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Abstract. Results of penalization of a one-dimensional Brownian motion (X;), by its one-sided

maximum (S; = sup X,), which were recently obtained by the authors are improved with the
0<u<t

consideration-in the present paper- of the asymptotic behaviour of the likewise penalized Brownian

bridges of length ¢, as ¢ — 0o, or penalizations by functions of (S, X}), and also the study of the speed

of convergence, as t — o0, of the penalized distributions at time t¢.
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1 Introduction

1.1 Let (2 = C(R4,R), (Xy)i>0, (Fi)e>0) be the canonical space with (X;) the process of coordinates

¢ Xi(w) = w(t);t > 0, (Fi)i>0 the canonical filtration associated with (X;). We write F for the

o-algebra generated by U Fi. Let Py be the Wiener measure defined on the canonical space such that
>0

Py(Xo=0)=1.

In this paper, as well as in the previous ones ([[4], [[q], [[5]), we consider perturbations of Brownian

motion with certain processes (F});>0, which we call weight-processes; precisely, let (F});>0 be an



(Ft)-adapted, non negative process, such that 0 < FEy(F;) < oo, for any ¢ > 0, and Qgt the probability
measure (p.m.) defined on (2, F;) as follows :

1

——— FEy|lp, F; r . 1.1
fﬂﬂlﬁ] 0[ Tt J? t € ]% ( )

Qg,t(rt) =
We can interpret the p.m. Qéi . as the Wiener measure penalized by the weight F;. We say that a
penalization principle holds if there exists a p.m. QJ on (Q, foo) such that Qéi , converges weakly to
QY ast — o :

gleggrg::anyL for any ', € Fy, u > 0. (1.2)

Throughout the paper, (S;) stands for the one-sided maximum of (X;) : Sy := Olilai( X, t>0.
<u<t

In fact, in our study, the following situation always occurs : let

M = Eo[F)|Fu], u<t.

Ey[Fy]

Then, we show that, for fixed u, Mi(f) converges a.s., with respect to Py, to a variable M, such that
Eo[M,] = 1. Thus by Scheffé’s lemma (see, e.g. [}, Chap. V, T21) M converges in LY(P,) towards
M, which explains why ) holds without any restriction on T, € F,.

1.2 In a series of papers ([[L4], [Ld], [[[3] and [Ld]) we have considered some classes of examples involving
respectively for our weight-process (F;) a function of :

t
/ V(Xs)ds where V : R — Ry.
0

the unilateral maximum S; we have also treated the two-dimensional process (S, t).
(LY;t > 0) the local time at 0 of (X;)>o0.

The triple ((S, It, LY);t > 0), where (I;) denotes the one-sided minimum : I; = — Oglig Xy
<u<t

e (D¢;t > 0) the number of down-crossings of X from level b to level a.

In this paper we only consider the case : F; = f(X3,S:), where f : R x Ry — R,. In particular if
F; = ¢(St), where ¢ : Ry +— R, defines a probability density, i.e.

Amﬂw@=1, (1.3)

our starting point is the following main result in [@] :

y
Theorem 1.1 Let ¢ : Ry — Ry satisfying ([[.3) and ®(y) = / o(x)dz,y > 0.
0

1. For every u >0, and 'y, in F,, the quantity :

Eo[1r,¢(S1)]

Qf (I == lim “Eo[o(S)] (1.4)
exists; hence, QfF may be extended as a p.m. on (Q,]—'OO).
2. It is equal to Eo[lr, M), where (M#),>o is the martingale :
M? = o(Sy)(Suy — Xu) +1 = ®(Sy,); u>0. (1.5)

(These (Po, (Fu))-martingales have been introduced in )



3. The probability Qf may be disintegrated as follows :

(a) under QF, S is finite a.s., and admits ¢ as a probability density;

(b) QF(Seo € dy) a.e., conditionally on Soc =y, the law of (Xy), under Qf is equal to Qéy),
where, for any y > 0, the p.m. Q((Jy) on the canonical space is defined as follows :
i. (X3t < T,) is a Brownian motion started at 0, and considered up to Ty, its first
hitting time of vy,
1. the process (XTert;t > 0) is a "three dimensional Bessel process below y”, namely :
(y — X1+t ; t >0) is a three dimensional Bessel process started at 0.
iii. the processes (Xy;t <Ty) and (X1, 4¢3t > 0) are independent.

(c) Consequently :

Q(ISe = 1) == QY(T),  for any T € Fu, (1.6)
QE() = /OO QY () ey) dy. (1.7)
0

In the present paper, we develop a number of variants of this Theorem D, by presenting either
extensions or some new proofs of this theorem. Here are these variants, together with the organization
of our paper.

In Section 2, we give, in particular, another proof of Theorem @, which originates from the following
considerations : the main step in [[[f] consisted in studying the asymptotics of E[p(S¢)|Fs), for fixed
s, as t — oco. In Section 2 here, we proceed in a dual manner by studying the asymptotics of

§1(Du) == P(Du| Sy = ), (1.8)
as t — oo, where v > 0 and I', € F,, are fixed.

Theorem 1.2 Lety >0, u>0 and T, € F,.

1. Ast — oo, Q(()yt)(l"u) converges towards the probability Qéy)(l"u), where Q(()y) is the probability
introduced in Theorem , 3.

2. Moreover, Qéy) satisfies :

C2son |2
QD) = ™/ | =By [1r.(y — X.)

In Section , we strengthen the result obtained in Section E, in that we consider the existence of the
limits, as t — oo, of :

Sy = y} + Eollr, 1{s, <y} (1.9)

Eo[1r,¢(S))|X: = d]

1.10
Eo[o(S)| Xt = d (1.10)

and, in the spirit of the preceding Sectionﬂ (or Theorem [1.2) :
Qof (Tw) = Po(Tu| Xy = a, S¢ = y), (1.11)

where u > 0,1y, € Fo,,y > ay.
The title of the present paper originates from this central Section E The results are the following :

e concerning ([L.11]), we obtain :



Theorem 1.3 1. Foranyu >0 and ', € F,,
Jim Q4(I') = Q4(), (1.12)

exists.

2. The p.m. Qg may be expressed as a convex combination of the laws Qéz), zeRy

2 - a)Q5"0) = (- Q) + | " 424 (). (1.13)

0

Remark 1.4 1. Recall that Qéy)(Soo =y) = 1. Since QyY satisfies ([[.13), we deduce :

y—a
2y —a’

Qgﬂy(soo = y) =

2. As we started with the Brownian bridge, we might have expected that, under the limiting
p.m., some constraint involving the position of the process at infinity would hold. This
is not the case, indeed, the parameter a only appears in the coefficients of the convex

combination in ([1.13) and Qéy)(tlim Xy =—-00) =1.
3. Identity implies that (a,y) — Qg is continuous.

d
4. We may recover Q((Jy) from (QgY;y4+ < a) since Qéy) = d_(ngy)
Y

Lio,y)(2)dz. The relation
y—a

admits the following probabilistic interpretation : first, z is chosen at random following

5. Let u®¥Y thep.m. onRy : p*¥(dz) = ;;a(sy(dz)—l—
y—a

u®Y; secondly, the dynamics of (Xy) is given by Q((f).
6. From Lévy’s theorem, under Py, ((St — X4, Syt > O) and ((|X,5|7 LYt > 0) have the same
distribution. Let Qé‘y) be the unique p.m. on (Q,o(| X[, > 0)) satisfying :

(v) _ v /2u 2
QY (1) = e™/2) [ = Bo[1r, |X.|

for any w >0 and Ty, € o(| X¢],t < u).

In a forthcoming paper it is proved that the analog of ) and ) 18 :

Ly = y} + Eo[lr, 1izo <y3]; (1.14)

Jim PPy |Xe| = a, LY = y) =

@) 1 Yo (%)
QY (r,) + — [ Q¥ (r,)dz, 1.15
aty o ( )+a+y/0 o (Fu)dz ( )

with Ty, any event in o(|X¢|,t < u), and an adequate extension of this result with |Xs|
being replaced by a Bessel process with dimension d < 2 is obtained.

e As for ([.1(), we obtain :
Theorem 1.5 Let ¢ : Ry — Ry such that :

/ (1+z)p(x)dr < . (1.16)
0
1. Foranyu>0,T, € F, and a € R, we have :

ao(r,) = lim DolraeS)IX = a]
= Bolp(S0)|X: = df

(1.17)

exists.



2. The p.m. Q)Y may be expressed in terms of either of the two families (QyY,y > 0) and
Q) y>0) :

a,p _ 1 o a,y

50 = T e L, G e (1.18)
_ 1 * _a (y) (.
ENCEL O [/M (v —a)e(y)Qy" (-)dy

[Ty @a)el o) (119)

We would like to generalize Theorem E, by replacing the weight-process (go(St)) with ( f(Xy, St)),
where f: R x Ry +— Ry is Borel.

Theorem 1.6 To f:R xRy — Ry such that :

fi=/ da N —a)f(a,y)d 00 .
Fim [ da [y —a)sia iy < (1.20)
we associate f* = 1/f, and :
=f* da - a,n)d ! a —a)dal. .
o) = [ faa| samans [ sevw-o (1.21)

1. For every u >0, and 'y, in Fy,

. Eo[lr, f(X¢, St)]
im
t—oo  Eo[f(X¢,St)]

= Qf(Tw), (1.22)

where QF is the p.m. introduced in Theorem , associated with the (PO, (ft)) martingale

(MY).
2. Moreover the following relations hold :
Mf:f*/da/w(zy—a)f(a+xt,stv(y+Xt))dy, (1.23)
R ay
%O =1 [da [ Cy-as@n@r O, (124)

where the p.m. QY is defined in Theorem IE

Theorem led us to go further and to enquire what happens if f : R x R}y — R, does not satisfy
(I.20). Rather than trying to give a complete answer, we shall restrict ourselves to functions f of
exponential type :

fla,y) =t y>ay, A peR. (1.25)

It is easy to check (see Section f]) that, if f is given by (L.29), then : f < 0o iff >0 and A + p < 0.
Then in this case Theorem E applies.

We claim that for any A, 4 € R a penalization principle holds and we are able to describe the limiting
p-m. Before stating this result in Theorem @ below, let us introduce the three disjoint sets :

Ry ={(\p) ERXR; A+ <0,p>0}, (1.26)



H A
A+u=0
A
A2u=C
7
Ro={(A\pu) ERxR; A+2u>0,A+p >0}, (1.27)
Ry ={(A\p) ERxR; A+2u<0,u<0}. (1.28)

See the figure below.
Theorem 1.7 Let A\, i € R.
1. For every u >0, and 'y, in Fy,

) Eo[1p, ehXe+As0)]
1%  Eo[enXeths

(1.29)

exists and is equal to Eo[lp, M|, with (ME) a positive ((Fu), Po) martingale, such that
]Wét’)‘ =1, which is given by
—(A 4 e (8, — X,) + e if (A ) € R

MpA = O+ X0 —(A+p)%u/2} if (\, 1) € Ra,

L+ Su—p?u/2} [cosh (u(Sy — Xu)) — A : E sinh (1(Su — Xu))] if (A, 1) € Rs.



(1.30)
2. Consequently, T'y(€ Fy) — Eq[1r, M| induces a p.m. on (9, Fuo).

Remark 1.8 1. We have already observed that if f is defined by ), then f < oo iff p > 0
and A+ p < 0. Thus, in this case, Theorem @ implies that (Mt“’\) is a martingale of the type
(MF) where ¢ is given by ([.21). An easy calculation yields : p(y) = —(\ + p)e MY y >0,
and :
M#"A = Mgp g —()\ + ;L)E(A+#)St (St — Xt) + €(A+#)St, t Z 0.

2. In the third case (i.e. (A\,p) € R3), the martingale belongs to the family of Kennedy martingales.
These martingales were used in /ﬂ] and play a central role in ] Let us briefly recall the
definition of these processes.

To v : R — [0,00[, a Borel function satisfying :
/ Y(2)e Mdz < 0o, Va €R. (1.31)
we associate the function ® : R— R :

Oy) =1-eV /OO P(z)e Mdz, y € R. (1.32)
Yy

Let ¢ be the derivative of ®; then, p(y) = ®'(y) = ¥(y) — )\eAy/ Y(z)e dz, and
y
sinh ()\(St — Xt))
A

MM = {1/1(5’,5) + e /Soow(z)ehdz}e)‘ztﬂ, (1.33)

t
18 a positive ((.7-}), PO)-martmgale.

3. Let QS’A be the p.m. defined in point 2. of Theorem B, and P be the law of Brownian motion
with drift §, starting at 0. Using Theorem 3.9 of ], we may reformulate ) as follows :

Qg Y if (\p) € Ry,
A .
Qi — Pyt if (A p) € R, (1.34)
A+ 2
ﬂeksw Pl if (\ ) € Ry

2p
where @5(y) = de™%, § >0,y > 0.
The proof of Theorem E is postponed to Section E
Ep(1 S,
Let ¢ as in Theorem [I.1. We are now interested in the rate of convergence of Qf ,(T',) := W
' 0[Pt

towards Qf(I'y), as t — oo, for any I',, € F,,. More generally, under additional assumptions, we are
able to determine the asymptotic development of Qéit(l"u) in powers of 1/t, t — oo.

Theorem 1.9 Let ¢ : Ry — Ry satisfying ) and the related function ® as in Theorem @ We

suppose that there exists an integer n > 1 such that :

/ v P o(y)dy < oc. (1.35)
0



1. There exists a family of functions (F )i<i<n, FY : R x Ry x Ry — R, such that

(a) (F(Xy, S t),t>0) is a ((F), Py)-martingale, for any 1 <i<n,
(b) If i =1, we have :

FP(Xy, S, t) = —FF (X, S¢) + (f‘f‘/ y>o(y)dy) MY, (1.36)
0
where
~ _ 3 1 e3¢}
Flaw = o5 +5 [ e)e-afan, tyzoaer (1.37)
: Yy

2. The following asymptotic development holds :

Eo[lrusﬁ(st)] )+ Z %Eo ?(Xu, Su,uw)] + O( t — oo. (1.38)
i=1

tn+1)

Eolp(Sh)]

Theorem E will be proved in Section E We also give a complement of Theorem E (Theorem @ in
Section i), taking as weight-process : 1(S;)e*5=X0) with A > 0.

2 Proof of Theorem 72, and of Theorem [[-1], as a consequence

Our proof of Theorem D is based on the following Lemma.

Lemma 2.1 Lety>0,u>0,T, € F, andt > u. Then :

Po(TulS; = y) = ];Z ((y))EO[1F h(t u,y—Xu)|Su:y}

1
+pSt (y) EO |:1Fu 1{5 <y}pSr w (y - Xu):| . (21)

where pg, denotes the density function of Sy, for a fized r >0 :
2

_ ]2 722/27“1 2.9
ps,.(2) —e (250} (2.2)
and
z 2 V4
h(r,z) = P(S, < z) = / ps, (x)dz = 4/ —/ e 2y, x> 0. (2.3)
0 T Jo
Proof of Lemma @ Let u>0,T, € F, and t > u. It is clear that :
St = Su vV (Xu + Oglg)lgziu{Xquv — Xu}) (24)

Consequently if g : [0, +00[— [0, +0o0] is Borel, applying the Markov property at time u leads to :
Eo[1r,9(St)] = Eo[lr,d(Xu, Su)],

where
g(x,y) :Eo[g(y\/{x—l-St,u})], 4 < y.
Then we easily obtain :

g(z,y) = gW)Po(Si—u <y—x)+ Eo[9(z + St—u)l(s,_>y—a})

g)h(t —u,y —x) + / 9(2)ps, ., (2 — 7)1 25y d2.
0

This proves (R.1)). [ |



Proof of Theorem E The two estimates :

Ps, (y) ~ \/gv h(tvy) ~ y\/%v t— 00 (y > O)a (25)

directly imply that Q((Jyg converges weakly to @éy), as t — oo, where :

Q" (L) = ps, (W) Fo [ 1r, (v = Xu)ISu = y] + Bollr, s, <], Yu>0and Ty € 7,
Thanks to ([.3), 1 — ®(y) = / ©(z)dz,y > 0, then :
y

[T @ @asmar = Bafie (5. - X)e(5 +1- 0(5)
= Eo[lpuMﬂ = Qg(PU)'

Consequently ([[.7) implies Q(y) (()y), 5 (S € dy) ae.
|

Remark 2.2 [t is interesting to point out that ) permits to prove that y — Q((Jy) 18 continuous, as
the space of p.m.’s on the canonical space is endowed with the topology of weak convergence.

As indicated in Section [, we now show how to prove Theorem [L.1, i.e. how to recover ([.4) from

Theorem E and (B)
Indeed, let ¢ be as in Theorem D We have :
Eo[1r,o(S0] _ Jy~ Qo)(Tu <y>pst (v)dy
Eo[o(S0)] Jo~ eWlps. (y)dy

where v > 0,1, € F, and t > u.
Using Theorem [[.3, (P-5) and the dominated convergence theorem, we get :

im Eo[1r,¢(Sh)] fo (y) I'y) (y)
thoo Eo[p(St)] fo ey / G Tielu)dy

3 Penalization for long Brownian bridges perturbed by their
one-sided maximum

We keep the notation given in Sections [l| and E
Let Q)f ; be the law of the Brownian bridge started at 0, ending at x, with length ¢ :

Qo.¢(T'y) := Eo[Ie| Xy = 2], Ty € F. (3.1)

(note the difference with the p.m. Qézt) defined in ([L.§)).
Here, we make a simple remark concerning the weak limit of Qf , as t — oc.
Indeed, we observe that this limit is equal to the Wiener measure Py : if w > 0 and I",, € F,, then :

Jim Q3,(T) = Po(T), (3:2)

which follows from the fact that (X,0 < s < u) under Qf ;, may be represented as (B, — ;Bt—i— gx, ,0 <

s < u), where (Bg) is a Brownian motion started at 0.

The asymptotic study of long Brownian bridges penalized by their one-sided maximum is more in-
volved; in fact, we determine the weak limit Qg of Qg'} as t — oo, where Q@/ is the p.m. defined in
(L11)). The result is stated in Theorem

We proceed as for the proof of Theorem [1.2. We need to generalize Lemma @7 taking conditional
expectations with respect to (S, X).



Lemma 3.1 Leta e R,y >ay, u>0,T € F, andt > u. Then :

P A ) _ _
Py(Ty| Xt =a,S =y) = P Ey [1ru(/R+ DX 0,0 (@ Xu,€)1{5<y—xu}d§) |Su = y]

1
+ )Eo [1Fu1{su<y}PXt7u,sm (a— Xu,y — Xu)} : (3.3)

px,.s(a,y

where px, s, denotes the density function of (X,,Sy),v >0 :

[2 o
PXx,,S, (CL, y) = m(Zy — a)e (2y—a)”/2 1{y>a+}7 (34)

Proof. We imitate the proof of Lemma ..
Let g : [0, +00[x[0, +00[— [0, +00] be a Borel function. Thanks to (2.4), we have :

Eo[1r,9(X¢,S1)] = Eo[1r,3(Xu, Su)],

where
gla,y) = Eolgla+ Xe—u,y V{a+ Si—u})], ag <y.
It follows :
9(a,y) = g1(a, y) + g2(a, ),
with :
g1(a,y) = Eo[g(a+ Xe—uw, 1) 1(s,_ n<y—a} )
g2(a,y) = Ey [g(a + Xt w,a+ St,u)1{5t7u>y_aﬂ .
Since :
gi(a,y) = / 90, Y)Px, .5 (b= a,§) ey _qydbds,
RxR,
and

§2 (au y) = / g(bu Z)pXt,u,St,u (b —a,z— a)l{z>y}dbd'z7
RXR+

then (B.3) follows immediately.

|
Proof of Theorem [L.3 Let u > 0 and ', € F,.
1) Using (2.9) and
| 2
pXt7St (CL, y) ~ ﬁ(Zy - a)v t— 0, Y Z a4, (35)

we get :

y—Xu
lim Q4H(T,) = gzu—fyon [1“(/(”( . (26 —a+ Xu)df) S, = y]
! .

5B |Ir, 15,y (25 —a— X.) .

2y
The first integral in the right-hand side of the previous identity may be computed, which yields :

1
— B |1, 15, <y (25 —a — X.) .

—a

a, . Y .
Qo y(l—‘u) =ps, (V) 2y — aEO [1Fu (y — Xu)|Su = y} + 2

10



2) The relations ([L.9) and (.9) imply :

(25 - @)Q5¥(Tu) = (y— a){QF (Tu) = Bo[lr, 1is, <]} + Fo|Ir, Ls,<yy (29 — 0 = Xu)|
= (y - QP (L) + o |1r, 1(s, <y (v — Xu) |.
. , 1
Applying (m) with ¢, = Zl[o’yb we get :
NG\
/ QF (Tu)dz = yEo |1r, M.
0

§ A
But ®,(z) := / @y (r)dr = z y, consequently :
0 Y

- X,
My = (Sy — Xu)py(Su) + 1 — @y (Sy) = 2

Lis,<y}-

This proves ([L.13).
|

We now consider the Brownian bridge penalized by a function of its one-sided maximum (cf Theorem

L3

Proof of Theorem @
Theorem E is a direct consequence of Theorem .
Let w > 0 and I', € F, and ¢ as in Theorem E

The relations (.2) and (B.4) imply :

_2y(y—a)

2 —a)
P(S; € dy| Xy = a) = ;(Qy —a)e” T Liysa,ydy.

Consequently :

_ 2y(y—a)

9 [o+
Boftr. (801X =] = 3 [ R(TulX: = 0,8 = ey - ey,

Hence :
_ 2y(y—a)

Eo [1rugo(5t)|Xt = a] f0a+ Py(Ty| Xt = a,S: = y)e(y)(2y — a)e — dy

Fo [¢(St)|Xt - a} R foa+ o(y)(2y —a)e™ 2uly—a) dy

Applying Theorem ([.3) and the dominated convergence theorem we get :

Jo " 2y — a)p(y)Q5 (Tu)dy
I 2y — a)e(y)dy

This proves ([L.1§). As for ([.1I9), it is a direct consequence of ([[.13).

g,«p(ru) =

4 Proof of Theorem [[§

1) Point 1. of Theorem [L.4 is a direct consequence of Lemma B.1 and Theorem [L.3.
Taking the conditional expectation with respect to (X;, S;), we obtain :

Eo[lr, f(X0,8)]  Jeda ], Q0i (Tuw)px. s, (a.y)f(a,y)dy
EO [f(XtaSt)} B f]R daf:ijmSt(avy)f(aay)dy

11



where px, s, denotes the density function of (X;, S;), as given by (B.4).
Since f satisfies ( ), we may apply the dominated convergence theorem; then taking the limit
t — oo, Theorem [1.3, and (@) imply :

Eo[1r, f(X1, St)] ~

Jm Eo[f(Xy,50)] = Qollw),

where :
Qe = 1 [ da | Cy =) y)Q5 Ty
2) We need to identify Qof(-).

y
Let ¢ be the function defined by ([L.21)) and ®(y) = / o(2)dz, y > 0.

0
It is clear that ¢ > 0, then applying Fubini’s theorem, we easily obtain :

B0) = 5[ [ H@m oy (140 + (1= @)Ly dad]. (42)
X IR
In particular, taking the limit y — oo, we get : lim ®(y) = 1. This means that ¢ satisfies ([L.3).
y—oo
Moreover :
1-®(y) = f*[/ Flamiysyvasy (20 —a— y))dadn} : (4.3)
RXR+

Applying identity (), we get :
@) = £ [da [ {000+ [ tdn} sl nay)

o0

= f* {(n—a)f(am)l{n>a+} +/

RxR4 nVay

F(a,y)dy }QE" (-)dadn }

= [ ema e
Property ([.7) implies : Qo = QF.
3) It remains to prove ([[.23).
Let M; be the process defined as the right-hand side of ([.23) :
M, = f*/ db/ (2y =) f(b+ X, St V (y + Xt))dy.
R Jo,
Setting : @ = b+ X; and n = y + Xy, we obtain :

M, = f*/R{/;t(a)da,

where :
0ua) = [ 1= X~ (@5 iy
‘We have :
- St
Yi(a) = lgs,>ayf(a, St)/ « (2n — Xy —a)dn + /R(QU = Xi —a)f(a,n)1gy>s,vaydn
aV Xy

= Lys,>a3f(a,8)(Se —aVv X)) (St +aVv X, — Xy —a) + /(277 — X —a)f(a,m)1>s,vaydn
R

1is,>ayfa, 80)(S: — X4 ) ((S: — a) + /R(QU = Xi —a)f(a,n)1g>s,vaydn.

12



Since My = (S; — X¢)p(Si) + 1 — ®(S;), using ([.21)) and ([£.3), we get :
My = f*/ Yi(a)da,
R
where :

Yi(a) = (St—Xt)[/Rf(a,77)1{77>Stva+}d77+f(avSt)(St—a)l{a<St}}+/Rf(av77)(277—G—St)1{n>5tva+}d77-

It is now clear that v;(a) = (). Consequently My = M,.
|

Remark 4.1 1. Let f be of the type : f(a,y) = fi(a)ljo,4)(y), where A >0 and f1 :]—o0, A] — Ry
A

A
satisfies / (1+]a|)fi(a)da < co. Then it is easy to check that f = A/ (A—a)fi(a)da < oo,

— 00 — 00

1
and p(y) = Zl[o,A] (y)-

2. It is possible to recover the identity from Theorem @
Let f as in Theorem @ Using the first part of the proof of Theorem , @ and ), we

have :

f* /R da /:(2y —a)f(a,9)Qy"(")dy = QF () = /OOO P()QY (-)dy,

Jae [ ev-asan@irom= [~ oo [ [ enire e}

Vay

Using Fubini’s theorem, we easily obtain :

Jae [ “ev-asaueoa= [ [ renfy-ar ["eOmla @

for any non-negative function f, satisfying , but an easy application of Beppo-Levi theorem
shows that ([f.]) holds even without ([.24) being satisfied.

5 Penalization with et TrX:

1) In this section we focus on penalizations with weight-processes f (X%, S:), where the function f :
R xRy — R belongs to the family {f,\#; Iaula,y) = eMvthe N\ e R}.

First, let us determine under which condition f, ,, satisfies ([1.2().

Using the Fubini theorem, we have :

— o0 Y
Fap= / eAydy/ (2y — a)e'*da.
0

— 00

Consequently if ¢ < 0 then 7%# = 0.
Suppose that ¢ > 0. The integral with respect to da may be computed, this yields to :

_ 1 [
Faw = F/ (1 + py)eP vy
0

As a result :
Fap <oo iff p>0 and A4 p <O0. (5.1)

Consequently if this condition holds, then Theorem E applies.
2) In our approach it is convenient to introduce Py, the law of Brownian motion with drift p, starting

at 0, and Po(g) the law of a three dimensional Bessel process started at 0.
Recall Pitman’s theorem([J], [H]) :

13



1. under Py, the process ((25} — X4, S), t > 0) is distributed as ((Xt,Jt), t > 0) under PO(B)7
where J; = 1I;ft Xu.

2. let (Rt) be the natural filtration associated with the process (Rt =25 —X;, t> O), then :

1 [
Eo[f(St)IRt]:E | f(u)du, (5.2)

for any Borel function f: R, — R;.

Pitman’s theorem has been extended to the case of Brownian motion with drift. From @ (see also
[Bl), we know that (2S; — X;,¢ > 0) is a diffusion with generator :

1 d? d
3 dr? + COth(/ﬂL‘)a.
Proof of Theorem @
Let u be a fixed positive real number, I', € F,,, and define :

(5.3)

A(Fu, t) = EO [1Fue>\5t+,uXt] )

1) First suppose that (A, ) belongs to R;. We have already proved that if 4 > 0 then Theorem
is a direct consequence of Theorem E If u=0and A+ p = A <0, then Theorem B follows from
Theorem @

2) We now investigate the last case : (A, u) € Rs.

If p =0, then A < 0 and Theorem @ is a direct consequence of Theorem E

We suppose, in the sequel p < 0.

We write A(T',,, ) as follows :

ATy, t) = V2B [1p, ).
Applying the Markov property at time u, we get :
ATy, t) = e V2B [1r, h( Xy, Suy t — )], (5.4)
where
ha,y,r) = BL [0Sy > ap e >0,

Since p < 0, it is well-known that, under P}, X; — —oc0 as t — 00, Soe < o0 and P['(Ss > z) =
e2he x> 0.
Consequently :

lim h(a,y”]") =] := _2/'L/ ek(y\/(a+z))e2uzdz_
0

T—00

Obviously the above integral may be computed explicitly :

y—a oo
I = —-2u [e)‘y/ e dz + e’\“/ e(’\+2“)zdz}
0 y—a
— M [1 — e2nly=a) 4 2—”€2u(y*a)] — M [1 __A e%(?ﬁﬂ)] )
A42u A+ 2p
Moreover, it is easy to check :
_ Apo . A+2u A _

Ay ua{ h _ _ h — ] 2T AR Ay - 2 G2y a)]

e cosh (u(y — a)) . sinh (u(y — a)) o e[ Y 2ue

Finally :
tTu

2 A
lim h(a,y,r) = _H O+my—pa [cosh (u(y —a)) —

Jim T2 sinh (u(y — a))} )

14



Coming back to (5.4), we obtain :

. Ey [1F1L6HX‘+)‘S’5] . Eg [1puh(Xu, Su,t — ’U,)]
lim = lim
t—oo  Fy [e#Xt‘i’)\St} t—o00 Eg [h((), 0, t)]

= EY [1pue(’\+“)5“_“x“ { cosh (u(S, — X)) —
= EO [1FuM5))\} :

A+ p

sinh (u(Sy, — Xu)) }}

3) Let (A, 1) be an element of Rs.
a) Let us start with the additional assumption : A + 2u > 0. Since

P = (OH0X=Q4w)®t2 P on F,
we have :
A(Fu7t) _ e()‘+#)2t/2E0>\+'u‘ [1Fu€)\(5t*Xt)}. (55)

Recall Theorem 1.1 in [[f] : under P} the process (S; — Xy;t > 0) is distributed as (|Y;],t > 0),
where (Y;) is the so-called bang-bang process with parameter A+ pu, i.e. the diffusion with infinitesimal
generator :

1 d?

ST A+ u)sgn(m)%. (5.6)

Applying the Markov property at time « in (@), yields to :
ATy, t) = MW 2EM I By {MYeul}], (5.7)

where P, denotes a p.m. under which (V) is the diffusion process with generator (5.4) starting at x.
Under P,, (V;) is a recurrent diffusion and v(dx) := (A 4 p)e 241zl dy is its invariant p.m.
Consequently, for any x € R,

_ B 200+ 1)
lim E, [AY] = (A + / Aylg—20tmlyl g, — 2A+ 1)
Jim B[] = (A + ) O Y= 2T

Since A+ 2p > 0 and (\, ) € Ra, then the integral in the right-hand side is finite and does not depend
on x. As a result :

lim Bo[lp, et %] lim Ey**[ir,Es, x, {e¥—+1}]

_ pA
t—00 Ey [euXtJr)\St} 00 E, [eMYtq = PO (Pu)

Let us deal with the case A+ 2u = 0, u # 0. Applying (b.5), we have :
A(Ty,t) = eH 2B [1p e 25 X0],

The result follows from Pitman’s theorem (for Brownian motion with drift).

b) It remains to study the case : A+ 2u =0 and A > 0.

i) To begin with, we modify A(T,,t), A and u being for now two real numbers, without restriction.
Applying the Markov property at time u leads to :

A(FU7t) = Eo [1pug(Xu,Su,t—u)}, (58)

where
g(a7y, 7‘) = FEy [ek{y\/(a-l-sr)}-i-u(a-i—XT)], y>ay,r>0.

Obviously, g(a,y,r) may be decomposed as follows :

g(a,y,r) = g (a,y,7) + PP, (a,y, 1), (5.9)
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with :
g1 (a7 Y, T) = Ep [€MXT 1{Sr<y7a}} y 92 (a7 Y, T) = Ep [GXST—FHXT 1{ST2y7a}} .

Using Pitman’s theorem recalled at the beginning of this section, we get :

(8) [ — Xyt 20t @ px, L [T,
gi(a,y,r) = E; [e nXrt2p Tl{JT<y_a}:| =FE; [e B TY/O e ”Zdz},

g2la,y,r) = E§Y [em#XrtOF2 Ty ) sy

(3) I
BP0

r Jy—a

Recall that :

2
PO(S)(XT €dz) =1/ mzzeﬁz/zrl{oo}dz.

Then :
B, —puX, _ 2 >~ — 2722/27"
EO [ H Z] = m/o ze H dZ
Setting b = L\/;r, we get :
E® [e_“X’"i] = 36”2”2 /OO (b— u\/F)e_b2/2db
0 X, ™ T '

It turns out that if p < 0 :
gi(a,y,r) ~ (1 — 62“(7’7“))6“2’”/2, r — oo.

ii) We suppose now that A = —2u > 0.
We need to determine the asymptotic behaviour of ga(a,y,r) as r — co.

Using (5.12) and (F.13) we have :

B X, —y+a
g2(a,y,r) = EéB) [e #Xrl{XTZy—a} X }

2 e ’
= Hm/o z(z—y—|—a)ef“zf’22/2rdz

2 (o)
= 4/ —e“zT/Q/ (b— /) (Vb — pr — y + a)e ¥ /2db.
r G

As a result :
g2(a,y,r) ~ 2u27°e“2r/2, r — 00.

Due to (5.9), (.9), (.14), (F.19) and A = —24, we get :

ATy, t) ~ 2u2te“2t/2E0[lpuef“X“f‘Lz“/ﬂ, t — o0.
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In particular :
2
A(Q,1) = Eg[e XA ~ 22 ¢er 82t — 0.

Finally :
mally | Eo[lpue“Xf“‘Sf]
Jim Fo [enXetsi]

= FEy [1Fu€_MX“_H2u/2] .
|

Remark 5.1 Here is another proof of Theorem : keeping the notations introduced in point 3) b )
i) of the proof above, recall that we have proved :

Eq[1p, et 5] = By [1p, { et 25 gy (X, Suyt — u) + e X g (X, Syt — u)}],

where the functions g1(a,y,r) and g2(a,y,r) are given by (5.14) or (b.11) and (5.13). In our proof of
Theoremwe only need the asymptotics of gi(a,y,r) asr — oo, i = 1,2 in the case A\+2u =0, A > 0.
It is actually possible to determine the asymptotics of the previous quantities in any case. However
tedious calculations are needed, this explains why we have given a short and direct proof of Theorem

71

We now give a direct interpretation of Theorem B in terms of the three dimensional Bessel process
and its post-minimum.

Proposition 5.2 Let A\, u € R.
1. For every u > 0, and T'y, in Fy,

y Eé3) [1Fu e;LXtJr)\Jt}
1m

) A
t=oo B [enXitad] = Eo” [r. M7, (5.16)

where (MZ’X) is the positive ((fu),Pé3)) martingale :

1 fA+p <0 and p <0,
inh (A + )X,
T _ A=t ?u/2} S0 (A((+ )“X) )} ifA>0 and A+ p >0, (5.17)
inh (1X,
e-ntu/2 D (1 X0) ifA<0 andp >0,
Xy

Note that MS’A =1

2. The map : T'y(€ Fy) — E(()?’) [lpuﬁu’)\] induces a p.m. on (Q,]—'OO).

u

Proof. Proposition @ is a direct consequence of Theorem B and Pitman’s theorem.

‘We have :
E(()?’) [1Fue#Xt+>\Jt} B Eo [1fue—uxt+(,\+2u)st}

ESB) [eHXt'i‘)\Jt] o Ey [e—HXt+()\+2H)St]

where Ty = {w € Q;0 € T}, and & := sup w(u) — w(t).
0<u<t
Applying our Theorem @, we obtain :

y E(()3) [1Fu eﬂxt+>\,1t]
im

_ A A2
fiy P = Rl M)
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Since fu € R, then :
Eo[ll:uMJ“’AJrQ‘u] =Fy [1l:qu [MJ“’)‘+2“|Ru”.

We claim that :

1 if A+ p <0 and p <0,

Oty S (A + 1) (25, = X))

- if A\>0 and A >0
Eo[ M "R, ] = DS, X,  AsPamdAre=0

(5.18)
sinh (1(25, — Xu))
M(2Su - Xu)

ef,uzu/Q

if A< 0 and u > 0,

Making again use of Pitman’s theorem, it is immediate to obtain (f.17).

As for (p.18), we only prove the third case. The two other cases may be proved similarly. Note that
(A4 2u,—p) € Ry (resp. Ra) it A+ < 0and <0 (resp. A >0and A+ p > 0).

As for the third case, we have : (A +2u, —p) € R iff A <0 and p < 0.

Setting R, := 2S5, — X, then ()and (@) imply :

MJ#,)\+2# — e{(>\+y‘)su7#2u/2} [COSh (/L(Ru _ S’u.)) _ A —; H sinh (/L(Ru _ Su))};

e—Huw/2 Ru Atp o,
Eo[Mm 2R, ] = —% / X cosh (u(Ry — 1)) — S—L sinh (u(Ry, — v))] dy
u Jo
67#271/2 1 Oty o L R y=Ru
= e [— ;e sinh (u(Ry — y))]y:o
_ emntu2 sinh (uRu)
PRy '
This establishes the third case in (F.17), using again Pitman’s theorem. |

Remark 5.3 It seems natural to ask for :

im E(()B) [1Fuf(Xtv Jt)}
fmoo Eé3) [f (X, Jb)]

(5.19)
for some suitable Borel f : Ry x Ry — Ry
Using Pitman’s theorem (see 1. in the proof of Proposition @), the above ratio is equal to :

Eo[1s, f(28; — X4, Sy)]
Eo[f(28: — X4, Sy)]

Consequently Theorem @ applies as soon as :

Fim [ao [“y-afey—andy= [ 1o, dy < . (5.20)
R a R+ XR+
Suppose that this condition holds. Then
_ EY [Ir, f(Xt, )]
e )
< By [f(Xe, Jy)]

= Bolty, M7),
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with -
£ b + [ 1(b.)a0]
Yy

+ xRy

o) =11 [
and ft = 1/]7

Proceeding as in the proof of Proposition we may prove :
Eo[MZ|R,] = 1. (5.21)

Finally the limit in ([5.19) equals Pég) (Tw). In other words the penalization with f(Xy, Ji), [ satisfying
) does not generate a new p.m.

As an end to this section, we would like to discuss the relationship between Theorem B and the
results obtained in [B] Recall that these authors have proved that
El1p, A}
im LA/Z] (5.22)
t—oo Eg [At }

exists where A, u € R, P}' denotes the p.m. on canonical space which makes (X;) a Brownian motion
with drift g, started at 0, and :

t
A :/ e2Xeds, t>0.
0

As for our Theorem [L.7, it is proved in [E], that a phase transition phenomenon occurs : there exists
three disjoint regions in R x R associated with three types of limit distributions in (5.29). It is striking
to note that these regions coincide with the domains R;, R and R3 introduced in ([L.2€¢)-([1.24).

We have actually no proof of this fact. Nevertheless if A > 0, we have a heuristic argument :

B [1e, AY%] _ Eo[lr, e A2
By [43"] By [enXe A7)

t

Roughly speaking, the Laplace theorem tells us that A; = / e?X+ds has the same behaviour as e25t,

0
see more precisely, the limit results in [f] (formulae (61) and (62) p 181) and [[]. Therefore replacing
formally A; by 2%, we get :

FEy [1Fu€“XtAi\/2} N Ey [1Fu€“X’t+>‘S“}

Blox A Bolmrs] T

6 Asymptotic development

We first recall a penalization result obtained in ([@])7 choosing as weight-process : z/J(S’t)e’\(S“_X‘),
where A > 0.
Let us start with some notations. Let ¢ : Ry — R, be a Borel function satisfying :

/000 Y(z)e Mdz = 1. (6.1)

To 1 we associate the functions ® and ¢ :

B)i=1-eM [T pe sy 2o (6.2)
Yy

Pl0) = () = vly) — e | T pe)e Nz y>o. (6.3)
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Then :

inh (A\(S; — X °° 2
sin ( (St t)) LK z/;(z)e_)‘zdz}e_’\ 12 4>, (6.4)

M = {u(s) == :

is a ((ft), PO) positive, and continuous martingale.
In this setting we have proved (see Theorem 3.9 in [L7]).

Proposition 6.1 Let ¢ : Ry — Ry be a Borel function satisfying ) Then :

Eo[Lr, t(80)eXS=X)
lim

t—oo E, W(St)eA(SrXt)}

- E0[1FHM3W}, (6.5)

for anyu >0 and 'y € F,.

Remark 6.2 1. In /@/, we have determined the law of (Xi) under the new p.m. T'y(€ F,) —
Ey [lpuMuA’*"]. However, this result is not used in the sequel.

2. If we take X = 0 and 1 = ¢, then (.3) holds, ([6-1) corresponds to and (M%) coin-
cides with the martingale (M) defined by ([[.3). With these conventions, Proposition [6.] is an
extension of points 1. and 2. of Theorem [1.1.

The aim of this section is to prove that, under suitable assumptions, we can obtain an asymptotic
E, [1ruw(5t)e“5t‘xf)]

Eo [1/1(53)6”5*7&)}

expansion of ¢ — as t — oo. Note that Proposition @ gives the first term.

Theorem 6.3 Let ¢ : Ry — Ry satisfying @) We suppose that there exists an integer n > 1 such
that :

/0 T )1+ )y < oo (6.6)

1. There exists a family of functions (F'i)"“p)lgign, FM R xRy x Ry — R, such that

(a) (FiA’“a(Xt,St,t),t >0) is a ((Fr), Po)-martingale, for any 1 <i<mn,
(b) If i = 1, we have :

A _ C()\, 90) Y1 A
R (Xe, Sut) = (Mt M; ) (6.7)

where c(A, p) := /00 P(x)(1 — Aa)dz and
0

—_

)= (o) = [ v@ar), yzo (6.

(Note that/ e1(y)dy =1).
0

2. The following asymptotic development ast — oo, holds :

-A%t/2 , ™o 1
> ZEo[1r, F*(Xu, Su,u)] +0(tm))'

Eo[Lr,(Sy)erSe=X0)] (
\/E i=1 t

Eo [1(Sy)erSe=X0)]

e

= Eo[lr, M}?] +

(6.9)
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Note that the two asymptotic expansions ([l.3§) and @) are drastically different, depending on
whether A > 0 or A = 0. We have already observed in Remark [6.3, that taking formally A = 0 in (f.5)
gives ([L4). In other words the first term in (f.9) (with A = 0) coincides with the first term in ([[.3§)
However the expansion is expressed in terms of powers t~("*1/2) instead of ¢t .

Proof of Theorems [1.9 and .3

1) Let us start with some common features concerning the two cases A > 0 and A =0, i.e. A > 0. We
adopt the convention that ¥ = ¢ if A = 0.

Let u be a fixed positive real number, I';, € F,,, and

A(/\v Ly, t) = Ey [1Fu¢(St)6A(Sf*Xt)] ,

where A > 0.
Applying the Markov property at time u, we get :

AN Ty, t) = Eg[lr,9(\, Xy, Su, t — u)], (6.10)
where

g\ a,y,r) = Eo[¢(y v (a+ S,))ertwVietsS—a=Xl =y >0y > apa € R
‘We have :

g\ a,y,r) = (Y)Y Eg[e M s <y ay] + Eo[v(a+ Sp)er T X g S0 ]
Using Pitman’s theorem, we get :

ghay,r) = YV IEP [ X0y T+ B [Wla+ T sy ]

XT
= BV |5 | w0 oy (e + 2)e My 0}z
T 0

—a o0

6_2’\Zh(/\,z,r)dz+/ e Mpla+ 2)h(\, z,7)dz,  (6.11)

y—a

= P(y)e /y

0

where :
X

h()‘u Z, T‘) = Eég) [ X 1{XT>Z}} .

Applying (), we get :

[ 2 o /2 >
h()\, z, 'f') = ﬁek2r/2 / be_(b_kr)2/2rdb = ;e)‘2r/2 / R ()\\/F + U)e_v2/2dv. (612)
z Z;FT

2) Suppose that A = 0. Therefore we replace in the sequel ¢ by .

a) Then :
2 e 2
h(0,z,7) =4/ —3/ be= /2" = \/ —6_22/2T,
w3 J, r
2
g(O,a,y,T) = _9(07@,%7")7
T
with :

y—a oo
9(0,a,y,7) = w(y)/ e‘ZQ/QszJr/ e~ (N2 () dv,
0 Yy

Let us introduce : )
(y — a)2i+!

Ai(a,y) = ¢(y) i1

" / (0 - 0w,
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(note that A;(0,0) = / v*'p(v)dv; in particular Ag(0,0) = 1).
0

Using the series development of e~¢ with # > 0, we get :

9(0,a,y,7) zn: ) 4 ila,y) +O0(—=7). (6.13)
i=0
Moreover ¢ — §(0,a,y,1/¢) is of class C* on [0,1/2] and :
|W| <k; ( (y)(y —a)* T + /OOO(U - a)zlcp(v)dv). (6.14)
Suppose that ¢ — oo, then :
. )¢ 1 1
O0ni=0 _ wn ; 2;,. ) + Olg)
ey t > G A0.0)+ 0 )
=0
= Zn:le (a.,0) + 7 RO, .y, u. 1) (6.15)
i t"ﬂ
where t — R(0, a,y, u,t) is bounded, and F;(a,y,u) may be written in the following form :
(a,y,u Za” Y)s (6.16)

o ;(u) being some polynomial function.
b) In particular :

Ao(a,y)

Fo(a,y,u) = 10(0.0) = Ao(a,y) = ¢(y)(y — a) + /OO p(v)dv = p(y)(y —a) + 2(y), (6.17)

(note that Fy does not depend on u).
To compute Fi(a,y,u) we need the first order term :

) Ao(a,y)(l — iA1(a,y)) (1 _ g)*l/Z

g(0,a,y,t—u) 2t Ap(a,y) t O(i)
9(0,0,0,¢) B Ao(0 O)(l—lAl(O?O)) 27
o 2t Ao (0,0)
Recall that A(0,0) = 1, consequently :
Ao(a,y) Ai(a,y)
F = _—m A p—
(ay,w) 3 (41(0,0) = e )
_ Al (0720) + U’AO( , ) _ Al(;’a y)
Zv2p(v)dv 4 u —a)® 1 [
L P R et L T O

Y

c) We would like to obtain some estimates about the remainder term R(0,a,y,u,t) in (b.15), as a
function of (a,y).
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1
Taking ¢ > 2u + 2 and setting e = 1/t we have : ¢ <1/2, eu<1/2 ——— €10,1]
—u

— ue
Let §1(0,a,y,¢) := 9(0,a,y, (1 —ue)/e), € €]0,1/(2u+ 2)]. Then property (@) implies :

200009 < g, (S oty -0+ [T wPpw)). vsisnit 619

where, from now on, K, denotes a generic constant, which only depends on wu.
Let us introduce ga(e) := §(0,0,0,1/¢), € €]0,1/(2u + 2)], then :

|892 <K, / V20w dv, 0<i<n+]1. (6.19)
Note that e < 1/2, consequently :
~ * —v?/4
g2(e) > e p(v)dv > 0. (6.20)
0

Finally, taking into account (6.1§), (6.19), (p.2() and ([.35) we get :
n+1

g ((Gtai )| = KX (e [T apiown)

(R(0,0,y,u.1)| < Kn(f{wy)(y—a)mw /Ooo<v—a>2jso<v>dv}) (6:21)

d) Using (p.1) and (p.15), we have :

Eo[lr, (5]
Eolp(Sh)]

g(oa X’U.v Su; t— ’LL)
9(0,0,0,t)

E, [1Fu

— [m{Z FF(X o, Su) + i RO, X, S, 1)}

Inequality (B.21]) implies ([.3§) and point 1. b) of Theorem [L.g.

e) It remains to prove that for any i € {1,---,n}, (F¥(Xy, Si,t),t > 0) is a ((F;), Po) martingale.
From (B.16), we deduce that E[|Ff(X;, S, t)|] < oc.

Let I'y, € F,, and u < v. The asymptotic development ) implies that :

. Eo[lr, ¢(St)] _ ¢
)EEJ{O[FW Q2 )} — Eo[lp, F¥ (Xu, Su,u)].
Since I'y, € F,, then :

Eo[1r, Ff (Xu, Su,u)] = Eo[1r, Ff (Xy, Sy, v)].

Consequently (FY (Xy, S, t),t > 0) is a ((F¢), Py) martingale.

Reasoning by induction, we easily prove that ((F7(Xy,S;,t),¢t > 0)) is a ((F), Po) martingale, for
any 1 <7 <n.

3) We now suppose A > 0. We proceed as previously; the relation () implies :

2 2 1 _(z=ary2 )y Z—Ar
h(\, z,7) = 1/ = T/z[)\\/%r—l——e G2 \dy( )},
T N T

where ®( denotes the function : ®p(x) := / e~ 2y,

— 00
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Suppose = < 0. Integrating by parts we have :

1 1 S|
Po(x) = / —ue™" 2 duy = —Ee_m2/2 —/ —26_“2/2du.

oo U oo U

Reasoning by induction we can easily prove :

xT
—m2/2 H—l a; n+1 1 —u2/2
E : POTRS NS (=1)" a1 wentz© du,
— 00

with ag = 1 and
| (2i) .
a;=1x3x---x(2i—1)= == =Ey[X;"], i>1.

24!
This relation implies :
P _—z%)2 - 1)i+! a; 0 1
o(z) =e Z(_ ) TS + (x2n+3) T o0
i=0
Consequently :
(A, z,7) \/7AT/2[/\\/ +e f)/th()\zr)}
where :
- z+1ﬂ 1 )2z+1 1
hi(\ z,r) = /\7’3/2 s —I—Z )\21.(7\/;(1_%) +O(—T"+3/2)’ r — 00.
Setting r =t — u, where u > 0 is fixed and t — oo, we get :
z 1
hi(Az,t —u) = — —
X7 (L= w62 (1 = syarsy)
n Difla; 1 1 2i+1 1
+ g z F0(aa) oo
; )\2 $it1/2 1 — u/t(l _ At(l—u/t)) tn+3/2

This implies :
11 1 1
hi(A z,t —u) = %[;_1 ai()\,z,u)ﬁ —i—O(th)}, t — oo,

where, for any 4, (z,u) — «; (), z,u) is a polynomial function with degree less than n, with respect to
z or u. Moreover we have :

1
a1 (A z,u) = —X 5eR

If r =¢— u we have :

2
—(277>\T)2/2 oz Zu/2 = )%t/2 qu
NG —e /6 /e2t(1 7o,

e
therefore :
B\ _ 222 Ao 4+ Az =32 L 1 O, L "
Nzt —u) = - { +e {Zﬁl zu) + (th)H — 00,
where (z,u) — B;(\, z,u) is a polynomial function with at most degree n with respect to z or w.
1
Note that 81(A, z,u) = a1(\, z,u) = DY ‘4 2
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We are able to come back to relation () :

g\ a,y,t—u) = \/ge)‘2(t_”)/2 {)\\/ﬂ(d)(y} —sinh (/\E\y — a)) + M /OO (f”d)(x)d:c)

n

Nujzg-xty2 1 O, 1 ot ;
+ \/f;% a,y,u ) + (t"H)} — 00,
where ya -
vi(A a,y,u) = z/J(y)e’\(y_“) / e_’\zﬁi()\,z,u)dz +/ P(x)Bi( A\, x — a,u)d.
0 y

Note that :

(A a,y,uw)| < O +u™) (1 + [a]™ + ¥ (y)e (= “)), aceR,y>0,u>0. (6.22)
Introducing :

inh (A(y — &0
B (o) = e (i T D) e [ oy, (6:23)
A y

We have :

e—>\2t/2 n 1 1
\/E Z’Yi()‘uaayuu)ﬁ—’—o(ﬁﬂrl)}u t—>OO,.
i=1

2
g\ a,y,t —u) = \/;exzt/2 {/\V 21 % (a,y, u) +

Since F;"#(0,0,0) = / e Ap(z)dr = 1, then
0

—\%tj2 1 1
M2 EN (a,y,u) + ¢ i\ a y,u)—_ L 0(——
g\ a,y,t—u) 0 Vit ; (thrl)
g()‘70707t) B *)\zt/Z n 1
Wor+ & Z% 2,0,0,0)7 + 0 ()

7)\215/2 n 1

1
FO)"“’(a,y, ZF’\“"ay, tz—l—O(tn?), t — oo.

In particular :
1
FM(a, ,u:—( A\ a,y,u 2,0,0,0 a4, )
1(y)Am%(y)%( Vo ¢ (a,y,u)
It is easy to compute 1 (A, a,y,u). We have :

n\a,yu) = % (w(y)e“y‘“) /Oy ’ e (1= A2)dz + /Oo (@) (1= Az —y) — Ay — a))dw)

1

S / U@ (1~ Mz - y)de).

with e(X, p) = /000 P(z)(1 — \x)dz and




Setting :

we obtain :

@ (+00) ~(y) = ——( /jww)dw—x /jww)(w—y)dx)

In particular :

Moreover :

e (aww-a+ [ e B )

This proves point 1. (b) of Theorem .

A,
Fl @(aayvu) =

7  Further discussions about Brownian penalizations

As a conclusion to this paper, we would like to mention that we are presently developing some further
discussions about Brownian penalizations in three papers in preparation :

e in [E], we study a number of extensions of Pitman’s theorem, which are closely related with
the penalizations found in the present paper;

e in ]7 we extend most of the results found in the present paper when (X;) is replaced with
(Rt), a Bessel process with dimension d < 2, the weight process being a function of the local
time of (R;) at level 0;

e in [@], we study penalization results for n-dimensional Brownian motion, when the weight
t

process is (exp —/ 1C(Xs)ds), where C' denotes a cone in R? with vertex 0.
0
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