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NEW M-ESTIMATORS IN SEMIPARAMETRIC REGRESSION WITH
ERRORS IN VARIABLES

CRISTINA BUTUCEA!'2, MARIE-LUCE TAUPIN®#

ABSTRACT. In the regression model with errors in variables, we observe n i.i.d. copies
of (Y, Z) satistying Y = fgo(X) + € and Z = X + ¢ involving independent and unob-
served random variables X, &, e plus a regression function fgo, known up to some finite
dimensional §°. The common densities of the X;’s and of the &;’s are unknown whereas
the distribution of € is completely known. We aim at estimating the parameter ° by
using the observations (Y1,21), -+, (Yn, Z,). We propose two estimation procedures
based on the least square criterion Sgo ,(6) = Ego_,[((Y — fo(X))?w(X)] where w is some
weight function, to be chosen. In the first estimation procedure, w does not depend on
f and the distribution of the &’s is unknown. The second estimation procedure is based
on Sgo g(0) = Ego o[(Y — fo(X))* — 0 5)we(X)] where wy is positive weight function,
to be chosen, and requires the knowledge of 022 = Var(¢). In both cases, we propose
two estimators and derive upper bounds for the risk of those estimators, depending on
the smoothness of the errors density p. and on the smoothness properties of w(zx) fo(x)
or wy(x)fo(x) with respect to x. Furthermore we give sufficient conditions that ensure
that the parametric rate of convergence is achieved. We provide practical recipes for
the choice of w or wy in the case of nonlinear regression functions which are smooth on
pieces allowing to gain in the order of the rate of convergence, up to the parametric rate
in some cases.
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1. INTRODUCTION

We consider the regression model with errors in variables where one observe n independent
and identically distributed (i.i.d.) copies of (Y, Z) satisfying

{ Y = fp(X)+¢
Z =X +e,

involving independent and unobserved random variables X, £, e, plus a regression function fgo
known up to a finite dimensional parameter 6°, belonging to the interior of a compact set of
© C R%. The common densities of the X;’s and of the &;’s are unknown, with E(¢) = 0, whereas
the density of the errors ¢;’s is completely known.

In this context we aim at estimating the finite dimensional parameter §° in presence of a
functional nuisance parameter g, the density of the X.

Previous known results. This model has been widely studied with first results written in the
1950’s (see for instance Reiersgl ([[95() or Kiefer and Wolfowitz ([[95()). Most of results deal
with linear models where /n-consistency, asymptotic normality and efficiency have been studied.
One can cite among the others Bickel and Ritov ([987), Bickel et al. ([993), Cheng and van Ness
([994), van der Vaart (T983), ([996), (R002), Murphy and van der Vaart ([996). The nonlinear

models have been more recently considered starting with the case of repeated measurement
data as in Fuller ([987), Wolter and Fuller ([982H), ([9824), under additional assumptions
as in Gleser ([[99(), Hsiao ([[989), Li (2009), Kukush and Schneeweiss (R005d), (R005H) or by
simulation (see Carroll ([99F), Hsiao et al. (2000), ([[997), Li (R000)). To our knowledge the first
consistent estimator in nonlinear regression models with errors in variables, under nonparametric
assumptions on the design density g has been proposed by Taupin (R001]) when the errors e are
Gaussian and by Comte, Taupin (R001) in the context of auto-regressive models with errors
in variables for various types of errors density p.. In those papers, the estimation procedure
is based on the estimation of the modified least square criterion E [(Y — E(fp(X)|2))*W (Z)]
where the conditional expectation is estimated by using the observations Zi,--- , Z,, and where
W is some weight compactly supported function. It is also stated that the rate of convergence,
which has not an explicit form, depends on the smoothness of the regression function as well as
the smoothness of p. through the increase of the ratio (fyps(z —-))*(t)/pi(t) as t goes to infinity.
The parametric rate of convergence is achieved in some specific examples, such as polynomial
or exponential regression functions. The main drawback of this estimator is that, besides its
complexity, its rate of convergence has not an explicit form.

More recently, Hong and Tamer (R00J) propose a consistent estimator in the specific case
where p? is of the form p*(t) = 1/(1 + 0t?). Their estimation procedure strongly depends
on this particular form of p} through the ratio 1/p} always appearing in errors in variables
techniques. The extension of the method for other errors density p. seems thus not concluding.

Our results. We propose here new estimation procedures, more explicit, natural and tractable
than the one proposed by Taupin (2001), that often provide better results, by using the weight
function w in order to smooth the regression function by a multiplication. Furthermore, this
new estimation procedure allows to provide sufficient conditions to achieve the parametric rate.
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Those estimation procedures are based on the least square criterion, both of them allowing
to construct two estimators.

The first estimation procedure, is based on the estimation, using the observations (Y;, Z;) for
i =1,--+,n, of the least squares criterion Sgo, := Ego ,[(V — fo(X))?w(X)] where w is some
positive weight function, to be chosen.

In this context, we define two estimators, and the first one is naturally defined by

by = argapin 5,.4(0) with S (0) = 137 [0V = fole) (@) €l (Cule - 20
=1

where K, is a deconvolution kernel such that its Fourier transform verifies K5 (t) = K*(t)/p%(tCy),
for K* compactly supported, C, a sequence C,, — oo, and p*, defined by p*(t) = [ €'® f(x)dzx
for p an arbitrary square integrable function.

We show that under classical identifiability, moment and smoothness assumptions, this esti-
mator #; is a consistent estimator of #° with a rate of convergence depending on two factors, the
smoothness of (wfy) and on the smoothness of the errors density p.. This partly comes from
the fact that this estimation procedure is based on the estimation of the linear integral func-
tional Ego ,(Yw(X) fp(X)) and Ego ,(w(X)f7 (X)) using the observations (Y1, Z1),-- -, (Yn, Zn),
that is by recovering some information on (Y, X) using the observation (Y, Z). More precisely,
it depends on the smoothness of w(z)dfp(x)/00 and w(x)d(f2(x))/00 and the smoothness
of the errors density p.(x), as functions of x through the behavior of (wdfy/00)*(t)/pk(t),
(wd(f2)/00)*(t)/p:(t) as function of t — co. From this construction we derive some sufficient
conditions that ensure that ; achieves the parametric rate of convergence.

The second estimator, more simple, is based on conditions ensuring that Ego (Y w(X)fp(X))
and Ego ,(w(X)fZ(X)) are estimated at the parametric rate \/n. In that case the parametric
rate of convergence for the estimation of #° can be achieved and the asymptotic normality of
this estimator is stated.

The first estimator is more general and applicable in all setups, but for some specific regression
functions, the use of deconvolution kernel is not required. In those simple cases, the second
estimator is more simple. Nevertheless, the conditions ensuring that Ego ,(Yw(X)fs(X)) and
Ego ,(w(X)f3(X)) are estimated at the parametric rate \/n are not always fullfilled.

In the first estimation procedure, the weight function is used, first in order to make (wfp)
integrable and second, in order to smooth (wfy) and to improve the rate of convergence of the
estimators. For a large class of regression function, w not depending on # suits well, for instance
for polynomial, exponential, cosines regression functions as well as for regression functions fy of
the form fy(z) = ¢(0)f(x). But sometimes, the smoothing properties of w will be improved by
taking w depending on 6, e.g. in case where the regression function has to be smoothed at some
point related to 8. That can be done, under an additional assumption, which is the knowledge
of 0272 = Var(§). In this context, the second estimation procedure, is based on the estimation,
using the observations (Y1, Z1), -, (Yy, Zy), of the least squares criterion

Sy = Eqgl(Y — fo(X))wo(X)] — 02 yEgo g uip(X)]

where wy is some positive weight function, depending on 6, to be chosen and where ag 5 = Var(§)
is known. Using this criterion, we propose two other estimators. Analogously to the construction



4 CRISTINA BUTUCEA'?, MARIE-LUCE TAUPIN®*

of 6, we propose a first more general estimator 51 which is defined by
~ : : 1 ¢
01 = argmin S, (0) with S,1(6) = — Z / [(Y; = fo(x))? = 02 JJwe(2) Cr Ky (Cr(x — Z;))da.

We Show that under classical 1dent1ﬁab1hty, moment and smoothness assumptions, this esti-
mator 01 is a consistent estimator of ° with a rate of convergence depending, as 61, on the
smoothness of d(wy(z) fo(x))/00 and 8(wy(z) f2(x))/00 and the smoothness of the errors density
pe(z), as functions of x, described by the behavior of (Qwy/00)*(t)/pi(t), (O(we fo)/00)*(t)/pi(t),
(O(f3wy)/00)*(t)/pk(t) as t — oo. This comes once again from the fact that this estimation pro-
cedure requires the estimation of the linear integral functional of the density g, Ego ,(wg(X) f3(X))
and Ego_,(Ywy(X)fo(X)) as well as Ego , (Y 2wy (X)), using the observations (Y1, Z1), -+ , (Yn, Zn).

From this construction we derive some sufficient conditions that ensure that 51 achieves the
parametric rate of convergence.

The second and more simple estimator, is based on conditions ensuring that Ego (Y *wy (X)),
Ego ,(Ywg(X) fo(X)) and Ego ,(wy(X)f7(X)) can be estimated at the parametric rate /n. This
induces that the parametric rate of convergence for the estimation of ° can be achieved. Once
again, the conditions ensuring that Ego ,(Ywy(X)fp(X)) and Ego ,(we(X)fF(X)) are estimated
at the parametric rate \/n are not always fullfilled.

The rates of convergence of the proposed estimators are thoroughly studied for various type
of smoothness properties of wfy, w f92 and their derivatives in 6 as functions of x, respectively
wy, Wy fg, W f92 and their derivatives in € as functions of z, and for various type of errors density
pe. It appears that as for the nonparametric estimation of the regression function in errors in
variables models, the slower rates of convergence are obtained for smoother density p.. In many
practical cases we can improve this smoothness a lot by multiplication with a properly chosen
weight function.

The conditions ensuring that the y/n-consistency is achieved are also deeply studied. The
main idea is that the actual shape of the regression function matters less than its smoothness
(compared to the noise smoothness). Those conditions are illustrated through various examples
of regression functions. The point is that these conditions allow us to include setups that were
not known before.

Let us now compare our estimation procedure with the one proposed by Hong and Tamer
(R003)). It is noteworthy that in their special framework of noise densities satisfying p’(t) =
c[t|=2(1 + o(1)) as |t| — oo with regression functions fs having derivatives in @ up to order 3,
twice continuously differentiable functions of z, our estimation procedure also allows, to recover
\/n-consistency.

The drawback of smoothing by multiplication is that we can obtain infinitely differentiable
functions but not analytic. In such a case and if the noise has an analytic density, the parametric
rate of convergence can not be attained by our methods. Nevertheless the smoothing technique
improves significantly the rate when using a clever choice of weight function w.

The main question that remains open is : is it possible to construct a y/n-consistent estimator
of A for all regression functions and independently of the smoothness of the density of the errors?

The paper is organized as follows. Sections [l and [ present the two estimation procedures and
the associated estimators as well as their asymptotic properties. Those asymptotic properties
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and practical recipes are illustrated through examples in Section fl. The proofs can be found in
Section [gl with some technical lemmas presented in Appendix.

2. FIRST ESTIMATION PROCEDURE

Notations

We denote by z_ the negative part of z, || ¢ 3= [¢*(@)dz, | ¢ |eo= Supger lo(z)]. In
the same way p x ¢(z) = [ p(z — x)q(z)dx denotes the convolution of two functions p and g,
Var(¢) = E(€2) is denoted by 0572 and E(¢1) = 02{4. For some 6 € R?, || 6 ||2,= ZZZI 02 and 01
is the transpose matrix of 6.

From now, P, E and Var denote the probability Pgo 4, the expected value Ego 4, and respec-
tively, the variance Vargo ,, when the underlying and unknown true parameters are 6% and g.

The starting point of the first estimation procedure is to construct an estimator based on the
observations (Y;, Z;) for i = 1,--- ,n, of the least square contrast

(2.1) S0 (60) = E[((Y — fo(X))* w(X)],

where w is some positive weight function to be suitably chosen.
This estimation procedure requires at least the following assumptions.
Smoothness assumption

(A1) For any 6 in O, the function 6 — fy admits continuous derivatives with respect
to 6 up to the order 3 .

Identifiability and moment assumptions

(I14) The quantity Sgo 4(0) = 0 E(w(X)) + E[(fpo (X) — fo(X))*w(X))]

admits one unique minimum at 6 = 6°.
(I12) For all § € © the matrix Sy (0) = 9°Sgo ,(0)/06% exists and

- X X ’

Sé%?g(eo) =E |w(X) <8f967(9) |6:60> (8"6‘987(0) |9:90> ] is positive definite.
(I13) The quantities E[w?(X)(Y — f3(X))?] and their derivatives up to order 2

with respect to 6 are finite.
We denote by G the set of densities g such that ([1g]) holds.
2.1. Construction and study of the first estimator 6,. We start by presenting an estima-

tor, which is general, constructive, and which allows to give upper bounds in a general setting
and to deduce some sufficient conditions to achieve the parametric rate of convergence.

2.1.1. Construction. Let us denote by fy x and by fy 7z the joint densities of (Y, X) and respec-
tively of (Y, Z) satisfying in this model,

(2.2) frix(y,2) = g(x)pe(y — foo()) and fy,z(y,2) = fr,x(y, ") * pe(2).
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Since Sgo,g(e) is given by
Sgo4(0) = E[(Y — fo(X))*w(X)] = / (y — fol))*w(z) fy.x (y, z)dy da,

according to (R.3), we naturally propose to estimate 5'9079(9) by

1 n
(23) 5ua6) = > [ (= ful@) w(e) Ko (Culo — Z0)da,
i=1
where K, ¢, (-) = C,, K, (Cy-) is a deconvolution kernel defined via its Fourier transform, such
that [ K,(z)dz =1, and

K* *
(2.4) Koc,(t) = pi?;; ) Kp(t (/ g"),

with K™ compactly supported satisfying [1 — K*(¢)| < Tj>;-
Using this criterion we propose to estimate #° by

(2.5) 6, = arg min S'n,l(H).
(<G
2.1.2. Asymptotic properties of the first estimator 6.
(Az) sup || fi0g I13< C(f50), sup || foog [15< C(fyo)-
9€9 9€gG
(As) sup [wfol, w| and sup [wf3| belong to L (R)
0O (ISC]

As for density deconvolution, or for nonparametric regression function estimation in errors
in variables models, the rate of convergence for estimating 6° is given by both the smoothness
of the errors density p. and the smoothness of fyw, and more precisely by the smoothness of
O(fow)/00 and 9(faw)/d0, as functions of z.

Those smoothness properties are described in both cases, by the asymptotic behaviour of the
Fourier transforms. We consider p. that satisfies the following assumption.

(Nq) The density p. belongs to La(R) and for all z € R, pZ(x) # 0.

(N2) There exist some positive constants C(p.),C(p:), 3, p,a and ug such that
C(p:) < X (w)]|ul”exp (B |ul”) < C(pe) for all [u| > ug.

The assumption ([N]), quite usual in density deconvolution, ensures the existence of the decon-
volution kernel in (R.4). If p > 0, then the noise is called exponential noise or super smooth
noise. And if p = 0, then by convention 5 = 0, a > 1 and the noise is called polynomial noise
or ordinary smooth.

The smoothness properties of functions involving the regression function are also given by the
asymptotic behaviour of the Fourier transforms described as follows.

(R1) A function f satisfies (Ryg]) if f belongs to L;(R) N Ly(R) and if there exist
a,b,r, and ug > 0 such that L(f) < |f*(u)|lu|® exp(blu|”) < L(f) < oo for all |u| > ug.
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If » = 0, by convention b = 0, and the function f is called ordinary smooth. If r > 0, the
function f is called super smooth.

Theorem 2.1. Let ; = 0,(C,,) be defined by ([2-4) under the assumptions ([11)-[M1g), (N4)-

N2, Ad), AF) and [AF). Assume moreover that for all 0 € O, fow and fiw and their
derivatives up to order 3, with respect to 0 satisfy (Rdl). Let C,, be a sequence such that

(2.6) C2a20H1=0) oy {9bCT + 28CP} /n = o(1) as n — +oo.
1) Then, for all of the sequences satisfying (B-8), E(||01(Cy) — 6°]1%,) = o(1), as n — oo and

01(C,) is a consistent estimator of 6°. . .
2) Morcover B(|| 1 — 69 |2) = O(¢2) with @ = (@)l and 32, = B2_,(60°) + Vo (60°)

j=1---.d,
B2,0) =1mn{H( ;j)>7Ka,—1 + (2 89>>?Kbn—1>2
] () e .

|35 ) e
NGk

- _ (wfo) *Kcn
Vn,j(e) = Hlln{H( 89 > pa )
e
pE

|5 5 i
1

Comment The terms ij and vn,j /n are respectively the bias and variance terms with,
as in density deconvolution, bigger variance for smoother error density p. and smaller bias for
smoother (wfy). Contrary to density deconvolution, the smoothness of (wfy) also appears in
the variance term and not only in the bias. The resulting rate when (fyw) and (ffw), as well as
their derivatives with respect to § up to order 3 satisfy (Ry]), are given in the following corollary.

2

and
2

9

Corollary 2.1. Under the assumptions of Theorem [2.1, assume that p. satisfies (Ng) and that
for all 0 € O, (fow), (fgzw) and their derivatives with respect to 0, j =1,...,d up to order 3,
satisfy (Ral). Then @2 is given by Table [, according to values of parameters a, b, r, o, 3 and
p.
Remark 2.1. Let us comment those rates. First note that the slower rates are obtained for the
smoother errors density p., for instance for Gaussian &’s. Nevertheless, those rates are improved
with the choice of w such that (wfp), (wfz) and their derivatives with respect to § are smooth
enough.

Second, the parametric rate of convergence is achieved as soon as the derivatives with respect
to 0, of (wfy) and (wf}) as functions of x are smoother than the errors density p.

Remark 2.2. It is noteworthy that the rate of convergence of the estimators could be improved
by assuming some smoothness properties on the design density g. Since g is unkown, we choose
not to assume such smoothness conditions.
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Pe
p=0in (N2 p>0in (N
ordinary smooth super smooth
2a—1
a<a+1/2 n~ 2
w fgo (E) / 2a—1
b=r=0 (logn)™ "7
Sobolev .
a>a+1/2 n
N\T/P
r<p (log n)A(a*’”=p) exp {—21) (l(;%”) }
o n)A@mp)+2ab/ (5r)
b<f (log n) iy
() a—2a r
>0 n1 b=fa<a+1/y Geem® T
c> r=p
b=83,a>a+1/2 n!
b>p n~1
r>p n~t

where A(a,r,p) = (—2a+1—7+ (1 - T),)//l
TABLE 1. Rates of convergence 2 of 0,

2.2. Consequence : a sufficient condition to obtain the parametric rate of conver-
gence with 0;. We say that the conditions (C1)-([C4)) hold if there exists some weight function
w such that for all 8 € ©,

(C1) the functions (wfy) and (wf3) belong to L;(R), and the functions supw*/p?,
0

SI;p(fgw)*/p;k ) :ﬂ;p((]‘},?w)*/p;k belong to Lq(R) N Ly (R);

. A(fow) O(fw)
(C2) the functions Zgg 50 > < 50

/pz and sup )) /pz belong to Li(R) N La(R);

0cO

2 * 2042, \\ *
(C3) the functions <8 éégw)> /p% and <%> /p: belong to Li(R) N Le(R).
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Theorem 2.2. Consider Model ({I.1) under the assumptions (A4]),([[14)-[@1d) and the condi-
tions (IC4)-(Cd). Assume that for all§ € O, fow, f92w and their derivatives up to order 8 satisfy

[Ra). Then 0, defined by (B3) is a \/n-consistent estimator of 0° which satisfies moreover that
V(6 — 6°) £, N(0,%1), with ¥y that equals

(o (250%) (450%) Jove) 5 oo (%) (%52) o)
wher_e Y1 is given by

s [ (M ) i [ (M ) il

Comments Theorem R.2 is an immediate consequence of Theorem P.1| since conditions ([Cq])-
(C4)) ensure precisely that the variance term V;, ; = O(1) for j = 1,--- ,d.

2.3. Construction and study of the risk of the second estimator 6.

2.3.1. Construction. We now propose another estimator of %, based on some sufficient condi-
tions allowing to construct directly a /n-consistent estimator of 5'9079 defined in (R.1]), based on
Vi, Z;),i=1,-

We say that the condltlons (IC4)-(IC4) hold if there exists some weight function w and there
exist some functions @975,], j =1,2,3 not depending on g, such that for all § € © and for all g

(Ca) /y2w(33)fY,X(y,l’)dyd$ = /y2‘i’9,5,3(2’)fY,Z(y7Z)dyd2’7
/yfe(ﬂf)w(x)fxx(yaﬂ?)dy dr = /y‘fe,s,z(z)fxzdydz

and / (x)dz = /@97571(z)h(z)dz;
LI
(Cs) For j =1,2,3, E [sup T D) || 00;
pco| 00
. 0. ;
(Cs) For 7 =1,2,3 and for all § € ©, E W”(Z) < o0
) [ g . ]
(Cr) For j=1,2,3 and for all 6 € ©, E 502 (2)|| < 0.

Note that ®g ,3 exists as soon as the chosen Welght function w is smoother than p. in the way
that w*/pf belongs to Li(R). Furthermore, <I>953 = <I>53 does not depend on 0. We refer to
Section [ for details on how to construct such functions ®g. ;.
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Under (IC4))-(IC4), we propose to estimate 5*9079(9) by

- 1 &
(2.7) Sna(0) = = (V7P ®oos(Zi) = 2Yi®o.2(Zi) + ®o21(Z)));
1=1

and hence 6° is estimated by

(2.8) 0y = arg min Sn2(0).

Remark 2.3. The main difficulty for finding such function (1)975’]' lies in the constraint that we
expect that they do not depend on the unknown density g. If we relax this constraint, obviously
there are a lot of solutions.

2.3.2. Asymptotic properties of the second estimator 0.

Theorem 2.3. Consider Model under the assumptions ([A{]), [[14])-@M1g), and the condi-
tions (C4)-(C4). Then 6, defined by (B-§) is a \/n-consistent estimator of 0° which satisfies

moreover that /n(fy — 6°) £, N(0,%5), with ¥y that equals
n—oo

(E [w(X) <8f98(9X)> <8fea(9X)>T] |HO> ;0’2 (E w(X) <8fea(9X)> <8f98(9X)>T] |9:ao> -1

where 2072 equals

0(Bp.1(Z) — 2Y by o(2) 0(®y.1(Z) — 2V dy . 2(2)) !
E lo—go lo—g0

00 00

Note that, by denoting ®g.1 = (wf2)*/pk, Poeo = (wfp)*/pt and Py, 5 = w*/pt, we get
that 3o 1 = 3o 2 with ¥o 1 defined in Theorem P.3 (See also Comment 1 in Section ).

3. SECOND ESTIMATION PROCEDURE

In the first estimation procedure, the weight function is used in order to make wfy, w fg
integrable and also in order to get smooth wfy, w f92 and derivatives in 6. In a large class of
regression functions, the weight function can smooth these functions without depending on 6.
Sometimes, the smoothing properties and hence the rate of convergence are improved by making
w to depend on 6. It appears in particular when the points where we need to smooth are related
to 6.

The second estimation procedure uses an estimator based on the observations (Y, Z;), i =
1,--- ,n, of the least square contrast

(3.1) Spo.g(8) = E[((Y — fo(X))? — o€ ) wo(X)],
where wy is some positive weight function to be suitably chosen. This criterion requires thus

the knowledge of Var(¢).
Subsequently we consider the following assumptions.
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Identifiability and moment assumptions

(I21) The variance 0’272 = Var(¢;) is known.

(I24) The quantity Sgo ,(0) = E[wy(X)(Y — fo(X))?] — 0272E(w9(X)) admits one
unique minimum at 6 = 4°.

(125)  For all € © the matrix Sy, (8) = 9°Sgo 4(0)/06? exists and
T
Sé?g(eo) ) [wgo (X) <8(f0(X) ’€:€0> <8(f0(X) ’€:€0> ] is positive definite.

a0 a0
(I24) The quantities E[wi(X)(Y — f5(X))*] and their derivatives up to order 2

with respect to 6 are finite.

Comments on identifiability assumptions : Easy calculations give that

S5 = By (1000~ 1000 (25570) | - 280, [wo1000 00 - 000 () |
S0,0) = By [(w0x) - ooy (T
By | () — (X)) (=27) <af06(9X)>T]
38, ot (222) (5" |
g, fwa(X)(feo (X) = fo(X)) (%ﬂ '

Therefore Sgo ,(6) is minimum if and only if § = 6° as soon as ([2g]) and ([24) hold.

3.1. Construction and study of the first estimator 51. As in the first estimation proce-
dure, we start by presenting an estimator, which is general, constructive, and which allows to
give upper bounds in a general setting and to deduce some sufficient conditions to achieve the
parametric rate of convergence.

3.1.1. Construction. According to (B.9) Sgo ,() is naturally estimated by

62 5@ = > [ [0 @) - o] we) Ko, (Cola - Z))do
1=1

where K, ¢, () = C,,K,(Cy) is a deconvolution kernel satisfying (2.4). Using this criterion,
under (N]), we propose to estimate ° by

(3.3) 01 = arg min Sn1(0).
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3.1.2. Asymptotic properties of the first estimator 51.

Theorem 3.1. Let 6, = 51((7”) be defined by ([5.3) under the assumptions ([24),[[24), ([[23),
M24),IN])-INd), (A]), (AJ) and (A3) with w replaced by wy. Assume moreover that for all

0 €O, fowy and fgwg and their derivatives up to order 3 with respect to 0 satisfy (Rd). Let Cy,
be a sequence such that (2.4) holds.

1) Then, for all of the sequences satisfying (-G), E( H01( w) — 0%|%) = o(1), as n — oo and
01(C’n) is a consistent estimator of 0°.
2) Moreover E(|| 0, — 6° ng) = O(p2) with ¢, given on, = ||(¢n ;)| with gpfl’j = BELJ(HO) +

Vo (09)/n, j=1,--- ,d,
50 - ] i~ (A o] | (o
| ( (fowo) |< (f3ws) 2}7
1

H <%>(K& -V a; >(K0n -b 20, >(Kcn -1

2

+
1

_|_
1

and

2

)

2

tto = min () S () S () 5
H(@ w9)> H( (o) >*Kcn H< (3w > K, |
00; Pz Iy

Comments : The terms B,, j and V,, j/n are respectively the bias and variance terms with,
as in density deconvolution, bigger variance for smoother error density p. and smaller bias for
smoother (wpfy) as function of z. The resulting rate when (fywp) and (fZwp), as well as their
derivatives with respect to § up to order 3 satisfy (Rq]), are given in the following corollary.

Corollary 3.1. Under the assumptions of Theorem [3.1, assume that p. satisfies (Ng) and that
for all 6 € O, (fowg) and (fezwg) and their derivatives with respect to 6 up to order 3, satisfy
(Rid). Then 2 is given by the Corollary -1 with wfy replaced by wyfs.

Remark 3.1. The remarks .1 and P.3 are still valid for the Corollary B.1.

3.1.3. Consequence : a sufficient condition to obtain the parametric rate of convergence with 51.
We say that the conditions ([Cg)-(IC1d) hold if there exists some weight function wy such that
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for all 8 € O,

(Cg)  the functions (wgfy), (wg) and (wyfF) belong to Ly (R) and the functions (wg)*/pf,
sup(fyws)" /2 , sup(fiws)"/pz belong to L (R) N La(R);

(Cg)  the functions sup <%> P, sup <8(f9w9)> /pt and Sup< (f9w9)> It
pco \ 00 0cO 00 0o 00

belong to Lq(R) N L (R
O*(f * 0*(f3 .
> < ag;””) /vt and < (a;;w@)> /v

belong to L1 (R) N L (R)

Theorem 3.2. Consider Model ([I.]) under the assumptions [[24]), [24), [23), [24), [N4)-
Ng), (A1), (AQ), [Ad) for w replaced by wg, and under (IC4)-(C1d)). Assume that for all 6 € ©,
(fowg) and (f3wy) and their derivatives up to order 3 satisfy (Ral). Then 61 defined by (5.3) is

a /n-consistent estimator of 0° which satisfies moreover that /n(6; — 6°) £, N(0,%4), with
n—oo
Y1 that equals

T -1 - _1
(1@ [uwo(X) (Wg(oX)) <af§(9X)> ] |HO> %o, (E [WO ) <8f2(9X)> <8fg(9X)> ] |HO>
where

. Ol f3we — 2Y fowp + (Y2 — 02 ) wy] * —

oL - / 90 |9—g0 (U)m U

O|f2wg — 2Y fowp + (Y2 — o2 * iz 7
X [/( fows ewge ( 7e2)) |9:90> (u)e du]

(C10) the functions <

pi(u)

Comments The theorem B.J is an immediate consequence of Theorem since conditions
(ICo)-(C1d) ensure precisely that the variance term V, ; = O(1) for j =1,--- ,d.

3.2. Construction and study of the risk of the second estimator 52. We now propose a
second estimator whose construction is based on some sufficient conditions allowing to construct
a direct and y/n-consistent estimator of Sgo ,(#) defined in (B.1), using the observations (Y;, Z;),
1=1,---,n.

We say that the conditions ({C1j)-(IC14) hold if there exists some weight function wy and
there exist some functions ®g. ;, j = 1,...,3, not depending on g such that for all § € © and
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for all g
(Cur) [wla)g@ds = [ @0 sz
/yfg(x)wg(x)fxx(y,x)dy dx = /yq)9,5,2(2)fY,Z(yaZ)dy dz
and /w9($)f(,2(x)g(x)dx = /¢g,€7l(z)h(z)dz;
P -
(C12) For j =1,2,3, E |sup m(Z) < 00;
pco| 00
. 0%o. ;. |
(C13) For j =1,2,3, and for all 6 € ©, E W”(Z) < o0;
. Oy .
(C14) For j =1,2,3, and for all € ©, E TR (2)|| < .
Under (C1d))-(C1d), we propose to estimate Syo ,(6) by
1 n
(3.4) Smg(e) = - Z[(YZ? _ 0’272)@9’573(20 — 2}/;@9,572(20 + (139,571(Zi)].
i=1

Using this criterion we propose to estimate 8° by

~

(3.5) Oy = arg min Sn2(0).

We refer to Section | for details on how to construct such functions ®g_ ;.

Remark 3.2. As in the first estimation procedure (see Remark P.3)), the main difficulty for
finding such function @4 ; lies in the constraint that we expect that they do not depend on the
unknown density g. If we relax this constraint, obviously there are a lot of solutions.

3.2.1. Asymptotic properties of the second estimator 52.

Theorem 3.3. Consider Model under the assumptions (A1), @21), @2d), [@24), (24)
and the conditions (C11)-(Cid). Then 02, defined by (5-3) is a \/n-consistent estimator of °
which satisfies moreover that \/n(6s — 6°) £, N(0,%5), with Xy that equals

(E [weom <8ff§(9X)> <6fg(9X)>T] \9:90> _;0,2 (E wyn (X) (afg%m) (afg(HX)>T] !9:90> 1
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where X o equals

E

06

(5(%,5,1(2) —2Y By o(Z) + (Y2 — 02,)Ppo . 5(Z)) | >
6=00

O(®,e1(Z) —2Y By 2(Z) + (Y2 — 02 )P0 . 5(2)) '
X 90 ’9 00

Also note that, by denoting ®y .1 = (wgfg)*/p:, Pp .0 = (wofp)"/pi and ®g . 3 = w} /D, we
get that ¥g1 = Yo 2 with 3¢ ; defined in Theorem B.J (See also Comment 2 in Section )

4. COMMENTS ON THE CONDITIONS ENSURING THE \/ﬁ—CONSISTENCY

Comment 1 Let us briefly compare the conditions ({Cq])-([Cg) to the conditions ({C4)-(IC4)-
It is noteworthy that the conditions (@)—(@) are more general. For instance Condition EI

implies (C4), with @ ; defined by &} = = (wf2)*/p, @27872 = (wfp)*/pt, and <I>97873 w* /pk.
This comes from the following equalities E[®g . 1(Z)] = E[(wfZ)(X)],

E[Y?®pc5(2)] = E[f5o(X)®gc3(2)] + 0f B[P 3(2)]
= <f9097 Dy 3 *pa> +08 9 <g, Dy .3 *pa>
= @0 {(F9)" (o) pE) + 022(2m) 7 (g, (Do) Pl )
= <f909= > + 05,2 (g,w) = E[Y*w(X)],

and
E[Y®9-2(2)] = (faog Bocnxpe) = 207 ((foo9)", (B0,-2) P )
= (foog, fow) = E[Y (wfp)(X)].

But in the condition (C4), fow, faw, and w are not necessarily in Li(R). Nevertheless, the
conditions ([Cq))-(IC4) are more tractable and constructive conditions.

Comment 2 The same comparison between (C1])-(C14) and (Cq)-(C1d) holds with w re-
placed by wy and with the @y ; defined by ®j_, = (wg £2)* /%, @5 .0 = (wofp)*/pE, and
q>0,a,3 - (fg’wg) /pe

Comment 3 The conditions ([C4)-(IC4) as well as (Ci)-(IC14) have to be related to the
conditions given in Fazekas and Kukush ([99§), Fazekas et al.(1999) and Baran (R00d) in the

context of the functional errors in variables model with X1, --- , X,, not random. In both men-
tionned papers, in order to construct y/n-consistent estimator, they assume that there exist
some functions ¢, and ¢, such that

(4.1) E(¢1(z +¢,0)) = fo(w), and E(pe(w +¢,0)) = f7(2).
Clearly our conditions (JC4)-(IC4)) or (Cy11)-(C14) are less restrictive than the condition (1)),

and hence they allow to achieve the parametric rate of convergence for various type of regression
functions, by using the possibility of the choice of the weight function wg. For instance, if
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fo(x) = 0/(1 + 2?), and p. is the Gaussian density, then the conditions given in Fazekas and
Kukush ([199§) and Fazekas et al.(l1999) are not fulfilled.

Whereas E[fp(X)w(X)] and E[fZ(X)w(X)] can be estimated with the parametric rate of
convergence, by taking w(z) = (1 4+ z%)*exp(—2?/(4/3)). It follows that the condition (IC4)-
(C7) are fulfilled in this special example (see Section [ for further details on this example).
Nevertheless, such weight function are not always available and hence those conditions (ICq)-
(C7) are not always fulfilled.

5. EXAMPLES AND METHODOLOGICAL ADVICE

In this section, we propose a deep study of the asymptotic properties of the proposed es-
timators through various examples of regression functions. Moreover, we show that for many
regression functions the practitioner may encounter there are a few simple smoothing weight
functions to choose so that the rates improve significantly, up to parametric rate in many cases.
These new procedures allow to achieve the parametric rate of convergence in lot of examples,
and especially in examples where the previous known estimator proposed in Taupin (2001]) does
not. In all of these examples, the noise distribution is arbitrary, as far as it satisfies ([N3) and
(Nd) with p < 2. The two first examples simply show that these new and more general estima-
tion procedures allow to recover previous known results in simple cases. The others examples
provide new results that underlie the improvement due to those methods.

Example 1. Polynomial regression function Let fj be of the form fp(z) = >F_, 632" and
pe satisfying (Ng) with p < 2. Assume that E(Y?) < oo and that E(Z%) < co. Let K be such
K*(t) = Ty<; and let wg(z) = w(z) = exp{—2?/(4)}. Then conditions (C4)-(C4) as well as
conditions ([Cy))-(IC4) are satisfied. Consequently the estimators 6; and 0y are \/n-consistent
and asymptotically Gaussian estimators of #°, with the same asymptotic variance.

Remark 5.1. In this example, one can also choose wy = 1, provided that the kernel K has
finite absolute moments of order p and satisfies [ u"K(u)du = 0, for r = 1,--- ,p. In this case
6, is again a \/n-consistent and asymptotically Gaussian estimator of 6°.

The /n-consistency as well as the asymptotic normality was already achieved with different
estimators, in the linear case (see e. g. Bickel ([987), Bickel et al. ([993), van der Vaart
([996) and ([985), Murphy and van der Vaart ([996)). In polynomial case, some /n-consistent
estimator already exists, without proving the asymptotic normality (see e.g. Taupin (R001)) and
Comte and Taupin (R001])) or in the polynomial functional errors in variables model, with fixed
and not random X;’s (see e. g. Hausman et al. (1999), (1991)) or Chan and Mak ([[98H)). It is
noteworthy that these new estimation procedures, quite more simple and natural than the one
proposed in Taupin (R001)), also work in this simple case.

Example 2. Exponential regression function Let fy be of the form fy(z) = exp(6x) and p.
satisfying (Ng) with p < 2. Assume that E(Y?) < oo and that E[exp(20°Z)] < cc. Let K be such
K*(t) = Ijy<; and let wy(x) = w(z) = exp{—2?/(46)}. Then the conditions (C4)-(Cq) as well
as conditions ([Cq))-(ICg]) are satisfied. Consequently the estimators 0, and 0, are \/n-consistent
and asymptotically Gaussian estimators of #°, with the same asymptotic variance.
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Remark 5.2. In this example, one can also choose w = 1 and use that
Elexp(6X)] = Elexp(62)] /Elexp(62)].
This implies that if we denote by

exp(2072)

N ) exp(0Z)
ge1(2) = M

and Bo-0(7) = oo o

then
En[®g.1(2)] = Bg[f7(X)] and Ego [Y g 2 2(Z)] = Ego 4[Y fo(X)].
Consequently, 5’,172 satisfies
- 1 & exp(0Z) 17 1< . N
(5.1)  Snp(0) ==Y [Y - M] = = V2 -2V 5(Zi) + o 1(Z0)]-

n Elexp(fe)] n

In this case 65 is also a \/n-consistent and asymptotically Gaussian estimator of §°.

17

Once again, these new estimation procedures allow to achieve the y/n-consistency and the
asymptotic normality in a simple example where a /n-consistent estimator was already known

(see Taupin (R00T))).

Example 3. Cosines regression function Let fy be of the form fy(z) = Z;-lzl 6; cos(jx)

and p. satisfying (Ng) with p < 2. Let K be such K*(t) = Tjy<; and let wy(z) = w(x)

exp{—22/(48)}. Then the conditions (IC4)-(C7)) as well as conditions ([Cq])-(ICq) are satisfied.

Consequently the estimators 67 and 65 are \/n-consistent and asymptotically Gaussian estimators

of #°, with the same asymptotic variance.

Remark 5.3. In this example, one can also choose wy = 1 and use that El[exp(ijX)]

Elexp(ijZ)]/E[exp(ije)]. This implies that if we denote by

ex 22 Z exp(—2i774
By 1(Z) = ~ 1+202[ D(2ij7) | exp(~2i] )]
px(27) pE(—27)

+ ZZ@ O {e"p +R)2) | ep(-i(j +k)2) | epli(j —K)2Z) | expli(—j +k)2)

i 27+ k) p(=( +F)) pz(j — k) pi(=j+k)
and
- _ 1 [exp(ijZ) | exp(—ijZ)
Poe2l2) =35 [ PE(9) pi(—4) ]
then

E[®p.1(2)] = Eg[f7(X)] and E[Y By 2(Z)] = E[Y fo(X)].

Consequently, 5’,172 satisfies

n

(5.2) Sn2(0) = = [V = 2Yi®g . o(Zi) + Po1(Z:)].
=1
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In this case 0y with w = 1 is again a v/n-consistent and asymptotically Gaussian estimator
of #°. In the same way, 6; with w = 1 is again a \/n-consistent and asymptotically Gaussian
estimator of 6°.

Remark 5.4. This example has already been considered in Taupin (R00]) and Comte and
Taupin (2001]), but the \/n-consistency as well as the asymptotic normality is new in this context.
More precisely, the estimator constructed in Taupin (R00I]) has a rate of convergence of order
exp(y/logn)/n for Gaussian errors, and it was not clear that this rate can be improved by using
the previous method.

Example 4. Cauchy regression function 1 Consider Model ([L.1)) with fy(z) = 6/(1 + 2?)
satisfying (Ry) with a = 0, b = 1/2 and 7 = 1 and p. satisfying (Nd) with p < 2. Let K be
such K*(t) = Tjy<; and let wg(z) = w(z) = (1 + %) exp{—2?/(48)}. With our choice of w,
the functions fyw, f92w and their derivatives in 6 up to order 3 satisfy (R4) with p < r = 2
or p=r=2andb> . Consequently, the conditions (IC4)-(C4) as well as conditions (|Cq)-
(C3) are satisfied and the estimators 6; and 6, are y/n-consistent and asymptotically Gaussian
estimators of #°, with the same asymptotic variance.

This simple example underlies the importance of the smoothing weight function w in the
construction of 61 or 6, since without a smoothing function w in front of the regression function,
Theorem P.J] predicts for a Gaussian noise ¢ a rate of convergence of order exp(—+/logn) instead
of the parametric rate of convergence.

This has two consequences. First, it seems that the estimator proposed in Taupin (R001)) with
a rate of order exp(—+/log n) could not achieve the parametric rate of convergence since no weight
function appears in front of the regression function, in order to smooth it. Moreover it shows that
in this case, the conditions ([[.]) given in Fazekas and Kukush ([[99§) and Fazekas et al.([999)
are not satisfied when our conditions ([C4)-(IC4) or (C11])-(IC14) hold and our estimators achieve

the parametric rate.

Example 5. Laplace regression function Consider Model ([[1)) with fp(x) = 6f(z) and
f(x) = exp(—|z|/2). The Fourier transform of f and hence of fj is slowly decaying, like |u|~2 as
|u| — oo. The estimator §; with w = 1 would not provide \/n consistent estimator for smoother
noise densities (as soon as |pf(u)| < o(|u|7?) with |u| — o). A closer look tells us that fy and
its derivative in 0 is C* except at one point x = 0. Therefore , a proper choice of w can smooth
out at 0 and make wfy, w f02 and their derivatives in € infinitely differentiable functions in .
With such a choice of the weight function w, the estimator 6, attains the parametric rate of
convergence for a large set of noise densities, such that p. satisfies (Ng) for some 0 < p < 1.
Even if the noise is smoother than that (say Gaussian), the rate of 6 is much faster when using
our choice of w then it would be for w = 1 or when using the estimator proposed in Taupin
(ROOT).

Let us be more precise, and define

(5.9 Faslo) = exp (~ s ) T
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where —00 < a < b < oo are fixed and A, B, R > 0. Following Lepski and Levit (1998) and
Fedoryuk ([1987), p. 346, Theorem 7.3, the Fourier transform of this function is such that

|5 ()] < coxp(—Clul ) as Ju] — oo

and ¢, C' > 0 are some constants. Then take w like W( 199 or W_jgp,0 or their sum (for some
R > 0 large enough).

Another way to smooth without restraining to compact support is the following. Let w(x) =
exp(—1/|z|?%) a weight function which smoothes at 0 as R > 0 is large.

We can vary the coefficient in the exponential in the expression of w and check that fyw, fgw
and their derivatives up to order 3 satisfy (Ry]) with the same r = R/(R + 1) closer to 1 as R
grows large and b > 0.

If the noise satisfies (Ng) with 0 < p < 1, then we find R large enough such that r =
R/(R+ 1) > p and thus conditions . (IC4) as well as conditions ([Cq)-(C4) are satisfied.
Consequently the estimators 6, and 65 are \/n-consistent and asymptotically Gaussian estimators
of #°, with the same asymptotic variance.

If p > 1, for w suitably chosen, then

E | 61— 0° %= 0(1) (logn) —#  exp{—2b(log n/(26))"/"}.

Note that for the same regression functions with f(x) = exp(|x|) we can multiply the previous
weight function w by exp(—4|x|) or by exp(—2?) in order to solve integrability problems without
changing the previous conclusions.

Example 6. Irregular regression function Consider Model ([L1)) with fa(z) = 01;_; y(x)
and p. satisfying (NJ). Let K be such that K*(t) = Ty<1, and take w = W_4 ; for some R >0

defined by (b.3).

If p=0in (NJ), then the conditions ([C4)-(IC4) as well as conditions ([C1))-([C4q]) are satisfied.
Consequently the estimators 6, and 6 are \/n-consistent and asymptotically Gaussian estimators
of #°, with the same asymptotic variance.

If p > 0, then the best rate for estimating 6° is obtained by choosing w = ¥_; ; with R > 0
sufficiently large such that wfy and wf? satisfy (Ra]) with 0 <r = R/(R+1) <1 as close to 1
as needed.

It follows that if 0 < p < 1, then we can find w = ¥_; ; (with R large enough) satisfying (Rq])
with 7 = R/(R+ 1) > p and hence the conditions ([C4)-(ICq]) as well as conditions (|C4])-(IC4)
are satisfied. Thus the estimators 6; and 6 are v/n-consistent and asymptotically Gaussian
estimators of #°. Whereas, if p > 1, for a suitably chosen w, then

E | 6 —6° %= 0(1) (logn) ¢ exp{—2b(logn/(25))"/"}.

Example 7. Polygonal regression function Consider Model (1) with fa(x) = 0y + 012 +
O2(x — a)+ + O3]z — b]> and p. satisfying (Ng)). Let K be such K*(t) = Ij;<;. This regression
function is C* except at points a and b where it is not differentiable. We suggest to use the
smoothing weight function in (p.3) as follows. Let for some R > 0,

wy(z) = w(x) = Ve_100,0(z) + Yo p(x) + ¥p pr100(x)
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with ¥ defined in (F.3). The idea is that we can truncate the regression function (say on the
interval [a — 100,b + 100], or larger) in order to smooth out at points a, b and the end points of
the support of w.

If the noise satisfies (Ng]) with 0 < p < 1, then take R large enough such that r = R/(R+1) >
p and thus conditions (C4))-(IC4) as well as conditions ({Cq])-(ICq) are satisfied. Consequently
the estimators 6; and 6, are V/n-consistent and asymptotically Gaussian estimators of 69, with
the same asymptotic variance.

If p > 1in (Ng), according to Table

1—-2a—1r

E | 61 —6° 2= O(1) (logn) = exp{—2b(logn/(25))"/"}.

Comments on the examples ff, f, and [q

In those three examples, 6, achieves the /n-rate of convergence provided that p. is ordinary
smooth or super smooth with an exponent p < 1. But, fyw will satisfy (R4]) with r at most
such that » < 1 and it seems therefore impossible to have (wgfg)*/pk in Li(R) if the ;s are
Gaussian. For this regression function, if the g;’s are Gaussian, those least square criterion can
not be estimated with the parametric rate of convergence and hence could probably, not provide
a y/n-consistent estimator of #° in this context. Nevertheless, even in cases where the parametric
rate of convergence seems not achievable by such estimators, the resulting rate of the risk of 6,
is clearly infinitely faster than the logarithmic rate we could have without such a choice of w or
by using the estimator proposed by Taupin (R00T]).

Example 8. Growth curves 1 Consider Model ([[.I)) with fp(z) = 61/(1+4 602 exp(f32)) and p.
satisfying (Ng) with p < 2. Let K*(t) = Tj;<; and let wy(z) = (1+03 exp(f3z))* exp{—22/(43)}.
Then the conditions (C11)-(IC1d) as well as conditions ([Cq)-(C1d) are satisfied. Consequently
the estimators 51 and 52 are y/n-consistent and asymptotically Gaussian estimators of #°, with
the same asymptotic variance.

Example 9. Growth curve 2 Consider Model ([[.) with fy(z) = 62 + (61 — 62)/(1 + exp(f3 +
04r)) and p. satisfying (Ng) with p < 2. Let K be such K*(t) = lj;<; and let wy(x) =
(1+exp(A3+047))* exp{—22/(48)}. Then the conditions ([C11)-(C1d) as well as conditions ([Cg)-
(C1d) are satisfied. Consequently the estimators 6, and 6, arc v/n-consistent and asymptotically
Gaussian estimators of 6°, with the same asymptotic variance.

Example 10. Cauchy regression function 2 Consider Model ([.]]) with fy(z) = 1/(1 +602?)
and p. satisfying (Ng) with p < 2. Let K be such K*(t) = Tjy<; and let wg(z) = (1 +
022)% exp{—22/(483)}. Then the conditions (Cy)-(C1d) as well as conditions (Cq)-(C1d) are
satisfied. Consequently the estimators 51 and 52 are \/n-consistent and asymptotically Gaussian
estimators of #°, with the same asymptotic variance.

In these three last examples, we see the importance of the weight function wy, with the
improvement of the rate of convergence by taking wg depending on 6. Clearly, for such regression
function, the estimator in Taupin (P00]) does not achieve the parametric rate of convergence

whereas, 61 or 65 do.
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6. PROOFS OF THEOREMS

We only detail the proof of Theorems B.], and B.J as well as Corollary B.]] since Theorem
B.9 is an immediate consequence of B.] and also since the proofs of Theorems P.1], .3 and P.3
and Corollary R.]] follow the same lines with wy replaced by w and by putting o¢ o = 0 in the
proofs. In the sequel, we denote by C some absolute constant whose value may vary from one
line to the other and we always mention the dependency of some constant C with respect to
some parameters. For instance C'(a,b) stands for a constant depending on a and b.

6.1. Proof of 1) of Theorem B.1: The main point, of the proof consists in showing that for
any 0 in ©, E[(Sy,1(0) — Spo 4(0))?] = o(1), with Sgo ,(6) admitting a unique minimum in 6 = 6°.
The second part of the proof consists in studying wa(n, p) defined as

wa(n, p) = sup {[Sn1(0) — Sn1(0) : 10 — 0|2 < p} .

By using the regularity assumptions on the regression function f, we state that there exist two
sequences pi and € tending to 0, such that for all £k € N

(6.1) Jim Plws(n, pr) > €] = 0 and that E[(wa(n, pr))*] = O(p}).

Let us start with the proof of

(6.2) E[(Sn1(0) — 59079(0))2] =o0(1), for any § € © and as n — oc.
We have to check successively that for any 6 € O,

(6.3) E[Sn,1(0)] — Sgo 4(0) = o(1)  and Var(S,,1(0)) =o(1), asn — ooc.

For both the bias and the variance, we give two upper bounds, based on the two following
applications of the Holder’s inequality

(6.4) | <102 > [ <[l o1 [l2]l w2 [l2 and | < 1,02 > | <[ 91 [|ool| 92 |1 -
Proof of the first part of (f-). According to Lemma [6.3, we have
ESn1(0)] = E[((Y = fo)* wg — 0F qwg) * K ¢, (Z)]
= E[(Y? - 0Z)we* K, (X)] = 2E[Y (fowg) x Kc, (X)] + E [(ffwe) * K, (X)]
and hence
E[Sp,1(0)] = Spog(0) = (2m)7" <(f9209)*=w (K&, () = 1) =7 ((foo9)", (fowa) " (K&, — 1))
+(2m) " (g", (f§ we)*(Kc —1)).

Consequently, under the assumption (A3), [E[S,,1(8)] — Sgo ,(8)* = o(1). Indeed, according to
(6-4), a first upper bound of [E[S,, 1(6)] — Sgo ,(6 )| is glven by

@07 (f59)" N2l wa(KE, = 1) Nl +a 7" (foo9)" ll2]l (fowe)" (K&, = 1) |12
+@m) 7 g Izl (fFwe) (K¢S, — 1) |2
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and hence

(6.5)  |E[Sh,1(8)] — Spo 4(6)*
< C(fpo, wg) [”(’we(Kcn -5 + H (wo fo)" (K¢, — 1)”; + H(w0f9 (K¢, — H }
And we also have that [E[S,,1(0)] — Sgo 4(6)| is bounded by
@m) 7 (F09)" llooll w5 (K, = 1) s +77 1 | (foog)” llooll (fowe)* (K&, — 1) I
+ 207 g llsoll (FFwe)"(BE, — 1) |

and hence
(6.6)  [E[Sn,1(8)] — Sgo 4(6)[?

< C(fgo, wo) [[lwg (K&, — DIT + | (wo fo) (K&, — DI + [[(we f7)" (K&, — DIIF] -

Consequently, by combining the two bounds (63) and (B.6) we get that [E[Sy,1(6)] — Spo ,(0)]?
is bounded by

C(foo,we) min {[lwi (K&, — VI3 + [[(wo fo)* (K¢, — D3 + l(wa f3)* (K&, — D3,
lwg (K&, = DI + [l (we fo) (K¢, = DIT + (we f7)" (K¢, — DT}
that is by applying Lemma [.1],
|E[S5,1(0)] = Sgo,g(0)* < C(fgo, wp, b, r)Cp 2+ 1) HI=7)- =200,
and the first part of ([.3) follows.

Proof of the second part of (f.d). Since the variables are i.i.d. random variables, the stochastic
term on the left-hand side in (f.3) has variance

Var[Sy,1(0)]

IN

n1E [\ (Y = f9)>wg) — 02 wp) * Kn,cn(Z)ﬂ
< 3 B! + ody)lwg * Ko, (2)P] + 4B [ Y2 |(fywg) * Knc, ()]

B [|(f3w0) * Knca(2)]°] }
(C/n) {E [f50(X)(wp * Kn,0,)*(Z)] + (B(E") + 0£5)E [(wo * Kn,)*(2)]
+E [£50(X)((fowp) *x Kn ., (2))?] + E [((fwe) * Kn,c,,(£))*] }

that is, according to Lemma [5.2

Var[Sn1(0)] < (C/n) {{((foog) * pe); (wo *x Kpn,c,))*) + (B(E) + 0¢5) ((g*pe), (wg * Kn,c,,)?)
+{((f5o9) * <), ((fowa) * Kn,c,))*) + 0% 5 (g * D<), ((fows) * Kn,c,,)?)
+ (9% pe), (ffwe) * Knc,)?)} -

IN
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On one hand, according to (6.4), under the assumption ([Ag]),

Var[Sp1(0)] < (C/n) {[lIl (£9) *p= oo +EE") +0¢2) | 9% e lloo] | wo x Knc, |13
aalll (fe%)g) * Pe loo +U§,2 | g% e lloo] || (fows) * Kn c, ”%
+ 1 g%z llooll (fFwe) *x Kn,c, 13}

and we get that

(6.7) Var[S,, 1(6)]

2 2

<C 2 -1 *Ké'n
>~ (0572705,4,]00,109,]95)11 (’u)e) p*

£

K*
+ H(feum)* p(j"

£

K*
; H<f3w9>* -

£

2
2 2 2

On the other hand, under the assumption (AJ),

c

Var(Sn1(0)] < —{[ll (fgo9) % pe 1 +(E(E") + og2) | 9% pe 1] | wo x Ko, 15
Il (f7og) % p= It +02s || g xpe 1] I (fowe) x Knc, 13
+ 1l gxpe 1ull (Ffwe) * Knc, 13}

and hence we get that

(6.8)  Var[S,1(0)]

2 2

_ K G K )P
< C(0F 9, 0¢.4, fo, wo,pe)n™ " [H(we) p*" + H(fewe) p*" + H(fgwe) p*" -
€ 1 € 1 € 1

By combining (6.7) and (f.§) and by applying Lemma .1 in Appendix, we get that, under
assumption ([Ag) Var[S,.1(6)] is bounded by

_ : EE P K| K|
n 10(0-?70-5,47.]09711)97])8) X min H(U)@) *n + ‘ (fé)wé)) *n + ‘ (f02w9) *n )
€ 2 P 2 De 2
LKE | K| JEE |
H(we) ol | I H(fewe) =+ H(fg’we) o
Pe |1 Pe 1 De 111

that is
Var[S,,.1(0)] < C(ag, 0¢ 4, fo, we, pe) max|1, C,%O‘_2“+(1_p)+(l_p)*e_2bc’g+26c’€]/n.

and under (2.4), then (f.2) is proved.
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It remains now to check that there exists two sequences p, and €, tending to 0, such that
(b1)) holds. First write that

500(0) = $0a0O] = |23 Kl = fou] # Ko () = 2 3 (= Ffwa)) » K, ()
—= Z — 0% 9)[wy — wg) * Ky, 0, (Z:)

2 — Y fowe + fRwe — (Y — 02 5)we)
- PRGN ( d 50 S geg | * K, (Z)
=1

where [|0]|,2 < ||0 — 0'||42, Consequently for ||0 — 0'||,2 < pi,

n 8[}/;'f9w9 + f2w9 + (YZ2 — o2 )wg]
Z ( - 96 &2 ‘9:9_ * Kan(Zi)

Sna(0) = Sna(@) = 2

=1 (2

It follows that (B.I) holds since for C,, satisfying (P.6)), by using the same arguments as for the
proof of (p.9), we have that for all § € ©

Vi fowe + fywe + (Y7 — 02 5)w

E[n ‘1Z< 70 | ”)*Kn,axzi)uzz]:ou),

and hence for all k € N, E[sup”(g/_g”ﬂgpk 1S0,1(0) — Sp.1(0")]] = O(pk) as n — oo. O

6.2. Proofs of 2) of Theorem B.1 and Corollary B.1}: If we denote by Sr(Ll% and Sr(?% the first
and second derivatives of Sy, 1(#) with respect to 6, by using classical Taylor expansion based on
the smoothness properties of 8 +— wy fy and the consistency of 61, we obtain that

0= S(B1) = S5(0°) + ST (6°)(B1 — 0°) + Ry 1 (61— 6°),
with R, 1 defined by

1
(6.9) Ryt = /O S0 + 5@ — 6%) — S (6%)]ds
This implies that
(6.10) b1 — 6° = —[S2)(6°) + Ry1] 1S (6°),

Consequently, we have to check the four following points.
i) E [(S“’wO) — S5y ()5 (69) — S5, (6°) | = Oliner)
i) E [S5(6°) - S5 ] (%] = o(1).
ili) Ry 1 defined in (@) satlsﬁes E(||[Rn1]%) = o(1) as n — oc.
iv) E[lf — %% < 4B (ST (0°) IS0, (6°) 71T (S50, (69) 7 S 6%)] + 0(02).

The rate of convergence of 6, is thus given by the order of 51(11&(90) — Sé(l)?g(eo) = ST(H (69).

)



NEW M-ESTIMATORS IN SEMIPARAMETRIC REGRESSION WITH ERRORS IN VARIABLES 25
Proof of i)

Write that
Sui(6) = %( D = fo)? = oFa)uel x K, (1) = E[((Y—fe<X>>2—o—§,2>we<X>]>
_ li(a[ ((Y; — fo)? 0572)w9]> Koo (Z) - 8[((Y—f9(X))2—0272)w9(X)]]
n 00 fotm A

06
Study of the bias
According to Lemma .2, E[S (90)] is equal to

w w 2w 2w
_9E [f(,o(X) (a(fge 0) * K¢ (X) — a(fge 9)(X)>] +E {a({ge 0) * Ko, (X) — O 9)(X)]

3

3|}—‘

#8700 (500 e i, () - 2003 )]
that is

E[SS&(QO)] = -2 <(f909)*a (8(]2;;;1)9) |0:90>* (K¢, — 1)>

b (o (2, ) -0+ (s (G o) (056, 1))

On one hand, according to (p.4), under the assumption (JAJ), the bias is bounded in the following

way
89]‘ =00

< w1 o) e | (25 by ) (55, ~
ren 1 e | (U 9“’9) 19:90)*(@—1)

Owy .
(89 o= 90> (K¢, — 1)

2

2

+2m) 7 | (f59)" Iz

2

and consequently,

o) [e| (%52 m)” < Cfin,e.p2)

o5l
(o5 )i

o= 90> (K¢, — 1)

J
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And, on the other hand, the bias can also be bounded in the following way

%] | < w G e | (25 b ) G, - )
+em) g 1o | (2227 fiwo) |9:90)?Kal—1> 1

Owg

HE T ()" e H( o o ) (85, ~ 1)

1

and consequently,

(6.12) ‘E [<as’“(0) lo— 90>H < C(fgo, wgo, pe)

UG 5 )

wef .
(et i,
By combining (B.11)) and (6.12), we get that

(™ oo )| < OO e minis 0. 30

with B( )(90) and B( )(90) defined in Theorem B.1]..
Consequently, by applymg Lemma we obtain that [.1],

E? [<55(;’91(9) |9:60>} < C’ (feo weo, pe, b,7)Cy 20+ (1-r)+(1-r) _ ,~26C}
J

Study of the variance
For the variance term, it is easy to see that

) (K5, — 1)

)

2

a8, 1(0 C O[—2Y; fowe + fAwe + (Y2 — 02w

that is, according to Lemma [.3, Var (05,,1(6)/00; |4_g0) equals

C+ol) {<<<f30 ot <o ( (25 oo Kc>>

Owy 2
+ <((f510 +0ca+ 413008 2 — 0% 5 + 4f900¢ 3)9) * D=, << 20, lo— 90> *Kn,Cn> >

forn (AF2ee) )’}
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It follows that, according to (B.4), Var (85,,1(0)/96; |y_g0) is less than

e’we) 2

’9:90> * Ky ¢,
2

C
‘ {[agz gl 1 G # e ]| (207

8’[1)9 2
1 (U + 0en+ 47202 — 0ta + Afpwoe)g) e o H( o 90> « Knc,

2
’
2

2
f@wﬁ)

J

g e | (22222

|9:90> * Kn,c,

that is

8Snl(e) ’9 90> < 0(032’f907f9(3)-7w90yp5)

(6.13) Var (Tea
fawe *Kc
lg—go

e ]

And once again, according to (p.4), another bound the variance term can be obtained to get
that Var (05,,1(0)/00; |y_go) is bounded by

—p0
6=0 pr

£

2

(fows)
‘( o7, o= ) < Hnc

C
. {[03,2 I gxpe 1+ I (f309) * pe [I1]

A(f3w)
( 806]- lo=go | * Kn.c,,

+ 11 ((fgo + 0ea + 4f 0020 — 0t o+ 4fg00e3)g) * e |1

o)
2

+ 1l g*pe

e e}

2
)
oo

Owg
(89 |9 90> *Kn,Cn

that is

85“ 1(9) |9 90> <C(O'§2“27f907f9((%)'7w007p6)

(6.14) Var( aéj
H( fewe | O>*K5n
0= pz

[y

(2w K,
89]' 0=0° p:

2
s |-
1

1
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By combining (B.13) and (6.14), we get that

C 02 9 7 (1)7w 9
Var <8Sn,1(9) |0:00> < (0% 95 fo0 fgod 90, Pe)

aej n
e o
89]' =0 pf_’; 2 89] =0 p: 2 89] =0 pf_’; 2 ’
H(a(we) | 0>*K5n 2+ H(a(fe’we) | 0>*K5n 2+ H(a(fezwe) | 0>*K5n ?
00; =) pr |, a0; =) pr ||, 00; =) pr

that is, by applying Lemma [6.]]

- max|[1, 02020+ (1=p)+(1=0)= exp{ _9pCT +-23CP}].

oS, 1(9) 002(03,27f@ofg(é)waOvpe)
Var ’ ‘9:90 < :
00;
The rate of convergence of 51 denoting by ¢, ¢, corresponds to the best choice for the sequence
C}, minimizing the sum of the variance Var[Sr(H(HO)] and the square of the bias (E[SS%(@O)] -
SME))ELS07)] — SDE")T = (IS (6" EIS 6"

Polynomial noise (see (Ng) with 3 = p = 0)
o Ifforj=1,---,m, O(fowp)/00;|9—go, Owp/00;|g—go and O(fFwg)/00;|g—eo satisfy (Ri]) with
r =0, then

E[0S0n,1(6)/00;lp=po]* < Cpy(foo, wgo, b, 0% 5)Cr 2,
and
2 2 (1) 20—2a-+1
Var(98n,1(0)/00;lp=g0) < Cuy(E(f3o(X)),0¢ 2, fo's fo0, weo, pe) max(1, Cy 1/n

It follows that if r = 0 and @ < o 4+ 1/2 then which implies that
(6.15) Cr=n'CY  and 2 = O(n(1720)/C)),
If r =0, and a > o+ 1/2, then

Cr=nt/=D) and @2 =0(n™.

elfforj=1,---,m, (fowp)/00;|g—go, Owy/00;|g—go and O( fFwe)/00;|g—go satisty (Ri]) with
r > 0, then

n,l1 j 10=0 S b 69 2 0 ,U)90 ’
E 85 s 9 80] 0 C 2 ’ 0 (757 ’0(1) Cn (1 ) (1 ) eX[) 2an
and

Var(9S,,1(0)/00;l9—g0) < Cuy(fo0, 025, F) w50, p2) /1
which implies that

« [logn —2a+(1-r)+(1-r)- logn\ 1" 9 1
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Exponential noise (see (Ng) with p > 0)
o Ifforj=1,---,m, O(fowp)/00;|9—go, Owp/00;|g—go and O(fFwg)/00;|g—eo satisfy (Rg]) with
r =0, then

[E[0,,1(0)/00;l9=0] > < Cin(fon, 022, Fan) o) Cyr >+,

and
Var(95,,1(0)/00;1g—g0) < Cu(fgo, 0% 9, F3) g0, pe) C20 20 1=+ 1=0)= oxp (9508} /n

which implies that
logn 20+ (1—p)- <1ogn>>]”” 2 (1-2a)/

6.17C) = - lo and - = O0|(logn/(2 aip
(6.17¢ % 207 e o3 #r, = Ol(logn/(283))" I

o Ifforj=1,---,m, O(fowp)/00;|9—go, Owy/00;|g—go and O(fFwy)/00;|g—eo satisfy (Rg]) with
r>0and {r>plor{r=pandb> G} or {r=p, b= and a > a + 1/2} then

[E(0S,1(8)/00;15-00]1" < Coy (B(fjo (X)), 02 5. L{ o' wgo). L( foo fga'win))

> C;2a+(1—r)+(l—r), eXp{—ZbC:L},

and
Var(9Sp,1(0)/00;19=g0) < Con (B(f30(X)), 0 5, L(fygo wg0), L(fpo fy'wg0)) /m
which implies that
. [logn  —2a4+(1—r)+(1—r)_ logn Lr 5 _1
(6.18) C; = 5 + T log 5 and ¢, =0(n"").
o Ifforj=1,---,m, O(fowp)/00;|9—go, Owp/00;|g—go and O(fFwg)/00;|g—eo satisfy (R3]) with
r >0, and {r < por {r =pand b < 8} then
[E[0S01(8)/96l0-0]> < ChE(f3o(X)), 02 2, L(fgo weo ), L foo S w0))
% C;2a+(1—r)+(1—r), eXp{—QbCﬁ},

and
Var(95,,1(0)/99;l9=g0) < Coa (E(f30(X)), 02 5, L(f g0 wo), L foo f 0go))
x C20=20+(1=p)+(1=P)— oxp {_2pCT + 23CPY /n
which implies that the bias is by a logarithmic factor larger than the variance

. _ [logn 2a+(1-p)-—(1-r)- <logn)>]l/p
G = [w 208 e 25

—2at(1—r)+(1—1)_ 1 r/p
and 02 = O [(logn) P exp {—26 < 2%71) }] .

Ifr=p,b=pand a < a+ 1/2 then

Va‘r(asn7l(9)/aoj’9:00) < C’U2 (E(fg()( )) U§ 25 (fGO 'wgo) (feofg(g)weo))cga_2a+l/n
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2a—2a+1

giving the rate 2 = O[(logn)~ +» /n].
Proof of ii)
By using that
(6.19)
2 g)) =2 32 (fows) | O*(f5we) 2 o Pwy .

(smie),, = Z < o000, T on,00, T 62 5g,5p, ) le=erEncu(Z)

we write S5 (6°) — Sgo ,(6°) = A; + Ay + Az with
82 fgwg) 62(f0w0)
A = —— ZY ( 96,00, |9:00> * Ko, (Zi) — E [Yz <W(X) |0:90>}
& (fgwo) 0> (f3ws)
A2 = ~ Z < 06,00, \9:90> * Kn,c,(Zi) — E [(W(X) \9:90>]
*wy 2 2 &*wy

Ay = 2302 ok (e e ) K20 - [0 o) (500 oo )|

As soon as wy fg and wy f and their derivatives up to order 2, satisfy (Rj), then for C,, satisfying
that (R.6), we get that A; = 0,(1) as n — oo for j =1,---,3, and ii) is proved.

Proof of iii)
Again using (p.19), the SIAnoothness properties of the derivatives of wyfy and wpf§ up to order
3 and the consistency of 0, we get that || R, 1 ||;2= 0p(1) as n — oo.

Proof of iv)
Let us introduce the random event E,, = N;,E, jx, where
6259079(9) 028,1(0,w)
50,00, lg=g0 — 06,00,
According to (.10) and (6.9) we have
E|6y - 0°7 = E[|6r — 0°l%1m,] + E[6: — 0°)|%1x;]

< E[|6y - 6°%15,] + 2sup 16117 Pgo 4 (E7,)

E, k= {w such that lo—go + (Rn1)jk(w)]| <

< E[(SHE)TISAE) + Rut) (S0 + Rua) TS (071, |
+2sup [0 %Pgo 4(E,)
6cO
2
8250 (0
< o gyp| L5000 E[(S6°) TS16%)] + 25up |01 Pyo o (E2)
gk | 00500 ’ ’ hco
2
9250 . (0)
< 4P gup | e 2 4 2sup ||0]|%Pgo . (ES).
= C S;’l]}:) 89]89k ‘9:90 g0n+ SEBH ”62 90,9( TL)
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It remains thus to show that Pgo ,(ES) = o(¢3) with

2
9?(8n,1(0) — Sgo 4(6)) 9
) 3 < .
e K o008, =) | =

By Markov’s inequality, for some p > 2,

m m
]P’go < Zngog ,]k

Jj=1k=1

with

Ppog(ES,) < E”<32<Seo,g<9>—sn,1<9>>

0938@ ’9:90> + (le)j,k

7

925y0 .(0) 925, 1(0) '
< p—1 0%g _ g On,1\7)
s 2 < 96,00}, ‘9=9°> E[( 90,00, ’HOH
925, 1(0) 025,1(0) g
p_l ’fL,l _ TL,l .
+2 E[E< 06,06, |9=9°> <aejaek |9=9°>+(R"’1)]’k ]
p
< ot

82Sgo 4(0) | g [(7°5na0) |
90,00, =" 90,00, ="

. 025,.1(6 %S (0 g -
w2 e |Jo (T o)~ (T, oo )| |+ 2 BB 0P}

Now we apply the Rosenthal’s inequality to the sum of centered variables

9%8,.1(0) 0%5,,1(0) . &
< aeﬁek ‘€:€0> _E|:< 89]89k ‘9=90>:| = n ;Wn,zd,k

where W, ; ; 1. equals

0%[—2Yi fows + fFwe + (Y — 02 5)wy]
( 90;00), lg—g0 | * Kn,c,.(Zi)
0%[—2Yi fowp + fFwe + (Y2 — 02 5)wy]
—2E [( 26,00, lo—go | * Kn,c,,(Zi)

Lemma 6.1. Rosenthal’s inequality (Rosenthal (1970), Petrov (1995)). For Uy,..., Uy, be
n independent centered random variables, there exists a constant C(p) such that for p > 1,

(6.20) \ZU!P<C ZE\UV’ O _E[UZ)P.
i=1
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Consequently
0%8,.1(0) 9%2Sn1(
|| (G o) = (G eo)) |

<C [ 1_pE|Wn71,j7k|p+n_p/2Ep/2|W"vlvj’k|2]'

Take p = 4 to get that

. a?snvl(e)’ E a?sn,l(e)’
90,00;, =" 90,00, ="

Therefore under the conditions ensuring that (E[Sy, (2) (90) - S, (2) 1(69)%), 5 = o(1) we have

2
(BI(SZ(6°) = S50y (0] )0 = O(h) = 0.
Now, by using the definition of R,, 1 comblned with (f.19), and the smoothness properties of the
derivatives of (wgfy) and (wgf2) up to order 3, we get that E((Rnl)glk) = o(||6; — 6°||},), and
we conclude that
EJ6) — %)% < 4B [(SS1(60°) IS0, (6°) 71T (S50, (69) 7 SL16%)] + 0(2) + o(E[6) — %)),
O

4
] < C(4) [0 EWaal* + n PE W, 7]

6.3. Proof of Theorem B.3: As for the proof of Theorem B.1|, the main point of the proof
consists in showing that for any 6 € ©, E[(Sn2(0) — Sgo 4(6))?] = o(1), with Sgo ,(6) admitting
a unique minimum in § = #°. The second part of the proof consists in studying wy(n, p) defined
as wi(n, p) = sup {|Sp2(0) — Sn2(0")| : |0 — 0'||2 < p}. By using the regularity assumptions on
the regression function f, we state that there exists two sequences p and ¢ tending to 0, such
that for all k € N,

(6.21) lim IP[w;(n, pr) > €] = 0 and that E[(w(n, p))*] = O(p3).
Under the conditions ([C11)-(IC14) and by applying the Law of Large numbers, we get that for
any 0 € O, E[(Sn2(0) — Spo 4(0))?*] = o(1) as n — oo and E[(Sn2(f) — Sn2(0"))?] = o(1) and

consequently 52 is a consistent estimator of 0. By using classical Taylor expansion based on
the smoothness properties of the regression function, with respect to 6 and the consistency of

B, we get that 0= S\ (81) = SU5(6°) + S25(6°) (B2 — 6°) + Ry, 2(62 — 6°), with Ry, 2 defined by

1 o~ o~
(6.22) Rys = /0 152(6° + (B — 6°))8 — S2(09))ds.

This implies that
(6.23) By — 6° = —[SC)(6°) + Ry 2] 1S5 (6°),

where 57(11%(0) and Sff;(@) denote the first and second derivatives of S, 2(6) with respect to 6.
The /n-consistency follows by applying the Central limit theorem to SS% (6%) to get that

(6.24) VASLH(0%) = N(0,50)
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with
1 1 1
Sos = E[(f),,(2)—2vol) ,(2)+ (v - oty)el. (2))
1 1 1 T
x (@) ,(2) —2v o) (2)+ (V2 - 02,0l (2)) } . O

APPENDIX : TECHNICAL LEMMAS

Lemma 6.1. Let ¢ a function such that ¢ belongs to La(R) satisfying (Ral). Then

L(y) —at+1—
6.1 *(w)|du < =——>—C,, “T " exp{—bC] }.
(61) [ 6 @l < p{-bC5)
Furthermore, if p. satisfies (Ng), then
™ (w)] L(y) ot
du < max[1l, Cy T P exp{—bC), + BCL}].
fcon BT & Rapacs g ™ pLmbC 0G0

Lemma 6.2. Let ¢ such that E(|¢(Y, X)|) is finite and let ® such that E(|®(U)|) is finite.
Then

E[p(Y, X)® *x Kp ¢, (U)] = E[p(Y, X)® x K¢, (X)] = (p(y, ) fr,x(y,"), ®* Kc,,)

and
E [p(Y, X)® * Ky ¢, (U)) =/<(90($,-)fy,x($7 )) * fer (0 Kp g, )?) da.

Proof of Lemma [6.2 : If we denote by fy 7 x the joint distribution of (Y, Z, X), then

frizx(,z,2) = fvx(y,2) fe(z — ) and fyv,z(y,2) = fr,x(y,) * fe(2).
Since K, ¢, *p. = K¢, by construction, we get by the Parseval’s formula that

BV, X0« Ko, ()] = [[[ o000 Koc, (v zx(y. 2, a)dy de do
= ///(P(?Jaﬂf)q’*chn(z)fy,x(y,w)fg(z—a:)dzdwdx
= / / oy, ) frx (y,x) / O Ky 0, (2) f-(2 — x)dz dy dz
(2m)~! / / oy, z) fyx (y, z) / *(u)K;: ¢, () f2 (w)e " du dy da

= e [[ et [0 @ S e dudy do
= 0 [[ew o) [ 0K e dudydo
— [ etwa)trxtvs) [@ko, @ -z dy o

= // o(y,z) fy.x(y,z)® x K¢, (z) dy dx.
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The second equality follows by writing that

BV )0 Knc, (2F = [[[ elr.0)(@ Ko, ()P vz 0)dy d d
— [[[ e )@ x K, (2 (.21~ )y d
— ][ e 0)@ K () Py (w01~ iy d
— [l ) o (@ K Py dye O
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