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Abstract

We determine the lower central series and corresponding residual proper-
ties for braid groups and pure braid groups of orientable surfaces.

1 Introduction

Surface braid groups are a natural generalisation of the classical braid groups (cor-
responding to the case where X is a disc) and of fundamental groups of surfaces
(corresponding to the case n = 1). They were first defined by Zariski during the
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1930’s (braid groups on the sphere had been considered earlier by Hurwitz), were
re-discovered by Fox during the 1960’s, and were used subsequently in the study of
mapping class groups.

We recall two definitions of surface braid groups. In Section .3, we shall give a
third equivalent definition using mapping class groups.

Surface braid groups via configuration space. Let X be a connected, ori-
entable surface. Let F,(X) = X" \ A, where A is the fat diagonal, i.e. the set of
n-tuples z = (x1,...,2,) for which z; = x; for some ¢ # j. The fundamental group
m1(Fo(X)) is called the pure braid group on n strands of the surface ¥; it shall be
denoted by P,(X). There is a natural action of the symmetric group S,, on F,(X) by

—

permutation of coordinates. We denote by F,,(X) the quotient space F,,(X)/S,. The

fundamental group ﬂl(FT(E)) is called the braid group on n strands of the surface
3; it shall be denoted by B, (X).

Surface braid groups as equivalence classes of geometric braids. Let
P = {p1,...,pn} be a set of n distinct points (punctures) in the interior of X.
A geometric braid on ¥ based at P is a collection (¢4, ...,1,) of n disjoint paths
(called strands) on ¥ x [0, 1] which run monotonically with ¢ € [0, 1] and such that
¥;(0) = (p;,0) and ¢¥;(1) € P x {1}. Two braids are considered to be equivalent
if they are isotopic. The usual product of paths defines a group structure on the
equivalence classes of braids. This group, which is isomorphic to B, (%), does not
depend on the choice of P. A braid is said to be pure if ¢;(1) = (p;, 1) for all
i =1,...,n. The set of pure braids form a group isomorphic to P, (%).

Given a group G, we define the lower central series of G inductively as follows:
set I'1(G) = G, and for i > 2, define I';(G) = [G,T;_1(G)]. The group G is said to
be perfect if G = I'y(G). From the lower central series of G one can define another
filtration D1(G) 2D Do(G) 2 --- by setting D1(G) = G, and for i > 2, defining
D;(G) ={z e G|z € [';(G) for some n € N*}. Following Garoufalidis and Levine
[GLd], this filtration is called the rational lower central series of G.

Following P. Hall, for any group-theoretic property P, a group G is said to be
residually P if for any (non-trivial) element x € G, there exists a group H with the
property P and a surjective homomorphism ¢: G — H such that p(z) # 1. It is
well known that a group G is residually nilpotent if and only if (., I(G) = {1}.
On the other hand, a group G is residually torsion-free nilpotent if and only if
Ny Di(G) = {1}.

This paper deals with combinatorial properties of surface braid groups, in par-
ticular, their lower central series, and their related residual properties. In the case
of the disc D? we have that B, (ID?) is residually nilpotent if and only if n < 2, and



if n > 3 then I'3(B,(D?)) = I'y(B,(D?)) (see Proposition f]). Moreover, Gorin and
Lin [GI]] showed that T'y(B,,(D?)) is perfect for n > 5.

The case of the sphere S? and the punctured sphere has been studied by one of
the authors and D. Gongalves [[GGJ]: in particular B,,(S?) is residually nilpotent if
and only if n < 2 and for all n > 3, ['3(B,(S?)) = ['y(B,(S?)).

Our main results, which concern orientable surfaces of genus at least one, are as
follows.

THEOREM 1 Let ¥, be a compact, connected orientable surface without boundary,
of genus g > 1, and let n > 3. Then:

(a) T1(Bu(S)/Ta(Bu(E,)) = 2% & Ly,
(b) Da(Bu(S))/Ta(Bal2,) = L1y,
(¢) T's(Bn(3y)) =La(B,(E,)). Moreover I's(B, (%)) is perfect for n > 5.
(d) B,(%,) is not residually nilpotent.
This implies that braid groups of compact, connected orientable surfaces without

boundary may be distinguished by their lower central series (indeed by the first two
lower central quotients).

THEOREM 2 Let g > 1, m > 1 and n > 3. Let ¥,,, be a compact, connected
orientable surface of genus g with m boundary components. Then:

(a) T1(Bu(Egm))/T2(Bn(Sgm)) = 229771 @ L.

(b) Ta(Bn(Egm))/Ts(Bn(Egm)) = Z.

(c) Ts3(Bn(Xym)) =Ta(Bn(X,m)). Moreover I's(B,(X,,m)) is perfect for n > 5.
(d) By, (X4m) is not residually nilpotent.

Braid groups on 2 strands represent a very difficult and interesting case. In the
case of the torus, we are able to prove that its 2-strand braid group is residually
nilpotent. Further, using ideas from [GGZ| and results of [[Gd], we may show that
apart from the first term, the lower central series of Bo(T?) and Zsg * Zy * Zy coincide,

and we may also determine all of their successive lower central quotients. More
precisely:

THEOREM 3

(a) By(T?) is residually nilpotent.
(b) For alli>2:

(i) Ti(Bo(T?)) X Ty(Zy * Zoy x 7).



(ii) Ti(Bo(T?))/Ti11(Bo(T?)) is isomorphic to the direct sum of R; copies of Zs,
where:

1—2

R, = Z i (Z ;J) k&k_ and  kay = 28 + 2(—1)".

7 —
Jg=1 \ k|i—j J
k>1

(c) Bo(T?) is not residually torsion-free nilpotent.

Finally, as we shall see in Proposition [[4, By(T?) is not bi-orderable (see Section
for a definition).

In Section [}, we recall the relations between mapping class groups and surface
braid groups, and prove that pure braid groups of the torus and of surfaces with
boundary components are residually torsion-free nilpotent. This is achieved by
showing that they may be realised as subgroups of the Torelli group of a surface
of higher genus (Lemma [[J), which is known to be residually torsion-free nilpotent
(see for instance [H]). We note that the embedding proposed in Lemma [ does not
hold when the surface is without boundary (see Remark P0).

Acknowledgements The authors are grateful to I. Marin for pointing out the
relevance of the notion of residual torsion-free nilpotence, to V. Bardakov for useful
suggestions, and to L. Paris for the reference [H].

2 Lower central series for Artin-Tits groups

Let us start by recalling some standard results on combinatorial properties of braid
groups. The following result is well known (see [[GIJ for instance).

PROPOSITION 4 Let B,, be the Artin braid group on n > 3 strands.
Then T'1(B,)/T9(B,) = Z and T'y(B,) = T's(B,).

Proof. Let us give an easy proof of the second statement (we use an argument
of [GGY). Let {o1,...,0,_1} be the usual set of generators of B,; the classical
relations of B,,, referred to hereafter as braid relations, are as follows:

oi0;j =050, forall 1 <i,j <n—1and |i —j| > 2, (1)
0:0i110; = 0410041 for all 1 <i <n—2. (2)
From this, we see that B, /T's(B,,) is isomorphic to Z.
Consider the following short exact sequence:

F2<Bn) Bn p Bn
— — — ,
FB(BH) F3<Bn> F2<Bn>
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Since all of the o; € B, /I's(B,) project to the same element of B, /T'3(B,), for
each 1 < ¢ < n —1, there exists t; € I'y(B,,)/T'3(B,) (with t; = 1) such that o; =
tioy. Projecting the braid relation (f]) into B, /T's(B,), we see that t;01t;1101t;00 =
tiv101t;o1ti 101, But the ¢; are central in B, /TI'3(B,,), so t; = t;11, and since t; =
1, we obtain 09y = ... = 0,_1. So the surjective homomorphism p is in fact an
isomorphism. |

We recall that classical braid groups are also called Artin-Tits groups of type A.
More precisely, let (I, S) be a Coxeter system and let us denote by my ; the order
of the element st in W (for s,t € §). Let By be the group defined by the following
group presentation:

By = (S|st--,=ts--. forany s #te S with m,; < +00)

ms,t Mms, t

The group By is the Artin-Tits group associated to W. The group By is said to be
of spherical type if W is finite. The kernel of the canonical projection of By, onto
W is called the pure Artin-Tits group associated to W.

PROPOSITION 5 Let By be an Artin-Tits group of spherical type, with W different
from the dihedral group Is,,. Then:

i) T1(Bw)/To(Bw) is isomorphic to Z or Z2.

Proof. Considering By, equipped with the previous group presentation, it is easy
to calculate the Abelianisation. Using the same argument as in Proposition [, one
deduces that if s and t are two generators of an Artin-Tits group of spherical type
By then they are identified in By, /T's(Bw) if ms ; is odd. This argument allows us
to prove that By /I'3(Byw) is isomorphic to By /I'y(By) for almost all Artin-Tits
groups of spherical type, the only exception being that of the one-relator group
Byp,,, = (a,b](ab)™ = (ba)™) (for m > 1), since the defining relation is of even
length. |

REMARKS 6 The Artin-Tits group By,,, = (a,b| (ab)™ = (ba)™) is residually nilpo-
tent if and only if m is a power of a prime number. Indeed, by taking ¢ = ba, it
is readily seen that the group By, is isomorphic to the Baumslag-Solitar group of
type (m,m), BS,, = {(a,c||a, ¢™] = 1), which is known to be residually nilpotent
if m is a power of a prime number. Conversely, let G be a one-relator group with
non-trivial centre. According to [Mc({|, G is residually nilpotent if and only if one
of the following holds:

i) G is Abelian.



it) G is isomorphic to a Baumslag-Solitar group of type (r,r), with r a power of a
prime number.

iii) G is isomorphic to G, = (m,n|mP = n9) where p and ¢ are powers of the
same prime number.

Suppose that By,  is residually nilpotent. The group By, is not Abelian for m > 1,
and it cannot be isomorphic to a group G, , since they have different Abelianisa-
tions. Therefore By,  is isomorphic to a Baumslag-Solitar group of type (r,r) with
r a power of a prime number. But as we remarked, By, 1is also isomorphic to the
Baumslag-Solitar group of type (m,m), in which case m = r, by a result of Mol-
davanskii on isomorphisms of Baumslag-Solitar groups ([Mol]). It thus follows that
By, is residually nilpotent if and only if m is a power of a prime number.

On the other hand, it is well known that pure braid groups are residually torsion-
free nilpotent [FR]. Using the faithfulness of the Krammer-Digne representation,
Marin has shown recently that the pure Artin-Tits groups of spherical type are
residually torsion-free nilpotent [M)].

The fact that a group is residually torsion-free nilpotent has several important
consequences, notably that the group is bi-orderable [MR]. We recall that a group
G is said to be bi-orderable if there exists a strict total ordering < on its elements
which is invariant under left and right multiplication, in other words, g < h implies
that gk < hk and kg < kh for all g, h,k € G. We state one interesting property
of bi-orderable groups. A group G is said to have generalised torsion if there exist
g,hi, ..., hg, (g # 1) such that:

(highi")(haghyt) - -+ (hyghy') = 1.

ProprosITION 7 ([KK]) A bi-orderable group has no generalised torsion.

The braid group B, is not bi-orderable for n > 3 since it has generalised torsion
(see [N] or [Bd]). As we shall see in Section [, By(T?) is residually nilpotent, but is
not bi-orderable.

3 Lower central series for surface braid groups on
at least 3 strands

3.1 Surfaces without boundary

This section is devoted to proving Theorem [ Let ¥, be a compact, connected ori-
entable surface without boundary, of genus g > 0. We start by giving a presentation

of B, (%,).



THEOREM 8 ([B/) Let n € N. Then B, (X,) admits the following group presenta-
tion:

Generators: ay,by,...,a4,by,01,...,0,_1.
Relations:
o;0; = 0jo; if [i — j| > 2 (3)
0:0i410; = 04100441 for all 1 <i<n —2 (4)
cioj=o0jc forallj>2,¢;=a; orb andi=1,....g (5)
Cio1C;01 = 01¢;01¢; forc;=a; orb; andi=1,...,g (6)
a;o1b; = o1bora;01 fori=1,...,¢ (7)
cl-aflcjal = aflcjalci forc;=a; orb;, cij=ajorbjandl1 <j<i<g (8)
g
H[a;l, bil =01 0pn_902 (Op_g---01. (9)
i=1

—~—

Proof. Let B, (3,) be the group defined by the above presentation, and let B, (%)
be the group given by the presentation of Theorem 1.2 of [B]. Consider the homo-

morphism ¢: B, (2,) — B,(%,) defined on the generators of B,,(X,) by ¢(0;) = 0,
(for j=1,....,n—1), p(a;) = a; ' and ¢(b;) = b;* (fori =1,...,g). It is an easy
exercise to check that ¢ is an isomorphism. |

Proof of Theorem [i.

(a) Consider the group Z* @ Z, defined by the presentation (cy, ..., o, 0| 0% =
[ciye5] = [ei,o] =1, for 1 < 4,5 < 2¢) and B,(X,) with the group presentation
given by Theorem J. Tt is easy to check that the homomorphism

0: T1(Ba(5,))/Ta(Bu(E,)) — 7% & Z,

which sends ay, to cor—1, b to co; and every o; to o is indeed an isomorphism.

(b) Let us start by determining a group presentation for B, (X,)/I's(B,(%,)). Let
q be the canonical projection of B,,(X,) onto B, (3,)/I's(B,(X,)). As in the proof of
Proposition fll, the braid relations (f]) imply that ¢(oy) = -+ = g(0,,—1); we denote
this element by o. This implies that the projected relations (J) are trivial. For
i =1,...,g, let us also denote ¢(a;) by a; and q(b;) by b;. Since n > 3, we see
from relations (f) that o is central in B, (3,)/I's(B,(X,)) and hence the projected
relations (f) become trivial. From relations (§), for all 1 < 4,5 < g, ¢ # j, one
may infer that [a;,b;] = [a;,a;] = [bi,b;] = [bi,a;] = 1 in B,(3,)/T3(B(%,)).
Relations ([) and () imply that [b;,a;] = =2 for all = 1,..., g, and [[%_,[a; ", b;] =
0?1 respectively. Conjugating the latter equation by a; - - -ag yields T2, [bi, a;] =
o*™=Yin B,(3,)/Ts(B,(%,)) (recall that a; commutes with a; and b; if i # j), and
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hence 029 = [[%_,[b;, a;] = 0"V, Therefore, 0?9*"~Y = 1in B,(%,)/T3(B.(%,)).
Summing up, we have obtained the following information:

B, (%,)/I3(B,(%,)) is generated by ay,b,...,a,,b, and o
ar,bi,..., a4 b, and o commute pairwise except for the pairs (a;, b;)i=1,.4 (10)
[a17b1] — e e = [a’g7 bg] e C)'27 0‘2(n+g_1) = 1
The remaining relations of B, (%,)/I's(B,(2,)) are those of the form [[z, y], 2] = 1
for all x,y,2 € B,(3,)/I's(Bn(X,)). We claim that such relations are implied by
those of ([[0). To see this, recall that T'y(B,,(X,)/T'3(B,(2,))) is the normal subgroup
of B,(X,)/I's(Bn(X,)) generated by the finite set of commutators [a;,a;], [b;,b;],
lai, bj], [ai, bi], [ai, o] and [b;, 0], for 1 <7 # j < g. But the relations of ([[0) imply
that these commutators are all trivial, with the exception of [a;, b;] for 1 < i < g,
which is equal to o?. Since o is central in B,(%,)/T's(B,(%,)), we conclude that
Do(B,(3,)/T3(B,(3,))) = (¢?), and that [[z,y], z] = 1 as claimed. Hence ([0) is a
group presentation for B,(X,)/I's(B,(2,)).
Now consider the following exact sequence:

PQ(Bn(Zg)) Bn(zg) P Bn(zg)

PRGBS, TaBaS)  Ta(Ba(ny)

From the presentation of B,,(3,)/T's(B,(3,)) given by ([L0), one sees that every ele-
ment = of B,(X,)/Ts(B,(X,)) may be written in the form af'b¥" - - -al'by?o®. Since
B,(3,)/T2(Bn(X,)) is isomorphic to Z* & Z,, the factors being generated respec-
tively by p(ai1),p(b1),...,p(ay),p(by) and p(o), if x € Ker(p) then j1 =k = ... =
Js = k, = 0 and p is even, so Ker(p) C (0?). The converse is clearly true and so
Ker(p) = (0%).

Let d denote the order of o® in B,(%,)/I's(B.(%,)). From ([0), we have that
d divides n + g — 1. To complete the proof of part (H) of Theorem [l], it suffices to
show that n 4+ g — 1 divides d.

Let G be the group generated by elements ay, by, ..., a,4, b, and o, whose relations
are 029~ = 1 and the generators commute pairwise except for the pairs (a;, b;)
fori =1,...,9. Then G = (®_,Fa(a;,b;)) ® Zonig—1), where Fy(a;,b;) denotes
the free group of rank 2 generated by a; and b;. Let N be the subgroup of G
normally generated by the elements [a1, b1]o™2, ..., [ag, byJo 2, and let p denote the
canonical projection G — G/N. Then G/N = B, (%,)/I's(B,(X,)) by the group
presentation given in ([Q). The cosets modulo N of the elements ay, by, ..., a,, b,
and o of G may be identified respectively with the elements a;,by,...,a,4,0, and
o of B,(X,)/Ts(Bn(X,)). Further, by applying the relations of G, any element
of N may be written in the form [T, ([T}%, wi,[as, bi]**u; ') o 2(Xh(E3 %))’
where m; € N for alli = 1,...,g, and for all £ = 1,...,my, u;, € Fa(a;, b;) and
g;, € {1,—1}. Since 6% = 1in B,(3,)/T3(Bn(%,)), and soin G/N, considered as an
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element of G, it follows that 02? belongs to Ker(p). Hence for all i =1, ..., g, there
exists m; € N, and for 1 < k < my, there exist u;, € Fo(a;,b;) and ¢;, € {1,—1}

such that ¢! = [T/ ( ?21 Uy, [az,bz]eikui_kl) U_Z(Zgﬁ(zzzl €'k>> Thus:

(d+Z, 1 Zk 1 Elk

g

)

From the structure of G, it follows that both the right- and left-hand sides are
equal to 1. Moreover, T'y(G) = @_;T9(Fa(a;, b;)). Let 1 < i < g. Projecting the
right-hand side of equation ([T]), which belongs to I's(G), into 'y(Fa(a;, b;)), and
then into Ta(Fa(as, b;))/Ts(Fa(as, b)), we observe that [a;, b;]=%=1 % = 1. But this
quotient is an infinite cyclic group [MKY], hence Y ;" &, =0fori=1,...,¢ and
therefore > 7, (312, €;,) = 0. Thus the left-hand side of equation ([[1]) reduces to
0% =1in G, and so n + g — 1 divides d. It follows that o is of order 2(n + g — 1)
in B, (X,)/T's(B,(X,)) as claimed.

(c) Let H denote the normal closure in B,(3,) of the element oy0,"'. Using the
Artin braid relations, one may check that in B, (X,)/H, the o; are all identified to
a single element, o, say, and then that equation ([[]) defines a group presentation
for B,(X,)/H. Thus B, (X,)/H = B,(%,)/I's(B,(3,)) via an isomorphism ¢. Now
B, (X,) contains a copy of the usual Artin braid group B,, which is generated by the
0;. From the Artin braid relations, it follows that I's(B,,) is the normal closure in
B,, of the elements aia;fl, 1 <4 <n— 2. Moreover, since ai+1ai_+12 o; 10;3101 +12
crial-;ll 014204410 for all 1 < i < n — 3, we see that I'5(B,,) is the normal closure
in B, of just o105 ', and thus N,z (I2(By)) = H (if X is a subset of a group G,
then we denote its normal closure in G by Ng(X)).

Since I's(B,,) = I'2(B,,) (by Proposition f]), we have I'y(B,(3,)) 2 I'«(B,) =
I'y(B,,). Taking normal closures in B, (%,), we deduce that H is a normal subgroup
of I'y(B,(%,)), and hence we obtain the following commutative diagram:

Bn(Eg)/F£<Bn<2g)> —1
Bn(zg)/ri%(Bn(Zg))-

Since ¢ is an isomorphism, so is the vertical arrow, and hence its kernel
[3(Bn(2y))/T4(By(X,)) is trivial. This proves the first part of (). To prove the
second part, we have just seen that the normal closure H of I'y(B,) in B,(%,), is
isomorphic to I's(B,(X,)) (they coincide in fact). Since I'z(B,) is perfect for all
n > 5 [GI], so are H and I's(B,(%,)).

(d) We first remark that I's(B,(X,)) # {1}. For if I's(B,(X,)) were trivial, by (g),
we would have I's(B,(3,)) = Zn—144. But by [VB], B.(%,) is torsion free, which

1 ——Tu(Bn(3))/H — Bu(%,)/H

IR

9



yields a contradiction. From this it follows that (), Ii(Bn(Xy)) # {1}. This
completes the proof of the theorem.

REMARK 9 Given a group G, the property that the ith term I';(G) is perfect implies

3.2 Surfaces with non-empty boundary

In this section, we study the case of orientable surfaces with boundary, and prove
Theorem . We identify ¥, with ¥,. As in Theorem [, from Theorem 1.1 of [B],
one obtains the following presentation of B, (¥, ,).

THEOREM 10 Let n € N. Then B,(X,,,) admits the following group presenta-
tion:

Generators: ay,by,... a4, by, 21,. .. Zm_1,01,...,0,-1.

Relations:

Relations (@) — () of Theorem

2i0; = 0% forallj>2andi=1,...,m—1
Z2i012;01 = 012;01%; fOTi: 1, N 1
zicrl_lzjal = al_lzjcrlzi forir<j<i<m-—1

ciaflzjalzaflzjalci forci=a; orb,i=1,...,gand j=1,...,m—1.

Proof of Theorem [. Statement (H) may be proved in the same way as (H) of
Theorem .

We now prove part ([). As in the proof of part () of Theorem [Il, one may
check that To(B,(2gm))/Ts(Bn(Xym)) = (0?), where for all i = 1,...,n — 1, o is
the projection of o; in B,,(Xym)/T3(Bn(Zym). It thus suffices to show that o2 is of
infinite order.

Instead of repeating the arguments used in Theorem [, we propose a different
proof, based on geometric relations between surface braid groups. Suppose that
02d = 1 for some d € N. This is equivalent to saying that 024 belongs to I'3(B,,(3Zy.m))
foralle=1,...,n— 1.

Let 1 < ¢ < m. To each boundary component &; of 3 ,, let us associate a
surface X, ; of positive genus g;. We choose the g; so that h = g+ > ¢; >
d— (n—1). Let X} denote the compact, orientable surface without boundary and
of genus h obtained by glueing 0%, 1 to 0; for all i = 1,...,m. The embedding of
Y,m into 3, induces a natural homomorphism ¢ between B, (X,,,) and B, (X),

10



sending geometric generators of B,,(X,,,) to the corresponding elements of B, (X).
In particular, ¢(0;) = o; foralli=1,...,n — 1.

Since ¢ belongs to ['3(B,(3,m)), it follows that ¢(c24) = ¢2* belongs to
['3(B,(X1)), and hence 024 = 1 in I'y(B,(21))/Ts(B,(X1)) (recall that, by The-
orem [, T5(B,(X1))/T3(Bn(Xr)) = (02) = Zpyyn_1). But this would imply that
h+n —1<d — a contradiction. This proves part (H).

Part () may be proved in the same way as (f) of Theorem [ll; indeed, the quotient
B,(Xy.m)/Ts(Bn(24.m)) has a presentation similar to that of (I0) (with the z; central,
but without the last relation), and is isomorphic to B, (X,,,)/H, where H is the
normal closure of oy0;,"' in B,(X,,,), and thus is equal to the normal closure of
I'5(B,) in By(X,,,). As in Theorem [l one may show that H = I's(B,(Z,,,) is
perfect for n > 5.

Finally, to prove part (), as in Theorem [[]it suffices to prove that I's(B,,(2,.m,)) #
{1}. Suppose that ['s(B,(3,,)) = {1}. Then I's(B,,(X,,,)) = Z by (H), and since
B,(X,m) D By, it follows that I'y(B,,) is cyclic; but since n > 3, this contradicts
the results of [GIJ. 1

4 Braid groups on 2 strands: properties and open
questions

The aim of this section is to prove Theorem . Consider first the group presentation
given by Theorem [, and take n = 2 and g = 1. Setting @ = aoy, § = bo; and
v = aob, one obtains the following presentation of By(T?):

THEOREM 11 ([BQ|]) Bs(T?) is generated by o, 3 and vy, subject to the relations:

a? and 3? are central
Q2B = 2.
Further, o and 3 generate the centre of Bo(T?).
Let p: By(T?) — By(T?)/Z(B5(T?)) denote the canonical projection. From this
presentation, it follows that By(T?)/Z(By(T?)) is generated by @ = p(a), 8 = p(5)

and 7 = p(7), subject to the relations a* = BQ =7 = 1. So By(T?)/Z(B,(T?)),
which we identify with Zy % Zg * Zs, is the Coxeter group W (@, 3,7) associated to

the free group Fs(a@, 3,7), and By(T?) is a central extension of W (@, 3,7%):

1 — Z(By(T?)) — By(T?) 25 Zy % Zy % Zy — 1.
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This presentation of By(T?) was considered in [BG], where the following length
functions (5, {3 were defined. If z € {a, 3,7}, set:

Ea(x):{ lifr #«

0if xr = a,

and similarly for £3. From Theorem [, it follows that each of ¢5 and {5 extends to

a homomorphism of By(T?) onto Z.
The following observation will be used in the proof of Theorem f

PROPOSITION 12 The intersection of T'y(By(T?)) and Z(By(T?)) is trivial.

Proof. Let x € Z(By(T?)). By Theorem [, there exist m,n € Z such that x =
a®™b?", and thus lz(z) = 2n and l5(x) = 2m. But z € [y(By(T?)), so la(x) =

{3(x) = 0. We conclude that m =n = 0, and hence z = 1. |

We are now able to prove Theorem [.
Proof of Theorem [. Set G = Zg * Zg x Zs.

(a) Suppose that z € (),oy [i(B2(T?)). Then p(z) € (;ey Li(G), but since G
is residually nilpotent [G], it follows that z € Ker(p) = Z(By(T?)). So # = 1 by
Proposition [[2, and hence By(T?) is residually nilpotent.

(b) (i) Let us consider the following commutative diagram of short exact sequences:

1 ——T'2(B2(T?)) —= Ba(T?) —= B, (T?)/T2(Ba(T?)) — 1

N

1 I5(G) G G/T5(G)

1

The first and third vertical arrows are those induced by p. More generally, for ¢ > 2,
let p;: T3(By(T?)) — I';(G) denote the epimorphism induced by p. But it follows
from Proposition [[J that p, is also injective, so is an isomorphism. Since for i > 3,
p; is the restriction of py to I';(B2(T?)), p; is an isomorphism too.

(ii) From (B)(f), it follows that T';(By(T?))/Ti11(B2(T?)) = I'i(G)/Ti11(G), so it
suffices to prove the result for G. We break the proof down into two parts as
follows:

(1). Recall that the elements @, 3 and 7 are each of order 2, and generate G.
We claim that every non-trivial element of I';(G)/I';+1(G) is of order 2. Since
I';(G)/Ti11(G) is a finitely-generated Abelian group by [MKY], this will imply that
it is isomorphic to a finite number, R; say, of copies of Z,. To prove the claim, recall
from [MKY] that I';(G)/T;11(G) is generated by the cosets modulo I';y1(G) of the
i-fold simple commutators [[- - - [[p1, pa], p3] - - - , pi—1], pi], where p; € {@, 3,7} for all

12



1 < j <. We argue by induction on ¢ > 2. Firstly, let i = 2. Then I'y(G)/T'3(G)
is generated by the cosets of the [py, pa]. But modulo T's(G), [p1, p2]? = [p3, p2] = 1,
and since I'o(G)/I'3(G) is Abelian, this implies that all of its non-trivial elements
are of order 2. Now suppose that ¢« > 3, and suppose by induction that the result
holds for i — 1, so that 22 = 1 modulo T;(G) for all z € T';_1(G). Every i-fold sim-
ple commutator may be written in the form [z, p;|, where z is a (i — 1)-fold simple
commutator, so belongs to I';_1(G), and p; € {a, Bﬁ}, so belongs to GG. By the
induction hypothesis, 2* € T;(G), so [z, p;]* = [2°, p;] = 1 modulo I';;1(G), and once
more, since I';(G)/I41(G) is Abelian, all of its non-trivial elements are of order 2.
This proves the claim.

(2). The number R; of summands of Z, is given by Theorem 3.4 of [[Ga]. We refer
to Gaglione’s notation in what follows. Since U, (z) = 0, the R?_ are all zero (R7_
represents the rank of the free Abelian factor of I';(G)/I'j11(G)), and so R; is as
given in the statement of the theorem. It just remains to determine kay for all
k > 2. A simple calculation shows that 1 — U(x) = (1 + z)?(1 — 2z), hence:

2 2

d

dx

and that for k > 2,

dF 1 2 2k
Eghm1—U@»:(—n“(k—U!Qx+Dk+CM_1y)~

1 dF
kay = o (@ In(1-— U(x)))

=28 L 2(—1)",
=0

as required.

(¢) Given a group G, the quotient group D;(G)/D;1(G) is torsion free and it is
isomorphic to I';(G) /T";11(G) modulo torsion, for ¢ > 1 [B]. Therefore, from part (b)
one deduces that Do(By(T?)) = D3(Bs(T?)). On the other hand one can easily
verify that By(T?)/Ta(By(T?)) =2 Z? & Zy and therefore By(T?)/Dy(Bo(T?)) =2 Z2.
Since By(T?) is not Abelian, it follows that Dy(By(T?)) is not trivial and then
Mien Di(Bao(T?) # {1},

1

REMARKS 13 From Theorem B one concludes that I';(B2(X1,)) # [it1(B2(X1,))-
On the other hand, the group I'y(B2(X,,)) is generated by the set of conjugates of
the commutators of the form [g, ¢’], where g, ¢’ are generators of By(3,,). There-
fore I'y(B2(X,,)) C Pa(X,,). Since Po(X,,) is residually nilpotent for p > 1 (see
Section [l), one deduces that By(X, ;) is residually soluble for p > 1. The question of
whether By(X) is in fact residually nilpotent, when ¥ is a surface of positive genus
possibly with boundary different from the torus, is open.

13



To finish this section, we prove the following result:
PROPOSITION 14 The group By(T?) is not bi-orderable.

Proof. Consider By(T?) with the group presentation in Theorem [[1. Set g = a3y~
The following equality holds in By(T?):

() glar)) (v g7 (a ga)(g) = 1.

Since g # 1, the group By(T?) is not bi-orderable by Proposition [. |
Let ¥ be an orientable surface, possibly with boundary. If n > 3, B,(¥) is
not bi-orderable since it contains a copy of B,, which is not bi-orderable [Gd|. If

n = 1, the group B;(X) is isomorphic to 7 (X) which is known to be residually free.
Therefore it is also residually torsion-free nilpotent and hence bi-orderable.

REMARK 15 If X is an orientable surface, possibly with boundary, different from the
torus, the sphere and the disc, the question of whether By(Y) is in fact bi-orderable
is open.

5 Residual torsion free nilpotence of surface pure
braid groups

In this section we give a short survey on relations between surface braids and map-
ping classes, and we show that pure braid groups of surfaces with non-empty bound-
ary may be realised as subgroups of Torelli groups of surfaces with one boundary
component.

5.1 Surface pure braid groups

We start by recalling a group presentation for pure braid groups of surfaces with
one boundary component [[H].

THEOREM 16 Let ¥, be a compact, connected orientable surface of genus g > 1
with one boundary component. The group P,(X,1) admits the following presenta-
tion:

Generators: {A;;|1<i<2¢g+n—-1,29+1<j<2g9+n,i<j}.

14



Relations:

PR1) A7'A A=A, ifli<j<r<s)or(r+1<i<j<s),
1,] > 5J )

or(i=r+1<j<s forevenr <2gorr>2g);

(PRQ) Ai_’]'lAj,sAi,j = Ai,sAj,sAi_,g,l Zf (’L <j < 5) ;

(PRS) A;j»lAi7SAi7j = Ai,sAj,sAi,sA;;A;; Zf (Z < j < 5) ;

(PR4) A;j‘lAr,sAi,j - AZ,SAJ,SA;;A;;Ar,sA],sAz,sA;slA;Sl
ifi+1<r<j<s)or
(i+1=r<j<sforodd r<2gorr>2g));

(ER]) A;J}LjAT’sATJrLj == AT,SATJFLSA;;A;—&LS
if rodd and r < 2g;
(ERQ) A;_leAr,sArfl,j = Arfl,sAj,sAil Ar,sAj,sArfl,sAjislAil

r—1,s r—1,s

if meven and r < 2g.

As a representative of the generator A, ;, we may take a geometric braid whose
only non-trivial (non-vertical) strand is the (j —2g)th one. In Figure [, we illustrate
the projection of such braids on the surface X,; (see also Figure 8 of [B]). Some
misprints in Relations (ER1) and (ER2) of Theorem 5.1 of [B] have been corrected.

A1,29+ 1 AZg, 2g+2 A29+ 2,2g+n

Figure 1: Projection of representatives of the generators A; ;. We represent A; ; by
its only non-trivial strand.

With respect to the presentation of B, (X,) given in Theorem [, the elements
A, ; are the following braids:

=0, A 2 e I | . i
® Aij=0j 95 0it1-290; 9,0; 1 95" " 0j_ 9, for i > 2g;
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o Ay i =0j 94" ~01ag,l-+1af1 o, 2g, for 1 <1 <g;
® Ay 1 =0j_9g" 'Ulbg—z'ﬂafl O 2g7 for 1 <i<g.
Relations (PR1), ..., (PR4) correspond to the classical relations for the pure

braid group P, [Bi. New relations arise when we consider two generators Az j,
Agiq1 g, for 1 <i < gand j # k. They correspond to loops based at two different
points which go around the same handle.

5.2 Mapping class groups, bounding pair braids and pure
braids

The mapping class group of a surface ¥, ,, denoted by M, ,,, is the group of isotopy
classes of orientation-preserving self-homeomorphisms which fix the boundary com-
ponents pointwise. If the surface has empty boundary then we shall just write M,.
Note that we will denote the composition in the mapping class groups from left to
right?.

Let P = {x1,...,2,} be a set of n distinct points in the interior of the surface
Ygp- The punctured mapping class group of ¥, relative to P is defined to be the
group of isotopy classes of orientation-preserving self-homeomorphisms which fix the
boundary components pointwise, and which fix P setwise. This group, denoted by
/\/lgp, does not depend on the choice of P, but just on its cardinal. We define
the pure punctured mapping class group, denoted by PM;ZZ, to be the subgroup of
(isotopy classes of ) homeomorphisms which fix the set P pointwise.

We note Ty a Dehn twist along a simple closed curve C. Let C' and D be two
simple closed curves bounding an annulus containing the single puncture x;. We
shall say that the multitwist TcT5" is a j-bounding pair braid.

Surface braid groups are related to mapping class groups as follows:

THEOREM 17 (Birman [BiH]) Let g > 1 and p > 0. Let ) : M) — M, be the
homomorphism induced by the map which forgets the set P. If ¥4, is different from
the torus then Ker(v) is isomorphic to B, (X,,).

REMARK 18 In particular, if ¥ is an orientable surface (possibly with boundary) of
positive genus and different from the torus the surface pure braid group P,(3) may

be identified with the subgroup of /\/l 9P generated by bounding pair braids (see for

instance [Bi], where bounding pair braids are called spin-maps).

"'We do this in order to have the same group-composition in braid groups and mapping class
groups.
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5.3 Torelli groups

We recall that the Torelli group 7,; is the subgroup of the mapping class group
M1 which acts trivially on the first homology group of the surface >, ;.
Before stating the main theorem of this section, we recall the following exact
sequence:
1 — Z" — Mgpip —> PM) — 1, (16)

where Z" is central and generated by Dehn twists along the first n boundary com-
ponents of Y, ,4,. Geometrically, the projection ¢ may be obtained by glueing
one-punctured discs Dy,...,D,, say, onto the first n boundary components. Note
that sequence [[d does not split, since the first homology group of M, 4, is trivial
when g is greater than 2. Nevertheless, as explained in Lemma [[J, when the surface
has boundary, we have a section over the corresponding pure braid group.

LEMMA 19 Let ¥, be a surface of genus greater than or equal to one with one
boundary component. Then the group P, (X,1) embeds in Tyip 1.

Proof. Applying Theorem [[7 and Remark [[§, we identify P, (X, ) with the subgroup

of PM;TA) generated by bounding pair braids. Let us first embed P, (3, ;) in M ,41.
To achieve this, we construct a section s on P,(X,1) of the sequence ([L6)). For each
generator A;; of P, (X,1), we define s(4; ;) as follows. Consider two simple closed
curves a and o’ lying in ¥,; such that A;; is equal to the boundary pair braids
T.T, ! These two curves may be chosen so as to avoid the discs Dy, ...,D,, and
thus may be seen as lying in ¥, ,41. If d; is a simple closed curve parallel to the
jth-boundary component, we set s(A4; ;) = TaTa_,lej, which we denote by A; ;. Since
the Dehn twists Ty, , ..., Ty, belong to the kernel of ¢, one has g o s = Id, and hence
s is injective. We claim that s is a homomorphism. To prove this, we have to show
that relations (PR1-4) and (ER1-2) are satisfied in M, 41 via s.

The four first relations may be written in the form hA, ™! = A, s, where h is a
word in the A, ;’s. These relations are compatible with s, since for all simple closed
curves a in Mg ,41, and all h in Mg, 41, one has:

Th(a) = hilTah. (17)

For example, relation (PR1) is compatible with s because the curves occurring
in Aj; are disjoint from those occuring in A} ;. For (PR2), the bounding pair
braid A;s (resp. A;;, A;s) is equal to deTc;i (vesp. T,T,", T,T, " for (a,a’) €
{(ai,aij), (bi,bi;), (diycij)} and (b, V) € {(ai,ais), (bi,bis), (di, ¢i5)}, where curves
are those described by Figure f]). Thus we have:

ASUAL AL = (DT Ty T T, (T T T

= [Tnga/]Tczi[Ta_,lTa]deTds since the Ty, 's are central
— -1 ]
L1 ey, s Ta. - by (D),
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Figure 2: curves for relations (PR2) and (ER2)

.. 1 1 ..
and similarly, A} A} A7 = i, (Cj,s)de Ta,. Now, it is easy to see that

TaTc:'l(Cj,S) = TJI(CJQS) = TbilTb’(Cj,S)a
which yields the required relation. The compatibility of relations (PR3-4) with s
may be proved in the same way; we leave this as an exercise for the reader.
Relation (ER1) is a consequence of the lantern relation and relation ([[7). Indeed,
if we consider the seven curves b;, d;, ds, €;;s, bis, bjs and ¢;; shown in Figure P
(where r = 2i — 1), the lantern relation may be written as:
T,

€i,j,s

T, Ty, Ty, = Ty, Ty, , T,

Cj,s)
which implies that

/o -1 o -1
AT,S o Tbini,sTds o TbiJTei,j,sT

Cj,s

-1 _ -1 -1
T, = Tbi,jTei,j,sTdsAj75 :

Since A7, ; = T, T,.' Ty;, we obtain

AV AL AL = [T;Tai,.T;lTbijTe;;STdsT T—dej] [AH AA }

J i iTa , ai = aj, r+1,5 r+1,j

= [T, T, T T T | T [ A AT AL by (PR2)

ai,5 " a; ai " ag r+1,5s*%j,s “r+1,s

-1 —1 411
= TT%T;Z.}J. (bi,j)TTaiT_l (ei’j’s)Tds [A/HLSA;‘,S A;+1,s] by @)

aj

But 7, 7! (b@j) = b; and TaiTC;i,(eLj?S) = bi75, SO

i~ aqj

J i,s r+1,5s*%j,s < r+1,s

AT AL ALy = T T | A A AT

—1 -1
= A;",SA;’+17SA;,S A;’—l—l,s )
which is relation (ER1). Relation (ER2) is also a consequence of a lantern: again,
we leave the details to the reader.
Hence s : P,(X,1) — M 41 is an embedding. Glueing a one-holed torus
onto each of the first n boundary components of 3, ,,11, we obtain a homomorphism
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@ Mgni1 — Mgy, which is injective (see [PRJ]). Clearly, the image under ¢ of
each s(A; ;) acts trivially on the homology group Hy(X44,,1;Z). Thus pos(P,(X,1))
lies in the Torelli group of ¥4, 1. |

REMARK 20 This embedding of P,(X,1) in 744, 1 does not hold for surfaces with
empty boundary. Indeed, the group P,(X,) has an extra relation (TR) (see Theorem
5.2 of [B]) which is not satisfied by the section s; if L (resp. R) is the left-hand side
(resp. right-hand side) of this relation, one can check using lantern relations that
we have s(L) = S(R)di(gfl) in Mg, (kis the same index as in the relation (TR)
in Theorem 5.2 of [B]). Nevertheless, it would be interesting to know whether the
sequence ([L§) splits over the pure braid group P,(%,).

THEOREM 21 Let X be the torus, or a surface of positive genus with non-empty
boundary. Then the group P, (X) is residually torsion-free nilpotent.

Proof. Let Y, be a surface of genus greater than or equal to one, and with
one boundary component. First, we remark that Lemma [[9 and the residually
torsion-free nilpotence of Torelli groups (see for instance section 14 of [H]) imply
that P,(X,,) is residually torsion-free nilpotent. Now let X, , be a surface with
p > 1 boundary components. The group P,(%,,) may be realised as the subgroup
of Pyyp-1(241) formed by the braids whose first p—1 strands are vertical. Therefore
P,(X,,p) is residually torsion-free nilpotent.

The remaining case is that of the pure braid group on n strands of T?. From
Lemma P, one deduces easily that D;(P,(T?)) = D;(P,_1(X1,4)) for i > 1, and thus
the group P,(T?) is residually torsion-free nilpotent. |

LEMMA 22 The group P,(T?) is isomorphic to P,_1(311) x Z*.

Proof. Consider the pure braid group exact sequence for an orientable surface X:

1 — Pa(B\ {m1}) — Pu(®) =5 m() — 1,
where geometrically, 0 is the map that forgets the paths pointed at x5, ..., x,. Since
ZP,(%1) is trivial [PRI], we deduce that the restriction of 6 to Z P, (T?) is injective.
Since Z P, (T?) = Z? [PR1], the restriction of § to Z P,(T?) is in fact an isomorphism,
and we conclude that P,(T?) is isomorphic to the direct product P, (%) x Z2. 1

REMARK 23 In the case of the sphere, the group P,(S?) is isomorphic to Z, x
P, _2(X03) (see [GGT]). Therefore, for i > 1, T';(P,(S?)) and T';(P,—2(303)) are iso-
morphic. Since P, _2(X03) is a subgroup of P, (which may be realised geometrically
as the subgroup of braids whose last strand is vertical), from [FR] it follows that
P,(S?) is residually nilpotent, but it is not residually torsion-free nilpotent since
P,(S?) has torsion elements.
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REMARK 24 Pure braid groups of surfaces of genus g > 2 with empty boundary
are bi-orderable ([[Gd]). To the best of our knowledge, it is not known whether they
are residually torsion-free nilpotent.
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