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Abstract

We derive high-resolution upper bounds for optimal product quantization of pathwise con-
tionuous Gaussian processes respective to the supremum norm on [0, T]%. Moreover, we describe
a product quantization design which attains this bound. This is achieved under very general
assumptions on random series expansions of the process. It turns out that product quantiza-
tion is asymptotically only slightly worse than optimal functional quantization. The results are
applied e.g. to fractional Brownian sheets and the Ornstein-Uhlenbeck process.
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1 Introduction

We investigate the functional quantization problem for pathwise continuous Gaussian processes
X = (X¢)ter, I = [0,T)% where the distortion is based on the supremum norm in the path-space
E = C(I). The general Banach space setting reads as follows.

Let (E,|| - ||) be a real separable Banach space and let X : (2, 4,P) — E be a centered
Gaussian random vector taking its values in E with distribution P, . For N € N and r € (0, c0),
the L"-quantization problem for X of level N (or of nat-level log N) consists in minimizing

(Emin || X —al)"/

over all subsets a C E with card(a) < N. Such a set is called N-codebook or N-quantizer. The
minimal Nth quantization error of X is then defined by

eN,'r

(X, E) = nf{(Emin | X — a| V" a C B, card(a) < N}. (1.1)
aco

It is still an open question whether L"-optimal N-quantizers for Gaussian random vectors always

exist (see [12]). For a given N-quantizer a one defines an associated closest neighbour projection
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and the Voronoi quantization of X induced by a by
X = 7,(X), (1.2)
where {Cy(a) : a € a} is a Voronoi partition induced by «, that is a Borel partition of E satisfying
Ca(a) € {z € B+ ||z — al| = min ||z — b]|}

for every a € a. Then one easily checks that
E|lX — X|" = Emin || X - a|". (1.3)

In order to construct good N-quantizations for X we proceed by (scalar) product quantization.
Let &1,&, ... beiid. N(0,1)-distributed random variables and let (f;);>1 be a sequence in E such
o

that > &;f; converges a.s. in E/ and
j=1

XL3 ¢ (1.4)

j=1
For m, Ni,... Ny, € N with II7L; N; < N, let a; C R be an L"-optimal Nj-quantizer for {; and

let éj = {;aj be the (ng—a.s. uniquely defined) Voronoi quantization of §; induced by «;. Then, a
L"-product N-quantization of X with respect to (f;) is defined by

m
XN=3 61 (1.5)
j=1
and the quantization error induced by X% reads

EI Y &if = XN

j=1

The quantizer o = XV () satisfies card(e) < N and

Emin | X — o)/ < ] 3 & = XV NM".

j=1

Observe that X% is not a Voronoi quantization of X. The minimal Nth product quantization error
is then defined by

o (X E)PD = it (B S &f - XNV X 23 ¢85, (1.6)

e
j=1 Jj=1
X L"-product N-quantization w.r.t. (f;)}

Clearly, we have

ex, (X, E) < ey, (X, E)P9. (1.7)

We address the issue of high-resolution product quantization in E = C(I) under the sup-norm
which concerns the performance of X and the behaviour of en, (X, C(I ))PD as N — oco. For a
broad class of Gaussian processes we derive high-resolution upper estimates for e, (X,C(I ))Pa).
Furthermore, we describe a product quantization design X% which attains this bound. Combining



these estimates with precise high-resolution formulas for e, (X,C(I)) (see [5], [6], [11]) one may
typically conclude

eN,r'

(X,C(1))*? = O((log log Ny, (X, C()))

for some suitable constant ¢ > 0. This suggests that the asymptotic quality of product quantization
which is based on easy computations is only slightly worse than optimal quantization. However, it
also suggests that the optimal rate, i.e. the rate of convergence to zero of e, (X,C([)), cannot be
achieved by product quantization.

It should be noticed that the C(I)-setting thus turns out to be different from the Hilbert space
setting. For Hilbert spaces E (like E = L?(I,dt)), sharp high-resolution formulas for e, (X, E)
and L2-product quantization have been fully investigated in the past years (see [4], [16], [17], [18]).
A typical result is then, at least for r = 2,

(X, E)P?) = O(e

€ v (X5 E))

N,r

so that optimal product quantization is in fact rate optimal.

The paper is organized as follows. Section 2 contains a brief survey about expansions of C([)-
valued Gaussian random vectors in the sense of (1.4). This is an important issue for product quanti-
zation since e, (X,C(I ))P9) comprises a minimization over such expansions (see (1.6)). In Section
3 we derive high-resolution upper estimates for e, (X,C(I )P4 under very general assumptions
on expansions. Section 4 contains a collection of examples including fractional Brownian sheets,
Riemann-Liouville processes and the Ornstein-Uhlenbeck process.

It is convenient to use the symbols ~ and ~, where a,, ~ b, means a,/b, — 1 and a,, = b,
means a, = O(b,) and a,, = (b,). Throughout all logarithms are natural logarithms and [z]
denotes the integer part of the real number z.

2 Expansions

We present the basic facts about expansions of Gaussian stochastic processes viewed as random
vectors taking values in a Banach (function) space. They are essentially well known and contained
more or less explicitely in [3], [14] and [20]. We give some proofs for the reader’s convenience.
Furthermore, we introduce examples which are investigated for quantization in Section 4.

2.1 The Banach space setting

Let (E, || - ||) be a real separable Banach space. For u € E* and x € E, it is convenient to write
(u, )

in place of u(z). Let X : (2, A,P) — E be a centered Gaussian random vector with distribution
P, . The covariance operator C' = C of X is defined by

C:E*— FE, Cu:=E(uX)X. (2.1)

This operator is linear and (norm-)continuous. Let H = H, denote the reproducing kernel Hilbert
space (Cameron Martin space) of the symmetric nonnegative definite kernel

E* x E* = R, (u,v) — (u,Cv).

Then H is a Hilbert subspace of F, that is H C E and the inclusion map is continuous. The
reproducing property reads
(h,Cu), = (u,h),uc E*,he H (2.2)



where (-,-), denotes the scalar product on H and the corresponding norm is given by

Ik, = sup{[{u,h)| : u € E*, (u, Cu) < 1}. (2.3)
In particular, for h € H,
IRl < ”81”1<pl<% Cu)2||hll, = 12|l - (2.4)

The || - ||g- closure of A C H is denoted by A Furthermore, H is separable, C'(E*) is dense in
(H, || - |l;); the unit ball
Upg:={he€H:|hl, <1}

of H is a compact subset of F,
supp(Py) = (kerC)t :={z € F: (u,z) = 0for everyu € ker C} = Hin F
and
H={xecE: |z[, <o} (2.5)

where
], = sup{[{u,z)| : uw € E*, (u, Cu) < 1}.
We are interested in expansions of X of the following type. Let &;,&,... be iid. N(0,1)-
distributed random variables.

Definition 1 A sequence (fj);>1 € EN is called admissible for X if

o
Zﬁjfj converges a.s. in FE
Jj=1

and
d o0
X =) &f
j=1

By adding zeros finite sequences in E may also serve as admissible sequences.

The key is the following characterization of admissibility. It relies on the Ito-Nisio theorem.
Condition (v) is an abstract version of Mercer’s theorem. Recall that a subset G C E* is said to
be separating if for every x,y € E,x # y there exists u € G such that (u,z) # (u,y).

Lemma 1 Let (fj);>1 € EN. The following assertions are equivalent.

(i) The sequence (fj);>1 is admissible for X.
(i) There is a separating linear subspace G of E* such that for every u € G,

((u, fj))j>1 s admissible for (u, X).

(7i1) There is a separating linear subspace G of E* such that for every u € G,

iuf] (u, Cu).

J=1

(iv) For every u € E*,

[e.e]

Zuf]fj—

Jj=1



(v) For every a >0,

[e.e]

Z u, fj)(v = (u, Cv)

uniformly in u,v € {y € E* : |ly|| < a} .
n
Proof. Set X,, :== Y &;fj. (i) = (v). X,, converges a.s. in E to some E-valued random vector Y,
j=1

say, with X 2 Y. Tt is well known that this implies X,, — Y in L%. Therefore,

Z U, f] —(u, CUH = ’E<U,Xn><’l),Xn> - E<U7Y><7}7Y>’

Jj=1

= |E(u,Y — X,){(v,Y — X,,)| <a®’E|Y = Y,||> = 0asn — oo
uniformly in u,v € {y € E* : ||y|| < a}. (v) = (iv) = (i) is obvious. (iii) = (i). For every u € G,

n

E exp(i(u, ) = exp(— Z (u, £;)2/2) — exp(—(u, Cu)/2) = Eexp(i{u, X)).

The assertion (i) follows from the Ito-Nisio theorem (cf. [20], p. 271). (i) = (ii) = (iii) is obvi-
ous. ¢

Note that the preceding lemma shows in particular that (f;);>1 is admissible for X if and only
if (fy(j))j>1 is admissible for X for (some) every permutation o of N so that >°,&;f; converges
unconditionally a.s. in F for such sequences and all the a.s. limits under permuations of N have
distribution P .

It is also an immediate consequence of Lemma 1(v) that admissible sequences (f;) satisfy
11— o.

The covariance operator admits factorizations C' = S5*, where S : K — FE is a linear continuous
operator and (K, (-, ), ) a real separable Hilbert space, which provide an useful tool for expansions.
It is convenient to allow that S is not injective. One gets

S(K) = H, (2.6)
(Sk1,Ska), = (ki,ka). k1 € K ky € (kerS)",
s = Is*1 =lcl?,
S*(E*) = (kerS)tinK,
(kerS*)t = {z€ E:(u,z) =0Vu € kerS*} = H in E.

Proposition 1 Let C = SS*,S : K — FE be a factorization of C' and let (e;) be an orthonormal
system in K satisfying (kerS)t C span{e; : j = 1,2,...}. Then (S(e;)) is admissible for X.

Proof. Clearly (e;) is an orthonormal basis of Ky := span{e; : j = 1,2,...}. Since by (2.6)
S*(E*) C (kerS)t C Ko,
one obtains for every u € E*, by the Parseval identity,

Z(u, Sej>2 = Z(S u, e]) HS*uH2 (u, Cu).

J J



The assertion follows from Lemma 1.

EXAMPLES o Let S : H — FE be the inclusion map. Then C' = SS5*. Consequently, every
orthonormal basis (f;) of H is admissible for X.
e Let K be the closure of E* in L}(P,) and S : K — E, Sk = Ek(X)X. Then S is injective and
S* . E* — K is the natural embedding. Thus C' = SS*. (K is sometimes called the energy space
of X.) One obtains

H=5K)={Ek(X)X : k€ K}
and

(Eky (X)X, Eky (X)X), = / FikadP, .

e Let E be a Hilbert space, K = E and S = C'/2. Then C = §5* = S? and (kerS)" = H. Con-
sequently, if (e;) is an othonormal basis of the Hilbert subspace H of E consisting of eigenvectors
of C' and (\;) the corresponding nonzero eigenvalues, then (\/Aje;) is admissible for X and an
orthonormal basis of (H, (-,-),) (Karhunen-Loeve basis).

In the following proposition it is demonstrated that any admissible set for X arises in the
manner of Proposition 1.

Proposition 2 Assume that (f;)j>1 is admissible for X. Let K be an infinite dimensional real
separable Hilbert space and (ej)j>1 an orthonormal basis of K. Then there is a factorization
C =58*5:K — E such that S(e;) = f; for every j.

o0
Proof. First, observe that }° ¢;f; converges in E for every (c;); € l2(N). In fact, using Lemma 1,

7=1
n+m n+m
1Y ¢ifill? = suppy<ifu, X ¢if;)?
=" n+m =" [ee)
< X dsuppya X, f)?
ntm =

= X cfsupjy<i(u, Cu)
=n
rJL—l—m
= X c?HCH — 0, n,m — o0
j=n
and thus the sequence is Cauchy in E. Now define S: K — E by

o0

S(k) = (kﬂej)Kfj

1
where Y (k,e;), f; converges in E since ((k,e;),); € l2(N). S is obviously linear. Moreover, for
k € K, using again Lemma 1,

ISKI® = supjy)<i {u, Sk)°

supju<1( 2 (K, &) (. £i))?
]:

IEIZ11C])-

IN

Consequently, S is continuous and S(e;) = f; for every j. Finally, S*(u) = _ (u, f;)e; and hence
j=1

oo

SS*u = Z(u, fiYfi =Cu

j=1
for every u € E* by Lemma 1. 4



Corollary 1 Let (f;)j>1 € EN be admissible for X. Then {f; : j > 1} C Ug,span™){f; : j >
1} = H,>(fj, h), f; converges in H and

for every h € H. Furthermore, (f;) is an orthonormal basis of H if and only if || f;|, = 1 for every
7.

Proof. Choose a factorization C' = SS*,S : K — H and an orthonormal basis (e;);>1 of K as in
Proposition 2. The inclusion {f; : j > 1} C Uy and the assertion concerning the || - ||,,-closed span

follow immediately from (2.6). Since S is continuous as operator from K onto H, Y (e;, k), Se;

converges in H,
[e.e]

Z(ej’k)xfj = Sk

j=1

and since (ej, k), = (fj, Sk), for every k € (kerS)*, we obtain

for every h € H. Write ¢; = e( )+ e( ) with egl) € (kerS)* and 65—2) € kerS. If || f;]|, = 1 for every
Jj, then using (2.6),

e 1 = 15eM Ly = 1450 = 1 = llejll

and thus 65—2) = 0 for every j. This implies that S is injective so that for i # j,
(fis [i)u = (€i,€j) = 0. o

Let I be a further separable Banach space and V : E — F a linear continuous operator. Then
V(X) is centered Gaussian with covariance operator

Cyx) = VO, V*
and

(Vhy,Vhy) (h1,ho)m  hy € Hy hy € (ker(V]H, )"

Hy (x)

If (fj)j>1 is admissible for X in E, then clearly (V(f;));>1 is admissible for V(X) in F. The
following proposition contains the converse for injective operators V.

Proposition 3 Assume that V : E — F is injective. Let (gj)j>1 be an admissible sequence
for V(X) in F. Then there exists a sequence (f;)j>1 in E which is admissible for X such that

V(f;) = gj for every j.

Proof. By Corollary 1 and (2.7), we have {g; : j > 1} C V(H,) so that g; = V(f;) with
fj € Hy C E. Using Lemma 1, we obtain for every y € F™,

e} e e}

SV )2 = (v, = (4, Cyvxyy) = (VFy, C V)

Jj=1 Jj=1



and hence
o0

Zuf] (u, Cyu)

for every u € V*(F™*). Since V*(F*) C E* is separating if (and only if) V is injective it follows
from Lemma 1 that (f;) is admissible for X.

Almost sure representations of X can be obtained under a suitable restriction on the admissible
sequence.

Proposition 4 Assume that the admissible sequence (fj);>1 for X in E is an orthonormal basis
of H (c¢f. Corollary 1). Then there exist i.i.d. N(0,1)-distributed random variables 01,12, ... such
that

X = anfj a.s.

J=1

Proof. Choose the energy factorization C' = SS* with K the closure of E* in L*(P,) and
Sk = Ek(X)X. Let ej := S7I(f;) and n; := ¢;j(X). Then (ej);>1 is an orthonormal basis of
K and thus 7n;,j > 1 are i.i.d. NV(0, 1)-distributed. Consequently,

o0
Z n; f; converges a.s. in F.
Jj=1

For every u € E*, we have
o0 o
(u, ij}} = an(S*u, ej)x = S u(X) = (u, X) as.
j=1 j=1
Since there is a countable separating subset of E* this yields

o0
X = anfj a.s. o

J=1

2.2 Continuous Gaussian processes

Now let I be a compact metric space and X = (X;)ier be a real pathwise continuous centered
Gaussian process. Let E := C(I) be equipped with the sup-norm ||z|| = sup,c; |z(¢)|. Then X can
be seen as C(I)-valued Gaussian random vector and the covariance operator C' : C(I)* — C(I) takes
the form

Cu(t) = (0, Cu) = (Cdt,u)
— (EX,X,u) — /1 EX, X, du(s). (2.8)

Factorizations of C' can be obtained as follows. For Hilbert spaces K;, let &/, K; denote the
Hilbertian (or lo—)direct sum.

Lemma 2 Fori € {1,...,m}, let K; be a real separable Hilbert space. Assume the representation
m . .
EX: X, = Z(gi,g@)m, s,te 1,
i=1



for vectors gi € K;. Then

S @ K — C(I),Sk(t) ==Y (91 ki)k,
i=1
is a linear continuous operator, (kerS)*: = span{(g},...,qg"):t € I} and C = SS*.

Proof. Let K := @™ K; and g; == (g},...,9"). Then E X X; = (g5, 9:),, and Sk(t) = (gi, k),
First, observe that

sup [lgel,c < IIC)I"? < oo

tel

Indeed, for every t € I, by (2.8),
lgell% = EX7 = (8, Cdr) < [|C]].

The function Sk is continuous for k € span {gs : s € I'}. This easily implies that Sk is continuous
for every k € span{gs : s € I} and thus for every k € K. S is obviously linear and

ISkl = sup (g £)c| < €12k

Finally, S*(d;) = g+ so that
SS*(St(s) = Sgt(s) = EXth = C’5t(s)
for every s,t € I. Consequently, for every u € C(I)*,t € I,

SS*u(t) = (SS*u,d) = (u, SS*0)
= (u,Cd) = (Cu, ;) = Cuf(t)

and hence C'= SS*.

EXAMPLE Let K be the first Wiener chaos, that is K = span{X; : t € I} in L?*(P) and g; = X;.
Then Sk = EkX and S is injective. If for instance X = W (Brownian motion) and I = [0,T], then

T
K = {/ F(s)dW, : f € L2([0,T],dt)}.
0

We derive from the preceeding lemma and Proposition 1 the following corollary.

Corollary 2 Assume the situation of Lemma 2. Let (eé—)j be an orthonormal system in K; satis-
fying {gi : t € I} C span {e;'- :j =1,2,...}. Then, (Si(eé'))lgigm,j s admissible for X, where
Sik(t) = (9, k), -

The next corollary shows that the Karhunen-Loeve expansion of X in some Hilbert space
L?(I, ) already converges uniformly in ¢ € I. It appears as special case of Proposition 3.

Corollary 3 Let p1 be a finite Borel measure on I with supp(p) = I and let V : C(I) — L%(I, p)
denote the natural (injective) embedding. Let (g;)j>1 be admissible for V(X) in L*(I,u). Then
there exists a sequence (fj);>1 in C(I) which is admissible for X such that V(f;) = g; for every j.

A final corollary is as follows.



Corollary 4 Let (f;)j>1 € C(I)N such that

ij(t)2 < oo for everyt € I.
j=1

o
If the process Y with Yy = Y & fj(t) has a pathwise continuous modification X, then (f;) is
j=1

admissible for X and X = § & fj as..
j=1

Proof. Notice that >~ &;f;(t) converges a.s. in R and Y is a centered Gaussian process. Hence X
is centered Gaussian. We have

<%ijfj> — (u, X) a.s.
j=1

for every u € G :=span{d; : t € I'}. Since G is a separating subspace of C(I)* the assertion follows
from Lemma 1.

The admissibility feature is stable under tensor products. For i € {1,...,d}, let I; be a compact
metric space and X’ = (X/);c7, a continuous centered Gaussian process. Set I := I1¢_,I; and let
X = (X}i)ter be a continuous centered Gaussian process with covariance function

EX,X; =1 EX! X] st el (2.9)

For instance, X := ®§:1X i satisfies (2.9) provided X!, ..., X¢ are independent. For real separable
Hilbert spaces K, let ®§:1Ki denote the d-fold Hilbertian tensor product.

Proposition 5 Fori € {1,...,d}, let (f});j>1 be an admissible sequence for X' in C(I;). Then

4
(®i=15,)j=(j1,....ja)eN

is admissible for X with covariance (2.9) in C(I). Furthermore, if Cxi = S;S},S; : K; — C(1;) is
a factorization of C'x:i, then ®§l:15i : ®§:1Ki — C(I) provides a factorization of C, .
Proof. For i € {1,...,d}, let K; be a real separable Hilbert space and (eg») ; an orthonormal basis

of K;. Then (®?:le§-i)l is an orthonormal basis of K := ®@%_, K.

N Cxi = 557, 8+ Ki — C(1;) is a factorization of Cyi, set gi := Sf0;,t € I. Then EX!X] =
(g%, 9¢) K, and hence, by (2.9)
E XX, =1L, (g}, 91k, = (019 @161 )ic» 8,1 € 1.
Consequently, by Lemma 2
U: K —C(I), Uk(t) = (®L14, k)

provides a factorization of C,. . Since

= DL, Siel (t:) = @ (Si€l, ) (t)
(@ S) (L€l )(t), tel,

we obtain U = ®§l:15i and thus ®§l:15i provides a factorization of C, .

10



If (f );>1 is admissible for X?, then by Proposition 2 assuming now that K; is infinite dimen-
sional, there is a factorization CXZ T,TF,T; : K; — C(I;) such that T( ) fZ for every Jj. Since
®@¢_T; : K — C(I) provides a factorization of Cy as shown above and (®%_,T;)(®@L 1€5,) = QL fL,
it follows from Proposition 1 that (®L, f;l) jend is admissible for X. ¢

The following examples are further investigated in Section 4.

EXAMPLES o Let W = (Wi)ejo,r) be a standard Brownian motion. Since EW,W; = s At =
fo 0,5] ()10, (u)du, the (injective) operator

S : L*([0,T],dt) — C([0,T)), Sk(t) = /Otk(s)ds

provides a factorization of Cy so that we can apply Corollary 2. The orthonormal basis e;(t) =
V2/T cos(n(j —1/2)t/T),j > 1 of L*([0,T],dt) yields the admissible sequence

VT | w(j—1/2)t

F5(8) = Sey(t) = = sin(T2 ) = 1 (2.10)
for W (Karhunen-Loeve basis of Hy ) and e;(t) = \/2/T sin(mjt/T) yields
50 = 20 o B 21 (2.11)
Then
_ vT .o —1/2)t, .
i) = G173 sin(——7—-),j 2 1 (2.12)
£ = a2

is also admissible for TV. The trigonometric basis eg(t) = 1/VT, eaj(t) = /2/T cos(2mjt/T), e2;—1(t) =
V2/T sin(27jt/T) yields the admissible sequence

_t VT | 27Tjt
folt) = 7 Faa(t) = = sin(==), (2.13)
foj 1 (t) = ﬁj (1- cos<?>),j >1

(Paley-Wiener basis of Hyy).

e We consider the Dzaparidze-van Zanten expansion of the fractional Brownian motion X =
(Xt)te[o,r) with Hurst index p € (0,1) and covariance function

EX,X, = 2(2f’+t2f’ |s — t[%°).

These authors discovered in [8] for 7" =1 a time domain representation

E X X = (959t ) + (92 90k
with K = L?([0,1],dt) and kernels gi € L?([0,1],dt). Hence by Lemma 2, the operator

S : L2([0,1],dt) @ L*([0,1],dt) — C([0,1]), S(k1, k2)(t) = /01 9t (8)k1(s)ds + /01 92(s)ka(s)ds

11



pl;ovides a factorization of Cy so that for every pair of orthonormal bases (e})jzl and (e?)jzl of
L([0, 1], dt),

. T
fi(t) :/o gi(s)el(s)ds, j > 1,i=1,2

is admissible in C([0,1]) for X. By Corollary 2, this is a consequence of the above representation
of the covariance function (and needs no extra work). Then Dzaparidze and van Zanten [8] could
calculate f; explicitely for the Fourier-Bessel basis of order —p and 1 — p, respectively and arrived
at the admissible family in C([0, 1])

i

1 = —  PY"  _gin(xit). ]
PO = e 2
c \/5 .
ff(t) = |J_p(;j)|y§)+1 (1 - COS(yjt)),j >1

where .J, denotes the Bessel function of the first kind of order v, 0 < z1 < 9 < ... are the
positive zeros of J_,,0 < y1 < y2 < ... the positive zeros of Ji_, and ¢ = I'(1 4 2p)sin(mp) /7.
Consequently, by self-similarity of X, the sequence

TPe,\/2 o oxit .
(@) WSIH(%)J > 1 (2.14)
—p\Zj)|T;
TPec,\/2 yit .
2() = ———L2T" (1 —cos(ZL)),j > 1
PO

in C([0,T7) is admissible for X. Using Lemma 1, one can deduce (also without extra work)
EXXe = fi()f;i() + > fF(s)fi 1)
j=1 j=1

uniformly in (s,t) € [0, T]?.
In the ordinary Brownian motion case p = 1/2, (2.14) coincides with (2.12). The interesting
extension of (2.13) to fractional Brownian motions is discussed in [9].

e Let X = (Xit)ic(0,m) be a Brownian bridge with covariance

B st T s t
KXo =snt=T = [ (100 = 2)(eg() - H)du.

By Lemma 2, the operator

t T
S+ L2(0,T), dt) — C([0,TY), Sk(t) = / k(s)ds — %/ k(s)ds
0 0
provides a factorization of C and kerS = span{1jy rj}. The choice e;(t) = \/2/T cos(mjt/T), j > 1,
of an orthonormal basis of (ker S)* yields admissibility of
V2T . mwjt
fi(£) = Sej(t) = = sin( 5

P> 1 2.15
7 ), J =1, (2.15)

for X (Karhunen-Loeéve basis of H, ).
e One considers the stationary Ornstein- Uhlenbeck process as the solution of the Langevin equation

dXy = —0Xudt + oWyt € [O,T]
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with X independent of Wand N (0, %)—distributed, o > 0,8 > 0. It admits the explicit represen-
tation

t
X, =e PtX,+ Ue_ﬁt/ e AW,
0

and

0.2 . 0.2 . 9 . sAL 9
EX X, = —e Alsmtl = —_ g Bls+t) 4 52o=Bs+ )/ 2P du.
20 26 0

Thus the (injective) operator

. N c = o e Pty o 2te_ (t—s) s)as
SR o LH([0.T).dt) — C(0.7]). S(e.b)(1) = Sze™ + /0 B=9) y(s)d

provides a factorization of C, so that for every orthonormal basis (e;);>1 of L?([0,T],dt), the

functions
folt) = =%
oll) = —==
V20
provide an admissible sequence for X.

Another representation is given by the Lamperti transformation X = V(W) for the linear
continuous operator

t
e Pt fit) = 0'/0 e Pt (s)ds, j > 1, (2.16)

0Bty (e2By,

V23

The admissible sequence (f;) in C([0,¢e*%T]) for (Wit)ie(o,e26m) from (2.10) yields the admissible
sequence

V :C(]0,e¥T)) = C([0,T), Va(t) =

Fit) = VIj(t) = o D sinGr(j - 1/2)e7 2070, > 1 (2.17)

for X.
e Sheet versions can be deduced from Proposition 5.

3 High-resolution product quantization

We investigate product functional quantization of centered continuous Gaussian processes X =
(X¢)ter on I = [0,T]% in the space E = C(I) equipped with the sup-norm ||z|| = sup,c; |z(t)].
Recall that the minimal Nth product quantization error is given by
0 N
e (X)) = e, (X,C(I)PD = inf{(E|| X &fi — XY : (f;);>1 € C(I)N admissible for X,
: = 2
X L"-product N-quantization w.r.t. (f;)}

where &1,&,. .. are i.i.d. N(0,1)-distributed random variables. The subsequent setting comprises
a broad class of processes (see Section 4).

Let (f;);>1 € C(I)N satisfy the following assumptions.
(A1) || 5]l < C157"log(1 + j)7 for every j > 1 with ¥ > 1/2,y > 0 and C; < o0.
(A2) f; is a-Hélder-continuous and [fjls < Coj? for every j > 1 with a € (0,1],b € R and Cy < oo,
where

[f] = sup ‘f(S) - f(t)‘
@ s;ét ‘S — t‘a

(and |¢| denotes the lo-norm of ¢ € R%).

13



In the sequel finite constants depending only on the parameters T',¢,~,a,b,C1,Cs,d and r are
denoted by C and may be different from one formula to another one. Other dependencies are
explicitely indicated.

First observe that Corollary 4 applies. By (A1), ioj fi(t)? < %O: | £i]I> < oo for every t € I, so
j=1 j=1
that we can define a centered Gaussian process Y by V; := § €;fi(t). Using (A1) and (A2) we
j=1
have for p € (0, 1]
11i(s) = [ = 1f;(s) = [;®F1fi(s) = [,
< (filals =t @IAHID

< P log(1 4 j)10Ps — 1f
and hence - 9172
jzzjl[fj]zp < oo for every p < BT,
This yields . .
ElY; - Yif* = Zl |£i(s) = fi(®)° < (Zl[fj]ip)ls —t[r
j= j=

and using the Gaussian feature of Y, we obtain from the Kolmogorov-criterion that Y has a
continuous modification X. Consequently by Corollary 4, (f;) is admissible for X and

o0
X = ijfj a.S., (31)
j=1
(E|Xs — X;|$)Y/2 < C,|s — t|% for every s,t € I and every p € (0,1] with p < %. An

immediate consequence is the continuous embedding of the Cameron-Martin space H, into the
Holder-space C*(I).

Proposition 6 We have H, C C*(I) and the inclusion map is continuous for every p € (0,1]
with p < %, where C*(I) is equipped with the norm ||| f||| = || fIl + [flap-

Proof. Let h € H = H,. By (2.2) and (2.8), we have
h(t) = (0¢, h) = (h,Cy 0t),, Cy 0 = EXy X
and hence for every u € C(I)*,
[(u, Oy (85 = 80))| = [E(Xs — X¢)(u, X)| < (B(Xs = Xf*) 2 (u, Cpu) /2.

Consequently, using (2.3) and (3.1)

[h(s) = b = [(h, C (05 = 61))y
12/l 1 Cx (5 = 8¢l
1]l sup{[{u, Cy (65 = 6¢)) = (u, Cxu) < 1}
1]l (BIXs — X [*)'/?
Co Il s — 7.

IN I IA

IN
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Thus in view of (2.4),
R NG N2 Rl + CpllAll - 3

The design of a (scalar) product quantization for X is based on optimal quantizing the coeffi-
cients &; in the expansion (3.1) of X. More precisely this yields product quantization with respect to
the admissible sequence (f;). Let N € N,7 € (0,00) and fix m, Ny, ..., Ny, € N with IT72; N; < N.

Let oj C R be the L"-optimal Nj-quantizer for £; and let éj = éjaj be the Voronoi quantization of
§; induced by ;. Then define a L"-product quantization of X by

XN=3" 1 (3.2)
j=1

It is clear that card(X (€)) < N so that XV is an N-quantization. If

&= bloyay) (&)

bea;
then .
X=X aj i) e, (o)) (5) (3.3)
a€ll” o j=1
where a = (a1,...,am) € H?"Zl a;j. Observe that XN is not a Voronoi quantization since it is based

on the (much less complicated) Voronoi partitions for ;,j < m.
For 7 € [1,00), the quantization error induced by X* satisfies

(E[IX — XNV = |IX = XNy

< I -0l + 1 Y. &l

Jj=1 j>m+1
< UG =Gl sl + 1 Y &Gl

j=1 j>m+1

so that .
EIX — XN < ST fillen, N (O,1) + El Y &MY (3.4)
j=1 j>m+1

For r € (0, 1], we have
. m
EIX = XN" <Y If5l7en; s VO, 1) +E D0 &1
j=1 j>m+1
Now let us pass to the truncation error.

Theorem 1 Assume that (fj);j>1 € C(I)Y satisfies (A1) and (A2). Then we have for every n > 2
and r € (0,00),

C(logn) +1/2
r\1/r
1 gl < R
and ca .
1 /r ogn)’ .
(&l ijf]H )1/ < nTglp ifo+9<0.
jzn

15



Proof. By equivalence of Gaussian moments

El Y &HINY < DEIY &) (3.5)

Jjzn Jjzn
for some universal constant D (cf. [14], Corollary 3.2). The upper estimate for E| > &; f;|| is based
j=n

on corresponding estimates for finite blocks of exponentially increasing length. For m > 1, set

2m

Z=2zM= 3 &f;

j=2m-141

For a given N > 1 consider the grid G, = {% :i=1,..., N} Then

1Z]l < sup |Zi|+  sup |Zs— Zy].
teGn |s—t|<CN-1

It follows from the Gaussian maximal inequality, that

E sup |Z;] < Cy/log(1 + N?) sup /EZ2.
teGn

teGn

Using (A1), we have for every t € I,

2m 2m
Ez2< Y IfP<c Y iPlog(l+ )% < om0,
j=2m-141 j=2m-111
so that
E sup |Z| < Cy/log(1 + N)2-"0=1/2) 7,

teG N
Moreover, using (A42), we have for |s —t| < CN !

m

|Zs — Zy] < X &1 f(s) = f3(D)]

j=2m-141
< Cls=t]* X |§llfila
j=2m-141
< CN7* Y gl
j=2m—141
and hence -
E suwp |Z,—2Z|<CN™® Y jP<coN—ogm(fh),
‘S—t|SCN71 j=2m—141
Thus we have established the estimate
E(Z™| < C(y/log(1 + N)2~m0=1/2) 4 y—agm(i+b)), (3.6)

As concerns the choice of N, set N := [2¢™] 4+ 1 with u € (0,00) satisfying 1 +b — au < 3 — 9.
Then (3.6) reads
E||zM| < c2~m=1/2)p+1/2, (3.7)
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One notices that in case b+ 19 < —1/2 one may choose N = 1 and obtains a power reduction
from mY*1/2 to m?. This can be improved. In fact, we have

2m
ElZs—z)> = X |fi(s) = ;)P
j=27”71+1
S C‘S _ t’2a Z j2b S C’S _ t‘2a2m(1+2b)

j—2m—141

so that
dz(s,t) = (E|ZS _ Zt|2)1/2 < C|8 o t|a2m(b+1/2)‘

If N(e,dz) denote the covering numbers of I with respect to the intrinsic semimetric dz, then by
chaining
9
E sup |Zs—Z) <E sup |Zs— Z SC’/ \/1og N(g,dz)de
[s—t|<CN-1 dz(s,t)<s 0
where § ;= CN—22m(+1/2) (¢f. [21], p. 101). Since

om(b+1/2) \ 4/
N(e,dz)§0<f> € <o

and fol Vl0og(1/x)dx < oo one gets for large enough N

g 1
log N (e, dy)de < C2+1/2) / loo(1 /) d < Crom(b+1/2).
| Viog N (e dzde < [ \Jiog(1/a)da <

Consequently,

E||ZzM| < C(/log(l + N)2-m0=1/2) 7 4 om(b+1/2)

< 027Dy i b4 <. (3.8)

Now we complete the proof. For n > 2, choose m = m(n) > 1 such that 2™~ < n < 2™. Then

2m
I _&hH1< X0 1290+ 12 &4l

i>n j>m+1 j=n

2m
Since E|| 3 &£ < E|[[Z™)| by the Anderson inequality (cf. [3], Cor. 3.3.7), we deduce from
j=n

Equation (3.7)

+1/2 Cm'y+1/2 C(log n)'y+1/2
E|Y &fill<C Z ST S mEim S o1

j>n

If b+ 9 <0 then it follows from (3.8) that

(1
Bl Y gl < Sl

ji>n

Combining these estimates with (3.5) yields the assertion.

Remarks e The rate for the truncation error only depends on ¥ and -y, that is on the decay of the
length of functions f; (as long as b+ v > 0). The occurence of expansions with b + ¢ < 0 seems
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to be a rare event and otherwise b plays no role (see the subsequent example). The case v = 0
typically corresponds to 1-parameter processes with I = [0, 7.

e The egg?r) -problem comprises the optimization of admissible sequences and in view of (3.4) is thus

related to the l-numbers of X defined by

Ly (X) = Ly (X, C(D)) = inf{(E|| Y &g;]I")"/" : (9) admissible for X in C(I)}. (3.9)

jzn
Rate optimal solutions of the I,, .-problem in the sense of I,, .(X) =~ (E| 3 &g;||")"/" as n — oo
i>n

have recently been investigated (see [13], [7], [8], [9], [1]). Admissible sequences of the type (A1)
and (A2) seem to be promising candidates. For instance, for the Brownian motion W on I = [0, 1],
it is known that

n

1 1/2
Lr (W) = < ogn) ‘

Hence, by Theorem 1, any admissible sequence in C([0,1]) for W satisfying (A1) and (A2) with
¥ =1 and v = 0 (like the Karhunen-Loeéve basis of Hy) is a rate optimal solution of the , ,(W)-
problem.

EXAMPLE (Weierstrass processes): Let
fit) =3 7sin(j"t), 5> 1,9 >1/2, be R, t€ [0,T].

Then | f;|| < j~% and [f;]1 = j° Since £;(0) = 0, we also have ||f;|| < Tj® so that (A1) and (A2)

~ [e.e)
are satisfied with ¢ = max{d, —b} and a = 1. The covariance function of X = ) &; f; is given by
j=1

o
EX. X, = Zj_w sin(7°?s) sin(j°7¢).
j=1

Now in the ” Weierstrass case” b+ 9 > 0, we get from Theorem 1

1/ Cylogn
(B Y &) < =Y=8T

j=n
while in the "non-Weierstrass case” b+ ¢ < 0 appears the better rate

C
ENY &5 < —s.

jzn

We come to the minimal product quantization error e, (X )PD . Let 7 € [1,00) and set vj =
3o P log(1 + 7o) if 5 < jo := [¢/?] and vj = j " log(1 + 7)7 if j > jo. Then the sequence (v;); is
decreasing. Since

lim keg, (N (0,1)) exists in (0, 00)

k—o0

(cf. [10]), we deduce from (3.4), (A1) and Theorem 1 the estimate

log(1 + m)7+1/2
mo—1/2

BIX — XV < (Y vyt +
j=1

18



for every m, Ni,... Ny, € N with IIJ2; N; < N. (The case b+ 9 < 0 is treated analogously.)
Consequently,

log(1 + m)1+1/2

(&
my—1/2

N,r

(X)) < Cinf{d " v N; '+
j=1

m,Nl,,NmGN,H;”:lN] §N} (310)

For a given N € N, we may first optimize the integer bit allocation given by the N;’s for fixed m
and then optimize m. To this end, note that the continuous allocation problem reads

m m
mf{Y vyt iy > 0Ly S N = vzt = N7V m(IL )V
j=1 j=1

where
zj = NV ()~

and z; > ... > zp,. One can produce an (approximate) integer solution by setting
Nj = [z] = [NY™y; (17 vy) "™ G e {1,...,m} (3.11)

provided z,, > 1. Then

SNt < 2mN T ) ™ < CmN T
j=1

Since the constraint on m reads m € I(N) with
I(N) == {m € N: NY™y,, (I~ v;)~"™ > 1}, (3.12)
we arrive at

eN,r

(X)PD < ¢ inf <

3.13
mel(N) ( )

mo—1 mP—1/2

for every N € N. One checks that I(N) is finite, I(N) = {1,...,m*(N)},m*(N) increases to
infinity and

N=Ymlog(1 +m)? N log(1 + m)'yﬂ/z)

log N

m*(N) as N — oo. (3.14)
Finally, after a bit reflection let
m = m(N) € I(N) with m(N) < 28N o0 N > 3 (3.15)
N ~ loglog N - '
2log N
such that m(N) ~ @ as N — oo.

This is possible in view of (3.14). The case r € (0, 1] can be treated similarly. We thus obtain the
following result.

Theorem 2 Assume that X admits an admissible set (f;)j>1 in C(I) satisfying (A1) and (A2).
Then we have for every N > 3 and r € (0,00),

C(loglog N)+7
Cx (X)) < (log N)7—172 (3.16)
e C(loglog N)v+1=1/2
ey, (X)PD < ifb+9 <0.

(log N)ﬁ—1/2

Furthermore, the L"-product N -quantization XN with respect to (f;) with tuning parameters defined
in (3.11) and (3.15) achieves these rates.
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We may reasonably conjecture that for many specific processes the above rate is the true one.
This would imply that product quantization achieves the optimal rate for quantization, namely the
rate of convergence to zero of ey (X) := ey (X,C(I)), only up to a loglog N-term in the formula
(3.16). This is in contrast to the Hilbert space setting where the optimal rate is attained by product
quantization (cf. [17]). To be precise we summarize the results on e, (X) in the present setting.

Theorem 3 (a) Assume that X admits an admissible sequence in C(I) satisfying(Al) and (A2).

Then 12
log log N)"*
ex, (X)=0 <( oglog IV) ) (3.17)

(log N)ﬂ—1/2

and (log log N)7
_ 0g 108
N, (X) - ((log N)0—1/2
(b) Assume that X admits an admissible sequence satisfying (Al). Let u be a finite Borel measure
on I and let V : C(I) — L*(I, 1) denote the natural embedding. Then

ex, (V(X),L* (1)) = O (%)

) if b9 <0. (3.18)

and

eN72(V(X),L2(M))(pq) —0 < (loglog N)? ) |

(log N)ﬁ—l/z

Proof. (a) The assertions follow from Theorem 1, Proposition 4.1 in [15] which relates [-numbers
(see (3.9)) and small ball probabilities (but this relation being not always sharp) and a precise link
between these probabilities and e, , (X) (cf. [5], [11]).

(b) Let (fj)j>1 be an admissible sequence in C(I) for X satisfying (A1) and consider an L*-product
N-quantization of V(X) based on (V' f;),

(see (3.2)). Then usilag the independence of &; — éj,j > 1 and the stationary property éj = E({ﬂéj)
of the quantization &j,

B 356V~ VOO g

_ OS2IV 2 2
= EIEISJ &l HVf]HLz(M)+j2§n:+1HVfJHLz(M)

< C(X ;%7 log(1+ )"+ X 572" log(1 +4)*).
j=1 j>m+1

Now argue as in [16] to conclude that

eN72(V(X),L2(M))(pq) —0 ( (loglog N)7 ) |

(log N)7=1/2 ¢

Sometimes (3.17) provides the true rate for e, (X) (like for the 2-parameter Brownian sheet),
sometimes it yields the best known upper bound (like for the d-parameter Brownian sheet with
d > 3) and sometimes (3.18) provides the true rate (like for the Brownian motion). The latter fact
typically occurs when the rate of ey, (X) and the “Hilbert rate” of e, (V(X), L?(dt)) coincide (see
Section 4). It remains an open question to find conditions for this to happen.

The following proposition ensures stability of conditions (A1) and (A2) under tensor products
(see Proposition 5).
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Proposition 7 Fori e {1,...,d}, let (f})j>1 € C([0, TN satisfy (A1) and (A2) with parameters
9i, v, ai, b; such that v; = 0. Then a suitable arrangement of (®§l:1f;i)jeNd satisfies (Al) and
(A2) with parameters ¥ = minj<;<q 9,y = ¥(m — 1), where m = card{i € {1,...,d} : ¥; = v},
a =minj<;<qa; and b = (maxj<;j<qb;)+.

Proof. For j = (j1,...,j4) € N9, set fi= ®§i:1f;:i so that fi(t) = H?Zlf}i(ti),t € [0, T]¢. We have

d 3 d .—1;
£l < TG [ f7, [ < CTLy ;

and

() _ . bl g
1£5(s) = fi®O] < € max, j7ls — 1"

Let u; := Hgl:lj;ﬁi. Choose a bijective map 9 : N — N¢ such that uj = Uy(k) is decreasing in
k > 1. Set fk = fw(k) Then

up ~ Ok~ (log k)*™ Y as k — oo
(cf. [19], Theorem 2.1). Consequently,
ka” < Ck‘_ﬂ(log k)ﬁ(m—l)

and for j = ¢ (k),
Ji < MLy <TG < Ch(log k)™= < .

hence

[fe(s) = fu(t)] < CK®|s — 1], 3

4 Examples

4.1 Brownian motion and Brownian sheet

The admissible sequences (2.10)-(2.13) for the standard Brownian motion over [0, T all satisfy the
conditions (A1) and (A2) with parameters ¥ = 1,7 = 0,a = 1 and b = 0. Consequently, by
Theorem 2, the performance of product quantization is ruled by

pg) _ loglog N
e (B =0 (ERE T ) @)
while (see [5], [11])
ey, (BM) = (log N)~'/2. (4.2)

The same result holds for Brownian bridge over [0,T] using e.g. the admissible sequence (2.15).
By Proposition 5 and 7, the tensor products of functions (2.10)-(2.13) are admissible for the
Brownian sheet (or Chentsov-Wiener field) X over [0, 7]% with covariance function

d
]EXSXt = HSi /\ti
i=1

and satisfy (A1) and (A2) withd = 1,7 =d—1,a =1 and b = 0. Therefore, by Theorems 2 and 3,

(BS)?) =0 <M> (4.3)

‘ (log N)1/2

N,r
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and

e (4.4)

(BS)=0 <(1°g log >d_1/2>

(log N)1/2
Using e, (BS) > T %, (BS, L*([0,T]¢,dt)) and employing the sharp rate for the Hilbert space
case (see [17]), one obtains the lower estimate

(4.5)

ex, (BS) =9 (M)

(log N)1/2

For d = 2, the "non-Hilbert-rate” (4.4) is known to be the true one for e, (BS) (see [11]) and it
is very likely also the true rate for d > 3. In any case we see no dramatic loss of performance by
using product quantization.

4.2 Fractional Brownian motions and fractional Brownian sheets

Consider the admissible familiy (2.14) in C([0,T]) for the fractional Brownian motion over [0,T]
with Hurst index p € (0,1). Using the asymptotic properties

1/2

. 2 )
2~y ~ e pl@g) ~ o)~ 2 s o0

(cf. [8]), one observes that a suitable arrangement of the functions (2.14) (like fo; = f}, foj—1 = f7)
satisfies (A1) and (A2) with parameters ¢ = p+1/2,7 =0,a =1 and b = 1/2 — p. Consequently,

oglo +1/2
ex , (FBM)®0) = O( (log (llogg ‘7]\\77); (4.6)
while (see [6], [11])
ex. (FBM) =~ (log N)~7”. (4.7)

The tensor products of functions (2.14) are admissible for the fractional Brownian sheet X over
[0, T]¢ with covariance function

1 . . .
E XX, = (5) T (57 + 67 — [si — 1),
pi € (0,1), and satisfy conditions (A1) and (A2) with ¥ = p + 1/2, where p = min;<;<4p;,
v = 9(m — 1), where m = card{i € {1,...,d} : p; = p}, a = 1 and b = max;<;<q(1/2 — pi))+.
Therefore, by Theorems 2 and 3,

m(p+1/2)
(pq) _ (log lOg N)
ey (F'BS) 0 < (log N7 (4.8)
and (p41/2)
B (log log N)™» —f
ey, (F'BS) =0 < (log N)7? (4.9)
The Hilbert space setting E = L?([0,T]%, dt) provides the lower estimate
(log log N)(m—l)(p+l/2)
FBS)=Q 4.1
eN,r( S) < (log N)p ( 0)

(see [16], [17]). The true rate of e,  (FBS) is known only for the case m = 1 where the true rate
is the “Hilbert rate” (4.10) (see [5]) and in case m = 2 where (4.9) is the true rate (see [2], [11]).
A reasonable conjecture is that (4.9) is also the true rate for m > 3.
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4.3 Riemann-Liouville and other moving average processes

For ¢ € L?([0,T],dt) and a standard Brownian motion W, let
t
X, :/ W(t — s)dW,, t € [0,T]
0

and assume that X has a pathwise continuous modification. Since
SN\t
EX. X, = / P(s —u)Y(t — u)du,

the operator S : L2([0,T7],dt) — C([0,T7]), Sk(t) = fo Y (t — s)k(s)ds provides a factorization of Cy

so that
fit) = \f/ o(t cos( ™ _T1/2)S>ds (4.11)

. [/w (y—l/sz >)d37j217

is an admissible sequence for X. Observe that (4.11) provides well defined continuous functions
even for ¢ € L([0,T],dt).

Lemma 3 Let ¢ € L'(]0,1],dt).

(a) If o(t) = [§ [&(s)|ds is B-Hélder continuous with 3 € (0,1], then the sequence (f;) from (4.11)
satisfies (A2) with a = 3 and b = 1. In particular, if b € L*([0,T),dt), then (A2) is satisfied with
a=1/2 and b= 1.

(b) If ¢ has finite variation over [0,T], then (A1) is satisfied with ¥ =1 and vy = 0.

Proof. Let \; = (7(j — 1/2)/T)72. (a) For s < t, we have

Ho-10 = /2 L wtudteosts = /) = cos(t =)V Adu — [ ) cost( =)y 3|

so that
56) = £i(0)] < f(‘;—”uwup w+ [ o \du) .
(b) We have
) = AT / (s)dsin(t — 5)/\/3)
= 1/2X;/T(¢(0) sin( t/\/7 / sin((t — s)/\/;j)dz/}(s))
so that

1511 < /225 /T([9(0)] + Var(¢, [0, T1))- 3

This lemma yields an universal upper bound

o Y0 = 0 (LR )

(log N)1/2

for functions v having finite variation.
In the sequel we do not care about improvements of parameter b in (A2) since the condition
b+ ¥ < 0 cannot be achieved in this setting (cf. Theorems 2 and 3).
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Lemma 4 Let v € L'([0,T],dt).

(a) If 4 is positive and decreasing on (0,T] and @(t) = [ (s)ds is B-Holder continuous with
B € (0,1], then the sequence (f;) from (4.11) satisfies ||f;l| < Ci=P. If B > 1/2, then (A1) is
satisfied with ¥ = 8 and v = 0.

(b) If ¥(0) = 0,4 is B-Holder continuous with 3 € (0,1],4) is differentiable on (0,T] such that ¢’
is positive and decreasing on (0,T], then (A1) is satisfied with 9 =1+ 3 and v = 0.

Proof. Let \; = (7(j — 1/2)/T)72. (a) For t < \/X;, we have

£(0] < \/2/Te(y/3)):

Using the second integral mean value formula we obtain for t € [\/A;,T] and some §; € [\/A;, 1]

50 < V2T /0 V¥ ) cos((t — 5)/\/A;)ds| + | /;A_jws) cos((t — 5)/\/\;)ds|)
= 1 VA sy cos((t — )/ A)ds] + (/) /;”'A_jcos«t—s)/@)dsn
< VYT (oA +2¢/A00,/70)
< 3Y2Te(/A)).

Consequently,

1551 < 3y/2/ Tl /7)) < NP2,

(b) The function % is absolutely continuous on [0, 7] so that an integration by parts yields

fi(t) = \/2)\j/T/0t Y (s) sin((t — s)/\/;j)ds.

Arguing like in (a) (with ¢ replaced by ¢') one derives that

150 < 3y/20/To( A < AP

Now let 1(t) = tP~1/2 with p € (0,00). Then
t
X=X} = / (t — )P~ Y2dW,, t € [0,T] (4.12)
0

so that X” is a Riemann-Liouwville process of order p. Using the (p A %)—Hélder continuity of the
application t +— X7 from [0, 7] into L?(IP) and the Kolmogorov criterion one checks that X” has a
pathwise continuous modification.

Lemma 5 Let ¢(t) = tP~1/2 p € (0,00). Then the sequence (f;) from (4.11) satisfies (A2) with
a=min{l,p+1/2}, b =1 and (A1) for p € (0,3/2] with 9 = p+1/2 and v = 0.

Proof. Immediate consequence of Lemma 3 and Lemma 4.

We deduce for Riemann-Liouville processes of order p € (0,3/2]

log log N)P+1/2
ey, (RL)P? = O <( llos N))P (4.13)

24



while for every p € (0,00)( see [15], [11])
ey, (RL) = (log N)~". (4.14)

For 8 € (0,00), define the fractionally integrated Brownian motion by

s_ L [ g was
Yt—r(m/()(t V-1, ds. (4.15)

The Ito formula yields V> = I'(1 + 5)_1Xtﬁ+1/2 so that for 8 € (0,1]

(loglog N)A+1 )

eN,'r

(pg) — S = = TV
e = o ( (ol

and for § € (0,00)

EN,T,(FIBM) [~ (log N)_(ﬁ+1/2)‘

To go beyond p = 3/2 needs to slightly change the way we quantize. Let 9(t) = t*~1/2 with
p > 3/2 and choose k € N such that k +1/2 < p < k+3/2. Set \; = (n(j — 1/2)/T)~2. For
k€ {2n —1,2n},n € N integration by parts yields the expansion

n

fit) = (=)™ 2/ TP () + (—1)"A7 2/ T /0 t¢<2">(s) cos((t — s) /\/Tj)ds

3

=: gj(t) + hj(t),t € [O,T].

Since Y™ (t) = CtP~ 1 if k = 2n — 1 and ¥ (t) = CtP if k = 2n with 8 = p—k —1/2 € (0,1]
we deduce from Lemma 3 and Lemma 4 that the sequence (h;) in C([0,T]) satisfies (A1) with
v =p+1/2,y =0and (A2) witha = p—k—1/2,b = —kifk=2n—1landa = 1,0 = —k+1if k = 2n.
Clearly, the sequence (g;) also satisfies the conditions (A1) and (A2) (with 0 = 2,7 = 0,b = —2
and a = p—k—1/2if k =2n—1and a = 1 if & = 2n). Consequently, there exist centered

[e.e] [e.e)
continuous Gaussian processes U = (Uy)ejo,r) and Z such that U = 3~ ;g5 as., Z = 3 §hj as.,
j=1 J=1

X=x'Lyutz (4.16)

and U € span{yy®™~1) :m =1,...,n} a.s. Observe that

U= Z (—)™ 2/ Ty By,

m=1
oo

where 1, = 35 AJ'E; is N(0, 32 )\?m)—distributed.
=1 j=1

Now use e.g. [N/?"]-quantizations of 7,,, and a [v/N]-product quantization of Z for the quan-
tization of X (which is clearly not optimal in practice but remains rate optimal). Let a,, C R be
the L"-optimal [N'/?"]-quantizer for n,, fi, = H&m,

U= 3 ()2 Ty,
m=1

and let ZVN be the L-product [V/N]-quantization of Z from Theorem 2. Then, a (modified)
L"-product N-quantization of X with respect to (f;) is defined by

A~

XN .=pVN 4 ZVN, (4.17)
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Using Theorem 2 one shows for the quantization error

WU+2=XNp < CUIU=TN1p + 12 = 2VV|1s)
< OCX VATIVE™ Dl — fnller +12 = 2/
< C C(loglog v/N)rt1/2
SN (g VN
C(loglog N)r+1/2
(log N)»

so that with the above modification (4.13) remains true for p > 3/2.

4.4 Ornstein-Uhlenbeck process

By Lemma 3, the admissible sequence

fo(t) = \/%e_ﬁt,fj(t) = a\/g/ot e PU=9) cos (M) ds, j =1

(see (2.16)) for the stationary Ornstein-Uhlenbeck process (X;);cjo,r) With covariance
EX,X, = L eblst
st — 2ﬁ

satisfies conditions (A1) and (A2) with ¥ = 1,7 =0,a = 1 and b = 1. Consequently,

loglog N
eNm (OU)(PQ) =0 <W) (418)
while (see [11])
ey, (OU) ~ (log N)~V/2. (4.19)
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