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Elliptic equations with vertical asymptotes in the
nonlinear term

Louis Dupaigne, Augusto C. Ponce and Alessio Porretta

June 22, 2005

Abstract. We study the existence of solutions of the nonlinear problem

{ —Au+g(u)=p inQ,

(0.1)
u=0 on 0L,

where p is a bounded measure and g is a continuous nondecreasing function such that

g(0) = 0. In this paper, we assume that the nonlinearity g satisfies

ltl%Ill g(t) = +o0. (0.2)

Problem (0.1) need not have a solution for every measure u. We prove that, given pu,
there exists a “closest” measure p* for which (0.1) can be solved. We also explain how
assumption (0.2) makes problem (0.1) different compared to the case where g(t) is defined
for every t € R.

(Paper to appear in J. Anal. Math.)

Mathematics Subject Classification (2000). 28A78, 35B05, 35B45, 35B65, 35J60

Key words. Elliptic equations involving measures, nonlinearities with vertical asymp-
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1 Introduction

Let @ ¢ RN, N > 2, be asmooth bounded domain. In this paper, we are interested
in the existence of solutions of the following problem

{—Au—l—g(u) =p in

1.1
u=0 on 0f, 1)

where p is a bounded measure in Q and g : (—o00,1) — R is a continuous nonde-
creasing function such that ¢(0) = 0 and

ltlTHllg(t) = +o0. (1.2)



By a solution u of (1.1) we mean that u € L'(Q), u < 1 a.e., g(u) € L}(Q) and
—/uAC—F/g(u)C:/Cdu V¢ € C%(Q), ¢ =0 on 0.
Q Q Q

In particular, g(u) € L' () implies that u < 1 a.e.

We observe that u, whenever it exists, is unique (see e.g. [4]). It has been proved
by Boccardo [2] (in the spirit of Brezis-Strauss [7]) that, for every u € L'(Q),
problem (1.1) has a solution. Moreover, Boccardo also shows that (1.1) has no
solution if u is a Dirac mass J,, with a € €2. Consequently, we say that u is a good
measure (relative to g) if (1.1) has a solution u. We shall denote by G(g) the set
of good measures associated to g.

Our goal in this paper is to investigate under what conditions on ¢ and p
problem (1.1) admits a solution. We also point out to what extent assumption
(1.2) makes this problem different compared to the case where g is a continuous
function defined for every t € R, which was recently studied by Brezis-Marcus-
Ponce [4].

We shall assume henceforth that, in addition to (1.2), g satisfies
gt)=0 Vt<O0. (1.3)

In particular, this implies that nonpositive measures are good for any g.

We denote by M(Q2) the space of bounded Radon measures in €, equipped with
its standard norm || [|a. Given v € M(Q), we say that v is diffuse if v(A) =0
for every Borel set A C Q of zero H'-capacity (= Newtonian capacity). As we
shall see, this capacity — which will be denoted throughout this paper by “cap”
— plays an important role in the study of problem (1.1).

The first consequence of (1.2) is that if (1.1) has a solution, then p* is diffuse

(see Corollary 2 in Section 2 below). The converse is not true; more precisely,

Theorem 1 Given any g, there exists a diffuse measure p > 0 such that u & G(g).

However, we shall see later on that every diffuse measure is good for some g
(see Theorem 15).

For a fixed nonlinearity g, a natural question is to characterize the set of good
measures associated to g. The next result gives a sufficient condition for a measure
to be good:



Theorem 2 Assume

thlTSlup {(1 - t)¥g(t)} >0 (1.4)

for some 0 < B < 2. If ut < HN=2+8 then € G(g).

Here, H* denotes the s-dimensional Hausdorff measure of a set. By u™ < H?,
we mean that p(A) = 0 for every Borel set A C Q such that H*(A) = 0. We
point out that the dimension s = N —2+ (3 in the statement of the theorem cannot
be improved. In fact, given 8 € (0,2), let

ot)= — 1 vie[o1)
(1-t)y#
For any @ < N —2+ (3, one can find a compact set K, C Q, with H*(K,) € (0, c0),
such that if # > 0 is sufficiently large, then p = 0 H| k,, is not good for g. This
is easy to see if @ < N — 2 since in this case any compact set K C 2 such that
H*(K) < oo satisfies cap (K) = 0 (see e.g. [8]); thus, by Corollary 2 in Section 2, u
is not good. In the remaining case, namely N —2 < o < N —2+ (3, the construction

of K, is rather delicate and will be presented in Section 8 (see Theorem 18).

Even though the existence of solutions of problem (1.1) may fail for some diffuse
measures (by Theorem 1), L!(Q) is not the largest set where (1.1) has a solution
for any g. For instance, let p € M(Q) be such that v < 1 a.e., where v is the

unique solution of

—Av = in Q,
{ : (1.5)

v=0 on 0.
Then, p is good for every g (see Proposition 7 in Section 7). The converse is also

true if pt is singular with respect to the Lebesgue measure in RY. In fact, we

have the following
Theorem 3 Let p € M(Q) be such that u™ is singular. Then, u € G(g) for every
g if and only if v <1 a.e., where v is given by (1.5).

The characterization of the set of all measures in M () which are good for

every g will be given in Section 7.

Our method in the study of problem (1.1) starts with a standard procedure

which consists in approximating g with bounded continuous functions defined on



the whole R. More precisely, let (g,,) be a sequence of bounded functions g,, : R —

R which are continuous, nondecreasing and satisfy the following conditions:

0<g1(t) <go(t) <... VteR, (1.6)

gn(t) — g(t) Vi <1 (1.7)
and

gn(t) — 400 vt > 1. (1.8)

Since each g, is bounded, there exists a unique solution wu,, of

—Au, + gn(un) =p in Q,
u, =0 on O0f.

Passing to the limit as n tends to infinity we get the following result:

Proposition 1 Given any u € M(R), then u, | u* in Q as n T 400, where u* is

the largest subsolution of (1.1). Moreover, we have

lg(u)l[r < [l (1.10)

and

| / u*Ac] < 2 pllalClli V¢ € CR@). (1.11)
Here, we denote by

C2(Q) = {g € C2Q):¢=0on aQ}.

In the spirit of [4], we then define the reduced measure p* as
pt=—Au" +g(u”),

and we study the properties of p*. First of all, since u* is the largest subsolution
of (1.1), u* is well-defined, independently of the sequence (g,). Note that pu* < y;
moreover, (1 is a good measure if and only if g = p*.

We have the following

Theorem 4 For every p € M(S), there exist Borel sets X1,% C Q such that

Si1Cuf=1], cap(¥2)=0, and (p—p")(Q\(S1UD)) =0. (1.12)



Note that, in the previous statement, the set [u* = 1] is well-defined up to sets
of zero H'-capacity. Indeed, any function v € L(Q) such that Av € M(£) admits
a unique cap-quasicontinuous representative ¥ (see e.g. [1]); henceforth, we shall
always identify v and ©v. We recall that v is cap-quasicontinuous if, for every € > 0,
there exists an open set w. C € such that cap (w.) < € and |\, is continuous.

We remark that, in Theorem 4, both sets ¥; and ¥, have zero Lebesgue mea-

sure, so that we deduce the following
Corollary 1 For any measure u, we have

(:u*)a = Ma,

where “a” denotes the absolutely continuous part with respect to the Lebesgue mea-

sure.

In view of Theorem 4, if y is diffuse and p([u* = 1]) = 0, then it follows that
pw* = p, hence p is good. We use this idea in order to prove Theorem 2; in this
case the main effort is thus to estimate the (N — 2 + §)-Hausdorff measure of the
set [u* = 1]. This kind of estimate, which has an interest in its own, is given
by Theorem 12 in Section 4. In Section 5, we present another approach based
on energy estimates; in this case, the “smallness” of [u* = 1] is given in terms of

(Sobolev) capacities.

The next result says that p* is the “best approximation” of p in the class of

good measures relative to g. More precisely,
Theorem 5 Given € M(Q), we have
[l = 1" [ o = min || — v[| pm- (1.13)
veg

In addition, p* is the unique good measure for which the minimum in (1.13) is

attained.

We recall that when the function g is defined for every t € R, it has been shown
in [4] that p* is the largest good measure < p. In that case, the characterization
of u* given in Theorem 5 is then a straightforward consequence. We stress the
following important difference in our case, namely there exist measures p for which
the set {)\ €G(g): A< u} has no largest element (see Proposition 9 in Section 9).
Thus, the fact that p* is the unique measure which achieves the minimum in (1.13)
needs a direct proof, which is more delicate.



Finally, two further differences with the case studied in [4] are worth being
mentioned. When g(¢) is defined for every ¢ € R, the set G of good measures is
convex, and the mapping p +— p* is a contraction. As we shall see in Section 9
below, these properties are no longer true when g satisfies (1.2). In fact, for any

such g we have
(a) G is not convex;

(b) the mapping pu — p* is not a contraction.

We would like to emphasize that throughout this paper we assume that  is
a domain of RN, with N > 2. The case of dimension N = 1 is different and
has been studied by Vdzquez [20]. We recall that in this case every measure is
diffuse — since cap ({x}) > 0 for every  — and the solutions of (1.1) are Lipschitz

continuous. In [20], Vdzquez proves that

1
(a’) if/ g = +o00, then every p € M(Q) is good;
0

1 1\ 1/2
) if/ g < +oo and p € M(Q) satisfies ||ut || < 2v2 (/ g) , then p is
0 0
good.

These two results have no counterpart when N > 2. According to Theorem 1
above, for any ¢ there exists a diffuse measure p > 0 such that p is not good.
As we shall see in Section 8, such p can be chosen so that ey is not good for any
e>0.

The plan of this paper is the following;:

1. Introduction;

2. Proofs of Proposition 1 and Theorem 4;

3. The reduced measure is the closest good measure;
4. Proof of Theorem 2;

5. Capacitary estimates related to problem (1.1);

6. Every diffuse measure is good for some g;

7. Measures which are good for every g;



8. How to construct diffuse measures which are not good;
9. Further properties of u* and G;

References.

2 Proofs of Proposition 1 and Theorem 4

We start by recalling that every measure p can be uniquely decomposed as (see
e.g. [16])
= phd T+ fe,

where pq is diffuse and p. is concentrated on a set of zero capacity. In particular,
w is diffuse if and only if p. = 0.
A useful characterization of measures which are diffuse is given by the following

Theorem 6 ([3, 17]) Let u € M(). Then, p is diffuse if and only if
pe L) +H Q).
The next two results will be often used in this paper:

Theorem 7 ([6]) Let v € L*(Q) be such that Av € M(Q). Then, AvT €
Mo (Q) and

(AvT)q = X0 (Av)q  in €, (2.1)
(—AvT). = (-Av)f in Q. (2.2)

Moreover, if v > 0 a.e., then
(Av)g >0 in[v=0]. (2.3)

Theorem 8 ([14]) Let v € LY(Q) be such that Av € M(Q). If v >0 a.e., then
(Av). <0 in Q. (2.4)
As a result, we get a necessary condition in order that (1.1) admit a solution.

Corollary 2 If u is good, then pu* is diffuse.



Proof. Applying Theorem 8 to v = 1 — u we get
te = (—Au). = (Av). < 0.
Thus, ut = (a)t = (1)q and so pt is diffuse. "

Let us also recall that, given v € M(Q), there exists a unique function v €
L' () which satisfies

7/ VA = / Cdv V¢ e CQ).
Q Q
This function is called Stampacchia’s solution of the problem (see [19])
—Av=v in{,
(2.5)
v=0 on 01,

and it coincides with the notion of “renormalized solution” introduced in [9]. In

particular, Theorems 2.33 and 10.1 of [9] provide the following useful

Theorem 9 ([9]) Let v be the unique solution of (2.5). Let ® € W2>°(R) be
such that supp ®” is compact. Then, we have

AD(v) = &' (v)(Av)g + " (v)|Vv]|* — & (+00)(Av); + &' (—00)(Av)T  in Q.
Here, we denote by ®’(+00) the limit of & as |z| — +oc.

The proof of Proposition 1 follows along the same lines as in [4]. Below, we

present the proof for the convenience of the reader.

Proof of Proposition 1. Let u, be the solution of (1.9). Since g, < gn+1, by
a comparison principle (see e.g. [4, Appendix B]) we have u,, > u,11. Hence, we
define u* such that

uy | u*  a.e. in Q.
Standard estimates imply that
g (wn)ll Lt < [lpllaes (2.6)

thus,

]/ unAc‘ - |/ can— | gn<un><' < 2fullullClze VC € C2ED).
Q Q Q

Clearly, u* € L'(Q) and (u,) converges strongly to u* in L'(2). Moreover, it
follows from (2.6) that «* < 1 a.e. Then, by using Fatou’s lemma, we deduce from

the previous estimates that



(i) g(u*) € LY(Q) and (1.10) holds;
(i) Au* € M() and Ay < 2l ur

Finally, let v be any subsolution of (1.1), i.e. v € L1(Q2), v < 1 a.e., g(v) € L}(Q)
and

- [vact [ i< [ can wee @, czome.
Q Q Q

Since g, < g, we have
—Av+ g (v) < —Av+g(v) < pp = —Auy + ga(us) in [CEQ)],

which yields v < u,, a.e. Passing to the limit, we deduce that v < u*. This proves

that u* is the largest subsolution of (1.1). L]

Let
p'=—Au*+g(u*) in D'(Q). (2.7)
In view of Proposition 1, u* € M(€2). The reduced measure p* is uniquely deter-

mined by the weak* limit of g, (u,) in M(Q). Indeed, comparing (2.7) with (1.9),
and using that u, — u* in L!(Q), we obtain the following

Lemma 1 Let (uy,) be the sequence defined in Proposition 1. Then,
gn(un) = g(u*) + (n—p*)  weak® in M(S). (2.8)

Note that, since Au* € M(R), the function u* admits a unique cap-quasi-
continuous representative, which we are going to use henceforth as our standard
choice. In particular, we remark that the set [u* = 1] is uniquely defined up to
sets of zero capacity.

The main ingredient in the proof of Theorem 4 is the next

Proposition 2 Let u* be given by Proposition 1 and let u* be the reduced measure
defined in (2.7). Then, we have

0<p—p" < (pa)ljur=y + 1 in (2.9)
In particular,
(1")a = pa in [u* < 1],
Na >0 n [u* = 1],
(M*)d > o [ ] (2.10)
(lu‘ )C = 7(MC) m Qz
(W) =p" in €.



Proof.
Step 1. Proof of (2.9).

Given & > 0, let us define the function f5(s) = min {1, $(s — 1 +25)T}. Ap-
plying Theorem 9 with v = u,, and ®(s) = fOS 05(¢) d¢ we get, for any ¢ € C2(Q),
¢(>0in Q,

/Szgn(un)ﬁg(un)CdxS/{295(un)Cdud+/QCduj—&—/Q@(;(un)ACdm, (2.11)

which yields

/ gn(un) (dx < /995(un)(dud -l-/QCd,u:r +/Q<I>5(un)A(dx.

[un>1-94]
Since (u;}) is bounded in L (Q) and (Awu,) is bounded in M(), the sequence
(05(uy)) is bounded in HE (), converges weakly to s(u*) in H}(Q) and weak* in
L (Q). Moreover, since pgq € L*(Q) + H=(2) (by Theorem 6), we have
lim [ 05(un) C dua = / 5(u*) C dpia.

Q Q

n—-+4oo

Thus,

ims n (U, < * + A .
fimsup [ g (ua) Cdr < 905<u><dud+/9<duc+/g@5(u> Cdu

n—-+oo
[up>1-4)

Clearly, by dominated convergence we have, for a.e. 6 > 0,

Jim / () Cdz = / g(u*) C dx.

n—-—+00
[un <1-0] [u*<1-4)

Therefore,

lim sup/ gn(un) (dx <
Q

n—-+4oo

< / g(u*)(dx+/995(u*)<dud+/Q<M+/Q<I>5<u*)A<d:c7

[u=<1-9]

for a.e. § > 0. Since u* < 1 ae., we have ®5(u*) — 0 a.e. By dominated
convergence, as § — 0 we obtain

timsup [ g(uw) Cdo < [ au)cdos [ Cauar [ cant

n—-+oo
[ur=1]

10



Comparing with (2.8) we get

=" < (pa) [ue=1) + 1 -
Clearly, by Fatou’s lemma, pu* < u. We thus obtain (2.9).
Step 2. Proof of (2.10).

From (2.9) we immediately deduce that

(1)a=pa infu* <1],

(2.12)
(1)az0 infur = 1]
Since pg > (p*)a, (2.12) yields
(ha)” = ()7 in (2.13)
On the other hand, by (2.9),
pre — (1) < pd in O
that is
(K )e = —pe  in
Note that p* < p and (u*). < 0 (by Corollary 2); thus,
(W)e < —pc  in Q.
We deduce that
(u*)e = —pe  in Q. (2.14)
Assertion (2.10) then follows from (2.12)—(2.14). L]

As a consequence of the previous result we have the

Proof of Theorem 4. Let ¥ = [u* = 1] and let 5 C 2 be such that cap (3Xq) =
0 and pf (Q\X2) = 0. With this choice, (1.12) follows immediately from (2.9).

As a corollary of (2.10) we also have the

Corollary 3 Let p € M(Q). If p >0, then p* > 0.

11



We give an alternative characterization of ©* in the next

Proposition 3 For every u € M(Q), u* is the unique solution of the following
problem:
veWt(Q), v<lae, AveM(Q), g()e L),
(Av)a+g(v) =pa  info<1],
(—Av)a < pig in [v=1],
(—Av)e = —pg  in S

(2.15)

Proof. From (2.7) and (2.10), it follows that u* is indeed a solution of (2.15). We
now prove that the solution of (2.15) is unique. Assume that v, ve both satisfy
(2.15) and consider the function w = (v — ve)*. We first observe that Aw is a

measure and, by (2.3),
(Aw)qg >0 in [v1 < vq). (2.16)

By (2.15),
(Avi)a > g(v1) — pa  in Q. (2.17)

On the other hand, since [v1 > v2] C [v2 < 1], we have
(Avg)g = g(ve) — pq  in [v1 > va). (2.18)
Thus, by (2.17)-(2.18),
(Aw)g > [A(vy —v2)]; = g(v1) — g(v2) >0 in [vg > va]. (2.19)
We deduce from (2.16) and (2.19) that
(Aw)q >0 in Q. (2.20)

Since, by (2.2),
(—Aw), = [— Avy — vz)]: in Q,

we get
(—Aw)e = [(~Av)e + (Avy)] " =0 in Q. (2.21)

From (2.20)—(2.21) we obtain that
Aw >0 in Q.

Since w vanishes on 0L, we have v; < vg a.e. in 2 (see e.g. [4, Proposition B.1]).

Reversing the roles of the two functions we finally obtain that v, = vs. n

12



Until now, we have studied problem (1.1) by approximating the nonlinearity g
using a sequence (g, ), with u fixed. Another possible approach is to fix g and to
approximate p by p, * u, where (p,) is a sequence of mollifiers. More precisely,
Pn * 1 is given by

(o 1)@ = [ pula =) duty) Vo2

It turns out that the sequences of solutions in both cases converge to the same
limit. More precisely,

Theorem 10 Let € M(Q2). For each n > 1, let v, be the solution of

—Avy, + g(vy,) = pp * imn ),
9(vn) = pn * p (2.22)
v, =0 on 0f2.
Then, v, — u* in L*(Q), where u* is the function given by Proposition 1.
Proof. By standard estimates we have

lg(walllzr) < llon * i) < Il

Thus, Av,, is bounded in L!'(Q) and there exist v € L'(Q) and v € M(Q) such
that, for a subsequence (still denoted (v,)), we have

v, — v strongly in L1(Q) and a.e.
g(vn) = g(v) +v  weak® in M(R).
By Fatou’s lemma, we have v > 0. Moreover, it follows that v satisfies
—Av+gw)=p—v in Q. (2.23)

We now follow the outline of the proof of Proposition 2. Take 65(v,)¢ as a test
function in (2.22), where ¢ € C2(Q). We get the analog of (2.11), namely

/Q 9(0n) B5(va) C iz < /Q 85(0n) (pn 1) C dar+ / (pntpid) Cdat /Q By (va) AC .

Q

As in Step 1 of Proposition 2 we obtain, as n tends to infinity, that
v < (pa) [jo=1] + g in € (2.24)

Thanks to (2.23)—(2.24), we obtain that v is a solution of (2.15) (see Step 2 of
Proposition 2). From the uniqueness result of Proposition 3, we conclude that

v = wu*. In particular, the whole sequence (v, ) converges to u*. [

13



3 The reduced measure is the closest good mea-

sure
We start with the following simple result:

Proposition 4 Let € M(Q). If u € G(g) and v < u, then v € G(g).

Proof. Let (u,) be the sequence of functions satisfying (1.9). By standard esti-

mates (see e.g. [4]), we have

/Q (g (tn) — gn()] < /Q l9(u) — gn(w)]-

Thus

)

/Q|9n(un)—g(u)| SQ/Q‘Q(U)—gn(uﬂ —0 asn— +oo.

We conclude that g,,(u,) — g(u) in L' (). Let (v,) be the sequence associated
to v. By comparison, v < p implies v, < u, a.e.; thus, g,(v,) < gn(u,) a.e.
Applying the Dominated convergence theorem, we conclude that g, (v,) — g(v*)
in L'(Q). We then deduce that v* is the solution of (1.1) with data v, and so v is

a good measure. n

We also have the following

Lemma 2 For every p,v € M(Q), we have

/Q g(u*) = g()| +[[(n = 1) = (v = )| o < e = vllm, (3.1)
where u*,v* are the solutions of (1.1) with respect to u*, v*, resp.

Proof. Let v,, denote the solution of

—Av, + gn(vn) =v in,
v, =0 on 0.

By Lemma 1, we get
gn(un) - gn(vn) = g(u*) - g(’l)*) + (:u’ - :U’*) - (V - V*) weak™ in M(Q)

Since p — p* and v — v* are both singular with respect to the Lebesgue measure

(see Corollary 1), we have

||9(U*)*g(v*)+(#*ﬂ*)*(V*V*)||M:/Q|9(U*)*9(’U*)|+||(M*H*)*(V*V*)HM-

14



On the other hand,

||gn(un) - gn(vn)HLl <p—-vlm Yn>1

Thus,

/Q lg(u") — g(v*)

‘M < lim inf Hgn(un)

e ) = =) < T
<l =vllm,
which gives (3.1).

Our next result is the following
Theorem 11 For every p,v € M(), we have

[ = v lm < 20— vl age
Proof. Let pu,v € M(Q2). By Lemma 2, we have
(e = 1) = (v =09\ < Ml = vllpm-

Applying the triangle inequality, we obtain (3.2).

We now present the

Proof of Theorem 5. We shall split the proof into two steps.
Step 1. Proof of (1.13).

- gn(vn)HU

(3.2)

Given v € G, we have v = v*. It then follows from Lemma 2 that

[ 190 = 00) -+ = < s = vl
where v is the solution of (1.1) with measure v. In particular,

e — 1l <l — v,

which gives (1.13).

(3.3)

Step 2. p* is the unique good measure which achieves the minimum in (1.13).

We now assume that v € G satisfies

e —vliam = [l — 1" ae

15
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By (3.3), we have
[ latu) = gto)| 0.
Q
Thus,
g(u™) =g(v) ae. (3.5)
We next observe that v < u. In fact, note that

inf {p,v} = p—(p—v)*. (3.6)

Moreover, due to Proposition 4, inf {u, v} < v implies that inf {u, v} is also a good
measure. It then follows from (3.6) and the minimality of v that

it = vllaa < [l = inf s} g = 2= 2o

Therefore, (x — )~ = 0; in other words, v < u. In particular, v is a subsolution
of (1.1), so that v < u* a.e. by Proposition 1.
We now split the proof into two cases:
Case 1. cap ([u* =1]) = 0.
By Theorem 4, this implies (1 — p*)q = 0. Thus,

va < pta = (1")a-
On the other hand, since v < u* a.e., it follows from Theorem 8 that
Ve = (—Av)e < (~Au)e = (1")e.
We conclude that

v<pt<p.

*

By (3.4), we must have v = p*.
Case 2. cap ([u* =1]) > 0.

We first show that u* = v on a set of positive Lebesgue measure. By contra-
diction, suppose that v < u* a.e. Let ag, 8y € [0,1] be such that oy < Sy and ¢
is increasing on [y, fo]. Since (3.5) holds and v < u* a.e., the set [ag < u* < o]
has zero Lebesgue measure. Let

w = min { o, max {0, °}} — ac.

Thus, w € H}(Q) and w achieves only the values 0 and By — ap. We conclude
that w = 0 a.e. In other words, u* < aq a.e. Since cap ([u* = 1]) > 0, we get a
contradiction.
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We now proceed with the proof of Case 2. Given € > 0, let o, € (1 —¢,1),
a < f3, be such that g is increasing in [, ]. Let ®. : R — R be a smooth function
such that ®.(t) =t if t < a, . (¢t) =1 if t > [ and D'(t) > 0, Vt € R. We now
establish the following

Claim. For every € > 0, we have
—A[®.(u*) — Pe(v)] >0 in D'(). (3.7)
In fact, by Theorem 9,
[A@E(u*)]d = O (u*)(Au*)g + D/ (u*)|Vu*|?
= @, (u")[g(u") — (u)a] + L (u")|Vu"[? (3.8)
and, similarly,
(A (v)], = DL(v) [g(v) = va] + @ (v)|Vv]*. (3.9)
By construction of ®., we have
O (u*) = dL(v) ae. (3.10)

This is clear if v < u* < aor § < v < u*. Finally, if @ < v* and v < 3, then
u* = v a.e. since g is increasing in [o, 8] and g(u*) = g(v) a.e. We conclude that
(3.10) holds.

By (3.5) and (3.10) we then have

DL (u*)g(u*) — PL(v)g(v) =0 ae. (3.11)

Note that
O’ (u*) = dY(v) ae.

In addition, on the set where ®”(u*) # 0, we have u* = v a.e., so that
Vu* = Vv ae. in [®7(u*) #0].

Thus,
O (u*)|Vu*|? — @7 (v)|[Vu|*> =0 ae. (3.12)

Finally, since ®(1) = 0 and (4*)q = pq on the set [u* < 1] (by Theorem 4), we
have
PL(u*)(p*)a = PL(u")pg in Q.
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Moreover, . > 0 and v < p imply
O’ (v)vg < PL(v)pq in Q.
Therefore,
L) () — B (0)ve = [OL(w) — L) =0 Q. (3.13)
Subtracting (3.9) from (3.8), and then applying (3.11)—(3.13), we conclude that

—(A [ (u*) — c1>g(v)]>d >0 in Q. (3.14)

On the other hand, since u* > v a.e., we have ®.(u*) — ®.(v) > 0 a.e. It then

follows from Theorem 8 that
—(A [®(u) — @E(v)]) >0 in Q. (3.15)

Combining (3.14) and (3.15), we obtain (3.7). This concludes the proof of the
claim.

According to the previous claim, the function ®.(u*)— ®.(v) is superharmonic.
Moreover, since it is nonnegative and ®.(u*) = ®.(v) a.e. on a set of positive
(Lebesgue) measure, we deduce from the strong maximum principle (see [1]; see
also [5]) that

O, (u*) =P (v) a.e. in Q.

Since this holds true for every € > 0, as we let € | 0 we conclude that u* = v a.e.

Thus, u* = v. The proof of Theorem 5 is complete. ]

4 Proof of Theorem 2

In order to establish Theorem 2, we shall assume the next result which will be

proved afterwards:

Theorem 12 Let v € L'(Q), v < 1 a.e., be such that Av € M(Q). Assume g
satisfies (1.4) for some 0 < 3 < 2. If g(v) € L*(Q), then

HN 2 ([v = 1]) = 0. (4.1)
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Proof of Theorem 2. Clearly, it suffices to establish the theorem for p > 0. Let
u* be the function given by Proposition 1. Since Au* € M(Q) and g(u*) € L1(Q),
it follows from Theorem 12 that

HN 2P ([u*=1]) = 0.

By assumption, we have p < HY=2+#. Thus, y is diffuse and

We deduce from Theorem 4 that u* = . In other words, i € G. This concludes
the proof of Theorem 2. [

We shall split the proof of Theorem 12 into two cases, whether 0 < 8 < 1 or
1 < 8 < 2. We first consider the case where 0 < 8 < 1. An important ingredient
is the following

Lemma 3 Let v € M(Q) and let v be the solution of

—Av=v inQ,
(4.2)
v=0 on ON.
Given 0 < <1 and k > 1, there exists a Borel set Ax, C Q such that
lv(z) — v(y)| < Ck |z — yl? Va,y e Q\ A4y (4.3)
and o
HETHP(Ay) < 7 vl (4.4)

for some constant C > 0 independent of k.

Given a > 0, the Hausdorff content HS, of a Borel set A C RY is defined as
MO (A) = inf { YoreiAc UBm(xi)},

where the infimum is taken over all coverings of A with balls B, (z;) of radii ;.
Note that we make no restriction on the size of such balls. In particular, for every
bounded set A we have H% (4) < co. It is easy to see that

HS (A) =0 if and only if H*(A) = 0. (4.5)
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Proof of Lemma 3. By linearity, it suffices to establish the lemma for v > 0.
Let
Ay = {x € Q:v(B,(z)) > krN 72" for some r > 0}. (4.6)

(Here, v is viewed as a measure in RY such that v(RY \ ) = 0).
We claim that (4.3) and (4.4) hold for Ar. We begin by establishing (4.4). For
each x € A, let r, > 0 be such that

v(B,,(z)) > k=248,

Clearly, (357.z (a:))meAk is a covering of Ag. Applying Vitali’s covering lemma, we
may extract a subcovering (B5m (xl)) of Ay such that the balls B, (x;) are all

disjoint. We then have

HET2P(A) < (5r)N 2P
= CZZTZN_QJFB
C C
< & v(Br) - (UBH (2:)) < ZIVlla.

This is precisely (4.4). We now turn to the proof of (4.3). We shall closely follow
the argument presented in [8]. For simplicity, we assume N > 3; the case N = 2
follows along the same lines.

Clearly, it suffices to prove (4.3) for the function w defined as

B 1 dv(2)
w(zr) = N(N—2)wN/Q|z—x|N—2 Vo €,

where wy = |B;| is the measure of the unit ball in RY. It is not difficult to see

that w can be rewritten as (see e.g. [18, Lemma 2])

1 /°° v(Bs(z)) s,

Nwyn sV-1

w(x) =
Given z,y € Q\ Ay, let § = |z — y|. We then write
1

Non /Oo [V(B (z)) - V(Bs(y))] N1

NWN{/% /26 }

20
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Since xz,y & Ay,

v(Bs(z)), v(Bs(y)) < ksV 27 Vs >0.

26 26
/ S/ v(Bgs(x
0 0

On the other hand, for s > 26, we have Bs_s(x

/200 - /; [(Bo@) ~ v(Bars(@)] oy

é §

We then have

/ © ds = Cko’. (4.8)
) C

Bg(y); thus,

Since 1 1
— < (C— >4
N1 (st o)N-1 = CSN Vs
we then get
i ds 5
< (o) <Ckd < Ckor. (4.9)
26

It follows from (4.7)—(4.9) that
w(z) —w(y) < Ck® = Cklz —y|°.

Switching the roles between x and y we conclude that w satisfies (4.3). Since v—w
is a harmonic function, v also verifies (4.3). The proof of the lemma is complete.

Given a Borel set A C RY, let

O*(x, A) —111{1_?(1]1}) 7’3,5(33)‘ ,

where | - | denotes the Lebesgue measure in R™V. This function gives the density of
points of A which are close to . Clearly, 0 < 0*(z, A) < 1.
Another ingredient in the proof of Theorem 12 is the next

Lemma 4 Given a Borel set A C RN, let

F= {x cRY :0%(x,A) > (4.10)

= =
N——
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Then, for every 0 < a < N we have
HEL(F) < CHE(A), (4.11)
for some C > 0 depending on N and a.

Proof. If a = 0, then the conclusion is clear. We now assume « > 0. Given ¢ > 0,
let (By,(z;)) be a covering of A such that

D ord <HL(A) +e. (4.12)

Let
F=Fn [UB% (xi)] and Fp = F\ [UB%(@)}.

Clearly,
HE(F) <Y (2r)* < 2° [Hgo(A) + s]. (4.13)

We now prove a similar estimate for H% (F»). Since (4.10) holds, for each y € Fy
one can find s, > 0 sufficiently small so that

1

Applying Vitali’s covering lemma to (B5sy (y))y cp,r We may extract a subcovering

(B55]. (yj)) of Fy such that the balls By, (y;) are disjoint. For each j, we define
Ij = {Z LT € st(yj)}.
In particular, the sets I; are disjoint. We claim that

$¥<Cna d 1 Vix1 (4.15)
i€l

In order to establish (4.15), we first observe that

AN By, j2(y;) € | Br, (1) (4.16)
icl;

In fact, given z € AN By, /2(y;), let i be such that z € B, (z;). We claim that
i € I;. Assume by contradiction that i € I}, i.e. suppose z; € B, (y;). Since

5 < d@i,yy) < d@i,2) +d(zy) <ri+ 2
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we deduce that % < r; and then d(z;,y;) < 2r;. In other words, y; € By, (2;),
which contradlcts the definition of Fb, since y; € F». This establishes (4.16).
Applying (4.14) and (4.16), we have

s\ NV 1
(5]) ~on | sJ/z(y])|§f‘AﬂBs s2(y))] SE;}BM i ‘—8;7"

Since 0 < av < N, we conclude that (4.15) holds. It now follows from (4.15) that

HE () i (55;)° <5QCNGZZT <CZ7’ <C[H“ )+s]. (4.17)
j=1

Jj=1li€l;

Combining (4.13) and (4.17), we obtain
HY(F) <C [Hgo(A) + 5} .
Since £ > 0 was arbitrary, (4.11) follows. L]

We now present the

Proof of Theorem 12 when 0 < 8 < 1. Without loss of generality, we may
assume that v = 0 on 0f; the general case follows by taking vy, where ¢ is any
function such that ¢ € C°(Q2) and 0 < ¢ <1 in .

Fix k > 1 and let Ag be the set given by Lemma 3. We have

[’1}21] C Ap U Ey,
where Ej, = [v = 1]\ Ax. We further decompose E}; as
Ey =FE1UEy>,

where

1 1
Ek71={x6Ek:@*(a:,Ak)Z4} and Ek,2:{$€EkZ®*($,Ak)<4}.

By Lemma 4, we have

HN 2B (By,) < CHY =28 (A). (4.18)
We now claim that
1
hrtn Sélp N—275 /t(x) g(v) >0 Vo€ Egs. (4.19)
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In fact, given x € E}, 2, let tg > 0 be sufficiently small so that
| A N By(z)| < %|Bt(x)} vt € (0,tp). (4.20)
Recall that z € Q\ Ay and v(x) = 1. It follows from (4.3) that
v(y) >1—Cklz—y|® >1-Ckt’ Vye By(z)\ Ag.

Since (1.4) holds, there exist C), > 0 and a sequence ¢, | 0 such that

Ck

g(1—Cktl) > 28

Vn > 1.

Thus, for every n > 1 sufficiently large, we get

O}

9(v(y)) > thﬂ Yy € By, (2) \ Ay.

Since (4.20) holds, we obtain

3 ék _
/ g(v) > / g(v) > 2| By, (z)| =5 = Ck 0,
By, (@) Bi, ()\Ax 4 t

n

which gives (4.19). It now follows from (4.19) that HN~2+5(Ey2) = 0 (see e.g.
[15, p.77]); equivalently, we have

HY=248(Ey,5) = 0. (4.21)
We now deduce from (4.18) and (4.21) that
HEPO(E) < OHETHP(A).
Therefore,
R ([0 = 1)) < CHEH(40) < Sl
Since this estimate holds true for every k > 1, as we let £ — 400 we obtain
HY 2P ([v=1]) = 0.

In view of (4.5), the result follows. L]

The proof of Theorem 12 in the case 1 < g < 2 follows the same strategy,
although it is more technical. For this reason we shall indicate the main steps in
the proof. The counterpart of Lemma 3 is given by the following
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Lemma 5 Let v € M(R2) and let v be the solution of (4.2). Given 1 < 8 < 2 and
k > 1, there exists a Borel set A, C € such that

20(%) —v(z) —v(y)| < Cklz —y|’ (4.22)
for every x,y € Q\ Ay, such that % € Q\ Ax; moreover,

C
HEH(Ap) < 7 vl (4.23)
for some constant C > 0 independent of k.

Proof. It suffices to consider the case where v > 0. Let Ay be given by (4.6).
Proceeding as in the proof of Lemma 3, we obtain (4.23). We assume N > 3. We
now show that w defined by

dv(z)

Qm VxEQ,

w(x) = ay

where ay = m, satisfies property (4.22). Let z,y € Q\Ax be such that
2 € O\ Ay. Set § = |z — y|. We have

2w(ZfL) - w(z) - w(y)| <

2 1 1
< aN/ N—2 N_2 vz | di(z)
N [P P e R P

We split this integral into two parts:

1 T
o) v e [+ f
an
|o—2f¢|<26  |a—2fY|>26

Note that Bas(2EY) C Bss (z ) N Bss (y). Thus,

55
2

[ = ] e | e [ e

|- 22| <25 Bas B% (z) B% (y)
% d
<c [ [(mE) +r(B.0) + v (BW)] 575
< Cks?

On the other hand, we have

2 1 1
’ _%|N—2 |Z_$|N_2 |Z_y‘N—2

52
M|N
2

|2 =
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if |z — ITW| > 26. Therefore,

dv(2)
2
[ o= | e

N E

o ds
2 +
<CN§ / V(BS(%)) SN+1
25

o [ ds 5
< CNEkd 55 < Ckd".

26 S

As in the proof of Lemma 3, we conclude that (4.22) holds. (]

We now present the

Proof of Theorem 12 completed. Assume 1 < 3 < 2. Let Ej; and Ej 2 be
defined as in the case 0 < 8 < 1; in particular,

[’U = 1] C Ap U Ek@ @] Ek’g.
By Lemma 4 we have
HY 2B (B 1) < CHY2HP(A).

In order to establish the theorem, we are left to prove (4.21). Given = € Eyy, let

R, denote the reflexion with respect to z; namely,
R.(y) =2z —y VyeRY.
We claim that
v(y) > 1—Ckt? Vye Bi(z)\ (Ax U R, Ay). (4.24)

In fact, for every y € By(z)\ (AxUR,Ak), we have R, (y) € Q\ Ag. Since z € Q\ Ay,
v(z) =1and v < 1, we get

o(y) > v(y) +v(Rey) —1> 1= Cklz -y’ > 1 - Ckt’,
which is precisely (4.24). We now take to > 0 sufficiently small so that
1
|Ak ﬂBt(:r)] < Z!Bt(x)} Yt € (0,tp).

Therefore,

|(Ax U R, Ar) N By(x)| < = |Bi(x)| V€ (0,10).

N | =
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We can now proceed as in the case 0 < 8 < 1 to conclude that

1
lim su 7/ v) >0 Vae Es.
o IN2E Bt(z)g() "

Thus,
HN 2B (B).5) = 0.

As before, we deduce that (4.1) holds. The proof of Theorem 12 is complete.

5 Capacitary estimates related to problem (1.1)

In this section we prove some estimates on the capacity of the set [u* = 1]. They
should be compared with the result of Theorem 12 concerning the Hausdorff mea-
sure of this set. We assume throughout this section that g satisfies a slightly
stronger hypothesis than (1.4), namely

lim inf {(1 - t)z%fﬁg(t)} > 0. (5.1)

Given p > 1 and a Borel set E C (2, we shall denote by cap,, (E) the capacity of
E associated to VVO1 P(£2). Note that cap, coincides with the H!-capacity, denoted
by cap elsewhere in this paper.

Our goal in this section is to establish the

Theorem 13 Let v € L'(Q), v < 1 a.e., be such that Av € M(2). Assume that
g satisfies (5.1) for some B € (0,1]. If g(v) € L'(Q2) then
capy_s([v=1]) =0 (5.2)
Note that 8 € (0, 1] implies 2 — 3 > 1, so that cap,_g is well-defined.

Proof.
Step 1. Proof of (5.2) if v € Wy ().

Set n(s) = 13; and let Ty(s) = min {s, k}. Since v € W' (Q), for every k > 1

we have

Vo - Vi (n(v)) de < k||Av|| s - (5.3)
Q

Indeed, inequality (5.3) (which formally amounts to multiplying Av by T} (n(v)))
can be obtained by approximating v (e.g. through convolution) with smooth func-
tions vy, such that ||Av,||m < [|Av]|ag-
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We can rewrite (5.3) as

Vot ]?
dr < k|A . 5.4
| e < kA (54)
[n(v)<Kk]
On the other hand, applying Holder’s inequality with exponents ﬁ and %, we
have
Vot P~f
| =g e
[n(v)<Kk]
vt N
Vv 1
< / e / o dr| . (5.5)
(1 =) (1 — )=
[n(v)<k] [n(v)<Kk]

It then follows from (5.4)—(5.5) and the definition of n that

B
Vot|2=8 _8 0) 7 :
/‘ IV e < (k| Av] ) 2( /" 1+ 17 ) 56)

(1 —v)22=h) 1—v)B
[1(0) <] OSSR Gl

By assumption (5.1) there exists a constant ¢y > 0 such that

2

gt)(1—1)°F > Vte (3,1).

From (5.6), we obtain

‘VU+|2fﬁ Uy <
1—v)p2en =
[n(v)<k]
s
1-8 2-p5
< (k]| A0 0) ( [ [+ o@nw] dm)
[n(v)<K] (5.7)
B
2-8 5
_B 1 T B
Sck2_ﬁ||AU||}\42 (/ +g(v) i(g(”)) dx) .
Q =

Since g(v) € L'(Q) (which also implies that n(v) is finite a.e.) we have

2

/ 1+ 9@ Tum@) 7
Q

m‘
@

lim

k—+o00 28

k75
We then deduce from (5.7) that

V) [, (5.8)

k

lim
k—-+o0 Q
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Note that

Therefore,

Since

=
Il
—_

we conclude that

capy_g([v=1]) =0.

Step 2. Proof of Theorem 13 completed.

We replace v with vy where ¢ € C°(Q) is a cut-off function, i.e. 0 < ¢ <1 in
Q and » = 1 on a compact set K C €. Since v and Vv € L _(9), it follows that

A(vp) € M(£2). Moreover g(vp) < g(v) a.e., hence g(vp) € L}(Q). We can then
apply the previous step to vy to deduce that capQ_B([vgo = 1}) = 0. Thus,

capzfﬁ([v =1]NK) =0 for every compact K C Q.

By subadditivity of cap,_ g4, we conclude that

capy_g([v=1]) =0.

It is well-known (see e.g. [15]) that cap, (E) = 0 if and only if H¥N~1(E) = 0.
Thus, in the case 8 = 1, we recover Theorem 12 but with a totally different proof.
On the other hand, for any p > 1, cap, (£) = 0 implies H*(E) = 0 for any
s > N — p (but the converse is not true). Thus, for 5 € (0,1), Theorem 13 only
gives HS([’U = 1}) = 0 for any s > N — 2 4 (3, which is not optimal in view of
Theorem 12.

However, it should be noticed that the proof of Theorem 13 only relies on
energy estimates, which remain true for more general operators, for instance in
the inhomogencous case. Namely, assume A(z) = (a;;(x)) is an N x N-matrix
with bounded measurable coefficients satisfying

MIEPP < A(z)E-€ < M|€> VEERY, forae xzeQ,
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where 0 < A\; < Ay. Proceeding as in the proof of Theorem 13, one deduces the
following result:

Theorem 14 Let v € LY(Q2) be such that div (A(x)Vv) is a bounded measure “in

the sense of Stampacchia”, i.e. assume there exists p € M(Q) such that
7/ vdiv (A" (2)V() dz = / Cdu (5.9)
Q Q

for every ¢ € Co(Q) N H} such that div (A*(2)V() € L=(Q). Assume g satisfies
(5.1) for some B € (0,1]. If g(v) € L*(Q), then we have

capy_g ([v=1]) =0.
Proof. Let u, be a suitable smooth convolution of u, and consider the solutions
v, of
—div(A(z)Vu,) = pn, in Q,
v, € HE(Q).
Multiplying this equation by T} (n(v,)) (see the definition of n(s) in Step 1 of
Theorem 13), we get

Vo|?
L e < [ (A0)V0n) - VT Go(0n) < s < F e

[n(vn)<K]

A1

Since the solutions in the sense of Stampacchia are unique and stable, v,, converges
to v in L}(£2). Therefore, as n — 0o, we obtain

Vot
A —dx <k .
e < kel

[n(v)<k]

Henceforth, one can follow the proof of Step 1 of Theorem 13 in order to conclude.

m
In particular, if v satisfies the assumptions of Theorem 14, then
H*(v=1]) =0 forany s >N —2+73, if3e€(0,1). (5.10)
Note that
HY Y wv=1]) =0 ifB=1. (5.11)

It is an open problem whether (5.10) holds with s = N — 2 + 8, where 3 € (0, 2),
B # 1. Note that, in the inhomogeneous case, it is not clear how to implement an
approach based on Hoélder continuity, as used in the proof of Theorem 12.
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Remark 1 In the same spirit, the proof of Theorem 13 extends to nonlinear op-
erators, as e.g. the p-Laplacian, for functions v which satisfy — div(|Vv|[P=2Vv) €
M(9) “in the renormalized sense” (see [9] for the precise definition). In this case,
one can prove with the same method that if (5.1) holds true for some 5 € (0, 1]
and g(v) € L1(), then

(2—P)p

cap,([v=1]) =0 with ¢ = 0-0)+ 5’

Note that if 8 = 1, then it still holds that

cap; ([v=1]) =0=H " (v =1]).

6 Every diffuse measure is good for some g

Our goal in this section is to establish the following

Theorem 15 Let p € M(Q) be such that p+ is diffuse. Then, there exists some
g such that u € G(g).

We shall start with the
Proposition 5 Let g1, g2 be such that g3 < go. Then, G(g1) C G(g2)-
Proof. Given u € G(g1), let u be the solution of

—Au+¢g1(u) =p in £,
u=0 on JN.

Let ©* be the reduced measure relative to go and denote by u* the solution of

—Au* 4+ go(u*) = p*  in Q,
ut = on 0f.

Since p* < p and go > g1, we have u* < u (see [4, Corollary B.2]). In other words,
u—u*>0in Q and v — u* = 0 on the set [u*= 1]. Thus, by (2.3) we have

(" = p)a = [Alu— u*)]d >0 in[u"=1].
This implies (1*)q = pq in [u* = 1]. On the other hand, by Theorem 4,

(W)a=pa in[u”<1].
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We conclude that
(H")a = pa- (6.1)

Finally, since u is a good measure relative to g;, we have p. < 0. Thus, by (2.10),
(1)e = =(1e)™ = e (6.2)

It follows from (6.1) and (6.2) that p = p* € G(g2). This concludes the proof of
the proposition. n

Related to the previous result, we point out the following

Open Problem. Assume g; < g2 and G(g1) = G(g2). Is it true that g = g2 7
We now establish the

Lemma 6 Let p € M(Q) be a nonnegative diffuse measure. Given € > 0, sg €
(0,1), and a continuous nondecreasing function g : (—oo,1) — R satisfying (1.2)-
(1.3), then there exists g : (—o0,1) — R with

g > g in (_007 1): g =g in (—OO, SO]! (63)

and such that
p(lv=1]) <e, (6.4)
where v is the largest subsolution of the problem

—Au+gu) =p in Q,
u=0 on IN.

Proof. Fix tg € (sg,1). Let gr : (—00,1) — R be any increasing sequence of
continuous, nondecreasing functions, such that

gr(t) = g(t) ift < so,
g(t) >k ift>to,
gr(t) > g(t) Vte€ (—oo,1).

For each k > 1, let ug denote the reduced measure of u relative to gi. We shall
denote by vy the corresponding solution. In particular, by Proposition 1,

/Q Ave] < 2l an < 20l (6.5)
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and

/ g (on) < ltlac. (6.6)
Q

In view of (6.6), we have

1 1
o= 0ll < 1 [ uon) < ke =0 (67

as k — +o00. On the other hand, the sequence (vg) is non-increasing; thus, there
exists v € L(Q) such that vy | vin L'(Q2). By (6.7), we have v < tg a.e. Moreover,
since 0 < vy, < 1 a.e., it follows from (6.5) that (vy) is bounded in L>(Q) N H(Q).
We then conclude that vy, — v p-a.e. in Q (see e.g. [6, Lemma 2.1]). Therefore,

w([vk > to]) = 0 as k — +oo.

The lemma then follows by taking g = gx, for some kg > 1 sufficiently large.

We now present the

Proof of Theorem 15. We shall split the proof of the theorem into two steps.
Step 1. Given p € M(Q) diffuse and nonnegative, there exists g satisfying (1.2)—
(1.3) such that p € G(g).

We begin by constructing a sequence (gy) as follows. Let go(t) = L, Vt €
[0,1). Given gi, we apply Lemma 6 to g = g, ¢ = 55 and 59 = 1
gk+1 = g, where g is the function given by Lemma 6. In particular, the sequence

(gx) is nondecreasing and

9k = Gk in(—oo,l— 1] VkaO

2ko
Set
g(t) = khrf gr(t) Vte (—oo,1).
We claim that p € G(g). In fact, let pp denote the reduced measure of p relative

to gr. In particular, uy is also a diffuse measure. Since g > gg, it follows from
Proposition 5 that p, € G(g) for every k > 1. Let vi be the solution of

—Avg + gr(vg) = pre in Q,
Vi = 0 on Of).
By Theorem 4 and the choice of g, we have
1

i = pellaa < efor = 1]) < o
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Thus,
pr — fo strongly in M(Q).

Since G(g) is closed, we conclude that u € G(g) as claimed.

Step 2. Proof of the theorem completed.
Let i € M(Q) be such that p. < 0; in other words, uT is diffuse. We can then

apply the previous step to u™ to conclude that there exists g such that u* € G(g).
Since pu < u™, by Proposition 4 we deduce that u is also good for g. [

7 Measures which are good for every g

In this section we characterize the set of measures which are always good. In
order to do so, we first need to recall some notions about obstacle problems with
measure data. Throughout this section, we denote by 4 any maximal monotone

graph (m.m.g.) of the form

b(t) ift <1,
Bt) =< [b(1),00) ift=1, (7.1)
0 if t > 1.

where b : (—00,1] — R is a nondecreasing continuous function such that b(t) = 0

if t < 0. Given a bounded measure p in €2, we say that w is a solution of

{—Aw+ﬂ(w) Sp in Q,

7.2
w=0 on 09, (7-2)

if we LY(Q), w <1 ae., Aw € M(Q), and there exists a nonnegative diffuse
measure v € M(Q) such that v, € f(w) a.e., s is concentrated on the set [w = 1],

and

f/QwAH/diu:/chu V¢ € CF(Q). (7.3)

(Here, v, and v denote the absolutely continuous and the singular parts of v with
respect to the Lebesgue measure in RY).

In particular, the measure pu + Aw is diffuse and
4+ Aw=v>inf f(1) in [w=1]. (7.4)
Problem (7.2) has been studied by Dall’Aglio-Leone [11], Dall’Aglio-Dal Ma-

so [10], Brezis-Ponce [6]; see also the references therein. It turns out that (7.2) has
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a solution if and only if u* is diffuse; moreover, this solution is unique and is the

largest solution of the problem

—Av+b(v)<p inQ,
v<1 inQ, (7.5)
v=0 on 0.

Our goal in this section is to establish the following

Theorem 16 Let y € M(2). Then, p is good for every g if and only if u* is
diffuse and
w4+ Awg € LH(Q),

where wy 1s the unique solution of the obstacle problem

{ —Awg + Bo(wo) > pin €, (76)

wg =0 on 09,

with Bo(s) =0 if s <1 and Bo(1) = [0, 0).

Remark 2 It is known from [2] that if 4 € L'(Q), then problem (1.1) has a
solution for every g. This is consistent with Theorem 16. Indeed, let wy be the
solution of (7.6) with p € L*(2). Then, in view of (2.3), we have

p+ Awg < g on [we = 1].

Since p1 + Awg is a nonnegative measure and it is concentrated on [wy = 1], we
conclude that
0<pu+Awy<p in Q.

Hence, p € L'(Q) implies that u + Awy € L1 ().
In the proof of Theorem 16 we shall need the next two lemmas:
Lemma 7 Let 8 be a m.m.g. and let p € M(Q) be such that u* is diffuse. If
pa € L=(Q) and |y ||z < inf B(1), (7.7)

then
|lw=1]| =0, (7.8)

where w is the solution of (7.2).
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Proof. By (2.3), we have (Aw)q < 0 on the set [w = 1]. Thus,
pa > (p+Aw)g = p+ Aw > inf (1) in [w=1].
Comparing the absolutely continuous part of both sides, we get
fa = (Ha)a = inf B(1) ae. in [w = 1].

In view of (7.7), we deduce that (7.8) holds. L]

Lemma 8 Let u € M(Q) be such that pu* is diffuse. Given two m.m.g. 81, B2, let
w; be the solution of (7.2) associated to B;, i = 1,2. If 1 > [Ba, then

0<pu+Aw <p+Awy infw =1]. (7.9)

Proof. By comparison, we have wy — wy; > 0 a.e. In particular, wy — w; = 0 in

[w; = 1]. Applying (2.3), we get
[A(wy —wy)], >0 in [wy = 1].
Thus, on the set [wy = 1], we have
pA Awy = (p 4 Awi)g < (u+ Awa)g = p + Aws.

Since w; is the solution of (7.2) with 8 = 31, we have 11 = p+ Aw; > 01in Q. We
conclude that (7.9) holds. ]

Proof of Theorem 16.
Proof of (<). We shall establish a slightly more general result:

Proposition 6 Let u € M(Q) be such that u™ is diffuse. Assume that
w4+ Aw e L), (7.10)

where w is the unique solution of (7.2). Then, u is good for every g such that
g=p.

Proof. We first assume puf € L>(Q). Let 3; be a m.m.g. such that

B<Br<g and |pf| L <infBi(1).
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Let wy be the solution of (7.2) with obstacle ;. We claim that
p+ Aw; € LY(Q). (7.11)

In fact, since w; is the solution of an obstacle problem, the measure (u 4+ Awy)s

is concentrated on the set [w; = 1]. By Lemma 8 above, we have
0<(u+Awy)s < (p+ Aw)s =0 in [w; =1].

This establishes (7.11).
On the other hand, it follows from Lemma 7 that the set [w; = 1] has zero Lebesgue

measure. We conclude that
w4 Awy =by(wy) ae.
In other words, w; verifies

—Aw; +by(wy) = p in Q,
w1 =0 on 0N.

Since |[wy = 1]| = 0, by a variant of the De La Vallée-Poussin theorem (see [12,
Remark 23] or [13, Theorem I1.22]), one can find g; satisfying (1.2) such that

by <g1<g and g (wy)e L' Q).

Thus, in view of Proposition 4, u is a good measure for g;. By Proposition 5, we
deduce that p is also good for g. Since g > [ was arbitrary, the result follows
when pf € L*°(9Q).

In order to establish the proposition for any measure u satisfying (7.10), we let
My, = Mmin {Ma,n} +pus Vn > 1.
Proceeding as in the proof of (7.11), for every n > 1 we have
pin + Aw, € LY(Q),

where w, is the solution of (7.2) with data j,,. Moreover, (u,,)F € L>(€2). Thus,
1y is good for every g > (3. As n — 400, we deduce that p is also good for any

such g. L]

Proof of (=). We shall need the following
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Lemma 9 Let p € M(Q). Assume that p is good for every g,
ph e L=(Q) and ||tz < inf 5(1). (7.12)

Let w be the solution of (7.2). Then,

{ —Aw+b(w) =p inQ, (7.13)

w=0 onoN.

Proof. By making a small perturbation of u, it suffices to establish the result
when
[l poe < inf B(1). (7.14)

By Lemma 7 above, we know that |[w = 1]| = 0. Thus, one can find a continuous
nondecreasing function H : (—oo,1) — R, H > b, satisfying (1.2) and such that
H(w) € L*(Q). We now take a sequence of functions (g,,) such that

g <H V¥Yn>1 and g¢g,|b asnT +oo.

Since p is good for every g,, there exists v, satisfying (1.1) with nonlinearity g,.
Clearly, v, 1 v, where v € L'(Q) and v < 1 a.e. By Fatou, v verifies (7.5); in

particular, v < w a.e. Thus,
[lv=1]] < |[w=1]| =0. (7.15)
On the other hand, note that
gn(vy) — b(v) a.e.on v <1]. (7.16)
Thus, by (7.15)—(7.16), we have
gn(vn) — b(v) a.e.
Since g, (v,) < H(w) a.e., it follows by dominated convergence that

gn(vn) — b(v) in L'(Q).

We deduce that v satisfies (7.13). In particular, v is also a solution of (7.2). By

uniqueness, we conclude that v = w. This establishes the lemma. [

We can now conclude the proof of Theorem 16.
Let u be a measure such that p is good for every g. We assume in addition that
put € L*°(Q). Let b, : (—00,1] — R be a sequence of nondecreasing continuous
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functions such that b,(t) = 0if t <0, b,

away from ¢t = 1. By Lemma 9, equation

1) = ||u ||z and b,(t) | 0 uniformly
7.13) has a solution v, < 1 associated

(
(
to b,. Note that v, T v, where v € L*(Q2), v < 1 a.e. Moreover, passing to a
subsequence if necessary, we have

bn(vy) = f weakly in L*(Q)

for some f € L>=(Q) with || f|lr=~ < ||p]|ne-

We claim that v = wg a.e. In fact, note that v satisfies

—Av=p—f inQ,
v=20 on 0f).

Since
0 <bp(vy) <bp(v) ae VYn>1,

as n — +0o we obtain
0< f<axp=1 ae,

where a = ||p}||Les. This implies that f is nonnegative and concentrated on the
set [v = 1]. Therefore, v verifies problem (7.6) and so v = wy as claimed. We

conclude that
w—+ Awg = f € L*(Q).

This establishes the theorem under the additional assumption that p € L>°(Q).

The general case easily follows by using an approximation argument. L]

Before proving Theorem 3, we start with the following

Proposition 7 Given p € M(Q), let v be the unique solution of

—Av=yp inf,
(7.17)
v=0 on JQ.

If v <1 a.e., then u is good for every g.

Proof. Let o < 1. Since v < 1 a.e., aw is a supersolution of problem (1.1) with
data ap. Thus, by Proposition 4, au is good for every o < 1. Since G(g) is closed
with respect to the strong topology in M(), we deduce that u € G(g) for every

g. n

We now present the
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Proof of Theorem 3. The implication “«<” already follows from Proposition 7
above. We now establish the reverse implication. Let p be a singular measure
which is good for every g. In particular, u* is diffuse. Let v = u 4+ Awg, where
wg is the solution of (7.6). In view of the definition of fy, v is a nonnegative
diffuse measure concentrated on the set [wy = 1]. By (2.3), on this set we have
(Awg)a <0, so that
0<v <.

On the other hand, by Theorem 16, we know that v € L!(Q). Since u is singular,
we conclude that v = 0, hence wp coincides with the unique solution v of (7.17).

Since wg < 1 a.e., the result follows. n

8 How to construct diffuse measures which are

not good

Our goal in this section is to establish Theorem 1. The main ingredient is the

following
Lemma 10 Given g, there exists v € Co(S2) such that
AveL'(), v<1inQ, cap([v=1])>0 and g(v)€ L' (Q). (8.1)
Proof. Let (¢) be a decreasing sequence of positive numbers such that
Ue <001 Yk >2, (8.2)

for some 6 € (0, 3

Both sequences (¢;) and (k;) will be explicitly chosen later on.

). Let (k;) be an increasing sequence of nonnegative integers.

We now briefly recall the construction presented in [18] of the Cantor set F' asso-
ciated to the subsequence ({x;). We shall assume for simplicity that = Q1, the
unit cube centered at 0.

We first define a decreasing sequence of sets (F});>¢ as follows. Let Fy = Q1,
ko = 0 and ¢y = 1. We now proceed by induction. Assume F;_;, j > 1, is the
union of 2Vki-1 disjoint cubes of length lk,_,. Let Q; be any component of F_1,
and let Q; C Q; be a smaller cube concentric to @; (so that the ratio between their
lengths is % +0 € (%, 1)). Inside Q;, we select 2V(ki=ki-1) cubes Qs of length

{k;, uniformly distributed in Q;. Set
Fj = U Qi,s~
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Thus, F; C Fj_; and F} is the union of 2NVE; - disjoint cubes of length ly,. The
Cantor set associated to the subsequence (£, ) is then defined as

F= ﬁ Fj.
j=1

We now split the proof of the lemma into two cases, whether N > 3 or N = 2:

Case 1. N >3
We start with the following

Claim 1. For every j > 1, we have
cap (Fj,F;_1) < Cy 2Nk-"€,]€\;_2, (8.3)
where cap (F}j, F;_1) denotes the H'-capacity of the set F; with respect to Fj_;.
Since F;_; has 2NVE;—1 connected components, it suffices to show that
cap (F; N Qs, Qi) < Co2N ki g2, (8.4)

where @); is any component of F;_;. Note that each component Q; , of F; N Q;
has length /5, and (see [18])

1—26
) diam Q);.

d(Qi,s, 0Q;) =

Hence,

cap (Qis, Qi) < Co bl 2. (8.5)
Recall that Q; contains 2/V(¥i=ki-1) components Q;,s- By the subadditivity of the
capacity, we conclude that (8.4) holds. This concludes the proof of the claim.

By (8.3) and Theorem E.1 in [4], there exists v; € C°(F;_1) such that 0 <
v; <1in Q, v; =1 on F}, and

/Q|Auj| < C2Mhigr2, (8.6)
Our aim is to construct the function v of the form

v = Zajvj, (8.7)
j=1

where (o) is a sequence of positive numbers to be chosen later on such that
oo
> a;=1. (8.8)
j=1
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Clearly, v € Cp(Q2) and v < 1 in . Moreover, v = 1 precisely on N; 5 =F.
We claim that one can choose (¢), (k;) and (o) such that

oo

1

Y 5 < (8.9)
9N —2 )

= 2Nk'7‘€kj

> oy 2R < oo, (8.10)

ig(Z >2NWN < 0. (8.11)

In fact, let
a; =3-27% Vj>1,

so that (8.8) holds. Let (k;) be any increasing sequence of positive numbers such
that 0
_9-2j

g(1—27%) _

1
. v.>
owsh 2 7T

—_

Finally, we take ({;) satisfying (8.2) (with, say, # = 2) and
oMhigl=2 =27 vj>1.

It immediately follows that (8.9) and (8.10) hold. After some straightforward
computation, the left-hand side of (8.11) can be estimated by

>0 -2 (g5 ) ey

= 2N 2k

which is finite in view of our choice of (k;). We conclude that (8.9)—(8.11) hold.
By construction, [v = 1] coincides with F'. On the other hand, by [18], we know
that cap (F') > 0 if and only if

oo

1
E —— < 0. (8.12)
IN—2
j=1 2Nk]£kj

In view of (8.9), we deduce that cap (F') > 0. Thus,
cap ([v=1]) > 0. (8.13)
By (8.6), (8.7) and (8.10), we have

Av e LY(9Q). (8.14)
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Finally, it follows from (8.11) that
g(v) € L*(Q). (8.15)

The proof of the lemma is complete when N > 3.
Case 2. N = 2.
As in the previous case, we start with the
Claim 2. For every j > 1, we have
1\ !
cap (Fj, Fj_1) < Cp 4" <10g fkj) . (8.16)
The argument is similar to the proof of Claim 1. It suffices to observe that the

analog of (8.5) is
1\t
cap (Qi,s, Qi) < C'e(log £> . (8.17)
K

We now conclude the proof of the lemma. Let (;) be defined as before. Take

an increasing sequence of positive integers (k;) such that

g(1—27%)

TEE

1 .
Finally, let (¢;) satisfying (8.2) and
O, =472 vi>1,

With such choices, one can easily check that

o0

1 1 ! 8.18

j; e Ogaj < o0, (8.18)
00 . 1 -1
Zaj 4% ( log o < 00, (8.19)
j=1 i
00 J

g(Zai) 4kj€ij < 0. (8.20)
j=1 Ni=1

Let v be given by (8.7), where v; € C°(F;_1) is such that 0 <v; <1in Q, v; =1

on Fj, and
1\ L
/ |Av;| < C 4% <1og> .
Q g,
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(The existence of such v; follows from Claim 2 above.) In particular, [v = 1] = F.
By (8.18), we have (see [18, Lemma 4])

cap ([v=1]) > 0.
Moreover, proceeding as before, we deduce from (8.19) and (8.20) that
AveL'Q) and g(v) € L'(Q).

This concludes the proof of the lemma. [

Using Lemma 10, we establish the following

Proposition 8 For every g, there exist a nonnegative function hg € L*(Q) and a
compact set Ko C Q, with |Ko| = 0 and cap (Ko) > 0, such that for any measure
o > 0 supported in Ky we have

(ho + )" = ho, (8.21)
where (hg + 0)* is the reduced measure associated to hg + o.

Proof. Take Ky = [v = 1] and fy = —Av + g(v), where v is the function
constructed in Lemma 10. We begin with the following

Claim. If X is a good measure > fy, then A(Kj) = 0.
We first observe that A is a diffuse measure. In fact, since A is good, we have

Ae < 0 by Corollary 2. On the other hand, A > f, implies A > 0. Thus, A, = 0,
so that A is diffuse. Let u be the solution of

—Au+g(u) =X in Q,
u=0 on 0.

Clearly, © > v a.e. Moreover, since v = 1 in Ky, we have u — v = 0 in K. Thus,
by (2.3),
fo—A=Au—v)= [A(u—v)}d >0 in Kj.
In other words, A < fy in Kp; thus, A = f in Ky. Since |Ky| = 0, we deduce that
A(Kp) = 0. This establishes the claim.
Let hg = fo+ . We now show that hg and K| satisfy the desired properties. In
fact, let o > 0 be a measure concentrated on K. Since hg + o > 0, it follows from

Corollary 3 that
0<(hg+0)*"<hg+o in.
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Moreover, by Corollary 1,
[(ho + (7)*]a =hy a.e.in Q.

Thus,
fo<ho<(hg+0o)*<hyg+o in .

In particular, [(ho + 0)*] . I8 concentrated on Ky. By our previous claim, we have
[(ho + U)*]S =0 in K. Therefore,

(h0+0)* = [(ho—|—0’)*]a = hy in Q.

Remark 3 A slight modification in the construction of v, given by Lemma 10,
allows to obtain the following further property in the statement of Proposition 8:
given any € > 0 and any ball B, CC €2, one can choose hy and Ky such that

HhO”Ll <e and K;C B,.

Theorem 1 is now a consequence of Proposition 8:

Proof of Theorem 1. Given g, let hy, K be as in the statement of Proposition 8.
Since cap (Kp) > 0, there exists a diffuse measure ¢ > 0 concentrated on Ky such
that o(Kp) =1 (see e.g. [8]). Let u = hg + 0. By Proposition 8, we have u # u*.
Thus, u € G(g). m

A slightly stronger version of Theorem 1 is the following

Theorem 17 Given g, let hg € L*(Q) and Ko C Q be given by Proposition 8. Let

o be a nonnegative diffuse measure supported in Ko. If o is good, then
lollae < llhollL (8.22)

Proof. Assume o is good. By Proposition 8, we have (hg+0)* = hg. Recall that,
by Theorem 5, (ho 4+ 0)* is the closest good measure to hg + 0. Thus,

||O'||M = H(ho-i-O’) — (ho—‘rJ)* M < H(ho-i—o‘) —O’HM = HhoHLl.
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Corollary 4 Given g, there ezists a diffuse measure p > 0 such that ep is not

good for any € > 0.

Proof. Using Remark 3, we can take sequences of disjoint compact sets (K;) in
Q and L'-functions (h;), such that each pair Kj, h; satisfies the assumptions of
Proposition 8 and

1
Iyl < 5
Let h = Ej h; € L'(Q). For each j > 1, we fix a diffuse measure o; > 0
L. Let p = >.; 05 € M(). Assume by
contradiction that eu is good for some ¢ > 0. Since

concentrated on K; such that ||oj||m =

ep>eo; Vj>1,

then €0, is also good. By Theorem 17, this gives

(172 1
llosllae

IN

1 .

As j — 400, we get a contradiction. [

Imposing some additional assumption on the nonlinearity g one can construct
a measure 4 of the form pu = 0 H*| k, for some o > N — 2, such that u € G(g). To

this purpose, one first needs a slight modification of Lemma 10:

Lemma 11 Assume g is given by

o) = —1 1 vie,1), (8.23)
(1—0)F

where 3 € (0,2). Then, for any a € (0,3), there exists © € Co() such that

A e LY(Q), 9<1inQ, HVN **([5=1]) € (0,00) and g(v) € L'(Q).
(8.24)

Proof. We just need to adapt the proof of Lemma 10. We shall consider both
cases N > 3 and N = 2 simultaneously. Let ¥ be given by (8.7). Using the same
notation as before, we let

— —mNj
Q= Gy, 2 )

where
<m< (8.25)




and the constant a,, is chosen so that (8.8) holds. Observe that the range of
admissible m given by (8.25) is nonempty since 0 < a < 8 < 2.
Next, we let k; = j and

lp =2 %25 Yk > 1. (8.26)
With (¢y) defined as above, one can show that (see e.g. [18])

HY 2 (F) € (0,00),

where ' = (; F; = [0 = 1]. We now prove (8.11) (or, equivalently, (8.20) if
N = 2). Note that, with our choices of («;) and (¢;), the left-hand side of (8.11)
reduces to - -

" gmNiZE o o-wits — S 2N (35wt

j=1 j=1
which is finite, by (8.25). We now assume N > 3. Note that (8.10) becomes

o0 o0

. . N(N-2)j . o
227mNJ QNg 27 N—2Fa = ZQ*NJ (m*m) < 00,
Jj=1 Jj=1

which clearly holds in view of (8.25). Similarly, if N = 2, then one easily checks
that (8.19) is also satisfied. Proceeding as in the proof of Lemma 10, we conclude
that (8.24) holds. n

As a consequence, we have the following

Theorem 18 Given 8 € (0,2), let g be given by (8.23). Then, for any o € (0,3),
there exist 6y > 0 and K C Q compact, HN2T%(K) € (0,00), such that

OHN 2T ) € G(g)  implies 6 < 6. (8.27)
Proof. Let
ho=[-Ab+g@)]" and K=[o=1],

where 0 is given by Lemma 11 above. Proceeding as in the proof of Proposition 8,

we have
(ho + O HN =22 )" = ho V8 > 0.

Therefore, if § HY~2+%| i is good, then as in the proof of Theorem 17 we conclude
that
OHN "2T(K) < ||ho| -

. R
In other words, (8.27) holds with 6 = wvﬂ—giﬂﬁl(m "
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9 Further properties of u* and G

In this section we prove some properties of the reduced measures, which should be
compared with those in [4]. In particular, we start by showing that the reduced
measure ¥ need not be the largest good measure < p, contrarily to what happens

when g is everywhere defined. In fact, we have
Proposition 9 There exists p € M(QY), u > 0, for which the set
INegia<p) (0.1)

has no largest element.

Proof. Let Ky, hg be given by Proposition 8. Let o be the capacitary measure
associated to Ky. In particular, ¢ is a nonnegative measure concentrated on Ky;
moreover, o is good (see Proposition 7). Let 4 = hy + 0. By Proposition 8,
uw € G(g). Assume by contradiction that the set given by (9.1) has a largest
element, say v < pu. Clearly, v > hg and v > . Thus,

v > sup{ho,0} = ho+0 = p.

We deduce that v = pu, so that u is a good measure. This is a contradiction.

Note that the same argument can be used to establish the next results (in what
follows, o is the capacitary measure associated to K, with Ky and hg being given

by Proposition 8).

Proposition 10 There exist good measures p,v > 0 such that sup {p,v} is not

good.

Proof. Take p = hg, v = ¢ and use Proposition 8. ]

Proposition 11 There exist diffuse measures p,v > 0 such that v < p but u* —v*
is not > 0.

Proof. Take = hg+ o and v = 0. [

Similarly, the mapping p — p* is not a contraction. More precisely,
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Proposition 12 There exist diffuse measures p,v > 0 such that

= wllm < [lp* = v ane
Proof. Take = ho+ o0 and v = 0. n

We conclude with the following

Proposition 13 The set G is not conver.

Proof. By Theorem 1, there exists p diffuse such that p € G. Applying Theorem 3
in [4], we can decompose p as
p=f+Auv,

where f € LY(Q), v € H}(Q) N C(Q) and ||v||pe<
A(2v) € G; however,

%. In particular, 2f € G and
2f + A(2v)

5 =pég.
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