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Palindromic continued fractions

Boris Abamczewskl (Lyon) & Yann Bugeaup * (Strasbourg)

1. Introduction

It is widely believed that the continued fraction expansion of every irrational algebraic
number « is either eventually periodic (and this is the case if, and only if, « is a quadratic
irrationality) or contains arbitrarily large partial quotients, but we seem to be very far away
from a proof (or a disproof). A preliminary step consists in providing explicit examples
of transcendental continued fractions. The first result of this type is due to Liouville [11],
who constructed real numbers whose sequence of partial quotients grows very fast, too
fast for being algebraic. Subsequently, various authors used deeper transcendence criteria
from Diophantine approximation to construct other classes of transcendental continued
fractions. Of particular interest is the work of Maillet [12] (see also Section 34 of Perron
[13]), who was the first to give examples of transcendental continued fractions with bounded
partial quotients. Further examples have been provided by Baker [4, 5], Davison [6],
Queffélec [14], Allouche et al. [3] and Adamczewski and Bugeaud [1], among others.

A common feature of the above quoted results is that they apply to real numbers
whose continued fraction expansion is ‘quasi-periodic’, in the sense that it contains ar-
bitrarily long blocks of partial quotients which occur precociously at least twice. In the
present work, we investigate real numbers whose sequence of partial quotients enjoys an-
other combinatorial property, namely is ‘quasi-symmetrical’, in the sense that it begins
in arbitrarily large ‘quasi-palindromes’. We provide three new transendence criteria, that
apply to a broad class of continued fraction expansions, including expansions with un-
bounded partial quotients. As in [1], their proofs heavily depend on the Schmidt Subspace
Theorem. These criteria are stated in Section 2 and proved in Sections 6 and 7. Our
method allows us to improve upon an earlier result of A. Baker [4] on the transcendence
of continued fractions whose sequence of partial quotients is composed of long strings on 1
and long strings of 2, alternatively. See Section 3 for a precise statement and Section 8 for
its proof. In Section 4, we provide an application of one of our transcendence criteria to the
explicit construction of transcendental numbers with sharp properties of approximation by
rational numbers. All our auxiliary statements are gathered in Section 5.

* Supported by the Austrian Science Fundation FWF, grant M822-N12.
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2. Main results

Throughout the present work, A denotes a given set, not necessarily finite. We identify
any sequence a = (a,)p>1 of elements from A with the infinite word ajasz .. .a, ... Recall
that a finite word aqas...a, on A is called a palindrome if a; = ap41—; for j=1,...,n.

Our first transcendence criterion can be stated as follows.

Theorem 1. Let a = (a,),>1 be a sequence of positive integers. If the word a begins
in arbitrarily long palindromes, then the real number « := [0;a1, a2, ..., Gy, ... Is either
quadratic irrational or transcendental.

We point out that there is no assumption on the growth of the sequence (a,)p>1 in
Theorem 1, unlike in Theorems 2 and 3 below.

As shown in [2], given two distinct positive integers a and b, Theorem 1 easily implies
the transcendence of the real number [0;aq,as, . .....], whose sequence of partial quotients
is the Thue-Morse sequence on the alphabet {a,b}, that is, with a,, = a (resp. a, = b)
if the sum of binary digits of n is odd (resp. even). This result is originally due to M.
Queftélec [14].

Before stating our next theorems, we need to introduce some more notation. The
length of a finite word W on the alphabet A, that is, the number of letters composing
W, is denoted by |W/|. The mirror image of W := a; ...a, is the word W := a,,...a1.
In particular, W is a palindrome if, and only if, W = W. A palindrome is thus a finite
word invariant under mirror symmetry. In order to relax this property of symmetry, we
introduce the notion of quasi-palindrome. Let U and V be two finite words; then, the
word UVU is called a quasi-palindrome of order w, where w = |V|/|U|. Clearly, the
larger w is, the weaker is the property of symmetry. In our next transcendence criterion,
we replace the occurrences of aritrarily large palindromes by the ones of arbitrarily large
quasi-palindromes of bounded order. However, this weakening of our assumption has a
cost, namely, an extra assumption on the growth of the partial quotients is then needed.
Fortunately, the latter assumption is not very restrictive. In particular, it is always satisfied
by real numbers with bounded partial quotients.

Let a = (an)n>1 be a sequence of elements from A. Let w be a rational number with
w > 1. We say that a satisfies Condition (x),, if a is not eventually periodic and if there
exist two sequences of finite words (Uy,),>1 and (V},),>1 such that:

(i) For any n > 1, the word U,,V,,U,, is a prefix of the word a;
(ii) The sequence (|V,,|/|Un|)n>1 is bounded from above by w;

(iii) The sequence (|Up|)n>1 is increasing.
We complement Theorem 1 in the following way.

Theorem 2. Let a = (ay),>1 be a sequence of positive integers. Let (p,/qn)n>1 denote
the sequence of convergents to the real number

a:=[0;a1,a2,...,0n,,...].

2



Assume that the sequence (q; / e)gzl is bounded, which is in particular the case when the
sequence a is bounded. If there exists a positive rational number w such that a satisfies
Condition (x),,, then « is transcendental.

In the statements of Theorems 1 and 2 the palindromes or the quasi-palindromes must
appear at the very beginning of the continued fraction under consideration. Fortunately,
the ideas used in their proofs allow us to deal also with the more general situation where
arbitrarily long quasi-palindromes occur not too far from the beginning.

Let w and w’ be positive rational numbers. We say that a satisfies Condition (%) .
if a is not eventually periodic and if there exist three sequences of finite words (U, )n>1,
(Vi)n>1 and (W,,),>1 such that:

(i) For any n > 1, the word W,,U,,V,,U,, is a prefix of the word a;
(ii) The sequence (|V,|/|Un|)n>1 is bounded from above by w;
(iii) The sequence (|Uy|/|Wy|)n>1 is bounded from below by w';

)

(iv) The sequence (|U,|)p>1 is increasing.

We are now ready to complement Theorems 2 and 3 as follows.
Theorem 3. Let a = (a,),>1 be a sequence of positive integers. Let (p,/qn)n>1 denote
the sequence of convergents to the real number

a:=[0;a1,a2,...,0n,...].

Assume that the sequence (ql}/g)ng is bounded and set M = limsup,_, , . q;/z and m =

liminf, qé/e. Let w and w' be positive rational numbers with

log M B
logm

w' > 2 1. (2.1)

If a satisfies Condition ()., ., then « Is transcendental.
We display an immediate consequence of Theorem 3.
Corollary 1. Let a = (a,)n>1 be a sequence of positive integers. Let (p,/qn)n>1 denote
the sequence of convergents to the real number
a:=[0;a1,a2,...,0Gn,...].
Assume that the sequence (qt} / e> ¢>1 converges. Let w and w' be positive rational numbers
with w' > 1. If a satisfies Condition (%), ., then « is transcendental.

Theorems 1 to 3 provide the exact analogues of Theorems 1 and 2 from [1]. It would
be desirable to replace the assumption (2.1) by the weaker one w’ > 0. The statements of
Theorems 2 and 3 show that weakening the combinatorial assumption of Theorem 1 needs
further assumptions on the size of the partial quotients.
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3. On a theorem of A. Baker

In this Section we focus on a particular family of continued fractions introduced by
Baker [4]. Let a and b be distinct positive integers. Let A = (\,),>1 be a sequence of
positive integers and set

)\ T2 _ TA2n _
ap = [0;@M, 07, @e, . b ate L,

where, for positive integers m and \, we use the notation m” to denote a string of A
consecutive partial quotients equal to m. In his paper, Baker proved the transcendence of
ap assuming that the sequence A increases sufficiently rapidly.

For convenience, we assume that b > a (this makes no restriction, since the transcen-
dence of a number does not depend on his first partial quotients), and we set

aq = la;a,a,.. ], ap = [b;b,b, .. ],
and
p =logay/logay.

Observe that we have p > 1.
Although stated in a weaker form, the following result can be derived from [4].

Theorem. (A. Baker). Let ap be as above. If the sequence A satisfies

Ant1 - 14+ /8p2+1

hnrr—l>lo%f ;\n 2 p

Y

then ap Is transcendental.

Baker’s proof rests on the generalisation, due to LeVeque [10], of Roth’s Theorem
to approximation by algebraic numbers from a given number field. Using our approach
based on quasi-palindromes and on the Schmidt Subspace Theorem, we are able to slightly
improve upon his result.

Theorem 4. Let ap be as above. If the sequence A satisfies

lim inf % > 2,

n—oo

then ap Is transcendental.

Theorem 4 improves upon Baker’s result, since we have

14+ +/8p2+1
\/§<%<2,

for any p > 1. For instance, taking a = 1 and b = 2, Baker obtained the value 1.71... (cf.
page 8 of [4]). Throughout the proof of Theorem 4 (postponed to Section 8), we will see
how it is often possible to refine the assumption (2.1) of Theorem 3.
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4. Transcendental numbers with prescribed order of approximation

In Satz 6 of [7], Jarnik used the continued fraction theory to prove the existence of real
numbers with prescribed order of approximation by rational numbers. Let ¢ : R>1 — Ry
be a positive function. We say that a real number « is ‘approximable at order ¢’ if there
exist infinitely many rational numbers p/q with ¢ > 0 and |a —p/q| < ¢(q). Jarnik’s result
can then be stated as follows.

Theorem J. Let ¢ : R>1 — R~ be a non-increasing function such that ¢(z) = o(z™?)
as x tends to infinity. Then, there are real numbers o« which are approximable at order @
but which are not approximable at any order ¢y, with 0 < ¢ < 1.

In his proof, Jarnik constructed inductively the sequence of partial quotients of .
Actually, he showed that there are uncountably many real numbers a with the required
property, thus, in particular, transcendental numbers. However, his construction did not
provide any explicit example of such a transcendental a.

In the present Section, we apply our Theorem 1 to get, under an extra assumption on
the function ¢, explicit examples of transcendental numbers satisfying the conclusion of
Theorem J.

Theorem 5. Let ¢ : R>1 — Rxq be such that x — x? p(x) is non-increasing and tends
to 0 as x tends to infinity. Then, we can construct explicit examples of transcendental
numbers « which are approximable at order ¢ but which are not approximable at any
order cp, with 0 < ¢ < 1.

Proof : Throughout the proof, for any real number z, we denote by [z]| the smallest
integer greater than or equal to . We will construct inductively the sequence (b,),>1 of
partial quotients of a suitable real number «. Denoting by (pn/gn)n>0 the sequence of
convergents to «, it follows from the continued fraction theory that, for any n > 1, we

have
1

q72L—1 (b +2)

Recall that ¢, > (3/2)" for any n > 5. For any x > 1, set ¥(z) = 22 p(x). Let ny > 6 be

1

q12¢_1bn '

Pn—1
dn—1

<

o — <

(4.1)

such that ¥((3/2)") < 107! for any n > ny — 1. Then, set by = ... =b,,_1 =1 and b,, =
[1/%(gn,—1)]. Observe that b,, > 10. Let ny > ny be such that ¥((3/2)") < (10b,,)"!
for any n > ny — 1. Then, set by, 41 = ... =by,—1 =1 and b,, = [1/¥(gn,—1)]. Observe

that b, > 10b,,.
At this step, we have

ni1—1 —nos—ni—1

a=1[0;1 by, 1 By s

where, as in the previous Section, we denote by 1" a sequence of m consecutive partial
quotients equal to 1. Then, we complete by symmetry, in such a way that the continued
fraction expansion of o begins with a palindrome:

—no—nqi—1

7b’I’L271

-ni—1 —no—ni—1

a=[0;T""" by, T ]

b TN
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At this stage, we have constructed the first 2ny — 1 partial quotients of a. Let nz > 2ns be
such that ¥((3/2)") < (10b,,,)~ " for any n > ng —1. Then, set by, = ... = b,,_1 = 1 and
bns, = [1/¥(gns—1)]. Observe that b,, > 10b,,. Then, we again complete by symmetry,
and we repeat our process in order to define n4, b,,, and so on.

Clearly, the real number constructed in this way begins with infinitely many palin-
dromes, thus it is either quadratic or transcendental by Theorem 1. Moreover, the assump-
tion on the function ¢ implies that o has unbounded partial quotients. It thus follows that
it is transcendental. It remains for us to prove that it has the required property of approx-
imation.

By (4.1), for any j > 1, we have

©(qn,~1)
1 + 3q’l%j—1 ()0<an—1)

pnj—l

< 'oz— < @(Gn;—1)- (4.2)

an—l

Let p,,/qn with n > no be a convergent to « not in the subsequence (pn;—1/¢n,-1);>1, and
let k be the integer defined by ny — 1 < n < ngy1 — 1. Then, by (4.1) and the way we
defined the b,,,, we have

1 1
>
qu(bn-l-l + 2) N q’?z(bnk—l + 2)
- o(qn)
N 3q72L bnk—1 N 3Q'r27,k—1 @(an—l) bnk—1 ,

(4.3)

since x — x?¢(x) is non-increasing. We then infer from (4.3) and

bnk_lsbﬂs 1 5 !
10 = 100 g5, 1 9(qn.—1)

that
Pn
o — —

” > 3 0(qn). (4.4)

To conclude, we observe that it follows from (4.2) that « is approximable at order ¢,
and from (4.2), (4.4) and the fact that ¢ is non-increasing that « is not approximable at
any order cy with 0 < ¢ < 1. The proof of Theorem 5 is complete. O

5. Auxiliary results

The proofs of Theorems 2 to 4 depend on a deep result from Diophantine approx-
imation, namely the powerful Schmidt Subspace Theorem, stated as Theorem B below.
However, we do not need the full force of this theorem to prove our Theorem 1: the
transcendence criterion given by Theorem A is sufficient for our purpose.
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Theorem A. (W. M. Schmidt). Let a be a real number, which is neither rational,
nor quadratic. If there exist a real number w > 3/2 and infinitely many triples of integers
(p,q,r) with ¢ > 0 such that

1
max{oz—g , a2—i}<—,
q q q”
then « is transcendental.
Proof : See [15]. O
Theorem B. (W. M. Schmidt). Let m > 2 be an integer. Let L, ..., L,, be linearly
independent linear forms in x = (x1, . .., x,,) with algebraic coefficients. Let € be a positive
real number. Then, the set of solutions x = (x1,...,2;,) in Z™ to the inequality
|L1(X) ... Lp(x)| < (max{|z1|,...,|Tm|})"°

lies in finitely many proper subspaces of Q™.

Proof : See e.g. [16] or [17]. O

For the reader convenience, we further recall some well-known results from the theory
of continued fractions, whose proofs can be found e.g. in the book of Perron [13]. The
seemingly innocent Lemma 1 appears to be crucial in the proofs of Theorems 2 to 4.

Lemma 1. Let o = [0;a4,a2,...] be a real number with convergents (ps/qe)e>1. Then,
for any ¢ > 2, we have
qe—1
_— = [O;ag,ag_l,. . .,al].
qe
Lemma 2. Let a = [0;a1,a2,...] and 8 = [0;by, ba, .. .| be real numbers. Let n > 1 such

that a; = b; for any i = 1,...,n. We then have |a — 3| < ¢, 2, where q, denotes the
denominator of the n-th convergent to a.

For positive integers aq, ..., a,,, we denote by K,,(a1,...,a,,) the denominator of the
rational number [0;aq, ..., ay]. It is commonly called a continuant.
Lemma 3. For any positive integers aq, ..., a,, and any integer k with 1 < k < m — 1,
we have

Kp(ay,...;am) = Kp(am, ..., a1)

and

Ki(ay,...,ak) Km—g(ags1y- s am) < Kp(ag, ..., an)
S 2Kk(a1, .. .,CLk) . Km_k(akH, .. .,am).

The following three results are needed for the proof of Theorem 4.
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Lemma 4. Let a:=[0;a1,a9,...,a,] = pn/qn be a rational number . Then, we have
n
log gn = _ log([am: am—1,. - ., a1]).
m=1

Proof. It follows from Lemma 1 that

l0g¢n = Y 108;( m ) = > log([am; am-1, ..., a1]),
m=1 m=1

dm—1

where qq, q1, ..., q, denote the denominators of the convergents of «. O

Throughout the rest of this Section, 6 denotes the Golden Ratio (1 ++/5)/2.

Lemma 5. Let a be a real number and denote by (pn/qn)n>1 the sequence of its conver-
gents. Then, for every positive integer k, we have

9k+1

25

qk =

Proof. By definition of the convergents we have ¢; = 1, ¢o = ap+1 and ¢, = @nGn—1+Gn—2,
where (a,),>0 denotes the sequence of partial quotients of a. We thus have ¢; > 1, g2 > 1
and qx > qr_1 -+ qr_2 for every integer k > 2. For any integer k > 0, set 55 := 6¥T1/(2V/5).
Since 51 < s2 < 1 and sg42 = sg41 + Sk, we get immediately that g, > s for any positive
integer k. O

Lemma 6. Let r be a positive integer. Let (a:(k))lgkgr and (y(k))lgkg be two finite
sequences of real numbers lying in [1, +00). Denote by 1 k; X2 k, - - .| (resp. [y1,k;Y2.ks---])
the continued fraction expansion of z\¥) (resp. of y\®)). If, for every k satisfying1 < k < r,
we have

Tk = Yjks forj=1,...,k,

then,

> Jlog(=®) ~ log(y®)] < 7.
k=1

Proof. For every k with 1 < k < r, denote by ¢, the denominator of the k-th convergent
of z(F). By assumption, g is also the denominator of the k-th convergent of y*). Tt thus
follows from Lemma 2 that )
‘x(k) _ y(k)‘ < =,
Qi
which implies that

1z 1
— < — <1+
qy

1— .
y (k) a
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We obtain

1
log(z™™) — log(y™)| < >
k

and it follows from Lemma 5

20

‘log(a;(k)) — log(y(k))‘ < gaRe

We thus get that

r —+o0
20 1 20
> [log(z™)) —log(y™)| < 22 > 92k = 3
k=1 k=1

concluding the proof. O

6. Proof of Theorem 1

Let n be a positive integer. Denote by p, /¢, the n-th convergent to «, that is,
Pn/qn = [0;a1,aq,...,a,]. By the theory of continued fraction, we have

[ 9n dn-1 _ [ a1 1 azy 1 a, 1
o= )= (0 0) (% a) (1 0)
Since such a decomposition is unique, the matrix M, is symmetrical if, and only if, the

word aias...a, is a palindrome. Assume that this is case. Then, we have p, = ¢,_1.
Recalling that

1

2 )
qn—l

Pn—1
dn—1

< and |a —

' Pn
a _
n

@

we infer from 0 < a < 1, a1 = an, |Pngn-1 — Pn—-1qn| = 1 and ¢, < (a, + 1)g,—1 that

_ _ _ 1
2_pn1§a2_pn 1.&§'a+pn1_‘a_&+
dn dn—1 dn dn—1 dn gndn—1
n 1 3
§205_p_+ <a1—2i_ )
dn dndn—1 qn
whence
_ ar+ 3
max{a—&,oﬁ—pnl}< 12 . (6.1)

Consequently, if the sequence of the partial quotients of « begins in arbitrarily long palin-
dromes, then (6.1) is satisfied for infinitely many integer triples (p,, gn, Pn—1). By Theorem
A, this shows that « is either quadratic or transcendental. O
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7. Proofs of Theorems 2 and 3

Throughout the proofs of Theorems 2 and 3, for any finite word U = u; ... uy, on Z>q,
we denote by [0; U] the rational number [0;uq, ..., uy].

Proof of Theorem 2. Keep the notation and the hypothesis of this theorem. Assume
that the parameter w > 1 is fixed, as well as the sequences (Uy,)n>1 and (V},),>1 occurring
in the definition of Condition (*),. Set also r,, = |U,| and s,, = |U,V,U,|, for any n > 1.
We want to prove that the real number

a:=[0;a1,az,...]

is transcendental. By assumption, we already know that « is irrational and not quadratic.
Therefore, we assume that « is algebraic of degree at least three and we aim at deriving a
contradiction.

Let (p¢/qe)e>1 denote the sequence of convergents to o. The key fact for the proof of
Theorem 2 is the equality

—
q—l = [O;CL@?CLZ—L' . '7a1]7

qe

given by Lemma 1. In other words, if W, denotes the prefix of length £ of the sequence a,
then qo—1/q¢ = [0; Wy|. Since, by assumption, we have

Pon — 0,0V, T,
qs,,
we get that
Seul 10,0,V T,
qs,,
and it follows from Lemma 2 that
‘qsna - QSn—1| < Qanr_nQ~ (71)
This shows in particular that
lim Z7b— g, (7.2)

n—-400 qsn

Furthermore, we clearly have

las, 0 = ps, | < q; and gs,—100 = ps, 1] < gy (7.3)
Consider now the four linearly independent linear forms with algebraic coefficients:

Ly (X1, X9, X3, Xy) =aX; — X3,



Evaluating them on the quadruple (¢s, ,qs, —1,Ps, s Ps,—1), it follows from (7.1) and (7.3)
that

H |Lj<q5n7q.Sn—17pSn7pSn—1)‘ < qr_"z (74)
1<5<4

By assumption, there exists a real number M such that
V2<q/f <M
for any integer ¢ > 3. Thus, for any integer n > 3, we have

P \/ETn > (Msn>(rn log v/2)/(sy log M) > qgrn log v/2) /(s log M)
and we infer from (7.4) and from (i7) of Condition (x),, that

IT 1Zi(as, @s=1.Psns Psn—1)| < 45
1<j<4

holds for some positive real number ¢.

It then follows from Theorem B that the points (gs, ,qs,—1,Ps,,Ps,—1) lie in a fi-
nite number of proper subspaces of Q*. Thus, there exist a non-zero integer quadruple
(1,2, r3,14) and an infinite set of distinct positive integers N7 such that

Z14qs, + %2Qs, -1 + T3Ps,, + TaPs,—1 = 0, (75)
for any n in N;. Dividing (7.5) by g¢s, , we obtain

Don=1 | g Pon | g Ponl Dsn—l _ (7.6)

Sn Sn 4s,,—1 qs,,

T1+ 22

By letting n tend to infinity along N; in (7.6), it follows from (7.2) that
r1 + (z2 + 23)a + £40° = 0.

Since, by assumption, « is not a quadratic number, we have z;1 = x4 = 0 and x5 = —z3.
Then, (7.5) implies that

4s,—1 = DPs,, - (77)

Consider now the three linearly independent linear forms with algebraic coefficients:
Lll(Yl7Y27Y3> = OéYl _Y27 LIZ(Y].?YQ:Y?)) :O!YQ _Y37 Lé(Y].?YQ:Y?)) :Yl-

Evaluating them on the triple (gs, ,ps,,, Ps,—1), we infer from (7.3) and (7.7) that

H ‘L;(QSn7p5n7psn—1)| < qs_nl—l < qS—nO.Q,
1<5<3

11



since we have
Q1 < qpt,  forany £>1,

by Roth’s Theorem. Here, the constants implied by < depend only on .

It then follows from Theorem B that the points (gs,, ps, ,Ps,—1) with n in Nj lie in
a finite number of proper subspaces of Q3. Thus, there exist a non-zero integer triple
(y1,Y2,y3) and an infinite set of distinct positive integers Ny such that

Y1qs, + Y2Ps, + Y3ps,—1 = 0, (7.8)

for any n in N5. Dividing (7.8) by ¢s, , we get

pSn pSn_ an_
Y1+ yzq Fyzon L BTl 2, (7.9)

Sn Sn—1 4s.,

By letting n tend to infinity along N3, it thus follows from (7.7) and (7.9) that
Y1+ y2a + yza® = 0.

Since (y1,y2,¥y3) is a non-zero triple of integers, we have reached a contradiction. Conse-
quently, the real number « is transcendental. This completes the proof of the theorem.
(|

Proof of Theorem 3. Keep the notation and the hypothesis of this theorem. Assume
that the parameters w and w’ are fixed, as well as the sequences (U,)n>1, (V)n>1 and
(Wo)n>1. Set also r, = |[W,|, s, = |W,U,| and t,, = W, U, V,,U,|, for any n > 1. We
want to prove that the real number

a :=[0;ap,ai,asg, .. .|

is transcendental. By assumption, we already know that « is irrational and not quadratic.
Therefore, we assume that « is algebraic of degree at least three and we aim at deriving
a contradiction. Throughout this Section, the constants implied by < depend only on «a.
In view of Theorem 2, we may assume that r,, > 1 for any n.

The key idea for our proof is to consider, for any positive integer n, the rational P, /Q,

defined by
P,

Qn
and to use the fact that the word W,,U,,V,,U,, W, is a quasi-palindrome. Let P! /@Q!, denote
the last convergent to P, /Q,. By assumption we have

[0; W Upn Vi Uy, Wi

DPt,,

qt,,
and it thus follows from Lemma 2 that
|Qna - Pn| < Qth_nZ (710)
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and

Qo — Pyl < Qrar? (7.11)
since W,, has at least one letter. Furthermore, Lemma 1 implies that
o S
and we get from Lemma 2 that
Qna— Q1| < Quas”- (7.12)
This shows in particular that
. Q
1 I = 7.13
g, ¢ (713)

Consider now the following four linearly independent linear forms with algebraic co-
efficients:

L1(X1,X2,X3,X4) =aX; — X3,
Lo(X1, Xo, X3, X4) =aXy — Xy,
L3(X1, Xo, X3, X4) =aX; — Xo,
Li(X4, Xo, X3, X4) =Xo.

Evaluating them on the quadruple (Q,, Q. , P,, P)), it follows from (7.10), (7.11) and
(7.12) that

IT 125(@n, Q, Py Pl < Qigi a5 (7.14)

1<5<4

We infer from Lemma 3 that

qt, 4r, S Qn S QQthTn and QEn S Qn S Q1€2n7 (715)
and thus (7.14) gives
I 125(@n. @ Poy P < g7, 457 (7.16)
1<5<4

Moreover, by our assumption (2.1), there exists n > 0 such that, for any n large enough,

we have e M 1
ogM 1t+n 4 Wl.
logm 1—n

\Un| > (2

Consequently, assuming that n is sufficiently large, we get

m=msn > MRy

and

2+n’
QSn Z an K 9

13



for some positive real number 7. It then follows from (7.16) that

I 12i(@n. Q). P, Py)| < 52/ H0), (7.17)

1<y<4
By assumption, we have for any ¢ large enough
V2 < g/t <2m.
Thus, for any integer n large enough, we have

s, > V2T > (<2M)tn)(5n log v/2) /(tn log 2M) > qgn log v/2)/(tn log 2M)

> Q,(f" log v/2)/ (2t log 2M),
by (7.15). We then infer from (7.17) and from (i7) of Condition (%) . that

[T 12i(@n. Q). P, P)| < QyF (7.18)

1<5<4

holds for some positive €.

It then follows from Theorem B that the points (@, Q),, Pn, P;) lie in a finite number
of proper subspaces of Q*. Thus, there exist a non-zero integer quadruple (z1,x2, 23, 74)
and an infinite set of distinct positive integers A7 such that

11Qn + 22Q), + T3P, + 24P, = 0, (7.19)
for any n in N7. Dividing by Q,,, we obtain

/ Pn Pl /
361—1-362%—1—333—-1-334 - 'Qn =

Q. "0, T, Y

By letting n tend to infinity along N7, we infer from (7.13) that
r1 + (z2 + 23)a + £40° = 0.

Since (z1,x2,x3,24) # (0,0,0,0) and since « is irrational and not quadratic, we have
x1 = x4 = 0 and x9 = —x3. Then, (7.19) implies that
Q, = Py (7.20)

n

Consider now the following three linearly independent linear forms with algebraic coeffi-
cients:

Li(Y1,Ys,Y3) = oY1 — Yo, L5(Y1,Ys,Ys) = aYs — Y3, L5(Y3,Ys,Y3) =Y.

14



Evaluating them on the quadruple (Q,, P,, P,), it follows from (7.10), (7.11), (7.15) and
(7.20) that

[T 12:(Qn, P Pl < @3a < g} Q1" < gt a5 < Q%
1<5<3

with the same ¢ as in (7.18). It then follows from Theorem B that the points (Qy,, P, P},)
lie in a finite number of proper subspaces of Q3. Thus, there exist a non-zero integer triple
(y1,v2,y3) and an infinite set of distinct positive integers N5 such that

Y1Qn + Y2 P + ysP,, =0,

for any n in Ms. We then proceed exactly as at the end of the proof of Theorem 2 to reach
a contradiction. This finishes the proof of our theorem. O

8. Proof of Theorem 4

This Section is devoted to the proof of Theorem 4. Instead of a straightforward
application of Theorem 3, which would yield a weaker result, we carefully determine here
the growth of the denominators of the convergents to the real numbers under consideration.

A A n
Proof of Theorem 4. Let o = ap = [0;@,b ", @, ...,a*1,b""",...] and denote by
(pe/qe)e>1 the sequence of its convergents. Assume that

lim inf 2L S /2. (8.1)

n— 00 )\n

We first remark that if moreover the sequence (Ap+1/An)n>1 is not bounded from
above, then the transcendence of « follows from a direct application of Theorem 3. Indeed,
let us assume that there exists an increasing sequence of positive integers (ny)x>1 such that
limg— 00 (Any,+1/An,,) = +00. Without loss of generality, we can also assume that ny is odd

for every k > 1. Then, we apply Theorem 3 with W), = GMBAQG)‘S cate, Uy = I_)M”’“HJ/Q

and V}, equals to the empty word, since |Vi|/|Ux| = 0 and limyg_ o |Ug|/|Wk| = +00.
From now on, we thus assume that

)\n—l—l

lim sup < +o0. (8.2)

n—oo )\’I’L

Without loss of generality, we can assume that b > a. For n > 1, we set W,, =

)\, TA2_ “A2n—2 _ =A2n _ “A2n42—A2n
arba .. .b , Uy = @210""" and V,, = @*2"+1b . Set also r, = |W,]|,

sp = [W,,U,| and t,, = [W,,U,,V,,U,|. By assumption, we have
Dt,, /Qtn — [07 WnUnVnUn]

15



Following the idea introduced in the proof of Theorem 3, we consider the rational P, /Q,,
defined by o
Pn/Qn = [0’ WnUnVnUan]~

Then, using the fact that the word W,,U,,V,,U, W, is a quasi-palindrome, we can mimic
the first steps of the proof of Theorem 3 (see in particular (7.16)). We obtain that « is
transcendental as soon as we can ensure the existence of a positive real number € such that

G, 0s° < Q,°. (8.3)

Here and below, the numerical constant implicit in < does not depend on n. Moreover,
we can deduce from (8.1) and (8.2) that the sequence (|U,V,,|/|Wy|)n>1 is bounded from
above which implies the existence of a positive real number 7 such that

q'rn << Q:]L'

It thus follows from (8.3) that « is transcendental as soon as we can ensure the existence
of a positive real number § such that

G, 457 <4 (8.4)
Let (a¢)e>1 denote the sequence of partial quotients of «, and, for every m > 1, set
T = [@m; Gm—1, - .., a1]. It follows from Lemma 4 that
loggqs, = Z log z,, = loggq,, + Z log 2, -
m=1 m=r,+1

In view of (8.4), it only remains for us to prove that there exists a positive real number §
such that

Sn

Z log ., > (1+9) Z log z, (8.5)

m=r,+1 m=1

for n large enough.

In the sequel of the proof, we show that (8.5) holds. For n > 1, set ¢, = Y 1_; Ak,
dn => p_i Aogand e, = > 7, Aop—1. To simplify the exposition, we put ¢g = dy = eg =0
and, for 0 < j <n — 2, we set

€25+1 €25+2
A2j+1 = E IOg Tmy B2j+2 = E IOg Tmy
m=cz;+1 m=cgjt1+1

and, for 0 < 7 <n — 2, we set

Tntejt1 Tn+Aon_1+d;j11
/ /
2j+1 = Z log z,,, sz+2 = Z log x,,.
m:T7L+ej +1 m:rn+>\2n—1+dj +1

16



It follows from (1) that for 0 < j < n — 2 and for r, +e; +1 < m < r, + €541, the
first m partial quotients of z,, are all equals to a. We similary deduce from (1) that for
0<j<n-2andfor ry, + o1 +d; +1 <m <7, + Aop—1 + djy1, the first m partial
quotients of x,, are all equal to b. By Lemma 6, we thus have

20 20
|A2j11 —logag| < ek |A/2j+1 —logag| < Ve o6
20 , 20 (8.6)
|Baj+2 — log ap| < 75 |Bj+o — logas| < VER
where, as in Section 5, we have set § = (1 +1/5)/2. On the other hand, we have
Tn n—2
Z log z, = Z(AQj—I—l + Baji2) (8.7)
m=1 7=0
and
Sn n—2 Tn+>\2n—1 Sn
Z log x,, = Z(Alzj+1+Béj+2>+ Z log x, + Z log ), .
m=r,+1 7=0 m=rp+en,_1+1 m=s,—Aon+d,_1+1
Then, (8.6) and (8.7) imply that
Sn Tn Tn+Aon—1 Sn 80’)’L
Z log ., — Z log z,, > Z log z,, + Z log ,, — ViR (8.8)
m=rp+1 m=1 m=rp+en_1+1 m=sp—Aan+dn_1+1

We also deduce from (8.1) the existence of a positive real number w such that
Aop—1 > (1 + w)en_l and Mg, > (1 + w)dn_l.

Now, from (8.8) and the fact that z,, > (b+2)/(b+ 1) for any m > 2, it thus follows

Sn

Z log Tm — Z log Tm = w(en—l + dn—l) log

m=r,+1 m=1

b+2 80n b+2 80n

L on
b+1 @3 By T gl

We easily deduce from (8.1) that r, > 2" for n large enough, which implies that

Sn

Tn w
m;ﬂ log x,, — mz_:l log x,, > 57n log e (8.9)

for n large enough. On the other hand, we have z,, < b+ 1 for every positive integer m,
implying that

Z log ., < ryplog(b+1). (8.10)

m=1

17



Combining (8.9) and (8.10), we get the existence of a positive real number ¢ such that

Sn

Z log z,, — Tzn log z,, >0 (i loga;m> ,
m=1 m=1

m=rp+1
for n large enough. In view of (8.5), this concludes the proof. O
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