum the vectorial version of
the Entropic Uncertainty Principle, given in Theorem in the Appendix.

Indeed, the family of orthogonal projectors {P., |€| = n} satisfy the resolution of unity

> PP=1.
le|l=n

Any state ¥ € Hpr can be decomposed into the sequence of states {1 = P, |€| = n},
in terms of which the entropy (p.F]) can then be written as

def
(5.13) hopeo (k) = = Y 10el® log [9ell® = ha(w).
le|l=n
The vectorial Entropic Uncertainty Principle (Theorem [A.]) says the following :

Theorem 5.4. For a given n < k, and any normalized state b € Hpx, let us define the
entropy

ha() = = D I1eell® log [[vell?

le|=n
Let U be a unitary operator on Hpr. For any sequences €, € of length n, we call Ue o =
PUPe, and c,(U) = sup¢zjej=n |Uee||-
Then, for any normalized state 1 € Hpr, one has

ha(¥) 4 ha(Ut) = —2log ¢, (U).

We apply this theorem to the eigenstates v, € Hpx, using the operator U = (By)*. It
gives a lower bound for the entropy of the Husimi measure uy :

hpe (p) = —log e, (U).

To compute ¢, (U), we explicitly expand the operators U, for |€| = |€/| = n. From the
expressions (p-3,p-§), we see that each operator U ¢ is a tensor product operator:

Uee = Pe(B) Po = 1, F*ie @ T, F'y @ ... @ e, Fiitg @ F* @ ... 0 F*.
Each of the first n tensor factors can be written as
T F g = Fra lea){eal

where we used Dirac’s notations for states and linear forms on C”. The norm of such

an operator on C” is |F7,| = D™'/2. The norm of a tensor product operator is the
product of the norms, so for any €, € of length n, one has ||Uce| = D™™2. We thus get
cn(U) = D™"/2, s0 that

n
(5.14) hp (fg) > B) log D.

This lower bound is slightly sharper than the one obtained in the previous paragraph,
Eq. (p-I1)). However, the previous approach seems more susceptible to generalizations, so
we decided to present it. The rest of the proof follows the same path as before. O
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6. LOWER BOUND ON THE TOPOLOGICAL ENTROPY

In this section, we prove the lower bound for the topological entropy of supports of
semiclassical measures (Theorem []]), using the same strategy as for the case of Anosov
flows [[I]. Although, for the case of the Walsh-baker, this theorem is a consequence of
Theorem [[.9, we decided to present this proof, which does not use the Entropic Uncertainty
Principle, but rather an interplay of estimates between “long” logarithmic times, “short”
logarithmic times and finite times. As in the previous section, we are considering a certain
sequence (wk € HDk) of eigenstates of By, the Husimi measures of which converge to a
semiclassical measure j, supported on an invariant subset of T?.

To prove Theorem [[[1], we consider an arbitrary closed invariant subset F' C T?, which
has a “small” topological entropy. Precisely, we assume that

hiop(F') < logD/2.
Our aim is then to prove that u(F') < 1, implying that F' cannot be the support of p.

6.1. Finite-time covers of I'. The assumption on h,,(F') implies that there exists § > 0,
fixed from now on, such that

log D
%Y 105,

(6.1) hiop(F) <

Given an integer n,, we say that the set W, C %, of n,-cylinders covers the set F' if and

only if
Fc |l
ecW,
In the limit of large lengths n,, the topological entropy of F' measures the minimal cardinal
of such covers. Precisely, let N, (F) be the minimum cardinal for a set of n,-cylinders
covering F'. For the above § > 0, there exists ng such that

(6.2) Vn, > ng, Ny, (F) < exp {n,(hiop(F) 4+ 0)} .

Using the notations of Section [, the semiclassical measure of such a collection of n,-
cylinders is

(6.3) p(Wo) = lim i, (Wo) .
On the other hand, from (B.4) we have, as long as k > n,,
2
(6.4) (W) = H Z Pd/%“ = Z (Viy Pethy)
ecW, eeW,

To show that p(W,) < 1, we would like to bound each term in the above sum. Since the
P, are orthogonal projectors, a trivial bound for each term is |(¢x, Pe¢x)| < 1. This is
clearly not sufficient for our aims. We therefore need a less direct method to bound from
above py(W,), which uses estimates for times n > k.

The next section presents the first step of this method. We show there that the norm of
the operators P, satisfy exponential upper bounds for “large logarithmic times” n, namely
when n > k (we recall that k = |log h|/log D is the Ehrenfest time of the system).
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6.2. Norms of the operators P.. The major ingredient in the proof of Theorem [[.1]is an
exponentially decaying upper bound for the norms of the operators P, for arbitrary times
n. Such bounds require a heavy machinery in the case of Anosov flows [fl]. In the present
case, we are able to compute these norms exactly, in a rather straightforward manner:

Proposition 6.1. For any sequence € of length |€e| = n, the norm of the operator P is
given by

(65) ||P€|| — D—max(O,n—k)/2 ]

We see that the norm shows a “transition” at the Ehrenfest time n = k: it is constant
for n < k, and decreases exponentially for n > k.

Proof. For n < k, P, is an orthogonal projector, so the proposition is trivial in that case.
To deal with times n > k, we need to analyze the evolved projectors P.(l) coming into
play in (B.9) (e =0,...,D —1). Using (B.13) and the division [ = gk + r, r < k, they can
be written as:
P)=(D* @F n. F 1 ).
Hence, two evolved projectors P, (11), P.,(l2) will commute with each other if ry # ro : they
act on different quDits. As a result, within the product (p.J), we may group the factors
P. (I — 1) according to the equivalence class of [ modulo k, indexed by r = 0,...,k — 1.
Each class contributes a product of ¢’ + 1 operators, of the form

(66) Py, (rHdk) Pepy (1 + ) Pea (r) = (D7 ® Ay @ (1),

Crtq’k+1

! —
where Apyr = FT 7, Flx

~1 ~1
r14+q'k €rt1+(q/—1)k Foo- “Tert1tk F Tepya
and where ¢’ depends on 7, and is the largest integer such that r + 1 4 ¢’k < n. Using

Dirac’s notations for states and linear forms on CP, the operator A, reads

Ar—l—l = Yr+1 fql‘eer+1+qu><eﬁr+1| )

where the prefactor v, is the product of ¢’ entries of the matrix F*. Since each entry has
modulus D~/2, we obtain ||A, 1| = |yrq1| = D79/

There remains to count the number ¢’ + 1 of factors appearing in (6.4G), for each equiva-
lence class in the product p.3. If we set n = n1k + ny, with n; > 1 and n, < k, then each
of the first ny classes (that is, such that 0 < r < ny — 1) contains ¢’ + 1 = ny + 1 factors,
while the remaining k — ns classes each contain n; factors. Since each equivalence class
acts on a different quDit, the norm of P, is given by

k—1
1P = TLIArall = (D7/22(D - 02ions — plem,
r=0

O

The estimate (B.J) starts to be interesting only for times n > k, that is beyond the
Ehrenfest time. On the other hand, the operators P, have a clear semiclassical meaning
(they project on the rectangles [-€]) only when n < k. We need to connect these two
disjoint time domains.
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6.3. Connecting “long” and “short” logarithmic times. In this section we connect
“short logarithmic” times n = ck, 0 < ¢ < 1 to “long logarithmic” times n ~ Ck, with C
constant but arbitrary large. To this aim, we fix § € (0,1) and consider, for any n € N,
the sets W,, C ¥,, of n-cylinders satisfying the following condition:

(6.7) | > rw <o

eeX, \Wh,

Such a set is called a (k,1 — 6, n)-cover of the state 1. Intuitively, the inequality (6.7)
means that the complement of W, in %,, denoted by CW, in the sequel, has a small
measure for the state ¢,. We call Ni(n,0) the minimal cardinal of a (k, 1 — 8, n)-cover.
Using the estimate ([.F), we can easily bound from below this cardinal for “large times”:

Lemma 6.2. For any time n > k, the minimal cardinal of a (k,1 — 0,n)-cover satisfies
(6.8) Ni(n,0) > D""0/2(1 —¢).

Notice that the above lemma does not use the fact that v, is an eigenstate of Bj.

The next lemma is the crucial ingredient to connect the “long times” described by the
lower bound (B.§), to the shorter times n ~ ck (0 < ¢ < 1). This lemma uses the fact that
1y is an eigenstate of By.

Lemma 6.3 (Submultiplicativity). Forany 1 <n <k, {>1and0<6 <1,

Proof. Assume W = W,, is a set satisfying (5.1) with 6/ instead of §. Define W* as the set
of sequences of length n¢, formed of ¢ blocks of length n, €M) €® ... €® with all €® € W.
Obviously, 4(W*) = ($W)*. To prove the lemma, it suffices to show that W* satisfies (.7).
To do so, we decompose the set C(W*) = %, \ W* in the disjoint union:

/-1
6.9 cwH =\ |z, -, Cww---Ww.
(6.9) w5 ]Ijl ' -
_hf—’] D

In other words, for a sequence of length nf to belong to the complement C(1W*), there must
exist 0 < 7 < £ —1 such that the j7 + 1-th block of length n does not belong to W, the j
first blocks are arbitrary and the £ — 7 — 1 last ones are in W.

In the sum } _gyye) Pe ¥k, each term in the union (B.9) contributes

( Z Bk—(Z—l)nPSBl(f—l)n> . ( Z B];(j+1)nPEB](€j+1)n> ( Z Bk—jnPEBlen>

ecW ecW ecCw
< (B RBI ) (X B RBy) (Y P
€€y, €€, €€,

Each sum on the second line yields the identity operator. Because v, is an eigenstate of
B, and using the assumption on W, applying the last sum in the first line to ¢, gives a
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state of norm:

| > BompBl o = | 32 Pow|| < 0re.
ecCw O

Finally, from the fact that the P, are orthogonal projectors for |e| = n < k, the previous

sums in the first line are contracting operators: H Y eew Pe ) < 1. As a result, each term

of the union (.9) corresponds to a state of norm < 6/¢. From the triangle inequality,
| Seetrn P <. -

Taking n ~ ck, 0 < ¢ < 1 and £ > 1/c, we can now exploit both lemmas [.2 and .3, to

get a lower bound for the cardinals of (k, 1 — 0/¢, n)-covers:
In

Ny(n,0/0) > D™= (1 — )/

Taking ¢ > (¢§)~', and ¢ large enough so that (1 — #)'/¢ > 1/2, this can be recast in the
form:

(6.10) Ni(n, 0/0) > % exp (”k;gDa —5).

This lower bound shows that a (k,1 — 0/¢,n)-cover of the state ¢, cannot be “too thin”.

6.4. Connecting “short logarithmic” to finite times. We need to use another trick to
relate the time n = ck, 0 < ¢ < 1, to the fixed time n, considered in section p.1. This will
finally yield an upper bound for the measure (W), where W, is a union of n,-cylinders
covering F' as in paragraph ..

The trick consists in using the following sets of n-cylinders, defined relatively to W, and
depending on a parameter p € (0,1):

e 0<< — Ny, . 'nOEWo
zn(Wo,p)d:f{eezn H0sjsn e }Zp}.

This set is made of n-cylinders which will spend a fraction of time larger than p inside W,
when evolved by the classical map. A purely combinatorial argument yields the following
lemma:

Lemma 6.4. Taking any 0 < p <1, W, C X, fized and n > n,, the cardinal of ¥, (W,, p)
1s bounded from above by

2
12, (Wy, p) < (Ln{n]noJ) % (hWO)[n/no} % D=pInon+no

Let us take n, large enough such that, in the limit n — oo, the first binomial factor is
less than e’”. Then, take for W, € X, a cover of I, with its cardinal bounded from above
by (6.3). For n large enough, the above upper bound then becomes :

(611) szn(me) < e25n en(htop(F)—l-é) elogD(l—p)nonelogDno < en(htop(F)—l—(l—p)no log D+44) )
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Let us take p sufficiently close to 1, such that (1 — p)n,log D + 46 < 5. In that case,
comparing the growth rate with (.I0) and the assumption (b.J]) on hs,(F'), we see that
the sets X, (W,, p) are too small to cover 1):

|5 o
ecCx, (Wo,p)
Because the operators P, are orthogonal projectors (|e| = n < k), this can be written
S rweuwd=| X P =602
eclx,(Wo,p) ecCx, (Wo,p)
so that
(612) 20" (Zn(me)) <1- (9/€)2 .
We are now ready to compute the weight ux(W,) (see (6.4)) by using the fact that vy is

an eigenstate of By:

n—ne

p(Wo) = (¢, < Z m Z B7P, BJ) V)

(6.13) - 1{0<j< w,}
_,]_n_nou aj+1"'aj+no€ o
- P,
> " (tk, Potiy) ( n— ot 1 )

acEd,

To get the second line, we have just written B~/ P, B’ as

BVP.B = > Po,

ac, yAj+1=€1, s Xjtno=€j4+n,

and rearranged the sum.
By definition, a n-cylinder [.a] belongs to X, (W,, p) if and only if its corresponding

t g{o< J<n Mo, Q41 0itne EWo} -
n—me+1

coefficien is greater than p. As a consequence, (.13) is bounded

from above by
1(Wo) < 11 (20 (Wo, p)) + p 1 (CE0(Wo, p)) -

Using the upper bound (6.19) for the measure of 3,,(W,, p), we obtain
pe(Wo) < (1—=p) (1= (6/0)°) +p
Finally, we may send k — oo, and use (.3), to get the required upper bound:
p(F) < p(Wo) < (1—p) (1= (0/0)°) +p < 1.
This ends the proof of Theorem []].
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7. PROOF OF THEOREM

Since the proof of the theorem is the same as for the cat map [[T]], we will only explain
the strategy for a sequence of eigenstates (1x) converging towards an invariant measure
of the following form:

(7.1) =B + (1= P,

where §(g) is the delta measure on the fixed point (0) ' ..000-000... of %, (which
corresponds to the origin of the torus), and v is any invariant probability measure on X
which does not charge (0). We will prove below the

Proposition 7.1. A semiclassical measure p of the form ([J]) necessarily contains a
Lebesque component of weight larger than [3.

The case of measures p with (o) replaced by a finite combination of Dirac measures on
periodic orbits is completely analogous, and suffices to prove the theorem.

Proof. To localize on (0), we will consider the rectangles R, o [0 - 0], where 0y is the
sequence of length ¢ only made of zeros. As long as ¢ < |k/2], the characteristic function
on Ry is quantized into an orthogonal projector:

Opy, 112 (Ig,) = (m0)®* @ (1)** > @ (FhymoFp)®* < Pg, .

Because the sequence of eigenstates (1) converges towards p, it is possible to find a
sequence {(k) — oo such that

(7.2) (ks Ok o) (L) ) = B

The divergence of the sequence f(k) can be taken arbitrarily slow, so we can assume
that ¢(k) < k/2 for all k& > 1. Equipped with such a sequence, we decompose 1 into

U = Yr,0) + Yr, With
def def

Yr,0) = Prok) Y, Ve = (1= Pryg)) Yk -

Equation ([(.3), together with the assumptions on u, show that the Walsh-Husimi measures
of Yy (), resp. Yy, converge to the measure 59, resp. (1 — §)v.

The observables we will use to test the various measures are characteristic functions on
rectangles R = [€ - €] of lengths n’ +n. For k large enough, such a finite rectangle is
quantized into the orthogonal projector

Pr=7,®...Qm,, ®I®...[®.7:*7TE/L/.7:®...®f*7T€flf.
To prove the theorem, we will consider the matrix element (¢x, Pg ), which by assump-

tion converges to u(R) as k — oo.

Since v, is an eigenstate of By, we can replace Pg by Py, o B, 7" Pr B,* in this matrix
element, and then split the eigenstate:

(7.3) Uk, Prtok) = (), Pr k) + (Ykws Prrw) + 2R ((Vr,0) Prtry)) -
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Using (p.§), we easily compute Pp:

P}/{:fﬁqf'*@)...@}—?'('en}—*®[®...I®7TE/LI ®...Q0 T .
In the first term on the right hand side of ([(.), this operator is sandwiched between two
projectors Pg,, . By taking k large enough, we make sure that £ = (k) > max(n,n’).

Under this condition, Pg, Pj Pr, is a tensor product operator, with each of the n first
tensor factors of the form

* 2 -1
ToF e, F o = | Foe,|“m0 = D™ 7o

Similarly, each of its n’ last factors reads D~! F*mF, while the remaining k —n—n’ factors
inbetween make up

(74> Acenter déf (77-0)@([_”) & (I>®(k_2z) ® (f*ﬂ'of)(g(z_n/) .
As a result, Pg, P, P, = D Pg,. From the definition of vy, (y, this implies that
(7.5) ]}i_{l;lo(%,(o), Phw) =BD"" = Bura(R) .

Due to the positivity of the operator Pj, the second term on the right hand side of ([(.3)
is positive.
The last term in ([7.J) is dealt with in the following

Lemma 7.2. With the above notations, we have
]}LH;OW%(O), Prin,) =0.
With this lemma, ([.3) and (7.3), we deduce that
p(R) = l}i_{EOWk, Pry) = l}i_{EOWk, Pp ) > I}E&(@Dk,(o), Py, 0)) = B pres(R).
This shows that the Lebesgue component of u necessarily has a weight larger than 5. [

Proof of Lemma[7.3. We want to prove that (i, Pr,Pr(1 — Pg,) tx) vanishes as k — oo.
We start by expanding the operator Pg, Pj,. Its first n tensor factors are of the type

D-1
(7.6) Mo F T F* =D mo+ Y Foo Frio leo)(eal

a=1
The subsequent & — n — n’ factors make up the operator A.cni., described above, and the
last n' factors have the form

D-1
(7.7) FrroFre = D7 FroF + Y FouFio Frleo){eal F.
a=1

In (F.6[.7) we voluntarily separated from the sum the term appearing in the tensor de-
composition of D~"=" Pr,. As a consequence, the operator Pg,Pj can be written as the
sum of D" operators of the form

(78) D—n—n’ Aa ® Acenter ® A:x/ )
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where we use ([(.4) and the tensor products
Ao = ¥4 (leg)(ea[)®. . @(leo) (€an])s  Ap =¥ X) (Frleo)(ear, |F)@. . .@(F[eo) (et | F)

The phase prefactors are not important, so we omit their explicit expression. The sequences
o a=a,.. .a a... q, can take all values in (Zp)" ™.

The term Ag, ® Acenter @ A{)n, exactly equals the projector Pg,, so that Pg, PL(1 — Pg,)
is the sum of the terms (F.§) over all sequences & - a # 0,/ - 0,,. Our last task consists in
proving that for any such sequence,

(79) <¢k> Aa 2y Acenter ® Aix’ ,lvbk) k_)_o)o 0.

From the structure of A, and A’,, this scalar product is unchanged if we replace the
state 1 on the right by its projection on the rectangle Ry = [0y_ @’ - a0,—,]. Because
the above operator has norm unity and ¢ is normalized, the left-hand side of 9 is

bounded from above by || Pz, 1| For any m > max(n,n’), the rectangle Ry is contained
v Vel < 1 Pg,, ¥ll. On
the other hand, we know that || Pz ||* converges to u(R,,) as k — oc.

in Ry, = [0p_pa - @0,,_,] as soon as £ = £(k) > m, so that || P

We finally use the fact that j is an invariant probability measure to show that pu(R,,) —= 0.

Indeed, in this limit, the rectangles R,, shrink to the point ...00c’ - @00 ..., which is ho-
moclinic to the fixed point (0). If u were charging that point, it would equally charge all

its iterates, which form an infinite orbit: this would violate the normalization of x. Finally,

we can find a sequence m(k) — oo such that m(k) < ¢(k) and HPRm(k) x|l — 0, which
proves ([7.9). The lemma follows by summing over the finitely many sequences o’ - a of
length n’ + n. O

APPENDIX A. THE ENTROPIC UNCERTAINTY PRINCIPLE

Let us recall the statement of the Riesz interpolation theorem (also called “Riesz con-
vexity theorem”), in the basic case when it is applied to a linear operator T" acting on CV.
We denote [,(N) the Banach space obtained by endowing CV with the norm

N 1/p
¥l = (ZI%’I”) ,
j=1
__y is the representation of ¢ in the canonical basis. We also denote

[]loe = max{[ty[,j =1,..., N}.

We are interested in the norm ||T||, , of the operator T', acting from [, to l;, for 1 < p,q <
oo. The following theorem holds true [J, Section VI.10]:

where (1;)

J=1

Theorem A.1 (Riesz interpolation theorem). The function log ||T|[, , , , s a convex func-
tion of (a,b) in the rectangle 0 < a,b < 1.
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From this theorem, we now reproduce the derivation of Maassen and Uffink [25] to obtain
nonstandard uncertainty relations. We denote (1) the matrix of 7" in the canonical basis.
In the case a = 1,b = 0, we have for any

1Tl = sup [(T9);] < SUp I Tinl D lwr] = SHE\T},M 1ol
J s k! s

which can be written as |||, ., < sup; ;. [Tj 4l o o(T).

Let us assume that 7' is contracting on ly : [|T[[,, < 1. If for ¢ € [0,1] we denote

1t

5> by = %, the above theorem implies that

1Ty 1, < e(T)"-

This is equivalent to the following

ay =

Corollary A.2. Let the N x N matriz T satisfy ||T|[,, <1 and call ¢(T) = sup; i | Tj .kl -
Then, for allt € [0,1], for all » € CV,

t
1Tl 2, < e(T) [[]] 2, -

Keeping the notations of [PH], we define for any » > 0 and —1 < r < 0 the “moments”

1/r
M, () & (Z |¢j|2”7”> .

Using these moments, the above corollary yields the following family of “uncertainty rela-
tions”:

(A1) Vi€ (0,1), ¥ € CP, M o (T) M (¢) < (T)°.

1+t

In the case [|1)]|2 = 1, we notice that the moments converge to the same value when r — 0
from above or below:

lim M, () = e ") where h(y) = — Z |51 log e, .
J

r—0

If furthermore ||T%||2 = 1, which is the case if 7' = U is unitary, then the limit ¢ — 0 of
the inequalities ([Ad]) yield the Entropic Uncertainty Principle stated in Theorem [.1].

Vectorial Entropic Uncertainty Principle. This theorem can be straightforwardly
generalized in the following way. Let (H,||.]|) be a Hilbert space, and suppose we are given
a family of operators (P;),;—1, n on H, satisfying

N
(A.2) Y PP =1y
j=1



32 N. ANANTHARAMAN AND S. NONNENMACHER

Using these operators, we decompose any ¥ € H into the states ¥; o P;Ww. The above

identity implies that
W)= w17
J

Using this decomposition, the vector space ‘H can be endowed with different norms, all

equivalent to the Hilbert norm ||.|| since N is finite :
N 1/p
def .
||, (Z ||\Ifj||p> o e = max{|| ¥, ], =1,...,N}.
j=1

Notice that [|[U]|s = ||V]].
Given a bounded operator 7' on ‘H, we define the operators T, = P,T P}, in terms of
which 7" acts on ¥ € H as follows:

(T0); = Ty
k

Let us denote ¢(7') = max ||T}x||. The Riesz interpolation theorem still holds in this setting,
and yields, provided ||T'|| = ||T]|22 < 1,

(A.3) vte[0,1], VO eH,  |TW] 2 <o) 9] 2 .

2
g
This implies the following vectorial Entropic Uncertainty Principle, which we use in para-
graph .4 :

Theorem A.3. Let U be a unitary operator on H, and, using a partition of unity (A3),
define c(U) o sup; ;. |Ujkll and, for any normalized ¥ € 'H, the entropy

W) == 119" log |1 ¥,]1” .
J

For any normalized ¥ € 'H, this entropy satisfies
h(UY) + h(¥) > —2logc(U) .
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